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Abstract

Identifying the underlying time-delayed latent
causal processes in sequential data is vital for
grasping temporal dynamics and making down-
stream reasoning. While some recent methods can
robustly identify these latent causal variables, they
rely on strict assumptions about the invertible gen-
eration process from latent variables to observed
data. However, these assumptions are often hard
to satisfy in real-world applications containing in-
formation loss. For instance, the visual perception
process translates a 3D space into 2D images, or
the phenomenon of persistence of vision incorpo-
rates historical data into current perceptions. To
address this challenge, we establish an identifia-
bility theory that allows for the recovery of inde-
pendent latent components even when they come
from a nonlinear and non-invertible mix. Using
this theory as a foundation, we propose a prin-
cipled approach, CaRiNG, to learn the Causal
Representation of Non-invertible Generative tem-
poral data with identifiability guarantees. Specifi-
cally, we utilize temporal context to recover lost
latent information and apply the conditions in our
theory to guide the training process. Through ex-
periments conducted on synthetic datasets, we val-
idate that our CaRiNG method reliably identifies
the causal process, even when the generation pro-
cess is non-invertible. Moreover, we demonstrate
that our approach considerably improves temporal
understanding and reasoning in practical applica-
tions. Code can be accessed through https:
//github.com/sanshuiii/CaRiNG.
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1. Introduction

Sequential data, including video, stock, and climate obser-
vations, are integral to our daily lives. Gaining an under-
standing of the causal dynamics in such time series data
has always been a crucial challenge (Berzuini et al., 2012;
Ghysels et al., 2016; Friston, 2009) and has attracted con-
siderable attention. The core of this task is to identify the
underlying causal dynamics in the data we observe.

Towards this goal, we focus on Independent Component
Analysis (ICA) (Hyvérinen & Oja, 2000), which is a classi-
cal method for decomposing the latent signals from mixed
observation. Recent advancements in nonlinear ICA (Hy-
varinen & Morioka, 2016; 2017; Hyvarinen et al., 2019;
Khemakhem et al., 2020; Sorrenson et al., 2020; Hilvd &
Hyvarinen, 2020) have yielded robust theoretical evidence
for the identifiability of latent variables, and enabled the use
of deep neural networks to address complex scenarios. For
example, by assuming the latent variables in the data gener-
ation process are mutually independent, and leveraging the
auxiliary side information such as time index, domain in-
dex, or class label, (Hyvarinen & Morioka, 2017; Hyvarinen
et al., 2019; Hilva & Hyvarinen, 2020) have demonstrated
the strong identifiability results. (Hélvi et al., 2021; Klindt
et al., 2020; Yao et al., 2022b;a; Lachapelle et al., 2022)
further extend this nonlinear ICA framework into scenarios
of the time-delayed dynamical systems, which allows the
temporal transitions among the latent variables.

However, these nonlinear ICA-based methods usually as-
sume that the mixing function (the generation process from
sources to observations) is invertible, which may be difficult
to satisfy in real-world scenarios, such as the 3D to 2D pro-
jection in the visual process. As shown in Figure 1 (a) and
(b), we provide two intuitive instances of the real videos to
illustrate how the non-invertibility happens. In (a), when
object occlusions occur, information from the obstructed
object is lost in the generation process of the current time
step, which causes non-invertibility. In (b), the persistence
of vision introduces non-invertibility, since the mixing pro-
cess of the current time step utilizes the history information.
We further found that the violation of this invertibility as-
sumption may cause the nonlinear ICA method to yield
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poor identification performance. In part (c) of Figure 1,
we demonstrate that TDRL, one of the typical nonlinear
ICA-based methods making the invertibility assumption,
markedly degrades its performance in identifying the latent
variables with increasing non-invertibility. It motivates us
to extend the current nonlinear ICA methods to consider
non-invertible mixing function.

In this paper, to tackle the challenges above, we propose
to leverage the temporal context for retrieving missing in-
formation caused by the non-invertible mixing function,
mirroring the intuitive mechanisms of human perception.
For instance, when we encounter an object with occlusion,
our natural inclination is to draw from historical data to
reconstruct the obscured portion. We demonstrate that, even
when the generation process is non-invertible, the derived
latent causal representation remains identifiable if the latent
variables can be expressed as an arbitrary function combin-
ing the current observation with its history. Built upon this
identification theorem, we introduce a principled approach,
named CaRiNG, that learns the function to integrate histori-
cal data to compensate for the latent information lost due to
non-invertibility. This approach extends the Sequential Vari-
ational Autoencoder (Sequential VAE (Chung et al., 2015;
Li & Mandt, 2018)) with two distinct modifications. Firstly,
it incorporates history (or context) information directly into
the encoder. Specifically, we transform step-to-step map-
ping (from current observation to the current latent variable)
into sequence-to-step mapping (from current observation
and temporal context to the current latent variable). Sec-
ondly, a specialized prior module is introduced to determine
the prior distribution of latent variables using the normaliz-
ing flow (Dinh et al., 2016), ensuring the imposition of an
independent noise condition. We evaluate our method using
both synthetic and real-world data. Using synthetic data, we
design datasets with a non-invertible mixing function to mea-
sure identifiability. For real-world applications, CaRiNG is
deployed in a traffic accident reasoning task, a scenario in
which the intricate traffic dynamics introduce considerable
non-invertibility. Experimental outcomes reveal that our
method significantly outperforms other temporal representa-
tion learning methods for identifying causal representations
amid non-invertible generation processes. Furthermore, this
causal representation has proven instrumental in enhancing
video reasoning tasks.

Key Insights and Contributions of our research include:

* To the best of our understanding, this paper presents
the first identifiability theorem that accommodates a
non-invertible generation process, which complements
the existing body of the nonlinear ICA theory.

* We present a principled approach, CaRiNG, to learn
the latent causal representation from temporal data
under non-invertible generation processes with iden-

tifiability guarantees, by integrating temporal context
information to recover the lost information.

e Our evaluations across synthetic and real-world
datasets demonstrate the CaRiNG’s effectiveness for
learning the identifiable latent causal representation,
leading to enhancements in video reasoning tasks.

2. Problem Setup
2.1. Non-invertible Temporal Generative Process

Denote X = {xi,X2,...,Xr} as the observed d-
dimensional time series data at T" discrete time steps. Each
observation x; € R? is generated from a nonlinear mixing
function g that maps r + 1 adjacent latent variables z;.; .
to x;, where z.;_, refers to {z;, z;_1,- - ,Z¢—, }. We have
z; € R". For every ¢+ € 1,...,n, the variable z;; of z;
is derived from a stationary, non-parametric time-delayed
causal relation:

Xt = g(Zt:t—r),
—_———
Nonlinear mixing
zit = fi ({z0]20 € Pa(zit)}, €it) -

Stationary non-parametric transition

ey

Note that with non-parametric causal transitions, the noise
term €;; ~ p, (wWhere p., denotes the distribution of €;;)
and the time-delayed parents Pa(z;;) of z; (i.e., the set
of latent factors that directly cause z;;) are interacted and
transformed in an arbitrarily nonlinear way to generate z;;.
7 denotes the transition time lag. The components of z;
are mutually independent conditional on history variables
Pa(z;).

In this case, one cannot recover z; from x; alone due to
the non-invertibility of g. Without extra assumptions, it is
definitely non-identifiable. As a result, we assume that there
exists a time lag p and a nonlinear function m which can
map a series of observations to latent variable z,, i.e.,

Zy = m(xt:t—u)- 2)

Once we successfully recover the information lost due to
non-invertibility from the context, the classical nonlinear
ICA algorithm can be used to solve this problem.

2.2. Identification of the Latent Causal Processes

Definition 1 (Identifiable Latent Causal Process). Let
X = {x1,X2,...,X7} be a sequence of observed vari-
ables generated by the true temporally causal latent pro-
cesses specified by (f;,p(e;),g) given in Eq 1. A learned
generative model (fi,p(e;),8) is observational equiva-
lent to (f;,p(€;), 8) if the model distribution p;, , (x1.7)
matches the data distribution py, p,_ & (X1.7) for any value of
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Figure 1: Motivations of the non-invertible generation process. (a) The occlusions raise the non-invertibility since the
measured observation cannot cover the obstructed objects. (b) The vision persistence, shown with the high-speed movement
of a crashing car, describes the generation process that jointly involves the current state and previous, and causes the
non-invertibility. (c) The identifiability of conventional methods, such as TDRL (Yao et al., 2022a) (blue), drops drastically
with the increase of non-invertibility, while the identifiability of our method (marked in orange) still holds. The levels of
non-invertibility are defined by removing 0, 1/3, and 2/3 dimensions of z; when generating x. For example, when the
dimension of z is 6, 2/3 non-invertibility means that we remove 4 variables of z; and use only 2 variables to generate xy.

X We say latent causal processes are identifiable if obser-
vational equivalence can lead to a version of latent variable
z¢ = M(X¢4—,,) Up to permutation © and component-wise
invertible transformation T :

Pf, b, 7g(X11T) =Pfi.pe; g(X1:7) 3)

=m(Xpp—p) =(Tomom)(Xep—p), VXep—p, eRHHL
Different from the existing literature, we involve m in the
above definition since it serves implicitly as a property of the
mixing function g, although it does not explicitly participate
in the generation process. Furthermore, the identifiability
of g is different. In previous nonlinear ICA methods (Yao
et al., 2022a; Hyvarinen & Morioka, 2017), the mixing
function g is identifiable. However, in our case, we cannot
find the identifiable mixing function since the information
loss is caused by non-invertibility. Instead, we can obtain
a component-wise transformation of a permuted version of
latent variables Z, = m(xy.,—, ). The latent causal relations
are also identifiable, up to a permutation 7 and component-
wise invertible transformation 7T, i.e., f=Tonmnof , once
z; is identifiable. Because in the time-delayed causally
sufficient system, the conditional independence relations
fully characterize time-delayed causal relations when we
assume no latent causal confounders in the (latent) causal
processes.

