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Abstract

As generative models are increasingly trained on their own outputs, data curation
becomes the key force shaping what values persist. We formalize this recursive
loop as a two-stage game between two agents: the model Owner and the Public.
Each round, generative model outputs are filtered by both agents and returned to
the training pool, progressively amplifying curator preferences. We analyze the
dynamics under varying degrees of misalignment between the Owner and the Pub-
lic—ranging from perfect alignment to partial and fully disjoint preferences—and
show that the system converges exponentially to distinct long-run behaviours.
Finally, we establish an alignment trilemma: No Bradley—Terry alignment process
can simultaneously satisfy stability, diversity, and value alignment with both the
Owner and the Public.

1 Introduction

Generative models are increasingly trained not just on human-authored datasets, but on data
produced by earlier versions of themselves, resulting in iterative retraining or self-consuming generation
(Shumailov et al., 2023; Ferbach et al., 2024; Alemohammad et al., 2024). This process is shaped
by the interplay of two forces. First, the The Owner, typically the organization developing the
model, filters outputs based on internal criteria, often through reward models or preference tuning
(Ouyang et al., 2022; Bai et al., 2022). Second, the The Public contributes indirect supervision through
engagement metrics such as clicks or upvotes, which are increasingly treated as proxies for user
preferences (Glaese et al., 2022; Bubeck et al., 2023). Together, these forces determine what enters
the training corpus for the next generation of models. We formalize this process as a two-stage
curation game. In each round, the Owner samples outputs from the current model and selects a
preferred subset using a Bradley—Terry selection rule (Bradley and Terry, 1952). The Public then
filters this set using its own reward signals, capturing the way real-world platforms incorporate
user feedback (Kreps et al., 2024). The selected outputs are added to the training set, and the model
is retrained. Over time, this recursive loop drives the evolution of the model, with its trajectory
shaped by the degree of alignment between the Owner’s and the Public’s preferences over what
constitutes “good” data.

Our first contribution is a formal analysis of how the model’s output distribution evolves over
time under this two-stage curation process. We derive explicit update rules and characterize the
system’s long-term behavior across three alignment regimes: full alignment, partial alignment, and
complete misalignment between the Owner and the Public. In all cases, we show that the system
converges exponentially fast, either collapsing to a single point, concentrating on shared optima, or
refining within the domain of one curator. As our second contribution, we identify a fundamental
limitation that we term the alignment trilemma. We prove that no two-stage curation process based



Under review as a conference paper at COLM 2025

on Bradley-Terry selection can simultaneously guarantee (i) value alignment with both curators,
(ii) preservation output diversity, and (iii) stability with respect to the initial data distribution. This
finding aligns with classic impossibility results in social choice theory and multi-agent learning
(Arrow, 1951; Russell, 2022).

2 Mathematical Framework

Let (X, d) be a compact metric space. We consider two continuous reward functions rp, rp : X — R
for the preferences of the Owner and the Public, respectively.

Definition 1 (Optimal Sets). For any reward function v : X — R, define the optimal set:
Ay ={x€ X :r(x) =maxr(y)}. 1)
yeX

We denote Ap = Ay, and Ap = A, for the Owner’s and Public’s optimal sets, respectively.

Definition 2 (Open Ball). For any x* € X and € > 0, define the open ball (neighborhood) around x* of
radius € as:

Be(x*):={x e X :d(x,x*) <e€}. ()

This set contains all points in X within distance € of x*. It is used to describe local convergence and
concentration behavior.

Definition 3 (Bradley-Terry Weights, generalized from Ferbach et al. (2024)). For a probability
measure p on X, a pool size K > 2, and a reward function r, define the Bradley—Terry weight as:

Kgr(x)
er(%) ¢ E]K;ll oY)

3)

HI;Z,V (x) = IEle---/YKleP
Definition 4 (Alignment Types). We distinguish three alignment regimes: Perfect Alignment where
Ao = Ap (curators share the same optimal set); Partial Alignment where Ao N Ap # @, Ao\ Ap # Q,
and Ap \ Ap # ©; and Disjoint Alignment where Ao N Ap = @.

