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Abstract

We present a novel Bayesian learning framework for interacting particle systems
with discrete latent states, addressing the challenge of inferring dynamics from
partial, noisy observations. Our approach learns a variational posterior path mea-
sure by parameterizing the generator of the underlying continuous-time Markov
chain. We formulate the problem as a multi-marginal Schrodinger bridge with
aligned samples, employing a two-stage learning procedure. Our method incorpo-
rates an emission distribution for decoding latent states and uses a scalable varia-
tional approximation.

1 Introduction

Many real-world phenomena, from epidemics to wildfires, can be modeled as systems of interacting
components evolving in continuous time, where the underlying dynamics are governed by discrete
latent states. This paradigm extends the concept of hidden Markov models [Baum and Petrie, 1966,
Kouemou and Dymarski, 2011] to spatially structured, continuous-time processes. Interacting par-
ticle systems (IPSs) [Liggett, 1985, Lanchier, 2024] offer a powerful mathematical framework for
describing local propagation dynamics. However, inferring the rules governing these systems from
partial, noisy observations remains a significant challenge. We propose a novel Bayesian approach
that addresses this challenge by learning a variational posterior path measure on the space of IPS tra-
jectories. Our approach parameterizes the generator of the continuous-time Markov chain (CTMC)
of the latent IPS using neural networks and incorporates an emission model that can decode internal
discrete states to continuous data and noisy observations. Key contributions of our approach include:

* Framing the problem as a multi-marginal Schrddinger bridge with aligned samples [Som-
nath et al., 2023], solved by a two-stage procedure: learning an endpoint-conditioned gen-
erator for trajectory reconstruction, followed by distillation to an unconditional generator
for prediction.

* A scalable variational approximation using site-wise factorization of time-marginals and
assuming independent particle evolution in infinitesimal time intervals conditionally on
the present global configuration, enabling efficient learning for high-dimensional spatio-
temporal processes.

* Flexibility in incorporating domain knowledge through through informative priors on rate
matrix entries and neural architectures with desirable inductive biases.

We demonstrate preliminary results of our approach on two simulated datasets, for the following
tasks: reconstructing the trajectory of an epidemic on a network and predicting wildfire spread on a
lattice. For a description of the notation, see Appendix A. An overview of the relevant literature is
presented in Appendix B, whereas proofs and other derivations are provided in Appendix C.

Submitted to Workshop on Bayesian Decision-making and Uncertainty, 38th Conference on Neural Information
Processing Systems (BDU at NeurIPS 2024). Do not distribute.



35

36
37
38
39
40
41
42
43

44

45
46
47
48
49

50
51
52
53

54

55
56

57
58

59

60
61

62
63

Initial . . P
Trajectory reconstruction Prediction

Figure 1: An illustration of our methodology on a simulated noiseless dataset of wildfire propa-
gation. The first model approximates a Markovian bridge interpolating between the observations,
enabling to reconstruct the unobserved trajectory. The second model, approximating the uncondi-
tional process, can predict beyond the last observation. Results shown for a held-out example.

2 Background

Interacting particle systems Consider a graph G = (V, E)), and denote ¢ ~ j if there is an edge
between nodes i, j, i.e., {i,j} € E. Following Liggett [1985], we refer to vertices i € V as sites.
For a countable state space S, consider the configuration space X := {x | x : V — S}. For
our analysis, we assume both V' and S are finite. An IPS adds a continuous-time dimension to this
setting. Specifically, we obtain a CTMC (x;) on X restricted to a time interval [0, T'], whose path
space we denote Qo 7). We define x;(i) as the state of site 7 at time t. We consider a scenario
where the dynamics of each site are described by local transition rates that depend on the graph’s
connectivity [Lanchier, 2017], corresponding to

X7 ) = b (e (6) = ' | o) = 5, x(0) 1 0~ ),

for s to s’ # s atsite ¢ and time ¢ € [0,77, and set \; 7 (4, x¢) = — > A7 (i, %x,). The local

transition rates are aggregated into a generator A¢(x;) = [)\f"s/(z’, X¢)|iev,,s,s’es. Note that this
is a mapping A.(-) : X x R+ — RIVIXISIXISI For brevity, we denote the collection of transition
rates between two fixed configurations x, x' € X as Ay(x’ | x) == N7 O (i x)];cr. The
path measure IT € M (§2o 1) of a realization (X );c[o,7) can then be described by the solution to an

initial value problem with starting condition 7;(xo) = 7o, evolving according to the master equation

6t7Tt(Xt) = Z (At(xt | X/)ﬂ't(xl) - At(X/ | Xt)ﬂ't(xt)) . (1)

x/#x¢

Markovian bridges Let {y)}re(x) € V¥ be a sequence recorded at times {t;}re(x] € RY,
where 0 =ty < -+ < tg_; = T, and assume that each value in the sequence is independent
conditionally on the Markov process (Xt>t€[0’T] € Qo,7)- The conditioned Markov process with
path measure IT ¢y, 1, _ ., € M(Q(o 7)) is known as a Markovian bridge. Atany time ¢ € (tx, tk+1]
and for states s and s’ (s # s'), the transition rate is:

P(yry1 | x¢ = 8')
P(yri1 | xe =)

s—s’
)\t

(i, %0 | {yrtrerr) = A7 (i, x0) (2)

Hence, the conditional generator A¢(x¢ | {yr}rerr)) of IL|{y,},c x 1S equivalent to the generator
Ai(x¢ | ¥t,,,) of the Markovian bridge Iy, v, atany timet € (ti,ti+1]- See Appendix C.1

for an overview of Markovian bridges, and we refer the reader to Fitzsimmons et al. [1992] for a
detailed construction.

