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Abstract
Despite substantial progress in promoting fairness
in high-stake applications using machine learning
models, existing methods often modify the train-
ing process, such as through regularizers or other
interventions, but lack formal guarantees that fair-
ness achieved during training will generalize to
unseen data. Although overfitting with respect
to prediction performance has been extensively
studied, overfitting in terms of fairness loss has
received far less attention. This paper proposes a
theoretical framework for analyzing fairness gen-
eralization error through an information-theoretic
lens. Our novel bounding technique is based on
Efron–Stein inequality, which allows us to derive
tight information-theoretic fairness generalization
bounds with both Mutual Information (MI) and
Conditional Mutual Information (CMI). Our em-
pirical results validate the tightness and practical
relevance of these bounds across diverse fairness-
aware learning algorithms. Our framework offers
valuable insights to guide the design of algorithms
improving fairness generalization.

1. Introduction
As machine learning advances, its deployment in high-
stakes applications, such as hiring, financial lending,
and criminal justice, has raised critical fairness concerns
(Mehrabi et al., 2021; Li & Liu, 2022; Barocas et al., 2019).
Deep learning models often inherit biases from the data they
are trained on, potentially leading to inequitable outcomes
for certain groups (Pessach & Shmueli, 2022; Ruggieri et al.,
2023). Addressing these issues is particularly challenging
because neural networks rely on high-dimensional, com-
plex representations, which can obscure underlying biases
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(Zemel et al., 2013). To mitigate these risks, various fairness
interventions (Barocas et al., 2019; Zafar et al., 2017; Lee
et al., 2021), particularly regularization-based in-processing
methods (Kamishima et al., 2012; Baharlouei et al., 2020;
Mroueh et al., 2021; Li et al., 2022; Lee et al., 2022; Al-
ghamdi et al., 2022; Shui et al., 2022), have been proposed
to ensure equitable predictions without significantly com-
promising model performance.

All these in-processing approaches are built on the implicit
assumption that imposing fairness constraints during train-
ing will inherently generalize and maintain these fairness
standards on new, unseen data. However, neural networks
are known for their strong memorization capabilities, often
leading to overfitting with limited training data. This sug-
gests that the aforementioned assumption may not hold, and
neural networks could exhibit ‘fairness overfitting.’

Is there a ‘fairness overfitting?’ To investigate this ques-
tion, we conduct experiments on the COMPAS dataset (Lar-
son et al., 2016). We evaluate the performance of the stan-
dard Empirical Risk Minimization (ERM) approach along-
side three fairness regularization techniques. The results,
presented in Figure 1, reveal that all these algorithms exhibit
fairness overfitting, characterized by a noticeable fairness
generalization error, particularly in the low data regime.
Furthermore, the impact of different fairness techniques
on fairness generalization errors varies. While some ap-
proaches slightly mitigate the generalization error, others
worsen it, in certain cases doubling the generalization error
compared to ERM. This highlights the need for a deeper
theoretical understanding of fairness generalization, which
is the main goal of this paper.

One key insight from these observations is that neural net-
works exhibit fairness overfitting, and the fairness general-
ization depends on both the data and the algorithms. This
paper introduces a theoretical framework for understanding
fairness generalization through information-theoretic tools.
These tools, which account for both data- and algorithm-
dependent factors (Xu & Raginsky, 2017; Harutyunyan
et al., 2021; Wang & Mao, 2023) rather than relying solely
on model complexity as in traditional VC-dimension anal-
ysis (Sontag et al., 1998; Harvey et al., 2017), provide a
rigorous foundation for understanding and characterizing
the fairness-generalization behavior of machine learning
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Figure 1. Fairness training error (left), Fairness test error (middle), and fairness generalization error (right), i.e., the difference between
test fairness and training fairness error, are shown as functions of the number of training samples, using the COMPAS dataset with gender
as the sensitive attribute. Experimental details are provided in Section 6.

models.

In the context of fairness generalization, prior work has de-
rived guarantees for DP and EO within specific algorithmic
frameworks and loss functions (Woodworth et al., 2017;
Agarwal et al., 2018). While informative, these analyses
primarily address sample complexity and do not account
for broader algorithmic or data-dependent factors. More
closely related is the work of Oneto et al. (2020b), which
provides bounds under randomized algorithms, but their
KL-based formulation is not practically computable in mod-
ern settings, e.g., deep neural network. In this paper, we
aim to develop a more general and tractable framework for
fairness generalization that accommodates a wider class of
loss functions and learning algorithms, while capturing key
data-specific and algorithmic factors. A detailed related
work discussion is presented in Appendix A.

Our main contributions are as follows:

• We introduce the concept of fairness generalization to
quantify and analyze how fairness properties observed
during training extend to unseen test data. This concept
provides a foundation for understanding the challenges
posed by fairness overfitting during model training.

• We propose a novel bounding technique based on the
Efron–Stein inequality, enabling the derivation of tighter
information-theoretic bounds tailored for fairness gen-
eralization. Our bounds, presented in terms of Mutual
Information (MI) and Conditional Mutual Information
(CMI), offer rigorous insights into the different factors
affecting fairness generalization.

• We conduct extensive empirical experiments on standard
fairness datasets, including COMPAS and Adult. These
experiments highlight the tightness of our bounds and
their ability to capture the complex behavior of the fair-
ness generalization error, providing valuable insights for
future algorithm design.

Notations: We use upper-case letters to denote random
variables, e.g., Z, and lower-case letters to denote the
realization of random variables. EZ�P denotes the ex-
pectation of Z over a distribution P . For a pair of ran-
dom variables W and Z, their joint distribution is de-
noted as PW;Z. Let W be an independent copy of W,
and Z be an independent copy of Z, such that PW;Z =

PW 
 PZ. For random variables X, Y and Z, I(X; Y) ,
D(PX;YkPX 
 PY) denotes the mutual information (MI),
and Iz(X; Y) , D(PX;YjZ=zkPXjZ=z
PYjZ=z) denotes
disintegrated conditional mutual information (CMI), and
EZ[IZ(X; Y)] = I(X; YjZ) is the standard CMI. We will
also use the notation X;Yjz to simplify X;YjZ = z when
it is clear from the context.

2. Fairness Generalization error
2.1. Problem Formulation

Let X , T , and Y denote the spaces of features, sensitive
attributes (e.g., race or gender), and labels, respectively,
with random variables X, T, and Y taking values in these
spaces. Suppose that a training set S , f(Xi;Ti;Yi)gni=1

contains n i.i.d. samples Zi 2 Z generated from the
distribution PZ, where Vi = (Xi;Ti) 2 V , and Zi =
(Vi;Yi) = (Xi;Ti;Yi). For simplicity, we consider the
case of the binary sensitive attribute, i.e., T = f0; 1g. The
learning algorithm A then takes S as input and produces
a hypothesis W 2 W , which is characterized by the con-
ditional distribution PWjS. Furthermore, given a set of
indices u = fuigmi=1 2 f1; � � � ; ngm with size m, let
Zu = fZuigmi=1 be the set of training samples indexed
by u. In addition, we denote by Xu = f(Xui)gmi=1 and
Vu = f(Xui ;Tui)gmi=1. Furthermore, in the remaining
part of the paper, we denote by nV

0 and nV
1 the total number

of samples in V with sensitive attribute Ti = 0 and Ti = 1,
respectively.
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Here, we illustrate the de�nition of fairness generalization
using the widely recognized fairness metric “Demographic
Parity” (DP) (Barocas et al., 2019), which aims to ensure
that a machine learning model's predictions are independent
of the sensitive group. In Section 5, we show how to extend
our analysis to other metrics, e.g., equalized odds. Formally,
demographic parity is satis�ed when the probability of a
speci�c prediction (saŷy = f (w; x)) is invariant to the
sensitive attribute, i.e.,̂Y ? T . To quantify this, we de�ne
the fairness-empirical risk for DP as follows:

`F
E (w; S) ,

�
�
�

1
n0 + 2

X

T i =0

f (w; x i )

�
1

n1 + 2

X

T i =1

f (w; x i )
�
�
� ; (1)

wheren0 andn1 denote the number of samples inS with
sensitive attribute 0 and 1, respectively. Given a model
w and a datasetS, `F

E (w; S) quanti�es the discrepancy in
predictions across sensitive groups.
Remark1. In (1), we normalize usingnt + 2 instead of
directly usingnt to prevent extreme cases of division by
zero whenn0 = 0 or n1 = 0 .

The fairness-population risk, which captures the expected
discrepancy in model predictions across sensitive groups,
averaged over the data-generating distributionPS , is

`F
P (w; PS) , EPS [`F

E (w; S)]: (2)

Thus, the expected fairness generalization error, which quan-
ti�es the degree of fairness over-�tting can be de�ned as:

De�nition 1. The fairness generalization error is

genfairness , EPW ; S [`F
P (W ; PS) � `F

E (W ; S)]; (3)

wherePW ;S is induced by the learning algorithmPW jS and
data generating distributionPS .

The generalization error, de�ned in De�nition 1, measures
the discrepancy between the fairness-population risk and the
fairness-empirical risk. The primary goal of this paper is to
understand and derive bounds for the fairness generalization
error, a crucial aspect often overlooked in fairness-aware
learning algorithms.

2.2. Key Challenges

Compared to the standard generalization error, we outline
the following key challenges in analyzing the fairness gen-
eralization error:

• Dependence on Sensitive Attributes:The conditioning
on the sensitive attributeT is pivotal in the fairness em-
pirical risk, as expressed in (1). Designing bounds neces-
sitates careful consideration of how the fairness loss func-
tion depends on the sensitive attribute, which is why we

present separate bounds for DP and equalized odds (EO)
in Section 5. This dependence adds additional complexity,
making the derivation of tight bounds more challenging
than in standard generalization error analyses.

• No Sample-Based Formulation: Individual sample-
based formulations (Bu et al., 2020; Wang & Mao, 2023;
Laakom et al., 2024) are widely used to derive tighter
bounds in information-theoretic generalization error anal-
yses, leveraging the fact that the standard empirical risk
is an average of the loss function over individual training
samples. However, it is not the case for fairness general-
ization error, as the fairness loss`F

E (W ; S) is inherently
group-dependent, requiring multiple samples for compu-
tation and cannot be reduced to individual sample-based
terms. Consequently, existing bounding techniques (Bu
et al., 2020; Wang & Mao, 2023; Laakom et al., 2024) are
not directly applicable in this context.

• Sub-Gaussian/boundedness Assumptions:In standard
empirical risk, the loss function is averaged over i.i.d. sam-
ples, and generalization bounds are commonly derived
using sub-Gaussian assumptions onf (w; X ) to establish
a 1=

p
n convergence rate (Xu & Raginsky, 2017; Steinke

& Zakynthinou, 2020). However, as`F
P (W ; PS) is not a

simple average off (w; x i ), sub-Gaussian assumptions or
even boundedness leads to loose bounds in our case.

