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ABSTRACT

Bilevel optimization has arisen as a powerful tool for many machine learning
problems such as meta-learning, hyperparameter optimization, and reinforcement
learning. In this paper, we investigate the nonconvex-strongly-convex bilevel op-
timization problem. For deterministic bilevel optimization, we provide a compre-
hensive finite-time convergence analysis for two popular algorithms respectively
based on approximate implicit differentiation (AID) and iterative differentiation
(ITD). For the AID-based method, we orderwisely improve the previous finite-
time convergence analysis due to a more practical parameter selection as well as a
warm start strategy, and for the ITD-based method we establish the first theoretical
convergence rate. Our analysis also provides a quantitative comparison between
ITD and AID based approaches. For stochastic bilevel optimization, we propose a
novel algorithm named stocBiO, which features a sample-efficient hypergradient
estimator using efficient Jacobian- and Hessian-vector product computations. We
provide the finite-time convergence guarantee for stocBiO, and show that stocBiO
outperforms the best known computational complexities orderwisely with respect
to the condition number x and the target accuracy €. We further validate our the-
oretical results and demonstrate the efficiency of bilevel optimization algorithms
by the experiments on meta-learning and hyperparameter optimization.

1 INTRODUCTION

Bilevel optimization has received significant attention recently and become an influential framework
in various machine learning applications including meta-learning (Franceschi et al., 2018} [Bertinetto|
et all 2018} Rajeswaran et al., 2019} Ji et al.| [2020a), hyperparameter optimization (Franceschi et al.
2018;/Shaban et al.,|2019; [Feurer & Hutter,[2019), reinforcement learning (Konda & Tsitsiklis|[2000;
Hong et al.} 2020), and signal processing (Kunapuli et al.}, 2008}, [Flamary et al., 2014). A general
bilevel optimization takes the following formulation.

min &(z) := f(z,y"(r)) st y*(z) = argming(z,y), (D

xeRP yERY
where the upper- and inner-level functions f and g are both jointly continuously differentiable. The
goal of eq. (1) is to minimize the objective function ®(z) w.r.t. zz, where y*(x) is obtained by solving
the lower-level minimization problem. In this paper, we focus on the setting where the lower-level
function g is strongly convex with respect to (w.r.t.) y, and the upper-level objective function ®(x)
is nonconvex w.r.t. . Such types of geometrics commonly exist in many applications including
meta-learning and hyperparameter optimization, where g corresponds to an empirical loss with a
strongly-convex regularizer and x are parameters of neural networks.

A broad collection of algorithms have been proposed to solve such types of bilevel optimization
problems. For example, [Hansen et al.| (1992)); [Shi et al.| (2005); Moore| (2010) reformulated the
bilevel problem in eq. (I) into a single-level constrained problem based on the optimality condi-
tions of the lower-level problem. However, such type of methods often involve a large number of
constraints, and are hard to implement in machine learning applications. Recently, more efficient
gradient-based bilevel optimization algorithms have been proposed, which can be generally catego-
rized into the approximate implicit differentiation (AID) based approach (Domkel 2012} [Pedregosal
2016} [Gould et al}, 2016} [Liao et al} 2018}, [Ghadimi & Wang}, 2018}, (Grazzi et al., [2020; [Lorraine|
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et al [2020) and the iterative differentiation (ITD) based approach (Domke| 2012}, [Maclaurin et al.}
2015} [Franceschi et all, [2017; 2018}, [Shaban et al. 2019} [Grazzi et al., 2020). However, most of

these studies have focused on the asymptotic convergence analysis, and the finite-time analysis (that
characterizes how fast an algorithm converges) has not been well explored except a few attempts
recently. [Ghadimi & Wang| (2018) provided the finite-time analysis for the ITD-based approach.
|Grazzi et al| (2020) provided the iteration complexity for the hypergradient computation via ITD
and AID, but did not characterize the finite-time convergence for the entire execution of algorithms.

o Thus, the first focus of this paper is to develop a comprehensive and enhanced theory, which cov-
ers a broader class of bilevel optimizers via ITD and AID based techniques, and more importantly,
to improve the exiting analysis with a more practical parameter selection and order-level lower
computational complexity.

The stochastic bilevel optimization often occurs in applications where fresh data need to be sampled
as the algorithms run (e.g., reinforcement learning (Hong et al.| 2020)) or the sample size of training

data is large (e.g., hyperparameter optimization (Franceschi et al., [2018)), Stackelberg game (Roth|
2016)). Typically, the corresponding objective function is given by
{ E¢ [F(z,y*(2);€)]

i Pz, y*(2);&)

min &(z) = f(z,y7(2)) =

E¢ [G(z,y"(2); Q)]

where f(z,y) and g(z, y) take either the expectation form w.r.t. the random variables & and ¢ or the
finite-sum form over given data D,, ,,, = {&;,(j,% = 1,...,n;j = 1,...,m} often with large sizes n
and m. During the optimization process, the algorithms sample data batch via the distributions of £
and ¢ or from the set D,, ,,,. For such a stochastic setting, Ghadimi & Wang|(2018) proposed a bilevel
stochastic approximation (BSA) method via single-sample gradient and Hessian estimates. Based
on such a method, Hong et al| (2020) further proposed a two-timescale stochastic approximation
(TTSA), and showed that TTSA achieves a better trade-off between the complexities of inner- and
outer-loop optimization stages than BSA.

2

s.t. y*(x) =argming(x,y) :=
yERY

e The second focus of this paper is to design a more sample-efficient algorithm for bilevel stochastic
optimization, which achieves an order-level lower computational complexity over BSA and TTSA.

1.1 MAIN CONTRIBUTIONS

Our main contributions lie in developing enhanced theory and provably faster algorithms for the
nonconvex-strongly-convex bilevel deterministic and stochastic optimization problems, respectively.
Our analysis involves several new developments, which can be of independent interest.

We first provide a unified finite-time convergence and complexity analysis for both ITD and AID
based bilevel optimizers, which we call as ITD-BiO and AID-BiO. Compared to existing analysis
in |Ghadimi & Wang| (2018)) for AID-BiO that requires a continuously increasing number of inner-
loop steps to achieve the guarantee, our analysis allows a constant number of inner-loop steps as
often used in practice. In addition, we introduce a warm start initialization for the inner-loop updates
and the outer-loop hypergradient estimation, which allows us to backpropagate the tracking errors
to previous loops, and results in an improved computational complexity. As shown in Table [T}
the gradient complexities Ge(f, €), Ge(g, €), and Jacobian- and Hessian-vector product complexities
JV(g, €) and HV(g, €) of AID-BiO to attain an e-accurate stationary point improve those of
by the order of x, ke 1/ 4k, and K, respectively, where x is the condition number.
In addition, our analysis shows that AID-BiO requires less computations of Jacobian- and Hessian-
vector products than ITD-BiO by an order of s and x'/2, which provides a justification for the
observation in|Grazzi et al.| (2020) that ITD often has a larger memory cost than AID.

We then propose a stochastic bilevel optimizer (stocBiO) to solve the stochastic bilevel optimiza-
tion problem in eq. (2). Our algorithm features a mini-batch hyper-gradient estimation via implicit
differentiation, where the core design involves a sample-efficient Hypergradient estimator via the
Neumann series. As shown in Table[2] the gradient complexities of our proposed algorithm w.r.t. F'
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Table 1: Comparison of bilevel deterministic optimization algorithms.

| Algorithm | Ge(f0 | Getgo | Vo | HVge |
AID-BiO (Ghadimi & Wang,2018) | O(k'e™!) | O(x%¢ %) | O (v'e!) | O (k%))
AID-BiO (this paper) Ok’ ") | O(k'e™") | O(k’") | O(k*%e™)
ITD-BiO (this paper) O™ | O(wle™®) | O(k*'e™) | O(k'e)

Ge(f, €) and Ge(g, €): number of gradient evaluations w.r.t. f and g. & : the condition number.
JV(g, €): number of Jacobian-vector products V.V, g(x,y)v. Notation O: omit log £ terms.
HV(g, €): number of Hessian-vector products Vi g(z,y)v.

Table 2: Comparison of bilevel stochastic optimization algorithms.

] Algorithm | GaFeo | GGo | WGeo | HVGe |
TTSA (Hong et al[2020) | O(poty(r)e2)"| Ofpoty(r)e2) | Olpoly(r)e2) | Olpoly(r)e2)
BSA (Ghadimi & Wang2018) | O(k%?) O(K%e™?) O (k%72) O (k%7?)
stocBiO (this paper) O(k°e?) O(x%?) O (k%) O (k%2)

* We use poly(k) because (2020) does not provide the explicit dependence on x.

and G improve upon those of BSA (Ghadimi & Wang| 2018) by an order of  and €, respectively.
In addition, the Jacobian-vector product complexity JV(G, €) of our algorithm improves that of BSA
by an order of . In terms of the target accuracy ¢, our computational complexities improve those of

TTSA by an order of e~ /2,

We further provide the theoretical complexity guarantee of ITD-BiO, AID-BiO and stocBiO in meta-
learning and hyperparameter optimization. The experiments validate our theoretical results for de-
terminisitic bilevel optimization, and demonstrate the superior efficiency of stocBiO for stochastic
bilevel optimization. Due to the space limitations, we present all theoretical and empirical results on
hyperparameter optimization in the supplementary materials.

1.2 RELATED WORK

Bilevel optimization approaches: Bilevel optimization was first introduced by Bracken & McGill|
(1973). Since then, a number of bilevel optimization algorithms have been proposed, which include
but not limited to constraint-based methods (Shi et al., and gradient-based
methods (Domkel 2012} [Pedregosa, 2016} [Gould et al., 2016; [Maclaurin et all 2015}, [Franceschi
et al., 2018; (Ghadimi & Wang, Liao et al., [2018; |Shaban et al.,[2019; |[Hong et al., [2020; [Liu

et al., [2020; [Li et al., 2020; (Grazzi et al., 2020; [Lorraine et al., 2020). Among them, |(Ghadimi &
ang| (2018); [Hong et al.| (2020) provided the finite-time complexity analysis for their proposed

methods for the nonconvex-strongly-convex bilevel optimization problem. For such a problem, this
paper develops a general and enhanced finite-time analysis for gradient-based bilevel optimizers for
the deterministic setting, and proposes a novel algorithm for the stochastic setting with order-level
lower computational complexity than the existing results.

Some works have studied other types of loss geometries. For example, [Liu et al.| (2020); [Li et al.
(2020) assumed that the lower- and upper-level functions g(x, -) and f(x, -) are convex and strongly-

convex, and provided an asymptotic analysis for their methods. |(Ghadimi & Wang|(2018); Hong et al.
(2020) studied the setting where ®(-) is strongly-convex or convex, and g(z, -) is strongly-convex.