3 Variational Discrete Interacting Particle Systems

We consider sequences of observations {y,ic}ke[K] € V¥ recorded at times {t_z}ke[K] € RX and
assumed to be independent conditionally on the interacting particle system (x})¢cjo,7i] € Q0,771

fori =1,...,N. The discrete set of measurement times 0 = t§ < --- < ti._, = T" are allowed
to be arbitrarily defined for each sequence, e.g., at random or regularly spaced. We assume that



64
65
66
67
68
69
70
71
72

73
74

75
76

77
78
79
80

81

82
83
84
85
86
87

88
89

90

92
93

94
95

96
97
98
99

101
102

103

the graph determining the particles’ dependence structure is fixed for each realization and directly
deducible from the observed sequences, for example if the observations are noisy measurements
of the IPS. We consider an emission distribution p;(y | x) € P()) for the observations, and a
prior path measure P € M (§2jo 77) for the latent IPS. This can be specified directly on the entries
of a prior generator, encoding possible constraints in the latent dynamics, and by an initial prior
distribution. The marginal distribution of the data at any time ¢ € [0, 7] is denoted as m; € P(}),
and we are interested in parameterizing a variational path measure QQ € M (€ 77) and an encoder
gt(x | y) € P(X). To make inference tractable, we detail specific choices of our variational
approximation in Section 3.1. Considering a single sequence {y. }rc[x], our goal is twofold:

* Trajectory reconstruction, by learning the conditional generator A;(- | {yx }rejz]) of the
Markovian bridge Q‘Hyk}ke[l{] ;

* Prediction, by learning the generator A,(-) of (), enabling extrapolation beyond an ob-
served time window or with no past observations at all for a given graph.

Inference for both models can be conveniently amortized by parameterizing the generators with
neural cellular automata, as detailed in Section 3.2. We show that the second goal can be achieved
by distilling knowledge from a model trained for the first goal into a model that does not glance at
future observations. Sampling is discussed in Appendix D.2.

3.1 Variational approximations

Contrary to previous work [Opper and Sanguinetti, 2007, Cohn et al., 2010, Seifner and Sanchez,
2023] we do not adopt a mean-field approximation, but rather the star-approximation introduced
for continuous-time Bayesian networks in Linzner and Koeppl [2018]. While still assuming site-
wise factorization of the time-marginals as q;(x) = ;¢ ¢;(x(i)), we couple sites by letting the
generator depend on the present global configuration x;. This is achieved by considering a system
of marginal master equations

) (x4(i)) = Z ()\Sl_’x‘(i) (i, %) (s7) — X< ()= (i,xt)qi(xt(i))) , 1€V, (3)
s/ #x¢ (i)
Under these assumptions, the explicit form for the Kullback-Leibler (KL) divergence of two CTMCs
with path measures @), P € M (Q[oj]) is tractable, see Appendix C.2 for a derivation.

3.2 Multi-marginal aligned Schrodinger bridges

LetP € P(VX x Qo,77) denote the reference measure constructed by gluing the prior and emission
probabilities at each observed timestep. For a given sequence of distributions {7, } e[x] on P (),
we can express a multi-marginal Schrodinger bridge problem with noisy observations as
Q" == argmin {DKL(Q || P) |qtk =my, k€ [K]}, “)
QeP(YVEXQ)
where ¢;, € P(Y) correspond to marginalizations of the variational distribution at each observed
timepoint. Let 7, , denote the coupling solving the static version of (4), that is
Ttor—1 = arg min {DKL(th:T—l Hpt():T—l) |qtk = Tty ke [K]}, %)
Gtg.p_, EP(YK)
where py,.._, € P(YX) is the marginal of the observed trajectories obtained from the reference
measure P. Similarly to the setting considered in Somnath et al. [2023], we assume that our dataset
is comprised of trajectories of aligned samples, in the sense that each observed trajectory {yk}kem

is sampled from the coupling 7, .. ,. We denote its marginals at any pair of observed time points
as Ty, 1, € P(Y x V), fork e [K —1].

Proposition 1 Let (5) admit a solution m,, ,. Moreover, assume conditional independence of
{¥r}reik) given (x¢) € Qjo,1), and let P € M(Sjo,11). Then, the problem in (4) reduces to

arg min ]Emo [DKL(q-Iyo Hp.|y0)] + Z ]Eﬂ't,k.,tk+1 [DKL(Q-ka,ka I P\ymykﬂ)] ; (6)
q'\yo’{Q'\yko’kJrl} ke[K]

where q.1y, € P(X) and Q .y, y.., € M(Q,.t,.1)) Jor k € [K —1].
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Trajectory reconstruction As any conditional path measure can be fully characterized by its gen-
erator and an initial distribution, we leverage the correspondence explored in Section 2 to specify
Q-[{yx}rcix) bY @ sequence of Markovian bridges Q.|y, y,,, and conditional distributions g, (- |
yk), for k € [K — 1]. We parameterize the former with a neural model AY(-|yy1), and the latter
with a probabilistic encoder ¢/’ (- | y) = Categorical(¢? (i, yx)), where g% : Ry xV xY — Ag
and A|g| denotes the |.S|—dimensional simplex. Moreover, we parameterize the emission distribu-

tion with a probabilistic decoder pf(y | x). We learn 6 and £ by minimizing an evidence lower
bound derived from (6), given by