Definition 5 (Misalignment Parameters). Define the reward misalignment:

Ap = min | max ro(x*) —ro(x)| >0, Ap = min |max rp(x*) —rp(x)| >0. (4
o= min_ | max ro(x") = ro(x) p= min | max ro(e) < re()| > 0. @
For partial alignment with shared optima Agpareq = Ao N Ap, also define:
A = min |maxr —rp(x)| >0, A = min max v —ro(x)| >0. (5
or x€Ao\Ap |:y€AP ply) = )] o x€Ap\Ao [yer oly) = ro >] ©)

Assumption 1 (Regularity Conditions). Throughout, we assume: (i) ro,rp are continuous on X,
(ii) Ap, Ap are non-empty and compact, (iii) Pool sizes K, M are sufficiently large for the large-deviation
bounds to hold.

3 Problem Definition

We formalize a generative loop in which a model’s outputs recursively reenter the public dataset,
giving rise to a feedback-driven dynamic of curation and self-consumption. The system involves
two agents: the Public, which maintains a public dataset D; C RY, evolving over time, and the
Owner, who periodically curates from Dy, trains a generative model M, and thereby influences
future iterations of D;;1 and M, . The retraining loop proceeds as follows:
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1. Initialization: Begin with an initial public dataset D;.

2. Owner Curation: The Owner curates a subset D] C D; using a reward function ro : RY —
R, forming the training set for generative model M.

3. Model Generation: The model M; produces synthetic outputs O; ~ M.

4. Public Feedback: The Public curates OJ; using its own reward function rp : R - R,
yielding a refined dataset OF C O;.

5. Dataset Update: The public dataset is updated as D, := D; U OF.

6. Recursive Loop: In the next round, the Owner curates D; C D, trains a new model M,
and the process repeats.

Over time, the influence of the initial dataset D; weakens, and the public dataset becomes domi-
nated by curated generations:

hm D; =~ U O;. (6)

Thus, the system enters a self-consuming regime where synthetic data dominates further training. To

model this, let p; € P(]Rd) denote the output distribution of My, trained on curated data D;. Each
retraining step proceeds through two curation stages governed by Bradley—Terry mechanisms.

Owner Stage. The Owner samples a pool {xy, ..., xx} ~ ps and selects an output according to the
Bradley-Terry selection rule using reward function rp. This reweights the original distribution via
the kernel:

K- erO(x)
Pt —
HK 70( ) - EY],..‘,YK,]NFH + ZKill ero ) . (7)

The resulting intermediate distribution is given by:
pr(x) = pi(x) - H, (%), ®)

Public Stage. The Public applies its own reward function 7p to curate samples from p;, again using
a Bradley-Terry kernel with pool size M:

. eP(¥)
HPY () =Ez 7 1~ 3 TZ?fll 7 9)
The final post-curation distribution used for retraining is:
pe(x) = pe(x) - Hpy (). (10)
The next model M is trained on samples drawn from p, yielding an updated distribution:
prna(x) cpi(x)- HY, (x)-HI (x),  where pi(x)=pi(x)-HI (x). (1)

Remark 1. Note that this two-stage process recursively couples the Owner and Public. The Owner first
curates using reward ro, and the resulting intermediate distribution is then curated by the Public using rp,
forming the new training distribution py, 1. This feedback loop drives the evolution of the system.

This recursive dynamic leads to the questions studied in this work: when does the system collapse to
a degenerate point mass? When does it preserve diversity across iterations? And how do evolving
preferences or asymmetric control shape the long-run behavior of such generative feedback loops?
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4 Theoretical Analysis

Theorem 1 (Perfect Alignment: Mode Collapse). Suppose the curators have perfectly aligned preferences
with a unique shared maximizer, i.e., Ao = Ap = {x*}. Then:

(i) Exponential decay outside the shared maximizer: For any € > 0, there exist constants C1,ca > 0
such that
pr(X \ Be(x)) < Cre 2.

(ii) Convergence to point mass: The sequence p; = 6+ converges weakly to the Dirac delta at x*.

Thus, perfect agreement leads not to a balanced blend of values, but to degenerate outputs. Diversity
is sacrificed for consensus. But what happens when the curators disagree, when each agent has its
own optimal region, yet there remains a nonempty set of overlap?

Partial alignment. The next regime considers the more realistic case where the Owner and the
Public share some values but diverge on others. In this scenario, we find that the model converges
to a multimodal equilibrium, concentrating only on the intersection of optimal regions. Diversity
can be preserved within this shared subset, but the eventual distribution remains sensitive to the
initial conditions, breaking any hope of global stability.