2.3. Illustrations of the Problem Setup

Intuitive Illustration with Visual Persistence. Consider a
rapidly moving ball on a two-dimensional plane as described
in figure 2. The horizontal and vertical coordinates of the
ball’s position at any given moment can be represented by
the latent variable z;, € R2. We assume that the ball follows

Xt = 8(Zee—r)

2, = [Position, Phase]

Figure 2: An intuitive illustration of a moving football
with a visual persistence effect. Considering the generating
process x; = g(2z¢.+—r), X; denotes the observed football
with motion blur, and z; denotes the position and phase of
the ball. Recovering the latent variables from a single obser-
vation will be difficult, which introduces non-invertibility.

a curved trajectory constrained by the nonlinear function f
as it moves.

Suppose that we observe the ball with a visual persistence
effect, where each observation x; captures several consecu-
tive latent variables as x; = g(z~;). The mixing function g
refers to the weighted sum of the images obtained through
multiple exposures, which is what a person ultimately ob-
serves as X;. In this case, the invertibility of the mapping
from z; to x; is compromised since the current frame also
contains the latent information from previous frames.

Mathematical Illustration. Besides, we provide a mathe-
matical example to demonstrate the existence of function
m in Eq 2. Following the concept of visual persistence,
let the current observation be a weakened previous obser-
vation overlaid with the current image of the object, i.e.,
= Y2, (3)" ze—i (Wolford, 1993).

1
Xt = Zt + 53X¢—1
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Given an extra observation, the current latent variable can
be rewritten as z; — x; — %xt,l. Thereby we can easily re-
cover latent variables that cannot be obtained from a single

observation, i.e., z; = m(Xy¢—1) = X; — 5X¢1.

Illustration of time-delayed temporal relations. Here, we
assume that there are only time-delayed temporal relations
in the time series system. In other words, any instantaneous
relations will not fall into the discussion. Generally speak-
ing, a group of objects that have instantaneous relations
with each other would be treated as one single variable. For
example, within a video sequence, a ball in motion may
be conceptualized as a cluster of pixels that move consis-
tently and simultaneously (instantaneous relations). This
pattern can help distinguish the ball from the others, which
potentially provides a principle to extract concepts from
time series data like video, motion sequence, etc.

3. Identifiability Theory

In this section, we demonstrate that, given certain mild con-
ditions, the learned causal representation z; is identifiable up
to permutation and a component-wise transformation. This
holds even if the mixing function g is non-invertible. Firstly,
we present the identifiability results when faced with a non-
invertible mixing function and stationary transitions. Sub-
sequently, we address the gap between permutation-scaling
Jacobian and identifiability. Lastly, by leveraging side in-
formation such as the domain index and label, we illustrate
how identifiability can be achieved even in a non-stationary
context. The proofs are available in Appendix Al.

3.1. Identifiability under Non-Invertible Generative
Process

W.L.O.G., we first consider a simplified case with 7 = r 41
and context length p, which infers such process:

Zit = fi (Zt71:t7r71, Eit) » @

where a function m satisfying z; = m(xs¢—,) exists.
When taking = 0, the time delay is present only in transi-
tions and is absent in the generation process. Taking r» > 0
leads us to a more intricate scenario, where the mixing
function encompasses not just the latent causal variables of
the current time step, but also the information of previous
steps, termed the Time-delayed Mixing Process. Such a
scenario is compelling, acknowledging that the mixing pro-
cess can be influenced by time-delayed effects. To illustrate,
human visual perception provides a fitting example: the
phenomenon known as the persistence of vision reveals that
humans retain impressions of a visual stimulus even after
its cessation (Coltheart, 1980). The extensions for any time
lag 7 will be discussed in Appendix Al.4.

Xt = g(zt:tfr)v

Theorem 1 (Identifiability under Non-invertible Genera-
tive Process). For a series of observations x, € R* and

estimated latent variables z, € R", suppose there exists
function g, th which is subject to observational equivalence,
Xt = g<2t:t—r)7 2y = ﬁl(xt:t—u)- (5)

If assumptions

* (Smooth and Positive Density) the probability density
function of latent variables is third-order differentiable
and positive in R,

¢ (conditional independence) the components of Z; are
mutually independent conditional on Z;_1.4_,_1,

 (sufficiency) let 1 2 log plzyt|ze—1—r—1), and

v, A ( a2771t 82777“5
t =
02100214 —r—1 020214 —p—1’
; ; ©®)
0’1t 0Nt )T
0230211’ 02040214 r 1/
forl =1,2,---  n. For each value of z;, there exists

2n different values of zj,4—r—1 such that the 2n vector
functions v, € R?™ are linearly independent,

are satisfied, then z, must be a component-wise transfor-
mation of a permuted version of Z; with regard to context
{xj|Vj=tt—1,--- t—p—r}

The proof of Theorem 1 can be found in Appendix Al.1. It
is inspired by (Yao et al., 2022a), which follows the line of
(Hyvarinen et al., 2019).

Besides, the nonstationary transition can also help to im-
prove the identifiability of CaRiNG. As shown in the suffi-
ciency assumption in Theorem 1, the identifiability relies
on the sufficient changes of the conditional distribution
p(2kt|Zt—1.t—r—1). When the distribution of the noise term
varies between different domains, the domain index can
serve as an auxiliary variable to improve this sufficiency
since both domain dynamics and history variables can pro-
vide changes. More discussions are in Appendix A1.6.

3.2. Continuity for Permutation Invariance

In this subsection, we will introduce permutation invariance
for further discussion.

Definition 2 (Permutation Invariance). Following Definition
1, if 7 is a fixed permutation and T is a component-wise
invertible transformation which may vary across different
time steps, we call this identifiability under Permutation
Invariance.

Let us further consider a more general scenario, with
x; € X C R?and z; € Z C R", i.e., the probability
density of z; does not have to be non-zero everywhere in
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R™ . To establish identifiability, numerous existing non-
linear ICA-based methods (Yao et al., 2022b;a; Hyvarinen
et al., 2019; Hilvi et al., 2021) utilize the Jacobian matrix,
denoted by H = g;, which captures the relationship be-
tween ground truth and estimated latent variables. These
methods propose that the learned latent variables are identifi-
able if H;; - H;;, = 0 for j # k (with only a single non-zero
element in each row or column). H corresponds to the Jaco-
bian matrix of the function h £ m o g in our scenario (or
g~ ! o g for the general scenario). However, it is crucial to
highlight an often overlooked shortcoming: this condition
alone is insufficient to establish identifiability when dealing
with non-linear generation processes. Concurrently to our
work, (Lachapelle et al., 2023) also arrived at the difference
between local and global disentanglement, and achieved the
global disentanglement under the additive decoding case.
Alternatively, we demonstrate the identifiability under the
permutation invariance and focus on a more general case
without the block-specific decoder assumptions. While in
linear ICA, given that the Jacobian remains constant, this
condition indeed equates to identifiability. Yet, in nonlinear
ICA, the Jacobian matrix, being a function of Z, can vary
with different Z values, potentially rendering the mapping
unpredictable. A comprehensive discussion is available in
Appendix A1.5.

To solve this issue in the nonlinear system, we provide two
more assumptions. The domain Z of 2 should be path-
connected, i.e., for any a,b € zZ , there exists a continuous
path connecting a and b with all points of the path in Z.
In addition, function h is second-order differentiable and
holds the non-degeneracy condition.

For clarification, the condition that a function h : R® —
R™ is invertible, or equivalently the non-vanishing of the
determinant of the Jacobian matrix Hj,, is called the non-
degeneracy condition. We first define the partially invertible
function, and then give the non-degeneracy condition on it.

Definition 3 (Partially Invertiblility). A function z =
h(z,c), where z,z € R"™ and ¢ € R™, is partially
invertible, if and only if for any given c, the rest part
h. : R™ — R" is always invertible.

Definition 4 (Non-degeneracy Condition of Partially Invert-
ible Functions). The non-degeneracy condition of a par-
tially invertible function z = h(Z, c) is that for any given c,
the determinant of the Jacobian matrix Hy, . of he is always
non-zero.

Lemma 1 (Disentanglement with Continuity). For second-
order differentiable invertible function h defined on a path-
connected domain Z C R™ which satisfies z = h(2), sup-
pose the non-degeneracy condition holds. If there exists at
most one non-zero entry in each row of the Jacobian matrix
H= %, the identifiability under Permutation Invariance
can be established.

P Y2 DX
t € € t
StepDec 1 Liwp StepDec I Lyip StepDec
A R T 1
— 21 —_— — 22 —_— e —— ZAT Lrecon

Figure 3: The overall framework of CaRiNG. It consists of
three main modules, including the sequence-to-step encoder,
step-to-step decoder, and the transition prior module, which
is represented as SeqEnc, StepDec, and f‘z_ L in a different
color, respectively. The model is trained with both £ recon
and £ KLD-

Furthermore, when the Jacobian matrix is more than a func-
tion of Z, but also is influenced by a side information c,
the identifiability can be guaranteed under mild extra condi-
tions.