ﬁl(a’g) = § : E”*k~tk+1 (yk,yk+1)[£]1€(9’£,yk’ yk+1)]7quo(xt0\yg),ﬂto(yo)[logpfg (yo ‘ Xto)]v
ke[K—1]
(7

where

‘cllC (97 57 Yk, ytk+1) = DKL (Qﬂyk,yk+1 H P) - ]quk+1 (xtk-+1 Yk Yk+1) [logpfk (yk-i-l ‘ Xtpt1 )] (8)
See Appendix C.4 for a derivation, and Wildner and Koeppl [2019] for an alternative proof. A similar
result is derived in Lavenant et al. [2021] for diffusion processes. At training time, we start by sam-

pling a minibatch of pairs yi, yx+1. The sequence of variational distributions {(qz’e)te[tk,tkﬂ] tiev
is then obtained by numerically solving a system of marginal master equations as in (3), according
to the neighborhood dynamic established by AY(x; |y,,,), for t € (tx, tet1]. This step can be
achieved by using adaptive solvers, but for illustration purposes we remind the reader that an Euler
update with step size 0 < € < 1 can be performed as

6,0 i,0 0 T 0,0 .
Gre = 4" +e[A(Xe |yl a7y 1€V ©9)
As we are interested in evolving the entire vector of probability mass functions at each timestep, we

sample x; for t € (tg, tx41] from qz’e using the Gumbell-Softmax trick [Jang et al., 2017]. Addi-
tional details are reported in Appendix D.1, and considerations of computational cost are discussed
in Appendix D.4.

Prediction We fix the conditional process @, and learn the unconditional IPS by distillation to a

Markovian generator Af (x¢). This can be achieved by minimizing a mean squared error loss on the
rates, given by

L2(¢) = Z Eﬂtk,tk_'_l()'k’)’k-f-l) [£§(¢7y1wym+1 )} ) (10)
ke[K—1]
where

2
‘ dt. (11
2

! s 0 ¢
‘C2 (¢7 Yk, Ytk+1) = A qu(xt\yk,yk+1) Z HAt (xt ‘ ytk+1) - At (Xt)
k x/¢xt

If the conditional generator AY is unbiased and ¢! ~ ¢}, the minimizer of (10) recovers the Markov
process @ € P(Qo, 1)) obtained by marginalizing Q* in (4) to Qo 7. A derivation is provided in
Appendix C.5.

4 Experiments

We demonstrate our methodology on two simulated scenarios: epidemic trajectory inference on
networks and wildfire spread prediction on lattices. We parameterize the neural models for the
generators with a Vision Transformer Cellular Automata [Tesfaldet et al., 2022]. Results and details
of the simulations are reported in Appendix E.

5 Conclusion

We introduce a variational inference method to fit partially observed trajectories whose dynamic
can be modeled by a continuous-time latent process, parameterized to be an interacting particle
system. Our solution is an approximation to a multi-marginal Schrodinger bridge, that we obtain
by first fitting an endpoint-conditioned model and then distilling it into an unconditional one. This
methodology enables both trajectory reconstruction and prediction of future states. In future work
we aim at testing our models on real data, comparing with state-of-the-art methods.
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A Notation

Let Qo,) be the space of X'-valued cadlag functions over a time interval [0, T, and denote by
P(Qo,7) the space of probability measure on the path space. For a path measure Q € P(Qjo,77),
timesteps v, t € [0,T] s.t. v > t, and configurations x, x’ € X, we assume that time-marginal and
transition probability measures are absolutely continuous w.r.t. the counting measure. Their Radon-
Nikodym derivative can then be expressed by the probability mass function ¢;(x) and the transition
probability g, (x" | x). We denote by Q4 ¢, ,,) time restrictions of Qo 1) to (tx, tx41] < [0,77.
We denote the index set of N —many elements as [N] = 0,..., N — 1. Denote the cartesian product
X e[x)Y of observations at K times as Y. Moreover, let M(Qo 71) C P(Qo 7)) denote the
space of Markovian probability measures on o, 7.

B Related work

B.1 Learning interacting particle systems

The dynamics of many physical systems can be described through the local interaction laws of their
constituent components. This principle has inspired computational frameworks that directly param-
eterize these governing interactions, both deterministically and stochastically. A prime example is
cellular automata [Wolfram, 1986, Grinstein et al., 1985]. Early developments focused on study-
ing the emergence of global patterns from a fixed set of rules on the evolution of individual cells.
The inverse problem —inferring such rules from observations— has been of historical interest in
the machine learning community [Wulff and Hertz, 1992, Mordvintsev et al., 2020], with recent
developments incorporating attention-based architectures, graph neural networks, and black-box
variational inference [Tesfaldet et al., 2022, Kang et al., 2024, Grattarola et al., 2021, Palm et al.,
2022]. Models that learn interaction rules find applications across many domains, including physical
simulators, multi-agent dynamics, dynamic graphs, as well as deep generative modeling [Kalkhof
et al., 2024].

Within this context, most existing methods have proposed iterative updating schemes by param-
eterizing transition rules in discrete time. Interacting particle systems (IPSs) offer an alternative
mathematical formalism that extends cellular automata to continuous time. Interacting particle sys-
tems are structured CTMCs whose states evolve with dependence on neighbors within a topology,
typically established by a graph. Lanchier [2017] provides a modern introduction to this field. Clas-
sical literature focused on systems with finite states and often countably many sites [Bramson and
Griffeath, 1980, Liggett, 1985, Durrett, 2006], while more recent work has focused on systems with
finitely many sites [Aldous, 2013]. These systems have found applications in multi-agent modeling
[Comas et al., 2023] and have been extended to systems of coupled stochastic differential equations
(SDEs) in Euclidean space. This extension has seen increased attention recently [Lu et al., 2021,
Yang et al., 2022, Feng et al., 2022, Liu et al., 2023, Lang et al., 2024, Kiimmerle et al., 2024, Boffi
and Vanden-Eijnden, 2024]. The learnability and identifiability of interaction rules in these systems
have also been explored [Bongini et al., 2017, Li et al., 2021].

