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Abstract
Optimal transport (OT) theory describes general principles to define and select,
among many possible choices, the most efficient way to map a probability measure
onto another. That theory has been mostly used to estimate, given a pair of source
and target probability measures (µ, ν), a parameterized map Tθ that can efficiently
map µ onto ν. In many applications, such as predicting cell responses to treatments,
pairs of input/output data measures (µ, ν) that define optimal transport problems
do not arise in isolation but are associated with a context c, as for instance a
treatment when comparing populations of untreated and treated cells. To account
for that context in OT estimation, we introduce C OND OT, a multi-task approach
to estimate a family of OT maps conditioned on a context variable, using several
pairs of measures (µi , νi ) tagged with a context label ci . C OND OT learns a global
map Tθ conditioned on context that is not only expected to fit all labeled pairs
in the dataset {(ci , (µi , νi ))}, i.e., Tθ (ci )♯µi ≈ νi , but should also generalize to
produce meaningful maps Tθ (cnew ) when conditioned on unseen contexts cnew . Our
approach harnesses and provides a novel usage for partially input convex neural networks, for which we introduce a robust and efficient initialization strategy inspired
by Gaussian approximations. We demonstrate the ability of C OND OT to infer the
effect of an arbitrary combination of genetic or therapeutic perturbations on single
cells, using only observations of the effects of said perturbations separately.
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Introduction

A key challenge in the treatment of cancer is to predict the effect of drugs, or a combination thereof,
on cells of a particular patient. To achieve that goal, single-cell sequencing can now provide
measurements for individual cells, in treated and untreated conditions, but these are, however, not
in correspondence. Given such examples of untreated and treated cells under different drugs, can
we predict the effect of new drug combinations? We develop a general approach motivated by this
and related problems, through the lens of optimal transport (OT) theory, and, in that process, develop
tools that might be of interest for other application domains of OT. Given a collection of N pairs
of measures (µi , νi ) over Rd (cell measurements), tagged with a context ci (encoding the treatment),
we seek to learn a context-dependent, parameterized transport map Tθ such that, on training data, that
map Tθ (ci ) : Rd → Rd fits the dataset, in the sense that Tθ (ci )♯µi ≈ νi . Additionally, we expect that
this parameterized map can generalize to unseen contexts and patients, to predict, given a patient’s
cells described in µnew , the effect of applying context cnew on these cells as Tθ (cnew )♯µ.
Learning Mappings Between Measures From generative adversarial networks, to normalizing
flows and diffusion models, the problem of learning maps that move points from a source to a
target distribution is central to machine learning. OT theory (Santambrogio, 2015) has emerged as a
principled approach to carry out that task: For a pair of measures µ, ν supported on Rd , OT suggests
that, among all maps T such that ν can be reconstructed by applying T to every point in the support
∗

Work done during an internship at Apple.

36th Conference on Neural Information Processing Systems (NeurIPS 2022).

a.

c.

.. by covariate

b.

.. by scalar

.. by action

e.g., metadata or identifiers

e.g., time-course or dosage levels

e.g., perturbations or decisions

⌫ 10
⌫ 20

action ai

<latexit sha1_base64="o6JhWrpf8+gGWdHB1y0aV4jZ4yU=">AAAB9XicbVDLSgNBEJyNj8T4inoUZTEInsKuiHoMeFFPEcwDspswO+lNhszMLjOzhrDkP7x4UMSr/+LNb/AjdPI4aGJBQ1HVTXdXEDOqtON8Wpml5ZXVbG4tv76xubVd2NmtqSiRBKokYpFsBFgBowKqmmoGjVgC5gGDetC/Gvv1B5CKRuJeD2PwOe4KGlKCtZFankjaqdvyYkk5jNqFolNyJrAXiTsjxfLh91f2dnBQaRc+vE5EEg5CE4aVarpOrP0US00Jg1HeSxTEmPRxF5qGCsxB+enk6pF9bJSOHUbSlND2RP09kWKu1JAHppNj3VPz3lj8z2smOrz0UyriRIMg00Vhwmwd2eMI7A6VQDQbGoKJpOZWm/SwxESboPImBHf+5UVSOy2556WzO5PGDZoih/bRETpBLrpAZXSNKqiKCJLoET2jF2tgPVmv1tu0NWPNZvbQH1jvPwNvld0=</latexit>

target measures

source
measure

⌫t

⌫t+1

⌫T

<latexit sha1_base64="kOTJUERdkRxKFi8dPnTECQTLaa0=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMoCHFXRD0GvOgtAfOQZAmzk9lkyMzsMtMrhCV/4M2LB0W8+jmCgn/j5HHQxIKGoqqb7q4gFtyA6347mYXFpeWV7GpubX1jcyu/vVMzUaIpq9JIRLoREMMEV6wKHARrxJoRGQhWD/pXI79+z7ThkbqFQcx8SbqKh5wSsNJdSyXtFI69YTtfcIvuGHieeFNSKB1+Vr4e+Em5nf9odSKaSKaACmJM03Nj8FOigVPBhrlWYlhMaJ90WdNSRSQzfjo+eIgPrNLBYaRtKcBj9fdESqQxAxnYTkmgZ2a9kfif10wgvPRTruIEmKKTRWEiMER49D3ucM0oiIElhGpub8W0RzShYDPK2RC82ZfnSe206J0Xzyo2jRs0QRbtoX10hDx0gUroGpVRFVEk0SN6Ri+Odp6cV+dt0ppxpjO76A+c9x9P7pPN</latexit>

µ1
µl
µL

c1,10
<latexit sha1_base64="/dsIyoHWeWJReEB4KirFqsBqCBc=">AAACAXicbVC7TsMwFHXKq7Q8AixILBYFiQFVCULAWMHCWCT6kJoQOa7TWnWcyHYqVVFZ+BUWBhBiYGHkD9j4EJhx2g7QciRLR+fce33v8WNGpbKsTyM3N7+wuJRfLhRXVtfWzY3NuowSgUkNRywSTR9JwignNUUVI81YEBT6jDT83kXmN/pESBrxazWIiRuiDqcBxUhpyTO3nRCprh+keOil9qF948SChmRY8MySVbZGgLPEnpBSZe/r9b1f/K565ofTjnASEq4wQ1K2bCtWboqEopjpgU4iSYxwD3VIS1OOQiLddHTBEO5rpQ2DSOjHFRypvztSFEo5CH1dme0rp71M/M9rJSo4c1PK40QRjscfBQmDKoJZHLBNBcGKDTRBWFC9K8RdJBBWOrQsBHv65FlSPyrbJ+XjK53GORgjD3bALjgANjgFFXAJqqAGMLgF9+ARPBl3xoPxbLyMS3PGpGcL/IHx9gO2k5rY</latexit>

<latexit sha1_base64="tRoSI9LBAIZzDAZl84kjL0/yFtk=">AAAB7HicbVC7SgNBFL0bXzG+opY2g0GwCrsiiWXARrsIbhJIljA7mU2GzMwuM7NCWNL4AzYWitha+xP+gJ2f4R84eRSaeODC4Zx7ufeeMOFMG9f9cnIrq2vrG/nNwtb2zu5ecf+goeNUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOLyd+844qzWJ5a0YJDQTuSxYxgo2V/I5Iu163WHLL7hRomXhzUqqVvj/u/fdKvVv87PRikgoqDeFY67bnJibIsDKMcDoudFJNE0yGuE/blkosqA6y6bFjdGKVHopiZUsaNFV/T2RYaD0Soe0U2Az0ojcR//PaqYkugozJJDVUktmiKOXIxGjyOeoxRYnhI0swUczeisgAK0yMzadgQ/AWX14mjbOyVymf39g0rmGGPBzBMZyCB1WowRXUwQcCDB7gCZ4d6Tw6L87rrDXnzGcO4Q+ctx+xt5Jc</latexit>

<latexit sha1_base64="rD5I0wpwmo9gB85yEm3KMjjNm6c=">AAAB7nicbVDLSgNBEOz1lRhfUY+iDAbBU9gVUY8BL+opgnlAsoTZySQZMju7zPQqYclHePGgiFe/x5vf4Efo5HHQxIKGoqqb7q4glsKg6346C4tLyyuZ7GpubX1jcyu/vVM1UaIZr7BIRroeUMOlULyCAiWvx5rTMJC8FvQvR37tnmsjInWHg5j7Ie0q0RGMopVqTZW0Uhy28gW36I5B5ok3JYXSwfdX5uZhv9zKfzTbEUtCrpBJakzDc2P0U6pRMMmHuWZieExZn3Z5w1JFQ278dHzukBxZpU06kbalkIzV3xMpDY0ZhIHtDCn2zKw3Ev/zGgl2LvxUqDhBrthkUSeRBCMy+p20heYM5cASyrSwtxLWo5oytAnlbAje7MvzpHpS9M6Kp7c2jWuYIAt7cAjH4ME5lOAKylABBn14hGd4cWLnyXl13iatC850Zhf+wHn/Af0ckwM=</latexit>

<latexit sha1_base64="VpCeb1RWWgGxzSrLlHf4hfe3/JU=">AAAB7HicbVBNS8NAEJ3Uj9b6VfUoymIRPJVERD0WvKinCk1baEPZbDft0s0m7G6UEvobvHhQxKs/yJu/wR+hm7YHbX0w8Hhvhpl5fsyZ0rb9aeWWlldW84W14vrG5tZ2aWe3oaJEEuqSiEey5WNFORPU1Uxz2oolxaHPadMfXmV+855KxSJR16OYeiHuCxYwgrWR3I5IuvVuqWxX7AnQInFmpFw9/P7K3z4c1Lqlj04vIklIhSYcK9V27Fh7KZaaEU7HxU6iaIzJEPdp21CBQ6q8dHLsGB0bpYeCSJoSGk3U3xMpDpUahb7pDLEeqHkvE//z2okOLr2UiTjRVJDpoiDhSEco+xz1mKRE85EhmEhmbkVkgCUm2uRTNCE48y8vksZpxTmvnN2ZNG5gigLswxGcgAMXUIVrqIELBBg8wjO8WMJ6sl6tt2lrzprN7MEfWO8/Bi2R1w==</latexit>

<latexit sha1_base64="5lxdlo4Yh+kTAtBCXmsoc2YMfiM=">AAAB7HicbVC7SgNBFL0bXzG+opY2g0GwCrsiiWXARrsIbhJIljA7mU2GzMwuM7NCWNL4AzYWitha+xP+gJ2f4R84eRSaeODC4Zx7ufeeMOFMG9f9cnIrq2vrG/nNwtb2zu5ecf+goeNUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOLyd+844qzWJ5a0YJDQTuSxYxgo2V/I5Iu7xbLLlldwq0TLw5KdVK3x/3/nul3i1+dnoxSQWVhnCsddtzExNkWBlGOB0XOqmmCSZD3KdtSyUWVAfZ9NgxOrFKD0WxsiUNmqq/JzIstB6J0HYKbAZ60ZuI/3nt1EQXQcZkkhoqyWxRlHJkYjT5HPWYosTwkSWYKGZvRWSAFSbG5lOwIXiLLy+TxlnZq5TPb2wa1zBDHo7gGE7BgyrU4Arq4AMBBg/wBM+OdB6dF+d11ppz5jOH8AfO2w8LMpKX</latexit>

cl,20
<latexit sha1_base64="/JnB7mReFBLc9Bc5Oa7iK4VyU1o=">AAACAXicbVC7TsMwFHV4lpZHgAWJxaIgMaAqqRAwVrAwFok+pCZEjuu0Vh0nsp1KVVQWfoWFAYQYWBj5AzY+BGactgO0HMnS0Tn3Xt97/JhRqSzr05ibX1hcWs6t5Aura+sb5uZWXUaJwKSGIxaJpo8kYZSTmqKKkWYsCAp9Rhp+7yLzG30iJI34tRrExA1Rh9OAYqS05Jk7TohU1w9SPPRSdlS+cWJBQzLMe2bRKlkjwFliT0ixsv/1+t4vfFc988NpRzgJCVeYISlbthUrN0VCUcz0QCeRJEa4hzqkpSlHIZFuOrpgCA+00oZBJPTjCo7U3x0pCqUchL6uzPaV014m/ue1EhWcuSnlcaIIx+OPgoRBFcEsDtimgmDFBpogLKjeFeIuEggrHVoWgj198iypl0v2Sen4SqdxDsbIgV2wBw6BDU5BBVyCKqgBDG7BPXgET8ad8WA8Gy/j0jlj0rMN/sB4+wEUJJsU</latexit>

cl,l0

µ
<latexit sha1_base64="mJbciDCUkFs/wCWi7ZgVTdap1YA=">AAAB6nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJgo11ENwkkS5idzCZDZmaXmVkhLGnsbSwUsfUD/Al/wM7P8A+cPApNPHDhcM693HtPmHCmjet+Obml5ZXVtfx6YWNza3unuLtX13GqCPVJzGPVDLGmnEnqG2Y4bSaKYhFy2ggHF2O/cUeVZrG8NcOEBgL3JIsYwcZKN22Rdoolt+xOgBaJNyOlaun7495/r9Q6xc92NyapoNIQjrVueW5iggwrwwino0I71TTBZIB7tGWpxILqIJucOkJHVumiKFa2pEET9fdEhoXWQxHaToFNX897Y/E/r5Wa6DzImExSQyWZLopSjkyMxn+jLlOUGD60BBPF7K2I9LHCxNh0CjYEb/7lRVI/KXuV8um1TeMKpsjDARzCMXhwBlW4hBr4QKAHD/AEzw53Hp0X53XamnNmM/vwB87bD4q7kbg=</latexit>

⌫t

t

covariate cL,L0
<latexit sha1_base64="LSjRQ+LrgDt5eglJ0MWRBq8MEPo=">AAACAXicbVC7TsMwFHXKq7Q8AixILBEFiQFVCULAWMHC0KFI9CG1IXJcp7VqO5HtVKqisvArLAwgxMDCyB+w8SEw47QdoOVIlo7Ouff63uNHlEhl259GZm5+YXEpu5zLr6yurZsbmzUZxgLhKgppKBo+lJgSjquKKIobkcCQ+RTX/d5F6tf7WEgS8ms1iLDLYIeTgCCotOSZ2y0GVdcPEjT0kvJh+aYVCcLwMOeZBbtoj2DNEmdCCqW9r9f3fv674pkfrXaIYoa5QhRK2XTsSLkJFIogqge2YokjiHqwg5uacsiwdJPRBUNrXyttKwiFflxZI/V3RwKZlAPm68p0XzntpeJ/XjNWwZmbEB7FCnM0/iiIqaVCK43DahOBkaIDTSASRO9qoS4UECkdWhqCM33yLKkdFZ2T4vGVTuMcjJEFO2AXHAAHnIISuAQVUAUI3IJ78AiejDvjwXg2XsalGWPSswX+wHj7AQqWmw4=</latexit>

