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Abstract

Reinforcement learning with outcome-based feedback faces a fundamental chal-
lenge: when rewards are only observed at trajectory endpoints, how do we assign
credit to the right actions? This paper provides the first comprehensive analysis
of this problem in online RL with general function approximation. We develop a
provably sample-efficient algorithm achieving O(Cyo, H?/€?) sample complexity,
where C.y is the coverability coefficient of the underlying MDP. By leveraging
general function approximation, our approach works effectively in large or infinite
state spaces where tabular methods fail, requiring only that value functions and
reward functions can be represented by appropriate function classes. Our results
also characterize when outcome-based feedback is statistically separated from per-
step rewards, revealing an unavoidable exponential separation for certain MDPs.
For deterministic MDPs, we show how to eliminate the completeness assump-
tion, dramatically simplifying the algorithm. We further extend our approach to
preference-based feedback settings, proving that equivalent statistical efficiency
can be achieved even under more limited information. Together, these results
constitute a theoretical foundation for understanding the statistical properties of
outcome-based reinforcement learning.

1 Introduction

Reinforcement learning with outcome-based feedback is a fundamental paradigm where agents
receive rewards only at the end of complete trajectories rather than at individual steps. This feedback
model naturally arises in many applications, from large language model training (Ouyang et al.,
2022; Bai et al., 2022; Jaech et al., 2024), where human preferences are provided for entire outputs
rather than individual tokens, to clinical trials, where patient outcomes are only observable after a
complete treatment regimen. Despite the prevalence of such settings, the statistical implications of
outcome-based feedback for online exploration remain poorly understood.

In traditional reinforcement learning (Sutton et al., 1998), agents observe rewards immediately after
each action, providing a granular signal that directly links actions to their consequences. In contrast,
outcome-based feedback presents a fundamental challenge: when rewards are only observed at
the trajectory level,determining which specific actions contributed to the final outcome becomes
significantly more difficult. This credit assignment problem is particularly acute in sequential
decision-making tasks with long horizons, where many different action combinations could lead to
the observed outcome.

While recent work (Jia et al., 2025) has shown that outcome-based feedback is sufficient for offline
reinforcement learning under certain conditions, the feasibility of efficient online exploration with
only trajectory-level feedback remains an open question. Online learning—where an agent actively
explores to gather new data—is essential for adaptive systems that must learn in dynamic environments
without pre-collected datasets. This leads to our central question:

When is online exploration with outcome-based reward statistically tractable?
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This question has been studied in the setting where the reward function is assumed to be well-
structured (Efroni et al., 2021; Pacchiano et al., 2021; Chatterji et al., 2021; Cassel et al., 2024;
Lancewicki and Mansour, 2025), with a primary focus on the linear reward functions. Similar
reliance on the well-behaved reward structure® also appears in the recent work on Reinforcement
Learning from Human Feedback (RLHF) (Chen et al., 2022b,a; Wu and Sun, 2023; Wang et al., 2023),
where only preference feedback is available. However, well-behaved reward structure is dedicated
and might fail to capture many real-world scenarios with general function approximation. In this
paper, we address this question by providing a comprehensive theoretical analysis of outcome-based
online reinforcement learning with general function approximation. We investigate when efficient
exploration is possible with only trajectory-level feedback and characterize the fundamental statistical
limits of learning in this setting. Our main results are as follows:

(1) We present a model-free algorithm for outcome-based online RL with general function approxi-
mation (Algorithm 1) that relies solely on trajectory-level reward feedback rather than per-step

feedback. Our algorithm achieves a complexity bound of O(Cl.y H?/?) under standard realiz-
ability and completeness assumptions, where C' is the coverability coefficient that measures an
intrinsic complexity of the underlying MDP. This bound applies in the general function approxi-
mation setting where state spaces may be large or infinite, requiring only that value functions can
be represented by an appropriate function class with bounded statistical complexity.

(2) For the special case of deterministic MDPs, we present a simpler algorithm based on Bellman
residual minimization (Algorithm 2) that achieves similar theoretical guarantees with improved
computational efficiency.

(3) As extension, we generalize our approach to preference-based reinforcement learning (Section 4),
where feedback comes in the form of binary preferences between trajectory pairs under the
Bradley-Terry-Luce model. This extension bridges the gap to practical reinforcement learning
from human feedback (RLHF) scenarios, where even outcome reward feedback is rare.

(4) We also identify a fundamental separation between outcome-based and per-step feedback (Sec-
tion 5). Specifically, there exists a MDP with known transition dynamics and horizon I = 2, and
the reward being a d-dimensional generalized linear function, while in this problem e*(%) samples
are necessary to learn a near-optimal policy with only outcome reward. However, such a problem
is known to be easy with per-step reward feedback, in the sense that existing algorithms can return
an e-optimal within O (d? /%) rounds with per-step feedback. This separation demonstrates that
delicate analysis based on well-behaved reward structure can fail catastrophically when only
outcome reward feedback is available.

Our results provide a theoretical foundation for understanding when outcome-based exploration is
tractable and when it presents insurmountable statistical barriers. By characterizing these fundamental
limits, we offer guidance for the development of efficient algorithms for learning from trajectory-level
feedback in online settings and highlight the precise conditions under which outcome-based feedback
is statistically equivalent to per-step feedback.

2 Preliminaries

Markov Decision Process. An MDP M is specified by a tuple (S, A, T, p, R, H), with state space
H

S, action space A, horizon H, transition kernel T = (Tp, : S x A = A(S)) h;f, is initial state
distribution p € A(S), and the mean reward function R = (Rj, : S x A — [0,1))E_,. At the
start of each episode, the environment randomly draws an initial state s; ~ p, and then at each
step h € [H], after the agent takes action ay, the environment generates the next state sp11 ~
T(-|sn, an). The episode terminates immediately after ay is taken, and, for notational simplicity,
we denote sy 41 to be the deterministic terminal state. We denote 7 = (s1,a1,- - , Sy, ax) to be
the trajectory, and throughout this paper we always assume the reward function is normalized, i.e.,

R(7) := Zthl Ry (sn,an) € [0, 1] almost surely.

In addition to the states, the learner may also observe the reward feedback after the episode terminates.
In the process reward feedback setting, the learner receives a random reward vector (ry,- - ,7p) €

3More specifically, most of the recent work either assume the reward class is linear or admits low eluder
dimension (as a function of the trajectory).



[0, 1]# such that E[ry,|T] = Ry (sh,an) for each h € [H]. In the outcome reward setting, the learner
only receives a single reward value r € [H] such that E[r|7] = Zthl Ry, (snh,an).

Policies, value functions, and the Bellman operator. A (randomized) policy 7 is specified as
{mn : § = A(A)}, and it induces a distribution P™ of trajectory 7 = (s1, a1, -+ , S, am) by sy ~ p,
and for each h € [H], ap, ~ 7r(Sk), Sht1 ~ Tr(sn,an). We let E™[-] to be the corresponding
expectation.

The expected cumulative reward of a policy = is given by J(7) := E™ {Zthl Ry (sh, ah)] The
value function and @-function of 7 is defined as

H H
> Ri(se, ar) > Re(se,ar)
{=h l=h
Let 7* denote an optimal policy (i.e., 7* € argmax_ J(7)), and let V* and Q* be the corresponding
value function and Q-function. It is well-known that (V*, Q*) satisfies the following Bellman
equation foreach s € S,a € A, h € [H]:

Vij(s) = I;leaj\( QZ(Sv a), QZ(Sv CL) = Rh(sﬂ a) + ES’NTh('ls,a)Vi:(Jrl(Sl)v (H

with the convention that V7, | = 0. Therefore, we define the Bellman operator 7, as follows: for
any f : S x A — R, T;, f is defined as

[Tnf1(s,a) == Ru(s,a) + Eyr,(|s,a) 512}5 f(s',ad). 2)

Then, it is straightforward to verify that the Bellman equation reduces to Qy = T, Qj,,, for h € [H].

Vhﬂ- (S) =FE"

sp = 51 , Q5 (s,a) :=ET

sh:s,ah:a].

Complexity measure of the MDP. Coverability is a natural notion for measuring the difficulty of
learning in the underlying MDP (Xie et al., 2022).

Definition 1 (Coverability). For a given MDP M and a policy class 11, the coverability C.oy is
defined as

. dy,
Ceov(Il; M) = min m “hi
w1y EA(SXA) he[H],well || hp o
" dy (s,a)
—h — h\S,
where | MaXse A acd r(sa)

The coverability coefficient of an MDP is an inherent measure of the diversity of the state-action
distributions. Our main upper bounds scale with the coverability of the underlying MDP M™, and in
this case we abbreviate Ceoy (I1) := Clov (IT; M™) for succinctness.

Function approximation. In this paper, we work with (model-free) function approximation, where
the learner have access to a value function class F = F; X --- X Fpg and a reward function class
R =Ry X+ xRy witheach F),, Ry, C (S x A — [0,1]).

The function class F and R consist of candidate functions to approximate * and the ground-truth
reward function R*.* In the literature of RL with general function approximation, it is typically
assumed that the function classes are realizable, i.e., Q* € F and R* € R. In this paper, we adopt
the following relaxed realizability condition with a fixed approximation error €,p, > 0.

Assumption 1 (Realizability). There exists Q € F and R* € R such that maxpe (s | Q5 —Qf |0 <

€app, MaAXpc[H] ”Ri - RZHOO < Eapp-

For each value function f € F, itinduces a greedy policy 7y given by 7y j,(s) := argmax, 4 f(s, a).
Therefore, the value function class F induces a policy class [Tz := {7 r:ferF 1, and we take our
policy class II = II~ for the remaining part of this paper.

The complexity of the function class is measured by the covering number.
Definition 2 (Covering number). For a function class H C (X — R) and parameter o > 0, an
a-covering of H (with respect to the sup norm) is a subset H' C H such that for any [ € H,

there exists f' € H' with sup,cy |f(x) — f'(z)| < . We define the a-covering number of H as
N(H, ) == min{|H'| : H' is a a-covering of H}.

*In the following, we always write R* for the true reward function to avoid confusion.