Bilevel optimization in meta-learning: Bilevel optimization framework has been successfully em-
ployed in meta-learning recently (Snell et al} [Franceschi et al.,[2018};[Rajeswaran et al, 2019;
[Ziigner & Glinnemann|, 2019} Ji et al., [2020a3b). For example, |Snell et al.| (2017) proposed a bilevel
optimization procedure for meta-learning to learn a common embedding model for all tasks.
jeswaran et al| (2019) reformulated the model-agnostic meta-learning (MAML)
as a bilevel optimization problem, and proposed iMAML via implicit gradient. The paper provides
a theoretical guarantee for two popular types of bilevel optimization algorithms, i.e., AID-BiO and
ITD-BiO, for meta-learning.

Bilevel optimization in hyperparameter optimization: Hyperparameter optimization has become
increasingly important as a powerful tool in the automatic machine learning (autoML) (Okuno et al.,
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Algorithm 1 Deterministic bilevel optimization via AID or ITD

1: Input: Stepsizes «, 5 > 0, initializations xo, Yo, vo.
2: fork=0,1,2,..., K do

end for

Hypergradient estimation via

e AID: I)setv) = vp_, if k> 0and vy otherwise
2) solve vy from Vig(zk, yf )v = Vy f(zk,yi ) via N steps of CG starting from v}
3) compute Jacobian-vector product V.V, g(xx, yi Jun via automatic differentiation
4) compute V(1) = Vaf (xr, 4 ) = VaVyg(ar, ui oi

e ITD: compute Vd(z)) = X &rvk) %’;‘yg) via backpropagation w.r.t. o

Af(zp,ul)
oz,

3 Setyy =yi_,if k> 0and yo otherwise
4: fort=1,...,Tdo

5: Update yf, = yi ' — aVyg(ze, yi ')
6:

7:

8: Update zyy1 = a1, —
9: end for

2018} [Yu & Zhul 2020). Recently, various bilevel optimization algorithms have been proposed
in the context of hyperparameter optimization, which include implicit differentiation based meth-
ods 2016), dynamical system based methods via reverse or forward gradient computa-

tion (Franceschi et al., 2017} 2018} [Shaban et al.,2019), etc. This paper demonstrates the superior

efficiency of the proposed stocBiO algorithm in hyperparameter optimization.

2 ALGORITHMS

In this section, we describe two popular types of deterministic bilevel optimization algorithms, and
propose a new algorithms for stochastic bilevel optimization.

2.1 ALGORITHMS FOR DETERMINISTIC BILEVEL OPTIMIZATION

As shown in Algorithm[I] we describe two popular types of deterministic bilevel optimizers respec-
tively based on AID and ITD (referred to as AID-BiO and ITD-BiO) for solving the problem eq. (IJ).

Both AID-BiO and ITD-BiO update in a nested-loop manner. In the inner loop, both of them run
T steps of gradient decent (GD) to find an approximation point y{ close to y*(zy). Note that we
choose the initialization y? of each inner loop as the output y{_, of the preceding inner loop rather
than a random start. Such a warm start allows us to backpropagate the tracking error ||y} —y* () ||
to previous loops, and yields an improved computational complexity.

At the outer loop, AID-BiO first solves vi' from a linear system Vz 9@k, yH)v =V, f(z, y,{ﬂ
using N steps of conjugate-gradient (CG) starting from v{) (where we also adopt a warm start scheme

here by setting v) = vi'_,), and then constructs

Vo(ar) = Vo (@ yi) = VaVyg(aw yi o 3)
as an estimate of the true hypergradient V®(zy, ), whose form is given by the following proposition.
Proposition 1. Recalling the definition ®(x) := f(x,y*(x)), it holds that

VO(ry) =Vof(@r, y" (x1) = VaVyg(@r, y* (2x)) v, )

where v}, is the solution of the linear system N3 g (1., y*(xx))v = Vy f(x1, y* (x1))-

As shown in [Domke] (2012); |Grazzi et al (2020), the construction of eq. (3) involves only Hessian-
vector products in solving vy via CG and Jacobian-vector product V.V, g(zx, y} )vl, which can

be efficiently computed and stored via existing automatic differentiation packages.

As a comparison, the outer loop of ITD-BiO computes the gradient
Of (z1,y" (zk))
T

Af (wryi (w)) :
AR as an approxima-

tion of the hyper-gradient V& (xy) = via backpropagation, where we write y{ (z)

!This is equivalent to solve a quadratic programing min,, %UTV§g(xk, yi v —vTVy 2k, yi).
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Algorithm 2 Stochastic bilevel optimizer (stocBiO)

1: Input: Inner- and outer-loop stepsizes «, 8 > 0, initializations xo and yo.
2: fork=0,1,2,..., K do
3 Setyy =yi_,if k> 0and yo otherwise

4 fort=1,...., T do

5: Draw a sample batch S;_1

6: Update y, = yi ' — aV,G(wk, yh "5 Si-1)

7:  end for

8 Draw sample batch D, and compute vo = V, F(zx, yi ; Dr)

9:  Draw sample batch D, and construct v via Algorithm 3]

10:  Draw sample batch D¢, and compute Jacobian-vector product V.V, G (zx, yi ; Da)vo
11:  Compute gradient estimate @(b(mk) via eq. (EI)

12:  Update xpy1 = z) — 56@(1:;@)

13: end for

Algorithm 3 Construct v given vg

1: Input: An integer ), data samples Dy = {B; };72:1 and a constant > 0.

2: forj=1,2,...,Q do

3:  Sample B; and compute gradient G;(y) =y — nV,G(z, y; B;)

4: end for

5: Setrg = vo

6: fori =Q,...,1do

70 ric1 = 0(Gi(y)ri) /0y = ri — V3 G(x,y; Bs)ri via automatic differentiation
8: end for

9: Returnvg =7 Z?:O s

because the output y,{ of the inner loop has a dependence on z, through the inner-loop iterative GD

c’)f(zk,r,y,f(xk))

updates. The explicit form of the estimate %
zp;

is given by the following proposition via
the chain rule. For notation simplification, let H]T;% ()=1

Of (wryp (wx))

Proposition 2. The gradient takes the following analytical form:

B;ck
Of (e, yT T-1 T-1 ‘
IIE) — 9, o) — 0 Y VuVaglonsah) [T (- a¥atan sy S ool
’ =0 J=t+1

Proposition [2] shows that the differentiation involves the computations of second-order derivatives
such as Hessian Vg g(+,-). Since efficient Hessian-free methods such as CG have been successfully
deployed in the existing automatic differentiation tools, computing these second-order derivatives
reduces to more efficient computations of Jacobian- and Hessian-vector products.

2.2  ALGORITHM FOR STOCHASTIC BILEVEL OPTIMIZATION

We propose a new stochastic bilevel optimizer (stocBiO) in Algorithm [2]to solve the problem eq. (2).
It has a double-loop structure similar to Algorithm[I] but runs 7" steps of stochastic gradient decent
(SGD) at the inner loop to obtain an approximated solution y{. Based on the output y} of the
inner loop, stocBiO first computes a gradient V, F'(z, y{'; Dr) over a sample batch D, and then
computes a vector v via AlgorithmEI, which takes a form of

Q-1 @
vo=nY_ [[ I-nViGkyi:B)VyF(zylsDr), (5)
9=-1j=Q—¢q

where {B,,j = 1,...,Q} are mutually-independent sample sets, () and 7 are constants, and we let
Hg +1(-) = I for notational simplification. Note that our construction of vg, i.e., Algorithm is

motived by the Neumann series > .~ U k = (I —U)~!, and involves only Hessian-vector products
rather than Hessians, and hence is computationally and memory efficient. Then, we construct

Vé(z1,) =V, F(ak, yL; Dr) — VaVy Gz, yi: Da)vo (6)
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as an estimate of hypergradient V®(zy) given by Proposition I} An important component of our
algorithm is v¢y, which serves as an estimate of vj; in eq. @) . Compared to the deterministic case,
designing a sample-efficient Hypergradient estimator in the stochastic case is more challenging. For
example, instead of choosing the same batch sizes for all B;,j = 1,...,Q in eq. (§), our analysis
captures the different impact of components VgG (g, yi;B;),j = 1,...,Q on the Hypergradient

estimation variance, and inspires an adaptive and more efficient choice by setting |Bg_ ;| to decay
exponentially with j from 0 to Q — 1. By doing so, we achieve an improved complexity.

3 DEFINITIONS AND ASSUMPTIONS

Let z = (x,y) denote all parameters. For simplicity, suppose sample sets S; forall ¢t =0, ..., T — 1,
D¢ and Dr have the sizes of S, D, and Dy, respectively. In this paper, we focus on the following
types of loss functions for both the deterministic and stochastic cases.

Assumption 1. The lower-level function g(x,y) is p-strongly-convex w.r.t. y and the total objective
Sunction ®(x) = f(x,y*(x)) is nonconvex w.r.t. x. For the stochastic setting, the same assumptions
hold for G(x,y; () and ®(x), respectively.

Since the objective function ®(z) is nonconvex, algorithms are expected to find an e-accurate sta-
tionary point defined as follows.

Definition 1. We say T is an e-accurate stationary point for the objective function ®(x) in eq. if
E||V®(Z)||? < ¢, where T is the output of an algorithm.

In order to compare the performance of different bilevel algorithms, we adopt the following metrics
of computational complexity.

Definition 2. For a function f(x,y) and a vector v, let Ge(f,€) be the number of the partial
gradient V. f or V, f, and let JV(g,¢€) and HV(g, €) be the number of Jacobian-vector products
V+Vyg(x,y)v. and Hessian-vector products V,g(x,y)v. For the stochastic case, similar metrics
are adopted but w.r.t. the stochastic function F(x,y; §).

We take the following standard assumptions on the loss functions in eq. (2), which have been widely
adopted in bilevel optimization (Ghadimi & Wang}, 2018; J1 et al., 2020a).

Assumption 2. The loss function f(z) and g(z) satisfy
F(2) = F)] < Mz — 2],
e Gradients V f(z) and V f (z) are L-Lipschitz, i.e., for any z, 2/,
IVf(z) = V) < Lllz = 2, [Vg(z) — Vg(z')|| < Ll|z = 2||.

e f(z) is M-Lipschitz, i.e., for any z, 2/,

For the stochastic case, the same assumptions hold for F(z;&) and G(z; () for any given & and (.

As shown in Proposition [1} the gradient of the objective function ®(z) involves the second-order
derivatives V.V, g(z) and V3 g(z). The following assumption imposes the Lipschitz conditions on
such high-order derivatives, as also made in|Ghadimi & Wang| (2018)).

Assumption 3. Suppose the derivatives V;V ,g(z) and Vi g(z) are T- and p- Lipschitz, i.e.,
VaVyg(2) = VaVyg(2)| < 7llz = 2'].

e Forany z,7,
o Forany 2,2, [V2g(2) - V2g()l| < pllz — |1
For the stochastic case, the same assumptions hold for V¥V ,G(z; ¢) and ViG(z; ¢) for any C.