<latexit sha1_base64="dRsKXNOI10KatQP9pNFt2IIPjz0=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPoxbgroh4DXvSWgHlIsoTZyWwyZGZ2mekVwpI/8ObFgyJe/RxBwb9x8jhoYkFDUdVNd1cQC27Adb+dzMLi0vJKdjW3tr6xuZXf3qmZKNGUVWkkIt0IiGGCK1YFDoI1Ys2IDASrB/2rkV+/Z9rwSN3CIGa+JF3FQ04JWOmupZJ2CsfesJ0vuEV3DDxPvCkplA4/K18P/KTczn+0OhFNJFNABTGm6bkx+CnRwKlgw1wrMSwmtE+6rGmpIpIZPx0fPMQHVungMNK2FOCx+nsiJdKYgQxspyTQM7PeSPzPayYQXvopV3ECTNHJojARGCI8+h53uGYUxMASQjW3t2LaI5pQsBnlbAje7MvzpHZa9M6LZxWbxg2aIIv20D46Qh66QCV0jcqoiiiS6BE9oxdHO0/Oq/M2ac0405ld9AfO+w9S+pPP</latexit>

1

T✓ (cl,l0 )] µ
<latexit sha1_base64="bz8z6xvsQmVEcnwjc4cBreyHq2g="></latexit>

T✓ (t)] µ
<latexit sha1_base64="8Dww8VY4BaV3JwcJL3feQc7oF3A=">AAACCXicbVC7SgNBFJ2Nrxhfq4KNFoNBiIVhV0QtAzbaRcgLsmGdncwmQ2YfzNwVwpLWxo/wB2xSKGLrH9j5N84mKTR64MLhnHu59x4vFlyBZX0ZuYXFpeWV/GphbX1jc8vc3mmoKJGU1WkkItnyiGKCh6wOHARrxZKRwBOs6Q2uMr95z6TiUViDYcw6AemF3OeUgJZcEzsBgT4lIq2NXAf6DEgJjl1H9YmMtZm4ZtEqWxPgv8SekWLl5OAu97Q3rrrmp9ONaBKwEKggSrVtK4ZOSiRwKtio4CSKxYQOSI+1NQ1JwFQnnXwywkda6WI/krpCwBP150RKAqWGgac7s7vVvJeJ/3ntBPzLTsrDOAEW0ukiPxEYIpzFgrtcMgpiqAmhkutbMdUREAo6vIIOwZ5/+S9pnJbt8/LZrU7jBk2RR/voEJWQjS5QBV2jKqojih7QM3pBr8ajMTbejPdpa86YzeyiXzA+vgGxZpyX</latexit>

.. learn

.. learn

⌫ ai
<latexit sha1_base64="/83U+IwfvwllTI2NEOfglGYQX4Y=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoOgTbgTUcEmYKNdBPOByXHsbfaSJXt7x+6eEI5gYW9lY6GIYOW/sfOH2LuXpNDEBwOP92aYmefHnClt219Wbm5+YXEpv1xYWV1b3yhubtVVlEhCayTikWz6WFHOBK1ppjltxpLi0Oe04ffPM79xS6VikbjWg5i6Ie4KFjCCtZFu2iLxUuyxYcErluyyPQKaJc6ElCoHd9/372cPVa/42e5EJAmp0IRjpVqOHWs3xVIzwumw0E4UjTHp4y5tGSpwSJWbji4eoj2jdFAQSVNCo5H6eyLFoVKD0DedIdY9Ne1l4n9eK9HBqZsyESeaCjJeFCQc6Qhl76MOk5RoPjAEE8nMrYj0sMREm5CyEJzpl2dJ/bDsHJePrkwalzBGHnZgF/bBgROowAVUoQYEBDzCM7xYynqyXq23cWvOmsxswx9YHz9tr5SB</latexit>

aj
<latexit sha1_base64="xQboTxoAkt6Fr3WD1surXX6FJBo=">AAAB7XicbVDLTgJBEOz1ieAD9ehlIpp4IrvGqEeiF4+YyCMBQmaHWRiYndnMzJKQDf/gxYPGePUP/AH/wJsfomdngYOClXRSqepOd5cfcaaN6346S8srq2vrmY1sbnNreye/u1fVMlaEVojkUtV9rClnglYMM5zWI0Vx6HNa8wfXqV8bUqWZFHdmFNFWiLuCBYxgY6Uqbif9cbadL7hFdwK0SLwZKZSOvt7eh7nvcjv/0exIEodUGMKx1g3PjUwrwcowwuk424w1jTAZ4C5tWCpwSHUrmVw7RsdW6aBAKlvCoIn6eyLBodaj0LedITY9Pe+l4n9eIzbBZSthIooNFWS6KIg5MhKlr6MOU5QYPrIEE8XsrYj0sMLE2IDSELz5lxdJ9bTonRfPbm0aVzBFBg7gEE7AgwsowQ2UoQIE+nAPj/DkSOfBeXZepq1LzmxmH/7Aef0B/p+TMA==</latexit>

µ
<latexit sha1_base64="mJbciDCUkFs/wCWi7ZgVTdap1YA=">AAAB6nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJgo11ENwkkS5idzCZDZmaXmVkhLGnsbSwUsfUD/Al/wM7P8A+cPApNPHDhcM693HtPmHCmjet+Obml5ZXVtfx6YWNza3unuLtX13GqCPVJzGPVDLGmnEnqG2Y4bSaKYhFy2ggHF2O/cUeVZrG8NcOEBgL3JIsYwcZKN22Rdoolt+xOgBaJNyOlaun7495/r9Q6xc92NyapoNIQjrVueW5iggwrwwino0I71TTBZIB7tGWpxILqIJucOkJHVumiKFa2pEET9fdEhoXWQxHaToFNX897Y/E/r5Wa6DzImExSQyWZLopSjkyMxn+jLlOUGD60BBPF7K2I9LHCxNh0CjYEb/7lRVI/KXuV8um1TeMKpsjDARzCMXhwBlW4hBr4QKAHD/AEzw53Hp0X53XamnNmM/vwB87bD4q7kbg=</latexit>

<latexit sha1_base64="Qwyw3CEx5AtvXJXwn0eNysiSbpg=">AAACAXicbVC7TsMwFHXKq7Q8AixILBYFiQFVCULAWMHCWCT6kJoQOa7TWnWcyHYqVVFZ+BUWBhBiYGHkD9j4EJhx2g7QciRLR+fce33v8WNGpbKsTyM3N7+wuJRfLhRXVtfWzY3NuowSgUkNRywSTR9JwignNUUVI81YEBT6jDT83kXmN/pESBrxazWIiRuiDqcBxUhpyTO3nRCprh+keOil7JDdOLGgIRkWPLNkla0R4CyxJ6RU2ft6fe8Xv6ue+eG0I5yEhCvMkJQt24qVmyKhKGZ6oJNIEiPcQx3S0pSjkEg3HV0whPtaacMgEvpxBUfq744UhVIOQl9XZvvKaS8T//NaiQrO3JTyOFGE4/FHQcKgimAWB2xTQbBiA00QFlTvCnEXCYSVDi0LwZ4+eZbUj8r2Sfn4SqdxDsbIgx2wCw6ADU5BBVyCKqgBDG7BPXgET8ad8WA8Gy/j0pwx6dkCf2C8/QBuFptO</latexit>

<latexit sha1_base64="Q/+FIt41KyI822FfV09ML948pms=">AAAB7HicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJgo2ARwU0CyRJmJ7PJkJnZZWZWCEsaf8DGQhFba3/CH7DzM/wDJ49CEw9cOJxzL/feEyacaeO6X05uaXlldS2/XtjY3NreKe7u1XWcKkJ9EvNYNUOsKWeS+oYZTpuJoliEnDbCwcXYb9xRpVksb80woYHAPckiRrCxkt8Waee6Uyy5ZXcCtEi8GSlVS98f9/57pdYpfra7MUkFlYZwrHXLcxMTZFgZRjgdFdqppgkmA9yjLUslFlQH2eTYETqyShdFsbIlDZqovycyLLQeitB2Cmz6et4bi/95rdRE50HGZJIaKsl0UZRyZGI0/hx1maLE8KElmChmb0WkjxUmxuZTsCF48y8vkvpJ2auUT29sGlcwRR4O4BCOwYMzqMIl1MAHAgwe4AmeHek8Oi/O67Q158xm9uEPnLcf2qOSdw==</latexit>

<latexit sha1_base64="3P4b7WivqFgkXXSKIw0shO4jKIk=">AAAB73icbVDLSgNBEJyNrxhfUcGLl8UgeAq7IuoxRA8eEzAPSJYwO+lNhszOrjO9QljyE148KOLVg3/hF3jz4rc4eRw0saChqOqmu8uPBdfoOF9WZml5ZXUtu57b2Nza3snv7tV1lCgGNRaJSDV9qkFwCTXkKKAZK6ChL6DhD67GfuMelOaRvMVhDF5Ie5IHnFE0UrN9DQJpBzv5glN0JrAXiTsjhdJB9Zu/lz8qnfxnuxuxJASJTFCtW64To5dShZwJGOXaiYaYsgHtQctQSUPQXjq5d2QfG6VrB5EyJdGeqL8nUhpqPQx90xlS7Ot5byz+57USDC69lMs4QZBsuihIhI2RPX7e7nIFDMXQEMoUN7farE8VZWgiypkQ3PmXF0n9tOieF8+qJo0ymSJLDskROSEuuSAlckMqpEYYEeSBPJFn6856tF6s12lrxprN7JM/sN5+ANDGk4k=</latexit>

<latexit sha1_base64="TO7o33iKEHKzxAnKWzb5NUlsENg=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FgmYB6QLGF2MpuMmZ1ZZmaFsOQfbCwUsbXyL/wCOxu/xdnEQhMPXDiccy/33hPEnGnjup9Obml5ZXUtv17Y2Nza3inu7jW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtFV5rfuqNJMihszjqkf4YFgISPYWKmJeymbFHrFklt2p0CLxPshpcpB/Yu9Vd9rveJHty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXjtBx1bpo1AqW8Kgqfp7IsWR1uMosJ0RNkM972Xif14nMeGlnzIRJ4YKMlsUJhwZibLXUZ8pSgwfW4KJYvZWRIZYYWJsQFkI3vzLi6R5WvbOy2d1m0YVZsjDIRzBCXhwARW4hho0gMAt3MMjPDnSeXCenZdZa875mdmHP3BevwEaAJKH</latexit>

<latexit sha1_base64="mPhk5T92+W+UKwJ5otgmYy9yysw=">AAAB9XicbVDLSgNBEOz1lRhfUY+iDAbBU9gNoh4DXtRTBPOA7CbMTmaTIbOzy8ysISz5Dy8eFPHqv3jzG/wInTwOmljQUFR1093lx5wpbduf1tLyyupaJrue29jc2t7J7+7VVJRIQqsk4pFs+FhRzgStaqY5bcSS4tDntO73r8Z+/YFKxSJxr4cx9ULcFSxgBGsjtVyRtNNSy40lC+monS/YRXsCtEicGSmUj76/MreDw0o7/+F2IpKEVGjCsVJNx461l2KpGeF0lHMTRWNM+rhLm4YKHFLlpZOrR+jEKB0URNKU0Gii/p5IcajUMPRNZ4h1T817Y/E/r5no4NJLmYgTTQWZLgoSjnSExhGgDpOUaD40BBPJzK2I9LDERJugciYEZ/7lRVIrFZ3z4tmdSeMGpsjCARzDKThwAWW4hgpUgYCER3iGF2tgPVmv1tu0dcmazezDH1jvPwT7ld4=</latexit>

⌫l 0
⌫ L0
<latexit sha1_base64="hkFkdSpJlWh72vwpFiQr499qU70=">AAAB9XicbVDLSgNBEOyNj8T4inoUZTEInsKuiHoMeFFPEcwDspswO5lNhszMLjOzhrDkP7x4UMSr/+LNb/AjdPI4aGJBQ1HVTXdXEDOqtON8Wpml5ZXVbG4tv76xubVd2NmtqSiRmFRxxCLZCJAijApS1VQz0oglQTxgpB70r8Z+/YFIRSNxr4cx8TnqChpSjLSRWp5I2ilrebGknIzahaJTciawF4k7I8Xy4fdX9nZwUGkXPrxOhBNOhMYMKdV0nVj7KZKaYkZGeS9RJEa4j7qkaahAnCg/nVw9so+N0rHDSJoS2p6ovydSxJUa8sB0cqR7at4bi/95zUSHl35KRZxoIvB0UZgwW0f2OAK7QyXBmg0NQVhSc6uNe0girE1QeROCO//yIqmdltzz0tmdSeMGpsjBPhzBCbhwAWW4hgpUAYOER3iGF2tgPVmv1tu0NWPNZvbgD6z3H16zlhg=</latexit>

<latexit sha1_base64="o7Jl8VpBg15WugdTSvZMHULQYaM=">AAAB9XicbVDLSgNBEJz1lRhfUY+iLAbBU9gVUY8BLyoeIpgHZDdhdtKbDJmZXWZmDWHJf3jxoIhX/8Wb3+BH6ORx0MSChqKqm+6uIGZUacf5tBYWl5ZXMtnV3Nr6xuZWfnunqqJEEqiQiEWyHmAFjAqoaKoZ1GMJmAcMakHvcuTXHkAqGol7PYjB57gjaEgJ1kZqeiJppbdNL5aUw7CVLzhFZwx7nrhTUigdfH9lbvr75Vb+w2tHJOEgNGFYqYbrxNpPsdSUMBjmvERBjEkPd6BhqMAclJ+Orx7aR0Zp22EkTQltj9XfEynmSg14YDo51l01643E/7xGosMLP6UiTjQIMlkUJszWkT2KwG5TCUSzgSGYSGputUkXS0y0CSpnQnBnX54n1ZOie1Y8vTNpXKMJsmgPHaJj5KJzVEJXqIwqiCCJHtEzerH61pP1ar1NWhes6cwu+gPr/QctM5X4</latexit>

