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ABSTRACT

Hierarchical reinforcement learning (HRL) has seen widespread interest as an ap-
proach to tractable learning of complex modular behaviors. However, existing
work either assume access to expert-constructed hierarchies, or use hierarchy-
learning heuristics with no provable guarantees. To address this gap, we analyze
HRL in the meta-RL setting, where a learner learns latent hierarchical structure
during meta-training for use in a downstream task. We consider a tabular set-
ting where natural hierarchical structure is embedded in the transition dynamics.
Analogous to supervised meta-learning theory, we provide “diversity conditions”
which, together with a tractable optimism-based algorithm, guarantee sample-
efficient recovery of this natural hierarchy. Furthermore, we provide regret bounds
on a learner using the recovered hierarchy to solve a meta-test task. Our bounds
incorporate common notions in HRL literature such as temporal and state/action
abstractions, suggesting that our setting and analysis capture important features of
HRL in practice.

1 INTRODUCTION

Reinforcement learning (RL) has demonstrated tremendous successes in many domains (Schulman
et al.l 2015} [Vinyals et al., 2019; [Schrittwieser et al., [2020), learning near-optimal policies despite
limited supervision. Nevertheless, RL remains difficult to apply to problems requiring temporally
extended planning and/or exploration (Ecoffet et al.,[2021). A promising approach to this problem
is hierarchical reinforcement learning (HRL), which has seen continued interest due to its appealing
biological basis. In its most basic form, HRL seeks to decompose tasks into a sequence of skills,
each of which is easier to learn individually than the full task. By restricting the agent to using
learned skills, the search space over policies can be greatly reduced. Furthermore, learned skills can
induce simpler state and/or action spaces, simplifying the learning problem. Finally, learned skills
with useful semantic behavior can be reused across tasks, enabling transfer learning.

Naturally, a hierarchy-based learner is limited by the quality of skills that are made available and/or
learned. Accordingly, many empirical works have proposed algorithms for online skill learning in
the context of a single RL task (Nachum et al.l [2019a} 2018). These approaches have been exper-
imentally demonstrated to be effective in finding useful and interpretable skills. Other approaches
consider the skill learning problem in the context of meta-RL (Frans et al., 2018)), or in the reward-
free setting (Eysenbach et al.} [2018)). Nevertheless, the heuristics and algorithms proposed in these
empirical works do not provide any provable guarantees on the quality of learned skills.

On the other hand, theoretical analyses have mostly focused on how learners benefits from having
access to skills. For example, |[Fruit & Lazaric|(2017) provide a regret bound on learning with skills
in the infinite-horizon average reward case. Meanwhile, in the meta-RL setting, |Brunskill & Li
(2014) considers the problem of finding and using skills in a continual learning setting and provides
a sample complexity analysis. However, these analyses either sidestep the question of how the skills
are obtained, or do not address the problem in a computationally tractable manner.

In this work, we aim to take a step towards providing provable guarantees for hierarchy learning
through tractable algorithms. We focus on the meta-RL setting, in which a learner extracts skills
from a set of provided tasks which are then used in a downstream task. We work in the tabular case,
assuming the transition dynamics of the given tasks share latent hierarchical structure induced by
predetermined clustering and bottlenecks. Our contributions are as follows:
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1. “Diversity conditions” ensuring hierarchy recovery. We develop natural optimism-
based coverage conditions which ensure that bottlenecks embedded in the transition dy-
namics are detectable by solving provided meta-training tasks.

2. A tractable hierarchy-learning algorithm. We provide an algorithm that provably learns
the latent hierarchy from interactions, assuming the coverage conditions above. Our
method has sample complexity scaling as O(TKS) in the leading term compared to
O(TSQA) for a brute-force method, where T are the number of tasks, S is the number
of states, A is the number of actions, and K < S A is the number of skills to learn.

3. Regret bounds on downstream tasks. We provide regret bounds for learners that apply
the extracted hierarchy from meta-training on downstream tasks. Furthermore, we show an
exponential regret separation between hierarchy-based and hierarchy-oblivious learners for
a family of task distributions, corroborating prevailing intuitions regarding when/why HRL
helps. In particular, hierarchy-based learners incur regret bounded by O(v H2N) while

hierarchy-oblivious learners incur worst-case regret of at least O(21/2\/H2N).

2 NOTATION

We now introduce notation which we will use throughout the paper. We write [K] == {1,...,K}.
Furthermore, we use the standard notations O, O, () to denote orders of growth, and O, ©,) to
indicate suppressed logarithmic factors. We use (z) to denote the Dirac delta measure on z.

We work with finite-horizon Markov decision processes (MDPs), defined as a tuple M =
(S, A,P,r,H), where S is the set of states, .4 is the set of actions, P : S x A x § — [0,1]
are the transition dynamics, r : S x A — [0, 1] is the reward function, and H is the horizon. We
assume stationary dynamics unless otherwise noted, in which case P(") is the dynamics at time
step h. For constants relating to horizons, we will define [H] := {0,..., H — 1}. Given a policy
7 [H] x § — A, we define the value functions

H-1 H-1
Vir(s) =E Z r(sk,ax) | Sh = s] and Qf(s,a) =E lz r(sk, ak) | (sh,an) = (s,a)]
k=h k=h

where si11 ~ P(- | sg,ax) and ap = 7 (sk). Furthermore, we write V* and Q* to denote optimal
value functions obtained by maximizing over 7 (and are attained by the optimal policy 7*). When a
learner plays 7y, ..., mx in M, we define its regret as

N
Regret (M) = Z Vi (s0) — Vi (s0).
t=1

We use © to denote a terminal state. We let 7, denote the (random) trajectory generated by 7. For a
state s and length-H trajectory 7, we write s € 7, if s, = s for some h € [H|. We define (s,a) € 7
similarly. Finally, given an MDP M, M(2H) denotes a copy of M with a doubled horizon.

3  SETTING

We work in the tabular meta-RL setting. The learner can access 7 meta-training MDPs
{(S, APy, 1y, H) ey = {Mi} ey Note that Py and 7 both vary across tasks. We set S := [S]|

and A = |A|. After interacting with these tasks, the learner is presented with a meta-test MDP
(S, A, Prg, m1e, H), where the learner seeks to minimize its regret. We assume, without loss of
generality, that the MDPs have a shared starting state sg. For meta-learning to succeed, the MDPs
must have shared structure. We focus on the following notion of shared hierarchical structure:

Definition 3.1 (Latent Hierarchy). Let {Z.} be a partition of the state space S into clusters. We
associate with each cluster Z a set of entrances Ent(Z) C Z and a set of exits Ext(Z) C Z x A.
We say that the tasks have a latent hierarchy with respect to ({Z..} , Ent(-), Ext(+)) if for any Z,:

(a) Forany (s,a) € (Z.x A)\Ext(Z,), P:(-| s, a) is constant over ¢ and supported on Z.. ©
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(b) For any (s,a) € Ext(Z,.), there exists ¢, ¢ with ¢ # t' such that P,(- | s,a) # Py (- | s,a).
Furthermore, P4 (- | s, a) is supported on | J, Ent(Z.) for any t € [T].

Definition [3.1] partitions the shared state space of the MDPs into
clusters such that (1) non-exit (s,a) dynamics do not change be-
tween the MDPs and (2) exits are bottlenecks between clusters.

Example 3.1 (Gated Four-Room). Figure [I] illustrates the gated
four-room environment along with a sample task. The environment
has a latent hierarchy with respect to the rooms outlined by colored
gates (which can be open or closed). Entrances are colored aqua,
while exits are marked by arrows.

Although we assume a single fixed starting state, we can model
task-dependent initial states by appending a dummy state sg. A
dummy action ag then takes the agent to the starting state for the
task. Observe that (sg, ag) is an exit, and therefore must transition

to an entrance. a

practical settings, we provide an example of a continuous setting
roughly fitting into our framework:

Example 3.2 (The Alchemy benchmark). Alchemy (Wang et al.| [
is a recently proposed empirical benchmark for meta-RL,

where the agent needs to place a stone in a series of potions to ob-
tain some desired appearance, as illustrated in Figure 2} Dipping
a stone into a potion traverses an edge (determined by the potion)
in a graph where nodes are possible stone appearances. We focus
on task distributions that randomize the edges of this graph (i.e.,
potion positions and feasible stone appearances are fixed). Then,
the set of obtainable MDPs has a latent hierarchy where dipping the
stone into any of the potions is an exit. Indeed, other than dipping the stone into a potion, all other
actions (e.g., moving the stone around the room) have the same dynamics in all tasks. a

To see how Definition [3.T] captures intuitive notions of hierarchy in |:

Figure 1: The gated four-
room setting, with a task re-
quiring navigation from the
green square to the star.

For convenience, we will define several relevant notions. First,
for any cluster Z, we define its interior Z° = (Z x A)\Ext(Z).
Furthermore, we let Ent(S) = (J.Ent(Z.) denote the set of
all entrances and Ext(S) = |J,.Ext(Z.) the set of all exits.
Finally, we define

K = |[Ext(S)] L == |Ent(S)|
M = sup |Ext(Z.)|

Figure 2: Alchemy. Placing
so that K and L are the total number of exits and entrances, stones in potions moves the agent
respectively, while M is the maximal number of exits from any through a latent graph of object
cluster. properties

Query Model. We work in the online setting, where the agent interacts with the tasks by playing
policies from the initial state sg. During meta-training, we allow the agent to interact with the
environments using an unbounded number of timesteps for each trajectory before resetting. We then
compute query complexity in terms of the total number of timesteps spent in all tasks in total.

4 META-TRAINING ANALYSIS

In this section, we outline an algorithm for uncovering the latent structure that can be used for
downstream tasks. Recall that exits are defined by changing dynamics between tasks. To quantify
the number of samples needed for exit detection, we define the following quantity:

"Image from (2021)), extracted from a larger figure with no other modifications (License).
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Definition 4.1 (8-dynamics separation). There exists 8 > 0 such that for any ¢,¢' € [T] and
(s;a) € Ext(S8), Pi(- | s,a0) # Py (- | s,a) = [[Pe(- | 5,a) =Py (- | s,0)||lry = B- o

In defining 3 above, we ensure high-probability exit detection with O(S/3?) samples. Note that
there is a brute-force approach to learning the underlying structure: one can learn P;(- | s, a) for all
(s,a) and ¢t € [T, and iterate over (s, a) to check for changing dynamics. This can be done with

query complexity O(TS2A /B?). However, under reasonable “coverage” assumptions outlined in
the next section, this query cost can be lowered to O(T'K S//3?%).

4.1 DEFINING A NOTION OF COVERAGE

In supervised meta-learning, “diversity conditions” ensure that the meta-training tasks reveal the
underlying latent structure (Tripuranenti et al.,[2020; Du et al.| 2020). We provide analogous condi-
tions ensuring that My, ..., My “cover” the latent hierarchy. Since solving max, V'™ (s¢) requires
fewer samples than learning [P, we expect such conditions to provide sample complexity gains.

Visitation Probabilities and a-Importance. Minimally, exits should be visited by optimal poli-
cies of the meta-training tasks for coverage. We thus define the following notion:

Definition 4.2. Fix an MDP M = (S, A,P,r, H), and let (s,a) € S x A. Construct a modified
MDP M\ (s, a), where (s, a) brings the agent to a terminal state with no reward. Then, we say that

(s,a) is a-important for M if V"% (50) < VM* (50) — a. o

The a-importance condition quantifies the value gap between policies
that can use (s, a) and those that cannot. For example, consider the task L]
in Figure |3l Any 7 with V™ (so) > 0 must visit the marked (s, a) pair
with some probability. Therefore, (s,a) is V' (so)-important. This sug-
gests that high a-importance implies high visitation probability by near- Iy I:
optimal policies. The following result, proven in Section [A} formalizes
this connection: ]

Lemma 4.1. If (s,a) is a-important for M, then for any policy ,
V*(so) — V™ (s0) < ¢ implies that P((s,a) € 7») > (o —¢)/H.

Figure 3: Illustrating c-
A Preliminary Coverage Assumption? Lemmal4.[|suggests a simple importance. Since the

coverage condition: for any (s,a) € Ext(S), assume that there exists  plack arrow is the only
t,t' € [T] so that (s, a) is a-important for ¢ and ¢', and P;(- | s,a) # path to the goal, it is
Py (- | s,a). However, as the following example shows, this condition Vi (s0)-important.
excludes natural settings:

Example 4.1. In Example gates are either open or closed. For closed gates, the associated (s, a)
pairs are unimportant for any goal. Thus, if (s, a) is a-important for some ¢,¢' € [T] with o > 0,
then P, (- | s,a) = Py (- | s, a), and no change in dynamics can be detected using 7; and 7.

7T*I__I.

e 90 5 F T

P

[ [ 1]

Figure 4: The black arrow is not «-significant for one of the tasks, Figure 5: Using optimistic imag-
but is nevertheless “covered” by optimistic imagination. ination for exit detection.
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Figure @] illustrates how the proposed condition fails in covering an exit marked with a black arrow.
While (s, a) is unused by optimal policies in the first task, it is V" (so)-important for the second.

Optimistic Imagination as a Coverage Mechanism. The proposed assumption fails because
there are cases where exits are only c-important in certain configurations (e.g., only open corridors
are a-important in Example [3.1). In such cases, near-optimal policies only ever see one configura-
tion of the dynamics for those exits and thus are insufficient for formalizing exit coverage.

As an alternative, consider the following hypothetical scenario in the context of Figure [} an agent
has solved both tasks, achieving optimal values V" and V5. Additionally, in the process of learning
the second task, the agent has learned Po(- | |}). If the agent then relearns the first task while setting
Py(- | ) < Py(-| 1), it would obtain a new value Vi > V;*. Thus, it can reasonably conclude
that the black arrow must have been an exit. We illustrate this process in Figure 5} where 77 is the
optimal policy after “borrowing dynamics.” The learner could then run 77 for exit detection.

We refer to the counterfactual reasoning about the dynamics used above as optimistic imagination.
Unlike the preliminary condition, optimistic imagination only requires that an exit be important for
one task and induce a value gap in another when borrowing dynamics — a weaker condition in many
cases. With the above intuition in mind, we now present the main coverage assumption.

Assumption 4.1 ((«, ¢)-coverage). Assume (M;).cir) have a latent hierarchy with respect to
({Zx} ,Ent(-), Ext(-)). There exists o, > 0 such that for any {(s1,a1),...,(Sn,an)} C Ext(S),

(a) Foranyi € [n), (si,a;) is a-important for some meta-training MDP M.
(b) For some M, witht € [T), if we construct a new MDP M; = (S, A, P,r;, H) via

_ Mi'SG/ s.a) = (s:.a
P(-|s7a):{P (|7) (7) (za z)

PM:i(. | s,a) otherwise
i.e. we replace (s;, a;) dynamics with those from M;, then VMt*(sq) > VMt (s0) + C.

Informally, («, ¢)-coverage ensures that optimistic imagination can borrow dynamics for unknown
exits from other tasks to find a better optimal policy)| Most reasonable task distributions satisfy
(a, ¢)-coverage with enough tasks — we provide a heuristic explanation in the appendix.