3. General Methodology

The idea of deriving information-theoretic bounds using a
subset of data (of sizem) rather than the full dataset was
�rst introduced by Harutyunyan et al. (2021), which also
demonstrated that individual-based bounds (m = 1 ) provide
the tightest analysis for standard generalization. Building
upon this idea and to address group-based losses, Dong et al.
(2024) proposed a bounding technique that decomposes the
generalization error by leveraging different permutations of
a subset of training dataZu and rewriting the generaliza-
tion error as the average over the different errors de�ned
using these permutations. Directly leveraging this approach,
Lemma 1 presents a preliminary bound for the fairness gen-
eralization error, as formalized in De�nition 1:

Lemma 1. Assume thatjf j 2 [0; 1], then for anym 2
f 2; � � � ; ng,

genfairness �
1

jCm
n j

X

u2 C m
n

p
2I (W ; V u ); (4)

whereCm
n is the set ofm-combinations.

The proof is provided in E.1. In contrast to Dong et al.
(2024), wherem is prede�ned by the loss function,m here
is a �exible hyperparameter, similar to Harutyunyan et al.
(2021), that controls the number of samples used to decom-
pose the loss in (1) when deriving the bound.
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Although Lemma 1 provides an important �rst step toward
bounding fairness generalization error, it does not explic-
itly leverage the structure of fairness losses, resulting in
an overly general bound but consequently too loose. This
limitation can be rooted in the proof of Lemma 1, where
the technique proposed by Dong et al. (2024) addresses the
“No Sample-Based Formulation” challenge discussed in Sec-
tion 2.2. However, its primary limitation is that it still relies
on the boundedness of`F

P (W ; PS) to bound its log-moment
generating function, encountered in Donsker-Varadhan's
variational representation, which yields the loose bound.
Hence, while Lemma 1 offers a valuable starting point, it
does not address all the challenges in Section 2.2.

In the following, we propose an alternative technique that
effectively addresses the remaining challenges and derives
tight bounds for the log-moment generating function. The
key result, presented in Lemma 2, represents the �rst major
contribution of this paper.

Lemma 2. Let g(V ) = g(V 1; V 2; : : : ; V m ) be a real-
valued square-integrable function ofm i.i.d random vari-
ables. Given �xedv = ( v1; : : : ; vm ) and an indexi 2
f 1; : : : ; mg, de�ne ~vi = (~v1; : : : ; ~vm ) such that~vj = vj

for all j 6= i except oni , i.e., ~vi 6= vi . If g(v) satis�es the
following condition for a �xednv

0 (and as a consequence
nv

1 = m � nv
0),

sup
v2V m ;~v i

i 2V
jg(v) � g(~vi )j � �; 1 � i � m; (5)

where� may depend onnv
0 . Then, we have

Var( g(V )) �
m
4

E[� 2]: (6)

The proof of Lemma 2, provided in Appendix B.1, lever-
ages the Efron–Stein inequality (Boucheron et al., 2013)
and the law of total expectation. Lemma 2 provides a
bound for the variance of any smooth function de�ned over
independent random variables. As will be shown in the
proofs of all subsequent Theorems 1-5, this result offers
a �exible approach that, when combined with Hoeffding's
lemma, serves as a powerful alternative to the traditional sub-
gaussian/boundedness assumption. This bounded difference
setup is particularly well-suited for analyzing generalization
errors of loss functions beyond simple average, e.g., the
fairness loss in (1).
Remark2. The variational bounded difference condition
introduced in (5) is similar to the condition in McDiarmid's
inequality (Doob, 1940), as it captures the sensitivity of
the functiong(v) to perturbations in its inputs. However,
a notable distinction lies in the fact that in our case� is a
random variable as it depends onnV

0 , as opposed to the �xed
constants typically assumed in McDiarmid's inequality.
Remark3. The square-integrability assumption in Lemma 2
is required for the application of the Efron-Stein inequality.

In our setting, this condition is naturally satis�ed because all
the random variables involved (i.e.,jf j2 [0; 1]) are bounded.
Since any bounded random variable is square-integrable,
this ensures that the assumption holds in our case.

4. Demographic Parity

In this section, we present fairness generalization error
bounds speci�cally tailored for the DP loss de�ned in (1).

4.1. Mutual Information-based Bounds

In order to leverage Lemma 2 in the context of De�nition 1,
we derive a bound on the sensitivity of`F

E (w; vu ) with re-
spect tovu . The main result is presented in Lemma 3.

Lemma 3. Assume thatjf j 2 [0; 1]. let g : Vm ! R
be de�ned asg(v) = g(v1; : : : ; vm ) = `F

E (w; v), where
`F

E (w; v) is de�ned (1). Then, for a �xedw 2 W and a
�xed nv

0 andnv
1 , for any1 � i � m, we have

sup
v2V m ;~v i 2V

jg(v) � g(~vi )j �
1

H(nv
0 ; nv

1)
; (7)

whereH denotes a shifted harmonic mean operator, i.e.,
8f ai gk

i =1 ; H(a1; � � � ; ak ) = 1
1

a 1 +2 + ��� + 1
a k +2

.

The proof is provided in Appendix C.1. Lemma 3 estab-
lishes a direct link between the sensitivity of`F

E (w; v) to
individual perturbations inv and the group sizesnv

0 andnv
1

for any �xed w. With the key component established in
Lemma 3, we present the �rst information-theoretic bound
for the fairness generalization error of DP in De�nition 1.
The main result is presented in Theorem 1, which provides
a bound in terms of the MI between the output hypothesis
W and a subset of the training samplesV u .

Theorem 1. Assume thatjf j 2 [0; 1], then for any hyper-
parameterm 2 f 2; � � � ; ng, we have

genfairness (8)

�
1

jCm
n j

X

u2 C m
n

s
m
2

EV u

� 1

H(nV u
0 ; nV u

1 )2

�
I (W ; V u );

whereCm
n is the set ofm-combinations.

The proof, detailed in Appendix C.2, leverages Donsker-
Varadhan's variational representation of KL divergence
along with both Lemmas 2 and 3. Theorem 1 sheds light on
the behavior of fairness-generalization performance, which
implies that the less dependent the output hypothesisW is
on the input samplesV = ( X ; T ), the more effectively the
learning algorithm generalizes.
Remark4. The MI terms encountered in conventional MI-
generalization error bounds, e.g., (Bu et al., 2020; Wang
& Mao, 2023; Harutyunyan et al., 2021), typically involve
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dependence on the labelY , i.e., I (W ; Z). However, an
intriguing aspect of Theorem 1 is that the bound is label-
independent, with the MI terms involving explicitly only
V = ( X ; T ). This observation underscores the distinct
nature of the DP fairness generalization error.
Remark5. The term 1

H(n V u
0 ;n Z u

1 )
= 1

n Z u
0 +2 + 1

n Z u
1 +2 quan-

ti�es the impact of group imbalances among different sen-
sitive attributes, encapsulating how the relative sizes of the
sensitive groups in�uence the fairness generalization error.
Notably, this term is minimized whennZ u

0 = nZ u
1 for a

�xed sample size. To the best of our knowledge, Theorem
1 provides the �rst fairness-generalization bound explicitly
linking this error to group imbalance, offering new insights
into this critical factor.
Remark6. Unlike Dong et al. (2024), where the value of
m is determined by the speci�c loss function, Theorem 5
introducesm > 1 as a hyperparameter of the bound, inde-
pendent of the learning algorithm and the form of the loss
function. This parameter governs both the size of the subset
u and the number of terms considered in the bound's sum-
mation. Notably, settingm = n (or m = n � 1) simpli�es
the bound to one term (orm terms) that scales as1=

p
n

and is easy to estimate. In contrast, choosingm < n � 1
reducesI (W ; V u ) by incorporating more terms, albeit at
the cost of increased estimation complexity.

4.2. Conditional Mutual Information-based Bounds

One drawback of the proposed bound in Theorem 1 is that it
can be vacuous and challenging to compute in practice, due
to its dependence on the potentially high-dimensional model
weightsW . To address this issue, the conditional mutual
information (CMI) framework, introduced by Steinke & Za-
kynthinou (2020), has been demonstrated in recent studies
(Hellström & Durisi, 2022; Wang & Mao, 2023; Laakom
et al., 2024) to yield practical generalization error bounds,
even whenW are high-dimensional and continuous.

In this section, we extend our fairness-generalization anal-
ysis using CMI with the super-sample framework. In par-
ticular, we assume that there aren pairs of super-samples
Z [2n ] = ( Z0;1

1 ; � � � ; Z0;1
n ) 2 Z 2n i.i.d generated fromPZ .

The training dataS = ( Z R 1
1 ; ZR 2

2 ; � � � ; ZR n
n ) are selected

from Z [2n ], whereR = ( R 1; � � � ; R n ) 2 f 0; 1gn is the se-
lection vector composed ofn independent uniform random
variables. Intuitively,R i selects sampleZR i

i from the super-

sampleZ0;1
i to be used in training, and the remainingZR i

i

is for the test. LetS = ( Z R 1
1 ; ZR 2

2 ; � � � ; ZR n
n ). Therefore,

analogous to De�nition 1, we have a similar de�nition of
fairness generalization error in the super-sample setting.

De�nition 2. The fairness generalization error in the super-
sample framework is:

genfairness , EPW ; Z [2 n ] ; R [`F
E (W ; S) � `F

E (W ; S)]: (9)

Relaxing the sub-Gaussianity.Similar to the MI setting,
we aim to provide an alternative to the sub-Gaussian condi-
tion for the fairness generalization error in the CMI frame-
work. Lemma 4 establishes an inequality that bounds the
log-moment generating function of`F

E (w; Su ) � `F
E (w; Su )

in terms of the structure of the data.

Lemma 4. 8� 2 R, andjf j 2 [0; 1], we have

log
�

ER u jZ [2 n ] = z[2 n ] ;W = w

�
e� ( ` F

E (w; Su ) � ` F
E (w; Su )) � �

�
� 2m

8
E

h 1

H
�
nSu

0 ; nSu
1 ; nSu

0 ; nSu
1

� 2

i
: (10)

The detailed proof is available in Appendix C.3 and is based
on Lemmas 2 and 3 along with Hoeffding's lemma. Lemma
4 is a fundamental element in all the subsequent proofs,
as it provides an alternative approach to tightly bound the
log-moment generating function typically encountered in
Donsker-Varadhan's variational representation.

Theorem 2 presents a bound for the fairness generalization
error de�ned in De�nition 2 using the disintegrated CMI
betweenW and the selection variableR u conditioned on
super-samplez[2n ].

