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Abstract

Despite substantial progress in promoting fairness
in high-stake applications using machine learning
models, existing methods often modify the train-
ing process, such as through regularizers or other
interventions, but lack formal guarantees that fair-
ness achieved during training will generalize to
unseen data. Although overfitting with respect
to prediction performance has been extensively
studied, overfitting in terms of fairness loss has
received far less attention. This paper proposes a
theoretical framework for analyzing fairness gen-
eralization error through an information-theoretic
lens. Our novel bounding technique is based on
Efron-Stein inequality, which allows us to derive
tight information-theoretic fairness generalization
bounds with both Mutual Information (MI) and
Conditional Mutual Information (CMI). Our em-
pirical results validate the tightness and practical
relevance of these bounds across diverse fairness-
aware learning algorithms. Our framework offers
valuable insights to guide the design of algorithms
improving fairness generalization.

1. Introduction

As machine learning advances, its deployment in high-
stakes applications, such as hiring, financial lending,
and criminal justice, has raised critical fairness concerns
(Mehrabi et al., 2021; Li & Liu, 2022; Barocas et al., 2019).
Deep learning models often inherit biases from the data they
are trained on, potentially leading to inequitable outcomes
for certain groups (Pessach & Shmueli, 2022; Ruggieri et al.,
2023). Addressing these issues is particularly challenging
because neural networks rely on high-dimensional, com-
plex representations, which can obscure underlying biases
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(Zemel et al., 2013). To mitigate these risks, various fairness
interventions (Barocas et al., 2019; Zafar et al., 2017; Lee
et al., 2021), particularly regularization-based in-processing
methods (Kamishima et al., 2012; Baharlouei et al., 2020;
Mroueh et al., 2021; Li et al., 2022; Lee et al., 2022; Al-
ghamdi et al., 2022; Shui et al., 2022), have been proposed
to ensure equitable predictions without significantly com-
promising model performance.

All these in-processing approaches are built on the implicit
assumption that imposing fairness constraints during train-
ing will inherently generalize and maintain these fairness
standards on new, unseen data. However, neural networks
are known for their strong memorization capabilities, often
leading to overfitting with limited training data. This sug-
gests that the aforementioned assumption may not hold, and
neural networks could exhibit ‘fairness overfitting.’

Is there a ‘fairness overfitting?’ To investigate this ques-
tion, we conduct experiments on the COMPAS dataset (Lar-
son et al., 2016). We evaluate the performance of the stan-
dard Empirical Risk Minimization (ERM) approach along-
side three fairness regularization techniques. The results,
presented in Figure 1, reveal that all these algorithms exhibit
fairness overfitting, characterized by a noticeable fairness
generalization error, particularly in the low data regime.
Furthermore, the impact of different fairness techniques
on fairness generalization errors varies. While some ap-
proaches slightly mitigate the generalization error, others
worsen it, in certain cases doubling the generalization error
compared to ERM. This highlights the need for a deeper
theoretical understanding of fairness generalization, which
is the main goal of this paper.

One key insight from these observations is that neural net-
works exhibit fairness overfitting, and the fairness general-
ization depends on both the data and the algorithms. This
paper introduces a theoretical framework for understanding
fairness generalization through information-theoretic tools.
These tools, which account for both data- and algorithm-
dependent factors (Xu & Raginsky, 2017; Harutyunyan
et al., 2021; Wang & Mao, 2023) rather than relying solely
on model complexity as in traditional VC-dimension anal-
ysis (Sontag et al., 1998; Harvey et al., 2017), provide a
rigorous foundation for understanding and characterizing
the fairness-generalization behavior of machine learning
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Figure 1. Fairness training error (left), Fairness test error (middle), and fairness generalization error (right), i.e., the difference between
test fairness and training fairness error, are shown as functions of the number of training samples, using the COMPAS dataset with gender
as the sensitive attribute. Experimental details are provided in Section 6.

models.

In the context of fairness generalization, prior work has de-
rived guarantees for DP and EO within specific algorithmic
frameworks and loss functions (Woodworth et al., 2017;
Agarwal et al., 2018). While informative, these analyses
primarily address sample complexity and do not account
for broader algorithmic or data-dependent factors. More
closely related is the work of Oneto et al. (2020b), which
provides bounds under randomized algorithms, but their
KL-based formulation is not practically computable in mod-
ern settings, e.g., deep neural network. In this paper, we
aim to develop a more general and tractable framework for
fairness generalization that accommodates a wider class of
loss functions and learning algorithms, while capturing key
data-specific and algorithmic factors. A detailed related
work discussion is presented in Appendix A.

Our main contributions are as follows:

* We introduce the concept of fairness generalization to
quantify and analyze how fairness properties observed
during training extend to unseen test data. This concept
provides a foundation for understanding the challenges
posed by fairness overfitting during model training.

* We propose a novel bounding technique based on the
Efron—Stein inequality, enabling the derivation of tighter
information-theoretic bounds tailored for fairness gen-
eralization. Our bounds, presented in terms of Mutual
Information (MI) and Conditional Mutual Information
(CMI), offer rigorous insights into the different factors
affecting fairness generalization.

* We conduct extensive empirical experiments on standard
fairness datasets, including COMPAS and Adult. These
experiments highlight the tightness of our bounds and
their ability to capture the complex behavior of the fair-
ness generalization error, providing valuable insights for
future algorithm design.

Notations: We use upper-case letters to denote random
variables, e.g., Z, and lower-case letters to denote the
realization of random variables. Ez p denotes the ex-
pectation of Z over a distribution P. For a pair of ran-
dom variables W and Z, their joint distribution is de-
noted as Pw.z. Let W be an independent copy of W,
and Z be an independent copy of Z, such that Pwz =

Pw Pz. For random variables X, Y and Z, 1 (X;Y) ,
D(Px.vykPx Py) denotes the mutual information (MI),
and IZ(X, Y) . D(PX;YjZ:ZkPXjZ:Z PYjZ:Z) denotes
disintegrated conditional mutual information (CMI), and
EZ[12(X; Y)] = 1(X; Y]jZ) is the standard CMI. We will
also use the notation X; Yjz to simplify X; YjZ = z when
it is clear from the context.

2. Fairness Generalization error
2.1. Problem Formulation

Let X, T, and Y denote the spaces of features, sensitive
attributes (e.g., race or gender), and labels, respectively,
with random variables X, T, and Y taking values in these
spaces. Suppose that a training set S , FOXi; Ti; Yi)giL,
contains N i.i.d. samples Z;j 2 Z generated from the
distribution Pz, where Vj = (Xi;Tj) 2 V, and Z; =
(Vi:Yi) = (Xi; Ti; Yi). For simplicity, we consider the
case of the binary sensitive attribute, i.e., T = f0; 19. The
learning algorithm A then takes S as input and produces
a hypothesis W 2 W, which is characterized by the con-
ditional distribution Pyyjs. Furthermore, given a set of
indices u = fuigit, 2 f1; ;ng™ with size m, let
Z, = fZ,,92, be the set of training samples indexed
by u. In addition, we denote by X, = f(Xy,)9iZ,; and
Vu = F(Xy;; Tu,)9;. Furthermore, in the remaining
part of the paper, we denote by Ny’ and nY the total number
of samples in V with sensitive attribute T; =0and T; = 1,
respectively.
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Here, we illustrate the de nition of fairness generalization present separate bounds for DP and equalized odds (EO)
using the widely recognized fairness metric “Demographic in Section 5. This dependence adds additional complexity,
Parity” (DP) (Barocas et al., 2019), which aims to ensure making the derivation of tight bounds more challenging
that a machine learning model's predictions are independent than in standard generalization error analyses.

of the sensitive group. In Section 5, we show how to extend Sample-Based Formulation: Individual sample-

our analysis to other metrics, e.g., equalized odds. Formally, y55ed formulations (Bu et al., 2020; Wang & Mao, 2023;
demographic parity is satis ed when the probability of & | 5akom et al., 2024) are widely used to derive tighter
speci ¢ prediction (sayy = f(w;x)) is invariant to the  ponds in information-theoretic generalization error anal-
sensitive attribute, i.e¥ ? T. To quantify this, we de ne yses, leveraging the fact that the standard empirical risk

the faimess-empirical risk for DP as follows: is an average of the loss function over individual training
o 1 X _ samples. However, it is not the case for fairness general-
e(W:S). No+2 F(w;xi) ization error, as the fairness logs(W ; S) is inherently
Ti=0 X group-dependent, requiring multiple samples for compu-
1 f(w;xi); (@) tation and cannot be reduced to individual sample-based
Ny +2 7,21 terms. Consequently, existing bounding techniques (Bu

et al., 2020; Wang & Mao, 2023; Laakom et al., 2024) are

whereng andn; denote the number of samplesSrwith not directly applicable in this context.

sensitive attribute 0 and 1, respectively. Given a model ) .
w and a datases, E (w; S) quanti es the discrepancy in * Sub-Gaussian/boundedness Assumptionfn standard

predictions across sensitive groups. elmpmca(ljrlsk, the Ilpss_functflon IZ averaged over |I.|.c(ij. sf';lm(-]I
Remarkl. In (1), we normalize using; + 2 instead of ples, and generalization bounds are commonly derive

directly usingn, to prevent extreme cases of division by usl|_ Eub—Gaussmn astsun;(ptlgnRs‘ Q‘.N; i) tgoelSYt.agrs'h K
zerowhemo =0 orny = 0. al= n convergence rate (Xu aginsky, ; Steinke

& Zakynthinou, 2020). However, a§ (W ; Ps) is not a
The fairness-population risk, which captures the expected simple average df (w; x;), sub-Gaussian assumptions or
discrepancy in model predictions across sensitive groups, even boundedness leads to loose bounds in our case.
averaged over the data-generating distribuBgnis

E(W;Ps), Ep.[E(W;S): 2 3. General Methodology

. - . The idea of deriving information-theoretic bounds using a
'I_'hus, the expected f?'f“ess genera_llzatlon error, which Ualybset of data (of size) rather than the full dataset was
tes Fhe degree of fglrness over- tt'mg.can be d? ned as: rst introduced by Harutyunyan et al. (2021), which also
De nition 1. The fairness generalization error is demonstrated that individual-based bourds< 1) provide
gen.,  Ep. [E(W:P EW: S (3 the tightest analysis for standard generalization. Building
amess PusLp S? e ( . RS upon this idea and to address group-based losses, Dong et al.
wherePy ;s is induced by the learning algorithRiy js and  (2024) proposed a bounding technique that decomposes the
data generating distributidPs. generalization error by leveraging different permutations of
Th lizati d din De nition 1 a subset of training data, and rewriting the generaliza-
€ generalization error, de ned in De nition 1, Measures i,y aryor a5 the average over the different errors de ned

the discrepancy between the fairness-population risk and thﬁsing these permutations. Directly leveraging this approach,

faifmess-empirical r'.Sk‘ The primary goql of this Paper IS tF)Lemma 1 presents a preliminary bound for the fairness gen-
understand and derive bounds for the fairness generalizatio

X oo Salization error, as formalized in De nition 1:
error, a crucial aspect often overlooked in fairness-aware )
learning algorithms. Lemma 1. Assume thajf j 2 [0;1], then for anym 2

f2; ;ng,
2.2. Key Challenges 1 X p—
. . i O€Maimess Cim 2 (W vV u); (4)
Compared to the standard generalization error, we outline Jen uzcm

the following key challenges in analyzing the fairness gen- . o
eralization error: whereC!" is the set ofn-combinations.