Lemma 2 (Disentanglement with Continuity under Side In-
formation). For second-order differentiable invertible func-
tion h defined on a path-connected domain Z xC C Rvtm
which satisfies z = h(Z,c), suppose the non-degeneracy
condition holds. If there exists at most one non-zero entry
in each row of the Jacobian matrix H(c) = 2, the identifi-
ability under Permutation Invariance can be established.

With Lemma 2, we can further extend Theorem 1 to guaran-
tee permutation invariance even when the probability density
of z is not positive everywhere on R™, as long as appropriate
continuity conditions are satisfied. This serves as a valuable
complement to the existing theory of nonlinear ICA, which
further relaxes the required assumptions. This relaxation
enhances the robustness of CaRiNG and makes it more
adaptable to diverse and complex data, thus improving its
applicability in practical settings.

Proposition 1. For a series of observations x; € X C R¢
and estimated latent variables z; € Z C R", suppose
there exists function g, which subject to observational
equivalence, i.e.,

X = &(Zpt—r), e = M(Xpq_p). @)

where g, &, m,  are second-order differentiable. In addi-
tion, if assumptions the same as Theorem I are satisfied,
then the identifiability of z, under Permutation Invariance
can be established.

4. Approach

Given our results on identifiability, we introduce our
CaRiNG approach. This aims to estimate the latent causal
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dynamics presented in Eq 1, even when faced with a non-
invertible mixing procedure. To achieve this, CaRiNG
builds upon the Sequential Variational Auto-Encoders (Se-
quential VAE (Chung et al., 2015; Li & Mandt, 2018)) and
incorporates three primary modules: the sequence-to-step
encoder (SeqEnc), the step-to-step decoder (StepDec), and
the transition prior module (f"; 1). Through Sequential VAE,
we ensure the reconstruction capability from latent variables
to observed variables. Meanwhile, in contrast to the Gaus-
sian prior in VAEs, our method employs normalizing flow
to control the prior distribution, ensuring that the latent vari-
ables satisfy the assumed conditional independence. During
the training phase, we integrate the conditions from Sec. 3
as constraints and adopt two corresponding loss functions.

Overall Framework. As visualized in Figure 3, our frame-
work starts by acquiring the latent causal representation
via a sequence-to-step encoder, whose input and output
are a sequence of observations x;.;—, and the estimated
latent variable Z,. Formally, it denotes the inference pro-
cess of q(Z¢|x:+— ), which corresponds to the function m
in Eq 2. Following this, observations are generated from
the latent space through a step-to-step decoder p(X;|Z;),
which implies the mixing function g as mentioned in Eq 1.
To learn the independent latent variables, we apply a con-
straint using the KL divergence between the posterior dis-
tribution of learned latent variables and a prior distribution
which is subject to our conditional independence assump-
tion in Theorem 1. The estimation of the prior distribu-
tion motivates us to utilize a normalizing flow, converting
the prior distribution into Gaussian noise, represented as
€it = fi_l(é'it,it_l;t_T). Moreover, a reconstruction loss
between the ground truth and generated observations is in-
tegrated for model training. A detailed exploration of all
modules and losses is forthcoming.

Sequence-to-Step Encoder and Step-to-Step Decoder.
Drawing inspiration from the capability of the human visual
system, we utilize temporal context to reclaim the informa-
tion lost due to non-invertible generation. The human visual
system adeptly fills in occluded segments by recognizing
coherent motion cues (Palmer, 1999; Wertheimer, 1938;
Spelke, 1990). Assuming there’s a function that captures all
latent information from the current observation and its tem-
poral context, we can retrieve the latent causal process with
identifiability, i.e. m exists. Various non-linear models are
suitable for estimating this function, taking a sequence of
observations, X¢.;—,,, with a lag of y as inputs, and yielding
the estimated latent representation of the current time step as
output. In our experiments, we utilize both Multi-Layer Per-
ceptron (MLP) (Werbos, 1974) and Transformer (Vaswani
et al., 2017), catering to different complexities. Given the
estimated latent variable Z;, a step-to-step decoder is em-
ployed to generate the current observation x;. For practical
implementation, one MLP is sufficient.

Transition Prior Module. To uphold the conditional in-
dependence assumption, we propose to minimize the KL
divergence between the posterior distribution and a hard-
coding prior distribution with such property. The constraint
indicates that current latent variables are mutually indepen-
dent, conditioned on historical latent variables. Formally, by
hard-coding the prior distribution we enforce Z;|Z;—1..—, to
be mutually independent. By minimizing the KL divergence,
we expect the posterior to be subject to the assumption as
well, such as Z;|X.+— ., Zt—1:+—- are mutually independent.
Direct estimation of the prior, which has an arbitrary density
function, poses challenges. As a solution, we introduce
a transition prior module that facilitates the estimation of
the prior using normalizing flow. Specifically, the prior is
represented through a Gaussian distribution combined with
the Jacobian matrix of the transition module.

Formally presented, the transition prior module is repre-
sented as €;; = f[l(éit, Zi—1.t—r). Subsequently, the joint
distribution is decomposed as a product of the noise dis-
tribution and the determinant of the Jacobian matrix, for-
mulated as p([Zt—1.t—r, 2t]) = D([Zt—1:t—r, &]) X |J|, with

Lr 0
J = { 0 diag(%

it
0%it

)} , where [-] denotes concatenation.
Leveraging this joint distribution, we derive the prior as

log p(2¢|2¢—1:t—+)

= log p([2¢, Zt—1:4—7)) — log p(Z—1:4—7)

= log p([é, 2¢—1:¢—~]) + log [I] — log p(Z¢—1:4—7)

= log p(&|2i-1:¢—~) + log |J]

= log p(&) + log |J|

= Z log p(€;¢) +log|J| : Conditional independence

0¢€; .
= Z (log p(€it) + log 826';») : Lower-triangular.

(®)
The transition prior module can be efficiently executed using
an MLP, transforming the latent variables Z;.;_, into €.

Optimization. We train CaRiNG using the Evidence Lower
BOund (ELBO) objective, which is written as follows:

ELBO£E,, (z/x)[log po(X|Z)] — Drcz(45(Z|X)|lpo(Z))
T
=By, (zix) Y _ logpe(x:|z:)

t=1

— LRecon
T T
+Eq,(zix) | ) 10890 (zeli—1:0-7) =Y 10g o (2e[Xt: 1)

t=1 t=1

—LKLD

®

For the reconstruction likelihood Lgecon, We utilize the
mean-squared error (MSE) to measure the discrepancy be-
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Figure 4: Qualitative comparisons between baselines (especially TDRL) and CaRiNG in the setting of Non-invertible
Generation. (a) MCC matrix for all 3 latent variables; (b) The scatter plots between the estimated and ground-truth latent
variables (only the aligned variables are plot); (c) The validation MCC curves of CaRiNG and other baselines.

tween the generated and original observations. When com-
puting the KL divergence Lkip, we resort to a sampling
method, given that the prior distribution lacks an explicit
form. To elaborate, the posterior is produced by the encoder,
while the prior is defined as in Eq 8.

S. Experiments

We conducted the experiments in two simulated environ-
ments, utilizing the available ground truth latent variables to
evaluate identifiability. Subsequently, we assessed CaRiNG
on a real-world VideoQA task, SUTD-TrafficQA (Xu et al.,
2021), to verify its capability in representing complex and
non-invertible traffic events.

5.1. Simulation Experiments

Dataset and experimental settings. To evaluate whether
CaRiNG can learn the causal process and identify the latent
variables under a non-invertible scenario, we design a series
of simulation experiments based on a random causal struc-
ture with a given sample size and variable size. We provide
two experimental settings, including NG and NG-TDMP,
which simulate the scenarios in Theorem 1 with » = 0
(non-invertible generation) and r > 0 (time-delayed mixing
process), respectively. In particular, for NG, we simulate
the visual perception system that uses the ground-truth di-
mension as 3 to represent the 3D real world and apply 2
measured variables to represent the 2D observation, which
indicates the generation is non-invertible. For NG-TDMP,
we simulate the persistence of vision that involves the previ-
ous latent variables in the current mixing process. It denotes
that even if the dimension of the observation is not reduced,
the generation process is still non-invertible due to the time-
delay mixing. More details of the data generation process
can be found in Appendix A2.1.

Evaluation metrics. We apply the standard evaluation

metric in the field of ICA, Mean Correlation Coefficient
(MCC), to evaluate the identifiability of our CaRiNG. MCC
measures the recovery of latent factors by calculating the
absolute values of the correlation coefficient between every
ground-truth factor against every estimated latent variable.
It first calculates the Pearson correlation coefficients to mea-
sure the relationship and then adjusts the order with an
assignment algorithm. The MCC score is a value from O to
1, where the higher score denotes better identifiability.

Baseline methods. We compare CaRiNG with a series
of baseline methods. BetaVAE (Higgins et al., 2017) is
the most basic baseline which ignores the temporal depen-
dency and cannot utilize any auxiliary information. Slow-
VAE (Klindt et al., 2020), and PCL (Hyvarinen & Morioka,
2017) show the identifiability results but are limited by the
assumption of independent sources. iVAE (Khemakhem
et al., 2020) leverage nonstationarity (auxiliary informa-
tion) to achieve identifiability. It is important to note that
iVAE requires additional domain labels as input. In our
experiments, we simply used time indices as the domain la-
bel. In addition, LEAP (Yao et al., 2022b) and TDRL (Yao
et al., 2022a) allow for learning causal processes but as-
sume an invertible generation process. Besides, we also
compare CaRiNG with other temporal representation learn-
ing methods that are not based on ICA, such as Sequential
VAE (Chung et al., 2015) and SKD (Berman et al., 2022), in
which the disentangled representation has no identifiability
guarantee.