Bellman operator. A reward function R = (Ry,--- , Ryr) € R induces a Bellman operator as
[Trnf1(s, a) := Bi(s,a) + Eyomy (o0 max faia (s a'),  Vf = (fi,--- fu) € F,

where we also adopt the notation fr; = 0 for any f € F. Most literature on RL with general
function approximation also makes use of a richer comparator function class G = G; X - - - X Gy that
satisfies the following Bellman completeness (Jin et al., 2021a; Xie et al., 2021, 2022, etc.).

Assumption 2 (Bellman completeness). For each h € [H|, F, C Gp,. Forany f € Fand R € R, it
holds infy, cg, | Trnf — gl < €app for h € [H].

Miscellaneous notation. For any p € [0, 1], we define Bern(p) to be the Bernoulli distribution
with P(X = 1) = p. For functions f and g > 0, we use f = O(g) to denote that there exists a
universal constant C such that f < C - g.

3 Sample-Efficient Online RL with Outcome Reward

In this section, we present a model-free RL algorithm with outcome reward, which achieves sample
complexity guarantee scaling with the coverability coefficient and the log-covering number of the
function classes.

3.1 Main Result

We present Algorithm 1, which is based on the principle of optimism. For simplicity of presentation,
we assume that the initial state s; is fixed.

The crux of the proposed algorithm is a new method for performing Fitted-Q Iteration with only
outcome reward, in contrast to most existing RL algorithms (with general function approximation)
that make use the process reward (71, - - - , ) to fit the Q-function for each step (Du et al., 2021; Jin
etal., 2021a, etc.). A natural first idea is to fit, given a dataset D = {(7,r)} consisting of previously
observed (trajectory, outcome reward) pairs, a reward model from the reward function class R by
optimizing the following reward model loss:

EIR)M(R) = Z (ZRh(sh,ah)—r> . 3)

(r,r)€D \h=1

As discussed below in Remark 1, directly fitting an estimated reward model based on LM can lead
to bad performance. Instead, our algorithm jointly optimizes over the value functions and reward
models, as detailed below.

For any proxy reward model R € R and a value function f € F, we define the Bellman error at step
h € [H] as

2
Epn(fns frrii R) == ) (fh(Sh,ah)*Rh(Shvah)*I%%th+1(8h+1va')) NG
(r,r)eD

a measure of violation of the Bellman equation (1) with the proxy reward model R. Then, we
introduce the Bellman loss defined as
H H
LE(f;R) = ]; Epn(fhs fr1s R) — ;Ielg ]; Epn(gns fri1; R), ®)
where we subtract the infimum of g € G over the helper function class G, a common approach to
overcoming the double-sampling problem (Antos et al., 2008; Zanette et al., 2020; Jin et al., 2021a;
Liu et al., 2023b).

Algorithm. First fix an arbitrary policy 7. (can be the policy which takes an arbitrary action a at
al states). The proposed algorithm takes in a value function class F, a reward function class R and a
comparator function class G, and performs the following two steps for each iterationt = 1,2, --- | T

1. (Optimism) Compute optimistic estimates of (Q*, R*) through solving the following joint maxi-
mization problem with the dataset D consisting of all previously observed (trajectory, outcome
reward) pairs:

(FO.RY) = max  Afi(si) = LB°(f R) = L5 (R), ©)



Algorithm 1 Outcome-Based Exploration with Optimism
input: Q-function class F, reward function class R, comparator class G, parameter A > 0, reference
policy myes.
initialize: D « 0.
1: fort=1,2,...,T do

2: Compute the optimistic estimates:
® pWY — A _ pBE(r. pY _ pRM
(FO.R) = | mux Mi(s) ~ LE(R) — LR(R)
3: Select policy 7 < 7 ¢c).
4: forh=1,2,--- ,Hdo
5: Execute 7" op, ¢ for one episode and obtain (7¢", r*")
6: Update dataset: D < D U {(7®", r®&m)}.
7: end for
8: end for

9: Output 7 = Unif (7).

where for any f € F we denote f1(s1) := max,ec4 f1(81,a) to be the value of f at the initial
state. Therefore, the optimization problem (6) enforces optimism by balancing the estimated
value f(s1) and the estimation error L3E(f; R) + £8M(R) though a hyper-parameter A > 0.

2. (Data collection) Based on the optimism estimate f*, the algorithm selects 7 := 7 ¢). To
collect data, the algorithm then executes the exploration policies 7 oy, 7ot for each h € [H],

where for any policy 7 and 7,..¢, we let w o, e be the policy that executes 7 for the first h steps,
and then executes m,f starting at the (h + 1)-th step.

Theoretical analysis. For Algorithm 1, we provide the following sample complexity guarantee,
which scales with the coverability Ceov = Ceov(ILr), where ITx = {7y : f € F} is the policy class
induced by F. To simplify the presentation, we denote log Ny := inf,>¢ (log N(«) + T'er), where
N(«) is defined as

N(a) = Q?%{N(fh, a), N(Rp,a), N(Gp,a)}.

With the function classes being parametric, it is clear that log Ny < O(dlog(T)).
Theorem 1. Let 6 € (0, 1). Suppose that Assumption 1 and Assumption 2 hold, and the parameters
are chosen as

H log(N7p2/9)
£

CeovH? log(T)
g —— =7

A =c¢p max{ -2 log(Nry2/6), (1)

7TH5app}a T>

where cq, c1 > 0 are absolute constants. Then with probability at least 1 — 0, the output policy 7 of
Algorithm 1 satisfies V*(s1) — V™ (s1) < e+ O(C’CO\,H2 log(T) - sapp).

The proof of Theorem 1 is deferred to Appendix C. Particularly, we note that when the function

classes satisfy log Ny < 9] (d) and e,pp, = 0, Algorithm 1 outputs an e-optimal policy with sample
complexity

~ H3
ri < o Cdil?)

9

Notably, the coverability C.., measures the inherent complexity of the underlying MDP M* (Xie
et al., 2022) and it is independent of the reward function class. As our result only depends on the
coverability C., and the statistical complexity of the function classes, it does not rely on the structure
of reward functions, while previous works assume the reward functions are either linear (Efroni et al.,
2021; Cassel et al., 2024) or admit low trajectory eluder dimension (Chen et al., 2022b,a).

Remark 1. In Algorithm 1, the reward functions R and Q-functions ) are jointly optimized (see
Eq. (6)). A natural question is whether these can be optimized separately—i.e., first learning a fitted
reward model and then applying optimism to the Q-functions based on the learned reward model. We



Algorithm 2 Outcome-Based Exploration with Optimism for Determinsitic MDP

input: Function class F, parameter A > 0.
initialize: D < (), initial estimate f® € F.
1: fort=1,2,...,T do
2: Receive s and compute the optimistic estimates:

fO = r}lax)\j}( s — LBR(f).

3 Select policy 7 < Tr)-

4: Execute 7 to obtain a trajectory 7 = (s{”,a{”, ..., s%, a'}) with outcome reward 7.
5 Update dataset: D < DU {(7®,r®)}.

6: end for

7: Output 7 = Unif (7™D).

show that this decoupled approach can lead to failures: due to reward model mismatch, the algorithm
may become ‘trapped’ in regions where the exploratory policy fails to gather informative data. As a
result, the sample complexity can become infinite in the worst case. See Section F.1 in the appendix
for details.

3.2 A Simpler Algorithm for Deterministic MDPs

A disadvantage of Algorithm 1 is that it requires solving a max-min optimization problem (6),
as the Bellman loss £2F involves a minimization problem over G. While such computationally
inefficient optimization problems are the common subroutines of existing function approximation
RL algorithms (Jin et al., 2021a; Foster et al., 2021, 2022; Chen et al., 2022a, etc.), it turns out that
Algorithm 1 can be significantly simplified when the transition dynamics in underlying MDP are
deterministic.

Assumption 3. The transition kernel T is deterministic, i.e., for any h € [H| and sy, € S, ap, € A,
there is a unique state sp1 € S such that Ty (Sp41 | Sh,an) = 1.

Note that in this setting, the initial state s; and the outcome reward r can still be random. This setting
is also referred to as Deterministic Contextual MDP in Xie et al. (2024).

Value difference as reward model. A key observation is that, when the underlying MDP M ™ is
deterministic, the Bellman equation (1) trivially reduces to the following equality

Qh(snyan) = Ry (sn,an) + Vigq (sht1),

which holds almost surely. Hence, for any trajectory 7, it holds that

H
*(r) = ZRZ(Smah Z Qn(snyan) = Vi (sny1)]-
h=1 h=1

Therefore, any value function f € F induces an outcome reward model R : (S x A)¥ — R defined
as

H
Z fu(snyan) = fasa(sns1)],

where we adopt the notation f1,(s) := max,ea fr($,a) for h € [H]. This observation motivates the
following Bellman Residual loss:

H 2
LES) =) (Z [fn(sn,an) = fasr(snga)] = T) , ®

(7,7r)€D \h=1

where D = {(7,7)} is any dataset consisting of (trajectory, outcome reward) pairs.



Bellman Residual Minimization (BRM) with Optimism. For deterministic MDP, we propose
Algorithm 2 as a simplification of our main algorithm. Similar to Algorithm 1, the proposed algorithm
takes in the value function class F and alternates between the following two steps for each round
t=1,2,---,T:

1. (Optimism) Compute optimistic estimates of @* through solving the following maximization
problem with the dataset D consisting of all previously observed (trajectory, outcome reward)
pairs:

7O = maxAfi(s1) = L), ©

enforcing optimism by balancing the estimated value f;(s1) and the Bellman residual loss
LE(f).

2. (Data collection) Based on the optimistic estimate f*), selects 7" := 7 ) and collect a trajectory

70 = (s{",a{",...,s%, a%}) with outcome reward 7.
Compared to Algorithm 1, Algorithm 2 has the several advantages. First, it does not rely on the
reward function class R and the comparator function class G, and the Bellman residual loss ,CBDR
is much simpler than the Bellman loss £2F, thanks to the deterministic nature of the underlying
MDP. Therefore, Algorithm 2 is more amenable to computationally efficient implementation, as it
replaces the max-min optimization problem (6) in Algorithm 1 with a much simpler maximization
problem (9). Further, for every round ¢, the algorithm only needs to collect one episode from the
greedy policy 7.