As typically adopted in the analysis for stochastic optimization, we make the following bounded-
variance assumption for the lower-level stochastic function G(z; ().

Assumption 4. VG (z; () has a bounded variance, i.e., E¢|VG(2;¢) — Vg(2)||*> < o2 for some o.
4  MAIN RESULTS FOR BILEVEL OPTIMIZATION

4.1 DETERMINISTIC BILEVEL OPTIMIZATION

We first characterize the convergence and complexity performance of the AID-BiO algorithm. Let
K= % denote the condition number.
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Theorem 1 (AID-BiO). Suppose Assumptions hold. Define a smoothness parameter Ly =
3 y 2
I+ 2L2_ALTM2 n pLJV[+L2+7—AIL + pLuSM _ @(Hz%), choose the stepsizes @ < % 8= ﬁ,

the inner-loop iteration number T > O (k) and the CG iteration number N > ©(/k), where the
detailed forms of T, N can be found in Appendix[E} Then, the outputs of AID-BiO satisfy

K )

and set

)

where Do = |[yo —y (:Eo)ll2 + [[vg — vl > 0.
In order to achieve an e-accurate stationary point, we have

e Gradient complexity: Ge(f,€) = O(rk%¢71),Ge(g, €) = O(k*e™1).

e Jacobian- and Hessian-vector product: JV(g,e) = O (k%¢~') ;HV(g,€) = O (k3% 1) .
It can be seen from Table 1] that the complexities Ge(f, €), Ge(g, €),IV(g, €) and HV(g, €) of our
analysis improves that of |Ghadirni & Wang| (]2018[) (eq. (2.30) therein) by the order of «, ke~ /4,
# and k. Such an improvement is achieved by a refined analysis with a constant number of inner-

loop steps, and by a warm start strategy to backpropagate the tracking errors ||y — y*(z)|| and
o — v} || to previous loops, as also demonstrated by our meta-learning experiments.

We next characterize the convergence and complexity performance of the ITD-BiO algorithm.
Theorem 2 (ITD-BiO). Suppose Assumptions [I} 2} and |3| hold. Define the parameter Lo as in
Theorem|l| and choose o < + 1 p= j.i and T > O(k log ), where the detailed form of T can be
found in Appendix[F] Then, the outputs of ITD-BiO satisfy

16Lg (P (o) — inf, () 2
Z 2 o
K IVe@ll” < K + 3

In order to achieve an e-accurate stationary point, we have
e Gradient complexity: Ge(f,€) = O(rk%¢ 1), Ge(g,€) = O(k*e log(1)).
e Jacobian- and Hessian-vector product complexity:
IV(g,¢e) = O(K)4671 log 671),HV(g, €) = O(n‘le*l log 671).

By comparing Theorem [T] and Theorem 2] it can be seen that the complexities Gc(g, €), JV(g, €),
and HV (g, €) of AID-BiO are better than those of ITD-BiO by the order of log(1), xlog(%) and

K05 log(%). This is in consistence with the comparison in |Gra221 et al. | (|2020[) that AID-BiO often
has a lower memory cost than ITD-BiO.

4.2 STOCHASTIC BILEVEL OPTIMIZATION

We first characterize the bias and variance of an important component v in eq. @)
Proposition 3. Suppose Assumptions @and E|hold. Let the constant 1 < % and choose the batch
sizes |Bgi1—j| = BQ(1—nu)? =t forj = 1,...,Q, where B > W. Then, the bias satisfies
[Bog — [Vig(@r, yi )]~ Vo f (@, yi)|| < o= (1 =)@ M. ®)
Furthermore, the estimation variance is given by
_ AL2M? 1 4(1 —nu)?@t2M? 2M?
E _ v2 ; T lv , TN 12 < - .
Proposition [3| shows that if we choose @ and B at the order level of O(log 1) and O(1/e), the
bias and variance are smaller than O(e), and the required number of samples is ZjQ:l BQ((1 —

€))

nu)~! = O (e 'log1). Note that the chosen batch size [Bg1—;| exponentially decays w.r.t. j.
In comparison, the uniform choice of all |B;| would yield a worse complexity of O (e~ *(log 1)?).

We next analyze stocBiO when the objective function ®(x) := f(z,y*(z)) is nonconvex.
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. 2 2
Theorem 3. Suppose Assumptlons @and hold. Define parameter Ls = L + % +
3 2
pLM'*‘{:Q“‘TML + LM 9 (Ii3), choose stepsize 8 = ﬁ, and setn < % in Algorithm Set
log (12+48i2[,2 (L""L;TZ"'MT LlJLWp)Q) log (\/B(L_,'_L%_i_MTT_i_L:\M

w3
T > max -
= 2log( 1) ’ log(7E4)

)) } Then, we have

K-1 .
1 32Lg(®(xg) — inf, &(z) + §||y0 — y*(x0)||2)
— N E|V® 2 < 2 262 M2(1 — nu)?@
% kE:O [V®(zr)|* < 7 + 726" M= (1 — np)

2 T y 2
40(L + L& 4 Mr 4 L2)” 52 165202 (84 326°)M? | 64 MP
Lu S D, Dy B
In order to achieve an e-accurate stationary point, we have

e Gradient complexity: Ge(F,¢) = O(k°e¢=2),Ge(G,€) = O(k%2).

+

(10)

e Jacobian- and Hessian-vector product: JV(G,€) = O(k°¢2),HV(G,¢) = O(k%2?).

Theorem [3| shows that stocBiO converges sublinearly with the convergence error decaying expo-
nentially w.r.t. () and sublinearly w.r.t. the batch sizes .S, D, D for gradient estimation and B for
Hessian inverse estimation. In addition, it can be seen that the total number 7" of the inner-loop steps
is chosen at nearly a constant level, rather than a typical choice of ©(log(2)).

As shown in Table [2] the gradient complexities of our proposed algorithm in terms of F' and G
improve those of BSA in Ghadimi & Wang| (2018) by an order of » and €', respectively. In
addition, the Jacobian-vector product complexity JV (G, €) of our algorithm improves that of BSA
by the order of . In terms of the accuracy ¢, our gradient, Jacobian- and Hessian-vector product
complexities improve those of TTSA in|Hong et al.| (2020) all by an order of ¢~°-5,

5 APPLICATIONS TO META-LEARNING
5.1 META-LEARNING WITH COMMON EMBEDDING MODEL

Consider the few-shot meta-learning problem with m tasks {7;,7 = 1,...,m} sampled from distri-
bution Pr. Each task 7; has a loss function £(¢, w;; £) over each data sample £, where ¢ are the
parameters of an embedding model shared by all tasks, and w; are the task-specific parameters. The
goal of this framework is to find good parameters ¢ for all tasks, and building on the embedded
features, each task then adapts its own parameters w; by minimizing its loss.

The model training takes a bilevel procedure. In the lower-level stage, building on the embedded
features, the base learner of task 7; searches w; as the minimizer of its loss function over a training
set S;. In the upper-level stage, the meta-learner evaluates the minimizers w},7 = 1,...,m on
held-out test sets, and optimizes ¢ of the embedding model over all tasks. Specifically, let w =
(w1, ..., wy,) denote all task-specific parameters. Then, the objective function is given by
, ., 1 «— 1 .
min £p (¢, @) = - 3 D] > L(gwiE)

i=1 £€D;

Lp, (¢,w}): task-specific upper-level loss

s.t. w* = argmin Ls(¢, w) = argmin) % Z (ﬁ Z L(p,w;; &) + R(wi)), (11)
w i=1 K3

(W15 yWi, ces,

Ls, (¢,w;): task-specific lower-level loss

where S; and D; are the training and test datasets of task 7;, and R (w;) is a strongly-convex regu-
larizer, e.g., L?. Note that the lower-level problem is equivalent to solving each w} as a minimizer
of the task-specific loss Ls, (¢, w;) for i = 1, ..., m. In practice, w; often corresponds to the param-
eters of the last linear layer of a neural network and ¢ are the parameters of the remaining layers
(e.g., 4 convolutional layers in Bertinetto et al.| (2018]); Ji et al.| (2020a)), and hence the lower-level
function is strongly-convex w.r.t. w and the upper-level function Lp(¢p, w*(¢$)) is generally non-
convex w.r.t. ¢. In addition, due to the small sizes of datasets D; and S; in few-shot learning, all
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updates for each task 7; use full gradient descent without data resampling. As a result, AID-BiO
and ITD-BiO in Algorithm [I] can be applied here. In some applications where the number m of
tasks is large, it is more efficient to sample a batch B of i.i.d. tasks from {7;,7 = 1,...,m} at each
meta (outer) iteration, and optimizes the mini-batch versions Lp (¢, w; B) = \%I Y ien £, (¢, w;)
and Ls(o,w; B) = ﬁ > ien Ls,; (¢, w;) instead. The following theorem provides the convergence
analysis of ITD-BiO for this case.

Theorem 4. Suppose Assumptions E and |3| hold and suppose each task loss Ls,(¢p,w;) is p-
strongly-convex w.r.t. w;. Choose the same parameters 3, T as in Theorem[2} Then, we have

1= 16 Lo (® (o) — infy d(¢))  2€ L\2 M?
K;)EIIW(%)IIQS e +*+(1+;> 88|

3

Theorem [4] shows that compared to the full batch (i.e., without task sampling) case in eq. (TI)), the
task sampling introduces a variance term O(\Tlﬂ) due to the stochastic nature of the algorithm. Using

an approach similar to Theorem[d we can derive a similar result for AID-BiO.

5.2 EXPERIMENTS

To validate our theoretical results for deterministic bilevel optimization, we compare the perfor-
mance among the following four algorithms: ITD-BiO, AID-BiO-constant (AID-BiO with a con-
stant number of inner-loop steps as in our analysis), AID-BiO-increasing (AID-BiO with an in-
creasing number of inner-loop steps under analysis in|Ghadimi & Wang| (2018))), and two popular
meta-learning algorithms MAMLF| (Finn et al., |2017) and ANILP|(Raghu et al., [2019). We conduct
experiments over a 5-way 5-shot task on two benchmark datasets: FC100 and minilmageNet, and
the results are averaged over 10 trials with different random seeds. Due to the space limitations, we
provide the model architectures, hyperparameter settings and additional experiments in Appendix B}
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Figure 1: Convergence of various algorithms on meta-learning. For each dataset, left plot: training
accuracy v.s. running time; right plot: test accuracy v.s. running time.

It can be seen from Figure [T that for both the minilmageNet and FC100 datasets, AID-BiO-constant
converges faster than AID-BiO-increasing in terms of both the training accuracy and test accuracy,
and achieves a better final test accuracy than ANIL and MAML. This demonstrates the superior
improvement of our developed analysis over existing analysis in|Ghadimi & Wang| (2018) for AID-
BiO algorithm. Moreover, it can be observed that AID-BiO is slightly faster than ITD-BiO in terms
of the training accuracy and test accuracy. This is also in consistence with our theoretical results.