Quantitative results. The performance of CaRiNG and
other baseline methods in both the NG and NG-TDMP sce-
narios is presented in Table 1. Initially, it’s evident that all
baseline Nonlinear ICA methods yield unsatisfactory MCC
scores in both scenarios, including the strong TDRL base-
line, which previously obtained good results in invertible
settings, as shown in Figure 4 (c). As shown in Figure 4
(a), TDRL cannot recover the lost latent variables caused by
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Table 1: MCC scores (with standard deviations over 4 seeds) of CaRiNG and baselines on NG and NG-TDMP settings.

. | Method
Setting
‘ CaRiNG TDRL LEAP SlowVAE PCL betaVAE SKD iVAE Sequential VAE
NG 0.933 £0.010  0.627 £0.009  0.651 £0.019  0.362 £0.041  0.507 £0.091  0.551 £0.007  0.489 £0.077 0.391 £0.686  0.750 +£0.035
NG-TDMP | 0.921 £0.010 0.837 £0.068 0.704 £0.005 0.398 £0.037  0.489 £0.095 0.437 £0.021 0.381 £0.084  0.553 £0.097  0.847 +0.019

Table 2: Results on the SUTD-TrafficQA dataset. The
cross-modality matching parts of TDRL and CaRiNG are
based on HCRN.

Method \ Year | Accuracy(%)
I3D+LSTM CVPR2017 33.21
HCRN CVPR2020 36.26
VQAC ICCV2021 36.00
MASN ACL2021 36.03
DualVGR TMM2021 36.07
Eclipse CVPR2021 37.05
CMCIR TPAMI2023 38.58
TDRL NeurIPS2022 37.32
CaRiNG - 41.22

non-invertible generation (MCC=0.03 for that variable). It
is also illustrated by the scatter plots in Figure 4 (b), which
show the independence between the estimated and ground
truth variables on that dimension. Interestingly, we find that
the Sequential VAE method works better than other methods
that don’t use the temporal context, which also demonstrates
the necessity of temporal context to solve the invertibility
issue. However, we still find that constraining the con-
ditional independence benefits better performance, which
shows the effect of the KL part. Furthermore, CaRiNG
consistently delivers robust identifiability outcomes in both
settings. This suggests that leveraging temporal context
significantly enhances identifiability when faced with non-
invertible generation processes. Lastly, performance in the
NG scenario is better than that in the NG-TDMP scenario,
showing the increased complexity introduced by the time-
delayed mixing process.

5.2. Real-world Experiments

Dataset and experimental settings. The SUTD-TrafficQA
dataset (Xu et al., 2021) is a comprehensive resource tai-
lored for video event understanding in traffic scenarios, no-
tably characterized by numerous occlusions among traf-
fic agents. It consists of 10,090 videos and provides over
62,535 human-annotated QA pairs. Among them, 56,460
QA pairs are used for training and the rest 6,075 QA pairs
are used for testing. The dataset challenges models with
six reasoning tasks: “Basic Understanding” is designed for
grasping traffic dynamics. “Event Forecasting” and “Re-
verse Reasoning” evaluate the temporal prediction ability.
“Introspection”, “Attribution”, and “Counterfactual Infer-

ence” require the model to understand the causal dynamic
and conduct reasoning. All tasks are formulated as multiple-
choice forms (evaluation with accuracy) without limiting
the number of candidate answers, and demand a deep com-
prehension of traffic events and their underlying causality.

Baseline methods. The primary method we benchmark
against is TDRL (Yao et al., 2022a), to evaluate the repre-
sentation ability of the complex and non-invertible traffic
environment. Additionally, we evaluate CaRiNG in com-
parison with state-of-the-art VideoQA methods, including
I3D+LSTM (Carreira & Zisserman, 2017), HCRN (Le et al.,
2020), VQAC (Kim et al., 2021), MASN (Seo et al., 2021),
DualVGR (Wang et al., 2021), Eclipse (Xu et al., 2021),
and CMCIR (Liu et al., 2023). In our approach, CaRiNG is
leveraged to identify latent causal dynamics, while HCRN
serves as the basic model for question answering. Further
implementation details are provided in the Appendix.

Quantitative results. Performance comparisons for the
six question types on SUTD-TrafficQA are summarized in
Table 2. CaRiNG achieves a score of 41.22, which demon-
strates a significant improvement which is nearly 6.8% over
the next best method. Notably, when compared to TDRL,
which lacks temporal context, CaRiNG exhibits significant
advancements in representing complex, non-invertible traf-
fic events. When benchmarked against the HCRN baseline,
which employs the same cross-modality matching module,
our approach further escalates the score by 4.96 through
causal representation learning. Though CMCIR (Liu et al.,
2023) applies the Swin-Transformer-L (Liu et al., 2021)
pretrained on ImageNet-22K dataset as the frame-level ap-
pearance extractor and employs the video Swin-B (Liu et al.,
2022) pretrained on Kinetics-600 as the clip-level motion
feature extractor (more powerful than ours), CaRiNG with
sample ResNet101 (He et al., 2016) features still outper-
forms it with 2.64 in average. More analysis on TrafficQA
and another evaluation on Volleyball (Ibrahim et al., 2016)
can be found in Appendix A3 and A4, respectively.

6. Conclusion

In this paper, we have proposed to consider learning tempo-
ral causal representation under the non-invertible generation
process, which is motivated by the common requirement of
the temporal system, such as the visual perception process.
We have established identifiability theories that allow for
recovering the latent causal process with the nonlinear and
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non-invertible mixing function. Furthermore, based on this
theorem, we proposed our approach, CaRiNG, to leverage
the temporal context to estimate the lost latent information.
We have conducted a series of simulated experiments to
verify the identifiability results of CaRiNG under the non-
invertible generations and evaluated the learned represen-
tation in a complex and non-invertible traffic environment
with real-world VideoQA tasks.

Impact Statement

This study introduces both a theoretical framework and a
practical approach for extracting causal representations from
time-series data. Such advancements enable the develop-
ment of more transparent and interpretative models, enhanc-
ing our grasp of causal dynamics in real-world settings. This
approach may benefit many real-world applications, includ-
ing healthcare, auto-driving, and finance, but it could also
be used illegally. For example, within the financial sphere,
it can be harnessed to decipher ever-evolving market trends,
optimizing predictions and thereby influencing investment
and risk management decisions. However, it’s imperative
to note that any misjudgment of causal relationships could
lead to detrimental consequences in these domains. Thus,
establishing causal links must be executed with precision to
prevent skewed or biased inferences.

Theoretically, though allowing for the non-invertible gen-
eration process, our theoretical assumptions still fall short
of fully capturing the intricacies of real-world scenarios.
For example, identifiability requires the absence of instanta-
neous causal relations, i.e., relying solely on time-delayed
influences within the latent causal dynamics. Furthermore,
we operate under the presumption that the number of vari-
ables remains consistent across different time steps, signi-
fying that no agents enter or exit the environment. Moving
forward, we aim to broaden our framework to ensure identi-
fiability in more general settings, embracing instantaneous
causal dynamics and the flexibility for variables to either
enter or exit.

In our experiments, we evaluate our approach with both
simulated and real-world datasets. However, our simulation
relies predominantly on data points, creating a gap from real-
world data. Concurrently, the real datasets lack the presence
of ground truth latent variables. In the future, we plan to
develop a benchmark specifically tailored for the causal
representation learning task. This benchmark will harness
the capabilities of game engines and renderers to produce
videos embedded with ground-truth latent variables.
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Appendix for

“Learning Temporal Causal Representation under Non-Invertible Generation Process”

Al. Identifiability Theory
A1l.1. Proof for Theorem 1

Let us first shed light on the identifiability theory on the special case with 7 = r + 1, i.e.,

Xt = g(zt:tfr% zit = [i (ztflztfrfh Eit) y Lt = m(Xt:tfu)- (A1)
Theorem A1 (Identifiability under Non-invertible Generative Process). For a series of observations x; € R? and estimated
latent variables z, € R™ , suppose there exists function g, th which is subject to observational equivalence,

Xt = g(it:tfr% Z; = ﬁ'l(xt:tfu)- (A2)

If assumptions

e {(Smooth and Positive Density) the probability density function of latent variables is third-order differentiable and
positive in R,
¢ (conditional independence) the components of Z; are mutually independent conditional on Zs_1.4—,_1,

L

 (sufficiency) let my, 2 1og p(ziilze—1.4—r—1), and

v 2 ( %1t 0?1 1y Ot )T (A3)
it =

02100z14—r—1 " 0z2ni0z14—p—1 023,021 4—r—1" " 022,021 4—r—1/
forl=1,2,--- n. For each value of z,, there exists 2n different values of z; 1,1 such that the 2n vector functions

vi; € R?" are linearly independent,

are satisfied, then z; must be a component-wise transformation of a permuted version of z; with regard to context
{xj|Vj=tt—1,--- t—p—r}h

Proof. For any ¢, combining Eq Al and Eq A2 gives

Z = m(xt:tfp.)

