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Abstract

In large-scale AI training, Sparse Mixture-of-Experts (s-MoE) layers enable scaling
by activating only a small subset of experts per token. An operational challenge in
this design is load-balancing: routing tokens to minimize the number of idle ex-
perts, which is important for the efficient utilization of (costly) GPUs. We provide
a theoretical framework for analyzing the Auxiliary-Loss-Free Load Balancing
(ALF-LB) procedure — proposed by DeepSeek’s Wang et al. [2024] — by cast-
ing it as a one-step-per-iteration primal-dual method for an assignment problem.
First, in a stylized deterministic setting, our framework yields several insightful
structural properties: (i) a monotonic improvement of a Lagrangian objective, (ii)
a preference rule that moves tokens from overloaded to underloaded experts, and
(iii) an approximate-balancing guarantee. Then, we incorporate the stochastic and
dynamic nature of AI training using a generalized online optimization formulation.
In the online setting, we derive a strong convexity property of the objective that
leads to a logarithmic regret bound under certain step-size choices. Additionally,
we present real experiments on 1B-parameter DeepSeekMoE models to comple-
ment our theoretical findings. Together, these results build a principled framework
for analyzing the auxiliary-loss-free load-balancing of s-MoE in AI models.

1 Introduction: s-MoEs in Large-Scale AI Training
Scaling laws continue to reward larger models [Kaplan et al., 2020, Hoffmann et al., 2022], but
compute, energy, and hardware constraints [Strubell et al., 2019, Thompson et al., 2020, Sevilla
et al., 2022] limit dense scaling. Sparse Mixture-of-Experts (s-MoE) layers [Shazeer et al., 2017]
address these challenges by routing each token through only K � E experts, substantially increasing
parameter counts without proportional compute. As a testament to s-MoEs’ utility, recent releases of
OpenAI’s GPT [Achiam et al., 2023], Google’s Gemini [Team et al., 2024], and DeepSeek [DeepSeek-
AI, 2025] have all leveraged s-MoE designs to improve efficiency and maintain performance scaling.

One design challenge in s-MoE training is load-balancing, which aims to ensure that per-iteration
token assignments are sufficiently even across experts to avoid idling and stragglers. As surveyed in
Wang et al. [2024], the traditional approach of using auxiliary balancing losses [Shazeer et al., 2017,
Lepikhin et al., 2021, Fedus et al., 2022] may interfere with the optimization of the main objective.
To address this issue, DeepSeek’s Auxiliary-Loss-Free Load Balancing (ALF-LB) [Wang et al.,
2024] takes a different path by learning expert-specific biases updated once per iteration, outside
of the task gradient flow. Notably, ALF-LB was used to successfully train the recent DeepSeekV3
[DeepSeek-AI, 2024] models.

1.1 Naïve s-MoE Layers Without Load-Balancing

Figure 1 shows the naïve-form variant of a s-MoE layer with sparse gating and expert routing. Let
x1, . . . , xT be the token embeddings (the context). A layer produces features zi that enter an s-MoE
withE experts. The affinity score between token i and expert k is given by ζi,k := w>k zi, and the gate
selects the Top-K experts based on the K largest affinity scores ζi,k. The selected experts’ outputs
for token i are aggregated as

∑
k∈ChosenExpertsi

γi,kfk(zi), where γi,k := SoftMax(ζi,k; {ζi,k′}).
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Figure 1: Schematic of a naïve s-MoE layer without load-balancing.

1.2 Load-Balancing and DeepSeek’s ALF-LB

The naïve routing in Figure 1 can create overloading and underloading patterns in the MoE layers,
wasting expensive computational resources. To address this problem, DeepSeek’s auxiliary-loss-free
(ALF-LB) [Wang et al., 2024] procedure augments each expert with a bias pk updated once per
iteration, nudging tokens toward underloaded experts — without interfering with training gradients
as is done in works leveraging auxiliary balancing losses [Shazeer et al., 2017, Lepikhin et al., 2021,
Fedus et al., 2022]. For some fixed constant u, the ALF-LB update is

pk ←


pk − u if expert k had load > L,

pk + u if expert k had load < L, (DeepSeek ALF-LB Procedure)
pk otherwise,

(1)

which decreases the biases of overloaded experts and increases those of underloaded experts. Tokens
are then routed by applying the Top-K rule to the adjusted scores γik + pk. We next formalize this
heuristic as a primal-dual procedure and analyze both deterministic and stochastic regimes.