» Dependence on Sensitive AttributesThe conditioning The proof is provided in E.1. In contrast to Dong et al.
on the sensitive attribuf€ is pivotal in the fairness em- (2024), wheram is prede ned by the loss functiom here
pirical risk, as expressed in (1). Designing bounds necess a exible hyperparameter, similar to Harutyunyan et al.
sitates careful consideration of how the fairness loss funq2021), that controls the number of samples used to decom-
tion depends on the sensitive attribute, which is why wepose the loss in (1) when deriving the bound.

3
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Although Lemma 1 provides an important rst step toward In our setting, this condition is naturally satis ed because all
bounding fairness generalization error, it does not explicthe random variables involved (i.¢fj 2 [0; 1]) are bounded.
itly leverage the structure of fairness losses, resulting irSince any bounded random variable is square-integrable,
an overly general bound but consequently too loose. Thithis ensures that the assumption holds in our case.
limitation can be rooted in the proof of Lemma 1, where

the technique proposed by I_Dong etal. (2024) addres_ses trlfz_ Demographic Parity

“No Sample-Based Formulation” challenge discussed in Sec-

tion 2.2. However, its primary limitation is that it still relies In this section, we present fairness generalization error
on the boundedness g (W ; Ps) to bound its log-moment  bounds speci cally tailored for the DP loss de ned in (1).
generating function, encountered in Donsker-Varadhan's

variational representation, which yields the loose bound4.1. Mutual Information-based Bounds

Hence, while Lemma 1 offers a valuable starting point, it

does not address all the challenges in Section 2.2. In order to leverage Lemma 2 in the context of De nition 1,

we derive a bound on the sensitivity ¢f (w; v,,) with re-

In the following, we propose an alternative technique thaispect tov,. The main result is presented in Lemma 3.
effectively addresses the remaining challenges and deriveLs

H . . m
tight bounds for the log-moment generating function. The emma 3. Assume thajfj 2 [0;1]. letg : V& ! R

; “be dened asg(V) = g(vi;:::;Vm) = “E(w;v), where
key result, presented in Lemma 2, represents the rst major N
co)r/nributior?of this paper. P ! F (w;Vv) is de ned (1). Then, fora xedv 2 W and a

xed ng andny, foranyl i m, we have
Lemma 2. Letg(V) = g(V1;V2;:::;Vm) be a real-
valued square mtegrﬁble fl.Jr].C.tl.on of i.i.d rangom vari sup  jg(v) g(¥)j . @)
ables. Given xedv = (vi;:::;Vm) and an index 2 V2V M oy 2V H(ng;nY)

whereH denotes a shifted harmonic mean operator, i.e.,
sfags,; Ha; a)= — 15—

ag+2 + + ay +2

forallj 6 i excepton,i.e.,w 6 v;. If g(v) satis es the
following condition for a xedny (and as a consequence
ny=m ng),

The proof is provided in Appendix C.1. Lemma 3 estab-

sup jo(v) 9(+)i ; 1 i m; (5 lishes a direct link between the sensitivity ‘& (w; V) to

vavimivi 2y individual perturbations i and the group sizes), andn?
where may depend on}. Then, we have for any xed w. With the key component established in
Lemma 3, we present the rst information-theoretic bound
Var(g(V)) %E[ 2): (6) forthe fairness generalization error of DP in De nition 1.

The main result is presented in Theorem 1, which provides

The proof of Lemma 2, provided in Appendix B.1, lever- & bound in terms of the M_I petween the output hypothesis
Y\/ and a subset of the training samplég.

ages the Efron—Stein inequality (Boucheron et al., 2013 o
and the law of total expectation. Lemma 2 provides alheorem 1. Assume thajf j 2 [0; 1], then for any hyper-

bound for the variance of any smooth function de ned overParameterm 2 f 2, ;ng, we have

independent random variables. As will be shown in the

proofs of all subsequent Theorems 1-5, this result offers 9CMairness S 8)
a exible approach that, when combined with Hoeffding's 1 X m _ _
lemma, serves as a powerful alternative to the traditional sub-  jcmj EEV u W HWS V)

gaussian/boundedness assumption. This bounded difference uzcg

setup is particularly well-suited for analyzing generalizationwherecrzn is the set ofn-combinations.

errors of loss functions beyond simple average, e.g., the

fairness loss in (1). The proof, detailed in Appendix C.2, leverages Donsker-
Remark2. The variational bounded difference condition Varadhan's variational representation of KL divergence
introduced in (5) is similar to the condition in McDiarmid's along with both Lemmas 2 and 3. Theorem 1 sheds light on
inequality (Doob, 1940), as it captures the sensitivity ofthe behavior of fairness-generalization performance, which
the functiong(v) to perturbations in its inputs. However, implies that the less dependent the output hypothAsis

a notable distinction lies in the fact that in our casis a  on the input sampleg = ( X; T), the more effectively the
random variable as it dependsio}i, as opposed to the xed learning algorithm generalizes.

constants typically assumed in McDiarmid's inequality. ~ Remarkd. The MI terms encountered in conventional M-
Remark3. The square-integrability assumption in Lemma 2 generalization error bounds, e.g., (Bu et al., 2020; Wang
is required for the application of the Efron-Stein inequality.& Mao, 2023; Harutyunyan et al., 2021), typically involve

4
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dependence on the lab¥l, i.e., | (W ;Z). However, an Relaxing the sub-Gaussianity.Similar to the Ml setting,
intriguing aspect of Theorem 1 is that the bound is labelwe aim to provide an alternative to the sub-Gaussian condi-
independent, with the MI terms involving explicitly only tion for the fairness generalization error in the CMI frame-
V = (X;T). This observation underscores the distinctwork. Lemma 4 establishes an inequality that bounds the

nature of the DP fairness generalization error. log-moment generating function of (w;S,)  “E (w; Sy)
1 - 1 1 i
Remarks. The termH(nXu;n%u) = a7i * azeey duan- in terms of the structure of the data.

ti es the impact of group imbalances among different senLemma4. 8 2 R, andjfj 2 [0; 1], we have
sitive attributes, encapsulating how the relative sizes of the

sensitive groups in uence the fairness generalization error. log Eﬁujzm]: Zizn W =w
Notably, this term is minimized when! = n%Y for a 2m h 1 i
xed sample size. To the best of our knowledge, Theorem 8 5 -
1 provides the rst fairness-generalization bound explicitly

linking this error to group imbalance, offering new insights
into this critical factor. The detailed proof is available in Appendix C.3 and is based

Remarké. Unlike Dong et al. (2024), where the value of ©" Lémmas 2 and 3 along with Hoeffding's lemma. Lemma

m is determined by the speci ¢ loss function, Theorem 54 is a fundamental element in all the subsequent proofs,

introducesn > 1 as a hyperparameter of the bound, inde2s it provides an alternative approach to tightly bound the
g-moment generating function typically encountered in

pendent of the learning algorithm and the form of the losd° , . :
function. This parameter governs both the size of the subsdfonsker-Varadhan's variational representation.

u and the number of terms considered in the bound's sunFFheorem 2 presents a bound for the fairness generalization
mation. Notably, settingn = n (orm = n 1) simplies  error de ned in De nition 2 using the disintegrated CMI
the bound to one term (on terms) that scales @s n  petweerWW and the selection variabR, conditioned on
and is easy to estimate. In contrast, choosmg n 1 super-sample,.

reduced (W ;V ) by incorporating more terms, albeit at Theorem 2(CMI bound) Assume thaf j 2 [0; 1], then for
the cost of increased estimation complexity.

e CEwSy) “EwS,)

(10)

H n3";n3*;n3";n3"

anym 2 f 2; ;ng, we have
h
4.2. Conditional Mutual Information-based Bounds e 1 E X 11
O€Tkairness iCj Zian) (11)
One drawback of the proposed bound in Theorem 1 is that it s . " uzcy _
can be vacuous and challenging to compute in practice, due m n 1 I I

5 2gn, (WiRY) ;

to its dependence on the potentially high-dimensional model EER u
weightsW . To address this issue, the conditional mutual
information (CMI) framework, introduced by Steinke & Za- whereC™ is the set om-combinations.

kynthinou (2020), has been demonstrated in recent studies

(Hellstom & Durisi, 2022; Wang & Mao, 2023; Laakom The full proof is provided in Appendix C.4. The bound
et al., 2024) to yield practical generalization error boundsin Theorem 2 has an explicit dependency on the weights

even whenV are high-dimensional and continuous. W . This dependency highlights that fairness over tting

E in uenced by the extent to which the random selection

In _thls §ect|on, we extend our fairness-generalization ana, Srocess reveals information about the model's weights.
ysis using CMI with the super-sample framework. In par-

ticular, we assume that there argairs of super-samples One approach to tightening the bound in Theorem 2 is to
Zin) = (ZO:l; ;Z%1) 2 7 2" i.i.d generated fronP; . leverage the model's predictions rather than its weights, as
The training dats = (Zﬁl;zgz; :ZRn) are selected thef.-CMI bour_1d proposeq by Hargtyunyan et al. (2021).
from Z|pn, whereR = (Ry;  ;R,) 2 0;1g" is the se- In this context, instead of directly using , (W ;Ry), we
lection vector composed of independent uniform random consider the predictiors, = (f (W ; X §);f (W ;X{)).
variables. IntuitivelyR; selects sampIEiRi from the super-  Theorem 3(f -CMI bound) Assume thaf j 2 [0; 1], then
sampleZ** to be used in training, and the remainBf'  foranym 212, ;ng, we have

is for the test. LeB = (ZF; ZETZ; ;Z,’?T). Therefore, o 1 h X
analogous to De nition 1, we have a similar de nition of ~ 9®M¥aimess  j=my Ezpn) (12)

H n3*;n3*;n3";n3"

fairness generalization error in the super-sample setting. S . uzey )
.. . . . . I I I
De nition 2. The fairness generalization error in the super- EER 1 I, (Fu:Ry) :
o u < < 2 [2n] 1 1
sample framework is: 2 H ngu ; nfu ; ngu S n

O€Mainess EPW;Z[Zn];R[\E(W;S) "E(W;S): (9)  whereC™ is the set ofn-combinations.
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To achieve even tighter bounds, inspired by Helistr&  This establishes that Theorem 5 is tighter than Theorems 3
Durisi (2022), we can incorporate the the fairness loss pairand 4. Intuitively, the difference between two loss values,
Ly =CEMW;VY); E(W; VD). This leads to the follow- L v, conveys signi cantly less information about the se-
ing main result established in Theorem 4. lection proces® ,, compared to the palt,,.

Theorem 4(e-CMI bound) Assume thaf j 2 [0; 1], then

foranym 2f2;  ;ng, we have 5. Equalized Odds
h
, 1 E X 13 In this section, we extend our general bounding framework
O€Mhiess ~m: —Zp2n) ( ) . . . .
I u2em to address fairness undeseparation-basedotion, i.e., the

S —— T - i Equalized Odds (EO) (Hardt et al., 2016).