Theoretical analysis. We present the upper bound of Algorithm 2 in terms of the following notion
of coverability,
C/

cov

(IT) := Eq, v pCoov (IT; Ms*l)7

where M™ is the underlying MDP, M is the MDP with deterministic initial state s; and the same
transition dynamics as M*, and IT = II £ is the policy class induced by F. In general, C/_(II) is
always an upper bound on the coverability C.,(II), and the guarantee of Algorithm 2 scales with
C!..(IT) as it avoids the layer-wise exploration strategy of Algorithm 1. We also denote

log N1 := (igfo <}£r€1?£1(] N(Fn,a) + Ta>.

Theorem 2. Let 6 € (0,1). Suppose that Assumption 1 holds, and the parameters are chosen as

H3log(N. 1 ! (I H*log(T
)\ — CO maX{ Og( ]:,T/ ),Taapp} , T 2 Cl C’COV( )52 Og( )

5 -log(Ngr/6), (10)

where ¢y, c1 > 0 are absolute constants. Then with probability at least 1 — 9, Algorithm 2 achieves
1 — ()
=5 (V1) = V))& + O(Clay (M H10g(T) - 2up).
t=1

The above upper bound provides the PAC guarantee through the standard online-to-batch conversion,
and its proof is deferred to Appendix D. It is worth noting that Theorem 2 only relies on realizability
assumption on the Q-function class F, significantly relaxing the assumptions of realizablity (As-
sumption 1) and completeness (Assumption 2) in Theorem 1. As a remark, we note that Theorem 2

implies that Algorithm 2 in fact achieves a regret bound of order v/7'.°

4 Preference-based Reinforcement Learning

The goal of preference-based learning is to find a near-optimal policy only through interacting with
the environment that provides preference feedback. As an extension of our results presented in
Section 3, in this section we present a similar algorithm for preference-based RL with the same
sample complexity guarantee.

(t)

>The (expected) regret of the algorithm can be defined as Reg(T) := E [Zzﬂ:l(V*(s(P) -vr (5(1")))} .



Preference-based learning in MDP. In preference-based RL, the interaction protocol of the learner
with the environment is specified as follows. For eachroundt = 1,2, - - -,

* The learner selects policy 7+ and 7=,

* The learner receives trajectories 7+ ~ 0 7= ~ 7= "and preference feedback y* ~

Bern(C(7®", 7)), where C is a comparison function.

Intuitively, for any trajectory pair (77, 77), the comparison function C(7+,77) = P(r+ > 77)
measures the probability that 7+ is more preferred. In this paper, we mainly focus on the Bradley-
Terry-Luce (BTR) model (Bradley and Terry, 1952), which is widely used on RLHF literature. We
expect that our algorithm and analysis techniques apply to a broader class of preference models.

Definition 3 (BTR model). The comparison function C is specified as

exp (BR*(t1))
exp (BR*(t1)) + exp (BR*(77))’

where R* is the ground-truth reward function, 8 > 0 is a parameter.

C(rt,77) =

Under BTR model, the preference feedback in fact contains information of the outcome rewards.
Hence, in this sense, preference-based RL can be regarded as an extension of outcome-based RL with
weaker feedback.

Algorithm for preference-based RL. To extend Algorithm 1, we need to modify the reward model
loss L%M (defined in (3)) to incorporate preference feedback. For any dataset D = {(7,77,y)}
consisting of (trajectories, preference) pair, we introduce the following preference-based reward
model loss £7PRM:

LEMER) = > L(R(Y) - R(r),y), (11
(rt,7—,y)€D
where L(w,y) := —pwy + log(1 + ) is the logistic loss. It is well-known that under BTR

model (Definition 3), the ground-truth reward R* is the population minimizer of L7°RM, and any
approximate minimizer of LF°RM can serve as a proxy for R*. Therefore, with the loss function
LPPRM 'we propose the following algorithm (Algorithm 3, detailed description in Appendix E), which
generalizes Algorithm 1 to handle preference feedback: For each iteration t = 1,2,--- T, the
algorithm performs the following two steps.

1. (Optimism) Compute optimistic estimates of (Q*, R*) through solving the following joint maxi-
mization problem with the dataset D consisting of all previously observed (trajectories, feedback)
pairs:

(FO.R) = max Alfi(s) - Vg - L8 (f:R) - L™(R), (12)

where the Bellman loss E%E is defined in (5), \7{;; is the estimated value function of 7..¢ defined
as

1
V{)‘f;:ﬁ > R(). (13)

(r+,77y)eD

The term f1(s1) — ‘75‘?% can be regarded as an estimate of the advantage of 7, over ¢ under
(f,R). Itis introduced to avoid over-estimating the optimal value, as the preference feedback
only provide information between the difference between two trajectories.

2. (Data collection) The algorithm selects the greedy policy 7" := 7). For each h € [H], the
algorithm sets 7" := 71 o}, Tyer and 7"~ 1= mf, executes (7" 7)) to collects
trajectories (7" 7" =)} and the preference feedback y*-".

We provide the following sample complexity guarantee of the algorithm above.



Theorem 3. Let 6 € (0, 1). Suppose that Assumption 1 and Assumption 2 hold, and the parameters
of Algorithm 3 are chosen as

Hlog(Nrp2/9)

A\ = copmax
€

A covI{2
7TH€app} 5 T > O(C(EZ . lOg(]\/v'TI{?/(s))7 (14)

where co > 0 is an absolute constant, and O (+) omits poly-logarithmic factors and constant depending
on [3. Then, with probability at least 1 — ¢, the output policy T of Algorithm 3 satisfies

V*(s1) — V%(sl) <e+ 6(CCOVH2€app).
The proof of Theorem 3 is deferred to Section E.1.

5 Lower Bounds

As shown by Theorem 1, with bounded coverability of the MDP and appropriate assumptions on the
function classes, finding a near-optimal policy within a polynomial number of episodes with outcome
rewards is possible. In this setting, our sample complexity bounds match the sample complexity of
Algorithm GOLF (Jin et al., 2021a; Xie et al., 2022), up to a factor of O(H). This indicates that,
under bounded coverability, learning with outcome-based rewards is almost statistically equivalent to
learning with process rewards.

Additionally, in the setting of offline reinforcement learning with bounded uniform concentrability,
the results of Jia et al. (2025) indicate that there is also a statistical equivalence between learning
with outcome rewards and learning with process rewards. Therefore, it is natural to ask the following
question:

Is learning with outcome rewards always statistically equivalent to
learning with process rewards in RL?

However, it turns out that the answer is negative if the statistical complexity is measured with respect
to the structure of the value (reward) function classes.

More specifically, we construct a class of MDPs with horizon H = 2, known transition T, and
d-dimensional generalized linear reward models (Appendix F.2). With process reward feedback,
such a problem is known to be easy as it admits low (Bellman) eluder dimension (Russo and Van Roy,
2013; Jin et al., 2021a, etc.), and existing algorithms can learn an e-optimal policy using O(d2 / 62)
episodes with process rewards. However, given only access to outcome rewards, we show that this
problem is as hard as learning ReLU linear bandits (Dong et al., 2021; Li et al., 2022), and hence
it requires at least e*(4) episodes to learn. Hence, in this setting, there is an exponential separation
between learning with process rewards and learning with outcome-based rewards.

Theorem 4. For any positive integer d > 1, there exists a class M of two-layer MDPs with a fixed
transition kernel T and initial state s, such that the following holds:

(a) There exists an algorithm that, for any MDP M* € M and any ¢ € (0, 1), given access to

process reward feedback, returns an c-optimal policy with high probability using 5(d2 / 52)
episodes.

(b) Suppose that there exists an algorithm that, for any MDP M* € M, given only access to
outcome reward, returns a 0.1-optimal policy with probability at least % using T' episodes.

Then it must hold that T = Q(e“'?), where ¢, is an absolute constant. °

This exponential separation demonstrates that the delicate analysis based on well-behaved Bellman
errors (Jiang et al., 2017; Jin et al., 2021a; Du et al., 2021, etc.) crucially relies on the process reward
feedback, and the resulting guarantees might not be preserved in the setting where only outcome
reward feedback is available.

%We note that under this construction, it is straightforward to construct function classes F and R such that
both Assumption 1 and Assumption 2 hold, but the coverability scales as Ccov = D



6 Conclusion

In this work, we develop a model-free, sample-efficient algorithm for outcome-based reinforcement
learning that relies solely on trajectory-level rewards and achieves theoretical guarantees bounded
by coverability under function approximation. From the lower bound side, we show that joint
optimization of reward and value functions is essential, and establish a fundamental exponential
gap between outcome-based and per-step feedback. For deterministic MDPs, we propose a simpler,
more efficient variant, and extend our approach to preference-based feedback, demonstrating that
it preserves the same statistical efficiency. In the current work, we only studied the case where the
outcome-based reward is the sum of all intermediate rewards. We leave the development of efficient
algorithms for other types of outcome-based rewards to future work.
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addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA] .

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
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* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
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* Do not modify the questions and only use the provided macros for your answers.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Claims made in the abstract and introduction accurately reflect this paper’s
contributions and scope. More supporting details are included in the main text.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: This paper discussed the limitations in the main body below each theorem.
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Guidelines:
* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.
 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: This paper provides the full set of assumptions in the main body and a complete
(and correct) proof in the appendix.
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* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

» The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This paper does not include experiments requiring code.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/pu
blic/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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9.

10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The authors have reviewed the NeurIPS Code of Ethics.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This is a pure theoretical paper. There is no societal impact of the work
performed.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper poses no such risks.

Guidelines:

18


https://neurips.cc/public/EthicsGuidelines

12.

13.

14.

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
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15.

16.

Justification: This paper does not involve crowdsourcing and research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for
what should or should not be described.

20


https://neurips.cc/Conferences/2025/LLM

A More Related Works

‘We review more related works in this section.