6 CONCLUSION

In this paper, we develop a general and enhanced finite-time analysis for the nonconvex-strongly-
convex bilevel deterministic optimization, and propose a novel algorithm for the stochastic setting
whose computational complexity outperforms the best known results order-wisely. We also provide
the theoretical guarantee of various bilevel optimizers in meta-learning and hyperparameter opti-
mization. The experiments validate our theoretical results and demonstrate the effectiveness of the
proposed algorithm. We anticipate that the finite-time analysis that we develop will be useful for
analyzing other bilevel optimization problems with different loss geometries, and the proposed al-
gorithms will be useful for other applications such as reinforcement learning and Stackelberg game.

MAML consists of an inner loop for task adaptation and an outer loop for meta initialization training.
3 ANIL refers to almost no inner loop, which is an efficient MAML variant with task-specific adaption on
the last-layer of parameters.
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Supplementary Materials

A APPLICATION TO HYPERPARAMETER OPTIMIZATION

A.1 HYPERPARAMETER OPTIMIZATION

The goal of hyperparameter optimization (Franceschi et al., 2018} [Feurer & Hutter, |2019) is to
search for representation or regularization parameters A\ to minimize the validation error evaluated
over the learner’s parameters w*, where w* is the minimizer of the inner-loop regularized training
error. Mathematically, the objective function is given by

1 N

m/\lnﬁDm( )= Wf;;mﬁ(w (N);€)

s.t. w*(A\) = argmin Lp,_(w, \) ‘ Z (w, X; €) + R(w, N)), (12)
w tr

£€Dy
where Dy, and D,, are validation and training data, £ is the loss, and R(w, \) is a regularizer.

In practice, the lower-level function Lp, (w, ) is often strongly-convex w.r.t. w. For example, for
the data hyper-cleaning application proposed by |[Franceschi et al.| (2018)); Shaban et al.| (2019), the
predictor is modeled by a linear classifier, and the loss function £(w;&) is convex w.r.t. w and
R(w, \) is a strongly-convex regularizer, e.g., L? regularization. In addition, the sample sizes of
Dya and Dy, are often large, and stochastic algorithms are preferred for achieving better efficiency.
As a result, the above hyperparameter optimization falls into the stochastic bilevel optimization we
study in eq. (), and we can apply the proposed stocBiO algorithm here and Theorem [3]establishes
its finite-time performance guarantee.

A.2 EXPERIMENTS

We compare our proposed stocBiO with the following baseline bilevel optimization algorithms.

e BSA (Ghadimi & Wang, [2018)): implicit gradient based stochastic bilevel optimizer via single-
sample data sampling.

e TTSA (Hong et al.|[2020): two-time-scale stochastic optimizer via single-sample data sampling.
e HOAG (Pedregosa, [2016): a hyperparameter optimization algorithm with approximate gradient.
We use the implementation in the repository https://github.com/fabianp/hoagl

e reverse (Franceschi et al.l |2017): an iterative differentiation based method that approximates
the hypergradient via backpropagation. We use its implementation in https://github.com/
prolearner/hypertorchl.

o AID-FP (Grazzi et al) 2020): AID with the fixed-point method. We use its implementation in
https://github.com/prolearner/hypertorch

o AID-CG (Grazzi et al., [2020): AID with the conjugate gradient method. We use its implementa-
tion in https://github.com/prolearner/hypertorch.

We demonstrate the effectiveness of the proposed stocBiO algorithm on two experiments: data
hyper-cleaning and logistic regression.

Logistic Regression on 20 Newsgroup: We compare the performance of our algorithm stocBiO
with the existing baseline algorithms reverse, AID-FP, AID-CG and HOAG over a logistic re-
gression problem on 20 Newsgroup dataset (Grazzi et al.| (2020). The objective function of such a
problem is given by

1 *
In;nE()\ w*) = Z L(z;w*, y;)

|Dval| (z4,Y:) EDva
1
s.t. w* = argmin ( Z L(zw,y;) Z Zexp )
weRP X< |Dll’|( o
2i,Yi ) €Dy i=1 j=1
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where L is the cross-entropy loss, ¢ = 20 is the number of topics, and p = 101631 is the feature
dimension. Following|Grazzi et al.|(2020), we use SGD as the optimizer for the outer-loop update for
all algorithms. For reverse, AID-FP, AID-CG, we use the suggested and well-tuned hyperparameter
setting in their implementations https://github.com/prolearner/hypertorch on this
application. In specific, they choose the inner- and outer-loop stepsizes as 100, the number of inner
loops as 10, the number of CG steps as 10. For HOAG, we use the same parameters as reverse, AID-
FP, AID-CG. For stocBiO, we use the same parameters as reverse, AID-FP, AID-CG, and choose
7 = 0.5, = 10. We use stocBiO-B as a shorthand of stocBiO with a batch size of B.

2.6
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Figure 2: Comparison of various algorithms on logistic regression on 20 Newsgroup dataset. For
left plot: test loss v.s. running time; right plot: test accuracy v.s. running time
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Figure 3: Convergence rate of stocBiO with different batch sizes.

As shown in Figure 2] the proposed stocBiO achieves the fastest convergence rate as well as the
best test accuracy among all comparison algorithms. This demonstrates the practical advantage of
our proposed algorithm stocBiO. Note that we do not include BSA and TTSA in the comparison,
because they converge too slowly with a large variance, and are much worse than the other competing
algorithms. In addition, we investigate the impact of the batch size on the performance of our
stocBiO in Figure 3] It can be seen that stocBiO outperforms HOAG under the batch sizes of
100, 500, 1000, 2000. This shows that the performance of stocBiO is not very sensitive to the batch
size, and hence the tuning of the batch size is easy to handle in practice.

Data Hyper-Cleaning on MNIST. We first compare the performance of our proposed algorithm
stocBiO with other baseline algorithms BSA, TTSA, HOACﬂ on a hyperparameter optimization
problem: data hyper-cleaning (Shaban et al.,[2019) on a dataset derived from MNIST (LeCun et al.|
1998)), which consists of 20000 images for training, 5000 images for validation, and 10000 images
for testing. Data hyper-cleaning is to train a classifier in a corrupted setting where each label of
training data is replaced by a random class number with a probability p (i.e., the corruption rate).

*We do not include reverse, AID-CG and AID-FG because they perform similarly to HOAG.
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The objective function is given by

1
min E(\, w*) = —— E L(w*x;,y;
\ ( ) ‘Dyal| ( y’L)
(wi;yi)epval

1
s.t. w' =argmin L(w,\) := Dul Z o) L(wz;, y;) + Crljwl|?,
w tr
(%i,y:) €Dy

where L is the cross-entropy loss, o () is the sigmoid function, C, is a regularization parameter.
Following |Shaban et al.|(2019), we choose C,. = 0.001. All results are averaged over 10 tri-
als with different random seeds. We adopt Adam (Kingma & Ba, [2014) as the optimizer for the
outer-loop update for all algorithms. For stochastic algorithms, we set the batch size as 50 for
stocBiO, and 1 for BSA and TTSA because they use the single-sample data sampling. For all algo-
rithms, we use a grid search to choose the inner-loop stepsize from {0.01,0.1, 1, 10}, the outer-loop
stepsize from {10%,i = —4,—3,-2,—1,0,1,2,3,4}, and the number T of inner-loop steps from
{1, 10, 50, 100, 200, 1000}, where values that achieve the lowest loss after a fixed running time are
selected. For stocBiO, BSA, and TTSA, we choose 7 from {0.5 x 2¢ i = —3,-2,—1,0,1,2, 3},
and Q from {3 x 2¢,i =0, 1,2, 3}.
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Figure 4: Convergence of various algorithms on hyperparameter optimization at different corruption
rates. For each corruption rate p, left plot: training loss v.s. running time; right plot: test loss v.s.
running time.

It can be seen from Figure [ that our proposed stocBiO algorithm achieves the fastest convergence
rate among all competing algorithms in terms of both the training loss and the test loss. In addition,
it is observed that such an improvement is more significant when the corruption rate p is smaller.
We note that the stochastic algorithm TTSA converges very slowly with a large variance. This is
because TTSA updates the costly outer loop more frequently than other algorithms, and has a larger
variance due to the single-sample data sampling. As a comparison, our stocBiO achieves a much
lower variance for hypergradient estimation as well as a much faster convergence rate. This verifies
our theoretical results in Theorem 3

B FURTHER SPECIFICATIONS ON META-LEARNING EXPERIMENTS

B.1 DATASETS AND MODEL ARCHITECTURES

FC100 (Oreshkin et al.,|2018)) is a dataset derived from CIFAR-100 (Krizhevsky & Hinton, |2009),
and contains 100 classes with each class consisting of 600 images of size 32. Following |Oreshkin
et al.| (2018)), these 100 classes are split into 60 classes for meta-training, 20 classes for meta-
validation, and 20 classes for meta-testing. For all comparison algorithms, we use a 4-layer convo-
lutional neural networks (CNN) with four convolutional blocks, in which each convolutional block
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contains a 3 x 3 convolution (padding = 1, stride = 2), batch normalization, ReL.U activation, and
2 x 2 max pooling. Each convolutional layer has 64 filters.

The minilmageNet dataset (Vinyals et al., |2016) is generated from ImageNet Russakovsky et al.
(2015), and consists of 100 classes with each class containing 600 images of size 84 x 84. Following
the repository |Arnold et al.| (2019), we partition these classes into 64 classes for meta-training, 16
classes for meta-validation, and 20 classes for meta-testing. Following the repository (Arnold et al.,
2019), we use a four-layer CNN with four convolutional blocks, where each block sequentially
consists of a 3 x 3 convolution, batch normalization, ReLU activation, and 2 x 2 max pooling. Each
convolutional layer has 32 filters.

B.2 IMPLEMENTATIONS AND HYPERPARAMETER SETTINGS

We adopt the existing implementations in the repository (Arnold et al., 2019) for ANIL and MAML.
For all algorithms, we adopt Adam (Kingma & Ba} [2014)) as the optimizer for the outer-loop update.