Theorem 2 (Partial Alignment: Consensus on Intersection). Suppose the curators have partially aligned
preferences with shared optima Agpareq = Ao N Ap # @. Then:

(i) Exponential decay outside shared optima: For any e > 0, there exist constants C3, c4 > 0 such that

Pt(X \ B€(Ashured)) < C3e_c4t-
(ii) Convergence to multi-modal equilibrium: The limit po, = lim;_, p; exists and is supported on
Ashared-
(iii) Characterization: On Agypeq, the limiting density equals

po(x)
Poo(X) = T 1 (X)-
fAshnred po(Z)dZ et
This regime is characterized by negotiated consensus: both agents exert influence, but only where
their incentives align. The result preserves the alignment and diversity of the values, but the
long-term model depends not just on preferences, but on where the training loop began.

Disjoint alignment. Finally, we consider the adversarial case in which the Owner and the Public
have disjoint objectives. While this might suggest indecision, we show that the Owner dominates
in determining the region of support, yet the Public sculpts the fine structure within it. The result is
a refined convergence to the subset of the Owner’s optima most acceptable to the Public.

Theorem 3 (Disjoint Alignment: Owner Dominance with Public Refinement). Suppose the curators
have disjoint preferences with Ao N Ap = @. Define the public-refined owner optima:

Ap|p := arg max rp(x)

and the public refinement misalignment:

Apjp:= min max rp(y) —rp(x)| >0,
ro =, _min LGAPO ) <>]

4
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(i) Exponential decay outside owner optima: For any € > 0, there exist constants Cs, cg > 0 such that

pe(X\ Be(Ap)) < Cse™ .

(ii) Exponential decay within owner optima but outside public refinement: For any € > 0, there exist
constants C', ¢’ > 0 such that

pi(Ao \ Be(Apjp)) < Cle™".

(iii) Convergence to public-refined equilibrium: The limit peo = lim;_,0 py exists and is supported on
Ap|o- Moreover, for all x € Apo:

__ Ppo(x)
Poo(x) = fAPloOPO(Z)dZ‘

The preceding theorems classify the long-term outcomes of recursive curation under different
preference structures between the Owner and the Public. While these results reveal distinct
behaviours — collapse, consensus, or selective refinement — they also expose a deeper structural
constraint. In every alignment regime, some desirable property is sacrificed.

Part of this rigidity stems from the specific mechanism through which preferences are operational-
ized. In our framework, both curators apply a Bradley—Terry-style selection rule, which ranks
samples by exponentiated rewards and samples proportionally, introducing a form of soft argmax
pressure that amplifies reward peaks and suppresses tail mass. As a result, even moderate dis-
agreement between curators is not gracefully negotiated but structurally constrained. The recursive
loop becomes brittle: alignment forces mode collapse, diversity induces instability, and asymmetric
preferences devolve into winner-takes-all equilibria. This leads to our impossibility result: no recur-
sive generative loop governed by two Bradley-Terry-based curators can simultaneously achieve
diversity, stability, and value alignment.

Theorem 4 (Fundamental Alignment Trilemma). Let (p¢)¢>0 be the sequence of model output distribu-
tions generated by the two-curator loop on a compact space X with continuous rewards ro,rp: X — R and
sufficiently large pool sizes K, M. Define the following desirable properties:

(1) Value Alignment: The weak limit po, assigns positive probability to at least one maximizer of ro and to
at least one maximizer of rp.

(ii) Diversity: pe, has strictly positive Shannon entropy H(peo) = — [y Poo(x) 10g poo(x) dx > 0.
(iii) Stability: The sequence (py) converges to a unique limit independent of the initial distribution p.

Then no recursive curation system can satisfy all three properties simultaneously; at most two can hold for
any given alignment regime.

5 Conclusion

We modeled recursive training of generative models as a two-agent game between the Owner
and the Public, each applying their own reward-guided selection. We revealed how seemingly
benign curation mechanisms can lead to sharp long-term effects: collapse, stagnation, or selective
convergence. Even in the absence of noise or adversaries, recursive curation faces hard constraints:
no selection mechanism based on Bradley-Terry-style rewards can achieve stability, diversity, and
mutual value alignment at once. Future work might therefore explore alternative mechanisms to
purely reward-maximizing feedback loops, such as smoothing kernels, entropy-aware filtering, or
explicit negotiation between curators, that resist collapse while supporting pluralistic values.
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A Proofs

A1 Perfect Alignment

Theorem 5 (Perfect Alignment, Mode Collapse). Suppose the curators have perfectly aligned preferences
with a unique shared maximizer, i.e., Ao = Ap = {x*}. Then:

Fix any buffer parameter 6 with

0<d<1A0,
and choose n > 0 so small that

ro(x) < ro(x*) = (Ao —96) Vx ¢ By(x"),
where
B;(x*) = {x € & :d(x,x*) <n}.
for every measurable A C X, starting from any pg such that
Umin = Po0 (B’7 (x*)) > 0.