4.2 ALGORITHM OUTLINE

In this section, we outline the algorithm that we use to detect exits. Our procedure can be naturally
divided into three phases: a task-solving phase, a reward-free phase, and an exit detection phase.
Throughout, we illustrate our steps in Figure [5] showing how Phases I and II allow the learner to
find the imagined policy 7z. The full details of the algorithm are provided in Section[A.T]

4.2.1 PHASE I: TASK-SPECIFIC DYNAMICS LEARNING

First, we solve My, ..., My with UCBVI. Using UCBVI regret bounds
from |Azar et al| (2017) together with Lemma4.1] we can guarantee that
all a-important exits are sufficiently visited. Thus, during optimistic

L |
n
imagination, the learner would be able to borrow high-quality estimates i
of exit dynamics from other tasks. For example, a learner that has solved :I
J

both tasks in Figure 4] can borrow open blue gate dynamics for use in the
first task during optimistic imagination, as in Figure[6]

4.2.2 PHASE II: REWARD-FREE RL

In order to perform optimistic imagination, the learner also needs to sim- Fi.gur.e 6: Phase .I con-
ulate non-borrowed (s, a) dynamics. This is done by fully learning the  tribution to learning 7z

dynamics of one of the tasks, proving a template Py. Learning Py is in. Figure [5| marked
achieved using reward-free RL (Jin et al.,[2020). with an arrow.

Incorporating the preliminary condition into Assumptioncan further weaken the required task diversity.
However, our algorithm handles this extension trivially, and thus we focus on optimistic imagination.
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To understand the necessity of Phase II, note that in Figure [/} near-
optimal policies have no coverage over states past the blue gate (as
shown by the red region). Therefore, dynamics estimates from Phase
I are insufficient for optimistic imagination. On the other hand, by learn-
ing the dynamics fully in one of the tasks (and thus learning the green :I
region), the learner can nevertheless simulate the dynamics if the blue

gate were open and successfully recover 7.

4.2.3 PHASE III: EXIT DETECTION

Having completed the previous two phases, the learner can use optimistic  Fjgure 7: Phase II con-
imagination to detect exits. In particular, we consider a modified value  (ripution. Optimal pol-
iteration method where the learner optimistically chooses dynamics esti-  jcy gtate coverage (red)
mates from Phases I'and IT to perform Bellman backups. This implicitly  js’insufficient for learn-
defines an MDP whose optimal value is at least as large as M, in As-  jng 7, which requires
sumption l as M, would have been feasible for this process. Analo-  (he green region.

gously with a-importance, this value gap implies that the corresponding

optimal policy 77 for this new MDP must visit an (s, a) pair whose dynamics are borrowed. There-
fore, by playing 7z, the learner can determine a new exit.

4.3 META-TRAINING GUARANTEE

We now outline our main result for the algorithm in Section[d.2] We first define a “hierarchy oracle”
that will be used in downstream tasks:

Definition 4.3 (Hierarchy oracle). Let ©g and & denote successful and failed termination, respec-
tively. Consider any tuple (z, f,r, H) such that = € Ent(S), f : Ext(S) = {©s,6r}, risareward

function, and H < H. Such tuple induces an MDP M(w forH)=(SU{Ss,0r}, A, Py, H)
whose starting state is © and whose transition dynamics is given by

0(f(s,a)) (s,a) € Ext(S)
Pi(-|s,a)=406(s)  se{og0r)
P:(- | s,a) otherwise, for any ¢ € [T].

An e-suboptimal hierarchy oracle, when queried with any valid (z, f, r, H ), returns an e-suboptimal
policy for M(z, f,r, H). o

To motivate Definition observe that learning a new MDP with the same latent hierarchy only
requires visiting exits (as reward-free learning has coverage over cluster interiors). This, in turn, can
be achieved by an agent that has a policy for reaching any exit from every entrance in any cluster.
We emphasize that the learner does not need to know the states in the actual clusters themselves.
Formally, for an entrance x in cluster Z and exit e € Ext(Z), we can query the hierarchy oracle with
(x,1[(-,) =¢],1]- = ©g], H) to obtain the desired reaching policy. Disconnecting the clusters
ensures that the learner cannot use any other exits, and thus the validity of the policy under any MDP
that has the same latent hierarchy

Our meta-training guarantee ensures that the hierarchy oracle is implementable:

Theorem 4.1 (Meta-training guarantee, informal). Under Assumption{d.1|and other assumptions in
Section[A.2) the data obtained from the algorithm in Section{.2)allows for:

(a) implementing an e-suboptimal hierarchy oracle, and

(b) determining, for every s € Ent(S), the reachable exits in the cluster containing s,

simultaneously with probability at least 1 — p. Furthermore, this is achieved with query complexity

~ KL KS SA KS?A S4A S2A
[@mﬁw+w+mmw+ )mmonmv

3 As a side effect, the reachability of e from  can be determined from the predicted value for the prior query.

poly(H).
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As a point of comparison, we have the following guarantee on brute-force hierarchy learning:

Theorem 4.2. The brute-force approach outlined in Section under Assumption d.1{a), deter-
mines the set of exits with high probability and query complexity

~ S?2A  SA  S*A
@) {T( ++a>} poly(H).

af?  a?

When «, 3, and ¢ are of the same order, we see that the proposed method incurs a smaller query
complexity compared to a brute force learner that has only learned the exits. We provide proofs of
both results in Section [A] along with all other necessary assumptions and full algorithm details.

5 META-TEST ANALYSIS

In this section, we provide regret bounds on learning an MDP M, using the hierarchy oracle. We
first characterize a family of tasks for which one can achieve improved regret bounds. Furthermore,
we provide sufficient conditions ensuring that using the hierarchy incurs low suboptimality.

5.1 ASSUMPTIONS

In this section, we outline the assumptions that we make to prove a regret bound on the meta-test
task. Let Mty = (S, A,Prg,r1g, H) be the meta-test MDP. We assume that Prg(- | 5,a) =
P:(- | s,a) for any (s,a) € Ext(S) and t € [T]. Our first assumption restricts our attention to
meta-test tasks which are compatible with the hierarchical structure:

Assumption 5.1 (Task Compatibility). There exists a cluster Z* such that rrg is supported on
(Z*)° UExt(S). Furthermore, there exists an optimal policy ©* satisfying

(a) Conditioned on sy, € Z*, we have that (s, ap:) € Ext(Z*) for h' > h almost surely.

(b) The number of exits encountered by 7* is bounded by H.g with probability (.

Hierarchical compatibility. Intuitively, Assumption suggests that the task can be decom-
posed into a (Z*)-searching phase and a within-(Z*) phase. This decomposition captures the goal-
conditioned RL setting, which has been studied extensively in recent empirical works (Nachum
et al., [2019a; [Levy et al.l 2018; Nachum et al., [2018)). We expect the hierarchy oracle to reduce
the complexity of exploration in both phases. Thus, these conditions ensure compatibility with the
learned hierarchy.

Temporal Abstraction. Since a hierarchical learner makes decisions upon entering a new cluster
(to decide which exit to use/whether to stay), hierarchical planning can reduce the planning horizon.
Condition (b) quantifies this reduction. Note that in most practical settings, a learner that has access
to good sub-skills can achieve low failure probability ( even with modest values of Heg.

Hierarchical Suboptimality. Restricting the learner to executing hierarchical policies can greatly
reduce the search space. While this reduction leads to improved regret bounds, this also incurs
approximation error, as the optimal policy may not lie in this restricted class. We refer to this error
as hierarchical suboptimality. We will show that hierarchical suboptimality is controllable with
appropriate conditions on P, which require the following notions of reaching times:

Definition 5.1 (Reaching times). Fix a cluster Z, starting and goal states s,g € Z, and planning
horizon H < H. For any policy 7, let (so,s1,...,5;) be the states visited by 7 from s, where
sg = s. Then, we define

7 (s,9) ::min{he {OH} ’ sn = gand s € Z for b/ < h} U{L}
T5(s,9) = ir;fIE [TZ (s,9)] o
T™" (s, g) == infmin {h € N| P(T™(s,g) = h) > 0}.
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In words, Tg(s, g) is the time 7 takes to reach a state g from s while remaining within the same
cluster. By minimizing this quantity in expectation over all policies, we obtain 7% (s, g). Finally,
T™i (s, g) is the minimum time for which it is possible to reach g from s.

Definition 5.2 (Regular and low-variance dynamics). There exists c, 3,7 > 0 such that for any
cluster Z, states s, g € Z, and horizon H < H,

() ((cv, B)-unreliability) For any deterministic policy 7 with E[T7 (s, 9)] — T (s,g) < a,
T7 (s, g) has a sub-Gaussian upper tail with variance proxy 52E[Tg(s, 9)]2.

(b) (y-goal-reaching suboptimality) 7' (s, g) < (1 + Y)T™2 (s, g). ©

To understand («, 3)-unreliability, note that the condition only considers near-optimal deterministic
policies. Therefore, (a) quantifies the randomness in 77 (s, g) derived from the transition dynamics.
On the other hand, y-goal-reaching suboptimality quantifies the regularity of the dynamics, measur-
ing whether near-optimal goal-reaching policies nearly achieve the optimal expected reaching time.
Deterministic environments satisfies these conditions with & = oo and 5 = v = 0. We provide an
extended discussion of why these quantities control hierarchical suboptimality in Section [B.5] Note
that the guarantees of Definition [5.2] scales with the cluster width, and thus we have the following
final assumption:

Assumption 5.2. For any cluster Z and s,g € Z with s # g, T™"(s,g) < W. Furthermore,
Heﬂ'W < H.

Assumption limits the length of the subtasks within each cluster. This is consistent with
hierarchy-based methods in practice, with skills only being executed for a limited amount of time.
This width bound, together with Assumption suggests that 7* requires O(HgW) timesteps
with high probability. Therefore, the condition H.gW < H means that the task horizon is much
longer than the minimum time required to complete the task, which often holds in practice.

5.2 META-TEST REGRET GUARANTEE

We note that Assumption[5.Timplies that the hierarchy oracle induces a “high-level” MDP. We have
the following regret bound on applying EULER to this MDP:

Theorem 5.1. We work under Assumptions [5.1|and Furthermore, assume that the learner has
access to an e-suboptimal hierarchy oracle as guaranteed by Theorem[d.1| where ¢ < o. Then, a
learner that applies the procedure in Sectionto Mg incurs regret

Regret(N) < vV H?HegW LM N + Neésubopt
Esubopt = (1 + Hog + ﬁ\/Hieff)E + |:’YHeff + ﬂ(l + 'V) \Y Heff} W+ CH.
with high probability.

Observe that the irreducible hierarchical suboptimality eg,popt (i.€.

when € = 0) tends to zero as 7, 3,{ — 0. In particular, environ- O Z 1
ments with deterministic in-cluster dynamics do not incur hierar- VRN
chical suboptimality. We prove this regret bound in Section B} ’O‘ O

F
: : . . OO O
When does knowing the hierarchy help? Consider the binary /
tree environment in Figure[8] All of the leaves take the learner to a IO\ O
N\

state with exits with probability 1/2, with the exception of a special
O | O,

leaf £* that does so with probability (1/2)+ <. Rewards can only be
collected upon performing one of the exits (blue/purple). To achieve
low regret, a learner has to quickly identity £* and the correct exit.

Zs

We consider the set of task distributions indexed by £* that ran-  Figure 8: The hard instance in
domize the reward-granting exit. Knowing the hierarchy amounts Theorem

to knowing £*, reducing the exploration problem to determining the

correct exit. However, a hierarchy-oblivious learner needs to explore the tree, leading to regret that
is exponential in the tree depth. Formally, we have the following result:
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Theorem 5.2. There exists a family of task distributions such that any hierarchy-oblivious learner
incurs expected regret lower bounded by Q(?W/ 2V H2N) on at least one task distribution. In con-

trast, a learner with access to a O-suboptimaﬂ hierarchy oracle incurs regret bounded by O(v H2N)
with high probability, over any sampled task from any of the task distributions.

We prove this result in Section[B.4.3] using recent results by [Domingues et al.| (2021) which demon-
strate that the set of binary tree subproblems above form a set of minimax instances for any RL
algorithm. This separation result suggests that hierarchy-based learners gain in situations where
temporally extended exploratory behaviors are needed. This corroborates the experimental findings
of Nachum et al.|(2019b)), which attributes the benefits of hierarchical RL to improved exploration.

6 RELATED WORK

Hierarchical reinforcement learning has been studied extensively (Sutton et al.,|1999; |Parr & Russell,
1998;; Dietterich et al.l [1998; [Vezhnevets et al., [2017). An early approach formalizing the use of
hierarchies in RL is the options framework (Sutton et al., |1999), which fixes a finite set of available
skills/options. Since then, a large body of work has focused on designing methods for learning and
adapting these options during the learning process (McGovern & Bartol [2001; Menache et al., 2002}
Simsek & Bartol |2004; [Mann et al.l 2014). Of particular note is the work of [Frans et al.| (2018)),
which learns a finite set of neural network sub-skills in the meta-RL setting. On the other hand,
Laplacian-based option discovery in Machado et al.|(2017;2018)) defines options using proto-value
functions (Mahadevan, [2005), which captures global features of the state space. In more theoretical
directions, [Fruit & Lazaric| (2017); Brunskill & Li| (2014) provide regret and sample complexity
bounds, respectively, for learning with options. Additionally, Mann & Mannor| (2014)) demonstrate
that options can improve the convergence rate of approximate value iteration.

More recent empirical work has considered the problem of hierarchy learning beyond the options
framework in a wide variety of settings. [Nachum et al.| (2019a); [Levy et al.| (2018) provide algo-
rithms for learning hierarchies based on goal-conditioned policies, reducing the learning problem to
choosing subgoals. [Nachum et al.| (2018) considers a more general case when learned representa-
tions are used to map states to goals. Other works such as (Co-Reyes et al.| (2018)); [Eysenbach et al.
(2018)); Sharma et al.[(2019) provide intrinsic objectives for learning hierarchies without rewards.

Closely related is the work of [Wen et al.| (2020), which introduces a similar latent structure on the
state space, and provides sufficient conditions ensuring sample-efficient and tractable hierarchy-
based learning. However, their works hinges on prior knowledge of the latent structure, while a
major focus of our work is discovering the structure itself from interactions.

Several heuristics have been proposed in prior work for the detection of useful bottlenecks in MDPs
(McGovern & Barto, 2001; Menache et al.l [2002; [Simsek & Barto, 2004} Simsek et al., [2005). In
particular, |[Simsek & Barto| (2004)) define the notion of access states, states which maximize short-
term novelty of future states. Although exits as defined in Definition meet this heuristic, we
note that cluster interiors may also contain bottlenecks also meet these conditions. In contrast, our
algorithm would not detect these bottlenecks; however, this behavior is desirable as such bottlenecks
are unimportant for meta-learning.

7 CONCLUSION

We have demonstrated that certain natural coverage conditions allow for learning useful hierarchies
from tasks. Interesting future directions include analyzing hierarchy-based multi-task RL and ex-
tending the ideas in this work to continuous state and/or action spaces. Another interesting direction
would be to provide sample-efficient algorithms for learning additional structures that can be im-
posed on the learned hierarchy, such as cluster equivalences as in Wen et al.| (2020).

*We use a O-suboptimal hierarchy oracle for the separation result for ease of presentation.
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A META-TRAINING PROOFS

A.1 ALGORITHM

In this section, we provide the complete algorithm for exit detection with optimistic imagination.
For readability, we separate the three phases.