Theorem 2(CMI bound). Assume thatjf j 2 [0; 1], then for
anym 2 f 2; � � � ; ng, we have

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

(11)

s
m
2

ER u

h 1

H
�
nSu

0 ; nSu
1 ; nSu

0 ; nSu
1

� 2

i
I z[2 n ] (W ; R u )

i
;

whereCm
n is the set ofm-combinations.

The full proof is provided in Appendix C.4. The bound
in Theorem 2 has an explicit dependency on the weights
W . This dependency highlights that fairness over�tting
is in�uenced by the extent to which the random selection
process reveals information about the model's weights.

One approach to tightening the bound in Theorem 2 is to
leverage the model's predictions rather than its weights, as
thef -CMI bound proposed by Harutyunyan et al. (2021).
In this context, instead of directly usingI Z [2 n ] (W ; R u ), we
consider the predictionsFu = ( f (W ; X 0

u ); f (W ; X 1
u )) .

Theorem 3(f -CMI bound). Assume thatjf j 2 [0; 1], then
for anym 2 f 2; � � � ; ng, we have

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

(12)

s
m
2

ER u

h 1

H
�
nSu

0 ; nSu
1 ; nSu

0 ; nSu
1

� 2

i
I z[2 n ] (Fu ; R u )

i
;

whereCm
n is the set ofm-combinations.
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To achieve even tighter bounds, inspired by Hellström &
Durisi (2022), we can incorporate the the fairness loss pairs
L u = ( `F

E (W ; V 0
u ); `F

E (W ; V 1
u )) . This leads to the follow-

ing main result established in Theorem 4.

Theorem 4(e-CMI bound). Assume thatjf j 2 [0; 1], then
for anym 2 f 2; � � � ; ng, we have

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

(13)

s
m
2

ER u

h 1

H
�
nSu

0 ; nSu
1 ; nSu

0 ; nSu
1

� 2

i
I z[2 n ] (L u ; R u )

i
;

whereCm
n is the set ofm-combinations.

GivenZ [2n ], the sequenceR u ! W ! f (W ; X 0;1
u ) !

L u forms a Markov chain. Therefore, by the data processing
inequality,f -CMI bound in Theorem 3 is tighter than CMI
bound in Theorem 2, and e-CMI bound in Theorem 4 is
tighter thanf -CMI in Theorem 3.

However, the main limitation of Theorem 4 remains its com-
putational cost. Speci�cally, sinceR u is multidimensional
(of sizem) andL u is both continuous and multidimensional,
estimating the bound becomes challenging in practice. To
address this issue, we leverage the loss-difference technique
proposed in (Dong et al., 2024), which reduces the dimen-
sionality of both terms to one.

To this end, we de�ne� u = f Ru 1 � Ru i g
m
i =2 2 f 0; 1gm � 1,

where� denotes the XOR operation. Given a binary value
b, we de�neb
 � u = ( b;f � u i � bgm � 1

i =1 ) 2 f 0; 1gm . To
simplify the notation, we denote0 
 � u and1 
 � u as
� �

u and� +
u , respectively.L � u

u = ( L � �
u ; L � +

u ) denotes a

pair of losses, while� � u L u = L � +
u

u � L � �
u

u denotes their
difference. The main result is presented in Theorem 5.

Theorem 5(� LCMI bound). Assume thatjf j 2 [0; 1], then
for anym 2 f 2; � � � ; ng, we have

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

(14)

s
m
2

ER u

h 1

H
�
nSu

0 ; nSu
1 ; nSu

0 ; nSu
1

� 2

i
I z[2 n ] (� L � u

u ; R u 1 )
i
;

whereCm
n is the set ofm-combinations.

GivenZ [2n ], the sequenceR ! (L u ; � u ) ! � L � u
u forms

a Markov chain. Using the data processing inequality and
the independence of� u andR u 1 , we obtain

I z[2 n ] (� L � u
u ; R u 1 ) � I z[2 n ] (L u ; � u ; R u 1 )

= I z[2 n ] (L u ; R u 1 j� u )

= I z[2 n ] (L u ; R u ) � I z[2 n ] (L u ; � u )

� I z[2 n ] (L u ; R u ) (15)

This establishes that Theorem 5 is tighter than Theorems 3
and 4. Intuitively, the difference between two loss values,
� L � u

u , conveys signi�cantly less information about the se-
lection processR u 1 compared to the pairL u .

5. Equalized Odds

In this section, we extend our general bounding framework
to address fairness under aseparation-basednotion, i.e., the
Equalized Odds (EO) (Hardt et al., 2016).

5.1. Problem Formulation for EO

Under aseparation-basedfairness notion, the requirement
is bY ? T jY , indicating that the predicted labelbY is con-
ditionally independent of the sensitive attributeT , given
the true labelY . Extending our previous analysis of DP to
this case introduces �ner-grained fairness requirements by
accounting for dependencies within each label class. In this
section, we assume a binary label case,Y 2 f 0; 1g, which
is typical in EO formulations. In addition, our hypothesis
W produces prediction outputsf (W ; X ) 2 [0; 1].

Comparison with DP. In the EO setting, we split samples
not only byT 2 f 0; 1g but also byY 2 f 0; 1g. For t 2
f 0; 1g, y 2 f 0; 1g, let nt;y =

P n
i =1 1f T i = t; Y i = yg.

Then the fairness empirical risk for EO can be written as

`FS
E (w; S) = `FS

E (w; Sj Y =0) + `FS
E (w; Sj Y =1) ; (16)

where

`FS
E (w; Sj Y = y) =

�
�
�

1
n0;y + 2

X

T i =0 ; Y i = y

f (w; x i ) (17)

�
1

n1;y + 2

X

T i =1 ; Y i = y

f (w; x i )
�
�
� :

The EO differs from DP in its conditional requirement: DP
evaluates dependence between predictions andT uncondi-
tionally, while EO measures fairness by conditioning each
label classY . This distinction re�nes the fairness loss
to capture the in�uence ofT on predictions within sub-
populations de�ned byY (a dependency re�ected in the
function`FS

E (W; S), which now accounts for thejoint dis-
tribution over bothT andY ). Despite these conceptual
differences, the bounding methodology remains similar, uti-
lizing Lemma 2 in the context of De�nition 1 with EO loss.
We maintain the same notation and subset enumeration as
in the DP setting to ensure continuity in the analysis.

5.2. Generalization Error Bounds for EO

We will show that̀ FS
E (W ; S) satis�es a similar bounded-

differences condition as in the DP setting, but with subgroup
sizes partitioned by bothT andY .
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Figure 2.Evaluation of fairness generalization bounds on the COMPAS dataset (gender as sensitive attribute) as a function of training set
sizen. Top: DP methods and corresponding bound from Theorem 5. Bottom-left&middle: EO methods and corresponding bound from
Theorem 7. Bottom-right: Scatter plot showing the correlation between our DP bound and observed fairness generalization error. The
results con�rm the tightness and reliability of our bounds across different methods.

Lemma 5. Fix w 2 W and a �xednZ u
0;0, nZ u

1;0, nZ u
0;1, nZ u

1;1.
Let g : Z m ! R be de�ned as follows:g(z1; : : : ; zm ) =
`FS

E (w; zu ), where`FS
E (w; zu ) is de�ned (16). Then, for any

1 � i � n, we have

sup
zu ; ~z i

u

�
�g(zu ) � g(~zi

u )
�
� �

2

min( t;y )
�
nZ u

t;y + 2
� ; (18)

wherejf (w; x i )j is bounded by 1 in the binary case, and
min( t;y ) (nt;y + 2) is the smallest subgroup size across allt
andy.

The proof is provided in Appendix D.1. Lemma 5 employs
a similar bounding methodology as Lemma 3, which ex-
tends the bounded-differences property to the EO setting.
Both results are grounded in analyzing the sensitivity of the
function g(�) with input perturbations to derive an upper
bound that incorporates the number of subgroups. Notably,
Lemma 2 remains applicable across different fairness mea-
sures, serving as a general tool for bounding sensitivity to
individual sample perturbations, while adapting to distinct
loss functions and partitioning structures. In the case of EO,
the fairness risk̀FS

E is determined by the smallest(T ; Y )-
speci�c subgroup. This adaptation re�nes the bounded-
differences property to account for the joint structure ofT
andY .

Building on this result, we analyze the EO fairness gener-
alization gap, leveraging both mutual information and loss-
difference dependencies to quantify the impact of subgroup
imbalances on fairness generalization error.

Theorem 6. (EO Fairness MI Bound)Assumejf j 2 [0; 1].

For anym 2 f 2; � � � ; ng,

genfairness (19)

�
1

jCm
n j

X

u2 C m
n

s

2mEZ u

� 1

min( t;y )
�
nZ u

t;y + 2
� 2

�
I (W ; Zu ):

Compared to the DP bound in Theorem 1, the bound in
Theorem 6 depends on the smallest subgroup across both
T andY , while also capturing the dependence betweenW
and the joint distribution of(T ; Y ).
Theorem 7. (EO Fairness� L Bound)Assumejf j 2 [0; 1].
For anym 2 f 4; � � � ; ng, let

HCMI = H
�

min
( t;y )

�
nSu

t;y

�
; min

( t;y )

�
nSu

t;y

�
);

wheremin( t;y )
�
nSu

t;y

�
andmin( t;y )

�
nSu

t;y

�
are the smallest

subgroup sizes int; y for the training setSu and test setSu ,
then

genfairness �
1

jCm
n j

EZ [2 n ]

� X

u2 C m
n

(20)

r

2m ER u

h
1

H
2
CMI

i
I z[2 n ]

�
� L � u

u ; R u 1

�
�
;

Remark7. Theorem 7 quanti�es the dependence between
R u and theEO loss difference (� L � u

u ) via CMI, isolating
T 's in�uence on predictionsgivenY . More details can be
found in Appendix D.3.

As we show here, the proposed bound remains valid across
different subgroup structures and loss formulations, high-
lighting the framework's wide applicability. Unlike DP,

7
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where bounds depend solely on group sizes de�ned byT ,
our EO analysis explicitly accounts for the joint distribu-
tion of (T ; Y ). As a result, the bound captures subgroup
imbalances (viamin( t;y ) nt;y and� L � u

u ) and their impact
on fairness generalization errors.

6. Experiments

Empirical Setup In this section, we empirically assess the
effectiveness of our fairness generalization error bounds.
Speci�cally, we evaluate the bounds from Theorems 4 and 7
in the context of deep neural networks. Following Han
et al. (2024), we conduct experiments using on two widely
studied datasets in fairness research with gender or race used
as the sensitive attribute: i) TheCOMPAS (Larson et al.,
2016) dataset, which involves recidivism prediction based
on criminal and demographic records. ii) TheAdult (Kohavi
& Becker, 1996) dataset, derived from U.S. Census data,
which focuses on income prediction.