=y ER = = I z (I— us R u) ;

2 u 2 [2n]

H n§“ ; nf“ ; nﬁ“ ; nf“ 5.1. Problem Formulation for EO

Under aseparation-basethirness notion, the requirement
isP ? TjY, indicating that the predicted lab®l is con-
GivenZp;n), the sequenc®, ! W ! f(W;X§?) ! ditionally independent of the sensitive attribdte given

L, forms a Markov chain. Therefore, by the data processingne true label . Extending our previous analysis of DP to
inequality,f -CMI bound in Theorem 3 is tighter than CMI  thjs case introduces ner-grained fairness requirements by
bound in Theorem 2, and e-CMI bound in Theorem 4 isaccounting for dependencies within each label class. In this
tighter thanf -CMI in Theorem 3. section, we assume a binary label case2 f 0; 1g, which

However, the main limitation of Theorem 4 remains its com-S typical in EO formulations. In addition, our hypothesis
putational cost. Speci cally, sincg , is multidimensional W Produces prediction outputgW ; X) 2 [0; 1].

(of sizem) andL ,, is both continuous and multidimensional,

estimating the bound becomes challenging in practice. T&0mparison with DP.  In the EO setting, we split samples
address this issue, we leverage the loss-difference techniqi@t only byT 2 f 0; 1g but also byY 2 f 0;1g. Fort 2

whereCJ!" is the set ofn-combinations.

proposed in (Dong et al., 2024), which reduces the dimerf-0; 19, y 2 f 0;1g, letny, =

sionality of both terms to one.

Tothisend,wedene , = fRy, Ry, g, 2f0;1g™ 1,

nLUTI =t Y = yg.
Then the fairness empirical risk for EO can be written as

ES(w;S) = ES(W;SjY =0)+ “ES(w;SjY =1); (16)

where denotes the XOR operation. Given a binary value

b,wedeneb ,=(bf m 12f0,1gm. To
simplify the notation, we denote u and1 u as

, and ?* respectivelyL v = (L v;L v) denotes a
pair of losses, while vL, = Ly* Ly“ denotes their
difference. The main result is presented in Theorem 5.

Theorem 5( L CMI bound) Assume thgf j 2 [0; 1], then

foranym 2f2; ;ng, we have
1 h X
O€Mairness ~mi Ez 2n] (14)
1G] u2cm
S b : ;
m I 1 I I
EERU 5 20 ( Lu'sRuy) 5

Su.nSu-pHSu-nSu
H ng¥;n3Y;ng";ny
whereC;" is the set ofn-combinations.
(Lu; w)!

GivenZ,n;, the sequenck ! L,v forms

a Markov chain. Using the data processing inequality anqN

the independence of, andR ,, we obtain

Iz ( Ly Ru)  zp(Lu; uiRy,)

|z[2n](|—u;Ru1j u)

= 1y (LusRY)  Tapny (Lui o)
I 20, (Lui RU) (15)

where

f(w;xi) (17)
Ti=0;Yi=y

B (w;SjY = y) =

f(w;X) :

Ny +2
Y TS =1 yimy

The EO differs from DP in its conditional requirement: DP
evaluates dependence between predictionstandcondi-
tionally, while EO measures fairness by conditioning each
label classY . This distinction re nes the fairness loss
to capture the in uence of on predictions within sub-
populations de ned byy (a dependency re ected in the
function‘ES (W; S), which now accounts for thigint dis-
tribution over bothT andY ). Despite these conceptual
differences, the bounding methodology remains similar, uti-
lizing Lemma 2 in the context of De nition 1 with EO loss.

'e maintain the same notation and subset enumeration as
in the DP setting to ensure continuity in the analysis.

5.2. Generalization Error Bounds for EO

We will show that' ES (W ; S) satis es a similar bounded-
differences condition as in the DP setting, but with subgroup
sizes partitioned by both andY .
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Figure 2.Evaluation of fairness generalization bounds on the COMPAS dataset (gender as sensitive attribute) as a function of training set
sizen. Top: DP methods and corresponding bound from Theorem 5. Bottom-left&middle: EO methods and corresponding bound from
Theorem 7. Bottom-right: Scatter plot showing the correlation between our DP bound and observed fairness generalization error. The
results con rm the tightness and reliability of our bounds across different methods.

Lemma5. Fixw 2 W and a xedng}, n1%, ng4, n1y. Foranym2f2,  ;ng,
Letg:Z™ ! R be de ned as followsg(z;;:::;zm) = S (19)
“Es (w; ), where' £ (w; z,) is de ned (16). Then, for any g nfa';”essx S .
1 i n,wehave
Cm 2mEz, — > 5 1 (W;Zy):
2 =) e MiN(ty) Ny +2

sup o(z)  o(z)) ; (18)

Zuizy MiN(y) nﬁ; +2 Compared to the DP bound in Theorem 1, the bound in
Theorem 6 depends on the smallest subgroup across both
T andY , while also capturing the dependence betwéén

and the joint distribution of T ; Y).

Theorem 7. (EO Fairness L Bound)Assumgf j 2 [O; 1].

The proof is provided in Appendix D.1. Lemma 5 employs Foranym 2.£ 4, ;ng, let

a similar bounding m_ethodology as Lemma 3, which ex- Hew = H min nSY :min nts“ ):
tends the bounded-differences property to the EO setting. wy) Y Twy) Y
Both results are grounded in analyzing the sensitivity of the . 5 ) 5
functiong( ) with input perturbations to derive an upper WhereMiney) niy andming, ) ngy  are the smallest
bound that incorporates the number of subgroups. Notablpubgroup sizes ifyy for the training seS, and test se§,,
Lemma 2 remains applicable across different fairness me&en

wherejf (w; X;)j is bounded by 1 in the binary case, and
min .y )(nyy +2) is the smallest subgroup size acrosstall
andy.

sures, serving as a general tool for bounding sensitivity to - 1 E X 20)
individual sample perturbations, while adapting to distinct Y€ Yairness jCmj Zizn)
. . n u2Ccm
loss functions and partitioning structures. In the case of EO, r h 1
the fairness riskEs is determined by the smallegt ;Y )- 1 u - .
. E . . 2mEr, =— lz,,, Lu";Ru,
speci ¢ subgroup. This adaptation re nes the bounded- Hewm

differences property to account for the joint structur@ of Remark7. Theorem 7 quanti es the dependence between
andy . R, and theEO loss difference ( L v ) via CMI, isolating
Building on this result, we analyze the EO fairmess gener! 'S in uence on predictiongivenY . More details can be
alization gap, leveraging both mutual information and lossfound in Appendix D.3.

Qiﬁerence dependencies to q“af“”y. the impact of subgrou&s we show here, the proposed bound remains valid across
imbalances on fairness generalization error. different subgroup structures and loss formulations, high-
Theorem 6. (EO Fairness MI Bound)Assumegf j 2 [0;1].  lighting the framework's wide applicability. Unlike DP,
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where bounds depend solely on group sizes de ned by relationship between our bounds and fairness generalization
our EO analysis explicitly accounts for the joint distribu- error, we generate scatter plots comparing the bound from
tion of (T;Y). As aresult, the bound captures subgroupTheorem 5 with the true observed DP fairness error on the
imbalances (vianiny ) nyy and L,v) and theirimpact COMPAS datasets. The plot, in the bottom-right corner
on fairness generalization errors. of Figure 2, reveals that our bound exhibits a strong linear
relationship with the true fairness generalization, reinforcing

6. Experiments its reliability as an indicator of generalization performance.

Batch Balancing: One of the key insights of Theorem 1

Empirical Setup In this section, we empirically assess the . . : L
. . A is the connection between fairness generalization error and
effectiveness of our fairness generalization error bounds;

Speci cally, we evaluate the bounds from Theorems 4 and proup imbalance, h|gh||_ght|hg that balgnm_ng groups in train

; ; ing data can result in tighter generalization bounds. Moti-

in the context of deep neural networks. Following Han ) X . )
vated by this result, we introduce a simple batch-balancing

et al. (2024), we conduct experiments using on two widely, : .
) o . teachmque, where we ensure that the different groups are
studied datasets in fairness research with gender or race use

as the sensitive attribute: i) TRROMPAS (Larson et al. proportionally balanced within eadfaining batch In par-
2016) dataset, which involves recidivism prediction base&'cu@.’ we sample half of th.e batch samples from eagh
D ) o .~ 'sensitive group (e.g., gender: Male and Female), ensuring
on criminal and demographic records. ii) TAdult (Kohavi S o
& Becker, 1996) dataset, derived from U.S. Census data?qual representation in each batch, thereby mitigating the
. ' . ' . o ifpact of group imbalance.
which focuses on income prediction.

. . . . : To evaluate the effectiveness of this technique, we conduct
We compare multiple fairness algorithms, including Em-

pirical Risk Minimization (ERM), three DP in-processing extensive experiments with various methods, measuring its

approaches (Demographic Hilbert-Schmidt Independenciénl[JaCt on DP over unseen test data. The results, summa-
Criterion (HSIC) (Baharlouei et al., 2020; Li et al., 2022) fized in Table 1 for COMPAS and Table 2 (Appendix F-.3)

DIfOP (Mroueh et al, 2021), and Prejudice Remover (PRt oo (TRETEImER 80 o) FERREE COTCRY 20
mover) (Kamishima et al., 2012)), as well as two EO meth- '

ods (Diffodd and DiffEopp (Mroueh et al., 2021)). Al Remarkably, in some cases, it d.ecreas'es the error by a factor
L . of 10, highlighting its impact on improving the performance

approaches follow the same training protocol (architectures f dif fai hods. Th di | i

hyperparameters, etc.) as in Han et al. (2024) o different airness methods. These ndings not only vall-
T ' ' date our theoretical results but also highlight their practical

To evaluate our bounds, we adopt the same setup as in Hamglevance in developing effective strategies for enhancing

tyunyan et al. (2021), reporting the mean and standard deviairness in real-world applications.

ation over theZ,,, realizations. The CMI terms in Theo-

rems 5and 7, Whlch mvolvg one discrete and one continuous Multiclass Extension

variable, are estimated using the method from Ross (2014).