Then there exists a threshold Ko € IN and constants C > 0, p € (0,1), both depending only on Ao, 8,1, Vmin
and ro, such that for all K > Ko and all t > 0:

1. Exponential decay outside the maximizer.
pt(X\ By(x)) < Cp'.
2. Weak convergence to the maximizer.

pt = Oy ast — oo

To prove this theorem, we establish several key lemmas that build upon each other.

Lemma 1 (Upper Bounds on Bradley-Terry Weights Away from x*). Fix a parameter 0 < § < %AO,
by continuity of ro choose y > 0 such that

(outer gap) ro(x) < ro(x*) — Ao+, Vx & By(x¥), (12)
(inner gap) ro(x) > ro(x*) —6/2, Vx € By (x*). (13)
Set s
L e— — 8 —
Umin := 0o, Ky := ’V(Ao—é)vmin—‘ +1, Co := o + 1.

Then, for every pool size K > Ko, for every round t > 0, and for every x ¢ By (x*),

HPY (x) < Coe (Bo=39), (14)

K,VO

Proof. Let B := B, (x*) and define the in-buffer mass v; := p;(B).

We show that the probability mass inside the fixed buffer B := B, (x*) does not decrease over time
under the Bradley—Terry selection dynamics. We have

H(x) := H}Zro(x), Zi = /Xpt(z) H(z)dz. (15)
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The update rule is

pt(x) H(x) /B pt(x) H(x) dx

pra(x) = T' SO Ut41 =

By the inner/outer gap in Eq.(13),
ro(x) > ro(y) foreveryx € B, y ¢ B.

Since H is monotonically increasing in rp,

H(x) > H(y) (x€B,y¢B).

Define
Hiy¢ = inf H(x), Hsyp = sup H(y).
xEB
y¢B
Then 0 < Hsyp < Hipt-
Set
F—/ (x) H(x)dx G—/ (x) H(x)dx SO v B
= BPt , = X\BPt , T EL G
Using the uniform bounds:
F > Hins s, G < Hsup (1 - Ut)-
Comparing v;41 to vy,
Hins vy Ot . Hsup
v > mn = , witha = —= < 1.
1= Higor + Hsup (1 =)  vr+a(l—10) Hing —
v
Defi =———— Weh
efine f,(v) o a(l—o) We have,
fa(v) —v = (1-a)o(l-0) >0 for0<v<10<a<l,

v+a(l—o)
80 fo(v) > v. Therefore v; 11 > v;.
By induction,

UVt > U9 =: Umin > 0 forallt > 0.

Thus, the probability mass that p; assigns to the buffer B never decreases.

@ @+ [ pi) H)

(16)

(17)

(18)

(19)

(20)

(1)

(22)

(23)

(24)

Fix x ¢ B at round t and let the K — 1 competitors be Y7,..., Yg_1 iid. pt. Define the count of

“in-buffer” competitors

NB = Kil l{Y] S B}, ]E[NB] = (K— 1)?),} > (K— 1)Umin-
j=1

(25)
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(i) A high—probability event. By the Chernoff lower—tail bound,

Pr [NB <l(K- 1)vmm} < exp[—% (K — 1)vmin]. (26)

Choose the pool-size threshold

8
Ky> —-—— 27
0= (AO_‘s)vmin, @7)

and restrict to K > Kj; then
Pr[Np < (K = 1)opin] < e (2079, (28)
(ii) Bounding the Bradley-Terry ratio on the good event. Let

E:= {NB > %(K—l)vmin}. (29)

On E there are at least 1 (K — 1)vmin competitors in B, each satisfying ro(Y;) > ro(x*) — ¢, while
ro(x) <ro(x*) — (Ap — J). Hence