We compare multiple fairness algorithms, including Em-
pirical Risk Minimization (ERM), three DP in-processing
approaches (Demographic Hilbert-Schmidt Independence
Criterion (HSIC) (Baharlouei et al., 2020; Li et al., 2022),
DiffDP (Mroueh et al., 2021), and Prejudice Remover (PRe-
mover) (Kamishima et al., 2012)), as well as two EO meth-
ods (DiffOdd and DiffEopp (Mroueh et al., 2021)). All
approaches follow the same training protocol (architectures,
hyperparameters, etc.) as in Han et al. (2024).

To evaluate our bounds, we adopt the same setup as in Haru-
tyunyan et al. (2021), reporting the mean and standard devi-
ation over theZ [2n ] realizations. The CMI terms in Theo-
rems 5 and 7, which involve one discrete and one continuous
variable, are estimated using the method from Ross (2014).
Additional details about the experimental setup are provided
in Appendix F.1. Each data point in our experiments corre-
sponds to a total of1050runs.

Bound tightness:In Figure 2, we present the fairness gener-
alization error of models trained with different algorithms on
the COMPAS dataset with gender as the sensitive attribute.
The top row reports the results for different DP approaches
along with our corresponding bound (Theorem 5), while
the �rst two columns of the second row show the results
for different EO approaches along with our corresponding
bound (Theorem 7). As can be seen, the proposed bounds
consistently capture the true fairness generalization error
across the various settings. These �ndings validate the theo-
retical results and underscore the utility of our framework
in providing meaningful guarantees for fairness generaliza-
tion in real-world applications. The additional results on
the other datasets, provided in Appendix F.2, are consistent
with these �ndings.

Bound-error correlation analysis: To further analyze the

relationship between our bounds and fairness generalization
error, we generate scatter plots comparing the bound from
Theorem 5 with the true observed DP fairness error on the
COMPAS datasets. The plot, in the bottom-right corner
of Figure 2, reveals that our bound exhibits a strong linear
relationship with the true fairness generalization, reinforcing
its reliability as an indicator of generalization performance.

Batch Balancing: One of the key insights of Theorem 1
is the connection between fairness generalization error and
group imbalance, highlighting that balancing groups in train-
ing data can result in tighter generalization bounds. Moti-
vated by this result, we introduce a simple batch-balancing
technique, where we ensure that the different groups are
proportionally balanced within eachtraining batch. In par-
ticular, we sample half of the batch samples from each
sensitive group (e.g., gender: Male and Female), ensuring
equal representation in each batch, thereby mitigating the
impact of group imbalance.

To evaluate the effectiveness of this technique, we conduct
extensive experiments with various methods, measuring its
impact on DP over unseen test data. The results, summa-
rized in Table 1 for COMPAS and Table 2 (Appendix F.3)
for Adult, demonstrate that our approach consistently re-
duces DP on test data across all methods for dataset sizes.
Remarkably, in some cases, it decreases the error by a factor
of 10, highlighting its impact on improving the performance
of different fairness methods. These �ndings not only vali-
date our theoretical results but also highlight their practical
relevance in developing effective strategies for enhancing
fairness in real-world applications.

7. Multiclass Extension

In this paper, our analysis mainly focuses on the binary
classi�cation setting, where the label spaceY = f 0; 1g. In
this context, we adopt the widely used group fairness criteria:
demographic parity de�ned asP(Ŷ j T =0) = P(Ŷ j T =
1) and equalized oddsP(Ŷ =1 j T =1 ; Y = y) = P(Ŷ =
0 j T = 0 ; Y = y) for y 2 f 0; 1g. These criteria are
equivalent to the notions of independence and separation,
respectively, as formalized in prior work (Mroueh et al.,
2021; Madras et al., 2018).

Extending DP and EO beyond binary labels to multiclass
settings is nontrivial and remains an open challenge, with
no universally accepted de�nition of the loss function. Sev-
eral approaches have been proposed, including information-
theoretic formulations based on mutual information (Gupta
et al., 2021), dependence measures such as distance correla-
tion (Guo et al., 2022), and direct multiclass analogues of
binary fairness criteria (Denis et al., 2021). To demonstrate
the �exibility of our framework, we consider a concrete
multiclass extension aligned with the de�nition in (Denis
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Table 1.Effect of batch balancing on DP errors with the COMPAS dataset. We report DP on test data for various approaches, with and
without our proposed batch-balancing strategy. The results show that balancing consistently reduces DP by an order of magnitude. This
empirically supports the theoretical insights of Theorems 1- 5 regarding the role of group imbalance in fairness generalization error.

sensitive attribute: gender sensitive attribute: race

250 500 1000 1500 2000 2500 250 500 1000 1500 2000 2500

DiffDP 0.056 0.044 0.035 0.028 0.025 0.026 0.053 0.037 0.026 0.020 0.017 0.017
DiffDP (ours) 0.042 0.025 0.009 0.005 0.003 0.003 0.045 0.024 0.011 0.007 0.006 0.005

HSIC 0.101 0.098 0.101 0.099 0.097 0.098 0.088 0.072 0.062 0.056 0.055 0.055
HSIC (ours) 0.059 0.044 0.022 0.016 0.010 0.008 0.069 0.048 0.027 0.022 0.018 0.016

PRremover 0.128 0.134 0.138 0.137 0.137 0.136 0.159 0.162 0.154 0.149 0.150 0.151
PRremover(ours) 0.106 0.119 0.125 0.126 0.126 0.126 0.144 0.149 0.147 0.142 0.143 0.142

et al., 2021), showing that our proof technique is general
and easily extends to more complex output spaces.

In the multiclass case, the predictorŷ = f (w; x) maps
into a broader output range, speci�cally[0; a] rather than
f 0; 1g. In the context of EO, consider our use of the Total
Variation (TV) loss as a fairness measure to quantify the
difference between prediction distributions conditioned on
different labels. Speci�cally, we useY = f 0; 1; 2; 3g as a
demonstration.

For each true labely 2 f 0; 1; 2; 3g, we de�ne the TV loss
as follows:

`FS
E (W ; S j Y = y) =

1
2

3X

c=0

�
�
�P(Ŷ = c j Y = y; T =0)

� P(Ŷ = c j Y = y; T =1)
�
�
� ;

(21)

which, in practice, can be approximated by

`FS
E (W ; S j Y = y) =

1
2

3X

c=0

�
�
�
�

n0;y;c

n0;y + 2
�

n1;y;c

n1;y + 2

�
�
�
� :

(22)
Here,nt;y;c =

P n
i =1 1f T i = t; Y i = y; Ŷ = cg counts

the number of speci�c pairs in the training data.

We then de�ne an aggregate function over the true labels:

g(Zu ) =
X

y2f 0;1;2;3g

`FS
E (W ; Zu j j rmY = y): (23)

Based on this multi-class extension of the EO loss, similar
to the proof of Lemma 5, we can establish the following

sup
zu ; ~z i

u

jg(zu ) � g(~zi
u )j �

2

min( t;y ) f nZ u
t;y + 2g

: (24)

Thus, our technical arguments extend naturally to the multi-
class setting, and similar bounds to Theorems 6 and 7 can be

obtained in this case. Interestingly, the value ofa, i.e., the
number of classes, does not affect (24) and the �nal bound.
The key point is that, even if the prediction functionf is
allowed to take any value in[0; a], changing one sample
affects the probability estimates (and hence the TV loss)
by at most a �xed amount (i.e., at most 1) regardless ofa.
In other words, whilef 's output may be scaled bya, the
impact on the fairness loss (measured in terms of probability
differences) remains unchanged.

8. Conclusion & Future Work

Our theoretical analysis of fairness generalization reveals
key interactions between sensitive group imbalances, model
capacity, and fairness over�tting through MI and CMI
bounds. Additionally, we introduce a new variance-based
bounding technique using Efron–Stein inequality that im-
proves upon traditional sub-Gaussian assumptions, leading
to tighter results. Empirical evaluations validate both the
effectiveness and tightness of the proposed bounds.

Crucially, our framework provides a uni�ed approach for an-
alyzing concentration properties across different loss struc-
tures. By leveraging Lemma 2 and Hoeffding's lemma, we
ensure that the variance is bounded by sensitivity to indi-
vidual sample perturbations. Integrating variance control
with information-theoretic mutual information bounds, our
framework provides guarantees for generalization across
various fairness criteria. This demonstrates the wide appli-
cability and the potential of our bounding approach.

Future work could involve extending our theoretical frame-
work to cases where the sensitive attributes are non-binary
sensitive attributes or continuous. Another potential direc-
tion is leveraging our bounding techniques in other contexts
that have similar challenges, i.e., group-based, non-i.i.d loss
functions.
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Wang, B., and Gagńe, C. On learning fairness and accu-
racy on multiple subgroups.Advances in Neural Informa-
tion Processing Systems, 35:34121–34135, 2022.

Singh, H., Singh, R., Mhasawade, V., and Chunara, R. Fair-
ness violations and mitigation under covariate shift. In
Proceedings of the 2021 ACM Conference on Fairness,
Accountability, and Transparency, pp. 3–13, 2021.

Sontag, E. D. et al. Vc dimension of neural networks.NATO
ASI Series F Computer and Systems Sciences, 168:69–96,
1998.

Steinke, T. and Zakynthinou, L. Reasoning about general-
ization via conditional mutual information. InConference
on Learning Theory, pp. 3437–3452. PMLR, 2020.

Tang, Z. and Zhang, K. Attainability and optimality: The
equalized odds fairness revisited. InConference on
Causal Learning and Reasoning, pp. 754–786. PMLR,
2022.

Wang, H., Gao, R., and Calmon, F. P. Generalization bounds
for noisy iterative algorithms using properties of additive
noise channels.J. Mach. Learn. Res., 24:26–1, 2023.

Wang, Z. and Mao, Y. On the generalization of models
trained with sgd: Information-theoretic bounds and im-
plications.arXiv preprint arXiv:2110.03128, 2021.

Wang, Z. and Mao, Y. Tighter information-theoretic gen-
eralization bounds from supersamples.arXiv preprint
arXiv:2302.02432, 2023.

Woodworth, B., Gunasekar, S., Ohannessian, M. I., and
Srebro, N. Learning non-discriminatory predictors. In
Conference on learning theory, pp. 1920–1953. PMLR,
2017.

Wu, X., Manton, J. H., Aickelin, U., and Zhu, J. Information-
theoretic analysis for transfer learning. In2020 IEEE
International Symposium on Information Theory (ISIT),
pp. 2819–2824. IEEE, 2020.

12



Fairness Over�tting in Machine Learning: An Information-Theoretic Perspective

Wu, X., Manton, J. H., Aickelin, U., and Zhu, J. On the gen-
eralization for transfer learning: An information-theoretic
analysis. IEEE Transactions on Information Theory,
2024.

