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ABSTRACT

Embeddings provide low-dimensional representations that organize complex
function spaces and support generalization. They provide a geometric representa-
tion that supports efficient retrieval, comparison, and generalization. In this work
we generalize the concept to Physics Informed Neural Networks. We present a
method to construct solution embedding spaces of nonlinear partial differential
equations using a multi-head setup, and extract non-degenerate information from
them using principal component analysis (PCA). We test this method by apply-
ing it to viscous Burgers’ equation, which is solved simultaneously for a family
of initial conditions and values of the viscosity. A shared network body learns a
latent embedding of the solution space, while linear heads map this embedding
to individual realizations. By enforcing orthogonality constraints on the heads,
we obtain a principal-component decomposition of the latent space that is robust
to training degeneracies and admits a direct physical interpretation. The obtained
components for Burgers’ equation exhibit rapid saturation, indicating that a small
number of latent modes captures the dominant features of the dynamics.
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1 INTRODUCTION

Scientific machine learning (ML) has long targeted partial differential equations (PDEs) regimes
where solutions are nonlinear, stiff, and multiscale. For these problems, it is valuable not only to
predict accurately the solution, but also to learn low-dimensional coordinates that organize families
of solutions across initial/boundary data and physical parameters. Such coordinates could support
fast surrogates, inverse inference, and model reduction.

This “representation” view is especially relevant since many operator-learning methods for solving
differential equations (DEs) assume that the solution set concentrates near a low-dimensional mani-
fold. Here we make that assumption explicit and measurable and focus on the geometrical structure
of this space. We learn an embedding or latent space using a shared PINN body and then quantify
its intrinsic dimensionality through a PCA of the latent-space covariance matrix.

As a concrete and well-controlled testbed, we consider the 1D viscous Burgers’ equation. This is
a nonlinear, second-order PDE that develops steep gradients and shock-like (viscosity-regularized)
features as ν decreases. Burgers is also a standard surrogate for aspects of turbulent transport and
provides a transparent testbed for methods aimed at more complex systems. The equation reads

∂tu+ u ∂xu = ν ∂xxu, (x, t, ν) ∈ [−5, 5]× [0, 5]× [10−2, 1]. (1)

Related work (brief). PINNs (Lagaris et al., 1998; Raissi et al., 2019; Karniadakis et al., 2021)
enforce PDE structure through automatic differentiation and collocation, and are widely used as
baselines for PDE surrogates. Operator-learning approaches (e.g. DeepONets and neural operators)
(Lu et al., 2021; Kovachki et al., 2021) provide complementary frameworks that learn mappings
from input functions to solutions. Learning low-dimensional latent representations of parametrized
PDE solution manifolds has also been explored in reduced-order modeling and autoencoder-based
approaches (Lee & Carlberg, 2018; Fresca & Manzoni, 2022), as well as in latent-dynamics formula-
tions (Champion et al., 2019). Our contribution is orthogonal: we focus on identifiable embeddings
of a solution family inside a single PINN via a multihead decomposition (Desai et al., 2021; Pelle-
grin et al., 2022), and on diagnostics (PCA decompositions) that summarize multiscale complexity
across ensembles.

2 MULTIHEAD PINNS AS A LEARNED BASIS

2.1 MULTIHEAD DECOMPOSITION WITH LINEAR HEADS

We consider a family of problems indexed by different initial conditions (ICs). A PINN approx-
imates u(x, t, ν; IC) by a neural network and minimizes a physics loss built from mean-squared
residuals of equation 1 over collocation points and different viscosities. This is what is called a
solution bundle Flamant et al. (2020). The IC is imposed using a hard-enforcement technique.

Multihead setup. To learn shared structures across the family, we split the network into a body
producing nb latent functions Hj(x, t, ν) and linear heads that map the latent space to a particular
solution. The final solution generated by the model can be written as follows

u(x, t, ν; ICi) = vi(x) + (1− e−t)

nb∑
j=1

wij Hj(x, t, ν), (2)

where vi is the imposed initial condition and {wij} are the head weights for ICi. This exposes an
explicit “learned basis” viewpoint: {Hj} spans an embedding space, and the final solution is a linear
combination of its components.