=m(&(2¢, Zt—1:4—r), Xt—1:t—p) (A4)
= m(g(ih ﬁl(xt—lit—u—l)7 U am(xt—r:t—u—r))a Xt—l:t—u)a
as well as 2; = m(g(z¢, m(X¢—1:4—p—1), -+, M(X¢—rit—p—r)), X¢—1:4—p,) similarly. Upon Eq A4, we have an unified

partially invertible function z, = h(Z;|x;—1.4—,—») Where h = m o g with Jacobian g;z = Hy(24;%X4—1:4—p—r). By
partially invertible it means that z and Z are in one-to-one correspondence for any context observations x;_1.;—,,—, that are
fixed. One more thing to notify is that since g, g, m, 1 are second-order differentiable, the nested h is also second-order
differentiable. Let us consider the mapping from joint distribution (Z¢, X¢—1:¢4—p—r—1) t0 (Z¢, X¢—1:t—p—r—1), i.€.,

P(Ztaxt—lzt—u—r—l) = P(iuxt—l:t—u—r—ﬁ/\Jt|, (AS)

where

0z
3= [8 0] , (A6)
P |

which is a lower triangle matrix, where I infers eye matrix and * infers any possible matrix. Thus, we have determinant

|J:| = \g;j | = |H,|. Dividing both sides of Eq A5 by P(X¢—1:¢t—,—r—1) gives

LHS = P(Zt|xt71:t7u7'r71) = P(Zt|zt71:t77‘71)7 (A7)

12



CaRiNG: Learning Temporal Causal Representation under Non-Invertible Generation Process

since z; and X;_1.4—,—r—1 are independent conditioned on z;_1.;—,—1. Similarly, RHS = P(Z;|X;—1:4—p—r—1) =
P(%¢|Z{—r—1) holds true as well, which yields to
P(Zt|zt—1:t—r—1) = P(2t|2t—1:t—r—l) / |Ht\ (AB)

From a direct observation, if the components of z; are mutually independent given Z; _1.;,._1, then for any distinct ¢ # 7,
Z;; and Z;, are conditionally independent given (2 \ {Zi;, £j+}) U 24—1.4—r—1. This mutual independence of the components
of z; based on Zz;_1.;_,_1 implies two things:

* Z;; is independent from z; \ {Z;, Z;;} conditional on Z;_1.4—,_1. Formally,

P(Zit | Ze—1:0—r—1) = P(Zit | (e \ {Zits 2t }) U Ze—1:4—r—1)-
* Z;; is independent from 2z, \ {Z;;} conditional on Z;_1.,_,_1. Represented as:
P(Zit | Ze—1:0—r—1) = P(Zit | (26 \ {2it}) U Zt—1:6—r—1)-
From these two equations, we can derive:
P(Zie | (26 \ {Zit}) UZe—1:6—r—1) = P(Zie | (2e \ {2t Zj¢ }) U Ze—1:0—r—1),

which yields that Z;; and Z;; are conditionally independent given (2; \ {2, 2;¢}) U Z4—1.4—r—1 for i # j. Leveraging an
inherent fact, i.e., if Z;; and Z;; are conditionally independent given (z; \ {Z:t, Zj¢}) U Z¢—1.4—r—1, the subsequent equation
arises:

9? log p(%¢, Z¢—1:4—r—1)

=0,
0210254
assuming the cross second-order derivative exists.
Given that p(2¢,2t—1.4—r—1) = DP(%t|2t—1:4—r—1)P(Zt—1.t—r—1) and p(Z;—1.4—r—1) remains independent of Z;; or
Z;j1, the above equality is equivalent to
0? logp(if |2f—1-t—r—1)
—— =0. A9
0210254 (A9)
Referencing Eq A8, it gets expressed as:
n
log p(2¢ | Z¢—1:0—r—1) = log p(2¢ | Ze—1.4—r—1) + log [Hy| = Z Nkt + log [Hy|. (A10)

k=1

The partial derivative w.r.t. Z;; is presented below:

0logp(Z¢ |2t —1:4—r—1) N Zn: Okt ) Ozt I 0log [Hy|

[“)éit el azkt 82” 62”
"0 Olog |H
— 7877’“ THp + 7{9%'_ il
i 97kt Zit
The second-order cross derivative can be depicted as:
O log (2 | Ze—14—r—1) N (0%t Ot OHpgg\ | 0% log [Hy|

: =3 (2% g,,H,, : ) . All
02021 > ( 922, Rkt oo o5, ) T 0502, (Al

k=1
According to Eq A9, the right-hand side of the presented equation consistently equals 0. Therefore, for each index [ ranging
from 1 to n, and every associated value of z; ;_,_1, its partial derivative with respect to z; ;1 remains 0. That is,

" Pt O* e OH
————— -H;;;H;,; . )EO Al2
Z <8zitazz,t7r71 it Elkgt 0211021 4—r—1  OZj ’ (A12)

k=1
where we leveraged the fact that entries of H; do not depend on z; ¢ ,_;. Considering any given value of z, there exists at
least 2n different values of v;; such that they are linearly independent. To make the above equation hold true, one has to
set Hy;:Hyj; = 0 or ¢ # j. In other words, each row of H; consists of at most a single non-zero entry, and z; must be a
component-wise transformation of a permuted version of Zz;. O
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Note that in the proof of Theorem A1, we require the transition lag 7 to be larger than the mixing lag » = 1. When a mixing
lag exists, the guarantee of identifiability requires dynamic information from a more previous time step. As long as this
inequality 7 > r is satisfied, the parameters 7 can be extended to arbitrary numbers following a similar modification in
Appendix Al.4.

A1.2. Discussion for the sufficiency assumption.

This assumption describes the changability of latent variables. Taking the video understanding as an example, the latent
variables may represent the concepts. The linear independence of the latent variables means that there exists a characteristic
of the concept that cannot be linearly represented by others. To further illustrate the sufficiency assumption, we give 2
examples (Yao et al., 2022a) to show when and when not the sufficiency assumption holds.

One possible distribution that breaks this assumption is the additive Gaussian noise. Denote z;, as historical parents. Let

2kt = qr(zn) + ert wWhere ey ~ N(0,1). In this case, we have 1 = log P(zit|z) = —logv/2m — M, and
2
M()gafiz(iftlz“ = 0, which will violate the assumption.

On the opposite, if ¢;; subjects a zero mean generalized normal distribution: P(ey;) o< e~ *¢I” with A > 0 and 8 > 2
and 5 # 3. Let 2kt = qx(2n) + €+ in which ¢ is a linear function. If for each zj, there exists at least one &’ such that

Crkr = % # 0, the sufficiency assumption must hold.

In this case, we have
8377kt

2202 11 —1)(B8 - B3,
9?2402k 11 Asgn(et) (8 — 1)(B = 2)l€ne|” " (A13)
and
8277kt -
azktazk)’ﬂt—l ﬂ(ﬂ )‘th| Chk ( )

We know that |e;;|?~2 and |e;;|?~2 are linearly independent since their ratio |¢;;| is not constant. Besides, |¢;;|*~2 and

leig|®~2, with I = 1,2, --- ,n are 2n linearly independent functions because of the different arguments involved. Suppose
there exists oy, aqa forl = 1,2, -+ | n, such that the weighted sum with regard to v; ; is zero. Thus, for any k£ we have
ag1crr et P72 + anackr et P8 + Z(allczk/|€lt|672 + appen|ere|P73) = 0. (A1)
1k
Since |ex|®~2 and |ex¢|*~3 with I = 1,2, - - -, n are linearly independent and ¢/ # 0, the make the above equation holds,
we have a1 = age = 0. As this applies to any k, we know that o;; and aye must be O, for all [ = 1,2, --- ,n. That is,

{vi:} is linearly independent. Thus, the sufficiency assumption holds.

Please note that the sufficiency assumption is crucial to the identifiability theory, yet not that restrictive. Even if it is not
completely satisfied, we can still obtain some subspace identifiability (Kong et al., 2022).

A1.3. Discussion for the cross-time disentanglement

This section demonstrates how the entanglements between variables across time steps are prevented. Generally speaking,
if the information is lost in the transition from z; to x;, we have to borrow the information from context such as z;_; to
recover it. It is natural to receive information from z;_; in order to find the best estimator.

Specifically, let us consider a generating process x;; = gi(z¢), zit = fi(z:_1, €it), where x; € R%,z; € R". Since z;; can

. . Bz, ¢ . . ~ a
be fully charactized by z;, but not a function of z;_1, we have azwtfl = 0. For the estimation process z; + = §;(Z), we have
Oxit _ Oz 02, __ . . x4 02 _ ( :
Pz, = 05 Da, o = 0fori=1,2, , d. Formally, we have an equation as 05 Dy — 0, i.e.,
Oxie . Omia 0214 . 0214
D214 O2nt 0z1,4—1 OzZn,t—1
) =0. (A16)
833d,t .. 8:Ed,t Osm - aém
D21t O2nt 0z1,t—1 Ozn,t—1
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If there exists at least n different ¢ such that derivative of x;; with respect to z; as n vector functions [8“'" az’”"}

82“ 82nt

are linearly independent, we have

020 05w
Oz1,4—1 Ozp,t—1
: : =0 (A17)
Oz1,4—1 Ozp,t—1

holds true. If the rank R( g’i‘: ) of the matrix of g’i‘t‘ is less than n, we have that the entanglement can only happened on the

restn — R( ‘g’i‘f ) dimensions.