Xu, A. and Raginsky, M. Information-theoretic analysis
of generalization capability of learning algorithms.Ad-
vances in Neural Information Processing Systems, 30,
2017.

Yoon, T., Lee, J., and Lee, W. Joint transfer of model
knowledge and fairness over domains using wasserstein
distance.IEEE Access, 8:123783–123798, 2020.

Zafar, M. B., Valera, I., Rogriguez, M. G., and Gummadi,
K. P. Fairness constraints: Mechanisms for fair classi�ca-
tion. In Arti�cial intelligence and statistics, pp. 962–970.
PMLR, 2017.

Zemel, R., Wu, Y., Swersky, K., Pitassi, T., and Dwork, C.
Learning fair representations. InInternational conference
on machine learning, pp. 325–333. PMLR, 2013.

Zhou, R., Tian, C., and Liu, T. Individually conditional
individual mutual information bound on generalization
error. IEEE Transactions on Information Theory, 68(5):
3304–3316, 2022.

Zhou, R., Tian, C., and Liu, T. Exactly tight information-
theoretic generalization error bound for the quadratic
gaussian problem.arXiv preprint arXiv:2305.00876,
2023.

13



Fairness Over�tting in Machine Learning: An Information-Theoretic Perspective

A. Extra Related Work

Information-theoretic Bounds: Information-theoretic bounds have gained signi�cant attention in recent years for charac-
terizing the generalization behavior of learning algorithms (Neu et al., 2021; Wu et al., 2020; Modak et al., 2021; Wang
& Mao, 2021; Shui et al., 2020; Wang et al., 2023; Alabdulmohsin, 2020). In the context of supervised learning, various
generalization error bounds have been proposed, utilizing different information measures, such as KL divergence (Laakom
et al., 2024; Zhou et al., 2023), Wasserstein distance (Rodr�́guez Ǵalvez et al., 2021), and mutual information between
the samples and model weights (Xu & Raginsky, 2017; Bu et al., 2020). More recently, it has been demonstrated that
tighter generalization bounds can be derived using conditional mutual information (CMI) (Steinke & Zakynthinou, 2020;
Zhou et al., 2022). Building on this framework, Harutyunyan et al. (2021) introducedf -CMI bounds based on model
outputs. Additionally, Hellstr̈om & Durisi (2022) proposed tighter bounds leveraging CMI of the loss function, further
improved by Wang & Mao (2023) through the use of� L CMI. An exact characterization of the generalization error for the
Gibbs algorithm is provided in (Aminian et al., 2021). Beyond standard supervised settings, Information-theoretic bounds
have been used to study contrastive learning (Dong et al., 2024), meta-learning (Chen et al., 2021; Jose & Simeone, 2021;
Rezazadeh et al., 2021), transfer learning (Wu et al., 2020; 2024), and class-generalization error (Laakom et al., 2024).

Algorithmic Fairness: Ensuring fairness in machine learning has become a critical area of research, aiming to mitigate
biases that may disadvantage certain individuals or groups. Fairness is broadly categorized intogroup fairness(Dwork
et al., 2012; Hardt et al., 2016; Corbett-Davies et al., 2017), which seeks to ensure equitable treatment across prede�ned
demographic groups, andindividual fairness(Dwork et al., 2012; Shari�-Malvajerdi et al., 2019), which enforces the
principle that similar individuals should receive similar predictions. Bias mitigation strategies are typically classi�ed
into three approaches:pre-processingmethods that modify the data before training (Kamiran & Calders, 2012; Calmon
et al., 2017),post-processingapproaches that adjust model predictions after training (Hardt et al., 2016; Jiang et al.,
2020), andin-processingtechniques, the main focus of this paper, that integrate fairness constraints within the learning
algorithm (Kamishima et al., 2012; Baharlouei et al., 2020; Mroueh et al., 2021; Lee et al., 2021; 2022; Shah et al., 2022;
Alghamdi et al., 2022; Shui et al., 2022; Mehrotra & Vishnoi, 2022).

Fairness Theory: In the theoretical analysis of fairness, prior works have primarily focused on the context of domain
adaptation, imposing strong assumptions on distributional shifts (Chen et al., 2022; Singh et al., 2021; Coston et al., 2019;
Rezaei et al., 2021). For instance, several studies have considered fairness under covariate shifts (Singh et al., 2021; Coston
et al., 2019; Rezaei et al., 2021), demographic shifts (Giguere et al., 2022), and prior probability shifts (Biswas & Mukherjee,
2021). However, these assumptions may not always hold in real-world scenarios, limiting their practical applicability (Chen
et al., 2022; Singh et al., 2021; Coston et al., 2019; Rezaei et al., 2021; Oneto et al., 2020a; Schumann et al., 2019; Yoon
et al., 2020). Beyond domain adaptation, Pham et al. (2023) provides a theoretical analysis of invariant representation
learning for domain generalization, establishing upper bounds on both prediction error and unfairness in terms of the
Jensen-Shannon (JS) distance. Additionally, Huang & Liu (2024) investigates the convergence rate between empirical and
population-level conditional distance covariances, which measure the statistical dependence between model predictions and
sensitive attributes. In this paper, we study a different problem, i.e., fairness over�tting in a supervised learning setting,
and derive information-theoretic bounds for generalization errors of different fairness losses. Another line of research
has focused on the impossibility of satisfying multiple group-level fairness criteria simultaneously Chouldechova (2017);
Kleinberg et al. (2016); Tang & Zhang (2022), highlighting the fundamental trade-offs between different fairness notions. In
contrast to these impossibility results, which establish lower bounds on population-level fairness risk, our work provides
upper bounds on fairness generalization error. Notably, a model can have low generalization error but still perform poorly in
terms of fairness on the population level.

Fairness Generalization:In the context of fairness generalization, it is worth highlighting the work of Woodworth et al.
(2017) and Agarwal et al. (2018), which derive generalization guarantees for loss functions corresponding to DP and
EO within speci�c algorithms. In contrast, our work targets a more general algorithmic framework in the DP and EO
setting, accommodating a wider range of loss functions. Moreover, while their analysis primarily focuses on overall sample
complexity, our bounds account for additional factors, including properties of the learning algorithm, the choice of loss
function, dataset characteristics, and, importantly, the group balance in the data. A more closely related work is that of
Oneto et al. (2020b), which derives a generalization bound (Theorem 1) for fairness under randomized algorithms. However,
their KL-divergence-based bound is not computable in practice for realistic settings. In contrast, our bounds, particularly
Theorem 5, are computable even for modern deep neural networks. This makes our results not only theoretically sound but
also practically applicable, enabling the study of fairness generalization in real-world scenarios.
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B. Proofs of the Theorems/Lemmas in Section 3

This appendix includes the proofs of the results presented in the main text in Section 3.

Lemma 6. LetX be a bounded random variable, i.e.,X 2 [a; b] almost surely. IfE[X ] = 0 , thenX is (b� a)-sub-gaussian
and we have:

E[e� X ] � e
� 2 ( b� a ) 2

8 ; 8� 2 R: (25)

Lemma 7. (Efron–Stein Inequality) (Boucheron et al. (2013, Theorem 3.1)) LetX 1; X 2; : : : ; X n be independent random
variables, and letZ = f (X 1; X 2; : : : ; X n ) be a real-valued square-integrable function of these variables. For eachi , let
X 0

i be an independent copy ofX i , and de�ne for everyi :

Z0
i = f (X 1; : : : ; X i � 1; X 0

i ; X i +1 ; : : : ; X n ): (26)

Then, the variance ofZ = f (X 1; X 2; : : : ; X n ) satis�es the following inequality:

Var( Z) �
1
2

nX

i =1

E
�
(Z � Z0

i )
2�

= inf
Z i

nX

i =1

E
�
(Z � Z i )2�

; (27)

where the in�mum is overZ i = gi (X 1; : : : ; X i � 1; X i +1 ; : : : ; X n ) the class of all measurable functionsgi : X n � 1 ! R.

B.1. Proof of Lemma 2

Lemma 2 (restated) Letg(V ) = g(V 1; V 2; : : : ; V m ) be a real-valued function ofm i.i.d random variables. Given �xed
v = ( v1; : : : ; vm ) and an indexi 2 f 1; : : : ; mg, de�ne ~vi = (~v1; : : : ; ~vm ) such that~vj = vj for all j 6= i except oni , i.e.,
~vi 6= vj . If g(v) satis�es the following condition for a �xednv

0 (and as a consequencenv
1 = m � nv

0),

sup
v2V m ;~v i 2V

jg(v) � g(~vi )j � �; 1 � i � m; (28)

where� is a random variable that may depend onnv
0 and hence is a random variable. Then, we have

Var( g(V )) �
m
4

E[� 2]: (29)

Proof. We will use Efron-Stein inequality in Lemma 7 to show this result. Using the Lemma statement ong(V ), we have

Var( g(V )) � inf
gi

mX

i =1

E
h�

g(V ) � gi (V 0; : : : ; V i � 1; V i +1 ; : : : ; V m )
� 2

i
(30)

wheregi is an arbitrary function. Using the law of total expectation in (30), we have

Var( g(V )) � inf
gi

mX

i =1

En V
0

E
h�

g(V u ) � gi (V 0; : : : ; V i � 1; V i +1 ; : : : ; V m )
� 2

jnV
0

i
(31)

Note that by conditioning onnV
0 , we have alsonV

1 = m � nV
0 is �xed. As this is true for any arbitrarygi depending on

(V 1; : : : ; V i � 1; V i +1 ; : : : ; V m ), we select

gi (V 1; : : : ; V i � 1; V i +1 ; V m ) =
1
2

�
sup

x 0
i 2X

g(V 1; : : : ; V i � 1; x0
i ; V i +1 ; : : : ; V m ) (32)

+ inf
x 0

i 2X
g(V 1; : : : ; V i � 1; x0

i ; V i +1 ; : : : ; V m )
�

(33)

Hence, as in the inner expectation in (31),nV
0 andnV

1 are �xed, using the main condition, we have

jg(V ) � gi (V 0; : : : ; V i � 1; V i +1 ; : : : ; V m )j �
1
2

� (34)
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Taking the square on both sides,

(g(V ) � gi (V 0; : : : ; V i � 1; V i +1 ; : : : ; V m ))2 �
1
4

� 2 (35)

Replacing in the inner expectation in (31), we have

Var( g(V )) �
mX

i =1

E[
1
4

� 2] =
m
4

E[� 2] (36)

C. Proof of the Theorems/Lemmas in Section 4

C.1. Proof of Lemma 3

Lemma 3 (restated) Assume thatjf j 2 [0; 1]. let g : Vm ! R be de�ned asg(v) = g(v1; : : : ; vm ) = `F
E (w; v), where

`F
E (w; v) is de�ned (1). Then, for a �xedw 2 W and a �xednv

0 andnv
1 , for any1 � i � m, we have

sup
v2V m ;~v i 2V

jg(v) � g(~vi )j �
1

H(nv
0 ; nv

1)
; (37)

whereH denotes a shifted harmonic mean operator, i.e.,8f ai gk
i =1 ; H(a1; � � � ; ak ) = 1

1
a 1 +2 + ��� + 1

a k +2
.