A.1.1 PHASE I: TASK-SPECIFIC LEARNING

Algorithm 1 Exit Detection, Phase I: Task-Specific Learning

Require: Tasks My, ..., Mr, Nycgyi UCB VT iterations, Nts policy samples, threshold N5
1: forallt € [T] do
2: Dt — @.
Obtain policy set ¢ «+ UCBVI(M,, Nycgvi)-
foralln =1,..., Npg do
Sample 7 ~ Unif (®?).
Play 7 in M, add all (s, a, s’) pairs to D*, get sum of rewards v,
Form estimated dynamics model I@)t from D;.
Nrs
8: Form optimal value estimate V; < —— (n)
p Vi ; v
9: Nie(s,a) < {(z,u,2") € Dy | x = s,u = a}l.
10: for all (s,a) € S x Ado
11: if Ny(s,a) < NIS_, then Py(- | 5,a) « 0.

thresh

AN A

12: return dynamics estimates PP, and value estimates V; for ¢ € [T].

A.1.2 PHASE II: LEARNING REFERENCE DYNAMICS

Algorithm 2 Exit Detection, Phase II: Learning Reference Dynamics

Require: MDP M, NEF = Euler iterations, Nry policy samples
1: Set policy class ¥ +— & and dataset Dy < @
2: forallg € S do
3: Create MDP M, from M with horizon 2H and P (& | g,a) = 1 for any a.
4: r¢(s,a) < 1[s = g] forany (s,a) € (SU{S}) x A.
5. ®9 + EULER(M,, 74, NEPER)
6: 7h (- | g) <= Unif (A) form € 9, h € [HJ.
7: Add policies in 9 to U.
8: foralln =1,..., Ngr do
9: Sample 7 ~ Unif ().
10: Play 7 in M and obtain trajectory (s, ao, - - -, Sof ).
11: Sample h ~ Unif ([2H]) and add (s, ap, Sp+1) to Drp.

12: return reference dynamics I@’Q formed from DRrp.

13



Under review as a conference paper at ICLR 2022

A.1.3 PHASE III: EXIT DETECTION

Algorithm 3 Exit Detection, Phase III: Exit Detection

Require: Ngp, NFP | NEL . Ngp, policy samples
1: Initialize ISEXIT[s, a] <~ FALSE for (s,a) € § X A.
2: while True do
3: for all t € [T] do
Po(- | s,a) < Py(- | ;a) for (s,a) € § x A with ISEXIT[s, a.
Vi Qt OPTIMGVI(IPO, (Py,...,Pr), re, ISEXIT)
if V{(s0) — Vi > (2/3)( then
Run greedy policy with respect to Q Ngp times and form estimate P for (s,a) pairs
visited at least N/} .., times.
for all (s,a) € S x Awith P(- | 5,a) # 0 do

Nk

0: if (3t € [T]) Pi(- | 5,0) £ 0and [ B(- | 5,0) = Be(- | 5,0)| > 3/2 then
10: ISEXIT[s, a] <— True

11: Py(- | s,a) + LEARN-EXIT(M,, (s,a), NEL .., NgL) for all ¢ € [T
12: if no new exits found after passing through 7 tasks since last found exit then

13: return [SEXIT

Algorithm 4 Borrowing Optimistically Across Tasks during Value Iteration (BOAT-VI)

1: procedure BOAT-VI(Reference dynamics Py, Estimated dynamics (I@’l, . J@’T),
Reward function r, Table ISEXIT[S x A])

2: Vi (s) < 0fors € S.

3: foralh=H —1,...,0do

4 for all (s,a) € S x Ado

5: if ISEXIT[s, a] then

6: Qn(s,a) «+ r(s,a) + PoVhyi(s,a)

7 else L

8: A Qn(s,a) f— r(s,a) + maxi—o,... 17 P Vihyi(s,a)
o: Vi(s) + max, Qn(s,a) fors € S.

10: return V, Q

Algorithm 5 Exit-learning subroutine

a), NE&ER EULER iterations, Ng;, policy samples)

1: procedure LEARN-EXIT(MDP M, exit (s,
2: Create MDP M from M so P(S | s,a) =
3 7(s',a") < 1[(s',a") = (s, ]forany(s’, ) (Su{e}) x A

4: U EULER(M 7y NEL LD

5: foralln =1,. NEL do

6: Sample 7w ~ . Unif ().

7 Play 7 in M and obtain trajectory (sg, ag, - - ., SH)-

8 return reference dynamics P(- | s, a) formed from all trajectory data.

14
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A.2 OTHER ASSUMPTIONS AND RELEVANT DEFINITIONS

The remaining assumptions quantify the reachability of certain states. First, we have the following
assumption, which in effect ensures that one can reach most states regardless of exit configuration
in the meta-training tasks:

Assumption A.1 (Non-limiting exit configurations). Let M = (S, A, P, H) be any reward-free
environment with time-varying dynamics

P (- | 5,a) = Pypsa)(- | 8,a) forsomet: [H] xS x A— [T).
Then, there exists C > 1 such that for any s and t € [T,
max Ppy(s € 7r) < Cmax P, (s € 7r)

Intuitively, the assumption states that the reachability of a state in M; would not be significantly
improved even under an optimal configuration of the exits. Therefore, running reward-free RL on
one of the meta-training tasks is sufficient for learning all non-exit (s, a) pairs.

Remark A.1. We note that Assumption [A.] is restrictive in that it requires that every state be
roughly reachable in any of the meta-training MDPs. This may not hold in practice, e.g., consider a
four-room environment where one of the rooms is blocked off for one of the tasks. However, this can
be weakened to requiring that s be reachable in at least one of IV arbitrarily chosen meta-training
tasks. This would require that the algorithm run Phase II over N meta-training tasks, which results
in a benign increase in the query complexity of the algorithm, so long as NV is a constant much
smaller than T". We focus on the N = 1 case for ease of presentation. a

To simplify the presentation of the rest of the assumptions, we recall the following definition of
d-significance in Jin et al.|(2020):

Definition A.1. A state s is d-significant if max, P(s € 1) > §. Additionally, we say that (s, a)
is d-significant if s is d-significant. o

Note that we have modified the definition to remove the dependence on the timestep h € [H|. This
is because the dynamics are stationary, and thus it does not matter when s is visited in a trajectory.

Note that Assumption implies that a reachable entrance in one task is reachable in all tasks
(i.e., is significant in the sense of Definition[A.T). Therefore, we can quantify the minimum level of
significance

Definition A.2 (p-significant entrances). For any s € Ent(S), s is p-significant for any task. o

Finally, we want to quantify the reachability of every exit from any entrance in the same cluster,
assuming that it is indeed reachable:

Definition A.3 (In-cluster exit reachability). Fix any cluster Z, entry s € Ent(Z), and exit
(9,a) € Ext(Z). Consider the reward-free environment M|z = (Z, A,P;|z, H), where P;|z
is the restriction of P, to Z x A and the starting state is s. Then, if g has nonzero significance in
M|z for any ¢ € [T, then it is £¢-significant. o

The requirement that the assumption hold for any ¢ € [T is without loss of generality since non-exit
dynamics do not change.

A.3 VERIFYING EXIT DETECTION

In this section, we demonstrate that the algorithm in Section can successfully discover Ext(S)
with high probability. Formally, we have the following result:

Theorem A.1 (Provable exit detection). Assume we run the algorithm in Section [A. 1| with the pa-
rameter choices given in Table|l| Then, with probability at least 1 — p, the algorithm returns an
array ISEXIT satisfying:

{(s,a) | ISEXIT([s, a]} = Ext(S).

To prove this result, we proceed with a phase-by-phase analysis of the algorithm in Section [A.T}
which we then compile into proof of the desired result.

>One can weaken this assumption in a way that is compatible with the weakened form of Assumption
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Parameter Value

H2SA 5 HSAT

N,
UCBVI min(a, ¢)? 8 p
HY 1 SAHT
TS —, = —
Nthresh S max ( CQ ’ 52> log pa min(ﬁ, C)
R o HS H . SAHT N H? o SAT
max (| —5, ——
TS al?’ af? gpamin(ﬂ7<) min(a, ¢)? &)
H2S4A s HSA
NE S ) tog? 12
min(pmin(e, &), (/C) P
N H°S%A o A
RF min(pmin(e, £9)?, ¢2/C) gp
S SAH
Nt}i]r)esh ?logm

N HKSIOgSAH+H2K2 logE
P (32 pCB IS P

HY 1 CSAHT

EL —5 =5 —

Nthresh L max ( Cz ’ /82) log pa min(ﬁ; C)
CH3S2A . . (HSAT

N]?lJLLER «a logd ( >

N D (CH® CHY |~ CSAHT  C*H? = SAT

P il
EL al? ' af? gpamin(g,g) a? BT

Table 1: Table of parameters for the results in Theorem Since K < SA and L < S, the agent
does not need to know K or L in advance, at the expense of a worse sample complexity bound.

A.3.1 PHASEI ANALYSIS

First, we prove that during Phase I, Algorithm [T|sufficiently visits all relevant exits and that all value
estimates are sufficiently close. Formally, we have the following result:

Proposition A.1. Set

a1 AHTN.
Ntri?csh =Q {Smax <<2, 52> og SpTS} ,

and consider the following procedure applied to one of the meta-training tasks M:

1. UCBVlIis run for

]
min(e, 02 °  p

(t) (t)
1 TN

H2SA HSAT
Nycgvi = € ( 2 )

iterations, generating policies T
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2. The learner uniformly samples

H H? TK
NTS =Q (O[NtrI}Eesh + g log p)

min(c, ¢)

policies from the previous step, runs each policy in My, and obtains a dataset of transitions
D, and returns V) | ...V (Nrs),

Then, with probability at least 1 — p/3T,

(a) We have the regret bound

Vo (s0) —

1 Nrs o 1 Nuycsvi )
R SUCEES) SRt
= =1

S|y

<

(©) If (s, a) is a-important for My, then Ni(s,a) > Ninresh.-
(d) For every (s, a) pair such that N¢(s,a) > Ninresh,

sup ] [(Pt - Pt)f} (s, a)' < min (C BH) .

F:5-5]0,H] 24H’ 2

To prove the above result, we first recall the following regret bound on UCB VI, as proven by |Azar
et al.[|(2017):

Lemma A.1 (UCBVI regret bound). For sufficiently large N, with probability at least 1 — p/6,

N

N 1 - [H?SA HSAN

VO(SO)*NZVO’C(SO)S N log< D )
k=1

As we will see later on, with our choice of Nycpyi, we obtain the desired regret bound in (a).
Additionally, by Hoeffding’s inequality, the average of Ntg returns concentrates around the desired
quantity with high probability, proving (b). Thus, all that remains is ensuring that every a-important
exit is sufficiently visited, and thus their dynamics are sufficiently well-estimated.

Recall from the main text that the key step is demonstrating that a near-optimal policy for a task
must visit its a-important states with non-negligible probability:

Lemma A.2. Let (s, a) be a-important for M, and let w be an e-suboptimal policy for ¢ < «. Then,

P((s,a) € 1) > %(a —e).

Proof. By a-importance,
* \(sra) o Sk ™ g \(s:a)
a < Vi (s0) = Vg ¥ (s0) < {Vo *(s0) = V5 (30)} + [VOM’ (s0) = V5" (s0)
n \(s10) 4
< [V (s0) = Vg s0) ] e

Therefore, by applying Lemma and noting that {A N7, # &} = {(s,a) € 7}, we obtain the
desired result. O

Through the prior result, we can relate the UCB VI regret bound to the probability that a randomly
chosen UCB VI-generated policy visits an a-important state:
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Lemma A.3. Let (s, a) be a-important for M. Assume that UCBVI, when run for

H?SA HSA
Nycpyi =2 ( — log? )
« p
iterations, generates policies 71, . .., mn. If we sample w uniformly from these policies and let T be

the (random) trajectory generated by this randomly selected policy, then
P((s,a) eT) >
conditioned on the high probability event in Lemmal[A.1]

@
2H’

Proof. By Lemmal[A.7] for any fixed 7, we can write
1 * T
P((s,a) € ) 2 (@ = [V5'(s0) = V5" (s0)])+,

where 2 = z1 [x > 0]. Then, since 7 is chosen randomly from the policies generated by UCBVI,

P((s,0)€7) = + > P((s,0) € x,) E = V5" (s0) = V5™ (s0)])+
N HN
k=1

1 1 &
=7 |77 20~V o)

Therefore, by applying the regret bound in Lemma([A.T|and the choice of N, we find that

P@@eﬂ>%; 0

With all of the above intermediate results, we can now prove Proposition[A.T]

Proof of Proposition[A.]] Throughout this proof, we condition on the high-probability event in
Lemmam A.1] instantiated to occur with probability at least p/127.

(a) By the choice of Nycpvr,

2
Nucsvi 2 HCEA log® HSAT7

p
and thus, we obtain the desired bound by plugging this value into the regret bound provided
by Lemmal[A.T]
(b) Note that (V(i)) are i.i.d., bounded in [0, H], and for any ¢ € [Ntg],
~ 1 N ﬂ'l(ct)
E [V(l)} == DOV (s0):
k=1

Therefore, by applying Hoeffding’s inequality, with probability at least 1 — p/12T,

Nrs Nuesvi 2 T

v Vo* (s0)| S 4 —— log —
NTS Z NUCBVI ; 0" (o)) 2 Nrg

The result 1mmed1ately follows from the fact that Ntg > (H?/(?) log(T/ p).

(c) The result simply follows from Lemma [A.T6| instantiated with failure probability 1 —
p/12T, together with the choice of Nthmh

(d) With the choice of Nycgvi, the conclusion of Lemma@]can be made to hold with proba-
bility at least 1 — p/247T. Fix an a-important exit (s, a) for M., so that the probability that
(s, a) is visited by the procedure is at least «/ 2H By Lemma[A.15] sampling Nrrg trajec-
tories is sufficient to ensure that Ny(s,a) > NIS  with probablhty atleast 1 — p/24TK.
Therefore, by performing a union bound over the set of a-important exits (which contains
at most K elements), N¢(s,a) > N5, for any a-important exit with probability at least
1 — p/24T. Thus, overall, this event occurs with probability at least 1 — p/127.

Since each part fails with probability at most p/12T, the overall failure probability is at most p/3T,
the desired result.
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A.3.2 PHASE II ANALYSIS

In this section, we provide guarantees on the dataset Dry obtained by performing reward-free RL
in Algorithm 2] Formally, we have the following high-probability result:

Proposition A.2. For any § > 0 and failure probability p, if Algorithm2]is run with parameters

H25%A HSA
N]%JFLER =0 ( 5 10g3 p >

C 1
NRF =0 [max (C2, 7pmin(£,5o)2

AT
> H55%Alog ]

p
Then, with probability at least 1 — p/3:

(a) The distribution | generating each sample in DRy satisfies

P((s,a) € 1)

s € S is d-significant in M1 (2H) = max <4SAH.
a,m (s, a
(b) The estimated dynamics model P satisfies
2
E(s.am ‘ pP_p ‘ 1o =
s 1 B [ (- 2] .0 o= vt

< min ¢?  pmin(e, gg)? 1
~ 4.242C° 16 H3S8A"

The details of the proof of Proposition follow that of Jin et al.| (2020), which we provide here
for completeness. First, we adapt the regret bound from Zanette & Brunskill| (2019) for any MDP
and reward function used in Algorithm 2]

Lemma A.4. Forany g € S, running EULER in M for N iterations returns N policies 7y, ..., TN
satisfying the regret bound

A AHN 2AH? AHN

—1
N 0g P N g D
with probability at least 1 — p.