K-1
Z eoYj) > %(K _ 1)vminero(x*)f§/2’ o(x) < pro(x)—(80—0) (30)
j=1

Therefore, on E,

Keo(x) - 2K
ero(x) 4 Z]K:—ll eTO(Yj) - (K — 1)vmin

Hp, ko (%) = eXP[—(Ao - %5)} = eXP{—(AO - %5)}-

(1)

OUmin

(iii) Averaging over E and its complement. On E° the trivial bound H(x) < 1 holds, and Pr(E¢) <
e~ (80=9), Taking expectations,

= e—(AO—%J) +e(Bo=9) < (L + 1) e—(Ao—%lﬂ. (32)

. Umi
Umin 'min

]E[Hpt,K,’o (x)] <

Define the constant Cp := ﬁ + 1. Because the final bound is deterministic, it holds pointwise:

Hp, ko (x) < Co exp[—(Ao — %(5)} forallx ¢ B, t > 0. (33)
O

Lemma 2 (Buffer mass is bounded below). Let B := By, (x*) be the fixed buffer introduced in Lemma 1.
For every round t > 0 the buffer mass

vt = pi(B)
obeys the uniform lower bound
Ut 2 Umin-
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Lemma 3 (Uniform lower bound inside the buffer). For every round t, every pool size K > 1, and every
x € By(x*),

HY (x) > 16—5/2.

K?‘o

=

Proof. Inside the buffer B, (x*) we have ro(x) > ro(x*) — §/2. Hence

r0(x) > pro(x)=6/2, (34)

For any specific competitor multiset {Y7, ..., Yx_1 } we bound the denominator of the Bradley-Terry
fraction:

o(x) 4 Z e0Yi) < o) 4 (K — 1) e0¥) = K eo(¥"), (35)

Therefore, conditional on those Y,

ero(x) ero(x*)—6/2 1 /2
N L (36)
ero(x +ZK 1 ro(Y)) Kero(x*) K

Since this bound holds for every configuration of Yi.x_1, taking the expectation over the competitor
draw preserves it:

erO(x)

e /2, (37)

71\'—‘

letro( x) = lEYl:K—1|: } 2

efo(x) ZJI'<;11 ero(Yj)

Proposition 6 (One-step contraction inequality). Fix é € (0, lAo) and let K> K. Define

KC
pP= .O exp[— (Ao — 5)} (38)
min
Then, for every round t > 0,
Mmip1 < My (39)

Proof. Set H(x) := Hﬁfro(x) and Z; := [, pt(z)H(z) dz. Decompose

Zy = / pt(z)H(z)dz + / dz. (40)

mSlde buffer outside buffer

Lemma 2 ensures p;(B) > Upin. Lemma 3 gives H(z) > e~%/? /K for all z € B. Hence

6—5/2
Zt > T Umin- (41)

10
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Lemma 1 yields, for all x ¢ B,

3.
H(x) < Cpe Bo72%), (42)
Therefore
/ pe(x)H(x)dx < Co ef(Aofg‘s) m. (43)
X\B -
Because
My = [numerator| /Z;, (44)
the bounds (41)—(43) give
Coe(Bo30) .
M1 < m mi ( Umin) eXp[f(Ao - 25)} my = pmy, (45)

Now, we're ready to prove Theorem 5.

Proof of Theorem 5. By Proposition 6, for any € > 0, the mass outside B¢(x*) decays exponentially.
This establishes the first part of the theorem with C = my and ¢ = —logp > 0.

For weak convergence, we show that for every bounded continuous function f : X — R,

lim /Xf(x)pt(x)dx = f(x%).

t—o0

Let M = sup,. y | f(x)| < cosince f is bounded, and fix arbitrary # > 0.
By continuity of f at x*, there exists ¢ > 0 such that for all x € B = B¢(x*),

() = fx)] < 2. (46)
Now write

Jof@p@dx= [ e dxt [ () pito)dx @)

11
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Then,
[ @ pdr 60| = | [ (£ = fe ) )i+ [ (6= po)ds|
<| ) = £ o) + /X\B(f(X)—f(x*))pt(X)dx 9)
S/Blf(X>— pdet [ 1) - ) I dx 60
<sup () =S f[p0dsr sup () =] [ )
(1)

Ui

§§~1+2M-mt, (52)

where m; = | X\B pe(x) dx is the “outside mass” and we used |f(x) — f(x*)| < 2M everywhere.