Proof. For1 � i � m, we have

jg(v) � g(~vi )j =
�
�
� j

1
nv

0 + 2

X

T j =0

f (w; x j ) �
1

nv
1 + 2

X

T j =1

f (w; x j )j (38)

� j
1

n~v i

0 + 2

X

~T j =0

f (w; ~x j ) �
1

n~v i

1 + 2

X

~T j =1

f (w; ~x j )j
�
�
� (39)

�
�
�
�

1
nv

0 + 2

X

T j =0

f (w; x j ) �
1

nv
1 + 2

X

T j =1

f (w; x j ) (40)

�
1

n~v i

0 + 2

X

~T j =0

f (w; ~x j ) +
1

n~v i

1 + 2

X

~T j =1

f (w; ~x j )
�
�
� ; (41)

where the inequality comes from the factjj � j � j � jj � j � � � j . Furthermore, as~vj = vj for all j 6= i , based on the values of
t i and~t i , we have 4 different cases:

1st caset i = ~t i = 0 : In this case, we havenv
0 = n~v i

0 , nv
1 = n~v i

1 , andf (w; x j ) = f (w; ~x j )8j 6= i . Hence, based on (41),
we have:

jg(v) � g(~vi )j � j
1

nv
0 + 2

f (w; x i ) �
1

nv
0 + 2

f (w; ~x i )j (42)

�
1

nv
0 + 2

jf (w; x i ) � f (w; ~x i )j �
1

nv
0 + 2

(43)

2nd caset i = ~t i = 1 : Similar to the previous case, we can show that

jg(v) � g(~vi )j �
1

nv
1 + 2

(44)
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3rd caset i = 0 ; ~t i = 1 : In this case, we haven~v
0 = nv

0 � 1, n~v
1 = nv

1 + 1 . Hence, we have:

jg(v) � g(~vi )j �
�
�
�

1
nv

0 + 2

X

T j =0

f (w; x j ) �
1

nv
1 + 2

X

T j =1

f (w; x j ) (45)

�
1

nv
0 + 1

X

~T j =0

f (w; ~x j ) +
1

nv
1 + 3

X

~T j =1

f (w; ~x j )
�
�
� (46)

=
�
�
�(

1
nv

0 + 2
�

1
nv

0 + 1
)

X

t j =0 ;j 6= i

f (w; x j ) + (
1

nv
1 + 3

�
1

nv
1 + 2

)
X

t j =1 ;j 6= i

f (w; x j )

+
1

nv
0 + 2

f (w; x i ) +
1

nv
1 + 3

f (w; ~x i )
�
�
� (47)

=
�
�
�

� 1
(nv

0 + 2)( nv
0 + 1)

X

t j =0 ;j 6= i

f (w; x j ) +
� 1

(nv
1 + 3)( nv

1 + 2)

X

t j =1 ;j 6= i

f (w; x j )

+
1

nv
0 + 2

f (w; x i ) +
1

nv
1 + 3

f (w; ~x i )
�
�
� (48)

=
�
�
�
� 1

nv
0 + 2

f (w; x i ) �
1

(nv
0 + 2)( nv

0 + 1)

X

t j =0 ;j 6= i

f (w; x j )
�

(49)

+
� 1

nv
1 + 3

f (w; ~x i ) �
1

(nv
1 + 3)( nv

1 + 2)

X

t j =1 ;j 6= i

f (w; x j )
� �

�
�

�
�
�
�

1
nv

0 + 2
f (w; x i ) �

1
(nv

0 + 2)( nv
0 + 1)

X

t j =0 ;j 6= i

f (w; x j )
�
�
� (50)

+
�
�
�

1
nv

1 + 3
f (w; ~x i ) �

1
(nv

1 + 3)( nv
1 + 2)

X

t j =1 ;j 6= i

f (w; x j )
�
�
�

(51)

where the last inequality comes from the fact thatjj � j � j � jj � j � � � j . Next asf (w; �) 2 [0; 1] is positive, we have:

jg(v)� g(~vi )j

� max
� 1

nv
0 + 2

f (w; x i );
1

(nv
0 + 2)( nv

0 + 1)

X

t j =0 ;j 6= i

f (w; x j )
�

+ max
� 1

nv
1 + 3

f (w; ~x i );
1

(nv
1 + 3)( nv

1 + 2)

X

t j =1 ;j 6= i

f (w; x j )
�

(52)

� max
� 1

nv
0 + 2

;
1

(nv
0 + 2)( nv

0 + 1)

X

t j =0 ;j 6= i

1
�

+ max
� 1

nv
1 + 3

;
1

(nv
1 + 3)( nv

1 + 2)

X

t j =1 ;j 6= i

1
�

(53)

= max
� 1

nv
0 + 2

;
1

(nv
0 + 2)( nv

0 + 1)
(nv

0 � 1)
�

+ max
� 1

nv
1 + 3

;
1

(nv
1 + 3)( nv

1 + 2)
(nv

1 � 1)
�

(54)

As, 8nv
0 ; nv

1 , we haven v
0 � 1

n v
0 +1 � 1 and n v

1 � 1
n v

1 +2 � 1. Hence, we have from (54),

jg(v) � g(~vi )j � max
� 1

nv
0 + 2

;
1

nv
0 + 2

�
+ max

� 1
nv

1 + 3
;

1
nv

1 + 3

�
(55)

�
1

nv
0 + 2

+
1

nv
1 + 3

�
1

nv
0 + 2

+
1

nv
1 + 2

(56)
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4th caset i = 1 ; ~t i = 0 : Similarly, we can show that

jg(v) � g(~vi )j �
1

nv
0 + 3

+
1

nv
1 + 2

�
1

nv
0 + 2

+
1

nv
1 + 2

(57)

Hence, using the cases discussed above, for a �xedw, we always have

jg(v) � g(~vi )j �
1

nv
0 + 2

+
1

nv
1 + 2

1 � i � m (58)

For a �xed nv
0 andnv

1 , taking the supremum with respectv; ~vi in both sides of (58), we have

sup
v2V m ;~v i

i 2V
jg(v) � g(~vi )j �

1
nv

0 + 2
+

1
nv

1 + 2
1 � i � n (59)

which completes the proof.

C.2. Proof of Theorem 1

Theorem 1 (restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng

genfairness �
1

jCm
n j

X

u2 C m
n

s
m
2

EV u [(
1

nV u
0 + 2

+
1

nV u
1 + 2

)2]I (W ; V u ) (60)

whereCm
n is the set ofm-combinations.

Proof. Let m 2 f 2; � � � ; ng be a �xed number and letPm
n be the set ofm-permutations ofn. For a �xed u 2 Pm

n , the
corresponding̀F

E (w; Zu ) for the setZu � � m is as follows:

`F
E (w; Zu ) ,

�
�
�

1

nVu
0 + 2

X

T i =0

f (w; x i ) �
1

nVu
1 + 2

X

T i =1

f (w; x i )
�
�
� (61)

Then, using the notion of̀FE (W ; Zu ), starting from De�nition 1 we have:

genfairness = jEPW 
 PS [`F
E (W ; S)] � EPW ; S [`F

E (W ; S)]j (62)

=
�
�
�EPW ; Z u

[`F
E (W ; Zu )] �

1
jPm

n j

X

u2 P m
n

EPW ; Z u
[`F

E (W ; Zu )]
�
�
� (63)

�
1

jPm
n j

X

u2 P m
n

�
�
�EPW ; Z u

[`F
E (W ; Zu )] � EPW ; Z u

[`F
E (W ; Zu )]

�
�
� (64)

Hence, to boundgenfairness , we only need to bound
�
�
�EPW ; Z u

[`F
E (W ; Zu )] � EPW ; Z u

[`F
E (W ; Zu )]

�
�
� .

Using the Donsker–Varadhan variational representation of the relative entropy, we have for any functionh(�) and for every�

I (W ; V u ) � EPW ; V u
[�h (W ; V u )] � logEPW 
 PV u

[e�h (W ;Vu ) ]; 8� 2 R: (65)

By takingh(w; vu ) = `F
E (w; vu ) � EPV u

[`F
E (w; V u )]

I (W ; V u ) � EPW ; V u
[�h (W ; V u )] � logEPW 
 PV u

[e�h (W ;Vu ) ]; 8� 2 R: (66)

I (W ; V u ) � EPW ; V u

h
�

�
`F

E (W ; V u ) � EPV u
[`F

E (W ; V u )]
� i

� logEPW 
 PV u
[e

� ( ` F
E (W ;V u ) � EP

V u
[` F

E (W ;Vu )])
]; 8� 2 R: (67)

I (W ; V u ) � EPW ; V u

h
�

�
`F

E (W ; V u ) � EPV u
[`F

E (W ; V u )]
� i

� logEPW

h
EPV u

[e
� ( ` F

E (w; V u ) � EP
V u

[` F
E (w; Vu )])

]jW = w
i
; 8� 2 R: (68)
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Next, for a �xed w, we will boundEPV u
[e

� ( ` F
E (w; V u ) � EP

V u
[` F

E (w; Vu )])
]. To this end, we want to bound the variance of

`F
E (w; V u ) � EPV u

[`F
E (w; Vu )]. As Var( X + s) = Var( X ); 8s 2 sR andE[`F

E (w; V u )] is constant for a �xedw, we have

Var
�

`F
E (w; V u ) � E[`F

E (W ; V u )]
�

= Var
�
`F

E (w; V u )
�

(69)

Hence, it is suf�cient to bound the variance`F
E (w; V u ). We will use the results of Lemma 3 and Lemma 2 to upper bound

the aforementioned variance.

As jf j 2 [0; 1], we have

`(w; vu ) =
�
�
�

1
n0 + 2

X

T i =0

f (w; x i ) �
1

n1 + 2

X

T i =1

f (w; x i )
�
�
� � max

 �
�
�

1
n0 + 2

X

T i =0

f (w; x i )
�
�
� ;

�
�
�

1
n1 + 2

X

T i =1

f (w; x i )
�
�
�

!