The coverability coefficient has recently gained attention in the theory of online reinforcement
learning (Xie et al., 2022; Liu et al., 2023a; Amortila et al., 2024a,b). This condition is in the same
spirit as the widely used concentrability coefficient (Munos, 2003; Antos et al., 2008; Farahmand
et al., 2010; Chen and Jiang, 2019; Jin et al., 2021b; Xie and Jiang, 2021; Xie et al., 2021; Bhardwaj
et al., 2023), a concept frequently employed in the theory of offline (or batch) reinforcement learning.
A well-known duality suggests that the coverability coefficient can be interpreted as the optimal
concentrability coefficient attainable by any offline data distribution. For further discussion, see Xie
et al. (2022).

A related body of theoretical work explores reinforcement learning with trajectory feedback (Neu
and Bartok, 2013; Efroni et al., 2021; Chatterji et al., 2021; Cassel et al., 2024; Lancewicki and
Mansour, 2025), where the learner receives only episode-level feedback at the end of each trajectory.
This category also encompasses preference-based reinforcement learning (Pacchiano et al., 2021;
Chen et al., 2022b; Zhu et al., 2023; Wu and Sun, 2023; Zhan et al., 2023), which relies on pairwise
comparisons between trajectories. While most prior work focuses on tabular or linear MDP settings,
we take a step further by studying learning with function approximation, and bound the complexity
by the coverability coefficient.

In the context of Online Reinforcement Learning, numerous prior works have investigated the
complexity of exploration and policy optimization, introducing various complexity measures such as
Bellman rank (Jiang et al., 2017), Eluder dimension (Russo and Van Roy, 2013; Osband and Van Roy,
2014), witness rank (Sun et al., 2019), Bellman-Eluder dimension (Jin et al., 2021a), the bilinear class
(Du et al., 2021), and decision-estimation coefficients (Foster et al., 2021). These complexity notions
characterize properties of the function or model class but are generally not instance-dependent. In
contrast, Xie et al. (2022) introduces the instance-dependent notion of coverability coefficients to
provide complexity bounds in online reinforcement learning. For further discussion on instance-
dependent complexity measures, we refer the reader to the discussions therein.

We further review some literatures on online preference-based learning or online RLHF. Xu et al.
(2020); Novoseller et al. (2020); Pacchiano et al. (2021); Wu and Sun (2023); Zhan et al. (2023); Das
et al. (2024) provides theoretical guarantees for tabular MDPs and linear MDPs. Ye et al. (2024)
studies RLHF with general function approximation for contextual bandits, which is equivalent to
the case where H = 1. Chen et al. (2022b); Wang et al. (2023) use the Eluder dimension type
complexity measures to characterize the sample complexity of online RLHF, which sometimes can
be too pessimistic. Xie et al. (2024); Cen et al. (2024); Zhang et al. (2024) proposed algorithms for
online RLHF with function approximation, but their complexity depends on the trajectory coverability
instead of the state coverability

B Technical tools

B.1 Uniform convergence with square loss

To prove the uniform convergence results with square loss, we frequently use the following version
Freedman’s inequality (see e.g., Beygelzimer et al., 2011).

Lemma 5 (Freedman’s inequality). Suppose that Z®,--- | Z™ is a martingale difference sequence
that is adapted to the filtration (§)L_,, and Z® < C almost surely for all t € [T). Then for any
A€o, %] with probability at least 1 — 6, foralln < T,

~ - : 1, log(1/9)
Z® <\ E [(Z(t>)2 g(t )] + .

Lemma 6. Suppose that (™, y®),--- (2™, y™) is a sequence of random variable in X x [0, C|

that is adapted to the filtration (§©)L_,, such that there exists a function F* : X — [0,1] with

F*(x®) = E[y™|F“, x™] almost surely. Then for any function F : X — [0, C), it holds that

with probability at least 1 — §, for all n € [T),

n n n
1
> (FE) —y) = 3 (F )~y ) = 5 Y E[(F@®) - F* (@) |§] - 1002 log(1/9).
t=1

t=1 t=1
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Conversely, it holds that with probability at least 1 — 6, for all n € [T,

n

Zn: (z9) — y®) Z z®) — y®) 2 < 2ZE [ z®) F*(JC(“))Q‘ 3“_1)} +5C%log(1/9).

t=1 t=1
Proof of Lemma 6. Denote
W = (F) =y )" = (F* () =y )’
= (F@) = F* (@) +2(F (@) = F* (@) (F* (&) = y).
Note that
E[WOI§0) =B [(Fa) - F*(@)*| 5]
and
ZO . =W® —E[W®?|F V] <W® < 2.

Therefore, using Freedman’s inequality (Lemma 5), for any fixed A € [0, %], we have with probabil-
ity at least 1 — 4,

S 20 <A E[(29)2]50] + 71°g(;/6), vn € [T].
t=1 t=1
Note that

E [(Z<t))2| S(hl)] <E [(W(t))2| S(t—l)]
=E [(F(x(t)) _ F*(I(t)))4 + 4(F(I(t)) _ F*(Cc(t)))2(F*(l‘m) (t)) ‘S(t 1)}
<5CE [ (F®) - F* (@)’ 5] .

Therefore, by setting A = 1>, we get the desired upper bound.

Similarly, for the lower bound, we can apply Freedman’s inequality with (—Z) to show that for

A = 155z, with probability at least 1 — 9,
S0 S log(1/9)
_ Z® <\ E (t) 2| (t—1) 4
=1 1] A

t=1
%Z [ F(x®) F*(x(“))2‘ S(t’l)} +10C? log(1/6), Vn € [T7.

O

Proposition 7. Fix a parameter o > 0. Under the assumption of Lemma 6, suppose that H C (X —
[0, C)) is a fixed function class, and F* € H satisfies HF* — FﬂH < gapp- Define

— Z (F(z®) — y<‘>)2, Z]E [ 2®) F*(m“"))2‘ g(t—l)} .
t=1
Let k := 15C? 1og(2N (H, o) /6) + 3Cna + 4nel .. Then the following holds simultaneously with
d:

2
probability at least 1 —
(1) For each n € [T,

£ Fﬁ - '“f [: F/ < .
n(F) Fl/e;-t n(F) <k
(2) For eachn € [T], forall ' € H,

%&l(F)gﬁn(F)— inf L, (F')+ k.

F'eH
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Proof of Proposition 7. Denote N := N(H,«). Let H,, be a minimal «-covering of 7. Then
applying Lemma 6 and the union bound, we have with probability at least 1 — 4, the following holds
simultaneously for n € [T:

(1) For all F” € H,, it holds that
1
§8n(F’) < Lo (F') — L,(F*) +10C? log(2N/9).
(2) It holds that
L, (F*) = L, (F*) < 25,(F*) + 5C%log(2/6).

In the following, we condition on the above success event.

By definition, &, (F*) < ne?, . and hence

L, (F*) > L, (F*) —4ne2  —5C%log(2/9). (15)

app

Furthermore, for any F' € H, there exists F' € H,, with || — F'|| < «, which implies
|Ln(F) — L, (F")] < 2Cna, |EL(F) — E(F")| < 2Cna.

Therefore, under the success event, we have

1

5en(F) < L, (F) — L, (F*) +10C?1og(2N/§) + 3Cna.
holds for arbitrary F' € F. Hence, by (15), we have

1
3En(F) < La(F) - L, (F*) +15C%10g(2N/8) + 3Cna + 4ne?

app’

Noting that £,,(F*) > inf gy £, (F") completes the proof of (2). Furthermore, using &, (F) > 0,
we also have

L, (F*) < Jnf, L, (F") +15C%1og(2N/6) + 3Cna + 4ne?

app’
This completes the proof of (1). O

B.2 Uniform convergence with log-loss

We prove the following result, which is a direct extension of the standard MLE guarantee (Zhang,
2002).

Proposition 8. Suppose that {Py(y|x)}oco C (X — A(Y)) is a class of condition densities
parametrized by an abstract parameter class ©. Without loss of generality, we assume ) is discrete.

A «a-covering of © is a subset ©' C O such that for any 0 € O, there exists 0/ € ©' such that
[log Py(y|x) — log Py (y|x)| < aforall x € X,y € ). We define the covering number of © under
log-loss as

Niog (0, ) := min{|0'| : © is a a-covering of ©}.

Suppose that (x®,y®), - (™, y™) is a sequence of random variables adapted to the filtration
(F)L,, such that there exists 0* € © so that P(y® = -|x® ,F¢ V) = Py (y*® = -|z®) almost
surely for t € [T). Then it holds that for all n € [T, for all § € ©,

n

g 1
S [DA(P(Ja). P (12)] 5] € — 3 log Po(y1a) — log Py (4”12
t=1 t=1
+ log Nigg (O, @) + 2na.

Proof of Proposition 8. Let © C © be a minimal a-covering, and let N := |©'| = N}, (0, cv).
For each 6 € ©, we consider

L (6) = log Py(y[e®) — log Py (5 [+).
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Then it holds that

1, b e Py(ylz®)
E {exp (QL”W)) 2,3 1’} = Eynror b\ By (yTr)
= 3"V Polylz®) Py (ylz)

yey
=1 — D{(Po(-|z), Py (-|2)).

Therefore, applying Lemma 9 and using union bound over § € ©’, we have the following bound:
with probability at least 1 — ¢, for any 8’ € ©', n € [T],

zn: ~log {exp <;L“)(0’)) ‘ ]—““”} < f% Zn: LO@) + log(N/9).

t=1 t=1

In the following, we condition on the above event. Fix any 6 € ©. Then, there exists ' € ©' such
that |log Py (y|z) — log Py (y|z)| < aforall x € X,y € Y, and hence |[L™(0) — L®(0")] < «
almost surely. Therefore, combining the results above and using logw < w — 1 for w > 0, we have

Zn:E [DE(Po(-[2), Por ()| § ] < znj ~log {exp (;m(e)) ‘ ]-'“‘”}

t=1 t=1

S 1
<na+ ) —log [GXP <2L(t) )‘f(t 1)}

t=1

<na-—= Z L) + log(N/6)

< 2no — = Z L?P() + log(N/5).

By the arbitrariness of 6 € ©, the proof is completed. O
Lemma 9 (Foster et al. (2021, Lemma A.4)). For any sequence of real-valued random variables
XWO . XD adapted to a filtration (S(t))thl, it holds that with probability at least 1 — 0, for all
n € [T,

n

Z —log [exp(—X )| F* "] < ZX“) +log (1/6).

t=1 t=1
C Missing Proofs in Section 3.1
C.1 Proof of Theorem 1

We first present a more detailed statement of the upper bound of Theorem 1, as follows.