Proof. Observe that

;N H 2
NHZEﬂ—k Z sh,ah) VO (So)) So

S
g N H—1 2
STZ (ZT(Sh,ah)> + (Vg™ (s0))? | s0
=1 h=1
2 & —
< N72 e ; r(sn,an) + Vg ™" (s0) 0]
< ﬁ o (s0)-

Therefore, by applying the regret bounds from [Zanette & Brunskill| (2019), we obtain the regret
bound

N SA  SAHN S2A’H? ., SAHN
Vi (s0) NZVOkso \/4V0(50)N1g b TN log® 5

with probability at least 1 — p. O
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With the regret bound above, we now proceed to prove Proposition [A.2]

Proof of Proposition|A.2] (a) Fix a 0-significant g € S. Note that for ¢, Vi (so) = P(g € 7,) for
any policy 7. Therefore, via the regret bound from Lemma and the choice of N} we obtain

EULER?

]\,I{F

EULER

1
NEF Z Plge ) < imjme(g € Tr)

max P(g € 1) —
g EULER f,—1

= mj}xP(g € 7)< NEULER Z P(g € 1)
7rE<I>

with probability at least 1 — p/25. Now, since 7r(~ | g) ~ Unif (A), we have that for any a,

mfuxP((g,a) € Tr) NEULER Z P((g,a) € ).
Ted,

Finally, by applying the same argument above across all J-significant g € S, we have that for any
(9,a).

mT?“XP((gva) € T7T ZIE%‘_XP (97 ) € Tw) <254 SNEULER Z P 97 E Tﬂ')
geS RF Tew

with probability at least 1 — p/2. To complete the proof of (a), observe that

1 1 P((s,a) € 7r)
SNlliZ%LER Z ZHP((g’ a) € 7x) < p(s,a) = max ——————> <4SAH,

5,0, (s, a

since conditioned on (g, a) € 7, the probability that (g, a) is sampled is at least 1/2H.

(b) The result follows by following the same proof of Lemma C.2 in|Jin et al.| (2020), with failure
probability p/2. Note that the dynamics are stationary, and thus we do not need to perform a union
bound over the time step h € [H]. O

A.3.3 PHASE III ANALYSIS

Having analyzed the previous two phases, we now show that Algorithm 3]successfully finds all exits
during Phase III. As part of this, we prove the following guarantee:

Proposition A.3. Assume that Algorithm[3]is at Line[3} having just arrived at this step for the first
time, or after finding a new exit. Let E = {(s,a) | ISEXIT([s, a]}. We assume:

(a) E C Ext(S).

(b) The high-probability events in Proposition|A. ]| - ( for any t € [T]) and Proposition (for
§ < ¢/24CH?S) both hold, providing estimators IP’O, P, ... P

(¢c) Forevery (s,a) € E andt € [T, we have access to an estimator Py (- | s,a) for Py(- | s, a)
satisfying
5 . ¢ pH
B,—P } , ’ < S 2
1S ’ {( ¢~ P)f] (s,0)] < min (24H 2

Then, if E = Ext(S), the algorithm terminates after passing through T tasks. Otherwise, if E #
Ext(S), the following events hold simultaneously with probability at least 1 — p/3K :

(a) For one of the next T tasks that the algorithm inspects, there exists at least one t € [T') such
that

2
‘Vt—Vt > 2C.
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(b) For the task in (a), running Lines [/H11\finds at least one (s,a) € Ext(S) \ E (and only
(s, a) pairs in this set), and learns an estimator Py(- | s, a) for Py(- | s, a) satisfying
; . ¢ PBH
B, —P } , ’ < S 2
PRy ’ {( ¢ = P)f] (s,0)] < min (24H 2
To prove the above result, we will consider the following special set of MDPs:

Definition A.4 (Imaginable MDPs). Fix a task M. Furthermore, let £ C Ext(S). For any function
Z:8xAx[H]—{0,...,T}, we can construct an associated MDP M7 = (S, A, Pz, ry, H) via

h
IP)(I )< ‘ Saa) = HJ)I(s.,a,h)(' ‘ S,(L).
We define the set of imaginable MDPs to be the set M;(E) to be the set of MDPs generated by any

7 satisfying
{ty (s,a) e B
T h '
(87 a ) < {{0} U {k ‘ Nk(S, a) 2 Nthresh} otherwise °

Informally, M;(E) is the set of obtainable MDPs by borrowing dynamics for (s,a) pairs that are
not known to be exits. This set is of particular interest in our analysis, since BOAT-VI performs a
maximization over the MDPs in this set:

Lemma A.5 (Optimism). Assume the preconditions of Proposition Over the course of running
Algorithm[d] the algorithm implicitly defines an index function T : S x Ax [H] — {0,...,T}. This
Sunction T satisfies Mz € My (F), and Mz is a maximizer of

max _max V5" (s).
MeM(E) 7

Proof. To see that Mz € M, (E), note that if (s,a) € E, then I} (s,a) = ¢ for any h € [H].
Otherwise, note that although the maximum is over all indices, Py(s’ | s,a) = 0 for any s if
N¢(s,a) < Ninresh- Therefore, since the estimated value function is always positive, the maximum
is effectively only over any k with Ny (s,a) > 0. Thus, Mz € M;(E).

Now, we prove that M7 = M is a maximizer of the estimated value function, which we prove by
induction. Let Z’ be another index function satisfying M’ = Mz, € M (FE). Clearly, V;Iw *(s) =
0 < V;;"*(s). Then, for any i € [H] and (s, a),

Qh *(s,a) =r(s,a) + I@’I(S’a’h)lei*(s,a)

5 O Mk 3 M
2 T’(S, a) + ]PI’(s,a,h) Vh+1 (57 CL) Z T(‘S? CL) + ]P)I/(s,a,h) Vh+1 (57 CL)
AM/)*
= Wh (37 a)’

where the first inequality follows from the definition of Z, and the second follows from the inductive
hypothesis. Therefore, for any s,

Vh 7*(3) = maXQ'}i\Av*({S’CL) 2 max Q;LMI’*(S7CL) _ Vh l’*(S)

Thus, by induction, %M’*(so) > ‘A/OM/’* (s0). Since the argument applies for any Z’, we have shown
the desired optimality result. O

Note that M is contained in M;(E) via our assumed preconditions, suggesting that the BOAT-
VI should find an MDP with a sufficiently over-optimistic value. However, the maximization above
makes use of estimated dynamics, and thus we need to prove that every MDP in M, (E) is sufficiently
well-estimated. We now show that the preconditions of Proposition[A.3]are sufficient for estimation.
To this end, we recall the performance difference lemma:

Lemma A.6 (Performance Difference). Fix two MDPs M = (S, A,r,P,H) and M' =
(S, A,r,’, H). Then, for any policy T,
80] .

H-1

VM (s0) = Vi (50) = Eate | S (B — Pi) Viga) (s, an)
h=0
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We now present the estimation result:
Lemma A.7. Forany 7 and t € [T), let V;""™ (so) be the value of a policy © in M € M,(E), and
VOM’”(SU) an estimate using available quantities from the preconditions of Proposition Then,

¢

sup sup [ V57 (s0) = V5 (s0) | < 2.
tE[T] MEI\T/rHt(E)

Proof. Fixat € [T], M € M,(E) and policy 7, with associated index function Z. Lemma
implies that

H-1
‘/0,/\/[,71‘(80) N ‘/(i/\/[,ﬂ"(so)’ < ]EM,ﬂ |: [(]P)(h) — [[D(h))vhﬂ+l:| (sh,ah)H
h=0
H-1 R A
<Y H(]p(h) —P<h>)vg;1} (57(1)‘ PM7 (s, a).
h=0 (s,a)

We now define the following sets:

Us = {(s, a) is d-insignificant for M }

By = {(S7a) ‘ Ih(sva) # 0} \(EU U5)

Ry ={(s,a) | Zn(s,a) = 0} \ Us.
Note that R, is estimated via reference dynamics from Phase II, while By, is estimated using task-
specific dynamics from Phase I. Then, for a fixed &, we can decompose the inner sum above as

> H([@(h) _ ]p(h))vhql} (s,a)‘ PM7(s,a)
(5.0)

< H@(m _w))‘;hﬂﬂ} (S’G)‘ PMT(s,a)
(s,a)EE

=0
+ > H(I@(m,p(h))vhf“} (s,a)’P,fVl’w(s,a)

=:(II)

+ Y H(]fb(h)_lpv(h))v}gl} (sya)‘Pﬂ’”(s,a)

=:(1I)

+ Z ‘ [(I@(h) _ P(h))vhtkl} (8, a)‘ P}{\/l,ﬂ'(s’ a)
(s,a)€Us

=(IV)
Note the inequality since E N Us is not necessarily disjoint. We now bound the four terms above
separately.

Bounding (I): Dynamics Error from Known Exits. We first bound (I), which we note derives from
errors in estimating the dynamics of known exits. Recall that by precondition (c) in Proposition[A.3]

sup H(I@’t - Pt)f} (s,a)‘ < ﬁ

f:8—[0,H]
Therefore,
W= [[E" —P")Vr,] (s.0)| P (s,0)
(s,a)EE
I Orm , T C T
= > |[@ =PV ] (s.0)| BT (s ) < g PM™(s,a)
(s,a)EE (s,a)€E
< S
— 24H
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Bounding (II): Reference Dynamics Error. Note that within R, P, = Py, which we estimate via

Py. Therefore, we bound the error resulting from using Dry to estimate Py. This part of the proof
follows that of [Jin et al.| (2020). First, by Cauchy-Schwarz,

m= 3 H(I@W)—P(h))vhql] (s,a)‘P}/L\A’”(s,a)

(Saa)ERh
_ 7 Crm M,
= > [ ~Po)Vir] (s.0)| PV (s,0)
(s,a)ER},
1/2
~ ~ 2
<| X |[®0 PV o) A5 0)
(s,a)ER}

Observe that Vhﬂ+1 only depends on 7 through timesteps h + 1, ..., H — 1. Therefore,
» ¥ 2 M,
> | @ PV ] (@) BMT(s0)

(s,a)ERy

<, [0t o A1) =
(s,a)ER},

By applying Assumption[A.1]
PM™(s) < PM(s € 1) < max PM(s € 7,) < Cmax PMi(s € 7,)
< Cmax PMCH) (s e 7.y <A4CHS Ap(s, a),

where we have applied Assumption to move from M to M;. Substituting into the earlier
expression,

max Z ‘ {(]f”o — IP’O)V,ZFH} (s, a)‘2 P,iw”r(s)]l [v(s) =d]

< ACHSA max ( Z):R H(IP’O - PO)V,;TH] (s, )
s,a)ERp

< 4CHSA max Z H — Py Vh+1] (s,a)

1o = v(s)) s, a)
’2

1a=wv(s)] u(s,a)

=4CHSA VIESIiXA IE(S’Q)N’u |:‘ [(]Po - PO)Vh”JrJ (S, a)

2
‘ Illa= 1/(3)]} .
Thus, by applying the bound on the right-hand side provided by Proposition[A.2]

an = Z H(H}(h) _ P(h))v}fﬂ} (s,a)’ P,{V"”(s,a) < ﬁ
(s,a)€Rp

Bounding (IIT): Error from Task-Specific Dynamics. Recall that on By, P, = Pj for some
k # 0. Thus, (II) is the error resulting from dynamics estimation in Algorithm[I} By following the
same argument as that used to bound (I) and applying Proposition[A.T] we find that

- O ,TT C
> |[@" )] (s,0)| B (s 0) < S
(s,a)EBy,

Bounding (IV): Error from J-Insignificance. The remaining set of (s, a) pairs are those such that
s is d-insignificant in M. Note that

W)= 3 y[@wumwwgﬂ} (s,a)‘P,f“(s,a)gH 3> PMT(s,a)
(s,a)€Us (s,a)€Us

=H Y PY7(s)

seUs
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As aresult,
P}?A’”(s) <PMser,) < mgxPM(s € Tn) < C’m;rxxPMl(s € Tr)
< Co.
By setting § = (/24C H?S when performing reward-free RL in Phase II, we thus find that

(37;[]6 ‘ [(P(h) - P(h))f/ﬂrﬂ} (S,a)) Pf{wm(s,a) p %

Concluding. By combining the bounds on (I) through (IV) and summing across h =0,..., H — 1,
we find that

~ M, -
75" (50) — Vi (o) < &

Note that this argument simultaneously applies to any such M; therefore, the desired conclusion
follows. O

The prior estimation result, together with Assumption 1] suggests that BOAT-VI should find an
MDP that sufficiently overestimates the value of the task so long as not all exits have been found.
This ensures that the exit-finding routine is triggered. Formally,

Lemma A.8. Assume the preconditions of Proposition and that E #+ Ext(S). Additionally, let

t € [T be the task with a C-overoptimistic value when borrowing exits Ext(S) \ E. Finally, let V'
be the value function returned by Algorithm[@d on M. Then,

Vii(so) = Vi > C

Proof. Throughout this proof, we omit the timestep 0 and the initial state sq for brevity. Define M*
and 7* to be the maximizers of

max max VM7,
MEeM,(E) =

Furthermore, let M be the imagined MDP guaranteed by Assumption on top of My, such that
VM > Mex 1 ¢ Then, we have that

*

M M (VM,TK‘ _ ‘}M*,w*) + (VM*,W* _yMim )

>0 >—(/6
+ (VM*;N* . VM7'7T) + (VM,ﬁ N VM“*)
>0 >¢
5
> —=(.
6C
Furthermore,
R Nucsvi (t) Nuycsvi A
VMt7* —V, = VM"* _ VMf T, V/Vlt, _ ,
K < NUCBVI Z NUCBVI Z
>0 >—(/6

where the first follows from optimality, while the second follows from Proposition [A.2] Thus,
putting the two inequalities together,

9
ViV > 3¢ O

While the prior algorithm ensures that at least one of the tasks will trigger the exit condition, the
actual task that triggers the condition may not be the same one invoked in the proof above. Never-
theless, we can prove that the trigger condition ensures that the algorithm will find a new exit.
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Lemma A.9. Assume the preconditions of Proposition and that E # Ext(S). Lett € [T] be a
task such that the value estimate V* returned by Algorithmsatisﬁes Vi (so) — Vi > (2/3)¢, and
let 7 be the optimal policy for V. Then, there exists (s,a) € Ext(S) \ E such that for some t' # t,
(@) Ny (s,a) > NES | andPy(- | s,a) #Py(-|s,a).
(b) PMi((s,a) € 7)) > (/6K H.
Proof. Let M be the implicit MDP defined by Algorithm [4]in the process of computing V. We

will prove a value gap between M and M, which implies that 7 must visit state-action pairs with
imagined dynamics.

Note that
Vi (s0) = Vi (s0) = Vi (s0) = Vi (s0) | + [V (s0) = V4]

>—(/6 >(2/3)¢
A 1 Nuycsvi My ® ‘|

+ | Vi — yMem (g
I *" Nycsvi ,; 0 (s0)

(t (SO) _ VOMt,*(SO)] 7

=—¢/6
where the first inequality comes from Lemma[A.7]and the last two inequalities come from Proposi-

tion Thus, Vi (s0) — ViM* (s0) > ¢/6.