Parameter selection for the experiments in Figure [I(a): For ANIL and MAML, we adopt the
suggested hyperparameter selection in the repository (Arnold et al.l [2019). In specific, for ANIL,
we choose the inner-loop stepsize as 0.1, the outer-loop (meta) stepsize as 0.002, the task sampling
size as 32, and the number of inner-loop steps as 5L.. For MAML, we choose the inner-loop stepsize
as 0.5, the outer-loop stepsize as 0.003, the task sampling sizeas 32, and the number of inner-loop
steps as 3. For ITD-BiO, AID-BiO-constant and AID-BiO-increasing, we use a grid search to choose
the inner-loop stepsize from {0.01, 0.1, 1,10}, the task sampling size from {32,128, 256}, and the
outer-loop stepsize from {10%,7 = —3,—2, —1,0, 1,2, 3}, where values that achieve the lowest loss
after a fixed running time are selected. For ITD-BiO and AID-BiO-constant, we choose the number
of inner-loop steps from {5, 10, 15, 20, 50}, and for AID-BiO-increasing, we choose the number of

inner-loop steps as [c(k + 1)1/ %7 as adopted by the analysis in Ghadimi & Wang|(2018), where we
choose ¢ from {0.5,2,5,10,50}. For both AID-BiO-constant and AID-BiO-increasing, we choose
the number N of CG steps for solving the linear system from {5, 10, 15}.

Parameter selection for the experiments in Figure [I(b); For ANIL and MAML, we adopt the
suggested hyperparameter selection in the repository (Arnold et al., [2019). Specifically, for ANIL,
we choose the inner-loop stepsize as 0.1, the outer-loop (meta) stepsize as 0.001, the task sampling
size as 32 and the number of inner-loop steps as 10. For MAML, we choose the inner-loop stepsize
as 0.5, the outer-loop stepsize as 0.001, the task samling size as 32, and the number of inner-loop
steps as 3. For ITD-BiO, AID-BiO-constant and AID-BiO-increasing, we adopt the same procedure
as in the experiments in Figure[1(a)

B.3 ADDITIONAL RESULTS FOR META LEARNING
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3
o S 0.55
© 06 o
o & 050
£ +
Sos - 3 045 .
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0 1000 2000 3000 4000 0 1000 2000 3000 4000
running time /s running time /s

Figure 5: Comparison of ITD-BiO and ANIL on minilmageNet dataset with 7" = 10.

In this subsection, we compare the robustness between bilevel optimizer ITD-BiO (AID-BiO per-
forms similarly to ITD-BiO in terms of the convergence rate) and ANIL (ANIL outperforms MAML
in general) to the number of inner-loop steps. For the experiments in Figure 5] we choose the inner-
loop stepsize as 0.05, the outer-loop (meta) stepsize as 0.002, the mini-batch size as 32, and the
number 7" of inner-loop steps as 10 for both ANIL and ITD-BiO. For the experiments in Figure [6]
we choose the inner-loop stepsize as 0.1, the outer-loop (meta) stepsize as 0.001, the mini-batch size
as 32, and the number 7" of inner-loop steps as 20 for both ANIL and ITD-BiO.
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Figure 6: Comparison of ITD-BiO and ANIL on FC100 dataset with 7" = 20.

It can be seen from Figure [5|and Figure [] that when the number of inner-loop steps become larger,
i.e., T = 10 for minilmageNet and 7" = 20 for FC100, the bilevel optimizer ITD-BiO converges
stably with a small variance, whereas ANIL suffers from a sudden descent at 1500s on minilmageNet
and even diverges after 2000s on FC100.

C SUPPORTING LEMMAS

In this section, we provide some auxiliary lemmas used for proving the main convergence results.

First note that the Lipschitz properties in Assumption [2]imply the following lemma.

Lemma 1. Suppose Assumption @ holds. Then, the stochastic derivatives VF(z;€), VG(z;¢),
V. VyG(z;€) and V3 G(z; €) have bounded variances, i.e., for any z and €,

o B¢ [VF(26) — Vf(2)|? < M2
o B¢ ||V.V,G(2:€) — VaVyg(2)|” < L2
o B¢ ||V2G(2:6) - Vig(2)||” < L2

Recall that ®(z) = f(z,y*(x)) in eq. (). Then, we use the following lemma to characterize the
Lipschitz properties of V®(x), which is adapted from Lemma 2.2 in|{Ghadimi & Wang|(2018)).

Lemma 2. Suppose Assumptions and|3|hold. Then, we have, for any x,z’ € RP,
IVe(x) = V()| < Loz — 2/,
where the constant Lg is given by
2L2 +7M?* pLM + L3 +7ML  pL?>M
+ 2 + 3
Iz H 2

Ly =L+ 13)

D PROOF OF PROPOSITIONS IN SECTION
In this section, we provide the proofs for Proposition [T] and Proposition [2]in Section 2}

D.1 PROOF OF PROPOSITION[]

Using the chain rule over the gradient V® () = M“Ty:(“)), we have

V(ar) = Vo (an(00) + 22T, o,y 00) (14)

Based on the optimality of y*(z1), we have V,g(xy, y*(xx)) = 0, which, using the implicit differ-
entiation w.r.t. xy, yields
y* (k)

VaVyg(@n,y* (@) + =5 == Vyg(any* (@) = 0. (15)

17
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Let vk be the solution of the linear system V2 g(xx, y* (2x))v = V,, f (2%, y* (21)). Then, multiply-
ing vj; at the both sides of eq. (T3), yields

. . Oy(x
Vgl ) = 220

which, in conjunction with eq. (T4) , yields the proof.

. Oy'(z
Vgl @i = 221

Vyf (e, y" (2x),

D.2 PROOF OF PROPOSITION[2]

Based on the iterative update of line 5 in Algorithm we have yl =y — « Zt o Vy g(:ck, ylh),
which, combined with the fact that V,g(zy, yt) is differentiable w.r.t. Ty, indicates that the inner

output y is differentiable w.r.t. z;. Then, based on the chain rule, we have

3f(xkaykT) _ T % T
“ger = Vel oyl + 5 Vo f (o ui). (16)

Based on the iterative updates that y§ = yi ' — aV,g(zg, yL ') fort = 1,...,T, we have

i _83/12_1 t—1 8 t_l 2
573316 = orn _avzvyg(xkvyk ) — 3 \% g(xkayk )
aylt;l 2 t—1 t—1
e (I —aVyg(zry, ) — aVaeVyg(@e,y, ).
Telescoping the above equality over ¢ from 1 to 7" yields
ayT ay T—1 T-1
k k 2
F i v H —aVig(aryh) —a Y VaVyg(er, ut) H (I = aVig(ak, i)
t=0 t=0 j=t+1
0 P ‘
=—ay V.Vyglrryh) [[ (I-aViglzr i) (17)
t=0 j=t+1

where (7) follows from the fact that v _ 0. Combining eq. (16) and eq. (17) finishes the proof.

E CONVERGENCE PROOFS FOR AID-B10 IN SECTION [4. 1]

For notation simplification, we define the following quantities.

3TM

[=3L%+ 612 (14 V) ( %)27 51 = T(1 — )T + 612 (LA 1)

VE+1
26ML  2BLMk\2 . .
283" + ﬂu? i Buz )" B0 =llo = v (@o)lI* + llvg — voll*. ()

We first provide some supporting lemmas. The following lemma characterizes the Hypergradient
estimation error ||V ®(xy)—V® ()|, where V®(z;,) is given by eq. (3) via implicit differentiation.
Lemma 3. Suppose Assumptions|[I} 2and[3|hold. Then, we have

~ . VE—1\2N
90 (a) = TR(n) [ <= )y o) = oI + 623 ( Y ) i = o,

where T is given by eq. (T8).

Proof of Lemma[3l Based on the form of V®(z,) given by Proposition[I] we have

IV®(y) = VO(y)lI* <3|IVaf (@r, " (21)) = Ve @ yi)I* + 31 Va Vg, yi) 1 llvf — o |1
+3VaVyg(zn, y* (xr)) = Vo Vyg(ar yi) I il

18
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which, in conjunction with Assumptions|T} 2]and[3] yields
IV (k) — V(i) |* < BL2|ly" () — yi I” + 3L [|vi — o |7 + 372 gl llyi — v ()]

37'M

(i
<3L%|ly* (wx) — yi |I” + 3L2||vg — v |I* + lye =y (@) (19)

where (i) follows from the fact that |[vg || < [[(V2g(ar, ¥ (zx))) IV f (@r, y* (1)) < %

For notation simplification, let 0, = (V2g(xx,y{)) ™'V f(xk, yj ). We next upper-bound ||vj; —
vl || in eq. (I_9I) Based on the convergence result of CG for the quadratic programing, e.g., eq. (17)

in Grazzi et al|(2020), we have [[vYY — 7| < \/E(f 1) |vY — Dy||. Based on this inequality,

VE+1
we further have

o = oIl <o = Bell + 1ol — @l <|vk—vk||+f(§+1) g — o
(VA () s A ()

Next, based on the definitions of v;; and 7y, we have

Ik = Tell =1 (V59(ar, yi)) ™ Vo f (@ryi) = (Vig(en, v (21) T Vy f (@, y* () |

pM .
(w2 Ik =y @l @1
Combining eq. (I9), eq. (20), eq. (21) yields
N 372]\42 VE—1\2N |
198 (a) = Vo)l (322 + =5 )y (ew) = ol 17 + 62727 ) o = of
2 VE =1\ N2 pM N2 T o 2
#6002 (1+ VR(Veg) ) (s B ) el = P,

which, in conjunction with ||yl —y*(z1)]| < (1—ap) B ly? —y*(xx)| and the notations in eq. (18).
finishes the proof. O

Lemma 4. Suppose Assumptions|[I} 2] and[3|hold. Choose

T >log (36k(k + %)2 + 16(k* + 4L¥H)252F)/10g T i o= O(k)
N>t 5 log(8r + 48(k> 2ML 2L¥N)2,32L2/i)/log gt 1 = O(Vk), (22)
where T is given by eq. (I8). Then, we have
0 _ 20 1ok _ .02 1\* N 2
I — v @l R < (3) 2ot X (5) 7 IveE)t @)
j=0

where Q and A are given by eq. (18).

Proof of LemmaMl Recall that y9 = yI . Then, we have
lyk = v @i)lI* <20l — v (@01 + 2lly" (2x) — " (@r-1) |

(i) ~

<2(1— o) gy — v (r-1)|I? + 267 B[V (21|

<2(1 = o) lyp 1 =y (@) | + 46282 VO (w3—1) — VO(a1—1)]?
+ 423 VD (1) ||

()

<201 — )" +4r*B7T(1 — ap) ") |ly* (2e-1) — yo_1[?