2 A Primal-Dual Framework for Load-Balancing
We formalize ALF-LB as a one-step-per-iteration primal-dual method. Consider assigning T tokens
to E experts with sparsity K and target load L = KT/E. The exact-balancing problem is

max
{xik}

∑
i,k

γikxik

s.t.
∑
k

xik = K ∀i,
∑
i

xik = L ∀k, xik ∈ {0, 1}.
(2)

Relaxing xik ∈ {0, 1} to xik ≥ 0 preserves the optimum. The Lagrangian is

L(x, y, p) =
∑
i,k

γikxik +
∑
i

yi

(
K −

∑
k

xik

)
+
∑
k

pk

(∑
i

xik − L
)

=
∑
i,k

(γik + pk − yi)xik +K
∑
i

yi − L
∑
k

pk. (3)

To solve this, first initialize pk ← 0. Then, for iteration n, perform the following primal-dual updates:

Dual: p(n+1)
k ← p

(n)
k + ε

(n)
k

(
L−

∑
i

x
(n)
ik

)
∀ k, (4)

Primal: x(n+1)
ik ←

{
1 if k ∈ TopKk′

(
γ

(n+1)
ik′ + p

(n+1)
k′

)
0 otherwise

∀ i, k. (5)

Instantiating the dual update (4) with the ALF-LB rule in (1) is equivalent to the step-size choice

ε
(n)
k =

u∣∣L−∑i x
(n)
ik

∣∣ . (DeepSeek ALF-LB Step-Size) (6)

As an experimental connection to practice, Figure 2 compares the convergence and imbalance
behaviors of training real 1B-parameter DeepSeekMoE models [Dai et al., 2024] with varying ε(n)

k as
well as using an auxiliary loss [Shazeer et al., 2017, Lepikhin et al., 2021, Fedus et al., 2022].
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Figure 2: Overall load imbalance during the training of 1B-parameter DeepSeekMoE models [Dai
et al., 2024] trained for 30K steps with different step-size choices. We use E = 64 experts with
K = 6 sparsity. Architecture is the same as that in Wang et al. [2024]. Each model was trained on
8xH100/H200 GPUs with batch size 64 and 4096 tokens/batch (so, T ≈ 262K). We use the AdamW
[Loshchilov and Hutter, 2019] optimizer with cosine learning rate decay (1e−4 to 1e−5) and 750
warmup steps. In the legend, u = 0.001 and n is the iteration number.

3 Deterministic Convergence Guarantees
For simplicity, we consider the case where K = 1 for Sections 3 and 4. At iteration n, denote
the realized load of expert k as A(n)

k :=
∑
i x

(n)
ik and the expert that token i is routed to as αn(i) :=

arg maxk′(γik′ + p
(n)
k′ ). Define the switching benefit

b(n+1)(i) =
(
γiαn+1(i) + p

(n+1)
αn+1(i)

)
−
(
γiαn(i) + p

(n+1)
αn(i)

)
. (7)

Theorem 1. (Change in Lagrangian) For updates (4)–(5),

L
(
x(n+1), p(n+1)

)
− L

(
x(n), p(n)

)
=
∑
i

b(n+1)(i)−
∑
k

ε
(n)
k

(
A

(n)
k − L

)2
.

Then, the gain decomposes into the sum of token-level benefits with an imbalance penalty:

Corollary 2. With ε(n)
k = u/|L−A(n)

k |,

L
(
x(n+1), p(n+1)

)
− L

(
x(n), p(n)

)
=
∑
i

b(n+1)(i)− u
∑
k

|A(n)
k − L|.

Let S(n+1) be the set of tokens that switch experts at iteration n+ 1. Then,

L
(
x(n+1), p(n+1)

)
− L

(
x(n), p(n)

)
< u

[
2|S(n+1)| −

∑
k

|A(n)
k − L|

]
.