Theorem 10. Let 6 € (0,1), p € [0, 1), and we denote Ceoy = Ceooy(I1r), where Iy = {my : f €
F} is the policy class induced by F. Suppose that Assumption 1 and Assumption 2 hold. Then with
probability at least 1 — 6, the output policy T of Algorithm 1 satisfies

Ve = Vo) TZ (Vs = V")
<o) log(N(p)/d) +ATH2(p+sapp) N ACCOVTlog(T)

Therefore, for any € € (0, 1), with the optimally-tuned parameter )\, it holds that V*(s1) — V7 (s1) <
€+ O(\/ C’COVH25app), as long as

72 0( Sl o N (Cuntt) )
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Recall that we let Qf € Q, R € R be such that

max HQu Qh

< Eapps max HR - R}
he[H]

< €app-

For each t € [T, we write D to be the dataset maintained by Algorithm 1 at the end of the ¢th
iteration, i.e.,

DO = (T, 1) cunetn

We summarize the uniform concentration results for the loss C%Ew and 5%"(@) as follows. We note
that these concentration bounds are fairly standard (see e.g. Jin et al. (2021a)), and for completeness,
we present the proof in Appendix C.3.

Proposition 11. Let 6 € (0,1), p > 0. Suppose that Assumption 1 and Assumption 2 holds. Then
with probability at least 1 — §, forallt € [T], f € F, R € R, it holds that

H
5 SR e (Rr) — BA())? < L (R) — L3 (RY) + H,

k<t h=1
5 ZZE” (fn(snan) = [Tron ] (snsan))® < L350 (f5 R) = L35, (Q% BY) + Hx,
k<t h=1
where
= C(log N(p) + log(H/5) + TH*(e2,, + p)),
and C' > 0 is an absolute constant.

Performance difference decomposition. Denote VF(s;) :=
that ’Vﬁ(sl) — V*(sl)‘ < eapp- Therefore, for any ¢ € [T
(f®, R™)), it holds that

maxge 4 QF(s1,a). Then it is clear
], by optimism (the definition of

V*(81) — €app < Vﬁ(sl)

_Vﬁ(s ) — LIB)% 1)(@ﬁ Ru)‘FED(f 1>(Rﬁ) L:IB)% 1)(Q Ru)+£D<' 1>( ﬂ)
= h\ A

e oy (PR L (RO) L5 (QF R + £ (RY)
Sfl(')(sl,ﬂi)) DI ) ) ( ) DI ) ) ( ) .

Furthermore, by the standard performance difference lemma (Kakade and Langford, 2002), it holds
that

(f)

FP (s1,70) — ZE’T“’ 9 (snsan) — [T f104) (s an)]. (16)

Based on (16), the ex1st1ng approaches (with per-step reward feedback) bound the expectation of
the Bellman error €} (sp,, an) := f;” (sn,an) — [T;* fat1)(Sn, ar) through various arguments (e.g.,
eluder argument (Jin et al., 2021a) and coverability argument (Xie et al., 2022)). However, in outcome

reward model, it is possible that E™"" [+ (shsan) = [T fns1)(sn, an)] is large even when the sub-

optimality of 7 is small, because the outcome reward is invariant under shifting of the ground-truth
reward function R*.

Therefore, we consider the following refined decomposition:

¢ w(t) ¢ t
17(s1) = ZE w (snyan) = [Tre £ (sny an))]

H
o :
+E”™ E Ry (sh,an) E h(Shyan)

h=1 h=1

7
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Coverability argument. Following the coverability argument of Xie et al. (2022), we have the
following upper bound on the expected Bellman errors.

Proposition 12. Denote e) := f;" — T;* fny1. Then, for each h € [H), it holds that

C’coviz—‘ °) ot
ZE”() les? (snyan)| < | 2Ccoy log (1 + ) R Z E™" e} (s, an)? | -
K

1<k<t<T

Following the ideas of Jia et al. (2025), we prove the following upper bound on the reward errors.

Proposition 13. It holds that

T
> BT RO (r) = B (7)]
t=1

H
CoovT
< | 8HC,oy log <1 + C;) -\ HTk + Z Z Er® onmrer (R(t)(T) — R* (7-))2
1<k<t<T h=1
Based on the results above, we finalize the proof of Theorem 1.
Proof of Theorem 1. By optimism and the decomposition (17), it holds that for ¢ € [T,

LE o (f9,RY) = LT, ) (QF RY)
A

® LB (RV) — LB ) (RF)
E™ (t) _ p* D(t-1) D(-1) )
FE[RO() — R(7)] - :

(t) t
v ( ) v (81) — Eapp < ZET{ e )(Shuah)] -
h=1

Then, under the success event of Proposition 11, we have
2HkK
A

H
ﬂ-(f) ¢ 7r(k> t
< Z <E [ ()(Shaah “ o Z]E () 3h7ah)2> (18)

h=1 k<t

V*(s1) = V™ (51) = €app —

H
n Eﬂ_(t) [R(t)(’r) ~ R (7)) - % Z Z Eﬂ'(k)oh,ﬂ'ref (R(t)(T) — R (7-))2.

k<t h=1

Applying Proposition 12 and Cauchy inequality gives for all h € [H],

¢ CoovT 1
ZE’T( ) |e“> Sh,an | < ACeov log (1 + - > + X 2Tk + Z " )e;L”(sh,ah)2 ,
1<k<t<T

and similarly, applying Proposition 13 and Cauchy inequality gives

T
> ET [RO(r) = R (7)]
t=1

H
+ 2 HTR + S Y g (RO(7) — R* (1))

< AMNHCoy log (1 + X
1<k<t<T h=1

C'covT'
K

Therefore, we take summation of (18) over ¢ € [T'], and combining the inequalities above gives

T
¢ 4TH T
Z (V*(Sl) - Vﬂ( )(81)) < T&app + — K + 5)‘Hccov IOg ( Cc;v )

t=1
This is the desired upper bound. O
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C.2  Proof of Proposition 12 and Proposition 13

The following proposition is an generalized version of the results in Xie et al. (2022, Appendix D).
For proof, see e.g. Chen et al. (2024).

Proposition 14 (Xie et al. (2022)). Let C > 1 be a parameter. Suppose that p™*,--- ,p'™ is a
sequence of distributions over X, and there exists i € A(X) such that p® (x)/u(z) < C for all
x € X, t € [T]. Then for any sequence YV, --- p'™ of functions X — [0, 1] and constant B > 1,
it holds that
T oT T
ZEINP(tﬂ/)(t)(x) <4|2Clog (]— + B) 2TB + Z ZEINP(JC)@/}“)({ZZ)Z .
t=1 t=1 k<t

As a warm-up, we prove Proposition 12 by directly invoking Proposition 14.

Proof of Proposition 12. Fix a h € [H|. To apply Proposition 14, we consider ¥ = S x A, and
define

PO =P (snyan) =) EAS x A), Y= 6] € (S x A= [0,1]),

By the definition of coverability (Definition 1), for C = Cqo (II), there exists € A(S x A)
such that p®”(s,a)/u(s,a) < C forall (s,a) € S x A. Therefore, applying Proposition 14 with
B = k > 1 gives the desired upper bound. O

Next, we proceed to prove Proposition 13. Our key proof technique is summarized in the following
proposition, which is inspired by the (rather sophisticated) analysis of Jia et al. (2025).

Proposition 15. Recall that for any D = (D, : S x A — R), we denote

H
D(r) =Y Du(sn,an), V7= (s1,a1, - ,sm,an) € (S x A
h=1

Fix a Markov policy T, we denote D1(s) = Dy 1(s) = 0, and

Dp,(s) := E™et iD((S@,Q@) sh—s] , Vi<h<H,seS.
t=h
Then for any policy , it holds that
H H
N E"(Da(snsan) + Drsa(snir) — Dalsy))’ <43 E™rmeD(r)2,
h=1 h=1

The proof of Proposition 15 is deferred to the end of this subsection. With Proposition 15, we prove
Proposition 13 as follows.

Proof of Proposition 13. To apply Proposition 15, for each ¢ € [T'], we consider

H H
A;:)(S) 1= [E7ref Z Rét)(Sg, ag) — Z RE(S@, ag)
{=h {=h

ShZS] , YVh=2,--- ,HseS,
Then, by Proposition 15, it holds that for any policy 7,

H
> ET(RY (s, an) — Rj(sn,an) + Af (sn41) — A (s))?
h=1 (19)

H
<4 ETe (RO (1) — R (7))
h=1

27



Furthermore,

H
E™ |R® (1) — = Z (R (sh,an) — Ry (sh,an) + Ay (sng1) — A (sn)]

h=1

= (20)
Z R( ) Sh, ah) RZ(S}“ ah) + A;:_),’_l(Sh+1) — A;:)(sh)’ .