Let us consider 2 extreme cases. First, if mixing function g is invertible, we have R( g’i‘:) = n, and the entanglement

between time steps are prevented. As another extreme case, in the NG setting as mentioned in Appendix A2.1, we set
one dimension of the latent variable that is totally lost during the mixing process. In this case, we have to use z;_ for its
estimation. Even in this case, the unnecessary entanglements are prevented as well.

Al.4. Extension to Multiple Lags

Multiple Transition Time Lag 7. For the sake of simplicity, we consider only one special case with 7 = r + 1 in
Theorem Al. Our identifiability theorem can be actually extended to arbitrary lags directly. For any given 7, according
to modularity, we have different conclusion at Eq A7 as LHS = P(z:|x—1:4—y—r—r) = P(2¢|24—1:4—r—). Similarity
RHS = P(Zi|X¢—1:4—p—r—r) = P(2t|Z¢—1.4—r—-) holds true as well. In addition, some modifications are needed in
sufficiency assumption, i.e., re-define 7, £ log p(2kt|2zt—1.t—r—- ) and there should be at least 2n linear independent vectors
for v with regard to z;;» where l = 1,2,--- ;nandt — 7 <t <t —r — 1. No extra changes are needed.

Infinite Mixing Lag r. Theorem A1 can also be easily extended to infinite mixing lag since Z; = h(z;; x;) still exists
when r» — oo, and the theorem still holds true.

A1.5. Continuity for Permutation Invariance

Let us first give an extreme example to illustrate the importance of extra constraints for identifiability when the probability

density of z; is not non-zero everywhere in R”. Consider 4 independent random variables u, v, z, y subject to standard

normal distribution respectively. Suppose that there exists an invertible function (z,y) = h(u, v) satisfies
r=lz+y>0)-u+lz+y<0)-v (AL8)
y=I(z4+y>0)-v+I(z+y<0)-u.

Notice that the Jacobian from (u,v) to (z,y) contains at most one non-zero entry for each column or row. However, the
result (z,y) is still entangled, and the identifiability of (u, v) is not achieved. What if now we notate latent variable as
2 = (u,v), estimated latent variable as z = (z,y) and the transition process with two mixing functions ash = g~ o0 ?

In the literature of nonlinear ICA, the gap between H;; - H;;, = 0 when j # k and identifiability is ill-discussed. In linear
ICA, since the Jacobian is a constant matrix, these two statements are equivalent. Nevertheless, in nonlinear ICA, H = %
is not a constant, but a function of z, which may leads to the failure of identifiability as shown in Eq A18.

The counterexamples can still be easily constructed even if function h is continuous. For brevity, let us denote a segment-wise
linear indicator function as f(u,v) = min(max(0, v 4+ v + 0.5), 1), and we have h as

x = flu,v)-u+ (11— f(u,v))- v
{y=f<uw>-v+<1—f(u,v>>-u. (A19)

When u, v, x,y are independent uniform distributions on [—2,—1] U [1, 2], all conditions are still satisfied while the
identifiability cannot be achieved.

To fill this gap, we provide two more assumptions. The domain Z of % should be path-connected, i.e., for any 2 20 ¢ z,
there exists a continuous path connecting 2 and 2(® with all points of the path in Z. In addition, the derivative of function
h is not zero for any value of z € Z
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Lemma A1 (Disentanglement with Continuity). For second-order differentiable invertible function h defined on a path-
connected domain Z C R™ which satisfies z = h(Z), suppose the non-degeneracy condition holds. If there exists at most
one non-zero entry in each row of the Jacobian matrix H = %, the identifiability under Permutation Invariance can be
established.

Oz; __ [6z,~ oz Oz,
9z L9310 9320 02y,

n Oz; 0Oz; 0z; n. 0z; _ ; i i i
Ur—1 {(a—il, Fors - par) ERM: 55 =0 forall j # k, and x5 # 0}, since there exists at most one non-zero entry in
oz

each row of the Jacobian matrix H = 3Z
non-degeneracy condition.

Proof. For any row i, ] € R™ is a n-dimensional variable. Its image is a subspace as

and the derivative of function h is not zero for any value, according to the
We use proof by contradiction. Suppose there exist two different samples a, b € Z C R™ with different non-zero entries

j # k subjects to
0zi
] #0, ['Z;
a—alj 0z

where [-]; refers to the j-th entry of vector. Their values are respectively within {(O7 0,..,22.0,.., 0) e R": g—g’_ #* O}

ceey 82]"

3 Zi
0z

] 40 (A20)
z=bl g

and {(0, 0,...,2.0,...,0) e R": 37?; #* O}. Clearly, there is no path from 2 s 1O %Zz

s R e Since h is a second-

2=b"
order differentiable invertible function, we have its derivative h’ is also differentiable. Thus, Z C R™ is a path-connected

domain which denotes that the image of %227‘ is also path-connected. It will be violated that there is no path from %Zi" sea O
%‘Z ;—p, thus the proof is established.
O

When it comes to partially invertible function with regard to side information c, the proof is the same with only a modification
on conditions. That is, the path-connected domain assumption is applied to (z, ¢), and the infinite differentiability is extended

to both z and ¢, i.e., gng fora,b € {z|z;} x {c|c;} when a # b exists.

Let’s further review the example we provided earlier. Examples in Eq A18 and Eq A19 respectively demonstrate the
scenarios where the assumptions of differentiability and connectivity fail, leading to the breakdown of identifiability.

Lemma A2 (Disentanglement with Continuity under Side Information). For second-order differentiable invertible function
h defined on a path-connected domain Z x C CR™ ™ which satisfies z = h(Z, c), suppose the non-degeneracy condition
holds. If there exists at most one non-zero entry in each row of the Jacobian matrix H(c) = %, the identifiability under
Permutation Invariance can be established.

Proof. Suppose there exist two different samples a,b € Z x C C R" with different non-zero entries 4 # k subjects to

[8(2,@ <z,c>=aL # 0, [a(z,c)

Similar to Lemma A1, there exists no path between them because they are blocked in Z alone. In the same way, since h
is a second-order differentiable invertible function, and the non-degeneracy condition holds, the image of 3(8;; ) is also
path-connected. It will be violated and the proof is established.

£0. (A21)

(i,c):b] k

O

A1.6. Identifiability Benefits from Non-Stationarity

We can further leverage the advantage of non-stationary data for identifiability. We rewrite v;;, which is defined in Eq A3,
as s;¢(u,.) in the w,. context as

2 2 3 3
Slt(ur) 2 ( 0 nlt(uT‘) 0 nnt(ur) 9 nlt(ur) 0 7]nt(ur) )T. (A22)

- S s s
0211021, 4—r—1 02nt021 4 —r—1 021,021 t—r—1 025,021 1—r—1
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We also consider the version of subtraction $;(u,.) from u,. to uy without taking the derivative with respect to 2t—r—1 as

82n1t(ur) _ aint(uO) 62nnt(ur) _ 62777115(”0)

8, (uy) 2 (

(92'“ (92'“ T sz 6Znt (A23)
83771t(ur) _ 83771t(u0) 8377nt(ur)T _ agnnt(UO))T
073, 023, 7T 922, 022, '

As provided below, in our case, the identifiability of z; is guaranteed by the linear independence of the whole function vectors
sit(u,) and $;(u,), with I = 1,2, ...,n and every u,. This linear independence is generally a much stronger condition.
Theorem Al can be considered as a special case where the number of domains w,. is 1. In this case, only s;;(ug) in Eq A22
is utilized but 2n values of z; ., are required. Otherwise, in the nonstationary case, the domain information u, can
increase the changeability of s;;(u,.). Besides, $¢(u, ) in Eq A23 can also help to find more independent vectors to satisfy
the sufficiency assumption.

Corollary Al (Identifiability under Non-Stationary Process). Suppose x; = g(24.4—r), 2¢ = m(X44—,,), and that the
conditional distribution p(zyt | Zt—1.4—r—1, W) may change across a + 1 values of the auxiliary variable u, denoted by
UQ, UL, ...y Ug. SUppose the components of z; are mutually independent conditional on z;_1.;_.—1 with each auxiliary
variable. Assume that the components of z; are also mutually independent conditional on z_1.1—.—_1. Suppose the domain is
path-connected and m, M, g, § are second-order differentiable and their combination subjects to non-degenerate condition.
If there exists 2n different values of function vectors si;(u,) or $¢(u,) and $¢(u,.), withl = 1,2, ...,n and every u,, are
linearly independent, then z; is a permuted invertible component-wise transformation of z;.

Proof. For any t we have

Z = m(xt:tfp.)