⌫aij
<latexit sha1_base64="dF37Sp+ruSd9ot4Z4r8M8KvwCpY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9hsN+22m03c3RRKqH/DSw+KePXHeBN/iTc3bQ/a+mDg8d4MM/P8mDOlbfvTyq2srq1v5DcLW9s7u3vF/YO6ihJJaI1EPJJNHyvKmaA1zTSnzVhSHPqcNvzBdeY3hlQqFol7PYqpG+KuYAEjWBvJbYvES7GXsv54XPCKJbtsT4GWiTMnpYoz6T9+f5WqXvGj3YlIElKhCcdKtRw71m6KpWaE03GhnSgaYzLAXdoyVOCQKjedHj1GJ0bpoCCSpoRGU/X3RIpDpUahbzpDrHtq0cvE/7xWooMrN2UiTjQVZLYoSDjSEcoSQB0mKdF8ZAgmkplbEelhiYk2OWUhOIsvL5P6Wdm5KJ/fmTRuYYY8HMExnIIDl1CBG6hCDQg8wBM8w4s1tCbWq/U2a81Z85lD+APr/QcrDJYf</latexit>

combination aij
<latexit sha1_base64="G6Ugb0JRMJPApHtZj9NexAO5jDI=">AAAB7nicbVDLSsNAFL2pr9r6iLp0M1gFVyURUZdFNy4r2Ae0oUymk3bsZBJmJoUS+hFuXCji1i/wB/wDd36Irp20XWjrgQuHc+7l3nv8mDOlHefTyi0tr6yu5dcLxY3NrW17Z7euokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wlfmNIZWKReJWj2LqhbgnWMAI1kZq4E7K7saFjl1yys4EaJG4M1KqHH69vQ+L39WO/dHuRiQJqdCEY6VarhNrL8VSM8LpuNBOFI0xGeAebRkqcEiVl07OHaMjo3RREElTQqOJ+nsixaFSo9A3nSHWfTXvZeJ/XivRwYWXMhEnmgoyXRQkHOkIZb+jLpOUaD4yBBPJzK2I9LHERJuEshDc+ZcXSf2k7J6VT29MGpcwRR724QCOwYVzqMA1VKEGBAZwD4/wZMXWg/VsvUxbc9ZsZg/+wHr9AcU2k6M=</latexit>

T✓ ((ai , aj ))] µ
<latexit sha1_base64="7B2P3MO0R8jdlaszwIiCY5bMWg0=">AAACE3icbVC7SgNBFJ2NrxhfUcFGi0ERomjYFVHLgI12CsYI2bDenUzMmNkHM3eFsOQfbKz9BhsbC0Vsbez8G2cTC40eGDiccy93zvFjKTTa9qeVGxkdG5/ITxampmdm54rzC+c6ShTjVRbJSF34oLkUIa+iQMkvYsUh8CWv+Z3DzK/dcKVFFJ5hN+aNAK5C0RIM0EhecdMNANsMZHrW81xsc4RSCTyxRcG73tjwXN0GFVM3SApecc0u233Qv8T5JmuV7ZXL3P3Sw4lX/HCbEUsCHiKToHXdsWNspKBQMMl7BTfRPAbWgSteNzSEgOtG2s/Uo+tGadJWpMwLkfbVnxspBFp3A99MZgn0sJeJ/3n1BFsHjVSEcYI8ZINDrURSjGhWEG0KxRnKriHAlDB/pcx0AAxNjVkJznDkv+R8p+zslXdPTRvHZIA8WSarpEQcsk8q5IickCph5JY8kmfyYt1ZT9ar9TYYzVnfO4vkF6z3L3bQn4E=</latexit>

.. learn

Figure 1: The evolution from a source µ to a target measure ν can depend on context variables c of
various nature. This comprises a. scalars such as time or dosage t which determine the magnitude of
an optimal transport, b. flow of measures into another one based on additional information (possibly
different between µ and ν) stored in vectors cl,l′ , or c. discrete and complex actions ai , possibly in
combination aij . We seek a unified framework to produce a map Tθ (c) from any type of condition c.
of µ (abbreviated with the push-forward notation as T ♯µ = ν), one should favor so-called Monge
maps, which minimize the average squared-lengths of displacements ∥x − T (x)∥2 . A rich literature,
covered in Peyré and Cuturi (2019), addresses computational challenges of estimating such maps,
with impactful applications to various areas of science (cf., Hashimoto et al., 2016; Schmitz et al.,
2018; Schiebinger et al., 2019; Yang et al., 2020; Janati et al., 2020; Bunne et al., 2022a).
Neural OT We focus in this work on neural approaches that parameterize the optimal maps T
as neural networks. An early approach is the work on Wasserstein GANs (Arjovsky et al., 2017),
albeit the transport map is not explicitly estimated. Several recent results have exploited a more
explicit connection between OT and NNs, derived from the celebrated Brenier theorem (1987), which
states that Monge maps are necessarily gradients of convex functions. Such convex functions can
be represented using input convex neural networks (ICNN) (Amos et al., 2017), to parameterize
either the Monge map (Jacob et al., 2018; Yang and Uhler, 2019; Bunne et al., 2021, 2022b) or a
dual potential (Makkuva et al., 2020; Korotin et al., 2020) as, respectively, the gradient of an ICNN
or an ICNN itself. In this paper, we build on this line of work, but substantially generalize it, to learn
a parametric family of context-aware transport maps, using a collection of labeled pairs of measures.
Contributions We propose a framework that can leverage labeled pairs of measures {(ci , (µi , νi ))}i
to infer a global parameterized map Tθ . Hereby, the context ci belongs to an arbitrary set C. We
construct Tθ so that it should be able, given a possibly unseen context label c ∈ C, to output a map
Tθ (c) : Rd → Rd , that is itself the gradient of a convex function. To that end, we propose to learn
these parameterized Monge maps Tθ as the gradients of partially input convex neural networks
(PICNN), which we borrow from the foundational work of Amos et al. (2017). Our framework can
be also interpreted as a hypernetwork (Ha et al., 2016): The PICNN architecture can be seen as an
ICNN whose weights and biases are modulated by the context vector c, which parameterizes a family
of convex potentials in Rd . Because both ICNN —and to a greater extent PICNN— are notoriously
difficult to train (Richter-Powell et al., 2021; Korotin et al., 2020, 2021), we use closed-form
solutions between Gaussian approximations to derive relevant parameter initializations for (P)ICNNs:
These choices ensure that, upon initialization, the gradient of the (P)ICNNs mimics the affine Monge
map obtained in closed form between Gaussian approximations of measures µi , νi (Gelbrich, 1990).
Our framework is applied to three scenarios: Parameterization of transport through a real variable
(time or drug dosage), through an auxiliary informative variable (cell covariates) and through action
variables (genetic perturbations in combination) (see Fig. 1). Our results demonstrate the ability
of our architectures to better capture on out-of-sample observations the effects of these variables in
various settings, even when considering never-seen, composite context labels. These results suggest
potential applications of conditional OT to model personalized medicine outcomes, or to guide novel
experiments, where OT could serve as a predictor for never tested context labels.

2

Background on Neural Solvers for the 2-Wasserstein Problem

Optimal Transport The Monge problem between two measures µ, ν ∈ P(Rd ), here restricted to
measures supported on Rd and compared withZthe squared Euclidean metric, reads
T ⋆ := arg inf

T ♯µ=ν

Rd

∥x − T (x)∥2 dµ(x) .

2

(1)

The existence of T ⋆ is guaranteed under fairly general conditions (Santambrogio, 2015, Theorem
1.22), which require that µ and ν have finite L2 norm, and that µ puts no mass on (d − 1) surfaces
of class C2 . This can be proved with the celebrated Brenier theorem (1987), which states that there
must exist a unique (up to the addition of a constant) potential f ⋆ : Rd → R such that T ⋆ = ∇f ⋆ .
This theorem has far-reaching implications: It is sufficient, when seeking optimal transport maps,
to restrict the computational effort to seek a “good” convex potential, such that its gradient pushes
µ towards ν. This result has been exploited to propose OT solvers that rely on input convex neural
networks (ICNNs) (Amos et al., 2017), introduced below
Z
Z
f ⋆ := arg sup Eµ,ν (f ) :=
f convex

f ∗ dµ +

Rd

f dν.

(2)

Rd

In practice, Monge maps can be estimated using a dual formulation (Makkuva et al., 2020; Korotin
et al., 2020; Bunne et al., 2022b; Alvarez-Melis et al., 2021; Mokrov et al., 2021). Indeed, T ⋆ in (1)
is recovered as ∇f ⋆ , where f ⋆ is defined in (2), writing f ∗ for the Legendre transform of f .

Convex Neural Architectures Input convex neural networks (ICNN) are neural networks ψθ that
admit certain constraints on their architecture and parameters θ, such that their output ψθ (x) is a
convex function of their input x (Amos et al., 2017). As a result, they have been increasingly used as
drop-in replacements to the set of admissible functions in (2). Practically speaking, an ICNN is a
K-layer, fully connected network such that, at each layer index k from 0 to K − 1, a hidden state
vector zk is defined recursively as in (3),
zk+1 = σk (Wkx x + Wkz zk + bk )
(3)
z
and ψθ (x) = zK , where, by convention, z0 and W0 are 0; σk are convex non-decreasing activation
functions; θ = {bk , Wkz , Wkx }K−1
k=0 are the weights and biases of the neural network. While ample
flexibility is provided to choose dimensions for intermediate hidden states zk , the last layer must
x
z
necessarily produce a scalar, hence WK−1
and Wk−1
are line vectors and bK−1 ∈ R. ICNNs are
z
characterized by the fact that all weight matrices Wk associated to latent representations z must have
non-negative entries. This, along with the specific activation functions, ensures the convexity of ψθ .
We encode this constraint by identifying these matrices as the elementwise softplus or ReLU of other
matrices of the same size, or, alternatively, using a regularizer that penalizes the negative entries of
these matrices. Since the work by Amos et al. (2017), convex neural architectures have been used
within the context of OT to model convex dual functions (Makkuva et al., 2020), or normalizing flows
derived from convex potentials (Huang et al., 2021). Their expressivity and universal approximation
properties have been studied by Chen et al. (2019), who show that any convex function over a compact
convex domain can be approximated in sup norm by an ICNN.

3

Supervised Training of Conditional Monge Maps

We are given a dataset of N pairs of measures, each endowed with a label, (ci , (µi , νi )) ∈ C ×P(Rd )2 .
Our framework builds upon two pillars: (i.) we formulate the hypothesis that an optimal transport Ti⋆
(or, equivalently, the gradient of a convex potential fi⋆ ) explains how measure µi was mapped to νi ,
given context ci ; (ii.) we build on the multi-task hypothesis (Caruana, 1997) that all of the N maps
Ti⋆ between µi and νi share a common set of parameters, that are modulated by context informations
ci . These ideas are summarized in an abstract regression model described below.
3.1

A Regression Formulation for Conditional OT Estimation

θ ∈ Θ ⊂ Rr , Tθ describes a function that takes an input vector c ∈ C, and outputs a function
Tθ (c) : Rd → Rd , as a hypernetwork would (Ha et al., 2016). Assume momentarily that we are
given ground truth maps Ti , that describe the effect of context ci on any measure, rather only pairs of
measures (µi , νi ). This is of course a major leap of faith, since even recovering an OT map T ⋆ from
two measures is in itself very challenging (Hütter and Rigollet, 2021; Rigollet and Stromme, 2022;
Pooladian and Niles-Weed, 2021). If such maps were available, a direct supervised approach to learn
a unique θ could hypothetically involve minimizing a fit function composed of losses between maps
N Z
X
min
∥Tθ (ci )(x) − Ti (x)∥2 dµi (x) .
(4)
θ

i=1

Rd

3

Unfortunately, such maps Ti are not given, since we are only provided unpaired samples before µi
and after νi that map’s application. By Brenier’s theorem, we know, however, that such an OT map
Ti⋆ exists, and that it would be necessarily the gradient of a convex potential function that maximizes
(2). As a result, we propose to modify (4) to (i.) parameterize, for any c, the map Tθ (c) as the gradient
w.r.t. x of a function fθ (x, c) : Rd ×C → R that is convex w.r.t. x, namely Tθ (c) := x 7→ ∇1 fθ (x, c);
(ii.) estimate θ by maximizing jointly the dual objectives (2) simultaneously for all N pairs of
measures, in order to ensure that the maps are close to optimal, to form the aggregate problem
PN
maxθ i=1 Eµi ,νi (fθ ( · , ci )).
(5)
We detail in App. B how the Legendre transforms that appear in the energy terms Eµi ,νi are handled
with an auxiliary function.
3.2

Integrating Context in Convex Architectures

We propose to incorporate context variables, in order to modulate a family of convex functions
fθ (x, c) using partially input convex neural networks (PICNN). PICNNs are neural networks that can
be evaluated over a pair of inputs (x, c), but which are only required to be convex w.r.t. x. Given an
input vector x and context vector c, a K-layer PICNN is defined as ψθ (x, c) = zK , where, recursively
for 0 ≤ k ≤ K − 1 one has
uk+1 = τk (Vk uk + vk ) ,