Therefore, to apply Proposition 14, we consider the space X = S x A x &, and for each h € [H],
we define

p(t) - Pﬂ ((3h7ah78h+1) = ) € A(S x A x 8)7
(s, a,s") |R<” s,a) — R} (s,a) +A;erl( " — A(h”(s)|.
Note that for any h, we have ¢}” : S x A x & — [0,1]. Further, let u;, € A(S x A) be the

distribution such that ||d /tn]l o, < Ceov for any policy 7. Then we can consider the distribution
7, € A(S x A x 8) given by ,uh(s, a,s") = un(s,a)Th(s'|s,a). Then it holds that

() (O] / (t) /
S,a, s d s,a)Th(s|s,a
[ = mp 0], )
Kp, s,a,s’ ,Uh(S,CL,S ) s,a,s’ ,Uh(S,CL)T}L(S |S,CL)
Therefore, for h € [H|, applying Proposition 14 on the sequence (pj”, - -+ ,pj"”) and (¢}, - -+, ;")

gives

QTR—I—ZZ]E (k)l/) )

t=1 k<t

ZE (t>¢(f) S 2C(cov IOg (1 + C >

To conclude, we combine the inequalities above and bound

ZE’““) R (r) = B (7))

7 ¢ t t
E™ Ry (snyan) — Ry (snyan) + Ay (sne1) — A} (sn)]

M= 1
M=

~
Il
—
>
Il
—_

H T
E, <>1/)m ZZ u)¢

I
™=
Mm

t=1 h=1 h=1 t=1

=l CoosT
< 2C 0y 1 1 cov 2T E

> 0g<+ ) +zz e >]

CeonT
< 2HC 1 cov (t)
>~ cov Og(]-“!‘ K ) 2TH/§+ZZZE (k)w )‘|
h=1t=1 k<t
CoonT ul
< |8HC, oy log (1 + C:’) - |HTk + Z ZEﬂk)o;mref(R(t)(r) — R*(T))Q :

1<k<t<T h=1

where the first inequality follows from (20), the second last line follows from Cauchy inequality, and

last inequality follows from the definition of (p}, ;") and (19). O
Proof of Proposition 15. For 7 = (sy,a1, - ,sm,ag) € (S x A)H, we denote 7, =
(s1,a1, ", Sh,an, Sh+1) to be the prefix sequence of 7 for each / € [H]. Then, we note that

h H
et [D(r)| 1] = D De(se, ar) + BT l > Delse,ar)

=1 {=h+1

4
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h

- Z Dy(seyar) + Dpi1(Shs1),
=1

because the policy 7 o, 7ot executes the Markov policy 7. starting at the (h + 1)-th step. Therefore,
it holds that
2

h

Err (Z Do(se,ar) + Dh+1(5h+l)> =By mropmee (BT [D(7T)] Th])2
=1

S ETNﬂ.Ohﬂ-refD(T)z = Eﬂ-Ohﬂ-rEfD(T)27

where the first equality follows from the fact that the policy 7 o 7y €xecutes 7 for the first h steps.
Therefore, for h > 1, it holds that

E™ (Dh(sh, an) + Dpy1(sny1) — ﬁh(é‘h))z

N 2
- (Z Dy(sgyar) + Dpy1(Spe1) Z Dy(s¢,ae) Dh(£h)>

(=1
2

h h—1
< 2Er, o <Z Dy(se, ar) + Dh+1(5h+1)> +Er o (Z Dy(se, ar) + Dh($h)>
=1 =1
< QEﬂowme(T)2 4 [E7Or—1Tret D(T)2.

2

For h = 1, because D (s) = 0, we already have
s e ) 2 s n 2 MO T
E (Dl(Sl,a1)+D2(52) 7D1(51)) =K (Dl(Sl,a1)+D2(Sg)) < E™1 refl)(7')2.
Taking summation over h € [H] completes the proof. O

C.3 Proof of Proposition 11

We prove Proposition 11 in Lemma 16 and Lemma 17 separately. Recall again that under Assumption
1, the function Q* € F, R* € R satisfy

max HQu Qh

< Eapp-

< Eapp» I?el[al;{ HRﬁ R*

Lemma 16. Under Assumption 1, with probability at least 1 — 0, forany t € [T), forall R € R, it
holds that

H
LS S e () — B (7)) < £ () — £ ()

k<t h=1

+ 15H log N (p) + 15(2/6) + 2T H?eZ,, + AT H?p.

Proof of Lemma 16. To apply Proposition 7, we consider the whole history

(GG W

generated by executing Algorithm 1, and recall that D¢~ = {(7®*", r®") by 4 15y is the history
up to the ¢-th iteration. Note that (70 r®D) ... (75 ¢®H)) gre pairwise independent given
D¢ with

TEM o™ oy e E [rM | DED 7M] = R* (7).

Also note that » € [0, 1] almost surely, and we regard R C ((S x A)¥ — [0,1]), and Rf € R
satisfies |R*(7) — R*(7)| < Heqpp forall 7 € (S x A)H

Therefore, applying Proposition 7 on the function class R and the sequence
{7 M) b e, helo, 1] gives that with probability at least 1 — 4§, for all R € R, t € [T7, it holds
that

t H t H
Z ZE wMonmet (R(r) — R*(r))? = %ZZE [(R(T(’“””) _ R*(T(’“*’”‘)))2‘ D(k—l)}

k=1h=1 k=1h=1

N |



< LR (R) — LR, (R*) + 1510g(2N (R, Hp) /5) + 2T H?¢?

aPP

+4TH?p.

Finally, we note that log N(R, Hp) < Zthl log N(Rpn, p) < Hlog N(p). This gives the desired
upper bound. O

Similarly, we prove Proposition 11 (2) as follows, following Jin et al. (2021a).

Lemma 17. Fix h € [H] and 6 € (0,1), p > 0. Suppose that Assumption 1 and Assumption 2 holds.
Then with probability at least 1 — 0, the following holds:

(1) For eacht € [T,
Epo n(@Qh Qhri BF) = 10l Epc n(on, Qhyas B) < O(THeL,, + THp -+ 10g(N(p) /9)).

h h

(2) For each t € [T), for all fr, € Fp, fny1 € Fhi1, and Ry € Ry,

%Z "(fn(snsan) = [Tron o) (snran))?
<&

o)1 (frs fra1; Bi) — lnf 5D<t> n(Ghs frrrs Bi) + O(THgapp +THp+1og(N(p)/9)),
where we use O(-) to hide absolute constant for simplicity.

Proof of Lemma 17. Fix h € [H] and denote N := N(p). We let F;_; be a minimal p-covering
of Fj,+1, and let R}, be a minimal p-covering of R}, By definition, L < N.

In the following, we adopt the notation of the proof of Lemma 16. Recall that conditional on D¢~V

t,8) __ (t,0) (t,0) (t,0) (t,€) t
T = (51 yap Sy A )Nﬂ-()oéﬂ'refv
and 7"V ... 7™ are independent conditional on D“~V. For simplicity, we denote z** :=
(5507 aff ).

Fix fpi1 € Fj U {Q%H} and Ry, € R}, U{R%}, we consider

Y = faga(sp) + Ra(sy?,a?).
and it holds that
E[y“?| D", 2“9 = [T p fra] (7).
Then, for any g5, € G, it holds that

t H
2
5D(t),h(9hafh+1;Rh) = ZZ gn(x®0) —y®0)?,

k=1¢=1
and we also have
t

H t H
ZZEW(k)o[TFref(gh(sh7ah) [Tr.nfri1) (s, an)) ZZE{ gn(x®0) = [Tanfre1](@*9) ‘D(k 1)}

k=1 /(=1 k=1 /=1
Then, applying Proposition 7 with the function class H = Gy, yields that with probability at least
1-5 N, the following holds:

(a) For each t € [T, for any g, € Gy,
1 : Eﬂ'(k) 7— 2
3 > (9n(8hsan) = [Tr,nfa+1](sn, an))
k=1

S(c/‘D(t),h(gha fh—i—l; Rh) lnf E'D(t) h(gh7 fh-‘rlv Rh) + O(lOg(N/é) + THEapp + THp)

(b) When fr1 = Qi 4 and R, = R&L, the function ng € Fn C Gy, satisfies the inequality
HQﬂh — TRu7hQ§,+1||oo < 3€app, and thus

5D<*>,h(Q§N Q%H% R%) mf gp(t) 1 (Gh, Qh+1’ Rh) + O(log(N/6) + THe,, + THp).
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Therefore, taking the union bound, we know that the inequalities (a) and (b) above hold simultaneously

with probability at least 1 — § for all f541 € Fj U {Q&H_l} and R, € R}, U {Rfl}. In particular,
we have completed the proof of (1).

To prove (2), we only need to note that G, C Fy, and for any fr11 € Fpy1, R, € Ry, there exists
fri1 € Frp1, Ry € Ry suchthat || fry1 — f7 o 1lloe < ps [[Rh — R} |l < p. Therefore, by the
standard covering argument and the fact that 7* o m,o¢ = 7%, we have also shown (2). O

D Proof of Theorem 2

In this section, we provide the proof of Theorem 2, which is a direct adaption of the proof of
Theorem 1 in Appendix C. We first present a more detailed statement of the upper bound (with any
parameter A > 0).

Theorem 18. Suppose that Assumption 1 holds. Then with probability at least 1 — §, Algorithm 2
achieves

* ) . H IOg(NfT/6)+T€a AHC(/:OV( )
—Z(V ) (()))<5app+0(1)'[ Y . T ’

We also work with a slightly relaxed version of Assumption 3.
Assumption 4. Under any policy 7, for each h € [H|, it holds that almost surely
Qn(sn,an) = Ry (sn,an) + Vi (shy1)-
Further, to simply the notation, for each f € F, we recall that the induced reward model R7 is
defined as RJ (s, a) := f1(s,a), Rﬁ(s,a) = fu(s,a) — frn(s), which implies
H
= th(smah) — frt1(8h41)-
h=1

Uniform convergence. Foreacht € [T, we define D~V := {(7, ")}, be the data collected
before tth iteration. We also recall that by definition (8), we have

t [ H 2 t
Ep(ﬂ(f) = Z <Z [fh(sﬁf)a ah ) - fh+1(s;zkj»1):| - r(k)> = Z (Rf(T(k)) - r(k))2'

k=1 \h=1 k=1
Therefore, a direct instantiation of Proposition 7 on the class R := {R/ : f € F} yields the following
proposition.

Proposition 19. Let 6 € (0,1), p > 0. Suppose that Assumption 1 and Assumption 4 holds. Then
with probability at least 1 — 6, for all t € [T, f € F, it holds that

t
LS (B () - 7)< LR () £ (QF) +
k=1

where
= C(H®log(Nr()/6) + THo +Te2,)),
C > 0 is an absolute constant, and we denote Nx () := maxj (g N (Fp, @) for any o > 0.

Performance difference decomposition In this setting, we can rewrite the decomposition (16) as

t 7l x® + .
17(s1) =V ZE [f1 (snyan) — Rjy(snyan) — fr 1 (she)]
h=1
H
7 ¢ 21
=E Z [ }(L)(Sh’ah) fh+1 5h+1 ZR}L Sh,ap)
h=1

7T(t) t *
=E" [RV(r) - R*(7)],
where we denote R := R/"” , which is a reward model given by
R{'(s,a) = f{"(s,a),  R(s,a) = f;"(s,a) = £;,”(s).
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Optimism. Similar to Appendix C.1, we use the fact that from (9),
[ = f}ﬂea}()\fl(sit)) LD(t o ()
and hence
M) = LB (F9) = AVE(s17) — L8R ) (£).