Additional details about the experimental setup are providedn this paper, our analysis mainly focuses on the binary

in Appendix F.1. Each data point in our experiments correelassi cation setting, where the label space= f0; 1g. In

sponds to a total cf050runs. this context, we adopt the widely used group fairness criteria:

Bound tightness: In Figure 2, we present the fairness gener_demographm parity de ned B(¥ jT=0)= P(? | T=

alization error of models trained with different algorithms on 1) gnd equalized oddB (¥ =1 j T=1;Y =y) = .P(.? -

the COMPAS dataset with gender as the sensitive attribut(g.J _T =0;Y =) fpr y 2 .f 0,1g. These criteria are.
The top row reports the results for different DP approache?q'“"Valent to the ”0“0’?5 of !ndependence and separation,
along with our corresponding bound (Theorem 5), Wh"erespectwely, as formalized in prior work (Mroueh et al.,
the rst two columns of the second row show the resultszozL Madras et al., 2018).

for different EO approaches along with our correspondingextending DP and EO beyond binary labels to multiclass
bound (Theorem 7). As can be seen, the proposed boundgttings is nontrivial and remains an open challenge, with
consistently capture the true fairness generalization errafo universally accepted de nition of the loss function. Sev-
across the various settings. These ndings validate the the@ral approaches have been proposed, including information-
retical results and underscore the utility of our frameworktheoretic formulations based on mutual information (Gupta
in providing meaningful guarantees for fairness generalizaet al., 2021), dependence measures such as distance correla-
tion in real-world applications. The additional results ontion (Guo et al., 2022), and direct multiclass analogues of
the other datasets, provided in Appendix F.2, are consisterfinary fairness criteria (Denis et al., 2021). To demonstrate
with these ndings. the exibility of our framework, we consider a concrete

Bound-error correlation analysis: To further analyze the multiclass extension aligned with the de nition in (Denis
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Table 1.Effect of batch balancing on DP errors with the COMPAS dataset. We report DP on test data for various approaches, with and
without our proposed batch-balancing strategy. The results show that balancing consistently reduces DP by an order of magnitude. This
empirically supports the theoretical insights of Theorems 1- 5 regarding the role of group imbalance in fairness generalization error.

sensitive attribute: gender sensitive attribute: race
250 500 1000 1500 2000 2500 250 500 1000 1500 2000 2500
DiffDP 0.056 0.044 0.035 0.028 0.025 0.026 0.053 0.037 0.026 0.020 0.017 0.017
DiffDP (ours) 0.042 0.025 0.009 0.005 0.003 0.003 0.045 0.024 0.011 0.007 0.006 0.005
HSIC 0.101 0.098 0.101 0.099 0.097 0.098 0.088 0.072 0.062 0.056 0.055 0.055
HSIC (ours) 0.059 0.044 0.022 0.016 0.010 0.008 0.069 0.048 0.027 0.022 0.018 0.016
PRremover 0.128 0.134 0.138 0.137 0.137 0.136 0.159 0.162 0.154 0.149 0.150 0.151

PRremover(urs) 0.106 0.119 0.125 0.126 0.126 0.126 0.144 0.149 0.147 0.142 0.143 0.142

et al., 2021), showing that our proof technique is generabbtained in this case. Interestingly, the valuagie., the
and easily extends to more complex output spaces. number of classes, does not affect (24) and the nal bound.

. . _ . The key point is that, even if the prediction functibris
In the multiclass case, the predictpr= f (w;x) maps - .
. : allowed to take any value ifD; a], changing one sample
into a broader output range, speci cally; a] rather than o .

} ) affects the probability estimates (and hence the TV loss)
f0; 1g. In the context of EO, consider our use of the Total .

= . . by at most a xed amount (i.e., at most 1) regardlesa.of
Variation (TV) loss as a fairness measure to quantify th o

; - N L n other words, whild 's output may be scaled by, the

difference between prediction distributions conditioned ON. - Jact on the fairmess loss (measured in terms of probabili
different labels. Speci cally, we usg¢ = f0;1;2;3gas a P P y

X differences) remains unchanged.
demonstration.
For each true label 2 f 0;1;2;3g, we de ne the TV loss g conclusion & Future Work
as follows: )
@ Our theoretical analysis of fairness generalization reveals
‘ES (W:SjY=y)= % P(¥=cjY=y:T=0) key interactions between sensitive group imbalances, model

=0 capacity, and fairness over tting through MI and CMI
) bounds. Additionally, we introduce a new variance-based
P(?=cjY=y;T=1); bounding technique using Efron—Stein inequality that im-
(21) proves upon traditional sub-Gaussian assumptions, leading
to tighter results. Empirical evaluations validate both the

which, in practice, can be approximated by effectiveness and tightness of the proposed bounds.

- ) 1R Noy:c Niyc Crucially, our framework provides a uni ed approach for an-
e (W:SjY=y)= > no. o Ny ol alyzing concentration properties across different loss struc-
Y 4 tures. By leveraging Lemma 2 and Hoeffding's lemma, we
p (22) . . e -y
_Fn .. _ o ensure that the variance is bounded by sensitivity to indi

Here,nyyc = o, 1T =t Y;=y;¥ = cgcounts . ; . :
the number of speci ¢ pairs in the training data vidual sample perturbations. Integrating variance control
' with information-theoretic mutual information bounds, our
We then de ne an aggregate function over the true labels: framework provides guarantees for generalization across
various fairness criteria. This demonstrates the wide appli-

9(Zy) = ES(W;ZyjjrmY =y):  (23)  cability and the potential of our bounding approach.
y2f 0;1;2;39

c=0

Future work could involve extending our theoretical frame-
Based on this multi-class extension of the EO loss, similawork to cases where the sensitive attributes are non-binary

to the proof of Lemma 5, we can establish the following sensitive attributes or continuous. Another potential direc-
5 tion is leveraging our bounding techniques in other contexts

sup jo(zs) 9(Z)i : > : (24) thathave similar challenges, i.e., group-based, non-i.i.d loss
2412, mingy)fngy +29 functions.

Thus, our technical arguments extend naturally to the multi-
class setting, and similar bounds to Theorems 6 and 7 can be

9
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A. Extra Related Work

Information-theoretic Bounds: Information-theoretic bounds have gained signi cant attention in recent years for charac-
terizing the generalization behavior of learning algorithms (Neu et al., 2021; Wu et al., 2020; Modak et al., 2021; Wang
& Mao, 2021; Shui et al., 2020; Wang et al., 2023; Alabdulmohsin, 2020). In the context of supervised learning, various
generalization error bounds have been proposed, utilizing different information measures, such as KL divergence (Laakom
et al., 2024; Zhou et al., 2023), Wasserstein distance (Boelz Glvez et al., 2021), and mutual information between

the samples and model weights (Xu & Raginsky, 2017; Bu et al., 2020). More recently, it has been demonstrated that
tighter generalization bounds can be derived using conditional mutual information (CMI) (Steinke & Zakynthinou, 2020;
Zhou et al., 2022). Building on this framework, Harutyunyan et al. (2021) introdie€¥l bounds based on model
outputs. Additionally, Hellstim & Durisi (2022) proposed tighter bounds leveraging CMI of the loss function, further
improved by Wang & Mao (2023) through the use of CMI. An exact characterization of the generalization error for the
Gibbs algorithm is provided in (Aminian et al., 2021). Beyond standard supervised settings, Information-theoretic bounds
have been used to study contrastive learning (Dong et al., 2024), meta-learning (Chen et al., 2021; Jose & Simeone, 2021;
Rezazadeh et al., 2021), transfer learning (Wu et al., 2020; 2024), and class-generalization error (Laakom et al., 2024).

Algorithmic Fairness: Ensuring fairness in machine learning has become a critical area of research, aiming to mitigate
biases that may disadvantage certain individuals or groups. Fairness is broadly categorigeslimfairnesgDwork

et al., 2012; Hardt et al., 2016; Corbett-Davies et al., 2017), which seeks to ensure equitable treatment across prede ned
demographic groups, anddividual fairness(Dwork et al., 2012; Shari -Malvajerdi et al., 2019), which enforces the
principle that similar individuals should receive similar predictions. Bias mitigation strategies are typically classi ed
into three approachepre-processingnethods that modify the data before training (Kamiran & Calders, 2012; Calmon

et al., 2017) post-processing@pproaches that adjust model predictions after training (Hardt et al., 2016; Jiang et al.,
2020), andn-processingechniques, the main focus of this paper, that integrate fairness constraints within the learning
algorithm (Kamishima et al., 2012; Baharlouei et al., 2020; Mroueh et al., 2021; Lee et al., 2021; 2022; Shah et al., 2022;
Alghamdi et al., 2022; Shui et al., 2022; Mehrotra & Vishnoi, 2022).

Fairness Theory: In the theoretical analysis of fairness, prior works have primarily focused on the context of domain
adaptation, imposing strong assumptions on distributional shifts (Chen et al., 2022; Singh et al., 2021; Coston et al., 2019;
Rezaei et al., 2021). For instance, several studies have considered fairness under covariate shifts (Singh et al., 2021; Coston
etal., 2019; Rezaei et al., 2021), demographic shifts (Giguere et al., 2022), and prior probability shifts (Biswas & Mukherjee,
2021). However, these assumptions may not always hold in real-world scenarios, limiting their practical applicability (Chen

et al., 2022; Singh et al., 2021; Coston et al., 2019; Rezaei et al., 2021; Oneto et al., 2020a; Schumann et al., 2019; Yoon
et al., 2020). Beyond domain adaptation, Pham et al. (2023) provides a theoretical analysis of invariant representation
learning for domain generalization, establishing upper bounds on both prediction error and unfairness in terms of the
Jensen-Shannon (JS) distance. Additionally, Huang & Liu (2024) investigates the convergence rate between empirical and
population-level conditional distance covariances, which measure the statistical dependence between model predictions and
sensitive attributes. In this paper, we study a different problem, i.e., fairness over tting in a supervised learning setting,
and derive information-theoretic bounds for generalization errors of different fairness losses. Another line of research
has focused on the impossibility of satisfying multiple group-level fairness criteria simultaneously Chouldechova (2017);
Kleinberg et al. (2016); Tang & Zhang (2022), highlighting the fundamental trade-offs between different fairness notions. In
contrast to these impossibility results, which establish lower bounds on population-level fairness risk, our work provides
upper bounds on fairness generalization error. Notably, a model can have low generalization error but still perform poorly in
terms of fairness on the population level.

Fairness Generalization:In the context of fairness generalization, it is worth highlighting the work of Woodworth et al.
(2017) and Agarwal et al. (2018), which derive generalization guarantees for loss functions corresponding to DP and
EO within speci ¢ algorithms. In contrast, our work targets a more general algorithmic framework in the DP and EO
setting, accommodating a wider range of loss functions. Moreover, while their analysis primarily focuses on overall sample
complexity, our bounds account for additional factors, including properties of the learning algorithm, the choice of loss
function, dataset characteristics, and, importantly, the group balance in the data. A more closely related work is that of
Oneto et al. (2020b), which derives a generalization bound (Theorem 1) for fairness under randomized algorithms. However,
their KL-divergence-based bound is not computable in practice for realistic settings. In contrast, our bounds, particularly
Theorem 5, are computable even for modern deep neural networks. This makes our results not only theoretically sound but
also practically applicable, enabling the study of fairness generalization in real-world scenarios.
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B. Proofs of the Theorems/Lemmas in Section 3

This appendix includes the proofs of the results presented in the main text in Section 3.