VE— 1y
E) i =l 4 VR @

n 2454L262(
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where (i) follows from Lemma 2.2 in [Ghadimi & Wang| (2018) and (i) follows from Lemma|[3] In
addition, note that

o = w12 =llog = oI < 2wy — ol 2 + 2ok — vy |
(@) 2 pM 2 .
<A1 v) (485 ) A= el — v ) I

VE—1\2N | .
V1) i = el + 2 = o ©5)

where (i) follows from eq. (20). Combining eq. w1th [of = vk || < (824 2055 4+ 2508 ||y —
Zk—1], we have

+4/<;(

® pM\2 4ALMk .
o = o0 < (165 (s + 25 )"+ (s + =5 AV 8r) (1 ) s — v ()P

2ML+2LM,‘$> g2L2 )(\\?4_1

B2V (zk—1)|?, (26)

2N
+ (4r + 48 (2 + ) ko — e

, 2ML 2LMk
+4(I'€ + 2 7)

where (7) follows from Lemmal 3] Combining eq. (24) and eq. ( . 26) yields

Iy =y @0l + ok = o2
M2 ALMk X
<1+ 25) 4 8(2 + 25) A7) (01— Tl — o )P

2ML 2LM;<; VE —1\2N
n ) 272 ) ( ) vF 0|2
,u 6 \/>+ 1 H k—1 k 1”

+ (4/-@ T 24(
IML QLMH
2

+8(x? ) ﬁZHV@(wk M

which, in conjunction with eq. (22)),

* * 1 * *
i = ™ @)1 + ok = o1 <5 vy — v @) + oy = o)

28ML QﬂLMIi)

+8(5ﬁ2+ > IV®(xe1)|?. @7

Telescoping eq. over k and using the notations in eq. (I8), we finish the proof. O

Lemma 5. Under the same setting as in Lemma W} we have

199 (ex) — V() <or(3) Ao+6m92( ) IveE)I

where 01, n, Q and Ag are given by eq. (T8).

Proof of Lemma5l Based on Lemmal[3] eq. (I8) and using ab+cd < (a+c)(b+d) for any positive
a, b, c,d, we have
IV @) = VO(ai)l* <drn (v (@x) — wRll* + [l — ofl1?),

which, in conjunction with Lemma[d] finishes the proof. O
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E.1 PROOF OF THEOREMIII

In this subsection, provide the proof for Theorem|T|based on the supporting Lemmal[5] Based on the
smoothness of the function ®(z) established in Lemma we have

L
D(xx41) <P(ax) + (VO(x), Tyr = 28) + 7 [oksr — 2]
<®(xy,) — BVO(xx), VO(xx) — VO(a)) — B VO(xx)|® + BLa | V()|
+ B2Lo||V®(xy) — V(x1)?
B o 2
<P(zp) — (5 -5 Lq>)||V<I>(a:k)|| + (
which, combined with Lemma 3] yields

B

3+ 52L¢) IV®(xy) — Vd(zp)|2,  (28)

B(zp41) <®(zy) — (g ~ Lo ) IVO()|* + (§ + Lo )or, (%)kﬁo
+ (g + ﬂ?Lq))aT,NQkZI (5) e (29)
Telescoping eq. (29) over k from 0 to K — 1 yzezlods
(g ~ BLs) Ig IV ()2 < (o) — inf B(x) + (g + B2 La ) o1,n Ao
e /32L¢)5T,NQ§§ ) IveE)P,

k—1—j
which, using the fact that Y2/5' 52050 (3) 7 IVe(e)? < SIS XIS Vel <
25715 V()| yields

K-1
(g ~ B2Lo — (B2 + 208°La)drn ) D V()|
k=0
. B
< (b(l‘o) — 1I;f‘1)($) + (5 + 3 Lq;.)éT’NAo. 30)
Choose N and T such that
(Q+4208Ls)or,n < i, orn < 1. (31)

Note that based on the definition of 61 x in eq. , it suffices to choose I' > O (k) and N > O(1/k)
to satisfy eq. (3I). Then, substituting eq. (31) into eq. (30) yields

B o VN~ 2 . B,
Z < _ =
(7 - #La) ;:0: IVe()]? < ®(wo) — inf @(2) + (5 + 5 La ) Ao, (32)
which, in conjunction with 8 < 8%4), yields
K-1 .
1 2 64Lq>(<I>((E0) — lnfz (I)(LC)) + 5A0
= ,;:o |V@(n)|” < = (33)

In order to achieve an e-accurate stationary point, we obtain from eq. (33) that AID-BiO requires
at most the total number K = (9(/@36’1) of outer iterations. Then, based on eq. , we have the
following complexity results.

e Gradient complexity:
Ge(f,e) = 2K = O(k’e'),Ge(g,€) = KT = O(r"e ™).
e Jacobian- and Hessian-vector product complexities:
IWV(g,e)=K=0 (/13671) ,HV(g,6e) = KN =0 (1{3‘5671) .

Then, the proof is complete.
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F CONVERGENCE PROOFS FOR ITD-BIO IN SECTION [4.1]

of (z,yl)

We first characterize an important estimation property of the outer-loop gradient estimator ——5-
k

in ITD-BiO for approximating the true gradient V®(zy) based on Proposition
Lemma 6. Suppose Assumptions! and hold. Choose o < % Then, we have

H%Z;yk) Vo(x H <( (L“L“)S —an)® 42U (752+ L)y —fw)%)l\yg — " ()|
LM(1 - ap)”
2L

Lemma|§| shows that the gradient estimation error || M — V@(mk)H decays exponentially

w.r.t. the number 7" of the inner-loop steps. We note that Gra121 et al.| (2020) proved a similar result
via a fixed point based approach. As a comparison, our proof of Lemma [f] directly characterizes
the rate of the sequence (g%, t=20,.. T) converging to 2 ( t) via the differentiation over all
corresponding points along the inner-loop GD path as well as the optimality of the point y*(zy).

Proof of Lemmal6l Using V& (1) = V. f(zk, y*(z1)) + ay‘%:’“)vyf(xk, y*(z)) and eq. ,
and using the triangle inequality, we have

[~ vt

8y l’k

=V f (w1, u8) = Vaf (21, 5" (& ””*Hgik -

\ 19, (e D)

Ay* (xy)

2819, 0, 47) B )|

Oyi _ Oy (xx)

e —y @l G4

‘meq

Based on the updates y!, = yi ' —aV,g(zx,y. ") fort = 1,...,T in ITD-BiO and using the chain
rule, we have

()
QLT -y (@)l + M H

oy*(x
]| 2

ayk BU ($k)

where (¢) follows from Assumptlonl Our next step is to upper-bound ‘ B

dyp _ Oyt -1y, O oo
87%_ oxy Vi Vyg(xk, )+ Oxy, Vg(xkvyk ) . (35)

Based on the optimality of y*(z), we have V,g(z,y*(x)) = 0, which, in conjunction with the
implicit differentiation theorem, yields

oy* (zx)

VaVyg(@e,y™ (@) + =5 == Vyg e,y (ex)) = 0. (36)
Substituting eq. (36) into eq. (33) yields
i _ Oy (xk)
8$k 8$k
_aylt;l 9y* (k) -1y, O
- axk - axk - V, Vyg(mkv ) a g(xknyk )

+a(vzvyg<xk,y*<xk>>+ay§; 3oy @)

Lyt 9y ()

— a (VaVyg(zr, vy ") — VaVyg(r, y* (zx)))

8xk 8$k;
dyi ' Oyt (wk) | oo
—« < airk — axk V g(xknyk; )
a *
+a yagz(:g:k) (Vog(@r, v (2x)) = Vyg(ar,y7h) - 7
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Combining eq. (36) and Assumption 2] yields
L
W

P

8xk

— |V Vagtan, v @) [V2g(ae v @) | <

Then, combining eq. (37) and eq. (38) yields

(Z)
<

5o - 5]

Ay 1 Oy (w) H
oxy

8Ik 8xk

+a< ) I = o (@)l

R ) L

where (i) follows from Assumption[3|and (i) follows from the strong-convexity of g(z, -). Based
on the strong-convexity of the lower-level function g(z, -), we have

— * -1 *
™" = y* @)l < (1= ap) = llyk — y* (@)l (40)
Substituting eq. (#0) into eq. (39) and telecopting eq. (39) over ¢ from 1 to T', we have

ot

H% B 8y*(xk)H < _aM)THLy% B 8y*(a:k)H

8xk axk
+ E «— _ T—1—t(q1 _ % 0
o747 ) - a0 —aw gl -y (@)
t=0
ayk_ay xk) 2 (tu+ Lp) B Ty
H@xk H+ 112 (1—ap) v — v™ (ze) ||
SL(l—ozu) " (T,tH-LP)(l_aM) 15 — v (o)l an

1

where the last inequality follows from ayk = 0 and eq. ( . Then, combining eq. , €q.
eq. (@0) and eq. (#T) completes the proof.

F.1 PROOF OF THEOREM [2]

Based on the characterization on the estimation error of the gradient estimate ﬂg%ky’“) in LemmaH

we now prove Theorem 2}

Using an approach similar to eq. li we have

Recall the notation that V& () = L’“ky”

D) <Bai) — (5 — FLa) IVE@IP + (5 +5La ) [VB() ~ T2l @2)
which, in conjunction with Lemmal6and use ||y — y*(zx)[|? < A, yields
@apin) <B(m) — (5~ BLa ) [V(ns) P

+ 3A(§ + Lo (Mu —an)” + w(l —ap)™)

G pt
L2M2 1—a 2T
1
Telescoping eq. @ over k from 0 to K — 1 yields
K-1
1 1 5 _ ®(xp) — inf, O(x) 1 L2M?(1 — ap)*T
— Z_ < -
N Z (5 - BLa) IVE(p) < o +3(5 +6La) =
L2(L + p)? AM? (T + Lp)? _
+3A< + 3L<I>) ((uzu)(l —ap)’ + W(l — o)’ 1). (44)
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Substuting 5 = ﬁ and T = log (max {73ILM ) 9AL2(1+I%)27 —BGAg[_Q((ITH’;:fp)Q }%) / log 1—1au =
O(klog 1) in eq. yields

1 16L(D(20) — inf, ®(z))  2€
= D IVe()l® < . + =5 (45)
K k; K 3

In order to achieve an e-accurate stationary point, we obtain from eq. (43) that ITD-BiO requires at
most the total number K = O(k3e¢~!) of outer iterations. Then, based on the gradient form given
by Proposition[2] we have the following complexity results.

e Gradient complexity: Ge(f,€) = 2K = O(rk%¢~!),Ge(g,€) = KT = O (k% 'log 1) .
e Jacobian- and Hessian-vector product complexities:

1 1
W(g,e)=KT =0 (ﬁ461 log ) ,HV(g,6) = KT =0 <K4€1 log ) .
€ €

Then, the proof is complete.

G PROOFS OF MAIN RESULTS FOR STOCHASTIC CASE IN SECTION 4.2

In this section, we provide proofs for the convergence and complexity results of the proposed algo-
rithm for the stochastic case.