By the Proposition 6, m; — 0ast — oo. Therefore, there exists T such that forall t > T, 2Mm; < 1/2.
Thus, forallt > T,

) < T T
[ p - s < T4 D=, 3
Since # > 0 was arbitrary, this proves

lim [ £(x) pi() e = £(x*). (54)
Hence p; = J,+ in the weak sense. O

A.2 Partial Alignment

Theorem 7 (Partial Alignment: Consensus on Intersection). Suppose the curators have partially aligned
preferences with shared optima Agyareq = Ao N Ap # @. Then:

1. Exponential decay outside shared optima: For any e > 0, there exist constants C,c > 0 such
that
pf(‘X \ BE(AShared)) < Ce

2. Convergence to multi-modal equilibrium: The limit pe = lim;_0 p; exists and is supported
0N Ashared

3. Characterization: On Agp,yeq, the limiting density equals

Poo(x) fA pO( )

1 Ashared ( X)

shared

We establish the result through a sequence of lemmas that characterize the behavior of the Bradley-
Terry weights on different regions of the space.

12
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Lemma 4 (Constant Weights on Shared Optima). Forall t > 0and all x, X' € Agareq:

Hﬁfro (x) = Hﬁfro(x’), HIF\)/tLrp (x) = H]’\’jllrp(x’)

Proof. Fix x € Aghared- Since ro(x) = maxye x ro(y), for any competitor y we have ro(y) — ro(x) <
0. The Bradley-Terry weight becomes:

K

HY
1+ Z}i‘ll exp(ro(yj) —ro(x))

Ko (x) = Eyy,..yxr~ops

The inner expression depends on the competitors y, ..., yx_1 but not on which specific maximizer

X € Aghareq We choose. Therefore, H I’ét o (x) is constant on Agpareq- The same argument applies to
Pt

HM ap° D

Lemma 5 (Uniform Suppression Outside Shared Optima). Define p := 1 K : M <1

(K=1)e=®  14+(M—-1)e
Then for all t > 0 and x ¢ Agnarea:

Hy, o (x) - Hiyg,, (%) < p

Proof. We consider three cases:

Case 1: x € Ap \ Ap. Here rp(x) = 13, so x is favored by the Owner. However, by the uniform
gap assumption, rp(x) < r5® — A. Since rp(y) < rF** forally € A’

rp(y) —rp(x) > —A = exp(rp(y) —rp(x)) > e (55)

Applying this to the Bradley-Terry kernel:

p M M
HYyp o (%) = By, oy i < (56)
Mo (8 = B | T e (rp(yy) — 7o) | 1 (M= e
Case 2: x € Ap \ Ap. Symmetrically, Hﬁtro(x) < W.
Case 3: x ¢ Ap U Ap. Both bounds apply, yielding the product p < 1. O

Proposition 8 (Evolution of Probability Mass). Define F;(x) := Hk'

K,ro(x) . Hfjllrp(x). There exists
Ct > 0 such that Fy(x) = C; for all x € Agpayeq, and C¢ > 1 for all t.

Proof. By Lemma 4, F; is constant on Agpareq- Since both curators assign maximum weight to shared
optima, and for x € Agpareq We have both HI’?YO (x) >1and H ]’\’/j . (x) >1,weobtainC; >1. O

Lemma 6 (Bounds on Normalizing Constant). Let S := [, ooy PrAAand Z; = Sy pt(2)Fi(2)dA(z).
Then: o

St <Zy < CiS¢+p(1—5¢) (57)

In particular, Zy > Sy.

13
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Proof. We have:

Z:/ x)CrdA(x) + x)F(x)dA(x 58
= p(x)CrdA(x) s pi(x) Fe(x)dA(x) (58)
=GCiS +/ x)F(x)dA(x 59

1St X\Asharedpt( )Ei(x)dA(x) (59)

> CiSp > St (60)

where the last inequality uses C; > 1 from Proposition 8. O

Proposition 9 (Exponential Decay of Outside Mass). Let O; :==1—5; = f X\ At prdA. There exist
constants vy € (0,1) and ug > 0 such that if Oy < ug, then:

Or <9 (61)
forallt > 0.
Proof. Using the update equation and Lemma 5:

1 pOt pOt pOt
O :/ xd)\x:—/ XF(x)dA(x) < 0= < = = 62
S h S prr1(x)dA(x) 7 v, pr(x)Fe(x)dA(x) < Z, 5, “1-0 (62)