(70)

� max(
n0

n0 + 2
;

n1

n1 + 2
) � max(1; 1) = 1 (71)

Hence,̀ (w; vu ) is bounded and therefore square-integrable. Applying Lemma 3 withg(vu ) = `(w; vu ), we have for �xed
w; nVu

0 :

sup
vu 2V m ;~v i 2V

jg(vu ) � g(~vi
u )j �

1

nVu
0 + 2

+
1

nVu
1 + 2

1 � i � n (72)

Hence,g(vu ) = `(w; vu ) veri�es the condition in Lemma 2 with� = 1
n V u

0 +2
+ 1

n V u
1 +2

. Thus, using Lemma 2, the variance

of the random variablèF
E (w; V u ) can be bounded as

Var( `F
E (w; V u )) �

m
4

E[(
1

nV u
0 + 2

+
1

nV u
1 + 2

)2]; (73)

for everyw 2 W . Thus, from (69),we have

Var
�
`F

E (w; V u ) � E[`F
E (W ; V u )]

�
= Var( `F

E (w; V u )) �
m
4

E[(
1

nV u
0 + 2

+
1

nV u
1 + 2

)2] (74)

So, the random variablèF
E (w; V u ) � E[`F

E (w; V u )] has a bounded variance and an expectationEPV u
[`F

E (w; V u ) �
E[`F

E (w; V u )]] = 0 . Hence, using Hoeffding's lemma, we have for everyw 2 W :

EPV u
[e

� ( ` F
E (w; V u ) � EP

V u
[` F

E (w; Vu )])
] � e

� 2 m
8 E[( 1

n V u
0 +2

+ 1

n V u
1 +2

)2 ]
(75)

Replacing in (68), we have

I (W ; V u ) � EPW ; V u

h
�

�
`F

E (W ; V u ) � EPV u
[`F

E (W ; V u )]
� i

� logEPW

h
e

� 2 m
8 E[( 1

n V u
0 +2

+ 1

n V u
1 +2

)2 ] ��
�W = w

i
; 8� 2 R: (76)

I (W ; V u ) � EPW ; V u

h
�

�
`F

E (W ; V u ) � EPV u
[`F

E (W ; V u )]
� i

�
� 2m

8
E[(

1

nV u
0 + 2

+
1

nV u
1 + 2

)2]; 8� 2 R: (77)

where the last inequality comes from the fact thatE[( 1
n V u

0 +2
+ 1

n V u
1 +2

)2] is independent ofW . From (77), we have

� 2m
8

E[(
1

nV u
0 + 2

+
1

nV u
1 + 2

)2] � �
�

EPW ; V u
[`F

E (W ; V u )] � EPW ; V u
[`F

E (W ; V u )]
�

+ I (W ; V u ) � 0; 8� 2 R: (78)

19



Fairness Over�tting in Machine Learning: An Information-Theoretic Perspective

So, the parabola (with respect to� ) on the left side of (78) is always positive. Hence, its discriminant must be negative:

�
�
�EPW ; Z u

[`F
E (W ; Zu )] � EPW ; Z u

[`F
E (W ; Zu )]

�
�
� �

s
m
2

E[(
1

nVu
0 + 2

+
1

nVu
1 + 2

)2]I (W ; V u ) (79)

Replacing in (64), we have

genfairness �
1

jPm
n j

X

u2 P m
n

s
m
2

E[(
1

nV u
0 + 2

+
1

nV u
1 + 2

)2]I (W ; V u ) (80)

In addition, as mutual information is invariant to sample permutations, we have

genfairness �
1

jCm
n j

X

u2 C m
n

s
m
2

E[(
1

nV u
0 + 2

+
1

nV u
1 + 2

)2]I (W ; V u ) (81)

whereCm
n is the set ofm-combinations.

C.3. Proof of Lemma 4

Lemma 4 (restated)8� 2 R, we have

ER u jZ [2 n ] = z[2 n ] ;W = w

�
e� ( ` F

E (w; Su ) � ` F
E (w; Su )) �

� e
� 2 m

8 E[
�

1

n S u
0 +2

+ 1

n S u
1 +2

+ 1

n S u
0 +2

+ 1

n S u
1 +2

� 2
]

(82)

Proof. we will bound logER u jZ [2 n ] = z[2 n ] ;W = w [e� ( ` F
E (w; Su ) � ` F

E (w; Su )) ] by bounding its variance using Lemma 3 and
Lemma 2.

Given a �xed z[2n ] 2 Z 2n andw 2 W , we de�negz[2 n ] : Vn ! R as follows:gz[2 n ] (R u ) = `F
E (w; Su ) � `F

E (w; Su ).
Furthermore, given a setr u = ( r 1; : : : ; rm ) and an indexi 2 f 1; : : : ; mg, de�ne ~r i

u = (~r 1; : : : ; ; ~rm ) such that~r j = r j for
all j 6= i except oni , i.e.,~r i 6= r j . The goal is to upper-boundjgz[2 n ] (r u ) � gz[2 n ] (~r u )j for i 2 f 1; : : : ; mg.

For i 2 [1; m], we have

jgz[2 n ] (r u ) � gz[2 n ] (~r u )j = j`F
E (w; Su ) � `F

E (w; Su ) � `F
E (w; ~Su ) + `F

E (w; ~Su )j (83)

� j `F
E (w; Su ) � `F

E (w; ~Su )j + j`F
E (w; Su ) � `F

E (w; ~Su )j (84)

Hence, we can bound each term separately using Lemma 3. It follows that:

jgz[2 n ] (r u ) � gz[2 n ] (~r
i
u )j �

� 1

nSu
0 + 2

+
1

nSu
1 + 2

�
+

� 1

nSu
0 + 2

+
1

nSu
1 + 2

�
(85)

(86)

Hence we have

jgz[2 n ] (r u ) � gz[2 n ] (~r
i
u )j �

1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

1 � i � m (87)

Furthermore,gz[2 n ] (R u ), being the difference of two bounded random variables (see (70)), is itself bounded and hence
square-integrable. Now, we have all the ingredients to apply Lemma 2. Using the Lemma statement ongz[2 n ] (R u ) =
`F

E (w; Su ) � `F
E (w; Su ), we have
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Var
�

`F
E (w; Su ) � `F

E (w; Su )
�

�
m
4

E[
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
] (88)

Furthermore, asR i are independent Rademacher variables, we have

ER u jZ [2 n ] = z[2 n ] ;W = w [`F
E (w; Su ) � `F

E (w; Su )] = 0 (89)

Hence, the random variable`F
E (w; Su ) � `F

E (w; Su ) is centered and with bounded variance (as shown in (88)). It follows
that using Hoeffding's lemma, we have the �nal results:

E
�
e� ( ` F

E (w; Su ) � ` F
E (w; Su )) �

� e
� 2 m

8 E[
�

1

n S u
0 +2

+ 1

n S u
1 +2

+ 1

n S u
0 +2

+ 1

n S u
1 +2

� 2
]

(90)

C.4. Proof of Theorem 2

Theorem 2 (restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

s
m
2

ER u [
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (W ; R u )

i
(91)

whereCm
n is the set ofm-combinations.

Proof. Similar to the MI setting in Theorem 1, the fairness generalization in the supersample setting, can be bounded as
follows:

genfairness = jEPW ; Z [2 n ] ; R [`F
E (W ; S) � `F

E (W ; S)]j (92)

� EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; S) � `F

E (W ; S)]j (93)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; Su ) � `F

E (W ; Su )j (94)

For a �xedu 2 Pm
n , let (W ; R u ) be an independent copy of(W ; R u ). The disintegrated mutual informationI z[2 n ] (W ; R u )

is equal to:
I z[2 n ] (W ; R u ) = D

�
PW ;R u jZ [2 n ] = z[2 n ]

kPW jZ [2 n ] = z[2 n ]
PR u

�
; (95)

Thus, by the Donsker–Varadhan variational representation of KL divergence,8� 2 R, we have

I z[2 n ] (W ; R u ) � � EW ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

� logEW ;R u jZ [2 n ] = z[2 n ]
[e� ( ` F

E (W ;Su ) � ` F
E (W ;Su )) ]: (96)

I z[2 n ] (W ; R u ) � � EW ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

� logEW

h
ER u jZ [2 n ] = z[2 n ] ;W = w [e� ( ` F

E (w; Su ) � ` F
E (w; Su )) ]

i
: (97)

Using Lemma 4, we have

I z[2 n ] (W ; R u ) � � EW ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

�
� 2m

8
E[

� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]: (98)
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So the parabola (function of� )

I z[2 n ] (W ; R u )� � EW ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

+
� 2m

8
E[

� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
] � 0; 8� 2 R (99)

is always positive. Hence, its discriminant is always negative. It follows:

�
�
�EW ;R u jZ [2 n ] = z[2 n ]

[`F
E (W ; Su ) � `F

E (W ; Su )]
�
�
� �

s
m
2

E[
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (W ; R u )

(100)
Replacing in (94), we have

genfairness �
1

jPm
n j

EZ [2 n ]

h X

u2 P m
n

s
m
2

ER u [
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (W ; R u )

i
(101)

As mutual information is invariant to permutations, we have the �nal results.

C.5. Proof of Theorem 3

Theorem 3 (restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng, we have

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

(102)

s
m
2

ER u

h 1

H
�
nSu

0 ; nSu
1 ; nSu

0 ; nSu
1

� 2

i
I z[2 n ] (Fu ; R u )

i
;

whereCm
n is the set ofm-combinations.

Proof. We have

genfairness = jEPW ; Z [2 n ] ; R [`F
E (W ; S) � `F

E (W ; S)]j (103)

� EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; S) � `F

E (W ; S)]j (104)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; Su ) � `F

E (W ; Su )j (105)

=
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPW ; R j Z [2 n ]

[
�
�
�

1

nSu
0 + 2

X

Su ;T i =0

f (w; x i ) �
1

nSu
1 + 2

X

Su ;T i =1

f (w; x i )
�
�
� (106)

�
�
�
�

1

nS
0 + 2

X

S;T i =0

f (w; x i ) �
1

nS
1 + 2

X

S;T i =1

f (w; x i )
�
�
� ] (107)

=
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPF u ; R j Z [2 n ]

" �
�
�

1

nSu
0 + 2

X

Su ;T i =0

F i �
1

nSu
1 + 2

X

Su ;T i =1

F i

�
�
� (108)

�
�
�
�

1

nS
0 + 2

X

S;T i =0

F i �
1

nS
1 + 2

X

S;T i =1

F i

�
�
�

#

(109)

For a �xed u 2 Pm
n , let (Fu ; R u ) be an independent copy of(Fu ; R u ).