G.1 PROOF OF PROPOSITION[3]

Based on the definition of v¢ in eq. (5) and conditioning on z, y¥, we have

-1 @
Evg =Bn > [ (I-nViG(ar ulsB)VyF(xk, vt Dr),
qg=—1j=Q—q

Q
=0 (I —=nVig(@ryl)Vyf (@)

q=0
=0 > (I =nVig(@ryd) " Vyf@eyl) —n Y (I =nVig@r i) Vyf (@ yi)
q=0 q=Q+1
=nVag(@r,yi) 'Vl (@ ul) —n > (I =nVaglae, i)'V f (e i),
q=Q+1

which, in conjunction with the strong-convexity of function g(z, -), yields

_ - 1—nu)9t' M
L N B S
q=Q+1
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This finishes the proof for the estimation bias. We next prove the variance bound. Note that

2

Q-1 Q@
E‘U S I T —=nViGaw,vi; B)VyF(zx,yii; Dr) — (Vyg(ae, yi )~ Vo f (@r,yi)

g=—1j=Q—¢q

2 2
2M
M2
"Dy

-1 @
n Y ] d-nViGaryisB) — (Viglaw, yi )~

q=—-1j=Q—¢q

(%)
2

Q 2
§4E‘ Z H (I =nV3G(r,yi 3 By) —n Y _(I = nVig(aw,yi )| M
q=—1j=Q—q =0
5 2M?
+4]E’ n [T =nVig(ar,ye)?) — (ng(%y{))*l + 2
q=0 |
< 2 2Q+2 3 72 2
4(1 - M 2M
<4772E Z H (I —nViG(xk,yr; B Z (I —nVig(zr,yi))? + ( 77#)2 o
q=0j=Q+1—q q=0 % I F
(GBS, Q Q , . . . )
< 4n"M QEZ H (I - UVyG(a;k,yk iB3)) — (I — vag(:ck,yk )9
g=0" j=Q+1—q
M,
4(1 — 2Q+2 12 M2
LA w)2 L2 -
1% 12 Df

where (i) follows from Lemmal[1] (ii) follows from eq. (46)), and (iii) follows from the Cauchy-
Schwarz inequality.

Our next step is to upper-bound M, in eq. (]21_7[) For simplicity, we define a general quantity M; for

by replacing ¢ in M, with 7. Then, we have

Q

EM, :EH(I— nVog(ziyl)) I (I —n0ViGaw, vl B) — (I —nViglaw, ui )
j=Q+2—i
Q 2
+EHn<v§g<xk,y£>vzc:(xk,yz“;BQH_i)) [ (-Gl 5)
J=Q4+2—1
Q .
+2B((1 = nVig(enyl) [ (0 =nViGlewuliB) — (- nViglawyl)',
j=Q+2—1
Q
n(Vig(on ) = V3Gl ol Bon-a)  [[ (1 -nViG(awoliB)))
J=Q+2—i
(i) & 2
=EH<I Woleel) T] (= aV2C ol B)) — (I — nV2(as, y))'
j=Q+2—i
Q 2
+EHn<v§,g<xk,y£>—V§G<xk,y;£;BQHi>> [[ (- V3G ul:5))
J=Q+2—1
(”) 2i—2 2 T 2
< (1= nu)’EM; 4+ 0> (1 — nu)* B Vig(zr, v ) — VoG(zk, yi s Boyi-i)l|
(zu) ) L2
< (L= np)’EM;—1 + n*(1 — nu)* 20—, (48)
|Bgy1-il

where (i) follows from that fact that Eg,,,, V3G (xk,yi; Bor1-i) = Vag(zr, yl), (i) follows

from the strong-convexity of function G(z, -; ), and (iit) follows from Lemmal[t}
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Then, telescoping eq. (@8) over ¢ from 2 to ¢ yields
EM < L2 2 77//4 2q 2
Z 1B Q+1— ]|

which, in conjunction with the choice of |[Bgi1—;| = BQ(1 — nu)i =1 for j = 1, ..., Q, yields

q 2 -
L 1 j-1
EM, <n*(1—nu)* =2 *( )
o BR\L—np

n*L? 2g—2 (1—1’7“)q - ! nL?
=71 —=nu)™" < =~ 1 =)t
BQ ( ) L —1 (1 —nu)p BQ( )

1—np
Substituting eq. @9) into eq. @7) yields

(49)

2

g=-1 j*Q—q
L? 1 41 —nu)2@+2Mm2 2Mm?
<’ M*Q o (L= )T +
Z (1- W)u BQ T p?Dy
4 2LQM2 4(1 — nu)?@+2M2 2M?2
AL L ( nu)2 M (50)
pn* B I p? Dy
where the last inequality follows from the fact that Z _o*? < 1= . Then, the proof is complete.

G.2 AUXILIARY LEMMAS FOR PROVING THEOREM 3]

We first use the following lemma to characterize the first-moment error of the gradient estimate
V®(xy), whose form is given by eq.
Lemma 7. Suppose Assumptions and hold. Then, conditioning on xj, and y,{, we have

2L°M>(1 — nu)*?

~ 2 L?> Mr LMp 9
— <
BV @(0) - Ve <2(2+ 2 ) I — v @)l + "
Proof of Lemma(7l To simplify notations, we define
= -1
Vor(ey) = Vof @ yd) = VaVyg(ar i) [Vig(ee yl)] Vof(ewyl). 6D

Based on the definition of @@(xk) in eq. (@ and conditioning on z, and y{ , we have

EV®(zr) =Vof (@ 9k ) = VaVyg(ar, i Evg
=VOr(z1) — VaVyg(@r yi ) (Bvg — [Vig(@r yi)] 'V f (e vi),

which further implies that

[EV®(24) — VO (a)||”
<RIV Er (zx) — VO(ay)|* + 2/[EVD(2y) — V()|
<OV Pr (2x) — V() ||* + 2L7[Bog — [Vig(er, v~ Vo f (@r, v
207 MP (1 — np)>@+>

112

where the last inequality follows from Proposition (3| Our next step is to upper-bound the first term at
the right hand side of eq. . Using the fact that |[V? g(x y)~! || < = and based on Assumptions

<2E||V&r(z)) — VO(i)|* +

5 (52)
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and 3] we have
IV®r(zk) — VO(zi)l| < Vaf (@, yt ) — Vaf (@, y" (@)
L? . Mt .
+-447Hyg1—-y (zx)|l +";Z*Hygw—'y (z)]|

+LMHVy9 ey ) = Viglay (@) 7|
( L M~ LMp)”

y* ()l (53)

where the last inequality follows from the inequality || M, — M, || < ||M; My Y| My — M|
for any two matrices M, and M,. Combining eq. (52)) and eq. (]3_’3'D yields

L* Mr LMp) T

~ 2A72(1 2Q

y () lI” + 2

which completes the proof. O

Then, we use the following lemma to characterize the variance of the estimator ﬁ@(wk)

Lemma 8. Suppose Assumptions|I|[2]and[3|hold. Then, we have

AL?M? (ﬁ 2) M? N 16p* L M> 1 N 16L2M?(1 — nu)*@
12D, 112 Dy 112 B 112

L?> Mt LMp
I

E|[V®(zy) — VO(xx)|* <

+ (L

Y EIE — v @l
Proof of Lemma[8l Based on the definitions of V®(xy) and %@T(azk) in eq. (4) and eq. and
conditioning on x; and ykT, we have
E|V®(zy) — V()|
DRV () — Vo (ap)|® + V1 (2x) — V()|

(41) 1 9 2M2
<2E||V,V,G(zk, Yt s Da)vg — VaVyg (@i, ui) [Vag(@r yi)] ™ Vyf (@ yi)||” + D,
L? Mt LMp
(o S M B )2
wop
(”2)4M2 T (|2 2 2 T\ —1 )12
< —E|VoVyG(ak, 43 ; Da) — VaVyg(@r, yl )|I? + AL%Ellvg — [Vig(ze, v )] Vi f (e, ui) |l
L?> Mt LMp 2M?
L+ +27 T _ g 222 54
e Y ot v @l + 5 (54)

where (7) follows from the fact that Ep DH’DFV@(J?]C) V@1 (z), (ii) follows from Lemmalﬂ
and eq. (53), and (iii) follows from the Young’s inequality and Assumption 2}

Using Lemma([T]and Proposition 3]in eq. (34), yields

-~ AL2M?  16n2L*M2 1 16(1 —npu)2QL2M?2 8L2M?
E|V®(z1) — V()| < ! L 160 = mw) +

p2Dy p? B w2 p2 Dy
L2 Mr LMp 20?2
L+ 27 ) _ 2 (55
(L TG W=y @l + e 69

which, unconditioning on z; and y,{, completes the proof. O
It can be seen from Lemmas [7] and [§] that the upper bounds on both the estimation error and bias

depend on the tracking error [yl — y*(zx)||?. The following lemma provides an upper bound on
such tracking error ||y — y* (zx) %

27



Under review as a conference paper at ICLR 2021

Lemma 9. Suppose Assumptions|I| 2] and[{| hold. Define constants

(A8 (o B (p 4 Ly My ey

L+p IS
412 M? L? M?  1692L*M?* 1 16L*M?*(1 —nu)??
A:7+(8 +2) 5 kil Ly 1L M~ )
w2 Dy I Dy p B w2
2712 _ o
_4L (L “) . (56)
p? \L+p

Choose T' such that A\ < 1 and set inner-loop stepsize o = %ﬂt Then, we have
Ellye —y*(z1)|
k—1

2

L—u\*" o? , WA+ =

< k N ok 2 k—l—jE P 212 7#
= ((Lw) b = @)+ £ )+ SNV +

Proof of Lemma(9 First note that for an integer t < T’
lyitt = " ()12
=llyit = vil® + 200" = vk vk — v (@) + vk — " (@)1
=a?(|Vy G @k, yi; SONI? — 20(Vy G(h, yi; o) v — v (@) + i, —y* (@) 2. (57)
Conditioning on y! and taking expectation in eq. , we have
Ellyy ™ =y (z)1?
@) ,(0° £y)12 £y Lt *
<a?(% + 19,90 yb)I?) = 20(Vyg(@e yb), v — v ()

+lyk — v (@)l

B aa? Ly IV, g (r, yh) |12
< — S +ta ||Vy9($k7yk)||2 —2a <L+ ||yk (xk)||2+yL+ﬂk)
+ [lyf, — y* (zn)]?
a2(72 2 2aLp .
7 (o) IVt + (1 22 I @) 9

where (i) follows from the third item in Assumptlonl i1) follows from the strong-convexity and

smoothness of the function g. Since o = 5 T we obtain from eq. l) that

L—p\> 402
Ely,™ —y*(x 2<() v @)+ s 59
lye™ —y™ () I” < I 1y — " (@) eSS (59)
Unconditioning on v} in eq. (59) and telescoping eq. (59) over ¢ from 0 to T’ — 1 yields
L—\* 2
E T _ % 2 < E 0 _ * 2
I = vl < (52 Bl - @l + g
L—p . T 2 o
= E - * 60
(354) Bl -y @il + g (60)
where the last inequality follows from Algorithmthat y? =yl |. Note that
Ellyi—1 — y" (@) 1* <2Ellyi_y — y* (@x-1) 1> + 2E|ly* (z-1) — y* (zx) ||
© T * o 207 2
<2E|lyg_1 — ¥y (zr-1)[I” + 2 Ellzr — zx—1|l
. 62[/2
<2E|lyi_1 — ¥ (xr—1)|* + 2 E[[V(zg )|
T * 2 62 2
<2E[yp— =y (@r-1)[I” + E[[V®(zk-1)]?
48%L?
+ ﬂu E|V®(z)_1) — vq>(xk,1)||2, (61)
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where (i) follows from Lemma 2.2 in|Ghadimi & Wang|(2018). Using Lemma §]in eq. (61) yields

Ellyi—y —y* (@)]?