(6)
zk+1 = σk Wkz zk ◦ [Wkzu uk + bzk ]+ + Wkx (x ◦ (Wkxu uk + bxk )) + Wku uk + buk ) ,
where the PICNN is initialized as u0 = c, z0 = 0, ◦ denotes the Hadamard elementwise product, and
τk is any activation function. The parameters of the PICNN are then given by
θ = {Vk , Wkz , Wkzu , Wkx , Wkxu , Wku , vk , bzk , bxk , buk }.
Similar to ICNNs, the convexity w.r.t. input variable x is guaranteed as long as activation functions
σi are convex and non-decreasing, and the weight matrices Wkz have non-negative entries. We
parameterize this by storing them as elementwise applications of softplus operations on precursor
matrices of the same size, or, alternatively, by regularizing their negative part. Finally, much like
ICNNs, all matrices at the K − 1 layer are line vectors, and their biases scalars.
Such networks were proposed by Amos et al. (2017, Eq. 3) to address a problem that is somewhat
symmetric to ours: Their inputs were labeled as (y, x), where y is a label vector, typically much
smaller than that of vector x. Their PICNN is convex w.r.t. y, in order to easily recover, given
a datapoint x (e.g., an image) the best label y that corresponds to x using gradient descent as a
subroutine, i.e. y ⋆ (x) = arg miny PICNNθ (x, y). PICNN were therefore originally proposed to
learn a parameterized, implicit classification layer, amortized over samples, whose motivation rests
on the property that it is convex w.r.t. label variable y. By contrast, we use PICNNs that are convex
w.r.t. data points x. In addition to that swap, we do not use the convexity of the PICNN to define
an implicit layer (or to carry out gradient descent). Indeed, it does not make sense in our setting
to minimize ψθ (x, c) as a function of x, since x is an observation. Instead, our work rests on the
property that ∇1 ψθ (x, c) describes a parameterized family of OT maps. We note that PICNNs were
considered within the context of OT in (Fan et al., 2021, Appendix B). In that work, PICNN provide
an elegant reformulation for neural Wasserstein barycenters. Fan et al. (2021) considered a context
vector c that was restricted to be a small vector of probabilities.
3.3

Conditional Monge Map Architecture

Using PICNNs as a base module, the C OND OT architecture integrates operations on the contexts C.
As seen in Figure 1, context values c may take various forms:
1. A scalar t denoting a strength or a temporal effect. For instance, McCann’s interpolation and
its time parameterization, αt = ((1 − t)Id + tT )♯ α0 (McCann, 1997) can be interpreted as a
trivial conditional OT model that creates, from
 an OT map ψθ , a set of maps parameterized by t,
Tθ (t) := x 7→ ∇x (1 − t)∥x∥2 /2 + tψθ (x) .
2. A covariate vector influencing the nature of the effect that led µi to νi , (capturing, e.g., patient
feature vectors).
3. One or multiple actions, possibly discrete, representing decisions or perturbations applied onto µi .
To provide a flexible architecture capable of modeling different types of conditions as well as
conditions appearing in combinations, the more general C OND OT architecture consists of the
4

hypernetwork Tθ that is fed a context vector through embedding and combinator modules. This
generic architecture provides a one-size fits all approach to integrate all types of contexts c.
Embedding Module To give greater flexibility when setting the context variable c, C OND OT
contains an embedding module E that translates arbitrary contexts into real-valued vectors. Besides
simple scalars t (Fig. 1a) for which no embedding is required, discrete contexts can be handled with an
embedding module Eϕ . When the set C is small, this can be done effectively using one-hot embeddings
Eohe . For more complicated actions a such as treatments, there is no simple way to vectorize a context
c. Similarly to action embeddings in reinforcement learning (Chandak et al., 2019; Tennenholtz and
Mannor, 2019), we can learn embeddings for discrete actions into a learned continuous representation.
This often requires domain-knowledge on the context values. For molecular drugs, for example, we
can learn molecular representations Emol such as chemical, motif-based (Rogers and Hahn, 2010) or
neural fingerprints (Rong et al., 2020; Schwaller et al., 2022). However, often this domain knowledge
is not available. In this work, we thus construct so-called mode-of-action embeddings, by computing
an embedding Emoa that encourages actions a with similar effect on target population ν to have a
similar representation. In § 5, we analyze several embedding types for different use-cases.
Combinator Module While we often have access to
contexts c in isolation, it is crucial to infer the effect of
µ
contexts applied in combination. A prominent example are
ci
cancer combination therapies, in which multiple treatment
T✓ ⌫
cj
modalities are administered in combination to enhance
C
treatment efficacy (Kummar et al., 2010). In these settings,
E
the mode of operation between individual contexts c is
ck
combinator
often not known, and can thus not be directly modeled via
map
embedding
simple arithmetic operations such as min, max, sum,
mean. While we test as a baseline the case, applicable
to one-hot-embeddings, where simple additions are used Figure 2: C OND OT Architecture and
to model these combinations, we propose to augment the Modules. The embedding module Eϕ
C OND OT architecture with a parameterized combinator embeds arbitrary conditions c, which are
module CΦ . If the order in which the actions are applied then combined via module CΦ . Using
is irrelevant or unknown, the corresponding network CΦ the processed contexts c, the map Tθ (c)
needs to be permutation-invariant, which can be achieved acts on µ to predict the target measure ν.
by using a deep set architecture (Zaheer et al., 2017). Receiving a flexible number of inputs from the
embedding module Eϕ , C OND OT allows for a joint training of the PICNN parameters θ, embedding
parameters ϕ, and combinator parameters Φ in a single, end-to-end differentiable architecture.
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<latexit sha1_base64="HaH9bINq9IHXdmvllwzEsUQVk1Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduhhbBVUlE1GWlG1dSwT6gCWEynbRDJw9mJoUS+gl+gODGhSJu/RN34kf4C07aLrT1wMDhnHu5Z46fcCaVZX0ahZXVtfWN4mZpa3tnd8/cP2jJOBWENknMY9HxsaScRbSpmOK0kwiKQ5/Ttj+s5357RIVkcXSnxgl1Q9yPWMAIVlryTNMJsRoQzLP6xHMaA+aZFatqTYGWiT0nlVr54f77avjV8MwPpxeTNKSRIhxL2bWtRLkZFooRTiclJ5U0wWSI+7SraYRDKt1smnyCjrXSQ0Es9IsUmqq/NzIcSjkOfT2Z55SLXi7+53VTFVy6GYuSVNGIzA4FKUcqRnkNqMcEJYqPNcFEMJ0VkQEWmChdVkmXYC9+eZm0Tqv2efXsVrdxAzMU4QjKcAI2XEANrqEBTSAwgkd4hhcjM56MV+NtNlow5juH8AfG+w/x85en</latexit>

<latexit sha1_base64="MTzp0hLRe9c58SZUHqANhu6IzYs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUREXRZEcCUV7AOaEibTSTt0Mgkzk0qN/RNduFDErX/izp2f4qTtQlsPDBzOuZd75gQJZ0o7zpe1sLi0vLJaWCuub2xubds7u3UVp5LQGol5LJsBVpQzQWuaaU6biaQ4CjhtBP2L3G8MqFQsFrd6mNB2hLuChYxgbSTftr0I6x7BPLsc+V7SY75dcsrOGGieuFNSqrh3/P7h6bvq259eJyZpRIUmHCvVcp1EtzMsNSOcjopeqmiCSR93actQgSOq2tk4+QgdGqWDwliaJzQaq783MhwpNYwCM5nnVLNeLv7ntVIdnrczJpJUU0Emh8KUIx2jvAbUYZISzYeGYCKZyYpID0tMtCmraEpwZ788T+rHZfe0fHJj2riGCQqwDwdwBC6cQQWuoAo1IDCAR3iBVyuznq03630yumBNd/bgD6yPH9r5l5I=</latexit>

<latexit sha1_base64="KJ283WcMjdzgclm/DhWyw5uVFhw=">AAAB7HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irot4seNFbBbcttEvJptk2NJtdkrdCKf0NXjwo4tXfI978N6bbHrR1IDDMvCHvTZhKYdB1v53Cyura+kZxs7S1vbO7V94/aJgk04z7LJGJboXUcCkU91Gg5K1UcxqHkjfD4c3Ubz5ybUSiHnCU8iCmfSUiwShaye/0EjTdcsWtujnIMvHmpHL9CTnq3fKXzbEs5gqZpMa0PTfFYEw1Cib5pNTJDE8pG9I+b1uqaMxNMM6XnZATq/RIlGj7FJJc/Z0Y09iYURzayZjiwCx6U/E/r51hdBWMhUoz5IrNPooySTAh08tJT2jOUI4soUwLuythA6opQ9tPyZbgLZ68TBpnVe+ien7vVmp3szagCEdwDKfgwSXU4Bbq4AMDAU/wAq+Ocp6dN+d9Nlpw5plD+APn4wdk44/d</latexit>

...

inputs

<latexit sha1_base64="SESvNgPqVs8/pMEzUiW1liZB9fA=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2VdSbBS+epKL9gHYp2TRtQ7PZJZkVytKf4MWDIl79RXry35hue9DWFwIP7ztDZiaIpTDout9Obml5ZXUtv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPrSd545NqISD3gKOZ+SPtK9ASjaK37tko6xZJbdjORRfBmULr6Os1U7RQ/292IJSFXyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlUdGQGz/NRh2TI+t0SS/S9ikkmfu7I6WhMaMwsJUhxYGZzybmf1krwd6lnwoVJ8gVm37USyTBiEz2Jl2hOUM5skCZFnZWwgZUU4b2OgV7BG9+5UWon5S98/LZnVuq3MJUeTiAQzgGDy6gAjdQhRow6MMTvMCrI51n5815n5bmnFnPPvyR8/EDcpaQLA==</latexit>

<latexit sha1_base64="LmuGzQpuFC9Z4orpo4c8KEpIyJs=">AAAB6nicbVDLSgNBEOyJrxhfUcGLHgaD4MWwK6IeA170FtE8IFni7GQ2GTM7u8zMCmHJJ3jxoIgHL/6Av+LNv3HyOGhiQUNR1U13lx8Lro3jfKPM3PzC4lJ2Obeyura+kd/cquooUZRVaCQiVfeJZoJLVjHcCFaPFSOhL1jN710M/doDU5pH8tb0Y+aFpCN5wCkxVrqhrftWvuAUnRHwLHEnpFA62rvLvO98llv5r2Y7oknIpKGCaN1wndh4KVGGU8EGuWaiWUxoj3RYw1JJQqa9dHTqAB9YpY2DSNmSBo/U3xMpCbXuh77tDInp6mlvKP7nNRITnHspl3FimKTjRUEisInw8G/c5opRI/qWEKq4vRXTLlGEGptOzobgTr88S6rHRfe0eHJt07iCMbKwC/twCC6cQQkuoQwVoNCBR3iGFyTQE3pFb+PWDJrMbMMfoI8fYiWQIQ==</latexit>

<latexit sha1_base64="F/KxlTcdBmmuH9nzvCI8RkzkvWQ=">AAAB6nicbVDLSgNBEOyJj8T4inoUZTAInsKuiHoMeFFPEc0DkiXMTmaTIbOzy8ysEpZ8ghcPinj1i7z5DX6ETh4HTSxoKKq66e7yY8G1cZxPlFlYXFrO5lbyq2vrG5uFre2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3+xciv3zOleSTvzCBmXki6kgecEmOlW9rutwtFp+SMgeeJOyXF8v73V/b6Ya/SLny0OhFNQiYNFUTrpuvExkuJMpwKNsy3Es1iQvuky5qWShIy7aXjU4f40CodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODcS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdPI2BHf25XlSOy65p6WTG5vGFUyQg104gCNw4QzKcAkVqAKFLjzCM7wggZ7QK3qbtGbQdGYH/gC9/wCOy5D+</latexit>

Training Procedure Given a dataset D = {ci , (µi , νi )}N
i=0 of N pairs of populations before µi and
after transport νi connected to a context ci , we detail in Algorithm 1 provided in § B, a training loop
that incorporates all of the architecture proposals described above. The training loss aims at making
sure the map Tθ (ci ) is an OT map from µi to νi , where ci may either be the original label itself or its
embedded/combined formulation in more advanced tasks. To handle the Legendre transform in (2),
we use the proxy dual objective defined in (Makkuva et al., 2020, Eq. 6) (15)-(16) in place of (2) in our
overall loss (5). This involves training the C OND OT architecture using two PICNNs, i.e., PICNNθf
and PICNNθg , that share the same embedding/combinator module, with a regularization (14) promoting that for any c, the PICNNθg (·, c) resembles the Legendre transform of the other, PICNN∗θf (·, c).

4

Initialization Strategies for Neural Convex Architectures

We address the problem of initializing the parameters of (P)ICNNs to ensure their gradient evaluated
at every point is (initially) meaningful in the context of OT, namely that it is able to map the
first and second moments of a measure µ into those of a target measure ν. The initializers we
propose build heavily on the quadratic layers proposed in the seminal reference (Korotin et al., 2020,
Appendix B.2), notably the “DenseQuad” layer, as well as on closed-form solutions available for
Gaussian approximations of measures (Gelbrich, 1990).
Closed-Form Potentials for Gaussians Given two Gaussian distributions N1 , N2 with means
respectively m1 , m2 and covariance matrices Σ1 , Σ2 (where Σ1 is assumed to be full rank), the
5

a.

b.