= m(E(Z¢, Ze—1:0—1 ) Xe—1:—pu) (A24)
= m(g(ztv ﬁl(xt—llt—;t—l)? o aﬁl(xt—r:t—;t—r))a Xt—l:t—u)y
as well as 2, = m(g(zy, m(X¢—1:4—p—1), -+, M(X¢e—pit—p—r)), Xt—1:¢—,,) similarly. Thus, we have an unified partially
invertible function z; = h(Z|x;—1.4—,—r) Where h = m o & with Jacobian g;: = Hy(Zs; X¢—1.4—u—r). Let us consider the

mapping from joint distribution (¢, X¢—1:t—p—r—1) 0 (Z¢, X¢—1:4—p—r—1), 1.€.,

P(Ztaxt—l:t—u—r—l) = P(ihxt—l:t—p—r—l) / \Jt|, (A25)
where
Do
3, — [azt ] ) (A26)
* I

which is a lower triangle matrix, where I infers eye matrix and * infers any possible matrix. Thus, we have determinant
|| = \g;z | = |H¢|. Dividing both sides of Eq A25 by P(xX¢—1:4—p—r—1,Ur) gives

LHS = P(Zt|xt71:tfp‘frflaur) = P(zt|zt71:t7r717ur)7 (A27)

since z; and x;_1.;—,,—,—1 are independent conditioned on z;_1.;—,—; with any auxiliary variable u,.. Similarly, RHS =
P(Z|x¢—1:4—p—r—1, Ur) = P(Z¢|Z,—r—_1, u,) holds true as well, which yields to

P(Ztlztfl:tfrflvur) = P(itlitfl:tfrflaur) / lHt| (AZS)
With conditional independence, we have

82 Ing(it ‘ itfl:tf’r“fl? ur)
82”823t

=0. (A29)

Referencing Eq A28, it gets expressed as:

n

logp(it | it—l:t—r—laur) = IOgP(Zt |Zt—1:t—r—1,ur) + log |Ht| = Z Ukt(ur) + log |Ht| (A30)
k=1
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The second-order derivative is

"L 02 (uy) O () OH iy 0% log |H,|
— = -Hy;:Hy; - . — d . A31
kz_1< 922, L T T )* 024,025 0 (Aa3D)

The right-hand side of the presented equation consistently equals 0. Therefore, for each index [ ranging from 1 to n, and
every associated value of z; ;_,_1, its partial derivative with respect to z; s, remains 0. That is,

- gt (uyr) Pnpe(ur)  OHpy
- Hpy; e Hy - — =0, A32
Zl (3zktazz epy T Oz 0z10—r—1  O0Zjy ) (A2

where we leveraged the fact that entries of H; do not depend on z;,;_,—1.

Again start from Eq A31. Using the fact that H, is not affected by the auxiliary variable, we can subtract the equation with
ug from that of u,.. We have

= 77kt Ur 827’kt(“0) 37]kt(ur) 87]kt(uo) OHy;¢
-H.;:Hy; — A
]; (( 022, 022, ) hitElkjt ( Ozit 0%t ) 0% ) (A33)

Considering any given value of z;, there exists at least 2n different values of s;; or §;, which corresponds to Eq A32
and Eq A33 respectively, such that they are linearly independent. To make the above equation hold true, one has to set
H;;:Hy;, = 0ori # j. In other words, each row of H; consists of at most a single non-zero entry, and z; must be a
component-wise transformation of a permuted version of Z;. O

A2. Synthetic experiments
A2.1. Synthetic Dataset Generation

In this section, we give 2 representative simulation settings for NG and NG-TDMP respectively to reveal the identifiability
results. For each synthetic dataset, we set latent space to be 3, i.e.,x; € X C R3.

Non-invertible Generation For NG, we set the transition lag as 7 = 1. We first generate 10, 000 data points from a
uniform distribution as the initial state zg ~ U(0,1). Fort = 1,--- ,9, each latent variable z; will be generated from the
proceeding latent variable z;_; through a nonlinear function f with a non-additive zero-biased Gaussian noise €; (¢ = 0.1),
i.e., z; = (2, ¢;). To introduce the non-invertibility, the mixing function g leverages only the first two entries of the latent
variables to generate the 2-d observation z; = g(z1 4, 22,) € Z C R2

Time-Delayed Mixing Process For UG-TDMP, we set the transition lag as 7 = 1 and mixing lag » = 2. Similar to the
Non-invertible Generation scenario, we generate the initial states from a uniform distribution and the subsequent latent
variables following a nonlinear transition function. The noise is also introduced in a nonlinear Gaussian (o = 0.1) way. The
mixing process is a nonlinear function with regard to z; plus a side information from previous steps z;_1.;—o, i.€.,

0
x; = Asxs - 0(Bsxs - 0(Caxs - 24)) + 0 ; (A34)
D3yx12i—1 + E3x12¢—2

where o refers to the ReLU function and the capital characters refer to matrices. Note that we make two modifications to
show the advantage of CaRiNG. The reason we consider larger mixing lag is that it is a much more difficult scenario to
handle, with more distribution from the mixing process and less dynamic information from transition. We run experiments
in both scenarios with different transition and mixing lag. Besides, we also find out that even without time-lagged latent
variables in the decoder, it leads to a smaller model that is more stable and easy to train. Refer to Table A1 for a detailed
ablation study.
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setting | 7=1Lr=2|7=2r=1
CaRiNG 0.9436 0.9131
CaRiNG (lagged decoder) 0.9250 0.9220
TDRL 0.8947 0.7519

Table Al: Ablation study on different settings for UG-TDMP. (a) The second column is a more difficult scenario compared
to the first, where the performance of CaRiNG remains good while that of baseline decreases significantly. (b) Omit the
time-lagged latent variables in the decoder will not damage the performance much, but one can enjoy the benefits from a
much simpler model.

Post-processing Precedure During the generating process, we did not explicitly enforce the data to meet the constraint
z; = m(Xpq— H). On the contrary, we implement a checker to filter the data that is qualified. To be more precise, we do
linear regression from x;.¢—,, to z; to figure out how much information of latent variables can be recovered from observation
series in the best case. We choose the smallest 1+ when the amount of information that can be recovered is acceptable. We
set 4 = 2 for UG and p = 4 for UG-TDMP.

A2.2. Implementation Details

Network Architecture To implement the Sequence-to-Step encoder, we leverage the torch.unfold to generate the nesting
observations. Let us denote xl(t” ) = [X¢,- -+ ,X¢—,] as inputs. For the time steps that do not exist, we simply pad them with

zero. Refer to Table A2 for detailed network architecture.

Training Details The models were implemented in PyTorch 1.11.0. An AdamW optimizer is used for training this
network. We set the learning rate as 0.001 and the mini-batch size as 64. We train each model under four random seeds
(770,771,772,773) and report the overall performance with mean and standard deviation across different random seeds.

Table A2: Architecture details. BS: batch size, T: length of time series, i_dim: input dimension, o_dim: output dimension,

z_dim: latent dimension, LeakyReL.U: Leaky Rectified Linear Unit.

Configuration Description Output

1. Sequence-to-Step Encoder Encoder for Synthetic Data

Input: xglf% Observed time series BS x T x i_dim
Dense 128 neurons, LeakyReLU BS x T x 128
Dense 128 neurons, LeakyReLU BS x T x 128
Dense 128 neurons, LeakyReLU BS x T x 128
Dense Temporal embeddings BS x T x z_dim
2. Step-to-Step Decoder Decoder for Synthetic Data

Input: z1.p Sampled latent variables BS x T x z_dim
Dense 128 neurons, LeakyReLU BS x T x 128
Dense 128 neurons, LeakyReLU BS x T x 128
Dense i_dim neurons, reconstructed X 1.7 BS x T x o_dim
3. Factorized Inference Network Bidirectional Inference Network

Input Sequential embeddings BS X T x z_dim
Bottleneck Compute mean and variance of posterior 1.7 01.T
Reparameterization Sequential sampling Z1.T

4. Modular Prior Nonlinear Transition Prior Network

Input Sampled latent variable sequence z1.1 BS x T x z_dim
InverseTransition Compute estimated residuals €;; BS X T x z_dim
JacobianCompute Compute log (|det (J)]) BS

19



CaRiNG: Learning Temporal Causal Representation under Non-Invertible Generation Process

Table A3: MCC scores of synthetic datasets with higher dimension.

Dimension | CaRiNG | TDRL

6 0.9199 0.6329
12 0.9366 0.6155
18 0.7175 0.5265

A2.3. Exploration on higher dimension.

To demonstrate the scalability of our method, we have included experiments with higher dimensions. We keep the
experimental setup consistent with NG and set the dimensions of latent variables to be 6, 12, 18 and that of observation to be
4, 8,12, respectively. The transition function is a permutation function with a shift of 2, 4, 6 dimensions respectively. As
shown in Table A3, CaRiNG can achieve a consistent improvement over the baseline TDRL when using various dimensions.
When the dimension is too high, although the performance of both CaRiNG and TDRL drops because of the complexity of
the model, we demonstrate that CaRiNG still benefits from contextual information. This indicates that CaRiNG is scalable
and robust to the dimensionality of the latent variables.

A2.4. Model Selection with Varying ;.

In this subsection, we will discuss the preliminary experiment that was instrumental in the model selection process for our
application in the NG-TDMP settings. The experiment focused on evaluating the performance of the model with varying
lengths of time lag p.

Our findings indicate that an increase in p does not always correlate with enhanced model performance. We observed that
the effectiveness of each latent variable diminishes as the time lag y increases. In practical applications, this motivates a
strategy of model selection where an appropriate value of p is chosen based on the model’s performance. The following
table summarizes our experimental results:

" | 3 415
Accuracy (%) ‘ 0.88 ‘ 0.92 ‘ 0.92

Table A4: Impact of varying p on model performance in NG-TDMP settings.

These results suggest that while a larger ¢ might imply a more extensive recovery of context information, it can also
introduce inefficiencies in information recovery, potentially adding noise and impeding model training.

A3. Real-world Experiments on TrafficQA

A3.1. Implementation Details

We choose HCRN (Le et al., 2020) (without classification head) as the encoder backbone of CaRiNG on the real-world
dataset: SUTD-TrafficQA. Given that HCRN is an encoder that calculates the cross attention between visual input and text
input sequentially, we apply a decoder, which shares the same structure as the Step-to-Step Decoder shown in Table A2 to
reconstruct the visual feature embedded with the temporal information. As it goes to transition prior, we use the Modular
Prior shown in Table A2. This encoder-decoder structure can guide the model to learn the hidden representation with
identifiable guarantees under the non-invertible generation process.