B.2 Inference for CTMCs

Inference methods for Markov jump processes (MJPs) have been extensively studied. Maxi-
mum likelihood estimation for time-homogeneous MJPs is discussed in Jackson [2011], Bladt
and Sgrensen [2005], McGibbon and Pande [2015]. Expectation-maximization techniques for
continuous-time hidden Markov models have been developed in Liu et al. [2015], and an overview
of the topic can be found in Wang [2021]. Bayesian approaches include Markov chain Monte Carlo
methods [Boys et al., 2008, Hobolth and Stone, 2009, Rao and Teh, 2013, Golightly and Sher-
lock, 2019] and variational methods. The latter include mean-field [Opper and Sanguinetti, 2007,
Cohn et al., 2010], moment-based methods [Wildner and Koeppl, 2019], combinations with MCMC
[Zhang et al., 2017], and extensions to hybrid processes [Kohs et al., 2021]. Novel methods include
black-box variational inference with neural networks [Seifner and Sanchez, 2023] and foundation
models (i.e., meta-learning) [Berghaus et al., 2024]. While less directly related, it’s worth noting re-
cent work on guidance and conditioning for Markovian bridges [Corstanje et al., 2023] and discrete
flow matching and diffusion methods [Campbell et al., 2022, Igashov et al., 2023, Lou et al., 2023,
Campbell et al., 2024].
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B.3 Trajectory Inference

Trajectory inference is a crucial component of our work, with connections to several recent devel-
opments. The Schrédinger bridge (SB) problem with multi-marginal constraints has been explored
by Chen et al. [2019], Lavenant et al. [2021]. Recent advances in SB methods with a source and
a target are presented in Vargas et al. [2021] and De Bortoli et al. [2021], with extensions to the
multi-marginal setting by Shen et al. [2024]. Our approach shares similarities with Somnath et al.
[2023], Shi et al. [2024], and Peluchetti [2023] in that it relies on samples from couplings solving
the static SB problem. However, our methodology differs in that we learn the Markovian bridge and
recover the unconditional path measure by distillation, rather than relying on closed-form endpoint-
conditioned diffusions. The concept of Markov bridge by interpolation with a fictitious dynamic, as
proposed by Igashov et al. [2023], is related to stochastic interpolants [Albergo and Vanden-Eijnden,
2022, Tong et al., 2023, Lipman et al., 2022, Liu et al., 2022] for probabilistic forecasting [Chen
et al., 2024]. Ad-hoc variants for dynamical systems have also been developed [Riihling Cachay
et al., 2024]. Our methodology also shares connections with flow matching using Gaussian process
and Kalman filter interpolants [Tamir et al., 2023], in the fact that we are interested in model-based
interpolants in a Bayesian framework.

C Proofs

C.1 Markovian bridges

Consider a sequence of observations {yy }re(x] € VX recorded at times {t)}re(x) € R¥, and
assume conditional independence with respect to a Markov process (X;)¢cjo,7]- For t € [to, tx 1],
let ysy = {yrlte > t, k =1,...,K}and y<, = {yx|tx < t,k = 1,...,K}. The next
observation after ¢ is at time ¢’ := min{ty : tx > ¢, k = 1,..., K}, and we assume ¢t + h < ¢
for h ~ 0, by right-continuity of the transition probabilities. We can then denote the conditional
transition rates for x” # x as

A(X/ | X, YO:K) = 1}5}} h/_l [P(XtJrh = X/ | Xt = X, yO:K)]

i b1 [P(x¢1h =X, Xt = X, ¥>¢ | YSt)]
hi0 L P(x; =X, y>t | y<t)
= lim h~! (P(y>tsn | Xepn = X)P(xppn = X' | % = X)P(x; = X | y<y)
hl0 L P(yst | xe =x)P(x: = x | y<t)
i it [0 X = X = X [ %, = X)]
AR Plye [x = %)
=N (X' | x, t)—P(Yﬂ | = X/),
P(yw | x¢ =x)

and similarly

P(yy | x¢ = x') 1-Plyy | x¢t =x)
Alx | %, yo. :—E A | x,t) =2 = Ay(x | x,t . (12)
( | Yo K) = t( | ) P(yﬂ ‘ X; = X) t( ‘ ) ]P)(yt’ | X; = X)
C.2 Derivation of Dk, (Q || P)

Consider two CTMCs with path measures @), P € P(Q[O,T])» and denote their respective rate ma-
trices entries with A;(x’ | x) and ¥, (x’ | x) for x, x’ € X. Their KL divergence, as discussed
in Opper and Sanguinetti [2007], Seifner and Sdnchez [2023], can be derived from the limit of
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ses discrete-time transitions with step size h == T/ K as

Dk (Q||P)
K—1 K—1
. q0(%0) [ Tx—0 @kt nlk(X+n | Xk)
= lim > qo(x0) T drnie(Xnsn | xx)log A
T X0 k=0 po(x0) [ [0 pk+h|k(xk+h | X1)
Xo) Q| (Kbt | Xk)
= qo(xo log E, Qroth|k(Xetn | Xi) log
Z Xo) KHOO Z:: ka;h k(X | ) Prthlk (Xt | Xk)
(13)