Define g(u) := £, For u < £~, we have g(u) < u. Let v := su gl
8 1-u T+p 8 pOSMSMo

.~ < 1 for some
ug < ﬁ. Then for all Oy < ug:

O¢4+1 < 7O (63)

Iterating gives O; < 7Oy < 7. O
Lemma 7 (Preservation of Density Ratios). For any x,x" € Agjayeq and all t > 0:

P polx)
p() ~ pol) ()

Proof. On Aghared, the update simplifies to pyy1(x) = %pt(x). Define a; := % For any x,x" €
Ashared:

pra1(x)  arpr(x)  pe(x)
pea(x)  wmp () pr(') (65)

By induction, this ratio is preserved from ¢ = 0. O

Proof of Theorem 7. By Proposition 9, for any € > 0, since Aghareq is closed in the compact space X':

dA(x) < Op < of = e!lo87 66
/‘X\BE(AShared) pt(x> (x> N = ly ‘ ( )

Setting C = 1 and ¢ = —logy > 0 gives the exponential decay.

Since Oy — 0, we have S; — 1. The sequence {p;} is tight (being probability measures on a compact
space). Any weak limit point p. must satisfy:

14
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* supp(p«) S Ashared (since Oy — 0)
e On Ashared/ P*(x> X Po (x) (by Lemma 7)

Since the limit is unique, pe := lim;_ p; exists and pe is a probability measure supported on
Aghared With peo(x) o po(x) for x € Aghared, Normalization gives:

_ po(x)
o) = G )

(67)

O

A.3 Disjoint Alignment

Theorem 10 (Disjoint Alignment: Owner Dominance with Public Refinement). Suppose the curators
have disjoint preferences with Ao N Ap = @. Define the public-refined owner optima:

Ap|p =
Plo i= arg max rp(x)
and the public refinement gap:

App:= min max 7rp(y) —rp(x)| >0
Plo x€A0\Ap|p LEAPO Y

Then with all constants already declared

N 4 8 -
v, = po(By (1)), Cot=-+1, K= [m +1, 0<é<ino

we have:

1. Exponential decay outside owner optima: For any € > 0, there exist constants C,c > 0 such
that
pr(X\ Be(Ao)) < Ce™

2. Exponential decay within owner optima but outside public refinement: For any € > 0, there
exist constants C',c’ > 0 such that

pt(Ao \ Be(Apjo)) < Clec"

3. Convergence to public-refined equilibrium: The limit po = lim; o p; exists and is supported
on Ap|o. Moreover, for all x € Ap|o:

R 1C)
Poo(X) Tang PO

We establish this result through a series of lemmas that characterize the two-stage suppression
mechanism.

Lemma 8 (Constant Weights Within Owner Optima). Forall t > 0and all x,x" € Ap:
H%ro(x) = Hﬁfro(x’)

15
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Proof. Since all elements of Ap share the same maximal owner reward, the Bradley-Terry weights
depend only on the distribution of competitors, not on which specific maximizer is chosen. Thus

Hﬁfro (x) = WP for some constant W on Ag. O
Lemma 9 (Public Stage Refinement Within Ag). Define o := M[1+ (M — 1)e”*?0]~1 < 1. Then for
all x € Ao \ AP\O:

Hﬁ,rp(x) <o
while for all'y € Ap|o:

Hpy o (y) > 1

Proof. Forx € Ao \ Apjp, we have rp(x) < mMaXye Ay, P (y) — Ap|o- Thus for any competitor z:

rp(z) —rp(x) > —Apjo => exp(rp(z) —rp(x)) > e Prl0 (68)
Therefore:
p M
Hyi o (%) = By, vy i~ <o (69)
M, e YMI— — >
T e P T T e () — ()
Fory € Ap|o, since rp(y) = maxzea, rp(2), the weight is at least 1. O

Lemma 10 (Two-Stage Contraction Factors). Define the combined weight Fy(x) := H I’Zfro (x)-H f/}’rp (x).
Then:

e Forx ¢ Ap: Fr(x) < Co e (80=39)
* Forx € Ap \ Apjo: Fi(x) = WP«
* Forx € Apjp: Fr(x) = WP

where WP > 1 is the constant from Lemma 8.