4B2L? L? Mr LM N 48212
< (24 5 (04 T+ 2T ) VB - )P + B VR )P
2 poop 2

432172 (4L2M2 (8L2
T (* Dy G
Combining eq. (60) and eq. (62) yields
Ellyi —y*(a0)]?
_ 2T 272 2
S(L ,u) <2+4ﬁL ( L Mr LMp
L+p p? I I

(62)

M2 16n2LAM2 1 16L2M2(1 — np)2@
+2) il + (L= np) )

Dy u> B (i

) JEllyls — v (@)l

N (L - u)2T4ﬂ2L2 <4L2M2 (81;2 N 2) M? N 167°L*M? 1 N 16L2M2(1 — nu)2Q>
L+p u? 12D, w2 Dy p? B I
48212 /L — p\2T , 02
—_— E|V®(zk_ —_— 63
= (HM) VeGP + 7 g (63)

Based on the definitions of A\, w, A in eq. (36), we obtain from eq. (63)) that
2

g
Ellyg —y* (x> SAEyi_1 — y* (@p-1)[” +wA + st WE[[VP(z-1)*. (64)
Telescoping eq. (64) over k yields
Ellyi — y*(ap)|®
k—1 ‘ WA + 2
SNE|lyg —y" (@) +w DN IE| V()| + —
=0
2
L_,U/ 2T 2 k—1 A+ﬁ
<)\k I _ )\k) 1— ]E ) 2 7[‘4
< ((HM) b= )+ 7 ) 0 NIV S
which completes the proof. O

G.3 PROOF OF THEOREM[3]

In this subsection, we provide the proof for Theorem 3] based on the supporting lemmas we develop
in Appendix[G.2]
Based on the smoothness of the function ®(x) in Lemma we have

L
D(axs1) <P(an) + (V(n), 2pr = 2x) + - [|ongs — 2|

<®(ax) - BV (xr), VO(zx)) + 52L<1>HV‘1>(%)II2 + 5 La || V®(z1) — V()|
For simplicity, let Ex, = E(- | 71, y} ). Note that we choose 3 = +—. Then, taking expectation over
the above inequality, we have

+ B°LoE[|[VO(xy) — V()|
(1) ~ ~
E@(ry) + DB B(as) ~ V(i) |* — DEIVO ()P + TEIVR(2r) - V(i)
BL2M?(1 — nu)*?

(1)
<E®(z;,) — §E|\vq>(u)ll2 +

112
5 AL2M? (8L2 N 2) M? N 16n2L*M? 1 N 16L2M?(1 — nu)?9
12Dy p? Dy n* B I
5 L Mr LM
+§(L+f M7 L) R - v )P (©9)
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where (i) follows from Cauchy-Schwarz inequality, and (i7) follows from Lemma|7]and Lemma|8]
To simplify notations, Let

5 L M LMp\?2
V:f(L+f+7T+ 2p) (66)
4 % % %
Then, applying Lemma[9]in eq. and using the definitions of w, A, X in eq. (56), we have
L2M2 1— 2Q
BO(a111) <BO(m) - JE|VE(,)|? + L=
B k L—p o 2 o
PA 4 pore [ (222 —y 7
+ A+ By I lyo = ™ (o) I + ;5
ko Bu(wA + 1)
k—1—j 2 LuS
+/3sz/\ TE[V®(z))|I” + 1=
7=0
Telescoping the above inequality over k from 0 to K — 1 yields
gk K-1k-1
Ed (k) < ®(0)—7 Z E|V®(z)[? + Brw Y > NTTIE| V()|
k=0 k=1 j=0
KBA L — uN\2T " 9 o? ) I51%
T +((L+u) o =y @o)I"+ 775 ) 7=
2
KﬂL2M2(1*UM)2Q KﬂV(WA+ﬁ)
+ + :
12 1—A
which, using the fact that
K—1k—1 K—1 | K
k—1— 2 o k 2 2
et < (3 0) S eivel < 5 3 siveor:
k=1 j=0 k=0 k=0
yields

G-5)% ZEnvmk I?

_®(ro) —infy B(2) v((F29) (lyo — v* (o) + £23) LA AP g™

= BK K(1=\) 4 112

v(wA 4+ L"—Hs)
11—\

n (67)

272 2
log (12+7‘*8i; (L+E +MT+—L:‘§P)2)
2log(£14)

Since 8 = L and T > , we have \ < %, and hence eq. 1) is

further simplified to

1 6 1 K—1 )
(Z‘EVM)E > B[V ()|
k=0

— * 0,2
O (xzg) — inf, (z) n 2”((%)271”90 —y*(zo)|* + LTLS) n A n L2M?(1 —nu)*@
8K K 4 2
2

LuS>

IN

+2v (wA + (68)
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.. . . log 12+485 L? (L+L2+1\/IT+LJVIp)2
By the definitions of w in eq. 1i and v in eq. and T > ( g (EiE) 12 ) . we

have

562L2<L—u>2T(L L2 M~ LMp)

vw = _—
p? \L+p p?
2
< o . <. (69)
124 BELE (L 4 L2 Mz Lhpy2 = 48

log (VB (L+ L2 Mz 4 LMy ) )

In addition, since T > = = , we have
lOg(L )
L—puN\2T  5/L— pu\2T L2 M LMp\?2 5
v(78) =2 () (+ =+ =1+ =5E) < o (70)
L+4p L+p I 43
Substituting eq. (69) and eq. (70) in eq. (68) yields
K-1 . .
1 8(®(w0) — infy () + 3llyo — y* (z0)[1*) 1\ 16v0?
— STE|VO()|? < 2 (1 7)
£ 2 EIvewol < N ()
11 81)2]\42
gA (1- 77#) (71)

which, in conjunction with eq. (56) and eq. (66), yields eq. (I0) in Theorem 3]

Then, based on eq. (10), in order to achieve an e-accurate stationary point, i.e., E|V®(z)||?> < €
with Z chosen from xy, ..., xx—1 uniformly at random, it suffices to choose

:32L¢,(<I>(x0) — infy ®(x) + Fllyo — y* (@) lI*) _ O(Hj’) T — 6(x)

Q=rlog".5 =0 )D—O(Q),szcf)(’f),B:o(’f).

Note that the above choices of ) and B satisfy the condition that B >
in Proposition 3]
Then, the gradient complexity is given by Ge(F,e) = KDy = O(k°e?),Ge(G,e) = KTS =

O(k%2). In addition, the Jacobian- and Hessian-vector product complexities are given by
IV(G,e) = KD, = O(%¢?) and

W required

Q 6 2

. KB

HV(G,e) = K> BQU -yt = 229 < 0 (" log “) |
: nu € €
Jj=1

Then, the proof is complete.

H PROOF OF THEOREM [4] ON META-LEARNING

To prove Theorem[d] we first establish the following lemma to characterize the estimation variance
E H AL (1, T ;B) B AL (1, Ty

B 9k 9%k
at the k" outer loop.

2 ~7 . . .
, where w,{ is the output of T" inner-loop steps of gradient descent

Lemma 10. Suppose Assumptions 2| and |3| are satisfied and suppose each task loss Ls, (¢, w;) is

w-strongly-convex w.r.t. w;. Then, we have

OLp(¢x, Wy ; B) 3£D(¢k,@kT)H2 < (1+ £)2%2
Obr ol - n/ Bl

B
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Proof. Letwi = (wT,,...,wT ,) be the output of 7" inner-loop steps of gradient descent at the k"
outer loop. Using Proposition 2] we have, for task 7,

OLp, (P, w
H—a¢ | <Ivs£p. (60T
T-1
+Ha2v¢vwiﬁgi(¢k,w;k) [T (71— V2, £s.(6n w1 Var £, (65,0
t=0 j=t+1
T-1
(<)M+aLMZ 1—ap)™ ! M+% (72)
t=0

where () follows from assumptions 2] and strong-convexity of Ls, (¢, -). Then, using the definition
of Lp(¢,w; B) = |B‘ > ien £, (0, w;), we have

ILp(¢r, wi; B) aLD(Gbk,wk)H 71
|

u senionnl) _obsonlp

D ook Bl oo Oox
(2 aEDL <¢ka w;{k) 2
=18 TH
(i) LN\2M?
<(1+2) & 73
<(1+3) 15| 7

T ~
where (i) follows from E; aﬁpigz):wi’k) = 657352;;’1”’?) and (i) follows from eq. . Then, the
proof is complete. O

LD (¢1, Ty )

Proof of Theorem[@dl Recall ®(¢) := Lp(9, iid))) be the objective function, and let @@(q&k) =
(
0

. Using an approach similar to eq. , we have

Q(Prr1) <P(dr) + (VO(Pr), Prt1 — dr) + %Hqﬁkﬂ — dll?

~T. 2 ~T.
aﬁp(qub,;vk,l?)> N 52L¢)H8£D(¢82:)k76)”2'

<o(r) - B(VO (o), 74)

Taking the expectation of eq. yields

ﬂ ®

E®(érs1) SEB(dr) — BE(V®(¢r), V() + E||V®(¢)|

_ OLp(gr, Wy ; )H2
Odr,
(i) -~ 2L LN\2 M?
CB(01) - FE(VO(6), F0(00)) + LB Fa () 2 + 12 (14 £) B

<Bb(0r) ~ (5~ B Lo )BIVE0) I + (5 + 5La )BIVE(0r) ~ T(61)

FLa (1 £)2E

2 n/ 1Bl
where () follows from Egﬁp(d)k, wl;B) = Lp(¢r, wi) and (i7) follows from Lemma. Using
Lemma[6]in eq. (73] and rearranging the terms, we have

+

(75)

1 K-1

1
L ];0 (5 ~ BLo JE|V@(6)
(o) — infy B(@)

1 L2M2%(1 — ap)?T  BLg LN\2M?

il L 14+ 2)

BK +3(2+ﬁ ‘I’) 112 T ( +u) B
L2(L + p)? AM? (i + Lp)? _

+38(3 + La) (I (a7 4 BT (),
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where A = maxy, |@) —w*(¢x)||?> < co. Choose the same parameters 3,7 as in Theorem Then,
we have

1= , _ 16Lg(®(¢o) — infy ®(¢)) = 2e L\2 M?
7 2 EIVe@f < . () S

Then, the proof is complete. O
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