⌫1
<latexit sha1_base64="5dp+Qn/bFy3lT+FLqD3jy+6+dto=">AAAB7HicbVDLSgNBEOz1lRhfUY+iDAbBU9gVUY8BL+opgpsEkiXMTmaTITOzy8ysEpZ8gxcPinj1g7z5DX6ETh4HTSxoKKq66e4KE860cd1PZ2FxaXkll18trK1vbG4Vt3dqOk4VoT6JeawaIdaUM0l9wwynjURRLEJO62H/cuTX76nSLJZ3ZpDQQOCuZBEj2FjJb8m07bWLJbfsjoHmiTclpcrB91fu5mG/2i5+tDoxSQWVhnCsddNzExNkWBlGOB0WWqmmCSZ93KVNSyUWVAfZ+NghOrJKB0WxsiUNGqu/JzIstB6I0HYKbHp61huJ/3nN1EQXQcZkkhoqyWRRlHJkYjT6HHWYosTwgSWYKGZvRaSHFSbG5lOwIXizL8+T2knZOyuf3to0rmGCPOzBIRyDB+dQgSuogg8EGDzCM7w40nlyXp23SeuCM53ZhT9w3n8A0RKRtA==</latexit>

c.
hA2 ,b2

c1 c2 c3

<latexit sha1_base64="cL/zy0CekS6+1jE9p2WFp9sNV3c=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5TdUtRjxYveKtgPaJclm2bb0GyyJFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJx7czv/NElWZSPJpJQv0YDwWLGMHGSv1RkN0EtQsUBrVpUK64VXcOtEq8nFQgRzMof/UHkqQxFYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUsFjqn2s/nNU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66UmuvYzJpLUUEEWi6KUIyPRLAA0YIoSwyeWYKKYvRWREVaYGBtTyYbgLb+8Stq1qndZrT/UK437PI4inMApnIMHV9CAO2hCCwgk8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gCpBZDS</latexit>

µ
<latexit sha1_base64="LJMjakW3rzyD2R27A7Tmq2/N7bc=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FL3qraD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38z89hPThsfq0U4SFkgyVDzilFgnPfRk2i9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URtdBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdW/rNbua5X6XR5HEU7gFM7Bhyuowy00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AFiZ43m</latexit>

hA1 ,b1

<latexit sha1_base64="eUz0s3zv+WBXS5c1NmPnmybR4eE=">AAAB6nicbVDLSgNBEOz1lRhfUY+iDAbBU9hVUY8BL+oponlAsoTZyWwyZGZ2mZlVwpJP8OJBEa9+kTe/wY/QyeOgiQUNRVU33V1BzJk2rvvpzM0vLC5lssu5ldW19Y385lZVR4kitEIiHql6gDXlTNKKYYbTeqwoFgGntaB3MfRr91RpFsk704+pL3BHspARbKx0S1rHrXzBLbojoFniTUihtPf9lbl+2C238h/NdkQSQaUhHGvd8NzY+ClWhhFOB7lmommMSQ93aMNSiQXVfjo6dYAOrNJGYaRsSYNG6u+JFAut+yKwnQKbrp72huJ/XiMx4bmfMhknhkoyXhQmHJkIDf9GbaYoMbxvCSaK2VsR6WKFibHp5GwI3vTLs6R6VPROiyc3No0rGCMLO7APh+DBGZTgEspQAQIdeIRneHG48+S8Om/j1jlnMrMNf+C8/wA565DG</latexit>

<latexit sha1_base64="oyrlqBifBgbnYWznkX5vn0KUPdE=">AAAB6nicbVDLSgNBEOyJj8T4inoUZTAInsKuiHoMeFFPEc0DkiXMTmaTIbOzy8ysEpZ8ghcPinj1i7z5DX6ETh4HTSxoKKq66e7yY8G1cZxPlFlYXFrO5lbyq2vrG5uFre2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3+xciv3zOleSTvzCBmXki6kgecEmOlW9p224WiU3LGwPPEnZJief/7K3v9sFdpFz5anYgmIZOGCqJ103Vi46VEGU4FG+ZbiWYxoX3SZU1LJQmZ9tLxqUN8aJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOnkbgjv78jypHZfc09LJjU3jCibIwS4cwBG4cAZluIQKVIFCFx7hGV6QQE/oFb1NWjNoOrMDf4DefwA245DE</latexit>

<latexit sha1_base64="pRYlRchEnBwkXgu6RWJYdgQgYB8=">AAAB6nicbVDLSgNBEOzxlRhfUY+iDAbBU9gNoh4DXtRTRPOAZAmzk9lkyOzsMjOrhCWf4MWDIl79Im9+gx+hk8dBEwsaiqpuurv8WHBtHOcTLSwuLa9ksqu5tfWNza389k5NR4mirEojEamGTzQTXLKq4UawRqwYCX3B6n7/YuTX75nSPJJ3ZhAzLyRdyQNOibHSLW2X2vmCU3TGwPPEnZJC+eD7K3P9sF9p5z9anYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU1LJQmZ9tLxqUN8ZJUODiJlSxo8Vn9PpCTUehD6tjMkpqdnvZH4n9dMTHDupVzGiWGSThYFicAmwqO/cYcrRo0YWEKo4vZWTHtEEWpsOjkbgjv78jyplYruafHkxqZxBRNkYQ8O4RhcOIMyXEIFqkChC4/wDC9IoCf0it4mrQtoOrMLf4DefwA4Z5DF</latexit>

<latexit sha1_base64="EEwQffzqDIyXyB8tI6MYwKt+z5Q=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8VL3qrYD+gDWGz3bZLN5uwOxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7ZAaLoXiDRQoeTvRnEah5K1wdDv1W09cGxGrRxwn3I/oQIm+YBSt1B0G2U3gnZMw8CZBqexW3BnIMvFyUoYc9aD01e3FLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2c0TcmqVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M/rpNi/9jOhkhS5YvNF/VQSjMk0ANITmjOUY0so08LeStiQasrQxlS0IXiLLy+T5kXFu6xUH6rl2n0eRwGO4QTOwIMrqMEd1KEBDBJ4hld4c1LnxXl3PuatK04+cwR/4Hz+AKX2kNA=</latexit>

⌫2

u0 = softmax( c>
<latexit sha1_base64="8I+/c5DkeUf9HUso/qkS+ep7SJQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVoB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjXK/WHIr7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aV1WvKtKtVEt1e6zOPJwBudQBg+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AXICjLw=</latexit>

<latexit sha1_base64="L5qrL0YA6qFN6oe0FDcO/nW4LxQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqDcDXvQWwTwgWcPsZJKMmd1ZZnqFsOQfvHhQxKu/I978GyebHDSxoKGo6qa7K4ilMOi6305uaXlldS2/XtjY3NreKe7u1Y1KNOM1pqTSzYAaLkXEayhQ8masOQ0DyRvB8GriNx65NkJFdziKuR/SfiR6glG0Up3dt1HFnWLJLbsZyCLxZqR0+QkZqp3iV7urWBLyCJmkxrQ8N0Y/pRoFk3xcaCeGx5QNaZ+3LI1oyI2fZteOyZFVuqSntK0ISab+nkhpaMwoDGxnSHFg5r2J+J/XSrB34aciihPkEZsu6iWSoCKT10lXaM5QjiyhTAt7K2EDqilDG1DBhuDNv7xI6idl76x8euuWKjfTNCAPB3AIx+DBOVTgGqpQAwYP8AQv8Ooo59l5c96nrTlnNrMPf+B8/AAUKpBB</latexit>

<latexit sha1_base64="ZrCwrWgD/x1PQp+DwDmCuNZW/XA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JIUS9CwYveKtgPaEPYbDft0t0k7E6kJdS/4sWDIl79Id78N27bHLT1wcDjvRlm5gWJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUUvHqaKsSWMRq05ANBM8Yk3gIFgnUYzIQLB2MLqZ+e1HpjSPoweYJMyTZBDxkFMCRvLtcuo717gHbAyZjkOQZDz17YpTdebAq8TNSQXlaPj2V68f01SyCKggWnddJwEvIwo4FWxa6qWaJYSOyIB1DY2IZNrL5sdP8alR+jiMlakI8Fz9PZERqfVEBqZTEhjqZW8m/ud1UwivvIxHSQosootFYSowxHiWBO5zxSiIiSGEKm5uxXRIFKFg8iqZENzll1dJ67zqXlRr97VK/S6Po4iO0Qk6Qy66RHV0ixqoiSiaoGf0it6sJ+vFerc+Fq0FK58poz+wPn8A3YiU9Q==</latexit>

<latexit sha1_base64="0pJJAAbWmyU0QBEUlAs6i1TV0Gw=">AAAB7HicbVDLSsNAFL2pj9b6iroUZbAIrkpSRF0W3KirCqYttKFMppN26GQSZiZKCf0GNy4UcesHufMb/AidPhbaeuDC4Zx7ufeeIOFMacf5tHJLyyur+cJacX1jc2vb3tmtqziVhHok5rFsBlhRzgT1NNOcNhNJcRRw2ggGl2O/cU+lYrG408OE+hHuCRYygrWRvLZIO5WOXXLKzgRokbgzUqoefn/lbx4Oah37o92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw7QsdG6aIwlqaERhP190SGI6WGUWA6I6z7at4bi/95rVSHF37GRJJqKsh0UZhypGM0/hx1maRE86EhmEhmbkWkjyUm2uRTNCG48y8vknql7J6VT29NGtcwRQH24QhOwIVzqMIV1MADAgwe4RleLGE9Wa/W27Q1Z81m9uAPrPcf0paRtQ==</latexit>

⌫3
<latexit sha1_base64="XT4yzw8HFO1OLsEhdjCMy4joyZA=">AAAB7HicbVDLSsNAFL2pj9b6iroUZbAIrkqioi4LbtRVBdMW2lAm00k7dDIJMxOlhH6DGxeKuPWD3PkNfoROHwttPXDhcM693HtPkHCmtON8WrmFxaXlfGGluLq2vrFpb23XVJxKQj0S81g2AqwoZ4J6mmlOG4mkOAo4rQf9y5Ffv6dSsVjc6UFC/Qh3BQsZwdpIXkuk7ZO2XXLKzhhonrhTUqrsf3/lbx72qm37o9WJSRpRoQnHSjVdJ9F+hqVmhNNhsZUqmmDSx13aNFTgiCo/Gx87RIdG6aAwlqaERmP190SGI6UGUWA6I6x7atYbif95zVSHF37GRJJqKshkUZhypGM0+hx1mKRE84EhmEhmbkWkhyUm2uRTNCG4sy/Pk9px2T0rn96aNK5hggLswgEcgQvnUIErqIIHBBg8wjO8WMJ6sl6tt0lrzprO7MAfWO8/1BqRtg==</latexit>

3
hA1 ,b1 (x)
z0 = 4hA2 ,b2 (x)5 u0
hA3 ,b3 (x)
<latexit sha1_base64="9UVSoUDLx8LJu+A3VD1oEFNMLRg="></latexit>

hA3 ,b3
<latexit sha1_base64="BXKdAgtwT86lFPVpKv9vBgLlq1s=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4kLJri3qseNFbBfsB7bJk02wbmmSXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0ctnScKkKbJOax6oRYU84kbRpmOO0kimIRctoOR7dTv/1ElWaxfDTjhPoCDySLGMHGSr1hkN0E1XMUBtVJUCq7FXcGtEy8nJQhRyMoffX6MUkFlYZwrHXXcxPjZ1gZRjidFHuppgkmIzygXUslFlT72ezmCTq1Sh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv953dRE137GZJIaKsl8UZRyZGI0DQD1maLE8LElmChmb0VkiBUmxsZUtCF4iy8vk9ZFxbus1B5q5fp9HkcBjuEEzsCDK6jDHTSgCQQSeIZXeHNS58V5dz7mrStOPnMEf+B8/gCsFJDU</latexit>

<latexit sha1_base64="HdqnJUk08LBUHnq9NSnIHp9d3rs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArQT0GvOgtAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9q7KlXqlVL3P4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3OGjL0=</latexit>

)

2

Figure 3: a. From a measure µ to several target measures ν1 , ν2 , ν3 provided with labels c1 , c2 , c3 we
can extract three Gaussian (quadratic) potentials in closed form, b. whose gradients transport on a
first approximation µ to areas in space that cover the three targets. c. Given a new label vector c, we
compare it to known labels to modulate the magnitude of each of the three potentials.
Brenier potential solving the OT problem from the first to the second Gaussian reads:
⋆
fN
= 12 xT AT Ax + bT x + t(A, b) = 12 ∥Ax∥22 + bT x + t(A, b), where,
1 ,N2

1/2

1/2
−1/2
1/2
1/2
−1/2
A := Σ1
Σ1 Σ2 Σ1
Σ1
, b := m2 − AT Am1 ,

(7)

define both quadratic and linear terms and t(A, b) can be any constant. Importantly, note that we
write the quadratic term in factorized form AAT to enforce psd-ness, as done by Korotin et al. (2020),
not as usually done with a single psd matrix (Peyré and Cuturi, 2019, Remark 2.31).
Our quadratic potentials are only injected in the first state of hidden vector z0 , to populate it with a
collection of relevant full-rank quadratic convex functions, with the goal of recovering an affine OT
map from the start, as illustrated in the experiments from § C.1.
Quadratic Potentials Lower Bounded by 0 Naturally, for any choice of t(A, b) one recovers the
⋆
property that ∇fµ,ν
♯N1 = N2 . When used in deep architectures, the level of that constant does,
however, play a role, since convex functions in ICNN are typically thresholded or modulated using
rectifying functions. To remove this ambiguity, we settle on a choice for t(A, b) that is such that the
⋆
lowest value reached by fN
is 0. This can be obtained by setting
1 ,N2

t(A, b) := bT (AT A)−1 b ,
which results in the following choice, writing ω = m1 − (AT A)−1 m2 ,

⋆
fN
(x) = 21 ∥A x + (AT A)−1 b ∥22 = 12 ∥A (x − ω) ∥22 .
1 ,N2

(8)

(9)

To mimic these potential functions, we introduce a quadratic layer parameterized by a weight matrix
M and a “bias” vector m, defined as qM,m (x) = 12 ∥M (x − m)∥22 . By design, qM,m (x) is a convex
quadratic, non-negative layer. Finally, one has the following relationships,
∇qI,0d = Id, ∇qA,ω ♯N1 = N2 .
(10)
ICNN Initialization We explore two possible ICNN (3) initializers for OT.
Identity Initialization The first approach ensures that upon initialization the ICNN’s gradient mimics
the identity map, i.e., ∇ψθ (x) = x for any x. We do so by injecting in the initial hidden state z0
the norm of the input vector 12 ∥x∥2 , cast as a trainable layer qM,m initialized with M = I and
m = 0d , see (10). The remaining parameters are chosen to propagate that norm throughout layers
using averages. This amounts to the following choices:

1.
2.
3.
4.
5.

Set all σi to be activations such that σi′ (u) ≈ 1 for u large enough, e.g., (leaky) ReLU or softplus.
Introduce an initialization layer, z0 = qM,m (x)1, itself initialized with M = I and m = 0d .
Initialize all matrices Wiz to ≈ 1d2 ,d1 /d1 , where d1 , d2 are the dimensions of these matrices.
Initialize all matrices Wix to ≈ 0.
Initialize biases bi to s1, where s is a large enough value s so that σi′ (s) ≈ 1.