We now leverage this value gap to show that m must use some exit (s,a) whose dynamics
in M have been modified from M; with some probability. Formally, define the set A =
{(s,a,h) | Pi(- | 5,a) # P'(- | s,a)}. By construction, A C Ext(S)x [H], and forany (s, a, h) €
A, there exists t' such that Ny (s,a) > NES_ . and Py (- | s,a) = PM(- | s,a). Furthermore, A
must be non-empty, as otherwise, P, = P for all h, and thus V5" (s9) < V§"'*"*(s0), a contra-
diction. Therefore, by applying Lemma|A.17] we find that
6%<fmwmmA¢mg > PMt((s,a) € ),
{(s,a) | (s,a,h)EA}

which implies the desired result, as {(s,a) | (s,a,h) € A} has at most K elements. O

Because of Lemma[A.9] we simply need to run 7 enough times and threshold at the number of sam-
ples needed to reliably determine which (s, a) pairs have an O(3) change in TV distance between
tasks.

Lemma A.10. We work in the setting of Lemma[A.9] Set

S SAHN, HK H?’K? K
Nglll?esh =0 (2 IOg ED) and Ngp = (2 <NtEhIr)esh + 9 IOg ) .
s ¢ ¢ p

Then, if we execute T within My Ngp and let N (s,a) be the number of times that (s, a) is played
in this process, then with probability at least 1 — p/6K, the following hold:

(a) For the (s,a) pair and task t' in Lemma@ N(s,a) > NED  and

thres

Hngw_@mw&@Mv>§.

(b) Forany (s,a) € Ext(S) with N(s,a) > NEP | and t' with Ny (s,a) > 0

B 15,00 B 150 <2
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Proof. By the choice of Ngp and the lower bound PM¢((s,a) € 7,) > (/6K H from Lemma
we guarantee that N(s,a) > NEP . with probability at least 1 — p/12K. Furthermore, due
to the choice of NEP_ . . with probability at least 1 — p/12K, we have that for any (s,a) with
N(s,a) > NED

B

thresh>
[BC15.0) =PI s,0)| < T

by applying Lemma[A.T6] We condition on these two events simultaneously for the rest of the proof,
which occurs with probability at least 1 — p/6K.

We now prove each part separately. For brevity, we omit (s, a) wherever it is understood.

(a) By applying the triangle inequality,
g

P, — P, <Hp _fp] Hﬁ»_fp,y .
[P t||Tv— t TV+ t ™V 2

e,
TV

<[t
TV

Therefore, by lower bounding the left-hand side using 5-dynamics separation in Definition
[.1] we find that
B

‘1@(- |s,a) — Py (- | s,a)HTv > 5

(b) The triangle inequality implies that

P — Py, ’ < ’I@)—PtH +||Pt—Pt'HTV+HPt’ ~ P, < é,
TV TV e—— TV~ 2
—_——— 0
<B/4 <p/4
where the bound on the first term is provided by Proposition[A.T] O

The prior result demonstrates that if the exit-finding condition is detected at any point by the al-
gorithm, then the algorithm finds a previously undiscovered exit in Ext(S). At this point, all that
remains is to ensure that the algorithm sufficiently learns the dynamics of the newly-found exit in
all of the meta-training tasks.
Lemma A.11. Fix an (s,a) € Ext(S), which was found via exit detection, and let
H* 1 SAHNgT
Nt}i];esh =0 [Lmax (CQ, ﬂ2> og———

Assume we run the exit-learning subroutine with

CS?AH3 4 (SAHT
5 log

EL
Negier = 2 Nipresh + a2 log

H 2p2 AT
and NEL:Q(Ca BL ¢ 5 )

in each of the tasks. Then, with probability at least 1 — p/6K,

F:8=[0,H] 24H' 2

max |[(B ~P))f] (s.0)| < min << ﬁH)

foreveryt € [T].

Proof. Fix a task ¢t € [T]. Note that Assumption [4.1] implies that (s, a) is (a/H)-significant for
some task. Then, (s, a) must be (a/C H)-significant for all of the other tasks by Assumption

By applying Lemma [A.4] the set of policies found by the exit-learning subroutine for every task
t € [T satisfies

NEL
1 EULER
mgxP((s,a) € Tr) — NEL Z P((s,a) € Tr,)

EULER f—1

SA SAHTNEL S2AH? SAHTNEL
,S \/mgxP((s, a) S 7'77) NE‘L IOg , EULER + NEEL 3 5 EULER
ULER ULER
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with probability at least 1 — p/18T K. By setting

CS?2AH3 HSAT
Ng{iER 2 o IOgB ( ) )

we thus find that for any ¢ € [T,

o} 1 1
— < = ) < —— T.) .
250 D) InT{rixP((&a) € Tr) VEL E P((s,a) S ,r)

EULER rcqp, (s,a)

Note that the right-hand side is exactly the probability that the trajectory of a randomly chosen policy
in (s, a) contains (s, a) in the trajectory. Therefore, by applying Lemma|A.15] playing

CH2NEL . C2H'  SAT
res + 5 log p

Ngp, = (

o o
is sufficient to guarantee that we obtain at least N5L | samples from P;(- | s, a) with probability at
least 1 — p/18T K. Since (s,a) € Ext(S), P:(- | s,a) (and by extension, P;(- | s,a)) is supported
on Ent(S). Therefore, we can modify the proof in Lemma so that with probability at least
1 —p/18T K we get the bound

max ‘ [(]P’t - Pt)f} (s, a)‘ < max ‘ [(I@’t - Pt)f} (87(1)‘

f:S—10,H] ~ f:Ent(S)—[0,H]

(¢ pH
< min (241{2)

with NFL  depending linearly on L instead of S.

Note that by performing a union-bound, all events occur with probability at least 1 — p/6TK.
Performing a second union-bound over all of the available tasks results in the desired failure proba-
bility. O

At this point, we have effectively proven the second half of our Phase III guarantee. All that remains
is to prove that if {(s, a) | ISEXIT[s, a]} = Ext(S), then the algorithm terminates without triggering
the exit-finding condition.

Lemma A.12. Assume that E = {(s,a) | ISEXIT[s, a]} = Ext(S). Then, under the preconditions
of Proposition[A.3] every task satisfies

‘Vt(so) - Vt’ < 3¢

[SSIR)

Proof. Fixataskt € [T]. Once E = Ext(S), then M (E) = {M,}, since the only (s, a)-dynamics
that can be substituted from other tasks are those of non-exits, which do not change between tasks.
Therefore, by Lemma Vi(sg) = V; "*(so). Finally, by applying Lemma we thus find that

V(s0) = Vo = [T5 s0) = Vi (s0)] + [154 ) = ¥1] < 5.

The desired result follows since the argument holds for any task ¢. [

A.3.4 PROOF OF THEOREM[A ]

In this section, we compile the guarantees provided by each of the three phases into a proof of
Theorem [AT]

Proof of Theorem[A.1] We condition on the following high-probability events:

(a) Proposition[A.1] guarantees for all M; with ¢ € [T].
(b) Proposition[A.2]
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Via a union-bound, this holds with probability at least 1 — (2/3)p.

To prove the theorem, we provide an induction-based analysis of Phase III. In particular, we will
show that while E = {(s,a) | ISEXIT[s,a]} C Ext(S), Phase III will add at least one state-action
pair to E that belongs to Ext(S) \ E.

Formally, let F} denote the internal state of the algorithm after it has added & state-action pairs.
Note that with k = 0, {(s, a) | ISEXIT[s, a]} in F}, is empty. Thus, F}, satisfies the preconditions of
Proposition which in turn implies that the algorithm adds a new state-action pair in Ext(S) and
sufficiently learns its dynamics for all tasks with probability at least 1 — p/3K. In short, the internal
state of the algorithm at time F} also satisfies the preconditions of Proposition[A.3] with probability
at least 1 — p/3K. More generally, Propositionensures that if F}, satisfies the preconditions of
Proposition [A.3] then so does Fj,1. Therefore, with probability at least 1 — p/3, Fi satisfies the
preconditions of Proposition [A.3] which necessarily implies that {(s,a) | ISEXIT[s,a]} = Ext(S)
in F, and thus the algorithm exits as desired. By performing a union bound, all this occurs with
probability at least 1 — p. O

A.4 PROVING THE META-TRAINING GUARANTEE

Having demonstrated that Ext(S) can be successfully recovered by interacting with the environ-
ment, we now show that the data can also be used to determine exit reachability and implement the
hierarchy oracle.

We formally state our main result here:

Theorem A.2. Assume that Mi,..., My have a latent hierarchy with respect to
({Z.} ,Ent(:),Ext(-)), and assume that these tasks satisfy the («,()-coverage condition in
Assumption Furthermore, we assume the additional assumptions in Section [A.2] Then, by
running the algorithm in Section[A. 1| with the parameters in Table[l| with probability at least 1 — p,
the collected data can be used to implement the following:

(a) An e-suboptimal hierarchy oracle.

(b) A function AvExt(s) : Ent(S) — P(Ext(S)) such that, given s € Ent(Zs), returns
Ext(Zs).

The algorithm achieves both of these with query complexity

o { S4A N S2A
min(pmin(e, &0),(/C)  min(pmin(e,eg)?,¢%/C)
SA KS K? C(CKS24 CKL
+ T (rmn(ag)Q + P + = e amax(c,,BFH poly (H).

A.4.1 IMPLEMENTING THE HIERARCHY ORACLE

We first show that we can implement the hierarchy oracle in this section. In particular, we have the
following result:

Proposition A.4. Let M be the MDP corresponding to the index (x, f,r, H ) as described in Defi-
nition Then, given (z, f,r, H), we can form the following estimator for Py:

6(f(s,a))  (s,a) € Ext(S)
Ps(- | s,a) =< d(s) s=6go0rs=6p,
Po(-| s,a) otherwise
where ]P’O is the estimator obtained from Phase Il in Section . Assummg that the high-probability

event in Proposition u holds for § < pe/2SH?, value iteration using ]P’f returns a policy m such
that Vi (a) — V{7 (ag) < c.

Throughout the rest of this section, we fix the tuple (z, f,r, H ) and the corresponding MDP M.
Furthermore, we write Z for the cluster containing x.
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To prove Proposition [A.4] we will show that M can be sufficiently simulated so that the value of
any policy can be reasonably estimated. Given this simulation result, we can then show that value
iteration finds the desired policy. This simulation result depends on the following intermediate result,
which provides insight as to why Phase II data is sufficient:

Lemma A.13. For any s* € Z,

[max PMi(z € Tﬂ)} {maxPM(s* € 7p)| < max PMiCH) (% ¢ 1)

™ K

Proof. First, we note that there exists an MDP such that PM1(2H) (s* € 1) is the corresponding
value function. In particular, modifying M1 (2H ) so that any action from s* leads to a terminal state
and defining (s, a) = 1 [s = s*] results in such an MDP.

Now, let 7, and 74+ be the policies achieving

max PM1(z € 7,) and max PM(s* € 1),
s s

respectively. Consider the concatenation of 7, and 74+ into a history-dependent policy that runs
until the agent reaches s, and switches to m¢~ thereafter. This policy reaches s with probability at
least

max PM1(z € Tﬂ)} [mgx PM(s* € Tﬂ)} .

™

within the modified MDP described above. Since the optimal value among all policies is achieved
by a history-independent policy, we obtain the desired inequality. O

Informally, the prior result states that if x is reachable within horizon H, then any state reachable
from z within Z is also reachable in M within a 2H horizon. Therefore, performing reward-
free RL with horizon 2H during Phase II provides coverage over all clusters. Now, we prove the
simulation result.
Lemma A.14. Assume that the Phase Il guarantee in Proposition is instantiated for § <
pe/ASH?. Then, if V™ is the value of ™ under M, and V'™ is its corresponding estimate under
Py, then
~ €
V@) - V@) < 5.

Proof. The proof follows similarly to that of Lemma[A.7] By the performance difference lemma,

W) - Vi) < 3 B | [ (B~ ) V] omn)|
h=0
Y Y [(Br = Pr) Vit ] (s,0)| Pre(s.a).
h=0 (s,a)

Observe that if s € S\ Z, PI(s,a) = 0 for any 7. Furthermore, since the dynamics within
{&s,©r} are known, (P; — IP’f)Vh’TH(s, a) = 0 for s € {©g,©F}. Therefore, we can restrict the
sum to be over Z x A.

Now, let Z5 denote the set of d-significant (s, a) pairs in Z x A from z, for some § to be determined.

For a fixed h € [H], we can decompose the inner sum as

5[5 2 ] 0]

(5.)
< Y |[(Br-ry) Vi | B+ S0 [[(Br—Bs) Vi (5,00 PrGs, ).
(s,a)€Zs (s,0)2Zs

) (1)
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Bounding (II): Error from §-Insignificance By the definition of §-significance,
v O T T €
(IT) = ( X);Z H(Pf —Pf) Vhﬂ} (s,a)‘ Pr(s,a) < H ; Pi(s) < HS6 < ——.
s,a s s 5

where the last inequality follows from setting § = /4S5 H?2.

Bounding (I): Reference Dynamics Error. By the Cauchy-Schwarz inequality,

IO = Z ‘ [(]ﬁ’f - ]P’f) Vhﬂﬂ} (S,CL)‘ Pl (s,a)

(s,a)EZs
1/2
< Z H([@)f_]?f) V}fﬂ} (s,a)‘QP,f(s,a)
(s,a)€Zs
Then,
Z ’ K]f”f — IF’f) foﬂ} (s7a)’2 P (s,a)
(s,0)€ 25
< max, Z ‘ [(I@’f - IPf) Vhﬂﬂ} (s,a)‘QP,’{(s)]l [v(s) =al.

(s,a)€Zs

Since x is p-significant in M (2H) by Definition|[A.2] Lemma together with d-significance in
M implies pd-significance in M7 (2H). Therefore,

1 4HSA
PF(s) < max PM(s € 7,;) < =max PM1CH) (s e 1) < wu(s,a),

p o p

where the last inequality follows by part (a) of the Phase II guarantee in Proposition[A.2] Substituting
into the prior expression,

max 3 [[(By ~By) V] )| PR [ols) = d]

v:S—A
(s,a)€Zs
4HSA . N 2
< _ w _
<= max, Z H(Pf ]P’f)VhH] (&a)‘ 1[v(s) = a] u(s,a)
(s,a)€Zs
4HSA . . 2
< M52 sy By || (B = 1) W] 50 1 000) = a

Thus by applying part (b) of the Phase II guarantee in Proposition[A.2] we have that

(I < \/4HSA max Eig q)~p U {(I@’f - IP’f) ‘A/hﬁ_l} (s,a)‘2 1[v(s) = a]} < 4i

P v:S—A
Concluding. By combining the bounds on (I) and (II), we obtain the desired result. O]

With this estimation result, we can now prove Proposition

Proof of Proposition Let 7 be the policy found by value iteration using P '+, which achieves the
maximal value in the corresponding MDP. Then, by Lemma[A.14]

Ve (@) = V&' (@) < [V (s0) = Vi (s0)| + | V57 (s0) = Vil (s0)] + |V (s0) = Vi (s0)] < e O

<e/2 <0 <e/2
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A.4.2 DETERMINING AVAILABLE EXITS
In this section, we prove that we can determine the set of available exits. We have the following
formal result:

Proposition A.5. Assume access to the e-suboptimal hierarchy oracle from the previous section
and that the guarantee in Theorem holds. Then, we can implement the function AvExt(s) :
Ent(S) — P(Ext(S)) which, given s € Ent(Z), returns the subset of Ext(Z;) that is reachable
from s.