Training objective. Let R[u] be the residual of Burger’s equation 1. For each initial condition
ICi, we sample collocation points (xm, tm, νm) uniformly in the spacetime domain, and logarith-
mically in the viscosity. We minimize

L =
1

nb

nb∑
i=1

1

M

M∑
m=1

∣∣R[u(xm, tm, νm; ICi)]
∣∣2

Λ(∂xu, a, b)
+ λortho Lortho, (3)
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with λortho ∼ 10−3 so the DE term dominates while still selecting a consistent latent space, and nb

the number of heads. The last term will be explained in detail in the next subsection. The factor
Λ(∂xu, a, b) is a gradient-based weighting factor used to stabilize training in regions of large solution
gradients. This factor weights less the regions in which the derivative of the unknown function with
respect to the spatial dimension is larger. For details about the implementation we refer the reader
to Ferrer-Sánchez et al. (2024).

2.2 HEAD ORTHOGONALIZATION AND IDENTIFIABLE PCA

Embedding space functions are typically non-identifiable: different trainings can produce rotated
mixtures of the same subspace. We mitigate this by encouraging the head matrix W = [wij ] to be
(approximately) orthonormal via the auxiliary penalty

Lortho = ∥WW⊤ − I∥2F + ∥W⊤W − I∥2F , (4)

included in the training objective with a small weight λortho (3). This constraint fixes the linear mix-
ing between latent functions, rendering the embedding space identifiable. Under near-orthogonality,
the principal-component decomposition of the latent space (estimated via the covariance of {Hj}
over sampled (x, t, ν)) becomes stable across runs, enabling training-robust comparisons between
experiments and different random initializations. This method empirically yields eigenvalues of the
covariance matrix that are independent of the initial seed and allows us to extract non-degenerate in-
formation from the principal components of the latent space. Although we have applied this method
to Burgers’ equation, we believe that it can be generalized to other ordinary and partial differential
equations.

How we compute PCA. To summarize the learned embedding, we treat the body output
H(x, t, ν) ∈ Rnb as a random vector induced by sampling (x, t, ν) from the training domain and by
mixing over the training ICs through the head weights. Concretely, we draw a large batch of triplets
(x, t, ν) and record the standardized latent vectors H̃ . The empirical covariance Σ̂ = H̃H̃⊤ defines
eigenvalues λ1 ≥ λ2 ≥ · · · and explained-variance ratios λj/(

∑
k λk). The orthogonality regu-

larizer in equation 4 makes these spectra reproducible across random initializations, so differences
between different ICs ensembles can be attributed to properties intrinsic to the PDE family rather
than to an arbitrary rotation of the latent basis.

3 EXPERIMENTS AND RESULTS

We train a shared body (5 fully-connected layers, width 128; nb = 20) with multiple linear heads,
jointly over 25 viscosities ν ∈ [10−2, 1] and 20 initial conditions. We report loss curves and
explained-variance spectra for two ensembles of initial data. No baseline results are shown since
our approach doesn’t aim to make the model converge faster. It aims into the direction of gaining
interpretability on the latent space components.

Implementation details. The body takes (x, t, ν) as input, uses smooth activations (tanh), and
outputs the latent vector H . We use Adam with a warm-up phase during 1000 epochs, an initial
learning rate (LR) of 10−3, and a learning rate scheduler that reduces the LR by a factor of 0.985
every 1000 epochs. The x and t points are sampled from an equally spaced distribution, and ν points
are logarithmically spaced. The number of points along x and t is 100, whereas for the viscosity 25
values are used. Tests were performed on an NVIDIA H100 GPU, and took approximately 5 days
of computational time.

3.1 FOURIER INITIAL CONDITIONS

We construct the initial conditions as linear combinations of 10 sine and 10 cosine modes with
random amplitudes and low frequencies, each modified to satisfy vanishing boundary conditions.
Training converges smoothly (Figure 1). The latent PCA spectrum (Figure 1) shows rapid saturation:
the first few components explain most of the variance, indicating that the solution manifold across
different initial conditions admits a compact description in the learned coordinates. The jump on the
loss function is due to a change on the LR of the model, rather than something intrinsinc to the set
of initial condition.
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Figure 1: Left: PINN PDE-residual loss versus epochs (Fourier IC ensemble). Right: Explained-
variance ratio and cumulative variance of latent-space PCA (Fourier IC ensemble).
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Figure 2: Left: PINN PDE-residual loss versus epochs (polynomial IC ensemble). Right: Explained-
variance ratio and cumulative variance of latent-space PCA (polynomial IC ensemble).