= Dxr.(gol|po) +/0 ¢ (%) Z

A !/
{\I/t "x) 4+ A(x | x) (log(x|x) 1> }dt7
ol (x| %)
399 where the last line follows from dividing and multiplying each summand in (13) by h, and substitut-
400 1ing the transition probabilities with rates,
Qe (Xt h | Xk) oo {At(xk+h | xx) log % Xk+h F Xk,

Qk+h\k(xk+h | xx) 1
og — , ;
h pk+h\k<xk+h | k) Ex:¢x V(x| x) = Ae(xX | X)] Xpgn = Xpe

401 By assuming:

402 * Site-wise factorization of the time marginals ¢;(x) = [],c ¢; (x(7)),
403 « Coupled transitions gy p¢ (X" | x) = [[;cy @ene(X'(4) | N{(x)) where we define a
404 neighborhood N (x) := {x(i),x(j) : i ~ j},

405 we can rewrite each summand in (13) as

Qk--i-h|k-(xk+h | x)
Prthlk(Xntn | Xk)

Eqw(xx) Z Qithk (Xetn | Xx) log

Xk+h
G, 1 (Kran (1) | N (x2))
- ]E xk N 1 - - - -
an ( LGZV qk+h ) (Xk4n(7) | (xx)) log phh,k(xwh(l) I Ni(x2))

406 Letting K' — oo and plugging (3), we get
Dxi(Q|IP)

= Dxw(qol|po) +/ Eq, (x:) Z Z { (1,%x¢) — Af‘( )HS(Z x:)
0

1€V s#£x (1)
(i) s )\xt(i)—>s .
+ X ¢(3)— (i, %) logt(_)ﬁ—(z’xt) }dt.
YT %)

(14)

407 Moreover, notice that if we let pg be a uniform distribution the KL between initial distributions
a0s  reduces to Dkr,(qol|po) = H(q0) — log(|X|), where H () is the entropy.

409 C.3 Proof of Proposition 1

410 The additive property of the KL divergence [Léonard, 2013] states that for a Polish space Q =
o YE x Q[O,T]a the canonical projecting onto the trajectory coordinates ¢ : Q — VX a measurable
s12 mapping yo.x—1 € VX = Q.iyec_, € P(Qo,77). and Q,P € P(Q), we get

Dxr(Q[|P) = DxL(¢£Q || o4P) + /yK DxiL(Q o1 | Plyorc 1 )92 Q(dyox—1),  (15)

11
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where ¢4 Q(A) = Q(¢~*(A)) for any Borel set A C VX denotes a pushforward measure. Denote

bY Gro. i1 (Yo:x—1) the p.m.f. associated to gy, , = $xQ, and py, ., (Yo.x—1) the p.m.f. for
Dto.x 1 = ¢4 P. For clarity, we rewrite (15) as

Gto.se (Yo 1)

DKL(Q || P) - Eq’:O:K—1(YU:K71) log ptD;K,l(YO:Kfl) + DKL(Q‘|YO:K—1 || P"YO:K—]) - (16)

Now consider the canonical projection ¢ : Q — Qo 7, and assume that P = @4 P € M(Qo, 7).
It follows from Léonard [2013, Prop. 2.10] that Q* = ¢xQ* € M(Qo,7)), where Q* is the
solution to (4). Hence, without loss of generality we restrict our analysis to measures Q s.t. @ ==

Q€ M(Qo,1))-
Moreover, consider the case where Q and P are fully specified by their )’ —projection and disinte-
grations, such that

dQ = dq'|y0 (xo)dQ-lyo,yl ((Xt)tG(O,l]) cee dQ"YT—2»YT—1 ((Xt)tG(KfZ,Kfl] )dth:Kfl (YO:Kfl)

for any Borel set B € O, and the same for P. This property can be described as conditional
independence of y.x—1 given (x;) € Q0,77 Then, we can decompose (16) as

DxrL(QI|P) = Ji + Jo,

where

Ji=E

log M(YOK—D} ’

Pto. k-1 (yO:Kfl)

Jo = eqo [DKL(q‘Iyo ||p'\yo)] + Z eqkvtk+l [DKL(Q-IymyHl || Plyk,yk“)] :
ke[K]

dto. g1 (yo:x—1) |:

If we have access to the coupling 74, ., solving (5), then the only term left depending on @ is Ja,
hence we recover (6).

C.4 Derivation of £

For ease of illustration, we start by considering a loss £; with a single component defined in the
time frame [0, 7] between two observations yo and yr. We might be interested in parameterizing
emission distributions p;;(y | x), hence we denote them in short as p;(y | x). We are interested in
proving that

DKL (Q || P‘\Yo,}'T)

= Dk1 (Q | P) — Ex~go [l0g po(yo | X)] = Ex~gr [log pr(yr | x)] + log po,r(yo, y1)-
We now consider a time-discretization at 0 = 79 < --- < 7 _1 = T of the path measures () and
P.yo.yr- For miy1, 7 € [0,T] and X341, % € &, by the Markov property of (x¢)c[o,7] under

P and conditional independence of yg, yr given xj, we can express the marginal and transition
probability mass functions conditionally on yg, yr as

Do (Yo | Xk)07)7, (YT | X8)
po,7(Yo,¥T)
DT (YT | Xt1)
Pr|m, (YT | Xk)

ka (Xk) = Py (Xk:) ) (17)