Proof. Fix an input z € Ent(S), which we assume belongs to some cluster Z,. It suffices to
demonstrate that we can implement 1 [e € Z,] for any fixed e € Ent(S). Define

©s (s,a)=e
©Spr otherwise

s ={

and 7.(s,a) = 1][(s,a) =e]. By Definition the MDP M corresponding to the tuple
Z, fe,Te, H) has optimal value V* = g¢1 [e € Z, A e reachable from z]. Additionally, by Lemma
h

14 |VF(s) — VI (x)| < e/2. We now proceed by cases. If e & Z, or e is not reachable
from z, then V" (x) = 0 for any policy 7, and thus value iteration can only find a policy = with

Vi (z) < £0/3. Otherwise, for e € Z,, V() = o, and thus value iteration necessarily must find
a with V{7 (z) > 2¢(/3. Putting these together, if V' is the optimal estimated value in M, then

A2
]l[eEZx]:]l[Vzgeo].

Note that this is implementable for all e € Ext(S) (and returns a subset of Ext(Z,) for the query
above) since the set of exits are already known. O

A.4.3 FINALIZING THE GUARANTEE: QUERY COMPLEXITY

In this section, we finalize the proof of the meta-training guarantee by computing the query com-
plexity.

Proof of Theorem As demonstrated by Proposition and Proposition running the algo-
rithm in Section[A.I| with the parameters in Table[I|provides the desired guarantees with probability
atleast 1 — p.

To compute the query complexity, observe that we perform the following number of trajectories
while executing the algorithm in Section[A.T]

0 [T(NUCBVI + Ntg) + N&FLER + Nrr + KNgp + TK(NEU[I:ER + NEL)] .

Ignoring terms that do not depend on 1" or €, we obtain the claim. O

A.5 BRUTE-FORCE LEARNING OF THE HIEARCHY

Theorem A.3. Assume that Algorithm[6]is run with parameters satisfying
CH3S%*A . 4 SAHT )
log
el p

NEULER =0 <

and

2 172
and N = (CHNthresh + % log w)
[6% (6%

2

S SAHNT
Nthresh =0 ( >

7 log

Then, the set returned by the algorithm is exactly Ext(S) with probability at least 1 — p. Further-
more, the algorithm achieves this result with query complexity

~ CS*A (CS2%A
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Algorithm 6 Brute-force learning of the latent hierarchy.

1: procedure LEARNHIERARCHY((M, ..., M), Ngy_er iterations, N policy samples, thresh-
old Nthresh)

2: forallt € [T],s € Sdo

3: Create MDP M so P (S | s,a) = 1 for any a.

4: 7s(s',a’) + 1[s' = s].

5: V¢ <= EULER(M{, 7, NgyLer)

6: forallt € [T],s € S,a € Ado

7: Modify policies in ¥{ to play a on s.

8: foralln € [N] do

9: Sample 7 ~ Unif (7).
10 Play 7 in M., collect sample (s, a, s},) if (s, a) is encountered
11: N¢(s,a) < number of times (s, a) is encountered above.
12: P,(- | s,a) + estimate of (s, a) dynamics in ¢.

13: return {(s,a) ‘ (3t #1) H]ﬁ’t — Py

1 > B/2.min(Ny(s,a), Nor(5,a)) > Ninresn -

Proof. Forany (s,a) € Ext(S), LemmalA.2]implies that s is o/ H-significant for some task ¢ € [T'.
Therefore, s is a/C H-significant for any task ¢ € [T'], by Assumption[A.1]

Now, by an argument similar to that used in the proof of Lemma[A.2] we have that with probability
at least 1 — p/3T, the choice of Ny gr implies

1

NEULER
T

PMi(seryp) >
S

«
2CH
for any exit (s,a) € Ext(S) and a fixed task ¢ € [T']. Therefore, by a union-bound over the tasks,
the same guarantee holds for all tasks simultaneously with probability at least 1 — p/3.

Now, for any fixed («/C H)-significant (s, a) pair, sampling from U7 at least N times guarantees
that with probability at least 1 — p/3SAT, Ni(s,a) > Ninresh. Therefore, once again performing
the necessary union-bound, we obtain the same result uniformly over any («/C H )-significant (s, a)
and ¢ € [T] with probability at least 1 — p/3.

Finally, for a fixed (s,a) and t, the estimator for P;(- | s,a) satisfies the property that when
N(s,a) >0,

‘I@’(| ) ]P’(| )H < HQS’1 SAHNT+ HS 1 SAHNT
s @)= RSOl S\ Nsa) B N(s,a) 7 p

with probability at least 1 —p/3S AT, using an argument similar to that used in Lemma Again,
by a union bound, the same guarantee holds for any (s,a) and ¢ € [T]. In particular, for any (s, a)
with Nt (87 a) Z Nthresh’

B

Z .
Therefore, by a similar argument to Lemma|[A.10] the following are true:

Py(- | s,a) — Py(- | s, H <
[ 15,0 = Bi I 5,0)| <

(a) If (s,a) € Ext(S), then there exists ¢, t' for which

B 15,00 B 15,0, > 5.

(b) If (s,a) & Ext(S), then for any ¢ # ¢’ with Ny(s,a), Ny (s, a

~—

Z Nthresh’

10— 5], <

Putting everything together, we see that the set returned by Algorithm E] is exactly Ext(S), with
probability at least 1 — p. O
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A.6 TECHNICAL LEMMAS

Lemma A.15. Let X1, ..., X be i.i.d. Ber (p) random variables. Then, if

N 1 1
M=Q(—+ =log—-],
p p 70

then with probability at least 1 — 6,

Proof. By applying Hoeffding’s inequality,

P(Zl[Xi=1]<N> =P<A14211[Xi=1]—p<]\]\4[—p>

Setting the final expression to the failure probability § and solving, we obtain the quadratic inequality

0

Finally, via solving this inequality for M, we find that
2N 1 1
M>—+ —log -
p 2 79

is sufficient to guarantee the desired event with failure probability J, as desired. O

1. 1
p?M? — <2Np+2log>M+N2 > 0.

Lemma A.16 (Dynamics estimation error bound). Fix a policy m, MDP with stationary dynamics
M= (S, AP, r,H), and N € N. Assume that w is played N times in M, and all transitions are
used to form an estimator P(- | s, a) using empirical averages. For any (s,a) € S x A, let N(s,a)
be the number of times (s, a) is encountered in this process. Then, with probability at least 1 — p,
any (s, a) with N(s,a) > 0 satisfies

N 2
o [[(E-2) 1] ] < | g SN LS, SATY,

Proof. Assume that the obtained samples are given by {(si,ar,s;)|k € [HN]}, so that
(SHn4rs @Hntrs Sgpgriq) is the 7™ time step in the n'™ execution of 7 in M forany 0 < n < N—1
and0 <r < H —1.

Fix any (s,a) € S x A, and assume that (s;), a;), s(;)) is the 4 sample from P(- | s,a). Fur-
thermore, let m; (s, a) denote the index at which the 4™ sample is obtained. We claim that for any
s*eSand0< M < HT,

11%

17 2 Llmj(s,a) < HT] (11 [sgj) = s*} —P(s" [ s, a))

j=1
P(s'|s,a), S 1 S
——— " log—+ —log —.
e T A A
Let F; be defined as the o-algebra induced by the set of random variables

{(m@1[sy =) |14}

33



Under review as a conference paper at ICLR 2022

Clearly, (F;) is a filtration such that the j™ term in the sum above is measurable with respect to F;.
Furthermore, observe that

E []l [m;(s,a) < HT) (]l {sl(j) = s*] —P(s* | s,a)) ’ ]—'j_l}
=E []l [sl(j) = s*] —P(s* | s,a) ‘ Fi—1,mj(s,a) < HT} P(mj(s,a) < HT)
—0.

Therefore, the random variables in the sum forms martingale difference sequence. Furthermore, the
sequence is bounded in [—1, 1], and satisfies

Var [IL [m;j(s,a) < HT] (IL [s'(j) = s*] —P(s* | s,a)) ‘ fj,l}

=B [Var [1[s;) = 5"| = P(s" | 5,0) | Fy-1.my(s.0) < HT| | 74
< P(s* | s,a).

Therefore, by applying Azuma-Bernstein, we have that

1 M
v Z 1[m;(s,a) < HT] (11 [sgj) = s*} —P(s" [ s, a))

<\/2P(s’|s,a) log SAHN 2\ SAHN
= 5 M

with probability at least 1 — p/SAHN.
By applying a union bound on (s, a, s*) and M, we thus have that with probability at least 1 — p,

| M
MZ 1[m,(s,a) < HT] (]l [Sb') = S*] —P(s" | 57“))

_ \/2P(s’|s,a) log SAHN 2\ SAHN
= 5 M

holds for any (s, a,s*) and M. Conditioned on this event, we thus have that for any (s,a) with
N(s,a) >0,

[ 15,0 -2t s, =5 0 [Buls T s.0) = Bl | 5.0)

s'eS
P(s'|s,a), SAHN S SAHN

< 1 1

~ e/Ee;S N(s,a) R + N(s,a) R

< S o SAHN+ S o SAHN

~\ N(s,a) 575 N(s,a) 8T
The final result follows simply by noting that

(@ =Pos] ss0)| S ||Bil 1 5.0) = Pul- [ s,0)||_ 11 O

Lemma A.17. Fix two MDPs M = (S, A,P,r,H) and M' = (S, A,P',r,H). Let A denote the
subset of S x A x [H] for which Py (- | s,a) # P}, (- | s,a). Then, for any policy m,

Vi (s0) = Vi (s0) > p = P (raNA#2) = Pag (e NA#2) > £
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Proof. Write ¢ = Pyy (7 N A # &). Note that VOM/’W(SQ) can be decomposed as

H—1
Vi T (s0) = B lz rh(sh,an) | Tr VA # @
h=0
H—1
+ (1 - q)EM’ [Z rh(s;“ah) T-NA=2
h=0
H—1
<gH+(1—-q)Exr Z ra(Sn,an) | T NA =] .
h=0

Since P and P’ agree on (S x A x [H]) \ A, the dynamics of M and M’ agree up until 7 performs
an action in A, and thus

PM(Tﬂ-ﬂA#@):PM/(TﬂﬂA#Q)

H-1 H-1
E Z rh(sh,ah) T NA=0| =FE lz Th(Sh,ah) TeNA=O
h=0 h=0
Furthermore,
h—1
(1-q)E [Z rh(snyan) | 72 08 = @| < Vi (s0) < VP (s0).
h=0
Putting everything together,
VM (s0) < qH + VM (s) = ¢ > 2. O

H

A.7 WHY SHOULD OPTIMISTIC IMAGINATION HOLD?

In this section, we provide a heuristic explanation as for why optimistic imagination can be expected
to hold in most scenarios for which Definition[3.Jholds.

Recall from the main text that if an exit e satisfies the preliminary coverage condition, then e can
be detected using only Phase I data. Therefore, we can restrict our discussion of Assumption[4.1]to
subsets of exits that only have nonzero importance for a task ¢ if P;(- | €) is some distribution d.. In
other words, we can only guarantee that near-optimal policies for the source tasks observe d.. We
will provide a heuristic reason as to why we can then expect to find an MDP such that condition (b)
of Assumption 4.1 holds for such a subset S.

State visitation measures. Recall that the value function in an MDP with a stationary reward
function is given by

H—-1
Ve (50) = Y Eatr [r(snsan) | s0) -
h=0

Now, if we assume that the reward is only a function of the state (as in goal-conditioned RL), and
view r as a vector in RIS/, then we can write V5" (sg) = HpJ, ., where

1 H-1
pma(s) = 4 > PMT (s, = s | s0).
h=0

That is, pay,r iS the state visitation measure of m within M with horizon H. This geometric view-
point was explored by [Eysenbach et al.|(2021) in the context of unsupervised RL in the discounted
infinite-horizon setting. We note that for any fixed M, {p1,,} is a convex subset of the probability
simplex.
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Constructing the desired reward function. Let M be any source task such that the set 7' =
{e es ‘ PM(-|e) # de} is non-empty. Furthermore, let M be the corresponding MDP described
in Assumption [4.1|b) after borrowing dynamics, so that

P('|S,G,) (S,CL)¢S

d(s,a) otherwise

B |5, = {

is the dynamics of M. Since ||PM (-]e)—de ||TV > (3 for any e € S, heuristically, we expect the
following to be true:

Assumption A.2. There exists a 7 such that p .. & {pmx}-

Stated less formally, we expect there to be states that 7* can reach better in M compared to any
policy in M.

Example A.1l. In the four-room example, this intuition is captured by the fact that the agent can
spend more time in states past open gates compared to if they were closed. a

Under Assumption above, since {paq,r} is convex, we can find a reward direction separating
{prm,x} and p ., or more formally,

pj\;lm*r > sup p/T\;tvﬂ*r.
U
Then, the MDP M with reward function r satisfies the desired condition in Assumption @b).

Thus, under Assumption[A.7] the coverage condition can indeed hold with sufficiently diverse source
tasks.
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B META-TEST PROOFS

We now provide an analysis of the regret incurred by a learner using an approximately learned
hierarchy at meta-test time. We first show that the hierarchy oracle from the source tasks can provide
useful temporally extended behavior. We then show that using these policies results in bounded
suboptimality and achieves a better regret bound compared to standard UCB-VI.

Throughout this section, we fix an optimal 7* satisfying the conditions of Assumption[5.1] Further-
more, we assume that we have access to a hierarchy oracle that provides e-suboptimal policies as
defined in Definition 4.3l

B.1 USING THE HIERARCHY ORACLE

In this section, we show that the hierarchy oracle can be used to implement two useful behaviors:
(1) reaching exits and (2) behaving optimally within a cluster.

B.1.1 NEAR-OPTIMAL GOAL REACHING

Assume that the agent is currently at a state z € {so } UEnt(S) at time step h, and intends to exit the
current cluster Z via exit ¢ = (s*,a*) € Ext(Z). We obtain a policy implementing the high-level
intent as follows:

(1) Define the termination for any (s, a) € Ext(S) as:

fo(s,a) = {95 (s,a) =g

©OF otherwise

(2) Define reward as ro (s, a) = 1[s = Og]

(3) Provide (z, fg,7c, H — h) to the hierarchy oracle and obtain a policy 7 g p.

For simplicity, we will write TH®", (2, g) for T5%" (2, g) throughout our analysis. The following
proposition quantifies the performance of the obtained policy:

Proposition B.1. T satisfies the following inequality:

E [Tllt}lirh(zag)] S Tgfh(zag) + €.

Proof. Due to the definition of P fo and r, observe that for any 7,

H—h

‘/Oﬂ(z) =E [Z T(Sh;ah)

h=0

So = Z] =(H-h)-E [Tg—h(zag)] .

Therefore,
(H—h) =T _1(2,9) — < (H—h) —E [T, (2,9)]
— E [T}}ifrh(z,g)] <Th_p(z,e)+e. O
B.1.2 NEAR-OPTIMAL WITHIN-CLUSTER BEHAVIOR

Assume that the agent is currently at a state z € {so} U Ent(S) at time A, and intends to remain
in the current cluster Z while maximizing a given reward function . We obtain a policy for this
high-level intent as follows:

(1) Define transition dynamics for any (s, a) € Ext(Z) as P(- | s,a) = 6(©F).