Using |V{(s{") — V*(5{”)| < €app» (21) and Proposition 19, we now deduce that

. . ﬁBR, . () CBEt X #
VA6 = V™ () < ey + BT [RO() — () - E2nl) 2 Epn (@)
K ) 14 (k)
< Capp + 3 TET[RO(1) = RN(7)] = 55 Y BT (RO(7) — R (1),
k=1

(22)
Therefore, it remains to prove an analogue to Proposition 13.

Coverability argument. We strength Proposition 13 using the deterministic nature of the underlying
MDP. For each s € S and h € [H], we define

Sp(s;10) := {(s',a) : Im € 11, under 7 and s; = s, it holds that s;, = s, a;, = a},
and Np (s; 1) := Sk (s; IT)].

Proposition 20. Ler B > 1. For any initial state sy € S, any sequence of reward functions
R®W ... 'R™ and any sequence of policies 7", --- , 7™, it holds that

ZE” [RV (1) — R*(7)] s1]

< 2N(51)10g(1+4TBH)- 2TB+ Y IE’T(’“)[(R“)(T)—R*(T)f‘sl],

1<k<t<T

.. N ® .
where N(s1) = Zthl Ny, (s1:10), and the conditional distribution E™" [-| s1] is taken over the
expectation of T generated by executing policy T starting with the initial state s.

The proof of Proposition 20 is deferred to the end of this section.

Finalizing the proof. With the above preparation, we now finalize the proof of Theorem 2. Taking
summation of (22) overt = 1,2,--- ,T, we have

T
2V =V e)

+ 1 k
<T app+ +ZE”() RO(r) = R(7)] = 55 S E"Y(RY(r) - R*(r))?

1<k<t<T

® ¢ * 7 (®) ¢ * 2
ngapﬁ Earnp Z]E [R®(r) — R*(7) 5 > B (RO - RU(7)
1<k:<t<T

g

2Tk

TH
< Py + 5+ By [N A o (1 * ﬁﬂ ’

where the last inequality follows from Proposition 20 and Cauchy inequality. This is the desired
upper bound. O
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Proof of Proposition 20. In the following proof, we assume s; € S is fixed. Consider
T :={(h,s,a):h€[H] (s,a) € Sp(s1;I)} C[H] xS x A.
Note that |Z| = Zthl Np(s1;II) = N(s1). By definition, for any policy , there is a unique

pair (sT,al) € Sp(s1;II), such that under 7 and starting from s;, we have s, = s],a, = af
deterministically.

For each t € [T'], we consider the following vectors indexed by Z:

’(/)(t) = [R;;)(Sy &) - R;:(S? CL)] (h,s,a)€T = RI’

H
M = [ P (sh:s,ah=a|sl ] (hos.a)e Ze( PORPON e RZ.
h=1
With this definition, it holds that for any k, ¢ € [T,
H
e [R(t)( ) R*(T)| 31] _ Z |:R<t)(8;;(k),az(k)) _ R*(Sz(k),ag(k))} _ <¢(k)’¢(t)>'
h=1

Therefore, we apply the elliptical potential argument (Lattimore and Szepesvari, 2020). Let V; :=
ket @ (¢%) " + BL Then it holds that

T
D He@ ) < Y min{[[¢|y 1, 1} - max{[|v ]y, , 1}

t=1 t=1

T T
. 2 2
<4 min{[[¢®[[-1, 1} - Y " max{|[y®][}, ,1}.
t=1

t=1

Note that
T

T
a2

> max{[lp @y, 1} < >

t=1

1+ B[] +Z (6, 4) ]

<T(1+4B|T]) + Z E”(k) (RO () = B ()] 1]

1<k<t<T

and by Lattimore and Szepesvari (2020), we have

. TH
me{||¢< >||V 1,1} < 2|7 log (1 + IIIB>

t=1

Combining the inequalities above and rescale B «— completes the proof. O

4II \
E Proofs from Section 4
We present the full description of our algorithm or preference-based RL as follows.

E.1 Proof of Theorem 3

For each t € [T], we write D™ to be the dataset maintained by Algorithm [ at the end of the tth
iteration, i.e.,

D(t) = {(T(ky}lﬁk)? TUC,hY?)? y(}wh))}két,he[H] .

Note that for each ¢ € [T, h € [H], we have 7*" =) = . Therefore, for each R € R, we define
VEet .= E™ef[R(7)] and recall that

re 1 —
VD’% = ﬁ Z R(T )

(r+,77,y)€D

The following lemma follows from the standard uniform convergence rate with Hoeffding’s inequality
and the union bound.
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Algorithm 3 Outcome-Based Exploration for Preference-based RL

input: Function class F, parameter \ > 0, reference policy mpcf.
initialize: D « 0.

1: fort=1,2,...,T do

2: Compute the optimistic estimates through (12):

(t) R(t) a A Vref R PbRM R
(PO RY) = max A fils1) - BE(f1 R) — LERM(R),
3: Select policy 7 < 7 ¢().
4: forh=1,2,--- ,Hdo
5: Execute 7 oy, e for two episode and obtain two trajectories (74 r*"=)) and
preference feedback y ™).
6:
7 Update dataset: D <— D U {(7¢*") 7®&m=) gm0},
3: end for
9: end for

10: Output 7 = Unif (7™D).

Lemma 21. Let ¢ € (0,1), p > 0. Suppose that Assumption 1 and Assumption 2 holds. Then with
probability at least 1 — 6, for all t € [T, R € R, it holds that

og(2TN (p)/5)

ref ref
Pt e :

t,R

+ Hp.

PbRM

We summarize the uniform concentration results for the loss £BE D and LD(t)

is analogous to Proposition 11 and is provided in Appendix E. 2

as follows. The proof

Proposition 22. Let 6 € (0,1), p > 0. Suppose that Assumption 1 and Assumption 2 holds. Then
with probability at least 1 — 6, forallt € [T], f € F, R € R, it holds that

K

< I
tH

ref ref
'D(t) R~

3 Z g™ AT ([R(rY) = R(7)] = [RA(7H) = RY (7)) < Cu[LPRM(R) — £P5RM(R

k<t h=1

ZZE“ (fu(snsan) = [Tronfar1) (s, an)® < 2[L55, (f3 R) — L35, (Q% RF)] + H,

k<t h=1

where Cg = 4?;;,

= C(log N(p) +los(TH/3) + TH*(5 + 1)(c2,, + ),

and C' > 0 is an absolute constant.

In the following, we condition on the success event of Proposition 22. Note that 7" =) = ¢, and
hence Proposition 22 implies that forall R € R, ¢ € [T,

H
Z ZEW(’V)Ohﬂref ([R(T) . R*(T)] [Vref V“if])g < C,B [[’Ip)b(?)M( ) ‘C!;b(%M( )] + CBHK«
k<t h—1

Therefore, for any reward function R, we define R as Ry (s,a) = Ry (s,a) — VEet and Ri(s,a) =
Rp(s,a) for h > 1. Then it is clear that R(7) = R(7) — V&, and for all R € R, t € [T, we have

H . B B 9
SOS BT (Rir) — (7)) < Ca[LREM(R) - LR (RH)] + Calr. (23

k<t h=1
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Performance difference decomposition In this setting, we re-write (17) as follows:

(f)

wl ) t
1(t)(51) Z]E t (t) Shaah) — [TR(” f]i_i_l](Sh,ah)]

H
+E7T(t) ZRﬁ)(sh,ah ZR s;“ah ‘|
h=1 h=1
H X _ _
= D BT el (onan) + BT RO@) - R )] + Vit - v,

where we recall that we denote e(” : (” —Trw fh 1+ Therefore, we re-organize the equality as

(70051 = Vigh] = [V (s0) - V] == [ ) - FZE”” i s an)
o4

With the above preparation, we present the proof of Theorem 3, which closely follows the proof of
Theorem 1 in Appendix C.1.

Proof of Theorem 3. By definition, for each ¢ € [T,

(FRO) = e A[fi(s) = Vgthon g] = £86n (/3 R) — L3 (R).

Therefore, using Q* € F, R* € R, we have

{ 1 (s1) — ?E?E—M,R(t)] - {Vf(sl) - ‘77585—1) Ru}
£%E<t o (5 RY) — E%Eu 1)(Qﬁ§Rﬂ) L%EISM)(R“)) 'Cpl)(It?Ml)(Rﬁ)
< \ Y .
Using the decomposition (24), Proposition 22, and the fact that ’Vf(sl) — Vl*(sl)‘ < Eapps
|R¥(1) — R*(1)| < Heapp, we have

2HK
’Vref Be({ 1) Rﬂ‘ + ——

A
Z e (sn,an)] — 7215”%) (s, an)?
b CﬁA 9

k<t

* 7T<t) T
Vi(s1) =V <sl>s<H+1>sapp+}vR?f> Ve o

LB (R - B(0)] - 0SB (R0 - o)

Ao
(25)

Taking summation over ¢ = 1,2, .- ,T" and apply Proposition 12, Proposition 13, and Lemma 21
yields

T

: TH CoonT
> V(1) - v™(s1) < O(1) - {H(eapp +p) +VTk + T”” + CgAHCoy log <1 + K)]
=1

This is the desired upper bound. O

E.2 Proof of Proposition 22

The inequality involving LD(,) is implied by Proposition 11 and proven in Appendix C.3. In the

following, we only need to prove the inequality involving ﬁ%}'})M by invoking Proposition 8.

Consider the class © = RU{R*}, X = (S x A x (S x A)f,and Y = {0,1}. Forany R € ©,
we define

+
Pr(1|rt,77) = exp (BR(tT))

exp (BR(T1)) + exp (BR(77))’

exp (BR(17))
exp (BR(71)) + exp (BR(T7))’

Pr(0]7,77) =
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following Definition 3.