Drir | Xkt | X)) = Pryy|m, (Kbt | Xi) (18)

Notice that

K-2 K—2
_ _ po(yo | xo)pr(yr | x7)
Pro (XO) ]];[0 Pry 1| (Xk+1 | Xk) = Pro (XO) kl;[) Pryya|me (Xk+1 | Xk) po,T(YOaYT) ’

Notice that every marginal and transition probability derived from the variational path measure () €
P(Q[O,T]) can depend on the observations yq, y1, but we omit them from the notation for brevity.
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We can then write ¢r,.r (X0.7) = ¢r, (X0) H,i:oz Qrypr|m (k41 | Xi), and it follows that

Dy, (Q I P‘\Yo,yT>

QTQ:TK (XO:T)
=Eq,,... |log— K—2 _
. Pro(%0) TTio Pries jre (Kkt1 | Xk)
—-F ] Qro:7i (Xo:T) ] PO(YO \ Xo)pT(YT \ Xr)
— Mrgirie og K—2 — 10
Pro (%0) [ 11— Pria | Xkt | Xg) Po,7(Y0, Y1)
= Dk1 (Q[ P) — Eq, (x[yo) log po(yo | X0)] — Eq, (xlyr) log pr(yr [ x1)] + log po,r(yo, y1)-

19)

This formulation can trivially be extended for a sequence of observations {y } e[k at times 0 =
t1 <.+ <tp_yp =T, resulting in

DkL (Q H P\{yk}kg[x]) = DkL (Q || P) - Z E(hk (xt,, ‘yk)ﬂ"'tk(yk)[logptk, (yk | th)] + IOg Z,
ke[K]

(20)
where Z = pyy o ({¥k}re[x))- Taking the expectation w.r.t. {yx}re[r] ~ Tto.x_, ON both sides
recovers (6) on the LHS, and (7) on the RHS plus a term independent of (). In practice, we might
be interested in learning the emission distribution at the same time as we are learning the variational
path measure, in which case we can interpret the objective in (7) as an evidence lower bound.

C.5 Derivation of £,

Once again, for ease of illustration we consider two observations yg, yr at the endpoints of a time
interval [0, T']. We are interested in learning the generator of a CTMC (xX¢):c[o,7) by approximating

it with a neural model A?(x’ | x). We are only given access to its endpoint-conditioned generator
A+(x" | x,yT1), and by Bayes rule we can recover the unconditional one as

Ay(x' | x) = / A(X" | X, y7)q0,rt (Yo, Y7 | X)dyody 2n
yxy
_ / A | x, yT)Qt|0,T(X | YOaYT)WO,T(YOJ’T)dyOdyL 22)
Y=Y ()

First, we want to show that the intractable unconditional loss
T 2
Lu(o) = / By HAt(x’ |x) — AP (x| X)H dt (23)
0 X/ % 2
is equivalent to the tractable conditional one
T é 2
EC(QS) = /O EYOvYTN"TO,T7xN‘It\O,T('lYOvyT) Z HAt(X/ ‘ X,YT) B At (X, | X)HQ dt @4
X/ #x

up to a constant independent of ¢. This proof is not novel, as it mirrors the proof of Lipman et al.
[2022, Theorem 2] adapted to transition rate matrices in discrete spaces rather than vector fields in
Euclidean spaces.

2
First, notice that each component [E, (x ’At (x| x) — A (X | X)H2 for x’ # x can be expressed
as

2
B0 1A | %15 = 2B, 00 (M ), AL (6 3)) + By

‘Af(x' | x)Hz. (25)
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Of the two summands that depend on ¢, plugging (21) into the first term yields
Equ0 (Acx' | %), A7 (x| %))

:/ </ At(x’ | X,yT) Qt|0,T(X | y07yT)TrO,T(yOvyT)dyOdyhA ( |X)> qt(X)dX
x \Jyxy q:(x)

= / / <At(X/ | %, ¥7)a@t0,7(X | Yo, ¥7)m0.7 (0, y7), AL (X | X)> dyody1dx
yxy

= ET(O,T()’OvYT)vQt|0,T(X|YO7YT) <At(x/ | %, y7), AZ)(X/ | X)> .
Next, it follows by the law of total expectation that the second term is
2
‘Af(x' \ X)H )
2

Combining the terms, it follows from the linearity of expectation that V4 L7 (¢) = VLo (¢). Next,
we want to show that if we approximate the true conditional generator with an estimator A? (x|
X,yr) such that ET"U,T(y07YT)7(It\O,T(x‘YOQ’T)[A?(X/ | x,y7)] = Ai(X' | x,yT), we recover Lo as

e 0] =2

]eq(x) m0,7(¥0,¥T); 4tjo, 7 (X|Y0,yT)

specified in (10) and a component independent of ¢. To show this, add and subtract A? (x’ | x, yr)
from ﬁc( ) and complete the square to get

T
:/ E
0

T
:/0 TrOthloTZ)

In order to retrieve L£5(¢), we perform a change of measure by importance sampling with proposal
¢’ (x | yo,yr), and approximate the importance weights ¢;/q? ~ 1 to get

¢ I yr) = AP )+ |

2
A [ 3, y7) = ALK | x,y) | dt

At |XyT A¢ |XH dt + K.