(2) Provide P, r, and planning horizon H — h to the hierarchy oracle, and obtain a policy 7.
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B.2 FORMAL LEARNING PROCEDURE

In this section, we describe the procedure for learning a policy using the oracle-provided policies
described in the previous section. Formally, we construct a surrogate MDP whose dynamics are
determined by M and the oracle. We can then apply any tabular learning method to this new MDP
(in our case, EULER), obtaining a policy in the surrogate MDP that readily translates into a policy
in M.

The components defining the surrogate My = (2, G, Py, Rn1, Hest) are as follows:
Meta-state space Z. We set
Z = (Ent(S) x {0,...,H+1}) u{a},
where H is a high-probability bound on the time to move through H.g exits (to be determined

later). We incorporate the time step into the meta-state to ensure that both the dynamics and reward
are computable from the state information (ensuring that My, is indeed an MDP).

Meta-action space G. Given a current meta-state (s, h) where s € Z, the available meta-actions
G can be identified with Ext(Z) U {&}.

Algorithm 7 Performing a Meta-Transition

1: procedure PERFORMMETATRANSITION((z,g) € Z X G)
> Executes the desired meta-transition in the original MDP M.

2 if z = © then
3 return ©
4 elseif = = (s, h) then
5: if h < H then
6: if s € Z* or g = © then
7 Execute within-cluster policy from oracle until termination.
8: return ©
9: else ~
10: Execute 7, 4 1, obtained from oracle until g is performed or h = H.
11: s’,h/ < current state and time step
12: if g was performed then
13: return (s', h’)
14: else B
15: return (s, H + 1)
16: else
17: if s € Z* or g = © then
18: return ©
19: else
20: return (s, h)

Meta-dynamics Pp,. Fix (z,9) € Z x G for some z # ©, so that z = (s, h). We consider the
procedure in Algorithm [7] for generating the meta-dynamics. Intuitively, we execute a meta-action
g # © by running the oracle-provided policy until the learner encounters g, or has acted for H
timesteps in the current episode. On the other hand, if ¢ = ©, the agent executes the oracle-provided
e-suboptimal policy that remains within the current cluster and acts for H — & timesteps.

Formally, the next state 2’ is given by
o seZforg=6

2= (W) h<H ,
(s,h)  otherwise
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where s” and h' are generated given TH, (s, g) as
W' | T (s, 9) = min(h + T (s, 9), H + 1)

Sl‘h/ P(|g) h/SH
o(s) otherwise

Note that the learner can only execute meta-actions while h < H. Furthermore, given access to M,
one can easily simulate the dynamics of My,).

Meta-reward Ry,. Fix ((s,h),g) € Z x G. Recall that the reward function of M is supported
on Ext(S) U (Z*)°. Thus, this reward function can be lifted onto My,;. Formally, we define the
following reward function:

Wi(s) z=(s,h),s€ Z*andh < H
Ru(z,9) = S r(g) z=(s,h),s¢ Z*and b/ < H ,
0 otherwise

where W}, () is the random sum of rewards obtained by playing a within-cluster policy starting from
s’ for the rest of the episode. Note that Ry depends on Py and is thus random. Furthermore, this
reward function is consistent with how meta-transitions are performed in Algorithm |7}

Meta-horizon H.g. Recall that there exists an optimal policy that encounters at most Heg exits
with high probability. Accordingly, we limit the learner to being able to choose H.g high-level
actions, which recall can be choices of exits.

Solving My,. To obtain the desired policy, we apply EULER to My;. By the construction in
Algorithm [/} the policy set returned by EULER easily translates into policies on M. Furthermore,
the value of this policy is the same on both MDPs.

B.3 PROVING THE REGRET BOUND

Having defined the procedure for learning a policy using the hierarchy, we now proceed with the
regret analysis. Our analysis proceeds by constructing a policy expressible in My, that achieves
near-optimal returns by imitating the high-level decisions made by 7*. We then use this policy as a
comparator policy when applying EULER regret bounds to My,.

To formally construct the desired comparator policy, we need to first define the notion of a meta-
history, which contains the set of high-level decisions made by any policy:

Definition B.1. Fix a policy m, which given some horizon L, generates a (random) trajectory

(s0, a0, ---,51). Let Ext(m) be the number of exits performed in the trajectory, i.e.
L—1
Ext(m) = 1[(sn,an) € Ext(S)].
h=0

The meta-history Hy,;(7) corresponding to this trajectory is the sequence

(Z()ag()a 215,915+, ZExt(Tr)) = (Sioa (Sjoaajo)v Siqs (Sjlva‘jl) ey S’iEXt(,,))v

where

P 0 n =20
" \jno1 +1 otherwise
Jn= min  1[(sp,an) € Ext(S)].

h=in,...,.L—1

Note that z; € Ent(S) and g; € Ext(S) forall¢ = 0, ..., Ext(7). We omit 7 in writing Hy,, when
the underlying policy 7 is understood. o

Informally, Hy tracks all entrances and exits contained in a trajectory generated by m. We define
the length of a meta-history Hy,, denoted as |H 1/, as the number of exits contained in Hy,.
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B.3.1 PoLICY CONSTRUCTION

We now proceed with constructing the desired policy. Intuitively, the comparator imitates the dis-
tribution over Hy(7*), conditioned on |Hpi(7*)| < Heg. To see why this is sufficient for near-
optimality, recall that the reward on M, is supported on Ext(Z*) U (Z*)°. Consequently, by
imitating the distribution over meta-histories, the policy is expected to obtain roughly the same sum
of rewards in expectation from the exits. Therefore, all that remains is to ensure that the learner
collects roughly the same sum of rewards from Z*, which is the same as ensuring that this policy
does not take too long to reach Z*.

Construction. Let # be the running meta-history, containing k¥ < H,g actions. The optimal policy
induces a distribution ¢(- | ) over A}, representing the next exit it takesﬂ We then define 7 as

. _Ja(-|H) z=(s,h),h<H
w2 H) = {@ otherwise.

Observe that 7 terminates the episode upon reaching H. Furthermore, this policy is dependent on
the meta-history. However, since My, is an MDP, there exists a stationary policy that achieves at
least the same value.

B.3.2 SUBOPTIMALITY ANALYSIS

In this section, we prove that 7 achieves bounded suboptimality. Rather than analyzing 7 directly

in My, we construct a new Mhl and 7 to better track the meta-history. In particular, conditioned
on the event that 7 requires more than H time steps to execute, then the agent would not be able to
imitate the full meta-history generated by 7*, even after having performed less than H.g exits.

Constructing a surrogate for analysis. We now formalize the construction of the surrogate MDP
My, and the policy 7 corresponding to 7 in this MDP. To obtain My, we redefine the dynamics

from My, so that s’ | b’ ~ P(- | g) in My,. In effect, we allow the policy to continue performing
transitions beyond H, although without any reward. Accordingly, we define 7 as (- | 2z, H) =

q(-| #). The following lemma formalizes how 7 and My, have desirable properties for the analysis:

Lemma B.1 (Surrogate Policy Characterization). Let p* denote the distribution of
Hut(7*) | [Hu(7*)| < Hegr in Mg, and [i the distribution of H(7) in M. Then, (1 —{)p* < fi.

Proof. Let v* be the distribution induced by the following procedure:

(1) Sample a meta-history from the distribution Hp (7*) | |Hu (7*)| > Hegr

(2) Truncate the obtained meta-history to length H.g-.
It is easy to see from the definition of 7 that i = (1 — {)u* + (v*. The desired result follows. [

Thus, we have indeed shown the desired property that 7 properly tracks the (truncated) meta-history
generated by 7*. To justify performing our analysis on (My,, 7), we have the following result,
which shows that any result on the value of the pair above applies to the value of 7 in My,.

Lemma B.2. As constructed above, VOM“’ﬁ(sO) = %Mh"“(so).

Proof. We write M := My, and M’ := My,. Similarly, we write 7 := 7. We proceed by proving
a chain of equalities.

(V™M (s5) = V™M (54)). We omit M’ in this part of the argument for clarity. By the perfor-
mance difference lemma, we have that for any k € [Heg] and z € Sy,

, Hegr—1 ,
Vi (50) = Vi (s0) = D B [A7 (2,m)] .
j=0

SThe distribution g can return © if the learner stays in the cluster until episode termination.
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Let A := {z€8u|2z=(s,h),s ¢ Z*,h > H}, which is the set on which 7 and 7’ disagree.
Observe that for any 7 and k, V7 (z) = 0 for any z € A, and thus A7 (z,7) = 0 for all such states.
For any other z, A7 (z, ) is clearly 0. Thus, we obtain the desired result.

(V™M (50) = V™M(s4)) We omit 7 in this part of the argument for clarity. Using the simulation
lemma,
Hegr—1

VOM(SO) - Z ]E(z g)~d M [(]PM - PM’)‘/jj—\o—/tﬂ(zvgﬂ .

Observe that the behavior of the two MDPs are identical conditioned on #’ < H. On the other hand,
conditioned on A’ > H, m can no longer receive rewards from either MDP. Therefore, [(Paq —
P M/)VjM] (z,9) = 0 for any j, z, g by decomposing the relevant expectations along the two events.
We thus obtain the desired result. O

Analyzing the surrogate. With the results above, we now proceed to analyze the difference in
values

Mg % A1, 7
Vo ™ (s0) — V5 7 (s0),
which then implies the desired suboptimality result. First, we have the following lemma character-
izing the time 7 requires to fully execute a given meta-history in the base MDP M:

Lemma B.3. Fix any Hy = (20, 9o, - - . ) such that |Hy)| < Heg. Furthermore, define the sequence
of reaching times .
To =0 and Ty :="Ti_1+ T}}‘ieril(zk,l,uk,l).

We define T™e"(Hy) to be the time required by the hierarchy to execute Hyi, which is formally
given by T\y,,| in the sequence above. Then,

(@) E [T7 ()] < [1+ (1 +7)W +e]H
(b) Let 0% := B2[(1 + )W + €] Hegr. Then, for any t > 0,
P (T (Hp) > [1+ (1+9)W +e]Heg +1) < e™/27".
Proof. We prove the two parts separately:
(a) We will prove via induction that E [T] < k[1 + (1 + )W + ¢]. For any k and Tj,_1,
E [Thmer (Zr—1, 981 ‘ Tk—l} <E {T;}_kal(zk—hgk—l) ‘ Tk—l} +e

=1+E |:T[§7Tk_l(zk71) $(gr-1)) ‘ Tkﬂ} +e
<1+ (1+7W +¢,

where the first inequality uses properties of the hierarchy oracle, while the final inequality
follows by combining Definition [5.2(b) and Assumption [5.2} Therefore, by linearity and
the tower property of expectation,

E[T;] =E[Tk1] +E {Thleer (215 9k 1)}

=E[Ti1] +E {E [T}}iier,l(Zkflagkfl) ‘ Tk—l”
<E[Tpa]+14+0Q+9)W +e

The desired result then follows by induction.

(b) Let By ==k [1+ (1+~)W +¢] and f,(¢) = E [T, (21, g)]. Note that for any k and
t, By—1 + fr—1(t) < By, by following the argument in (a). Therefore, for any A > 0,

E [exp {\ (Tx — By)}]
=E[E [exp{A (Tx — Bx)} | Tk—1]]

<E [E {GXP{A (Tk—l + T8 (2k—1,gk—1) — Br—1 — fk—l(Tk—l))} ’ Tk—l” )
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where the last inequality uses the monotonicity of the exponential function. Therefore, by
applying the sub-Gaussian condition given in Definition[5.2]

E [exp {\ (T — Bi)}]
<E {exp {AN(Th—1 — Br-1)}

E [GXP {)\ (Tj}ﬁ}iier_l(Zkfhgkfl) - fkfl(kal))} ‘ Tkﬂ”
< E [exp{A(Tx—1 — Bx—1)}| exp [)\202/2] ,

where we have used the fact that 71", (zx—1,5(gk—1)) has a sub-Gaussian upper tail
with variance proxy

2
C? = B°E [Tfl—n,l(zk—la s(gk—-1)) ‘ Tk—l}
<BA+W +e]”.
Note that we have once again used the properties of the hierarchy oracle, and Assumption

Therefore, by induction, E [exp {\ (T, — Bx)}] < E [/\2(\/%0)2/2} , from which the
desired tail bound follows by making use of Chernoff’s inequality.

As we have shown that 7 closely tracks the meta-history of 7* and have analyzed the distribution of
time it takes to execute a given meta-history, we can now analyze its suboptimality:

Lemma B.4. There exists a policy w expressible in My, such that

‘/OMTg»*(SO) _ VOMTg’”(so) < (14 Heg + B/ Hegr)e + [“YHeff +B(1+ 'Y)\/Hieff} W+ CH.

Proof. Assume that 7* generates a (random) meta-history of length N given by Hy =
(20,90, 21,91, - - -, 2N ). Furthermore, let 7" denote the (random) time 7* takes to reach z. Then,
given Hy) and T, observe that we can write

N-1
Vi (s0) = B[Ry (Hw)],  where Ry(Hu) = Vi (2n)1 [2n € Z7] 4+ > (gr);
k=0

using the assumptions on the reward function and condition (a) in Assumption Subsequently,
letting F be the event { N < H.g }, we can bound the right-hand side as

Vi (s0) = E[Rp. (Hu)] < (1 = QE [Ry- (Hu) | E] + CH,
where we have used Assumption [5.1]to bound the probability that N > H.g.

Our goal for the rest of this proof is to transform the expectation on the right-hand side into a form
that lower bounds V{ (o). To this end, we define
N—
RECT (Hy) = V2 (2n)1 [2n € Z7] + r(gx),
k=0

—

and the sequence of times
To=0 and T =T)_1+ T}}iier_l(zk,gk).

Note that RYMer and Ty are analogous to R* and T*, respectively. Then, letting F' be the event
{Tn < H}, note that

Vo (s0) < (1 = QF [Ry- | B} + CH
= (1= QFE [Rf. — Ry + Ry | E] +CH
<E[(Rp. —RET)L[F) | E]+ (1 - QE [RECL[F]| E] + [(+ P(FC | E)] H.
M (i

42



Under review as a conference paper at ICLR 2022

We bound (I) and (II) separately.

Bounding (I). Let G be the event E N {zy € Z*}. Then, if we define
N-1
Tmin == Z Tmin(zk; uk) S N(W + 1)
k=0
as the minimum time needed to execute Hy,;, we then have that
E [(Rp- — Ryy') 1[F] | E] <E [Rp. — Ry | E]
<E [V%(ZN) — %‘;Ver(zn) ’ G]

<E Vi, (an) = Vi"(2n) | G]

H
< [ PV, o)~ VB x) > ] ©)
0

Note that the bound on Ty,;, follows from Assumption @ To convert the different in values into a
difference of times, observe that if Ty — Tiin < a — €, then
Vi (an) = VIS (an) = Vi (2n) = Vi (an) + Vi () = VS (2n)
< (T = Thin) + €
< a.