Proof. Combines Lemmas 1, 8, and 9. O

Proposition 11 (Exponential Decay of Outside Mass). Let m; := p;(X \ Ap). There exist constants
Cy > 0and p € (0,1) such that:

my < Cop! (70)
Proof. Using the update equation and Lemma 10:

1 Co 8_(AO_%5)
m = = — < =  m
t+1 /X\AO pt+1(x)dx Zt /;(\Ao pt(x)Ft(x)dx B Zt ! (71)

Since Z; > prlo pe(x)F(x)dx = Wtopt(Ap‘O) > WO (1 — my — by) where by := pi(Ap \ Ap|o), and

using WP > 1, we obtain the contraction m; 1 < pm; with p = Co e (B0=30) < 1, O

16
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Proposition 12 (Exponential Decay Within Owner Optima). Let b := p;(Ao \ Ap|o). Then:

bt S boO’t

Proof. Using the decomposition Ap = AppU(Ap \ App) and Lemma 10:

1 WOo
byiq = —/ X)Fe(x)dx = —L=b
=7 po\r pe(x) Fi(x) 7, b

Since Z; > Wt()pt(Ap‘O) = WP —my; —by) > WP(1 — by) for large t (as m; — 0), we have:

WP« b
WO(1—by) @ 1—Dh

bip1 <

Following the analysis in Proposition 5, this yields b; < byo".
Lemma 11 (Preservation of Density Ratios on App). Forany x, x' e Appandall t > 0:

pr(x) _ po(x)
pr(x')  po(x')

Proof. On Ap|o, both stages apply constant weights: F;(x) = WP forall x € Ap|o- Thus:

piri(x) _ pr(O)F(x)/Z _ pi(x)
pr(x) (R /2 pr(x)
The result follows by induction.

Proof of Theorem 10. By Proposition 11, for any ¢ > 0:
pr(X\ Be(Ap)) < my < Cop' = Ce™

with C = Cpand c = —logp > 0.
By Proposition 12, for any € > 0:
pe(Ao \ Be(Apjo)) < by < bpo' = Cle™!

with C" = by and ¢ = —logo > 0.

(72)

(73)

(74)

(75)

Since m¢ + by — 0, we have pi(Apjp) — 1. The sequence {p;} is tight. Any weak limit point p.

must satisfy:
° Supp(p*) - Ap|o (by Parts 1-2)
* On Ap|p: p«(x) & po(x) (by Lemma 11)

Since the limit is unique, pe = lim;—c0 p; exists and:

Poo(x) _ P()(x)

- pr\o po(z)dz lAP‘O )

17
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A.4 Fundamental Alignment Trilemma

Theorem 13 (Fundamental Alignment Trilemma). Let (p;);>0 be the sequence of model output distribu-
tions generated by the two-curator loop on a compact space X with continuous rewards ro,rp: X — R and
sufficiently large pool sizes K, M. Define the following desirable properties:

(1) Value Alignment: The weak limit po assigns positive probability to at least one maximizer of ro and to
at least one maximizer of rp.

(ii) Diversity: pe, has strictly positive Shannon entropy H(peo) = — [ Poo(x) log peo(x) dx > 0.

(iii) Stability: The sequence (p;) converges to a unique limit that is independent of the initial distribution
Po-

Then no recursive curation system can satisfy all three properties simultaneously; at most two can hold for
any given alignment regime.

Proof. Let Ap = argmaxrp and Ap = argmaxrp.

Case 1: Perfect alignment (Ao = Ap = {x*}). By Theorem 5, the process collapses exponentially to
the point mass 6,+. This satisfies Value Alignment and Stability, but the entropy is zero, so Diversity
fails.

Case 2: Partial alignment (Ao N Ap # @ and Ap # Ap). Theorem 7 shows that p; converges to a
measure supported on Agnared = Ao N Ap with weights proportional to pg. Hence Value Alignment
and Diversity hold, but the limit depends on py, so Stability fails.

Case 3: Disjoint alignment (Ao N Ap = @). Theorem 10 states that p; converges to a distribution
supported on the public-refined owner set Apjg C Ao, with density proportional to py. Con-
sequently Value Alignment fails because p(Ap) = 0, and Stability fails because the limit still
depends on py. Diversity can hold (provided |Ap|p| > 1), but at least one of the other two properties
is violated.

In each exhaustive regime at least one property is violated, so the three properties cannot hold
simultaneously. Therefore, any recursive two-curator curation system must sacrifice at least one of
Value Alignment, Diversity, or Stability. O
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