Gaussian Initialization The second approach can be used to initialize an ICNN so that its gradient
mimics the affine transport between the Gaussian approximations of µ and ν. To this end, we follow
all of the steps outlined above, except for step 2 where the quadratic layer qM,m is initialized instead
with M = A and m = m1 − (AT A)−1 m2 using notations in (7), (8), (9), where m1 , m2 , Σ1 , Σ2
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Table 1: Evaluation of drug effect predictions from control cells to cells treated with drug Givinostat
when conditioning on various covariates influencing cellular responses such as drug dosage and cell
type. Results are reported based on MMD and the ℓ2 distance between perturbation signatures of
marker genes in the 1000 dimensional gene expression space.
Method

Conditioned on Drug Dosage
In-Sample
Out-of-Sample

CPA (Lotfollahi et al., 2021)
ICNN OT (Makkuva et al., 2020)
C OND OT (Identity initialization)
C OND OT (Gaussian initialization)
CondOT
ICNN OT

MMD

ℓ2 (PS)

MMD

ℓ2 (PS)

MMD

ℓ2 (PS)

0.1502 ± 0.0769
0.0365 ± 0.0473
0.0111 ± 0.0055
0.0128 ± 0.0081

2.47 ± 2.89
2.37 ± 2.15
0.63 ± 0.09
0.60 ± 0.11

0.1568 ± 0.0729
0.0466 ± 0.0479
0.0374 ± 0.0052
0.0325 ± 0.0062

2.65 ± 2.75
2.24 ± 2.39
2.02 ± 0.10
1.84 ± 0.14

0.2551 ± 0.006
0.0206 ± 0.0109
0.0148 ± 0.0078
0.0146 ± 0.0074

2.71 ± 1.51
1.16 ± 0.75
0.39 ± 0.06
0.41 ± 0.07

CPA
(Lotfollahi et al., 2021)

b.
ENSG00000165092.12

Wasserstein Distance

a.

Conditioned on Cell Line
In-Sample

A549

MCF7

K562
CondOT

Density

CondOT
Target
Target
Source
Source
CPA (Lotfollahi et al., 2021)
CPA
et al., 2021)
ICNN(Lotfollahi
OT
ICNN OT

In-Sample

Out-of-Sample

Setting

Expression Level

Expression Level

Expression Level

Figure 4: a. Predictive performance of C OND OT and baselines w.r.t. the entropy-regularized Wasserstein distance on drug dosages in-sample, i.e., seen during training, and out-of-sample, i.e., unseen
during training. b. Marginal distributions of observed source and target distributions, as well as predictions on perturbed distributions by C OND OT and baselines of an exemplary gene across different
cell lines. Predicted marginals of each method should match the marginal of the target population.
are replaced by the empirical mean and covariances of µ and ν. Throughout the experiments, we use
the Gaussian and identity initialization. Further comparisons between the vanilla initialization and
those introduced in this work can be found in § C.1 (Fig. 8).
PICNN Initialization Recall for convenience that a K-layer PICNN architecture reads:
uk+1 = τk (Vk uk + vk )

zk+1 = σk Wkz zk ◦ [Wkzu uk + bzk ]+ + Wkx (x ◦ (Wkxu uk + bxk )) + Wku uk + buk )

ψθ (x, c) = zK .
In their original form (Amos et al., 2017, Eq. 3), PICNNs are initialized by setting u0 = c and
z0 = 0 to a zero vector of suitable size. Intuitively, the hidden states uk act as context-dependent
modulators, whereas vectors zk propagate, layer after layer, a collection of convex functions in x
that are iteratively refined, while retaining the property that they are each convex in x. A reasonable
initialization for a PICNN that is provided a context vector c is that if c ≈ cj (where j is in the
training set), one has that ∇1 ψθ0 (·, c) maps approximately µj to νj , which can be obtained by having
ψθ0 (·, c) mimic the closed-form Brenier potential between the Gaussian approximations of µj , νj .
Alternatively, one may also default to an identity initialization as discusses above. To obtain either
behavior, we make the following modifications, and refer to the illustration in Fig. 3:
1. The modulator u0 (c) = softmax(cT M ), where C is initialized as M = [cj ]j , and Vi = I, vi = 0.
2. z0 = [qMj ,mj (x)]j , where weight matrices and bias (Mj , mj ) are either initialized to (I, 0) or as
(Aj , ωj ) recovered by solving the Gaussian affine map from µj to νj using (9).
3. Modulator u0 is passed directly to hidden state upon first iteration W0zu = I, bz0 = 0.
4. All subsequent matrices Wkz are initialized to ≈ 1d2 ,d1 /d1 , where d1 , d2 are their dimensions,
5. Wkx and Wkxu are ≈ 0, the biases bzk ≈ 1, buk ≈ 0.
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Evaluation

Biological cells undergo changes in their molecular profiles upon chemical, genetic, or mechanical
perturbations. These changes can be measured using recent technological advancements in high7
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c.
Wasserstein Loss of CPA

MoA Embedding

Wasserstein Loss of ICNN OT

Wasserstein Loss of ICNN OT
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One-Hot Embedding

Known Perturbations
Unknown Combinations

Wasserstein Loss of CondOT

Figure 5: Comparison between a. C OND OT and ICNN OT (Makkuva et al., 2020) based on
embedding Emoa b. as well as Eohe , and c. C OND OT and CPA (Lotfollahi et al., 2021) based on
embedding Eohe on known and unknown perturbations or combinations. Results above the diagonal
suggest higher predictive performance of C OND OT.
resolution multivariate single-cell biology. Measuring single cells in their unperturbed or perturbed
state requires, however, to destroy them, resulting in populations µ and ν that are unpaired. The
relevance of OT to that comes from its ability to resolve such ambiguities through OT maps, holding
promises of a better understanding of health and disease. We consider various high-dimensional problems arising from this scenario to evaluate the performance of C OND OT (§ 3) versus other baselines.
5.1

Population Dynamics Conditioned on Scalars

Upon application of a molecular drug, the state of each cell xi of the unperturbed population
is altered, and observed in population ν. Molecular drugs are often applied at different dosage
levels t, and the magnitude of changes in the gene expression profiles of single cells highly
correlates with that dosage. We seek to learn a global, parameterized transport map Tθ sensitive
to that dosage.We evaluate our method on the task of inferring single-cell perturbation responses
to the cancer drug Givinostat, a histone deacetylase inhibitor with potential anti-inflammatory,
anti-angiogenic, and antineoplastic activities (Srivatsan et al., 2020), applied at different dosage
levels, i.e., t ∈ {10 nM, 100 nM, 1, 000 nM, 10, 000 nM}. The dataset contains 3, 541 cells described
with the gene expression levels of 1, 000 highly-variable genes. In a first experiment, we measure
how well C OND OT captures the drug effects at different dosage levels via distributional distances
such as MMD (Gretton et al., 2012) and the ℓ2 -norm between the corresponding perturbation
signatures (PS), as well as the entropy-regularized Wasserstein distance (Cuturi, 2013). We compute
the metrics on 50 marker genes, i.e., genes mostly affected upon perturbation. For more details
on evaluation metrics, see § E.2. To put C OND OT’s performance into perspective, we compare it
to current state-of-the-art baselines (Lotfollahi et al., 2021) as well as parameterized Monge maps
without context variables (Bunne et al., 2021; Makkuva et al., 2020, ICNN OT), see § E.1. As
visible in Table 1 and Fig. 4a, C OND OT achieves consistently more accurate predictions of the target
cell populations at different dosage levels than OT approaches that cannot utilize context information,
demonstrated through a lower average loss and a smaller variance. This becomes even more evident
when moving to the setting where the population has been trained only on a subset of dosages and
we test C OND OT on out-of-sample dosages. Table 1 and Fig. 4a demonstrate that C OND OT is able
to generalize to previously unknown dosages, thus learning to interpolate the perturbation effects
from dosages seen during training. For further analysis, we refer the reader to § E (see Fig. 9 and 10).
We further provide an additional comparison of C OND OT, operating in the multi-task setting, to the
single-task performance of optimal transport-based methods § C.4. While the single-task setting of
course fails to generalize to new contexts and requires all contexts to be distinctly known, it provides
us with a pseudo lower bound, which C OND OT is able to reach (see Table 2).
5.2

Population Dynamics Conditioned on Covariates

Molecular processes are often highly dependent on additional covariates that steer experimental
conditions, and which are not present in the features measures in population µ or ν. This can be, for
instance, factors such as different cell types clustered within the populations. When the model can only
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Figure 6: Predictive performance for a. known perturbations, b. unknown perturbations in combination w.r.t. regularized Wasserstein distance and c. MMD over different train / test splits of increasing
ohe
moa
difficulty for baseline CPA as well as C OND OT with different combinators C+
and CΦ
. For more
details on the dataset splits, see §D.2.
be conditioned w.r.t. a small and fixed set of metadata information, such as cell types, it is sufficient to
encode these contexts using a one-hot embedding module Eohe . To illustrate this problem, we consider
cell populations comprising three different cell lines (A549, MCF7, and K562). As visible in Table 1,
C OND OT outperforms current baselines which equally condition on covariate information such as
CPA (Lotfollahi et al., 2021), assessed through various evaluation metrics. Figure 4b displays a gene
showing highly various responses towards the drug Givinostat dependent on the cell line. C OND OT
captures the distribution shift from control to target populations consistently across different cell lines.
5.3

Population Dynamics Conditioned on Actions

To recommend personalized medical procedures for patients, or to improve our understanding
of genetic circuits, it is key to be able to predict the outcomes of novel perturbations, arising
from combinations of drugs or of genetic perturbations. Rather than learning individual maps Tθa
predicting the effect of individual treatments, we aim at learning a global map Tθ which, given as
input the unperturbed population µ as well as the action a of interest, predicts the cell state perturbed
by a. Thanks to its modularity, C OND OT can not only learn a map Tθ for all actions known during
training, but also to generalize to unknown actions, as well as potential combinations of actions. We
will discuss all three scenarios below.
5.3.1 Known Actions
In the following, we analyze C OND OT’s ability to accurately predict phenotypes of genetic perturbations based on single-cell RNA-sequencing pooled CRISPR screens (Norman et al., 2019; Dixit et al.,
2016), comprising 98, 419 single-cell gene expression profiles with 92 different genetic perturbations,
each cell measured via a 1, 500 highly-variable gene expression vector. As, in a first step, we do not
aim at generalizing beyond perturbations encountered during training, we utilize again a one-hot embedding Eohe to condition Tθ on each perturbation a. We compare our method to other baselines capable of modeling effects of a large set of perturbations such as CPA (Lotfollahi et al., 2021). Often, the
effect of genetic perturbations are subtle in the high-dimensional gene expression profile of single cells.
Using ICNN-parameterized OT maps without context information, we can thus assess the gain in accuracy of predicting the perturbed target population by incorporating context-awareness over simply predicting an average perturbation effect. Figure 5a and b demonstrate that compared to OT ablation studies, Fig. 5c and Fig. 6a for the current state-of-the-art method CPA (Lotfollahi et al., 2021). Compared
to both, C OND OT captures the perturbation responses more accurately w.r.t. the Wasserstein distance.
5.3.2 Unknown Actions
With the emergence of new perturbations or drugs, we aim at inferring cellular responses to settings
not explored during training. One-hot embeddings, however, do not allow us to model unknown perturbations. This requires us to use an embedding E, which can provide us with a representation of an
unknown action a′ . As genetic perturbations further have no meaningful embeddings as, for example,
9
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Figure 7: UMAP embeddings of cells perturbed by the combination KLF1+MAP2K6 (gray) and
predictions of C OND OT (ours), ICNN OT (Makkuva et al., 2020), and CPA (blue). While C OND OT
aligns well with observed perturbed cells, the baselines fail to capture subpopulations.
molecular fingerprints for drugs, we resort to mode-of-action embeddings introduced in § 3.3. Assuming marginal sample access to all individual perturbations, we compute a multidimensional scaling
(MDS)-based embedding from pairwise Wasserstein distances between individual target populations,
such that perturbations with similar effects are closely represented. For details, see § E. As current
state-of-the-art methods are restricted to modeling perturbations via one-hot encodings, we compare
our method to ICNN OT only. As displayed in Fig. 5a, C OND OT accurately captures the response
of unknown actions (BAK1, FOXF1, MAP2K6, MAP4K3), which were not seen during training, at
a similar Wasserstein loss as perturbation effects seen during training. For more details, see § E.
5.3.3 Actions in Combination
While experimental studies can often measure perturbation effects in biological systems in isolation,
the combinatorial space of perturbations in composition is too large to capture experimentally. Often,
however, combination therapies are cornerstones of cancer therapy (Mokhtari et al., 2017). In the following, we test different combinator architectures to predict genetic perturbations in combination from
single targets. Similarly to Lotfollahi et al. (2021), we can embed combinations by adding individual
ohe
one-hot encodings of single perturbations (i.e., C+
). In addition, we parameterize a combinator via a
permutation-invariant deep set, as introduced in § 3.3, based on mode-of-action embeddings of individmoa
ual perturbations (i.e., CΦ
). We split the dataset into train / test splits of increasing difficulty (details
on the dataset splits in §D.2). Initially containing all individual perturbations as well as some combinations, the number of perturbations seen in combination during training decreases over each split. For
more details, see § E. We compare different combinators to ICNN OT (Fig. 5b) and CPA (Lotfollahi
et al., 2021) (Fig. 5c, Fig. 6b, c). While the performance drops compared to inference on known perturbations (Fig. 6a) and decreases with increasing difficulty of the train / test split, C OND OT outperforms
all baselines. When embedding these high-dimensional populations in a low-dimensional UMAP
space (McInnes et al., 2018), one can see that C OND OT captures the entire perturbed population, while
ICNN OT and CPA fail in capturing certain subpopulations in the perturbed state (see Fig. 7 and 11).

6

Conclusion

We have developed the C OND OT framework that is able to infer OT maps from not only one pair of
measures, but many pairs that come labeled with a context value. To ensure that C OND OT encodes
optimal transports, we parameterize it as a PICNN, an input-convex NN that modulates the values of
its weights matrices according to a sequence of feature representations of that context vector. We
showcased the generalization abilities of C OND OT in the extremely challenging task of predicting
outcomes for unseen combinations of treatments. These abilities and PICNN more generally hold
several promises, both as an augmentation of the OTT toolbox (Cuturi et al., 2022), and for future
applications of OT to single-cell genomics.
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Appendix
A

Background

Primal and Dual Optimal Transport The primal optimal transport problem (POT) was introduced
in (1), and quickly linked in our background section § 2 to the dual optimal transport problem (DOT)
(2). We provide for completeness an intermediary step to facilitate understanding, which works in the
case where p = 2, and explain why the optimal transport map T can also be recovered via the dual
optimal transport problem. Introduced by Kantorovich in 1942, the dual formulation is a constrained
concave maximization problem defined as Z
Z
W (µ, ν) =

sup

(f,g)∈Ψc

f (x)dµ(x) +

X

g(y)dν(y),

Y

where the set of admissible potentials is Ψc := {(f, g) ∈ L1 (µ) × L1 (ν) : f (x) + g(y) ≤ 12 ∥x − y∥,
∀(x, y)dµ ⊗ dν a.e.} (Villani, 2003, Theorem 1.3). The machinery of c-transforms (Santambrogio,
2015, §1.3 1) can be used to simplify that problem. When the cost c is half the square Euclidean
distance as considered here, this results in a simpler, so-called semi-dual problem (Cuturi and Peyré,
2018) that only involves a single potential function.
Z
Z
⋆
fµ,ν
:= arg sup

f convex

f ∗ dµ +

Rd

Rd

⋆
f dν = ψµ,ν
.