Lemma 6. LetX be a bounded random variable, i.&, 2 [a; ] almost surely. IE[X] =0, thenX is(b a)-sub-gaussian
and we have:

X Z(b a)2
Ele”] e 3 ;8 2R: (25)
Lemma 7. (Efron—Stein Inequality) (Boucheron et al. (2013, Theorem 3.1)XLe ,;:::; X, be independent random
variables, and leZ = f (X 1;X2;:::;X,) be a real-valued square-integrable function of these variables. For edeh
X Pbe an independent copy Xf,, and de ne for every:
Z9=f (X X X X150 X0): (26)
Then, the variance & = f (X 1; X ;:::;Xy) satis es the following inequality:
1 X X
Var(Z) 5 E (z z9? =inf E (Z Z)?; (27)
i=1 4o
where the in mum s oveZ; = g (X1;:::;X;i 1;Xi+1;:::;Xn) the class of all measurable functiogs: X" 1! R.
B.1. Proof of Lemma 2
Lemma 2 (restated) Leg(V) = g(V1;V2;:::;V ) be areal-valued function afi i.i.d random variables. Given xed

v 6 v;. If g(v) satis es the following condition for a xedhy (and as a consequengg = m  ng),

sup jg(v) o) ;1 i m (28)

v2V M ow 2V

where is a random variable that may dependrgnand hence is a random variable. Then, we have

Var(g(V)) T E[ 2 (29)

Proof. We will use Efron-Stein inequality in Lemma 7 to show this result. Using the Lemma statemg(¥ dpnwe have

X h i
Var(g(V)) ig\_f E oV) agVo;:ii;Vy 1;Vi+1;:::;Vm)2 (30)
=1
whereg; is an arbitrary function. Using the law of total expectation in (30), we have
Y h -
var(g(V)) inf B E (Vi) Gi(VoiVioaiVisaiiiiiVm) Cing (31)

i=1

Note that by conditioning ony , we have alsmY = m nY is xed. As this is true for any arbitrarg, depending on

1

GV Vi 1;Vi+1;Vm)=é Sagfg(vl;:::;vi X%V V) (32)
X

+nf g(VaiiinV X% Vi Vm) (33)

jgvV) agVoeriinVi Vi V)i = (34)
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Taking the square on both sides,

1
(@V) a(VoirinVi iViainVe)? 5 2 (35)
Replacing in the inner expectation in (31), we have
x 1 m
var(g(v))  El “1= ZE[ 7] (36)
i=1
O

C. Proof of the Theorems/Lemmas in Section 4
C.1. Proof of Lemma 3

Lemma 3 (restated) Assume thitj 2 [0;1]. letg: V™ ! R be de ned agg(v) = g(vi;:::;Vvm) = "E(w;V), where

“E(w; V) is de ned (1). Then, fora xedv 2 W and a xedny andn¥, foranyl i m, we have
sup  jo(v | I — 37
o jgv)  a(v) Ay 37)
whereH denotes a shifted harmonic mean operator,8fea;gf.; ; H(a1;  ;ax) = —————.
aq+2 ay +2
Proof. Forl i m, we have
oW o= s fWix) s (Wi (38)
Jjoawv QVJ—Jn\6+2 i Wi X; Ty W; Xj )]
Tj=0 Ti=1
. 1 .
Iy Tw) o W) (39)
0 j =0 Ti=1
1 1
i+ 2 f(w;x) v f(w;x) (40)
T; =0 T =1
1
ot +2 f(w;x)+ 72 f(w;x); (41)
T =0 j=1
where the inequality comes fromthe fgictj j jj ] | . Furthermore, ag = v; forallj 6 i, based on the values of

t; andt;, we have 4 different cases:

1stcase; = t =0: Inthis case, we have} = n3 ,nY = n‘f ,andf (w;x;) = f(w;x;)8j 6 i. Hence, based on (41),
we have:

jo) 0] T g (W) g (W) (42)
n\6+2jf (wixi)  f(wix)i ez (43)

2nd caset; = tj = 1: Similar to the previous case, we can show that
jgv)  g(v)j (44)

Vv
ny +2
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3rdcaset; =0;t; =1: |Inthis case, we have} = n§ 1,n} = nj +1. Hence, we have:

. . 1
jgv)  a(v)j w2 f(w;x;) m ) f(w;x;) (45)
T, =0 T =1
1 X 1 X
ng+1 Flwix )+ ny +3 Fwixg) (46)
Tj =0 Ti=1
1 1 X 1 1 X
- Gyvz mger) _ TOrGrg nrig) T
tj=0;j6i tj=1;j6i
n5+2f(W;Xi)+ n\{Jrgf(W;X—.) (47)
: © ) : © )
= - WX )+ ————— W; X
(G+2(Ng+1) | o, P (ny +3)(nY +2) =1y .
1
+ Wf (w; xi) + rl‘{7+3f (w; %) (48)
= if(wx-) - X f(w;Xj) (49)
Tony+2 Y (g +2)(ny+1)y
tj=0:j6i
f (wix,) - * b
WX) W; X
np+3 T eI+
if(wx-) __ f(w;x;) (50)
g2 Y gD o,
—f —1 X f
ny +3 (w;x1) (nY +3)(nY +2) . (Wix;)
tj=1;j6i
(51)
where the last inequality comes from the facttipat j jj | | . Next asf (w; ) 2 [0; 1] is positive, we have:
jav) g(v)j
max if(wx-)'; X f(w;X%;)
ng+2 7 (ng +2)(nh + 1) L =046 $
+ max 1 f(w;x); = f(w;Xj) (52)
TR T T I
j—4
max L. 1 X 1
ng+2' (g +2)(Ng+1) , oo,
1 1 X
+ max ; 1 (53)
ny +3"(ny +3)(ny +2) 16
— 1 . 1 \
ST g2 mea(mgen e Y
1 . 1 \'
T s et Y &9
As, 8nY;nY, we haveg‘ngl 1and Egﬁl 1. Hence, we have from (54),
jolv) g(+)j] max ———:——— +max 1.1 (55)
ny+2'nf+2 ny+3'njy+3
1 1 1 1 (56)

+ +
v v Vv v
ng+2 n{+3 ng+2 nj+2
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4th caset; =1;t =0: Similarly, we can show that

- 1 1 1
i Nj + +
j9(v)  g(v)] ng+3 ny+2 nf+2 ny+2 7
Hence, using the cases discussed above, for awede always have
; 1 1
. in: N .
jo(v) a(v)i w2 niez 1 i m (58)
For a xed n} andny, taking the supremum with respact¥ in both sides of (58), we have
i 1
. in: . .
vzv?ntff; " jg(v)  g(v)i S ion (59)
which completes the proof. O
C.2. Proof of Theorem 1
Theorem 1 (restated) Assume thgtj 2 [0; 1], then for anym 2 f 2; ;ng
S
1 X m 1 1
O€Tkaimess JCIT]uzcnm 2 V”[(ng“+2 n\1’“+2) ] ( u) ( )
whereC[" is the set ofn-combinations.
Proof. Letm 2 f2; ;ngbe a xed number and Ie®" be the set ofn-permutations ofi. Fora xedu 2 P, the
correspondingE (w; Z,,) for the setZ,, M is as follows:
- 1 X 1
EW,Zu), vV—— fwxi) —w——  f(wixp) (61)
n0u +2 Ti=0 nlu +2 Ti=1
Then, using the notion 6f (W ;Z,), starting from De nition 1 we have:
J€Maimess :jEPw Ps [‘E (W;9)] EPW ;S [‘E (W;9)]j (62)
o X
= Epy 5, [EWSZ0)] oo Epw 2, [E(W;Zy)] (63)
i IPn) app
1 X “F W -7 “F
Ergr, [E(WSZW)] Epy, ,, [E(W:Zu)] (64)

IPg] uz2pm
Hence, to bounden;gimess » We only need to boundEp, . ['E(W;Zu)]  Epy, ,, [E(W;Zu)]
Using the Donsker—Varadhan variational representation of the relative entropy, we have for any fufiEord for every
L(W:Vy)  Epyoy, [h (W;Vy)] logEp, s, [e" WY 8 2 R: (65)

By takingh(w;vy) = "E(W;vu)  Ep, ['E (W V)]

HW:iVu) Epy oy, [N WiV logEe, Py le" V8 2 R: (66)
! i
I(W;Vy) Epy., EW;Vy) Ep [E(W;Vy)

“F oW N
|Og EIE'W— Pﬁ[e ( E (W vVu) EPW[ E (W Vu )])I], 8 2 R (67)

I(WiVu) Epyy, “EW;V.) Ep [EW:VY)

R— o
|Og EPW— Epﬁ[e ( E(W:Vu) EPW[ E(W:Vu)]) ]JW =W ,8 2 R: (68)
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N v N RV
Next, for a xedw, we will boundEp,__[e CewiVu) Eegrle WVuDy 14 this end, we want to bound the variance of

EWi V) Ep['E (W V)] AsVar(X + s) = Var( X); 8s 2 sR andE['E (w; V)] is constant for a xedw, we have
Var “Ew;Vy) E[EW;VY)] =Vvar “Ew;Vy) (69)

Hence, it is suf cient to bound the variancp (w; V ). We will use the results of Lemma 3 and Lemma 2 to upper bound
the aforementioned variance.

Asjf j 2 [0; 1], we have

(W) = 1 X f(w;Xxi) 1 X f(w;xi)  max 1 X f(w;Xi) ; o f(w;Xi)
»vu) — no+2 ) 1 N n1+2 . 1 N n0+2 B 1 AN ’ nl+2 . LA
T,=0 T=1 T,=0 Ti=1
(70)
No ny
max( ) max(1;1)=1 (71)

No+2 Ny +2

Hence, (w;Vvy) is bounded and therefore square-integrable. Applying Lemma 3gfith = ~(w; vy ), we have for xed
V
W;ng' -

; 1 1
su ja(v v,)j + 1 i n 72
vuzvmﬁizng( w) 90w vz Va2 (72)
Henceg(vy) = “(w;Vy) veri es the condition in Lemma 2 with = ﬁ + ﬁ Thus, using Lemma 2, the variance
- 0 1
of the random variableE (w; V) can be bounded as
1 1

)%; (73)

. o—n M
Var("E (w; V) ZE[(nvu+2+ e
0 1

for everyw 2 W . Thus, from (69),we have

1 N 1
+2  nye+2

. . . m
Var “g(w;Vy)  E[E(W;Vy)] =Var( g (w;Vy)) ZE[(nVu )] (74)
0
So, the random variablé& (w;V,)  E['E(w;V )] has a bounded variance and an expectﬁp%[‘g(w;vu)
E['E (w; V)]l = 0. Hence, using Hoeffding's lemma, we have for everg W :

2

Eo, [o CEWVY) EpgTEMVD g Gy vy (75)
Replacing in (68), we have
h i
I(WiVy) Epwy, EW;VW) Ee [EW;Vy)]
log Evahe%E[(“gi*2 v )2.] W = wI '8 2R: (76)
(W5 V) EPW;Vuh E(W;Vy)  Ep [E(W; V)] |
“m 1 1 g orw 77)

E +
8 [(ng“ +2  nyv+2

where the last inequality comes from the fact tﬁﬁ(tﬁ + u1+2 )?] is independent oWV . From (77), we have
0 1

’m 1 1
E +
8 [(ng“+2 ny' +2

)’] Ep,, v, CEW:VU] Epy o, [E(W:VL)]

+1(W;Vy) 0,8 2R: (78)
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So, the parabola (with respect tp on the left side of (78) is always positive. Hence, its discriminant must be negative:

S
~F 2 ~ . m 1 1 2 .
EPW;TU[ E(Wazu)] EPW ;Zu[ E(W,Zu)] EE[(ngu +2 + n\]{u +2) ]I(WIVU) (79)
Replacing in (64), we have
X S
1 m 1 1
geny,; —_ —E + 2 (W Vv 80
FNamess oy 2 ngiig Ty eg) MWV (80)
In addition, as mutual information is invariant to sample permutations, we have
X s
1 m 1 1
gery,; — —E + 21(wW ;v 81
TeMairness e 2 (e ™ ave s I Wiva) (81)
whereC[" is the set oin-combinations.
O
C.3. Proof of Lemma 4
Lemma 4 (restatedB 2 R, we have
. QE[ 141 L1 L1 2
E Su E Su 8 nSu nSu . nSu nSu
EﬁuJZ[Zn]zzlzn]?W:w e CE(WSu) e (wSu) e I (82)

Proof. we will bound logEx [e CE(W:Sv) "EW:Su)] py bounding its variance using Lemma 3 and

Lemma 2.

wiZpn1= Zpa W =W
Given a xedzp, 2Z*" andw 2 W, we deneg;,,, : V" ! Rasfollows:g,,,,(Ru) = "E(W;Sy) "E(wW;Sy).

allj 6 i excepton,ie.r 6 rj. The goalis to upper-bouridz,, ., (frv)  Gz,,,(Fu)j fori 2f1;::: mg.