Recall that D1 = {(7"m®) gmm) gy Gm) by 4 crp is the history up to the ¢-th iteration. For
simplicity, we denote x™*" := (7" 723 Note that (@, y®V), -« (& y©) Then
it is clear that for all t € [T'], h € [H],

P(y(t,h)lx(t,h)7 D(t—l)) — PR* (y(t,h)|x(t,h,))’
and it also holds that
L(R(T") = R(17),y) = —log Pr(ylr*,77),  vye{0,1}.
Further, noting that Nio(©,2H8p) < N(R, p) + 1. Therefore, applying Proposition 8 gives the
following result: with probability at least 1 — g, forany R € R, t € [T],

M~

H

S B DR (Pa(lrt r 7). P (7))
1h=1
<5 > [LRE) = RE)w) ~ LR () — R (7))

(t+,77.y)

+log(N(R, Hp) + 1) + log(2/6) + TH*Bp
1 1
< 5 (L () — L (BD)] + Sk,

M‘Hﬁ

where the second inequality uses the fact that fRﬁ(T) — R*(T)’ < He,pp. Finally, note that
D% (Bern(p), Bern(q)) > (p — ¢)? and

=2
1 1 3 :
- > jw—w], Yw,w' € [-1,1].
efw 41 b 1|7 2B o = | w,w €| )
Therefore, using the definition of Pr completes the proof. O

F Proofs of Lower Bounds

F.1 Hard Case of Learning with Fitted Reward Models

As mentioned in Section 3.1, in Algorithm 1 the learner has to optimize over the reward class and
value function class jointly. In the following, we argue that if the learner first learns a fitted reward
model in the reward class, then optimizes the value function with the fitted rewards, the output
policies at each iteration never converge to the optimal policy.

In detail, we consider algorithms in the form of Algorithm 4, where the learner fits the reward model
R® at iteration ¢ first, then the learner calls algorithm alg, which takes per-step rewards data as
input and outputs a policy 7, at each iteration. To align with the structure of Algorithm 1, we take
alg to be a single iteration of the GOLF algorithm in Jin et al. (2021a), i.e. 7 = 7 where

@ = argmax ¢z« f(x1,7f(x1)). Here the confidence set 7 is defined as

Fo—{feF L, (1 R) < 5)
with L%E defined in Eq. (5).
Then we have the following proposition, which shows that this approach outputs suboptimal policies

at every iteration in some special hard cases.

Proposition 23. Consider Algorithm 4 with alg to a single iteration of the GOLF algorithm. After
running T iterations, the learner averages over all policies to output a policy. There exists an MDP
class that realizes the ground truth MDP, such that the above algorithm outputs a policy which is at
least 0.01-suboptimal.

Proof of Proposition 23. We consider the following class of two-layer MDP, where S = {s1},
Sy = {s2}, and the action space to be A = {a1,as}. The transition models T are identical across
the class, and have the following form:

T(SQ ‘ sl,ai) =1, Vi € {172}
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Algorithm 4 RL with fitted reward models

input: Algorithm alg, reward regression oracle O.
1: Initialize D" = { for every h € [H]
2: fort=1,2,...,T do

3: Feed D“~Y to alg and receive 7 from alg
4: Execute 7 and receive (7, 7("), where 7 = (s87,ai”, -, 8%, a')
5 Receive the fitted reward function from O:

t

RY = mi B)Y) _ pk))2.

min » J(R(r®) —r®)
k=1

6:  Let7” = R(s\”,al") for each h € [H].

7: Let D@ = DD U {(s{”,a{”, 7", -, s, al), 7)) }.

8: end for

The reward class is defined as R = { R, R?}, where

R'(s1,a1) = R*(s1,a2) = 0.20, R'(s,a1) =0.20, R'(s2,as) = 0.19,
and R%*(sy,a1) = R*(s1,a2) = 0.00, RZ%*(sg,a1) =0.38, R?(sy,az)=0.39.

The Q-function class Q is defined as @ = {Q*, Q?, Q3, Q*}, which takes value in Table 1 respec-
tively. Notice that in all possible reward models and Q)-functions, the values at (s1,a;) and at (s1, azs)

Table 1: Value of Q', @2, @3, Q*

(817 01) (81, az) (827 al) (82, a2)
Q1 0.40 0.40 0.20 0.19
Q2 0.20 0.20 0.20 0.19
Q3 0.59 0.59 0.38 0.39
Q4 0.39 0.39 0.38 0.39

are the same. In the following, when without ambiguity we simply use R(s1) to denote R(s1,a1)
and R(s1,as), and use Q(s1) to denote Q(s1,a1) and Q(s2, az).

We further suppose the ground truth model reward satisfies R = R!, then we can verify that the
optimal Q-function is Q'. It is easy to verify that sets Q and R satisfy the completeness assumption.
Hence, sets Q and R satisfy the realizability assumption Assumption 1 and the completeness
assumption Assumption 2 with G = Q.

To see why this is a hard-case for GOLF type algorithms, we first notice that for any trajectory
7 = (81, a1, 82, ) With outcome reward r = R*(s1,a;) + R!(sa,dz) collected by the algorithm,
we always have
r= R2(81) + R2(8276~12).
Hence as long as D does not contain state-action pair (s, 1), when fitting the reward function using
the following ERM oracle:
R = argmin Z (r(t) —r)?,
RER
(r,r)ED
the reward model R? always achieves the minimum. In the worst case, we assume the fitted reward
models encountered by the learner at such rounds are always R2.

In the following, we verify that by running the GOLF algorithm, the learner will not encounter the
state-action pair (s, a;) at any round. We notice that the optimal policies of Q% and Q* all take as
at state so, and also that

Q’(s1) > Q'(s1) and  Q*(s1) > Q*(s1).
Hence, to verify that the algorithm never chooses a; at state so, we only need to verify that if either

Q" or Q7 belongs to the confidence set, then (Q° also belongs to the confidence set.

37



When the learner collects a new trajectory, two new pieces of data will be added to the dataset D. If
the trajectory does not pass through the state-action pair (s2, a1 ), these two pieces of data will be in
the following form:

(817(117R2(51)), (523a23R2(527a2)) or (317a27R2(81))a (SQaaQaRQ(SQaaQ))'

No matter which one of these two, we have the following inequality for the sum of squared Bellman
error across these two pieces of data

E1(QY)? + &(QM)? = 0.20% 4 0.20% > 0.20% = £1(Q%)? + £(Q%)?,
E1(Q%)? 4+ £(Q%)? = 0.012 4 0.28% > 0.20% = £,(Q%)? + £(Q)%

According to the construction of the confidence set, if either Ql or Q2 belongs to the confidence set,
then 3 belongs to the confidence set as well.

Therefore, no matter how many rounds the algorithm runs, the optimistic policy always takes action
aso at state so. Hence the average policy 7 also takes ao at so, which implies that

J(x*) — J(%) > 0.01.

F.2 Proof of Theorem 4

Fix a parameter ¢ € (0,1) and N < (i) . Then, by the standard packing argument over sphere
(see e.g., Li et al., 2022), there exists a set © = {f;,--- , 05} € S?~! such that

16; — 0;]] > V2,  Vi#j.
This implies (0;,0;) < 1 — ¢ for any i # j.

/2

Construction. In the following, we set b = 1 — ¢, and construct state space S as
S=85 UGSy, S1 = {s1}, S =0,
and let action space A = ©. The initial state is always s1, and we define the transition T as
T(se =01]s1,a=0)=1, Vo € O,
i.e., taking action a = 6 at s; transits to so = 6 deterministically.

Reward functions. For any v € O, we define the reward model R" as follows:
1
Ri(s,a) = E[ReLU((a, v) —b) + (a,v) + 1] € [0, 1], Ya € O,
1
Ry (s,a) = g[l —(s,v)] €10,1], Vs € ©.

Note that we can write g1(z) = $[ReLU(x — b) + 2 + 1], g2(2) = 5%, and then g, is a linear
function, and

1 2
§|~T—y|S\gl(ﬂﬁ)—92(y)|§§|x—y|’ Vz,y € R.

Hence, ¢ and g9 are (well-conditioned) generalized linear functions, and hence R} and R are both
(well-conditioned) d-dimensional generalized linear functions.

We let MV be the MDP with transition T and mean reward function R”, and M = {M" : v € O} be
the corresponding class of MDPs. We next show that M can be learned with polynomial process-
based samples, but cannot be learned with polynomial outcome-based samples.

Exponential Lower Bound for Outcome-Based Setting. When executing a policy 7 in MDP
M, we have a1 = m1(s1), S2 = a1, and ag = m2(s2), and the data (7p ¢/, R) observed are in the
following form of trajectory together outcome-based rewards:

1 2
Tn = (81,01, 82, a2), R|7y ~ Bern<3ReLU(<a17v> —b)+ 3)7
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where 7, is a deterministic function of 7. In the following, we denote a, = m1(s1), and then

E[R|r] = 1ReLU({(ax,v) — b) + 5. Further, under M",

2
]

and in particular, J(7*) = % + 5. Therefore, for any policy m, it is (¢/3)-optimal under M* only

when a, = v. Hence, we can apply the standard lower bound argument for multi-arm bandits (see

e.g., Lattimore and Szepesvdri, 2020) to show that: If there any 7-round algorithm that returns
an (g/3)-optimal policy with probability at least 2 for any MDP MV € M, then it must hold that

T > cg2 (where ¢ > 0 is an absolute constant). Setting ¢ = % completes the proof of the lower
bound. O

J(m) + gl{a,r =uv},

Polynomial Upper Bound with Process-Based Samples. Notice that for fixed v € ©, under
M? € M, we have

Tt) = () = S = Haw = v} = 5[(0,0) — {an,0)].

Thus, for any 6 € ©, we define 7 as 7% (s) = 7§(s) = 6 for Vs € S. Then it holds that under M",

1
E|--R
5o

7#’} _ %{9,@.

Therefore, given access to process reward feedback, we can reduce learning M to learning a class of
linear bandits. Hence, for any av > 0, with process reward feedback, there are algorithms that returns

an a-optimal policy with high probability, using 7' < 5(d2 / a2) episodes with process rewards (see
e.g., Dani et al., 2008). O
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