3.2 POLYNOMIAL INITIAL CONDITIONS

We also generate compactly supported initial conditions as random combinations of low-degree
polynomials that vanish at the edges. Figure 2 shows the training loss. The corresponding PCA
spectrum (Figure 2) again concentrates strongly in the leading components, and saturates even faster
than in the Fourier case, consistent with a smoother, more compressible IC ensemble.

3.3 WHY EMBEDDINGS MATTER FOR PDE–ML

From the standpoint of PDE–ML, the value of this diagnostic is that it turns “manifold complexity”
into a concrete curve: how many components are needed to capture a chosen fraction of variance.
This supports two practical workflows: (i) choosing a reduced latent dimension r for downstream
surrogates (e.g. learning an operator from IC to head weights), and (ii) stress-testing generalization
by training on a larger set of collocation points and ICs, and checking whether the same leading
components continue to dominate. While we focus on Burgers as a controlled proxy, the same
decomposition can be applied to parameterized elliptic/parabolic PDEs and to multi-physics settings
where separating coarse and fine structure is critical.

4 DISCUSSION: MULTISCALE ORGANIZATION AND AN EFFECTIVE THEORY

Across both ensembles, the embedding space organizes into a small number of hierarchical dom-
inant components. In both cases, more than 90% of the total variance can be explained by just
3 components out of 20. This supports an empirical effective-theory view, in which the space of
solutions spanned by different ICs can be approximated by a truncated expansion of a subset of
latent space components {Hj}j=1,...,r. The particular form of this components is not shown in this
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manuscript since it is not meaningful. This is because these components are going to depend on
arbitrary choices of the latent space components while training.

We find for Burgers’ equation that the most relevant components correspond to functions capturing
the global structure of the solution, whereas the rest of the components tend to capture smaller-scale
features. In this language, the leading PCA directions behave like an effective basis capturing global
structures across the family of solutions, and additional sub-leading components act as progressively
finer corrections.

Effectively, one can truncate the latent expansion at r ≪ nb components to obtain a reduced model
whose complexity is selected by the data-driven spectrum. This provides a practical model-reduction
knob that is compatible with PINN training, and could improve the convergence of the model.

5 CONCLUSION

We use PINNs with a MH setup to learn the embedding or latent space of Burgers’ equation. This
embedding space generalizes across solutions for different ICs.The heads learn how to map the latent
space components to a solution with a particular IC.

We also present a method called head orthogonalization. This allows us to train the model in such a
way that the latent space admits a reproducible principal component decomposition that is robust to
training degeneracies. For Burgers, a handful of components captures most of the variability across
different ICs.

Outlook. For PDE–ML applications, the next step is to define a metric over the latent space man-
ifold, in a similar way as in Tarancón-Álvarez et al. (2025). We can then construct a covariance
matrix whose eigenvalues are independent of arbitrary latent space parametrization without any ad-
ditional loss in expression 3. This will allow us to explore different future directions. The first one
is identifying the reduced dimensionality of the equation with physical parameters of our model.
The second consists on using a reduced model for the latent space to do transfer learning (TL) and
generate different solutions on different regimes, with just a fine tuning process of the corresponding
head.

It will also be interesting to apply this method to different problems as parametrized elliptic PDEs,
reaction–diffusion systems, and eventually to Navier–Stokes families, where one may compare la-
tent hierarchies with physically motivated multiscale decompositions.

LLM USAGE STATEMENT

Standard AI programming tools were used during the development of the code that yielded to the re-
sults shown in this paper. These were used to increase efficiency in tasks as debugging and modifying
existing code. Large language models were used to assist in editing and polishing the manuscript,
but they did not contribute to the scientific content or results.

REPRODUCIBILITY STATEMENT

All results and plots can be reproduced from the equations in the article.
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