A3.2. More Qualitative Results

As shown in Figure A1, we provide some positive examples and also fail cases to analyze our model. From the top two
examples, we can find that our method can solve the occlusions well. From the bottom right one, we find that our model can
solve the blurred situation. However, when the alignment between visual and textual domains is difficult. The model may
fail.
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Q: Could the accident be prevented if all vehicles drive in the correct

Q: What types of vehicles that if get removed from the videos, there won't X "
direction?

be an accident?

[ A: Mini van or van A: No, that was not the main cause of the accident.

Q:Which could be the reason for this accident? Q: What could possibly cause this accident?

A: Retrograde vehicles . A: Sudden or extreme movement by a vehicle

Figure Al: Qualitative results on SUTD-TrafficQA dataset. We provide some positive examples and also fail cases to
analyze our model.

A3.3. Computation Cost Comparison

We provide the comparisons between the computational cost of the CaRiNG model and HCRN to analyze our efficiency. As
shown in Table AS, we provide a detailed comparison of the number of parameters, training time, and inference efficiency.
It is important to note that while the CaRiNG model requires a longer training time due to the application of normalizing
flow for calculating the Jacobian matrix, its inference efficiency remains on par with HCRN, as the normalizing flow is
utilized only for calculating KL loss and not during inference.

Method \ HCRN CaRiNG
Number of Parameters 42,278,786 43,721,954
Training Time per Epoch | 6min 54s/epoch  13min 26s/epoch
Inference Time per Epoch 49s/epoch 49s/epoch

Table AS: Comparative Analysis of HCRN and CaRiNG Models

This analysis clearly demonstrates that the increased training time for the CaRiNG model is offset by its comparable
inference efficiency, highlighting its practical applicability in scenarios where inference time is critical.

A3.4. Evaluation of Identifiability in the QA Benchmark

In the context of real-world applications, particularly in scenarios lacking ground truth for rigorous metrics like MCC,
alternative evaluation strategies become essential. we leverage proxy metrics to assess the performance of the proposed
algorithm, focusing on two pivotal aspects: disentanglement and reconstruction ability of the learned representations.
Intuitively, as delineated in Theorem A1 and detailed in Section 4, a representation can be considered identifiable if it
possesses the dual capability of fully reconstructing the observation while also achieving disentanglement. Thus, as a
supplement to the accuracy we used before, we benchmark disentanglement and reconstruction ability as side evidence to
support that the improvement is caused by better identifiability.

We use the ELBO loss as a proxy metric to evaluate the identifiability. Figure A2 illustrates our method’s performance
compared to the baseline TDRL method. The results clearly show that our approach exhibits superior disentanglement and
reconstruction abilities. This evidence suggests that the advantage of our proposed algorithm is primarily attributed to its
enhanced identifiability and effective disentanglement of data representations.
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Figure A2: Comparative analysis of disentanglement and reconstruction abilities of different methods.

T 1] 2 ] 3
Accuracy (%) | 41.22 | 41.23 | 41.27

Table A6: Parameter analysis results of 7 on model accuracy in the SUTD-TrafficQA dataset.

A3.5. Parameter analysis on 7

In this section, we present the results of our parameter analysis conducted on the SUTD-TrafficQA dataset, focusing on the
impact of varying the time lag 7. The study aimed to assess the robustness of our model to changes in the time lag parameter.
As the table below illustrates, the model demonstrates consistent accuracy across different values of 7, indicating robustness
to the variation in time lag.

A4. Real-world Experiments on the Volleyball Dataset
A4.1. Dataset

The volleyball dateset (Ibrahim et al., 2016) is a video action recognition dataset with 4,830 clips from 55 videos. There are
8 group activity labels, including 4 main activities (set, spike, pass, win-point) that are divided into two subgroups, left
and right. Two formats for inputs are provided: RGB videos and keypoints time series. In our setting, we simply use key
points as the input. We utilized the *original’ split of the Volleyball dataset in which all videos were randomly assigned,
consisting of 39 training videos and 16 testing videos. We adopt this dataset due to the complex occlusion in the sports
which is aligned with our non-invertible generation setting.

A4.2. Implementation Details

The method is implemented using a VAE network. Specifically, the Sequence-to-Step Encoder processes the data by first
flattening the features from all time steps. Then, following (Zhou et al., 2022), we apply a Composer to incorporate the
interactions with fine-grained information. Subsequently, we aggregate the contextual information through an MLP, mapping
from a space of R”*? to R?. The Step-to-Step Decoder is also an MLP network mapping from R? to R?. We adopt the
same Modular Prior network as Table A2. For the implementation of TDRL, the only difference is the removal of temporal
dependencies during the encoding process of the model (don’t aggregate the contextual information).

A4.3. Results and Analysis

As shown in Table A7, we observe that CaRiNG achieve consistent performance improvement on both person and group
activity accuracy. It indicates that the temporal context is useful in the temporal dynamic modeling. Though the goal of
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this task is the group activity recognition, we found that the person activity accuracy achieves more improvement. It is not
surprising since our method ensures better disentanglement and identification of the latent variables of the group activity,
i.e., containing the information of persons.

Method | CaRiNG | TDRL

Group Activity Topl Accuracy(%) | 93.044 | 92.895
Group Activity Top3 Accuracy(%) | 99.028 | 98.280
Person Activity Topl Accuracy(%) | 74.551 | 73.286
Person Activity Top3 Accuracy(%) | 98.087 | 96.634

Table A7: Model accuracy in the Volleyball dataset.

AS5. Related Work

AS.1. Causal Discovery with Latent Variables

Some studies have aimed to discover causally related latent variables, such as (Silva et al., 2006; Kummerfeld & Ramsey,
2016; Huang et al., 2022) leverage the vanishing Tetrad conditions (Spearman, 1928) or rank constraints to identify latent
variables in linear-Gaussian models, and (Shimizu et al., 2009; Cai & Xie, 2019; Xie et al., 2020; 2022) draw upon
non-Gaussianity in their analysis for linear, non-Gaussian scenarios. Furthermore, some methods aim to find the structure
beyond the latent variables, resulting in the hierarchical structure. Some hierarchical model-based approaches assume
tree-like configurations, such as (Pearl, 1988; Zhang, 2004; Choi et al., 2011; Drton et al., 2017), while the other methods
assume a broader hierarchical structure (Xie et al., 2022; Huang et al., 2022). However, these methods remain confined to
linear frameworks and face escalating challenges with intricate datasets, such as videos.

A5.2. Nonlinear ICA for Time Series Data

Nonlinear ICA represents an alternative methodology to identify latent causal variables within time series data. Such
methods leverage auxiliary data—like class labels and domain indices—and impose independence constraints to facilitate
the identifiability of latent variables. To illustrate: Time-contrastive learning (TCL (Hyvarinen & Morioka, 2016)) adopts
the independent sources premise and capitalizes on the variability in variance across different data segments. Furthermore,
Permutation-based contrastive (PCL (Hyvarinen & Morioka, 2017)) puts forth a learning paradigm that distinguishes genuine
independent sources from their permuted counterparts. Furthermore, i-VAE (Khemakhem et al., 2020) utilizes deep neural
networks, VAEs, to closely approximate the joint distribution encompassing observed and auxiliary non-stationary regimes.
Recent work, exemplified by LEAP (Yao et al., 2022b), has tackled both stationary and non-stationary scenarios in tandem.
In the stationary context, LEAP postulates a linear non-Gaussian generative process. For the non-stationary context, it
assumes a nonlinear generative process, gaining leverage from auxiliary variables. Advancing beyond LEAP, TDRL (Yao
et al., 2022a) initially extends the linear non-Gaussian generative assumption to a nonlinear formulation for stationary
scenarios. Subsequently, it broadens the non-stationary framework to accommodate structural shifts, global alterations,
and combinations thereof. Additionally, CITRIS (Lippe et al., 2022b;a) champions the use of intervention target data to
precisely identify scalar and multi-dimensional latent causal factors. However, a common thread across these methodologies
is the presumption of an invertible generative process, a stance that often deviates from the realities of actual data. Besides,
(Hartford et al., 2022) demonstrates that under a non-invertible scenario without extra information, identifiability can be
only achieved in a subspace where bijective mapping exists. Their work provides additional support for the importance of
addressing non-invertibility.

A5.3. Temporal modeling

Sequential Variational Autoencoders have gained significant popularity for their applications in temporal modeling, including
generation, representation, and prediction. Variational RNN (Chung et al., 2015) introduces the Variational Autoencoders
into Recurrent Neural Networks, enabling variational inference on time series data. SRNN (Fraccaro et al., 2016) further
utilizes the concept of SSM (State Space Model) for temporal modeling. In addition, SKD (Berman et al., 2022) utilizes
a structured Koopman autoencoder to achieve multifactor sequential disentanglement. However, none of these methods
incorporates a transition function for capturing the temporal dynamics of multivariate data. By integrating a transition
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function with independent noise through normalizing flow (Rezende & Mohamed, 2015; Ziegler & Rush, 2019), our model
can effectively track and represent the causal relations of latent variables over time. Such enhancement positions CaRiNG as
a method focused on learning causal representations with clear identifiability guarantees, marking a departure from the
generation-centric objectives commonly seen in traditional VAE-based methods.
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