(11)

The optimal convex potential function ψ is then related to the optimal dual potential f ⋆ expressed
⋆
above, through the identity ψ = fµ,ν
.

Neural Optimal Transport Learning optimal transport problems based on neural networks is at the
core of many machine learning applications, including normalizing flows (Rezende and Mohamed,
2015; Huang et al., 2021) and generative models (Arjovsky et al., 2017; Genevay et al., 2019).
Directly parameterizing the doubly-stochastic matrix T of the primal optimal transport (1) as done in
previous work (Jacob et al., 2018; Yang and Uhler, 2019; Prasad et al., 2020) has been shown to yield
an unstable and thus difficult to solve optimization problem (Makkuva et al., 2020, Table 1). We thus
follow previous work (Makkuva et al., 2020; Bunne et al., 2022b; Korotin et al., 2020; Alvarez-Melis
et al., 2021) and instead learn map T via the convex Brenier potential ψ connected to the primal and
dual optimal transport problem as outlined above. We parameterize the convex function ψ via convex
neural architectures (see § 2), which can thus be used in two contexts, either to model the Brenier
⋆
potential, or to model a dual function. Both lead to the same results since the Brenier potential ψµ,ν
⋆
is equal to the optimal dual potential associated with the second measure ν, fµ,ν , as described above
and in §2 around (2).

B

The C OND OT Algorithm

C OND OT provides a generalized approach that from labeled pairs of measures {(ci , (µi , νi ))}i infers
a global parameterized conditional Monge map Tθ . This is achieved by jointly learning an the embedding module Eϕ , a combinator module CΦ , as well as transport map Tθ . The algorithmic procedure
is outlined in Algorithm 1. We describe C OND OT’s modules as well as their parameterization in
detail in §E.3. In the following, we will cover in more depth algorithmic approaches on how to learn
transport map Tθ . Several approaches have been proposed on inferring transport map Tθ from paired
source and target populations, including the primal (1) or dual optimal transport problem (2).
A possible approach to learn our model could consist in minimizing a primal OT problem. In that
case, we can learn Tθ via the gradient of the Brenier potential parameterized via a PICNN, i.e.,
Tθ = ∇ψθ∗ = ∇1 PICNNθ . The PICNN is then trained using the entropy-regularized Wasserstein
distance (17) between the predictions ν̂ = ∇ψ♯∗ µ = ∇1 PICNNθ (·, c)♯ µ given source samples µ and
condition c and the observed target population ν as a loss function, i.e.,
ℓPOT (µ, ν, c; θ) = Wε (∇1 PICNNθ (·, c)♯ µ, ν).
(12)
Throughout this work, we choose a different route and propose instead to learn Tθ via the dual optimal
transport problem. We consider the strategy proposed by Makkuva et al. (2020) and utilized by Bunne
et al. (2021) in the context of single-cell perturbation analyses. Tθ is then parameterized via the pair
of dual potentials f and g, which themselves are defined by a pair of PICNNs g : PICNNθg (·, c)
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Algorithm 1 C OND OT Algorithm.
Input: Dataset D = {µi , νi , ci }N
i=0 of N pairs of populations before µi and after transport νi
connected to a context ci , θ0 transport map T parameter initialization, ϕ0 embedding E
parameter initialization, Φ0 embedding C parameter initialization, learning rates lrθ , lrϕ
and lrΦ , and flag which loss function to use. In the case of the dual, we have θ = (θf , θg )
parameterizing the dual potentials f and g and train_freq_f specifies the training frequency
of dual potential f .
Output: Transport map Tθ , embedding Eϕ , and combinator CΦ .
θ, ϕ, Φ ← θ0 , ϕ0 , Φ0
for {µi , νi , ci } ∈ D do
# Split (combination) context ci into individual contexts.
c1i , c2i , . . . , cki = ci
ĉi = CΦ (Eϕ (c1i ), Eϕ (c2i ), . . . , Eϕ (cki ))
if setting == ‘dual’ then
if i % train_freq_f == 0 then
ℓ ← ℓfDOT (µi , νi , ĉi ; θf ) (15)
else
ℓ ← ℓgDOT (µi , νi , ĉi ; θg ) (16)
else
ℓ ← ℓPOT (µi , νi , ĉi ; θ) (12)
# Jointly optimize parameters θ, ϕ, Φ given loss ℓ.
θ ← θ − lrθ × ∇θ ℓ
ϕ ← ϕ − lrϕ × ∇ϕ ℓ
Φ ← Φ − lrΦ × ∇Φ ℓ
return

and f : PICNNθf (·, c) such that ν̂ = ∇g♯ µ = ∇1 PICNNθg (·, c)♯µ is approximately ν, as well
as µ̂ = ∇f♯ ν = ∇1 PICNNθf (·, c)♯ ν is approximately µ on a labeled observation ((µ, ν), c) with
parameters θ = (θg , θf ). In order to optimize the pair of PICNNs, which parameterize the two dual
functions, Makkuva et al. (2020) derive an approximate formulation of (2). First, Villani (2003,
Theorem 2.9) rephrases (2) over the pair of dual potentials (f, g) to
1
W (µ, ν) = E [∥x∥ + ∥y∥] − inf Eµ [f (X)] + Eν [f ∗ (Y )] ,
(13)
|2
{z
} f convex
Cµ,ν

where f ∗ (y) = supx ⟨x, y⟩ − f (x) is f ’s convex conjugate. In a second step, Makkuva et al. (2020)
derive a min-max formulation by approximating the convex conjugate in (13) via
W (µ, ν) = sup
inf Cµ,ν − Eµ [f (x)] − Eν [⟨y, ∇g(y)⟩ − f (∇g(y))],
(14)
|
{z
}
f convex g convex
f ∗ ∈L1 (ν)

Vµ,ν (f,g)

and by relaxing the constraints on g. Thus, the dual potentials f and g can be learned via an alternate
min-max optimization problem with loss functions
ℓfDOT (µ, ν, c; θf ) = Ex∼µ [PICNNθg (x, c)] − Ey∼ν [PICNNθf (∇PICNNθg (y, c), c)], and
(15)
ℓgDOT (µ, ν, c; θg ) = −Ey∼ν [⟨y, ∇PICNNθg (y, c)⟩ − PICNNθf (∇PICNNθg (y, c), c)].
For more details, see Makkuva et al. (2020); Korotin et al. (2021).

(16)

Thus, dependent on the strategy chosen, Tθ is parameterized via a single or a pair of PICNN. Each
network takes as input the source distribution µ —in which it is input convex— as well as an
embedded context variable ĉ, returned by combinator CΦ and embedding module Eϕ . Parameters of
all three modules are jointly trained based on the derived optimal transport loss ℓ = {ℓPOT , ℓDOT },
which measures how close predicted target cells ν̂ are from the observed target population ν, given
source population µ and context c as inputs.
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Additional Experimental Results

C.1
a.

Comparison of Initialization Methods
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Figure 8: Comparison of ICNN initialization methods on a a. synthetic dataset containing source
(dark blue) and target samples (light blue). b. Predicted samples (red) are obtained by transporting
source samples (with dual potential g, first row) or target samples (with dual potential f , second row)
to match the respective observations. The ICNNs are initialized such that they resemble a Gaussian
closed-form approximation, the identity, or a random vanilla map (more details in § 4). Without any
pretraining, the Gaussian initialization transports the samples to the Gaussian approximation of the
respective target distribution. The identity initialization mimics the identity map and thus does not
move the samples. The naïve vanilla initialization, on the other hand, starts with a solution far off from
the target (i.e., values are in the range of 1e4 or 1e5). c. The chosen initialization strongly affects the
convergence of the solution over the course of the training, here measured by the Wasserstein distance.
We conduct a simple experiment based on a synthetic dataset displayed in Fig. 8a, in which we seek to
learn a mapping between source and target samples by parameterizing the dual potentials f and g with
two ICNNs based on different initialization schemes (see Algorithm 1, § B). To showcase different
initialization methods, we compare the initial predictions (at training iteration 0) of transported
samples for the vanilla, the identity, and the Gaussian initialization (Fig. 8b). As the Gaussian
initialization instantiates maps which transport source samples to the Gaussian approximation of the
target samples, the initialization already captures well the source or target distribution using ICNN
f or g, respectively (Fig. 8b, first column). The identity initialization, instead, configures maps which
do not move the samples from the initial distribution (see Fig. 8b, second column). Both initialization
schemes proposed in this work thus result in map parameterizations, which initially (before training)
realize non-trivial and admissible Monge maps. The vanilla initialization, on the other hand, instantiates random maps, mapping the point far away from the source and target distribution, thus impeding
fast and robust training (see Fig. 8, third column). We want to stress that this is achieved without
costly and elaborate pretraining of the networks as proposed in Korotin et al. (2020, Appendix B).
The selected initialization method also strongly affects the convergence of the solution over the course
of the training, which we monitor using the Wasserstein distance between observed and predicted
target samples (see Fig. 8c). In this simple example, the Gaussian initialization is already close to the
solution, thus the Wasserstein distance resembles the final solution already at the beginning of the
training. The identity initialization similarly starts with a mapping closer to the solution compared to a
random vanilla initialization, thus achieving fast and stable convergence of the min-max optimization
problem (14). This experiment thus demonstrates that a proper initialization is not only crucial for
fast convergence but also the overall robustness of training and result.
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C.2

Out-of-Sample Predictions in Unknown Contexts

a.

ENSG00000165092.12

ENSG00000173727.12

CondOT
Target
Source
CPA (Lotfollahi et al., 2021)
ICNN OT

Density

In-Sample
Setting

ENSG00000175175.5

Density

Out-of-Sample
Setting

b.

Expression Level

Expression Level

Expression Level

Figure 9: Marginal distributions of observed source (light blue) and target distributions (dark blue),
as well as predictions on perturbed distributions by C OND OT (red) and baselines (gray) of different
genes a. in the in-sample setting, where dosage 100nM was seen during training, and b. out-of-sample
setting, where dosage 100nM was not seen during training. Predicted marginals of each method
should match the marginal of the target population (dark blue. While the performance of C OND OT is
consistent from the in-sample to the out-of-sample setting, both baselines show differences. These
differences are subtle, however, only 3 out of 1, 000 genes are displayed.

CondOT
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Figure 10: UMAP embeddings of cells perturbed by Givinostat dosage 100nM (gray) and predictions
of C OND OT (ours), ICNN OT (Makkuva et al., 2020), and CPA (Lotfollahi et al., 2021) (blue).
Contrary to the out-of-sample setting, the dosage 100nM was seen during training in the in-sample
setting. While C OND OT covers the space of observed perturbed cells, the baselines fail to capture
subpopulations (see red squares).
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Predicting Unknown Perturbations and Perturbations in Combination
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Figure 11: UMAP embeddings of cells perturbed by different combinations (grey) and predictions of
C OND OT (ours), ICNN OT (Makkuva et al., 2020), and CPA (Lotfollahi et al., 2021) (blue). While
C OND OT covers the space of observed perturbed cells, the baselines fail to capture subpopulations.
C.4

Comparing Multi-Task Performance to Ideal Single-Task Baseline

In § 5.1 and 5.2 (Table 1), we compared C OND OT with different initializations against current
state-of-the-art methods (Lotfollahi et al., 2021, CPA) and previous neural optimal transport-based
methods used on single-cell data (Makkuva et al., 2020, ICNN OT). To challenge the performance
of C OND OT even further, we add another baseline in which we train ICNN OT individually for each
distinct condition. This baseline can be seen as a lower bound on what accuracy C OND OT can reach
based on modeling perturbation responses by parameterizing Monge maps. In particular, we train
C OND OT and both baselines (ICNN OT and CPA) to predict the dosage-dependent perturbation
response to two different drugs, Trametinib and Givinostat. While both C OND OT and CPA allow
20

Table 2: Wasserstein loss Wε of different methods on the top-50 marker genes for the drugs Givinostat
and Trametinib, where we conduct the analysis for different dosages individually on the dataset by
Srivatsan et al. (2020).
Model

Wasserstein Loss Wε

Dosages

CPA (Lotfollahi et al., 2021)
ICNN OT (Makkuva et al., 2020) (on all conditions)
ICNN OT (Makkuva et al., 2020) (on selected condition)
C OND OT (Identity initialization)
C OND OT (Gaussian initialization)

10 nM

100 nM

1, 000 nM

10, 000 nM

13.75 ± 1.41
12.37 ± 1.66
10.98 ± 1.15
10.54 ± 0.37
10.56 ± 0.45

13.75 ± 0.93
12.53 ± 2.40
10.37 ± 0.23
10.58 ± 0.04
10.54 ± 0.16

15.81 ± 2.16
13.36 ± 3.02
10.58 ± 1.93
12.13 ± 2.43
12.12 ± 2.26

55.12 ± 58.14
31.02 ± 28.12
20.55 ± 14.16
20.97 ± 15.02
21.30 ± 15.29

us to condition the training on all respective dosages, we train two variants of ICNN OT: The first
version is trained on all conditions, while the additional baseline (the lower bound, i.e., ICNN OT
selected condition) computes different and independent ICNN OT models for each dosage. While
this would fail to generalize to new contexts and it requires all contexts to be distinctly known, this is,
in a way, the best we can expect to achieve. We believe the setting in which we condition on scalars
is a good start because in this 1D setting for c, the inability to generalize is less critical (as opposed to
predicting previously unobserved combinations of drugs).
The results on on 50 marker genes in data space with 1000 genes are displayed in the Table 2. This
additional experiment clearly demonstrates that C OND OT predicts perturbation responses as well as
a baseline which was trained purely on individual conditions, while still being able to generalize (see
Table 1). As often mentioned in the multitask learning literature (Mahabadi et al., 2021), sharing of
parameters (the PICNN) and conditioning seems to improve by increasing the effective sample size
of the problem.