Fori 2 [1; m], we have

i%pn (T0) G (DI = TEW;SL) TEW;Sy)  CE(W;Su)+ CE (W Sy)] (83)
j\E(W;Su) ‘E(W;Su)j"'j‘E(W;gu) ‘E(W;Su)j (84)

Hence, we can bound each term separately using Lemma 3. It follows that:

. 1 1 1 1
i r )i + + — + — 85
19200, (Tu) Gz, (L] ng’“ P nf“ 12 ng“ +2 nf“ +2 (85)
(86)
Hence we have
. . 1 1 1 .
JgZ[z nl (rU) gZ[Zn] (F'IIJ )J 1 I m (87)

- + — + — +
ng' +2 ny* +2 ngu +2 nf“ +2

Furthermoreg,,, ., (Ru), being the difference of two bounded random variables (see (70)), is itself bounded and hence
square-integrable. Now, we have all the ingredients to apply Lemma 2. Using the Lemma stateggnt(&,) =

E(w;Su)  CE(w;Sy), we have

20



Fairness Over tting in Machine Learning: An Information-Theoretic Perspective

m 1 1 1 1 2
7E[ S + S + 5 + 5 ] (88)
4 " ngu+2 npt+2 ng" +2  n3v +2

Var "E(w;Sy) “Ew;Sy)

Furthermore, aR; are independent Rademacher variables, we have

B 20my- oy iT-ul E(WiS0) EW;S,)] =0 (89)

Hence, the random variablg (w; S,) “E (w;S,) is centered and with bounded variance (as shown in (88)). It follows
that using Hoeffding's lemma, we have the nal results:

2

2m 1 1 1 1
EeoCEMwS) EmS) o ° agve afvw asen new ) (90)
O
C.4. Proof of Theorem 2
Theorem 2 (restated) Assume thitj 2 [0; 1], thenforanym 2f2; ;ng
h x S i
1 m 1 1 1 1 2
geny, —=miEZp, —Er, [ + + — + — 12, (W;Ry)  (91)
airness iIChj [2n] w2cp 2 ngu +2 nfu +2 n(s,“ +2 nf“ 49 Zp2n] u

whereC)!" is the set oin-combinations.

Proof. Similar to the Ml setting in Theorem 1, the fairness generalization in the supersample setting, can be bounded as
follows:

J€Mkairness :jEPw ;z[ZH];R[\E(W;S) \E(W,g)]j (92)
Ep. ) BPu iz, [E(W3S)  "E(W:S)) (93)
1 : N . . LS\
]Prr|nj ,p EPZ[Zn]JEPW?RjZ[Zn] E(W’SU) E(W!SU)J (94)
uzpm

Fora xedu 2 P", let(W ;R ) be an independent copy O ; R ). The disintegrated mutual informatiop, (W ;Ry)
is equal to:
IZ[an(W ; RU) = D Pw ;RuiZ[Zn]:Z[zn1kPWiZ[zn]:Z[zn1 PRu ; (95)

Thus, by the Donsker—Varadhan variational representation of KL divergén@ R, we have

IZ[zn](W;RU) EW;RUJZ[ZH]:Z[Zn][‘E(W;SU) ‘E(Wigu)]

N NS
109 By, 2,2 7y [€ %) = (96)

IZ[zn](W;RU) EW§RuJZ[2n]=Z[2n][‘E(W;Sug ‘E(W;§U)]

i
~F . “F .S
log By Eﬁuiz[znlzz[znl;W:w[e (e (s E(WYSU»] : (97)
Using Lemma 4, we have
|z[2n](W;Ru) EW;RujZ[Zn]:Z[Zn][\E(W;SU) \E(W;gu)]
’m 1 1 1 1
E[ + . (98)

- + — + — —
8 g +2  n*+2 nSv+2 n3v+2
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So the parabola (function of)

IZ[Zn](W;Ru) EW;RujZ[Zn]:z[Zn][\E(W;SU) ‘E(W;§U)]
2 1 1 1 1
¢t -+ -+ ———+—= 7] 0 8 2R (99)
8 "ng"+2 nr+2 pSv+2 ndv42

is always positive. Hence, its discriminant is always negative. It follows:

s
_ 1 1 1 1 2
i ~F . ~F . m .
EW;RuJZ[ZH]:Z[Zn][E(W!SU) E(W1Su)] 2 [ ng“ +2 + nf“ +2 + ng“ +92 + nf“ +2 ]IZ[Zn](W'RU)
(100)
Replacing in (94), we have
hx S i
1 m 1 1 1 1 2
gen, ——Ez,, —Er, [ + =+ — Jlzgn (W:iRy)  (101)
airness JPrgn] 2n] w2pp 2 ngu +2 nf“ +2 ng“ +92 I’]f“ +2 Z[2n] u
As mutual information is invariant to permutations, we have the nal results. O

C.5. Proof of Theorem 3
Theorem 3 (restated) Assume thitj 2 [0; 1], then foranym 2 f 2;  ;ng, we have

: " (102)
gen, ——Ez,, 102
airness JCrr]nJ 2n] w2cp
S ) .
m h 1 i i
> Er, 5 |z[2n](Fu;Ru) ;

H n3*;n$*;ng*;n5"
whereC[" is the set ofm-combinations.

Proof. We have

TMarness =iEpw ., [EW;S) “E(W;S)]] (103)
EPZ[Zn]jEPW;R]Z[ZH][\E(W;S) \E(W,g)]J (104)
1 . . . = ..
iPmj EPZ[Zn]JEPW;RiZ[Zn][ E(W;Sy) “E(W;Sy) (105)
u2pPp
- 1 X E 1= [ = X f (w; X ! f (w;x (106)
- P Pw Ri < ’ N y A
IP"] u2ppm fem TN e T ng + 2 SuiTi=0 | T2 SyTi=1 |
1 X 1 X
512 Flwixi) == f(w;xi) | (107)
?0 + ST =0 ny + STi=1
1 X 1 X 1 X
= — E jEp. . —_— P e Fi 108
PR e Pom P iz ' +2 5 1= onde2g P | (99)
1 X 1 X _
— Fioo— 2 F (109)
Ng + STi=0 ny + §Ti=1

Fora xedu 2 P, let(Fy;Ry) be an independent copy (F ;R y).

By the Donsker—Varadhan variational representation of KL divergehc@, R, we have
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l2p (FuiRW)  EryiRuizpm=zem [E(W;Su)  TE(W;Sy)]
~F (- “F (v -S

log Eﬁ;ﬁujzlznfz[zn][e Celis) e ’Su»]: (110)

I 250, (Fu; Ru) EFU;RUJZ[ZH]:Z[ZM[‘E(W;suf)] E(W ;S

_ i
logEs E e CEw;sy) \E(W;su))] : (111)

ﬁu]‘Z[Zn]:z[Zn];ﬁ: Fu
Using the result of Lemma 4, we have

IZ[Zn](FU;RU) EFU;RujZ[anzz[Zn][\E(W;Su) E(W1§u)]
’m 1 1 1 1
Bl s+ -+t = —+—=— 1 (112
8 "ng'+2 nt+2 pSv+2 ndv+2

Hence, the discriminant is negative:

h x i
1 m 1 1 1 1 2
gen,; ——FEz. . —Er,I + + — + — Iz, (Fu;Ry)  (113)
airness iPM] 2n] w2pp 2 ngu +2 nfu +2 ngu +2 nf“ +2 2n]
As mutual information is invariant to permutations, we have the nal results. O

C.6. Proof of Theorem 4

Theorem 4 (restated) Assume thitj 2 [0; 1], thenforanym 2f2; ;ng

h x S i

m 1 1 1 1 2

gen.,; —E —E + + — + — [ Ly;R 114
OMamess jepitzen 2l e T g s g (iR (U9

whereC[" is the set oin-combinations.

Proof. We have

J€Mairness :jEPW;Z[ZH];R[\E(W;S) ‘E(W,g)]j (115)

Ep. 0 JEPw iz, [E(W:S)  E(W;S)]] (116)

1 i “F (W - . SN

iPM ’o EPZ[ZH]JEPW;RjZ[Zn] e(W;Sy) E(W;Sy)j (117)
uzpm

1 X i R R1;

PIT L, Ep o JBPL ryizp, [ba LT (118)
uzpm

whereL, = (LR;LR) = ("E(W;Su); E(W;S,)). By the Donsker—Varadhan variational representation of KL diver-
gence8 2 R, we have

|z[2n](Lu;Ru) ELu;RujZ[zn]zz[zn][LE LE]

|OgEiiﬁujZ[2n]:Z[2n][e (LS LE)]: (119)
lz[2ﬂ](Lu;R“) ELU§RujZ[2n]:Z[Zn][LE LEL i
R | R
log By Eﬁujz[zn]:Z[Zn];W:W[e it Lu)] : (120)
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Using the result of Lemma 4, we have

lzp (LuiRW) By RuiZpny=2om [ E(WiSw)  "E(W;Sy)]

’m 1 1 1 1
Bl s+ 5=+ =——+ =  (121)
8 "ng'+2 nr+2 pSv+2 nde42
Hence, the discriminant is negative:
hx ° i
1 m 1 1 1 1 2
gemy, —5-Ez, S Er, I + e+ — Jzen (LuiRy)  (122)
nfalrness JPrgnJ [2n] uzpm 2 ngu +2 nfu +2 ng“ +2 nf“ +2 Z[2n] u u

As mutual information is invariant to permutations, we have the nal results.

C.7. Proof of Theorem 5

LetR, = fRy, @M, 2 B™ be the sequence of supersample variables indexeddnyd let , = fR,, Ry gmt, 2B™ 1,
where denotes the XOR operation. Given a binary vaigf 0; 1g, we de neb u=(bif u  bgly H2B™. To
simplify the notation, we denot@  , andl vas , and ;,respectively. The notation,* = (L v ;L E)then
represents a pair of losses, whilevL, = Ly* Ly“ denotes their difference.