Therefore,
H .
| P ) = VA Gr) > @] 6) da
0
H
S/ P(TN—Tmin>Oz—€|G)da
0

H
<E / P(TN—Tmin>Oz—€|Hh1)da
0

y

H
<E / PIn—-—[1+Q4+~y)W+elHeg >a—e— Heg(YW +¢) | Hp) da | G
0

d
Se+ Heg(YW +¢) + B[(1 + )W +e]\/ Hesr,
where the final inequality integrates the tail bound provided in Lemma [B3] Overall, we have that
by rearranging,

)
SE—I—HEH(’}/W—FE)—FE [/ P(TN—[1+(1+’Y>W+E]Heff>a‘7'lh1) do
0

() S (1 + Her + 8y/Ha)e + [yHest + 801+ 7)v/Hest| W.
Bounding (11). By the characterization of 7 in Lemma|B.1}
(1= OF [RE (Hm(r*)LF] | E] < E [RET (M ()1 F]] < V¥ (s0),
where the final inequality uses the fact that Rz (#p1(7)) is the return of 7 in My, given F.
Concluding. Putting all of the previous bounds together, we find that
Vo' (s0) < Vi (s0) + (1 + Hog + Bv/Ho)e + [y Hot + B0+ 7)y/Heg | W
+[¢+P(F°|E)| H.
By setting H to

H = Heg[l +(1+7)W +¢] +5[(1+7)W+5],/2Hefflog% < H,

sub-Gaussian tail bounds on Ty implies that P (FC | E) < (. Finally, by Lemma|[B.2]

VT (s0) = Vg (s0) = V5
where the last equality follows by the construction of My,;. We thus obtain the desired suboptimality
bound. O
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B.3.3 REGRET ANALYSIS
As earlier suggested, we now make use of 7 as a comparator policy in order to prove a regret bound
on a learner making use of the procedure outlined in Section

Theorem B.1. Assume that EULER generates policies 71, ..., 7N on My, as constructed in Sec-
tion[B2] Then, we have the following regret bound.:

N
> Vi (s0) = V™ (s0) S VH?HLMN + Negupopt,
k=1

where

Esubopt = (1 + Heﬁ + B\/ I{eﬂ")E + |:’YI{eﬂr + 6(1 + ’7) V Heﬁ:| w + CH

Proof. Throughout the proof, we consider applying EULER to My, where the rewards are scaled by
1/H to ensure that rewards are bounded in [0, 1]. As a result, we can bound G < 1 in the EULER
regret bound in Zanette & Brunskill| (2019), since the sum of rewards in My, is also the sum of
rewards in M, and scaling by 1/H gives the desired bound on G. Therefore,

N

1 _ —
> o) Vi (s0) S Hy | HLM B = VEPHLN,
k=1

H, eff
Furthermore,
V5 (s0) = Vo ™ (s0) < V5 (s0) = Vi (s0) + Vo™ ™ (s0) = V5™ (50) < Esubopt-
‘We thus obtain the desired result. O

B.4 AN EXPONENTIAL REGRET SEPARATION FOR A HIERARCHY-OBLIVIOUS LEARNER

In this section, we provide proof of the exponential regret separation between a hierarchical learner
and a learner oblivious to the hierarchy. The overall idea behind our proof is the reduction of solving
the family of minimax instances described in Domingues et al.|(2021)) to a particular family of task
distributions.

B.4.1 THE HARD TASK DISTRIBUTION FAMILY

In this section, we describe the family of task distributions that forces any meta-training-oblivious
learner to incur exponential regret. For any string s, we write |s| for its length.

We now define the family of binary tree room MDPs My of depth W. We index a member of this
family by a tuple (¢*, a*, e*), where £* is a binary string of length W — 1, and a*, e* € {0, 1}. The
MDP M g+ 4+ e+) = (S, A, P g+ ev), 7, H) corresponding to this tuple is constructed as follows:

State Space S. We create a root state s,0¢, 2'Y — 1 states indexed by binary strings of length at
most W — 1 collected into a set T = {so, $1, S00, S01, - - - }, @ gate state Sgate» and terminal states
@trapy @Sa OF.

Action Space A. The set of available actions at every state is the set {0, 1}.

Transition Dynamics P« .« .-). We define the dynamics as follows:

5(sa) S = Sroot

5(Sta) s=s €T, |t|]<W -1

b0 (Sgate) + (1 —0)0(Stpap) s=sc €T, |t| =W —1,
Pesaven) (- 5,0) = s # s¢-, b~ Ber (1/2)

b0 (sgate) + (1 — 0)0(Strap) s =¢+,b~Ber(1/2+¢l[a = a*])

5(63) S = Sgate, @ = e

NET) 5 = Sgate, @ 7 €.
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Reward Function r. The reward functionis r(s,a) = 1 [s = ©g] + 1 [s = Sgate, 0 = a*].

Having described all the components of every member of My, all that remains is to construct the
family of task distributions Tyy. Each member of this family will be indexed by (£*, a*), where £*
and a* are as described above. Then, the task distribution 7~ ,+) € Ty chooses uniformly within

the set {M((g*7a*70), Mg+ ax 1) } Note that this implicitly defines the latent hierarchy so that the
clusters are {s,00t, Sgate; Strapy U T, {Ss}, and {©F}. Furthermore, the set of exits for the first
cluster is {(Sgate; 0), (Sgate, 1)}

B.4.2 A FAMILY OF HARD INSTANCES

In this section, we describe the family of hard instances which we reduce to solving the task distri-
bution above. Intuitively, if an algorithm incurs low regret throughout My, then it must be able to
quickly find a policy to reliable reach the gate state sgat for any MDP in the family.

Constructing the hard instances. Accordingly, we define a new MDP family Ny, which now is
only indexed by (¢*,a*), and is constructed similarly as any member of My, but ignoring states
outside {Sroot; Sgates Strap } UT. Additionally, we redefine the reward function r for any member to
be r(s,a) =1 [s = sgate]. We note that this is exactly the set of hard tasks used to prove a minimax
regret bound in [Domingues et al.| (2021).

The lower bound. We state the lower bound result from |Domingues et al.| (2021)), in a slightly
more restricted form for ease of proof and presentation. In particular, we consider the following
more restricted definition of an algorithm:

Definition B.2. Let #,, be the trajectory data generated by playing a policy 7, in an MDP M.
That is, H,, = ((s0, a0, 70, 51), (S1,a1,71,82)s -+, (Sg—1,aH—1,7H—1,8H)), Where so and ag are
fixed, rp, = (S, an), and sp+1 ~ Paq(- | S, an). Additionally, we set Ho = @.

Then, a valid algorithm A for our purposes is one which, for the nth episode, outputs a deterministic,

non-stationary policy 7 that is solely a function of the current state and action and U?;ll ‘H;. That
is, A does not output policies that adapt to the current running episode. o

We again emphasize that this restriction is not necessary but that many algorithms nevertheless
satisfy this condition (including UCB VI and EULER). We then have the following hardness result:

Theorem B.2 (Domingues et al.| (2021)), Theorem 9, restated). Assume that W > 2 and H > 3W.
Then, for every algorithm A, there exists an MDP M € Ny, such that

N
EM,.A Z Vo* (Sroot) - Vown (Sroot) Z 2W/2 VH?N.

n=1

Algorithm 8 The reduction of learning Nyy to learning My in Section[B.4.3]

1: procedure P4(M € Ny)

2: Initialize Hy = @

3 for all n € [N] do

4 Obtain 7, :A(Ho,...,Hn_l).

5: Play 7, in M, get history G,, = ((so, @0, 70,51)s- -, (SH-1,0H-1,"H_1,5H)).
6.

7

8

if SW4+1 = Sgate then
5%/[/4_1 < Swl
: foral h=W +1,...,H—1do
9: if h = W then

10: S/h+1 — O6gifa, =1lelse Op.

11: ),  Llap = 1]

12: else

13: S;z+1 — ShL T TR

14: Replace (sp, an, T, spy1) with (), an, 7, 85,,,) in Gy,
15: H, + G
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B.4.3 PROVING THE HARDNESS RESULT

We now use the hardness result in the previous section to demonstrate that no algorithm can incur
sub-exponential regret in W on all tasks in My. We do so by proving that an algorithm solving all
tasks in Ml can be used to construct an algorithm for solving all tasks in Ny .

Formally, let A be any algorithm for learning any MDP in My;,. We then construct an algorithm P 4
for learning any MDP in Ny as in Algorithm 8]

Given this reduction, we aim to prove the following result:
Proposition B.2. For any M- .-y € Ny, we have that

N N
EM([*,G*)JJA Z %*(Sroot) - VE)W” (Sroot)] < EM(M,M,U,A Z VO* (sroot) - Vown (Sroot)
n=1

n=1

To prove this result, we first prove that P 4 can simulate M (g« 4+ 1):

Lemma B.5. For any n, the distribution over (Hy, ..., H,) induced by running Algorithmover
M g+ o+) € Ny is equal to that induced by running A over Mg« 4+ 1) € Myy.

Proof. We proceed by induction. The result holds trivially for n = 0.

Now, assume that the result holds for some n. We condition on the histories (Ho, . .., H,) Then,
note that both algorithms play the same policy 7,41, since P 4 uses A to obtain the next policy. As
a result, by the construction of My« 4+ and My« 4~ 1), the distribution over (Shy@p,Th, Spt1) are
equal for h < W. Furthermore, Lines 6 — 14 simulates the dynamics of M- 4~ 1) conditioned
ON Sy41 = Sgate, While conditioned on sy = Otrap, the dynamics of the two MDPs are the
same. Therefore, conditioned on any (Ho, . . ., H,,), the distribution over H,,11 induced by the two
algorithms are also the same. Thus, the claim holds by induction. O

Finally, we can prove Proposition [B.2]

Proof of Proposition[B.2] Throughout this proof, we omit the starting state s, and the timestep 0
in the value. We prove the result by induction. Clearly, the result holds for N = 0.

Assume that the bound holds for some N. Then, we have that

N+1
EM(@*,Q*),’PA Z V-V
n=1
N
- EM(“*‘I*)’PA Z ViVl + EM(N,@*),PA [V* — VTN+]
n=1
N
< Bt e | DV =V Bt oy s [E V= VIV | (Mo, M)
n=1

where the final inequality uses the inductive hypothesis and the tower property of expectation. Now,
recall from Lemma[B.3] that

EMpn oy, Pa B[V = VIV (Ho,. .., HN)]]
= EM(Z*,u*,1)7A [E [V* — v | (H()v s vHN)]] :

We emphasize that the value functions are still with respect to M« ,~). However, for any policy 7
output by A,

V¢ VT = EM(Z*@*)J [(H-—W =11 [sws1 # Sgate“
< Epgera),n [(H =W = 1)1 [swi1 # Sgate OF aw 41 # 1]]
< Epmeran, 0,0 [(H =W = 1)1 [sw41 7 Sgate OF aw41 7 1]

Note that the right-hand side is the regret in M (¢*,a*, 1) for playing 7. Therefore, since both
algorithms play the same policy 71, we thus obtain the desired result by induction. [
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With Proposition[B.2] we can now formally state and prove the separation result:

Theorem B.3. There exists a task distribution Ty« oy € Tw such that an algorithm A, without
access to the meta-training tasks (and thus without access to the hierarchy), incurs expected regret
lower bounded as

EM~T e oe) [Regrety (M, A)] 2 2W/2VH2N.
On the other hand, for any task distribution in the family, the hierarchy-based learner P in Section

with access to a 0-suboptimal hierarchy oracle, achieves regret bounded by  H2N with high
probability on any sampled task.

Proof. Fix any algorithm A. Using Theorem there exists M« 4+) such that

EM(@* a*),Pa

N
D V5 (st00t) — vo“(smo] > 2V/2VHN
n=1

Thus, by Proposition

EM(I{*,Q*,l)7A

N
> Vi (Sro0t) — vowsmot)] > oW/2\/ 2N,
n=1

Note that the proof in Propositioncan be extended for M 4« 4+ oy with appropriate modifications
to P 4, and thus the same inequality holds. Consequently,

EM~Ti e vy [Regrety (A)] 2 2"/2VH2N.

On the other hand, with access to the 0-suboptimal hierarchy oracle, observe that the learner only
has to plan at timesteps 0 and W + 1, allowing us to obtain tighter bounds (as Sy, is smaller than the
construction in Section [B.2). Furthermore, the suboptimality of planning with the hierarchy oracle
is O for any task distribution in the family. We thus obtain the desired bound. O

B.5 A DISCUSSION OF DEFINITION[3.2]

In this section, we discuss why the values defined in Definition [5.2] control the suboptimality of the
hierarchical learner. In particular, we provide examples of MDPs that satisfy Assumption [5.1] and
are thus in a sense tasks that are “compatible with the hierarchy”, but nevertheless force a hierarchy-
based learner to incur O(H ) suboptimality.

B.5.1 (a,3)-UNRELIABILITY

Consider the MDP in Figure 9] with horizon H + 2 and two actions ¢* and a;. The optimal policy
chooses a* at every step, achieving a value of H — O(1), since

. 1.1, 1.1 1,
Vira(so) = §H + §VH(51) = §H + Z(H -1)+ ZVH—l(SQ)
H H
1 1 h

Now, assume that the MDP has a latent hierarchy so that the set of exits are given by (¢;,a) for any
i € [H] and a € A. Clearly, the optimal hierarchy-based learner would always choose (%o, a*) or
(to, a1) as its high-level action. However, if the agent fails to transition to ¢, at the first timestep due
to stochasticity, it will go to the end of the chain, back to sy and try a* once more. This is because
it already has set a meta-action, and does not replan until an exit is performed. Thus, the optimal
agent on the meta-MDP achieves a value of H/2, and is therefore O(H )-suboptimal, even with a
0-suboptimal hierarchy oracle.

Intuitively, hierarchy-based learners as formulated in Section [B.2]fail on the MDP in Figure [9] be-
cause such learners commit to a skill until completion. Thus, when such skills exhibit high variance
in completion times, hierarchy-based learners fare worse than other learners which are able to replan
based on the current state (e.g., in this case, choose another exit if a* fails to take the agent to the
current subgoal). Thus, (o, 3)-reliability serves to eliminate such MDPs, ensuring that the skills
corresponding to reaching exits are reliable.
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Figure 9: An MDP that does not satisfy low («, 3)-unreliability, where a* is in
blue, and a; is in red (and purple for both actions). State shading represents
state clusters, and rewards are 0 unless indicated otherwise.

B.5.2 ~-GOAL-REACHING SUBOPTIMALITY

In this section, we show that even when a hierarchy-based learner has access to highly reliable skills
as in the previous section, the learner may still incur high hierarchical sub-optimality. Consider the
MDP in Figure [T0} where we focus on a single room for simplicity. Furthermore, assume that there
are two exits, one from l/r/, and one from ry /5. Note that a 0-suboptimal hierarchy oracle has
highly reliable goal-reaching policies for reaching both of these exit states, requiring exactly H/2
timesteps with no stochasticity.

However, given the values assigned to I /o and 72, the optimal policy would opt to take the
state ¢, which transitions to either state with probability at least 1/2 in only two environment steps.
Therefore, the optimal policy achieves an optimal value of H — O(1). However, the optimal policy,
in having to commit to exactly one of the exits, will achieve a value of H/2, and thus be O(H)-
suboptimal despite having a perfect hierarchy oracle.

Hierarchy-based learners fail on the MDP in Figure[I0]because an optimal policy for goal-reaching
does not necessarily reach a goal as quickly as possible. Thus, y-goal-reaching suboptimality is a
regularity condition that ensures that this is indeed the case.

Viilaye) = Vi(rayp) =H —h

Figure 10: An MDP that does not satisfy low y-goal-reaching suboptimality,

with three actions indicated by red, blue, and purple, and exits {;, and . The

MDP satisfies (0o, 0)-unreliability, yet nevertheless exhibits high hierarchical
suboptimality.
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