D

Datasets

We evaluate C OND OT on different tasks, consisting of a pair of source µ and target measures ν,
as well as context variables c of different nature. In particular, we consider single-cell datasets in
which populations of single cells have been monitored with modern high-throughput methods such as
single-cell RNA sequencing technologies. Characterizing and modeling perturbation responses at
the level of single cells with access to unpaired populations of control and perturbed cells remains
one of the grand challenges of biology. In this work, we consider the task of modeling molecular
responses to cancer drugs with context variables being the drug’s dosage (i.e., a scalar, § 5.1) as
well as covariates such as different cancer cell lines present in the population (§ 5.1). Further, we
study cellular responses to genetic perturbations, where we condition on the perturbation, i.e., action,
chosen. Here we differentiate between settings where we encounter known actions (§ 5.3.1), unknown
actions (§ 5.3.2), and action applied in combination (§ 5.3.3) during evaluation. In the following, we
introduce the datasets in more depth, describe preprocessing steps, feature selection, and data splits.
D.1

... by Srivatsan et al. (2020)

Cancer drugs reduce uncontrolled cell growth and proliferation by inhibiting DNA replication and
RNA transcription as well as targeting proteins crucial for cancer progression. In doing so, they modulate downstream signaling cascades, affect cell growth and morphology, and alter gene expression
profiles of single cells. Srivatsan et al. (2020) conduct a scRNA-seq–based phenotyping screen of
transcriptional responses to thousands of independent perturbations at single-cell resolution. The measured cell population contains three well-characterized cancer cell lines, including A549, a human lung
adenocarcinoma, K562, a chronic myelogenous leukemia, and MCF7, a mammary adenocarcinoma
cell line. Due to different transcriptional profiles of each cancer cell line, drug compounds might cause
divergent cellular responses in each subpopulation. For our analysis, we consider the drug Givinostat,
a histone deacetylase inhibitor with potential anti-inflammatory, anti-angiogenic, and antineoplastic
activities (Rambaldi et al., 2010). The dataset contains 17, 565 control cells as well as 3, 541 cells
perturbed by Givinostat with different dosages, i.e., 10 nM, 100 nM, 1, 000 nM, 10, 000 nM.
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581, 777 cells. The data was subset to half its size, with 290, 888 cells remaining after quality control
for all 188 different compounds. We proceeded with log-transformation and the the selection of
1, 000 highly-variant genes using Scanpy (Wolf et al., 2018).
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... by Norman et al. (2019)

Genetic interactions and their joint expression give rise to an inconceivable organismal complexity
and uncountable many diverse phenotypes and behaviors. Constructing a systematic genetic interaction map is crucial for a better understanding of cellular mechanisms in health and disease. Thus,
Norman et al. (2019) conducted single-cell, pooled transcriptional profiling of CRISPR-mediated
perturbations to link genetic perturbation to its transcriptional consequences using the Perturb-Seq
technology (Dixit et al., 2016). The dataset consists of individual perturbations as well as joint
knockouts of different genes, allowing us to study the phenotypic consequences of perturbing a pair
of genes alone or in combination. The indicator matrix of all individual perturbations as well as
those pairs available in combination can be found in Fig. 12a.
Data Preprocessing The data is available for download in the Gene Expression Omnibus (GEO)
database under accession number GSE133344. For data quality control and preprocessing, we follow
the analysis of Lotfollahi et al. (2021). We discarded those genetic perturbations with less than 250
cells, resulting in a dataset with 92 individual perturbations and 84 perturbations in combination. This
further included, the exclusion of particular subsets of control cells with in total 98, 419 remaining,
data normalization, log-transformation, and selection of 1, 500 highly-variant genes using scanpy
(Wolf et al., 2018).
Feature Selection Similar as above, for evaluation we select the top 50 marker genes, i.e., those
genes most strongly affected by the particular genetic perturbation.
Data Splits Following Lotfollahi et al. (2021), we create different train / test dataset splits of
increasing difficulty. The train splits hereby always contain all 92 individual perturbations as well
as varying numbers of combinations. The easiest train split contains 55 perturbations, while the
test set only carries 28 combinations which are unknown in the evaluation. Consecutive splits get
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increasingly harder, comprising 42, 29, 16, and 4 combinations in the train set (besides all single
perturbations) and 41, 54, 67, and 79 combinations in the test set, respectively (see Fig. 12b).

E

Experimental Details

In the following, we describe the experimental setup by providing an overview on the baselines,
evaluation metrics, parameterizations of C OND OT’s modules, and hyperparameters chosen.
E.1

Baselines

We consider several baselines to put C OND OT’s performance into perspective. This includes current
state-of-the-art methods, as well as ablations of our methods.
Compositional Perturbation Autoencoder (CPA) Building up on previous work (Lotfollahi et al.,
2019, 2020), the current state-of-the-art approach conditional perturbation autoencoder (CPA) learns
transcriptional perturbation responses across different cell types, applied dosages, and perturbation
combinations (Lotfollahi et al., 2021). The architecture hereby consists of several modules. CPA
predicts perturbed states of populations by learning a factorized latent representation of both perturbations and covariates, with separate embeddings for particle feature vectors, perturbations, and
external covariates. These embeddings are independent of each other by design to later allow modular
recombination of different modules and thus allowing the model to make predictions on unseen
perturbations in combination. We follow the experimental setup outlined in (Lotfollahi et al., 2021).
Similarly to perturbations, covariates such as cell type or dosage are encoded via one-hot vectors.
Thus, CPA can not be utilized to make predictions on unknown perturbations as studied in § 5.3.2.
ICNN OT A crucial ablation study of C OND OT is to learn the transition of source population µ to
target population ν without considering context c. Thus, we use standard ICNNs (3) to parameterize
the transport map module Tθ via two dual potentials as proposed in Makkuva et al. (2020) and Bunne
et al. (2021). As for the PICNNs, we utilize different initialization schemes as derived in § 4.
E.2

Evaluation Metrics

Since we lack access to the ground truth pair of perturbed and unperturbed observations on the single
cell level, we consider evaluation metrics on the level of the distribution of real and predicted perturbation states to analyze the effectiveness of C OND OT. We report results based on several metrics:
Wasserstein Distance We measure accuracy of the predicted target population ν̂ to the observed
target population ν using the entropy-regularized Wasserstein distance (Cuturi, 2013) provided in the
OTT library (Cuturi et al., 2022) defined as
Wε (ν̂, ν) := min ⟨P, [∥xi − yj ∥2 ]ij ⟩ − εH(P),
(17)
P∈U (ν̂,ν)
P
where H(P) := − ij Pij (log Pij − 1) and the polytope U (ν̂, ν) is the set of n × m matrices
{P ∈ Rn×m
, P1m = ν̂, P⊤ 1n = ν}. Throughout the evaluation, we set ε = 0.1.
+
Maximum Mean Discrepancy Kernel maximum mean discrepancy (Gretton et al., 2012) is
another metric to measure distances between distributions, i.e., for our purpose between the predicted
target population ν̂ to the observed target population ν. Given two random variables x and y with
distributions ν̂ and ν, and a kernel function ω, Gretton et al. (2012) define the squared MMD as:
MMD(ν̂, ν; ω) = Ex,x′ [ω(x, x′ )] + Ey,y′ [ω(y, y ′ )] − 2Ex,y [ω(x, y)].
We report an unbiased estimate of MMD(ν̂, ν), in which the expectations are evaluated by averages
over the population particles in each set. We utilize the RBF kernel, and as is usually done, report the
MMD as an averaged over several length scales, i.e., 0.5, 0.1, 0.01, and 0.005.
Perturbation Signatures A common method to quantify the effect of a perturbation on a population
is to compute its perturbation signature (Stathias et al., 2018, (PS)), computed via the difference
in means between the distribution of perturbed states and control states of each feature, e.g., here
individual genes. ℓ2 (PS) then refers to the ℓ2 -distance between the perturbation signatures computed
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on the observed and predicted distributions, ν and ν̂. As before, let µ be the set of observed
unperturbed population particles, ν the set of observed perturbed particles, as well as ν̂ the predicted
perturbed state of population µ. The ℓ2 (PS) is then defined as
1 X
1 X
PS(ν, µ) =
yi −
xi ,
m y ∈ν
n x ∈µ
i

i

where n is the size of the unperturbed and m of the perturbed population. We report the ℓ2 distance
between the observed signature PS(ν, µ) and the predicted signature PS(ν̂, µ), which is equivalent to
simply computing the difference in the means between the observed and predicted distributions.
E.3

C OND OT Modules

C OND OT consists of several modules for which different choices can be considered. Here, we
provide a brief overview on the options and their parameterization.
E.3.1

Embedding Module E

The embedding module allows us to consider context variables c of various nature. In the case of
scalars, no sophisticated embedding is necessary. In contrast, covariate contexts as well as potentially
complex action descriptions require embeddings in order to be processed by the combinator C, and
transport map module T .
One-Hot Embedding Eohe Covariates, such as subpopulation or patient identifiers, can be simply
embedded via one-hot encodings. These embeddings, however, are not able to capture unknown
covariates after training.
Mode-of-Action Embedding Emoa In certain cases, actions might possess distinct properties which
allow for a direct embeddings using this domain knowledge, i.e., molecular representations for
molecules (Rong et al., 2020; Rogers and Hahn, 2010). In the case of genetic perturbations, however,
no straightforward embedding is available. We thus introduce so-called mode-of-action embeddings,
which map actions into a latent space-based on their mechanism of action and effect on the target
population. In the fashion of word embeddings (Mikolov et al., 2013a,b,c), we require actions with
similar effect to be closely embedded in the learned representation. This means, however, that
we require some sample access of target population particles, i.e., perturbed cells by individual
compounds (not in combination). While several metric embeddings are possible (Chopra et al., 2005),
we here test a simple multi-dimensional scaling-based embedding (Mead, 1992). For this we compute
the pairwise Wasserstein distance matrix between all target populations of different individual
perturbations. We then compute a 10-dimensional MDS embedding-based on the stress minimization
using majorization algorithm (smacof) (De Leeuw and Mair, 2009) of sklearn (Pedregosa et al.,
2011), which serves as descriptor for each individual perturbation.
E.3.2

Combinator Module C

The combinator module allows us to pass an arbitrary number of context c to the transport map
module T .
ohe
Multi-Hot Combinator C+
A naïve way of constructing the combinator is to combine different
actions via a multi-hot encoding. If all single perturbations are observed during training, each
individual action can be represented via a one-hot encoding. The potential combination of different
actions, is then encoded by adding the respective one-hot encodings, resulting in a multi-hot encoding
for each combination. A limitation of this embedding, however, is that it cannot generalize to
unknown action after training.
moa
Deep Set Combinator CΦ
When not considering one-hot-based embeddings and when aiming
to generalize to unseen perturbations, we need a combinator module which learns how to associate
different individual embeddings with each other to receive a joint embedding. As we for now do not
make an assumption on the order of the perturbation, we consider a permutation-invariance network
architecture such as deep sets (Zaheer et al., 2017) with parameters Φ. Taking a set of arbitrary size
k containing individual context embeddings {Emoa (c1 ), Emoa (c2 ), . . . , Emoa (ck )}, it returns a learned
combination embedding ĉi = CΦ (Emoa (c1 ), Emoa (c2 ), . . . , Emoa (ck )).
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E.3.3

Transport Map Module T

The transport map module takes as input samples of the source distribution µ as well as context c and
returns the perturbed population ν. Map Tθ is thereby parameterized via PICNNs as we require input
convexity in µ but not c. In the case where we consider learning Tθ via the dual (2), it is defined
by a pair of PICNNs with parameters θ = (θf , θg ), parameterizing the set of dual variables f and g.
When deploying the primal OT problem (1), we parameterize a single Brenier potential via a PICNN
with parameters θ.
As suggested by Makkuva et al. (2020), we relax the convexity constraint on PICNN g and instead
penalize its negative weights Wkz
X
2
R (θ) = λ
∥max (−Wkz , 0)∥F .
Wkz ∈θ

The convexity constraint on PICNN f is enforced after each update by setting the negative weights of
all Wkz ∈ θf to zero. Thus, the full objective then states
max
min fθf (∇gθg (y)) − ⟨y, ∇gθg (y)⟩ − fθf (x) + λR(θg ).
z
θf :Wk ≥0,∀k θg

E.3.4

Projection Module

For very high-dimensional inputs such as single-cell RNA seq data, we project the data into a
lower-dimensional space. The effect of a perturbation effect is then learned on the control particles
encoded into a lower dimensional space. Subsequently, we decode the predicted target particles
into the original data space. We consider both, principal component (PCA) as well as autoencoderbased projections. When conducting experiments in PCA space, we consider the first 50 principal
components, as they contain > 99 % of the explained variance (see Fig. 6c). The autoencoder
architecture is inspired by (Lotfollahi et al., 2019), as it has been designed and tested for single-cell
RNA seq data. The results reported in § 5 are based on autoencoder projections and the evaluation
metrics are computed on the decoded target particles.
E.4

Hyperparameters

To learn the optimal transport maps, we use PICNN architectures of 4 hidden layers of width 64. The
autoencoder parameterizing the projection module consists of an encoder and decoder with each 2
layers of 512 dimensional hidden layers. The size of the latent space is 50. The deep set consists
of an encoder with 2 linear layers with 8 hidden units, followed by a sum-pooling operator and a 2
layer decoder with 8 hidden units, returning a set embedding of the same size as each individual input
embedding, and passed through a final sigmoid activation function. For all networks, we use the Adam
optimizer (Kingma and Ba, 2014) with a learning rate of 0.0001 (β1 = 0.5, β2 = 0.9) and λ=1. If T
is learned via the OT dual, f and g are learned via an alternate min-max optimization. f is updated by
fixing g and maximizing (15) with a single iteration. Then, for 10 iterations, i.e., train_freq_f= 10,
f is fixed, and g is optimized by minimizing (16). For the baselines, we followed the default
configurations specified by the authors on the same datasets. We use a default batch size of 256,
which is adapted for perturbations with fewer cells (due to a train / test split of 80%/20%).

F

Reproducibility

An implementation of C OND OT is available at github.com/bunnech/condot.
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