Theorem 5 (restated) Assume thitj 2 [0; 1], then foranym 2f2;  ;ng

S

h x i
1 m 1 1 1 1 2
gema = Ey, CEr,I + e — Iz ( Lu®iRu,)
amess o jCmyj e wacm 2 ng" +2 N +2  pSu 42  npdv42 et TE T
(123)
whereC[" is the set oim-combinations.
Proof. We have
J€Mairness :jEPw ;Z[Zn];R[\E(W;S) \E(W,g)]j (124)
Ep. ) IBPu iz, [E(W3S)  "E(W;S)) (125)
1 ; ~F . “F ERY
JPA“J . EPZ[ZH]]EPW;RjZ[Zn][E(W’SU) E(WisU)J (126)
uzpm
L X e e [ DRt Lg® Ly J; (127)
jprmuzpm PZ[Zn]] PLu“:RuljZ[zn] u u' )
L7 E (DR L] (128)
jPr[In.uzpm PZ[ZH]] F Lu“iRuiZpn) utl

24



Fairness Over tting in Machine Learning: An Information-Theoretic Perspective

By the Donsker—Varadhan variational representation of KL divergehc@, R, we have

IZ[Zn]( LUU;RU]_) E Luu;RuljZ[Zn]:Z[Zn][( 1)Ru1 Luu]

logE—— e (DT LY 129
g Luu;RuljZ[zn]:Z[Zn][ ] ( )
|z[2n]( LuU;Rul) E Lu“;RuljZ[Zn]=Z[2n][( 1)Ru1 LUU]
E(WSy) CE(WSSy) g
IOgEW;ﬁJZ[ZnFZ[zn][ = ) e )]' (130)
IZ[Zn]( LUU;RU1) E Luu;RuljZ[Zn]:Z[Zn][( :I-)Ru1 hLuu] .
i
N “F (@
IOQEW EﬁujZIZn]:Z[ZnﬁW:w[e Ce(w:Sw) E(W’SU))] : (131)
(132)
Using the result of Lemma 4, we have
|z[2n]( LUU;Rul) E Luu?RuljZ[2n1=Z[2n][( 1)Ru1 Luu]
2
m 1 1 1 1
Bl s+ -+ —+—=—— 1 (139
8 "ng"+2 nr+2 npSv+2 nde+2
Hence, the discriminant is negative:
hx S i
1 m 1 1 1 1 2
geTy, SmiEZen S Er,l + t = t = Iz, ¢ Lu*;Ry,)
airness jpmj Zen w2pn 2 ngu +2 nf“ +2 n(S)u +2 nf“ +2 2n] 1
(134)
As mutual information is invariant to permutations, we have the nal results.
O

D. Proof of the Theorems/Lemmas in Section 5

EO Generalization Error.  Analogously to the DP setting, we de ne the population-level separation fairness loss as
B (WPs) = Epg £°(W;S) ; (135)

and the separation-based fairness generalization gap becomes

W‘fairness = EPW ;S ‘ES (W 1 PS) \ES (W ’S) (136)
D.1. Proof of Lemma 5
Lemma 5 (restated)
Fixw 2 W and a xedngy, nf%, ng4, ni4. Letg: Z™ ! R be de ned as followsp(zy;:::;zm) = “£° (W; 2,), where
‘ES (w; z,) is de ned (16). Then, forang i n, we have
; 2
sup g(zu) 9(#) . v ; (137)
zy 2, miNy ) nt;y +2

wherejf (w; x;)j is bounded byl andmin)(ngy +2) is the smallest subgroup size across bbtandY .
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Proof. For1 i m, consider the difference:
. L 1 X _ 1 X N
j9(zu)  o(=z)i= Jﬁ f(w;x;) Zr 4o f(w;x;)j
t=0,;y=0 T: =0 t=1,y=0 T: =1
¥ =0 ¥} =0
1 X 1 X .
S Twig) (W) (138)
nt=uO 'y =0 +2 Tj =0 ntzul 'y =0 + Tj=1
Y =0 Y =0
. 1 X 1 X
+ Jﬁ f(w;x;) e 1o f(w;X;)j
Ni=o y=1 T, =0 Ni=1y=1 T, =1
Y, =1 Y, =1
. 1 X 1 X .
o fwy) (W) (139)
nt:UO y=1 +2 T =0 nt:ul y=1 +2 Ti=1
¥ =1 ¥ =1
1 X 1 X
7 f(w;Xj) 7 f(w;Xj)
Ni=o )y =0 +2 T; =0 Ni=1 y=0 +2 Ti=1
Y; =0 Y; =0
1 X 1 X
S fwi) e e f(wi) (140)
Nizoy=0 + 2 T =0 NiZpy=o + Ti=1
Y =0 Y =0
1 X 1 X
+ = e f(w;x) 7 e f(w;xj)
Ni=0 y=1 T, =0 t=1y=1 T, =1
Y, =1 Y, =1
1 X 1 X
v W) o f(wix) (141)
nt:uO y=1 +2 Tj =0 nt:ul y=1 +2 Ti=1
¥ =1 ¥ =1

(142)

The inequality in (139) follows from the triangle inequalifgj j bjj j a b.
Sincez = z; forallj 6 i, the change affects only theh component. Based on the valueg;candt;, we have 8 different
subcases within 4 main cases:

Case 1.1y =0 andy =1 whilet; =0. Before the change:

Lo(zu) = jt=0;0(zu)  “t=1:0(zu)j: (143)

After the changen?y, .o = ni .o  landnfl ., = nZy ., +1:

: 1 X .
Lo()= ———  fwX) ‘Tt=1;0(zu) ; (144)
rlt:uO ;0 +1 T; =0
Yi =0
6 1
: 1 X .
Li(z) = 7% f(w;x;)+ f (W;X—,)§ t=1;1(2u) : (145)
N1 +3 O
=
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The change i(z,) is:

jgzu)  oz)i=iLlo(zs) Lo(z)i+jLa(zu) La(2)i

1 X 1 X
o W) e Twexg)
Ni=00 74 1,20 Ni=00 %+ 1,20
Yi =0 Yj =0

iej
0 1

1 X 1 X
—— f(w;xj) A f(w;x;)+ f(w;x)
nt=0;l+2 T; =0 r.'t=0;1+3 T; =0
Yj =1 Yj =1
1 N 1 )
Nho+2 Ny +2

(146)

Case 1.2y =1 andy; =0 whilet; =0. This scenario is symmetric to Case 1.1. The bound is identical:

: i\ 1 1
j9(zu)  9@)

: 147
No0+2 Ny +2 aan

Case 2.1y =0 andy =1 whilet; =1. Before the change:

Lo(zu) = J't=0:0(zu)  “t=1:0(zu)i: (148)

After the changen?; ., = N4 .o landnfy ., = nfy ., +1:

) X
Lo(Z) = “t=0:0(2u) T f(w;xj) ; (149)

, 1 X .
Li(z) = m %T, . f(w;xj)+ f (W;X1)§ t=1;1(2u) : (150)

Yj =1
The change ig(z,) is:

jg(zu)  oz)i=ilo(zs) Lo(z)i+jLa(zu) La(2)i

1 X 1
etz ) m T
Ni=1 ;0 + T =1 Ni=1 ;0 + Ti=1
Y; =0 Yj =0

j 81
0 1

f(w;x;)

1 X 1 X §
t f(w;xj) hi% f(w;xj)+ f(w;x)
= nt:l;l+3 T =1
Yj:l

(151)
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Case 2.2y =1 andy =0 whilet; =1. This scenario is symmetric to Case 2.1. The bound is identical:

1

; 1
ia(z Z2)j : 152
jom) OE) ao (152)
Case 3.1it; =0 and tj =1 whiley; = 0. Before the change:
Lo(zu) = J't=0:0(zu)  “t=1:0(zu)j: (153)
After the changeny .o = Ny, landnfy ., = niy o +1:
) 1 X 1 X
Lo(Z)) = —— f(w;x;) - f(w;xp) : (154)
Nizoo*lq 2 NiZ0*3 14
Y; =0 Y; =0
i6i
The change iy(z,) is:
j9(zu)  9(z)j=iLo(z) Lo(z)i
1 X 1
v f(w;x;) 7 f(w;x)
nt=0;0+2 T; =0 t=0 'O+1 Tj =0
;=0 ;=0
% 1
1 X 1 X
+ - f(wx)) — % f(W;Xj)+f(W;)('i)§
ntzul 0"'2 Tj=1 nt—ul 0+3 Tj=1
Y; =0 Y; =0
1 1
> + — (155)
Nio.0t2 NiZpot2
Case 3.2:t; =1 andtj =0 whiley; =0. This scenario is similar to Case 3.1. The bound is identical:
; 1 1
ig(z Z2)j + : 156
j9(zu)  9(z)i = TR R T (156)
Case 4.1it; =1 andtj =0 whiley; = 1. Before the change:
Li(zu) = Jt=0;0(zu)  “t=1:1(z0)j: (157)
After the changeny; ., = nf ., landn{ ., = niy., +1:
0 1
_ 1 X 1 X
Li(z) = 27% f(w;x;)+ f(w;xi)§ ———  f(wx): (158)
nt:O;l+3 T; =0 nt:1;1+1 T =1
Y =1 v =1
isi
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The change i(z,) is:

jo(z)  9)i=iLi(zy) Li(Z)i

0 1
1 X 1 X
— f(w;xj) 27% f(w;xj)+f(w;>e.)§
nt:0;l+2 T; =0 nt:O;l +3 T; =0
Yj =1 Yj =1
1 X 1
7 Fwix)  —; f(w:x;)
nt:1;1+2 Ti=1 ntzl 1+1 T =1
Y =1 Y =1
i6i
1 1
7 + : (159)
Nizo;1+2 Nz +2
Case 4.2t =0 andtj =1 whiley; =1. This scenario is similar to Case 4.1. The bound is identical:
. . 1 1
joz) oEZ)i (160)

. :
NiZo1t2 NiZpqt+2

Case 5:tj = tj or s = y;i. In this case, the change affects only one group, eithémwiny, while the other attribute
remains unchanged. T For both scenarios, the counts are updated as follows:

jg(zs)  9(E)i (161)

Ney +2

Aggregate the Bounds From Cases 1.1to 5, in each scenario where a change occurs, we can write the following:
!

1 1

su ig(z 2)] max + 162
L j9(zu) 9z )y nZr +2  ndy,+2 (162)
(ty)6(t%° ’ ’
2 max 163
(ty) niy +2 (163)
2
T (164)
MiN(y ) Ney +2
This completes the proof.
O
D.2. Proof of Theorem 6
Theorem 6 (restated) Assume thtj 2 [0; 1], thenforanym 2f2; ;ng
S
gen L X 2mE[( 1 )2(W;Zy) (165)
Y€Mhaimess JPrEnJ b min(t;y) Nty +2 »&u

And the label with fewer samples will typically dominate the maximum variance, so the upper bound depends not only on
the expectation over the sensitive attribute but also on the number of samples for each label.

J€Maimess  » EPw 'S [‘E (W ; PS) ‘E (W ; S)] (166)
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Proof.
. : m 1 1 )
Var('y (W;VadY)) —E[ max (= + — )] (167)
4 tyt %% Ny oy 2 Nlioyoyot 2
(ty)s(toyo 00T ey
J€Mainess == EPw Ps \ES(W;Vaung) EPw;s \ES(W;Vau%Y) (168)
_ 1 X .
= Bp,, (W;Zy) —— Epws , £ (W;Zy) (169)
- P 2pp
1 X “Fs i\a7-7 ~Fs .
P Eryr, EE(WiZu)  Epy,, E°(WiZy) (170)
2pm
1 Xu 4 1 1
B USEL max (ot PN(WiZ) (71)
Pl yapp (ty38( 1oy TELY =Y Ni=toy = yo
s
1 X 2mE[(;)Z]I(W'Z) 172)
P ppp min(gy) Ny +2 o
In addition, as mutual information is invariant to sample permutations, we have
s
gen LY omE -t miwizy) (173)
i o~ - . -~ ] u
airness JC,T w2cn MiN ¢y ) Nty +2

whereC[" is the set ofm-combinations.

And we havea = 1 for the binary label case. This completes the proof.