T
£o(@) % [ Brprgior 3 [M6 Txyn) = A2 |0
x/#x
T
| Brragn 5 M6 I xyn) = 226 )] dt = £a(e).
X/ #x

D Implementation details

D.1 Training

The training algorithms for the trajectory reconstruction and prediction tasks are reported in Al-
gorithm 1 and Algorithm 2 respectively. Notice that it is also possible to learn the unconditional
generator at the same time as the unconditional one, by freezing the gradients of # before updating
the Lo loss. For illustration purposes we do not explicit the numerical solver we are using, but for
our experiments we use a Dormand-Prince solver of order 5 [Dormand and Prince, 1980] from the
torchdiffeq library [Chen, 2018]. While all datapoints in a batch are processed in parallel, we
might need to evolve the solver through different time points for each batch. This is feasible by ap-
plying the tricks for parallel solving of neural ODEs with varying time-intervals presented in Chen
et al. [2021].

Overall, we found training of the unconditional model quite straightforward to implement. On the
other hand, training the unconditional model seems to be quite challenging, mainly due to vanishing
gradients when backpropagating through the solver. A trick we found quite helpful in addressing
this problem is annealing the time discretization grid, from very coarse to a finer and finer one.

Moreover, if the prior tends to push the model towards “high activity”’, we found the states generated
by the conditional model to converge to the next observed state pretty quickly. This can hamper the
training of the unconditional model, as trajectories generated by the conditional model will converge
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very quickly and then stay still for a long amount of time. This biases the distribution of samples
seen at training time by the conditional model, that might then experience “mode collapse” and
predict all of the transition rates to be zero. We found that choosing priors that bias the conditional
model towards performing fewer transitions helps addressing this issue.

Algorithm 1 Training for trajectory reconstruction

Require: Dataset D = {{t;,y?, Cg: bre(r,) Fie[n), prior path measure P, OPTIMIZER, step size €

Ensure: Learned parameters 6, &, for conditional generator AY and emission distribution pf

1: Initialize parameters 6, ¢ and loss £, = 0
2: while not converged do
3: Sample minibatch of pairs (y, yx1) from D

4: for each pair (yx,yx+1) do

5: Encode x;, ~ qfk (lyx) = Categorical(tk,gfk (i, ¥k))
6: for ¢t € (ty,tr41] do

7: Sample x; from qi’e using Gumbel-Softmax trick
8: Evolve ¢/’ using AY(x;|yj1) as in (9)

9: end for
10: Compute £ < L1 + L¥(0,€, ¥k, yry1) using (8)

11: end for
12: Update 6, £ < OPTIMIZER(V L4 (0,§)).
13: end while

Algorithm 2 Training for prediction

Require: Dataset D = {{tkvyliwCg;i}ke[Ki]}ie[N]a conditional generator AY, OPTIMIZER, step
size €
Ensure: Learned parameters ¢ for unconditional generator Af
1: Initialize parameters ¢ and loss £1 = 0
2: while not converged do

3: Sample minibatch of pairs (yj, yx+1) from D

4: for each pair (yx, yx+1) do

5: Encode x¢, ~ ¢ (-|yx) = Categorical(tx, g7 (i,yx))
6: for ¢t € (ty,tr+1] do

7: Sample x; from qi 6 using Gumbel-Softmax trick
8: Evolve qz"g using AY(x;|yx+1) asin (9)

9: Compute Lo + Lo + HA?(xt|yk+1) — Af(xt)H2
10: end for ’

11: end for
12: Update ¢ <— OPTIMIZER(V L3(¢)).
13: end while

D.2 Sampling

For sampling, we compute transitions directly in sample space, in order to respect possible con-
straints encoded in the generator. Denoting a neural encoder as ¢; and the entries of a generator A,
as A; (regardless of it being conditional or unconditional), we initialize xg ~ qo(- | yo) and employ
a first-order approximation of the transition probability as

eAe (X' | %), x' # x,

/ ~
qt+e|t(x | X) ~ {1 _ sz’;éx At(X)7 x' =x. (20)

written in short as x;4. ~ Categorical (0x, + €A+(x:)). This method, despite being a crude ap-
proximation, is typically employed in discrete flow matching [Campbell et al., 2024] for its high
scalability.
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Figure 2: First 5 observations in time of a sequence from the wildfires dataset, with the correspond-
ing covariates.

D.3 Alternative parameterization

The analytical form of the Markovian bridge in (2) suggests a potential unification of our two-stage
approach into a single stage. This would involve fitting the conditional generator by minimizing the
evidence lower bound in (7) and specifying the model as:

A?(xt | ytk,+1) = A?(Xt)Hf(ytk+17Xt)' (27)

This approach is analogous to that taken by Somnath et al. [2023] for diffusion Schrédinger bridges,
where they learn to approximate a target comprising a guidance term that ensures the diffusion pro-
cess reaches the prescribed yj1 at time ¢;;. However, their method relies on the availability of
a closed-form for the endpoint-conditioned prior processes, which is not available in our setting.
Both guidance approaches can be viewed as instances of Doob’s h-transform [Rogers and Williams,
2000], and we refer the reader to Corstanje et al. [2023] for a detailed discussion. However, our
preliminary experiments suggest that this single-stage approach may yield inferior unconditional
models compared to the two-stage method, possibly due to identifiability issues. We leave a thor-
ough investigation of single-stage methods to future work.

D.4 Computational considerations

Our method is not simulation-free, in the sense that learning is made possible by backpropagating
through a solver. In doing so, a practitioner can incur in two fundamental problems, inaccurate
gradients and memory-intensive training steps. The choice of a backpropagation technique can
trade off one disadvantage for the other. In our experiments we use continuous adjoint methods,
that provide memory-efficient numerical solutions (constant w.r.t. the time discretization grid) at the
cost of incurring numerical errors that accumulate into potentially inaccurate gradient estimates. An
overview of other possible approaches is presented in [Kidger, 2021].