If the imbalanced partition does not flip between iterations, the Lagrangian strictly decreases:

Theorem 3. If the sets of overloaded and underloaded experts stay the same between iterations n
and n+1, then

L
(
x(n+1), p(n+1)

)
− L

(
x(n), p(n)

)
< 0.

The DeepSeek step-size (6) also enforces a strict movement preference and bounds changes:

Theorem 4. Assume the updates (4)–(5) with ε
(n)
k =u/|L − A

(n)
k |, that token

i switched experts between n and n+1, and that there are no ties. Then, i

moves down the ordering Overloaded�Balanced�Underloaded, 0<b
(n+1)
i <2u, and

−2u<γiαn+1(i)+p
(n)
αn+1(i)−(γiαn(i)+p

(n)
αn(i))<0.

Theorem 5. Under the assumptions of Theorem 4, token moves are unique and each expert’s load
changes by at most (E−1) per step.
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Theorem 6. (Guarantee of Approximate Balancing) Under the assumptions of Theorem 4 —
for sufficiently small, constant step-size u — the loads of all experts converge to the range
[L− (E − 1) , L+ (E − 1)]. Moreover, once an expert’s load enters that range, it remains there.

When T � E, the (E−1) deviation from L = KT/E is negligible, which aligns with the observed
robust performance of ALF-LB by Wang et al. [2024], Dai et al. [2024].

(a) u/|L−A
(n)
k | Step-Size (b) u/n Step-Size (c) u/

√
n Step-Size

Figure 3: Time-lapse histograms of the marginal distributions of γ(n)
ik during the training of

1B-parameter DeepSeekMoE models described in Figure 2.

4 Stochastic Analysis via Online Optimization

In practice, γ(n)
ik evolves every iteration. (See Figure 3 for experimental histograms of γ(n)

ik when
training 1B-parameter DeepSeekMoE models.) Thus, we now assume γ(n)

ik are stochastic and drawn
from expert-dependent distributions Γk with support on (0, 1). For simplicity, for a fixed k, we
assume the draws are independent across i and n. We analyze the online objective

f (n)(p) =

T∑
i=1

max
k′
{γ(n)
ik′ + pk′} − L

E∑
k=1

pk, (8)

whose gradient component is ∇kf (n)(p) = A
(n)
k (p)− L. Next, note that the load-balancing router’s

decision is invariant to constant shifts to p(n)
k . Thus, we can assume that all p(n)

k and updates lie in
K = {z :

∑
k zk = 0}. Equivalently, we can generalize the dual updates to take the projected form

p(n+1) ← ProjK
(
p(n) − ε(n)∇f (n)(p(n))

)
, , (9)

which is just a computationally-negligible component-wise mean subtraction. Moreover, from
experiments not reported here, we found that the range of the biases maxj p

(n)
j − minj p

(n)
j is

typically smaller than 1 during DeepSeekMoE-1B training without explicit enforcement. Thus, we
add this into our assumptions. Then, under this setting, the expected objective is strongly convex.
Lemma 7. (Strong Convexity) Let F(p) := E[maxk{Γk + pk}] for independent continuous Γk. For
any direction δ, the second directional derivative satisfies

D2F(p)[δ, δ] =
∑
k<`

wk`(p)(δk − δ`)2, (10)

with nonnegative weights wk`(p) depending on the distributions of the Γk. If maxj pj −minj pj <
1− κ for some κ > 0, then for δ ∈ K

δ>∇2F(p) δ ≥ cΓE ‖δ‖2, µ := TcΓE, (11)

where cΓ > 0 is a positive constant dependent on the distributions {Γk}. Hence, f(p) = TF(p)−
L
∑
k pk is µ-strongly convex on K.

This lemma leads to a logarithmic bound on the regret RN =
∑N
n=1(f (n)(p(n))− f (n)(p∗)).

Theorem 8. (Logarithmic Regret) Consider the update (9) run for N iterations with ε(n) = 1/(µn).
Then, there exists a constant CT,Eµ independent of N such that

E[RN ] ≤ CT,Eµ (1 + lnN).
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