O
Lemma 8. Assume thgff j 2 [0; 1], then for anym 2 f 2; ;ng
h Y i
- 1 X u 1 1 ) i
O€Mimess WEZ[ZM P ZmERu[ min nZ“ +2 + R Z. +2 ]|Z[2n](W;RU) (174)
Similar to the result of Lemma 4, by applying the separation loss to the variance bound, we obtain:
2 1.3
2
_ 2 2
Var “ES(w;Sy)  CES(W;Sy) Mea : - + _ 5 (175)
4 Mingy) Ny +2 mingy) niy +2
Finally, using Hoeffding's Lemma, we get:
I L#
_ 2m 2 2
E e £ (WS e (wiSy) e S ) " 2 = (ty ) My *2 (176)

Fora xedu 2 P, let(W ;R ) be an independent copy O ;R ). The disintegrated mutual informatiop, (W ;Ry)
is equal to:

IZ[Zn](W;RU): D Pw ;RuiZ[Zn]:Z[zn]kPWiZ[zn]:Z[zn]PRu ; (177)
And here we only change the independence loss function to the separation-based loss
J€Mairness ZjEPw Zpn)iR [‘ES (W ; S) ‘ES (W ,§)]j (178)
Ep.,, iEPu a2y, [ES(W3S) ES(W;S)] (179)
1 X . . . .
B EprpniBrug, L £ (WiSy) “£°(W;Sy) (180)

u2pm
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Similar the proof in Theorem 2, we can have
1 hx 4 1 1
i —E 2mE u - —
O®Mhaimess jPmj Zen uzpmy ol mnngy +2  minnd +2
" (ty) ty)

As mutual information is invariant to permutations, we have the nal results.

Yl ap, (WSRY) (181)

D.3. Proof of Theorem 7

Theorem 7 (restated) Assume thitj 2 [0; 1], then foranym 2f2;  ;ng
S

1 h X 1 1 ) i
J€Mairness 7'Cm'EZ[2n] 2mERu[ - s, + — S ]IZ[zn]( Luu;Rul) (182)
Jon') uz2cy MiN(ty) Ny +2 mingy) gy +2
Proof. We have
O€Mhimess :jEPw ;Z[Zn];R[\E(W;S) \E(W1§)]J (183)
Ep. . JEPu rjzp, [E(W:S)  E(W;S)]] (184)
1 . . . = \:
Pri EPan BPu g, [EWiS) TE(W Sy (185)
u2pPm
X e e [ DRt Lyv Lo i (186)
P u2pm Pzpn) Py iR Uiz ) u u
1 X £ e DR L e .
jPmj Pz[ZH]] P Luu§RujZ[2n][( ) GOl (187)
nJuzpm

By the Donsker—Varadhan variational representation of KL divergehc@, R, we have

u - Ru u
IZ[Z”]( Lu ’Rul) E Luu§RU1jZ[2n]:Z[2n][( 1) ! Lu ]
( DRYL LY g
log & Lu”iﬁiz[znﬁz[u][e I (188)
u - Ru u
IZ[Zn]( I-u ’Rul) E Luu;RuljZ[Zn]:Z[Zn][( 1) ! Lu]
100 Eqy iz, = 2 [ © ) EOVSO (189)
u - Ru u
IZ[Zn]( Lu ’Rul) E Luu;RuljZ[Zn]:Z[Zn][( 1) ! hLu ] i
IOgEW EﬁujZ[Zn]zz[Zn]:sz[e (& (wiSw) \E(W;SU))] . (190)
(191)
Using the result of Lemma 8, we have
u - Ry u
IZ[Zn]( I-u 1RU1) E LuuiRuljZ[anZ[zn][( 1) ! Lu ]
’m 1 1
g Erl ——s——+ N ? (192)
min ngY + innsu +
ty) ) My 2
Hence, the discriminant is negative:
v
1 hx o 1 N o
J€Mairness WEZ[ZM P 2ma’Eg, [ minnSt + 2 = Sy 2 ]IZIZH]( Lu";Ruy) (193)
" uzpm ty) mq Moy
As mutual information is invariant to permutations and we hewel for the binary label case, we have the nal results.
O
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E. Bounds based on prior techniques
Lemma 9. Assume thaff j 2 [0; 1], then
P
g_e_nfairness 2l (W ;V u)

Proof. Using the Donsker—Varadhan variational representation of the relative entropy, we have

L(W;Vy)  Epy [ e(W;Vu)] logEp, p, _[e eV V]88 2R:
We havdf j 2 [0; 1], Thus

1 X 1 X 1 1 X
Ew; )= —  f(wix) —  f(wx) max —  f(w;xi); —  f(wxp)
o 2 N1 L LI
max(1;1) =1

SoFe (w; X 0) 2 [0; 1]is bounded. Thus, using Hoeffding's lemma, we have:

. _ . 1
logEp, p, [e =W VIl Ep b, [e(W;Vy)]+ 25

By replacing in 195, we have:
. . 1
I(WiVy) (e [eWiVWD Epy p [e(WiVD+ 25 08 2R:

Thus, (199) must have a non-positive discriminant.

By v, [E(WiVW] Epy ey e WiV IO2|(W;Vu)

E.1. Proof of Lemma 1

Lemma 1 (restated) Assume thitj 2 [0; 1], then foranym 2f2; ;ng

— 1 Xp EYN YLV
U€Mairness ~m; 2l (W Y u)
1C u2cm
Proof.
O€Ngimess = EPW Ps [‘E (W ; S)] EPw :s [‘E (W ; S)]
Letm 2 f 2; ;ng be a xed number. Given the s&t., M the correspondingE (W; Z1.m) is as follows:
F 1 X 1 X
E(W;Z1m) - f(w;X;) - f(w;X;)
0 Ti=0 n=" 1o

(194)

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)

Given a sequence of indices= fu;g?; 2 [L;n]™,letZ, = fZ,, 9", be the sequence of training samples indexed by

LetP™ be the set om-permutations of. Then, using the notion of (W ; Z1.m) we have:

T8N hirness :jEPw Ps [‘E (W ; S)] EPw is [‘E (W ; S)]J

_ X
= Brup, [EWiZum)] s Eeuo, [E(WIZW)]
u2pm
1 X E E(WwW;Z E E(W;Z
pmi Pw ?lem[ E( ' l:m)] Pw :Zu[E( ’ u)]
IFn’) u2pm
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Assuming thaff j 2 [0; 1], Similar to Lemma 9, we can show that

Er.  [E(W:Zum)] Epy. [EW:ZJ)] © 21(W V) (207)

W Z1m [
whereV, = (Xy;Ty)
By plugging (207) into (206), we have

_ 1 X . - .
Q€M airness omi Er, », E(W 7Zim)]l Epy o, [ E(W yZu)l (208)
JPn JuzprEn m
X p—
- L - 21(W;Vy) (209)
P opm

However, as mutual information is invariant to sample permutations, we have

1 X p
jChj

€M airness 21(W; V), (210)

u2Ccp

whereC[" is the set oim-combinations.
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F. Additional Empirical results
F.1. Experimental details

In all the experiments in this paper, similar to Harutyunyan et al. (2021), for every number of training data n, we randomly
sample m; = 21 different 2n samples from the original dataset. Next, for each Z[on), we draw mp = 50 different train/test
splits, i.e., My random realizations of R. Hence, each data point in the figures corresponds to a total of m;m, = 1050
experiments. We report the mean and standard deviation on the mj results.

We conducted experiments using the following datasets:

* COMPAS (Larson et al., 2016): The COMPAS dataset contains records of criminal defendants and is used to predict
whether the defendant will recidivate within two years. The dataset includes attributes such as criminal history and
demographic information, including race and gender.

* Adult (Kohavi & Becker, 1996): The Adult dataset is based on the 1994 U.S. Census and is widely used in machine
learning research. The goal is to predict whether an individual earns more than $50K annually based on demographic
and financial data. In fairness studies, gender is often used as the sensitive (binary) attribute.

The following fairness methods were evaluated in our experiments:

¢ ERM: Empirical Risk Minimization (ERM) is a standard machine learning approach that minimizes the empirical risk
on the training data. It serves as a baseline for fairness methods.

 DiffDP, DiffEopp, DiffEodd (Mroueh et al., 2021): These methods apply gap regularization for demographic parity,
equalized opportunity, and equalized odds, respectively. Since these fairness metrics cannot be optimized directly, gap
regularization provides a differentiable alternative loss that can be optimized using gradient descent.

¢ PRemover (PrejudiceRemover) (Kamishima et al., 2012): This method minimizes the mutual information between
prediction accuracy and sensitive attributes.

e HSIC (Baharlouei et al., 2020; Li et al., 2022): The Hilbert-Schmidt Independence Criterion (HSIC) is minimized to
reduce the dependence between prediction accuracy and sensitive attributes.

F.2. Extra Numerical results for our bound in Theorems 5

We report the experimental results of fairness generalization error and our bounds in Theorem 5 (DP) and Theorem 7 (EO)
as a function of the the total number of training samples N on with COMPAS dataset with gender and race as sensitive
attribute in Figure 3 and Figure 4, respectively. In Figure 5 and Figure 6, we report the results of our bound in Theorem 5
(DP) on Adult with Gender and Race as sensitive attributes, respectively.

The CMI terms in Theorems 5 (DP) and Theorem 7 (EO) involve both a continuous and a discrete variable. We evaluate
different estimators for these terms. Specifically, in addition to the main estimator used in this paper, i.e., Ross (2014), we
experiment with the estimators proposed in Gao et al. (2017), Darbellay & Vajda (1999), and Kraskov et al. (2004). The
main results of these comparisons are presented in Figure 7, showing that Ross (2014) is the most robust estimator in our
case.

F.3. Extra Numerical results for batch balancing

In Table 2, we report the results for our batch balancing approach on the Adult dataset. The results are consistent with
Table 1, highlighting the strength of our approach and its ability to improve fairness test errors of different algorithms.

In Figures 8,9, and 10, we report the mean of test accuracy, the mean of fairness generalization error, and the mean of
fairness test errors of the different approaches using COMPAS (gender) dataset with different number of training samples n.
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Figure 3. Experimental results with COMPAS dataset (gender as sensitive attribute) of fairness generalization error and our bounds in
Theorems 5 (DP) and Theorem 7 (EO) as a function of the total number of training samples 7.
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Figure 4. Experimental results with COMPAS dataset (Race as sensitive attribute) of fairness generalization error and our bounds in
Theorems 5 (DP) and Theorem 7 (EO) as a function of the total number of training samples n.

Table 2. Effect of batch balancing on DP errors with the Adult dataset. We report DP on test data for various approaches, with and
without our proposed batch-balancing strategy. The results show that balancing consistently reduces DP by an order of magnitude. This
empirically supports the theoretical insights of Theorems 1- 5 regarding the role of group imbalance in fairness generalization error.

sensitive attribute: gender sensitive attribute: race
7500 10000 15000 20000 7500 10000 15000 20000
DiffDP 0.038 0.037 0.039 0.038 0.083 0.083 0.084 0.084
DiffDP (ours) 0.020 0.020 0.021 0.020 0.063 0.063 0.064 0.063
HSIC 0.026 0.025 0.025 0.026 0.087 0.086 0.086 0.086
HSIC (ours) 0.009 0.005 0.007 0.007 0.026 0.023 0.019 0.0178
PRremover 0.027 0.026 0.026 0.026 0.035 0.033 0.032 0.031

PRremover (ours) 0.008 0.007 0.007 0.007 0.011 0.009 0.007 0.006
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Figure 5. Experimental results with Adult dataset (Gender as sensitive attribute) of fairness generalization error and our bound in
Theorem 5 (DP) as a function of the total number of training samples 7.
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Figure 6. Experimental results with Adult dataset (Race as sensitive attribute) of fairness generalization error and our bound in Theorem 5
(DP) as a function of the total number of training samples n.
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