E Experiments

E.1 Datasets

Epidemics The dataset is comprised of a collection of 250 random graphs with 128 nodes each
and a given expected degree of 3, where edges are generated at random. Two covariates ci, ¢} are
generated for each node ¢ € V' by sampling from a standard normal distribution. An epidemic is then
spread according to a Susceptible-Infected-Recovered (SIR) model [Keeling and Eames, 2005, Paré
et al., 2020, Dolgov and Savostyanov, 2024]. Initially, all nodes are set to be susceptible (.5) with
the exception of pg nodes set to be infected (I) at random. Each graph in the dataset is evolved in the
continuous-time interval [0, 19], where a time-homogeneous functional form for the local transition
rates from S to I and from I to recovered (R) is specified as

ASHI(i,x) = fexp (sin(cﬁ) + cos(cé)) |/\/f| ,
AIHR(Z‘ﬂ X) =7

where N == {j € V'|x(j) = I,j ~ i}, 8 = 6 and y = 0.2. These parameters do not correspond to
physically meaningful quantities, and adjusting them to reflect real-world spread dynamics remains
an interesting avenue for future work. Each graph is observed at K = 20 regularly spaced time
points, with no observation noise (i.e., X = ))). The data is simulated using 7—leaping [Gillespie,
2001], with 7 = 1 x 102, A sample observed in its first 5 time steps is displayed in Figure 3.
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Figure 3: First 5 observations in time of a sequence from the epidemics dataset.
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Figure 4: True and generated SIR curves in a time interval observed only at the two endpoints, in an
held-out graph of 128 nodes.

Wildfires We consider 250 observations of 322 —dimensional lattice-valued data represented as
images, where each pixel can take three possible values: unburned (U), burning (B), or extinguished
(F). Spatially structured covariates corresponding to wind fields w and ground-level fuel f are
generated at the same resolution. At time zero, each pixel is set to B with a probability p& = 0.005
(i.e., we expect 5 pixels to be burning), while all the others are set to U. The dynamic is then evolved
in the continuous-time interval [0, 19] by local transition rates with time-homogeneous functional
forms

AU7B (i, x) = ReLU(ag + a1f*) x ReLU | bg + b1 Y a |,
JENE

)\E_>B(Z'7 X) = RCLU(CO + lei) x ReLU | dg + d1 Z a R
JENE
)\B_)E(LX) =7,

where NP == {j € V|x(j) = I,j ~ i}, and a¥ is a wind alignment value obtained by the dot
product between the relative position of the neighbor j w.r.t. ¢ and the value of the wind field at
4. For our simulation, we set ag = by = cg = dy = 0.1, a1 = 5,b1 =1, ¢y = d; = 0.01, and
v = 0.5. Similarly to the first setting, each wildfire is observed at K = 20 regularly spaced time
points with no observation noise. A sample observed in its first 5 time steps, as well as the related
covariates, is displayed in Figure 2.

E.2 Model

Since there is no observation noise, all we need to parameterize in our experiments are the condi-

tional and unconditional generators. Both can be thought of as mappings X — RLVO‘ X181 IS‘, i.e. the
output shall be a local transition rate matrix at each site 7 € V. In order to constrain the dependence
structure of each local transition rate to the neighborhood of that site, we use the attention-based
neural cellular automata presented in Tesfaldet et al. [2022]. This can be thought of as a depth-one
vision transformer whose attention matrix is (efficiently) masked to attend only to a neighborhood
of embedded input sites. For the wildfires experiment we simply consider a 3 x 3 Moore neighbor-
hood, whereas for the epidemics we mask the attention matrix with the adjacency matrix of each
observation. We obtain 512-dimensional input embeddings by a two-layer MLP of width 512. The
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Figure 5: Evolution of an epidemic on an held-out graph. Endpoint-conditioned generation (left),
unconditional generation (center), trajectory observed only at the endpoints (right).
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Figure 6: Initial conditions (top) and generated trajectories from the conditional (left) and uncondi-
tional (center) models, and true sequence observed only at the endpoints(right). Results shown for
an held-out example.
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embedding is then split into 4 attention heads, combined by another two-layer MLP with 512 hid-
den units that returns the off-diagonal values of the local transition rate matrices. We constrain the
output to be positive by applying a ReLU function. We specify the prior path measure by a prior rate
matrix, where we set to zero physically impossible transitions (e.g. U — FE for wildfires, or S — R
for epidemics) and the remaining off-diagonal elements to a constant value c. More complex func-
tional forms are possible, and shall be chosen for example by simulating from the prior predictive
distribution [Gelman et al., 2020].

E.3 Results

We provide a qualitative overview of the results we have obtained so far. These shall be considered
preliminary, and a quantitative comparison with other baselines (e.g. the mean-field approximation
from Seifner and Sanchez [2023]) will be carried out in future work. For the epidemics dataset, we
display generated trajectories on an held-out graph in Figure 5, as well as the aggregated SIR curves
for the same example in Figure 4. Notice how the conditional model tends to converge quickly to the
end solution, while the unconditional model mirrors the true unobserved trajectory more closely. For
the wildfires experiments, we display results on held-out examples in Figure 6 and Figure 7. Despite
the lack of information at the initial time, the unconditional model can still predict an evolution very
close to the ground truth final configuration.
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Figure 7: Same as Figure 6 but at a different stage of the simulated wildfire propagation, results
shown for an held-out example.
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