By the Donsker–Varadhan variational representation of KL divergence,8� 2 R, we have
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I z[2 n ] (Fu ; R u ) � � EF u ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

� logEF u ;R u jZ [2 n ] = z[2 n ]
[e� ( ` F

E (W ;Su ) � ` F
E (W ;Su )) ]: (110)

I z[2 n ] (Fu ; R u ) � � EF u ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

� logEF u

h
ER u jZ [2 n ] = z[2 n ] ;F u = Fu

[e� ( ` F
E (w; Su ) � ` F

E (w; Su )) ]
i
: (111)

Using the result of Lemma 4, we have

I z[2 n ] (Fu ; R u ) � � EF u ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

�
� 2m

8
E[

� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
] (112)

Hence, the discriminant is negative:

genfairness �
1

jPm
n j

EZ [2 n ]

h X

u2 P m
n

s
m
2

ER u [
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (Fu ; R u )

i
(113)

As mutual information is invariant to permutations, we have the �nal results.

C.6. Proof of Theorem 4

Theorem 4 (restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

s
m
2

ER u [
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (L u ; R u )

i
(114)

whereCm
n is the set ofm-combinations.

Proof. We have

genfairness = jEPW ; Z [2 n ] ; R [`F
E (W ; S) � `F

E (W ; S)]j (115)

� EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; S) � `F

E (W ; S)]j (116)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; Su ) � `F

E (W ; Su )j (117)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPL u ; R u j Z [2 n ]

[L R
u � L R

u ]j (118)

whereL u = ( L R
u ; L R

u ) = ( `F
E (W ; Su ); `F

E (W ; Su )) . By the Donsker–Varadhan variational representation of KL diver-
gence,8� 2 R, we have

I z[2 n ] (L u ; R u ) � � EL u ;R u jZ [2 n ] = z[2 n ]
[L R

u � L R
u ]

� logEL u ;R u jZ [2 n ] = z[2 n ]
[e� (L R

u � L R
u ) ]: (119)

I z[2 n ] (L u ; R u ) � � EL u ;R u jZ [2 n ] = z[2 n ]
[L R

u � L R
u ]

� logEW

h
ER u jZ [2 n ] = z[2 n ] ;W = w [e� (L R

u � L R
u ) ]

i
: (120)
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Using the result of Lemma 4, we have

I z[2 n ] (L u ; R u ) � � EL u ;R u jZ [2 n ] = z[2 n ]
[`F

E (W ; Su ) � `F
E (W ; Su )]

�
� 2m

8
E[

� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
] (121)

Hence, the discriminant is negative:

genfairness �
1

jPm
n j

EZ [2 n ]

h X

u2 P m
n

s
m
2

ER u [
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (L u ; R u )

i
(122)

As mutual information is invariant to permutations, we have the �nal results.

C.7. Proof of Theorem 5

Let R u = f R u i g
m
i =1 2 B m be the sequence of supersample variables indexed byu, and let� u = f Ru 1 � Ru i g

m
i =2 2 B m � 1,

where� denotes the XOR operation. Given a binary valueb 2 f 0; 1g, we de�neb
 � u = ( b;f � u i � bgm � 1
i =1 ) 2 B m . To

simplify the notation, we denote0 
 � u and1 
 � u as� �
u and� +

u , respectively. The notationL � u
u = ( L � �

u ; L � +
u ) then

represents a pair of losses, while� � u L u = L � +
u

u � L � �
u

u denotes their difference.

Theorem 5 (restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

s
m
2

ER u [
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (� L � u

u ; R u 1 )
i

(123)
whereCm

n is the set ofm-combinations.

Proof. We have

genfairness = jEPW ; Z [2 n ] ; R [`F
E (W ; S) � `F

E (W ; S)]j (124)

� EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; S) � `F

E (W ; S)]j (125)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; Su ) � `F

E (W ; Su )j (126)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEP

L � u
u ; R u 1 j Z [2 n ]

[(� 1)R u 1
�
L � +

u
u � L � �

u
u

�
]j (127)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEP

� L � u
u ; R u j Z [2 n ]

[(� 1)R u 1 � L � u
u ]j (128)
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By the Donsker–Varadhan variational representation of KL divergence,8� 2 R, we have

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]

� logE
� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[e�

�
( � 1) R u 1 � L � u

u

�
]: (129)

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]

� logEW ;R u jZ [2 n ] = z[2 n ]
[e�

�
` F

E (W ;Su ) � ` F
E (W ;Su )

�
]: (130)

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]

� logEW

h
ER u jZ [2 n ] = z[2 n ] ;W = w [e� ( ` F

E (w; Su ) � ` F
E (w; Su )) ]

i
: (131)

(132)

Using the result of Lemma 4, we have

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]

�
� 2m

8
E[

� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
] (133)

Hence, the discriminant is negative:

genfairness �
1

jPm
n j

EZ [2 n ]

h X

u2 P m
n

s
m
2

ER u [
� 1

nSu
0 + 2

+
1

nSu
1 + 2

+
1

nSu
0 + 2

+
1

nSu
1 + 2

� 2
]I z[2 n ] (� L � u

u ; R u 1 )
i

(134)
As mutual information is invariant to permutations, we have the �nal results.

D. Proof of the Theorems/Lemmas in Section 5

EO Generalization Error. Analogously to the DP setting, we de�ne the population-level separation fairness loss as

`FS
P (W ; PS) = EPS

�
`FS

E (W ; S)
�
; (135)

and the separation-based fairness generalization gap becomes

genfairness = EPW ; S

�
`FS

P (W ; PS) � `FS
E (W ; S)

�
: (136)

D.1. Proof of Lemma 5

Lemma 5(restated)
Fix w 2 W and a �xednZ u

0;0, nZ u
1;0, nZ u

0;1, nZ u
1;1. Let g : Z m ! R be de�ned as follows:g(z1; : : : ; zm ) = `FS

E (w; zu ), where
`FS

E (w; zu ) is de�ned (16). Then, for any1 � i � n, we have

sup
zu ; ~z i

u

�
�g(zu ) � g(~zi

u )
�
� �

2

min( t;y )
�
nZ u

t;y + 2
� ; (137)

wherejf (w; x i )j is bounded by1 andmin( t;y ) (nt;y + 2) is the smallest subgroup size across bothT andY .
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Proof. For1 � i � m, consider the difference:

jg(zu ) � g(~zi
u )j =

�
�
� j

1

nZ u
t =0 ;y =0 + 2

X

T j =0
Yj =0

f (w; x j ) �
1

nZ u
t =1 ;y =0 + 2

X

T j =1
Yj =0

f (w; x j )j

� j
1

n
~Z u
t =0 ;y =0 + 2

X

~T j =0
~Yj =0

f (w; ~x j ) �
1

n
~Z u
t =1 ;y =0 + 2

X

~T j =1
~Yj =0

f (w; ~x j )j
�
�
� (138)

+
�
�
� j

1

nZ u
t =0 ;y =1 + 2

X

T j =0
Yj =1

f (w; x j ) �
1

nZ u
t =1 ;y =1 + 2

X

T j =1
Yj =1

f (w; x j )j

� j
1

n
~Z u
t =0 ;y =1 + 2

X

~T j =0
~Yj =1

f (w; ~x j ) �
1

n
~Z u
t =1 ;y =1 + 2

X

~T j =1
~Yj =1

f (w; ~x j )j
�
�
� (139)

�
�
�
�

1

nZ u
t =0 ;y =0 + 2

X

T j =0
Yj =0

f (w; x j ) �
1

nZ u
t =1 ;y =0 + 2

X

T j =1
Yj =0

f (w; x j )

�
1

n
~Z u
t =0 ;y =0 + 2

X

~T j =0
~Yj =0

f (w; ~x j ) +
1

n
~Z u
t =1 ;y =0 + 2

X

~T j =1
~Yj =0

f (w; ~x j )
�
�
� (140)

+
�
�
�

1

nZ u
t =0 ;y =1 + 2

X

T j =0
Yj =1

f (w; x j ) �
1

nZ u
t =1 ;y =1 + 2

X

T j =1
Yj =1

f (w; x j )

+
1

n
~Z u
t =0 ;y =1 + 2

X

~T j =0
~Yj =1

f (w; ~x j ) +
1

n
~Z u
t =1 ;y =1 + 2

X

~T j =1
~Yj =1

f (w; ~x j )
�
�
� (141)

(142)

The inequality in (139) follows from the triangle inequalityj jaj � j bj j � j a � bj.

Since~zj = zj for all j 6= i , the change affects only thei -th component. Based on the values oft i and~t i , we have 8 different
subcases within 4 main cases:

Case 1.1:yi = 0 and ~yi = 1 while t i = 0 . Before the change:

L 0(zu ) = j` t =0 ;0(zu ) � ` t =1 ;0(zu )j : (143)

After the change,nZ u
t =0 ;0 = nZ u

t =0 ;0 � 1 andnZ u
t =0 ;1 = nZ u

t =0 ;1 + 1 :

L 0(~zi
u ) =

�
�
�
�
�
�
�
�
�
�

1

nZ u
t =0 ;0 + 1

X

T j =0
Yj =0
j 6= i

f (w; x j ) � ` t =1 ;0(zu )

�
�
�
�
�
�
�
�
�
�

; (144)

L 1(~zi
u ) =

�
�
�
�
�
�
�
�

1

nZ u
t =0 ;1 + 3

0

B
B
@

X

T j =0
Yj =1

f (w; x j ) + f (w; ~x i )

1

C
C
A � ` t =1 ;1(zu )

�
�
�
�
�
�
�
�

: (145)
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The change ing(zu ) is:

jg(zu ) � g(~zi
u )j = jL 0(zu ) � L 0(~zi

u )j + jL 1(zu ) � L 1(~zi
u )j

�

�
�
�
�
�
�
�
�
�
�
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X
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1

nZ u
t =0 ;0 + 1

X

T j =0
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f (w; x j ) �
1

nZ u
t =0 ;1 + 3

0

B
B
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X
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�
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�
�
�
�
�
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t =0 ;0 + 2

+
1

nZ u
t =0 ;1 + 2

: (146)

Case 1.2:yi = 1 and ~yi = 0 while t i = 0 . This scenario is symmetric to Case 1.1. The bound is identical:

jg(zu ) � g(~zi
u )j �

1

nZ u
t =0 ;0 + 2

+
1

nZ u
t =0 ;1 + 2

: (147)

Case 2.1:yi = 0 and ~yi = 1 while t i = 1 . Before the change:

L 0(zu ) = j` t =0 ;0(zu ) � ` t =1 ;0(zu )j : (148)

After the change,nZ u
t =1 ;0 = nZ u

t =1 ;0 � 1 andnZ u
t =1 ;1 = nZ u

t =1 ;1 + 1 :

L 0(~zi
u ) =

�
�
�
�
�
�
�
�
�
�

` t =0 ;0(zu ) �
1

nZ u
t =1 ;0 + 1

X
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j 6= i

f (w; x j )

�
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�
�
�
�
�
�
�
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; (149)

L 1(~zi
u ) =
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�
�
�
�
�
�

1

nZ u
t =1 ;1 + 3
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B
B
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X

T j =1
Yj =1

f (w; x j ) + f (w; ~x i )

1

C
C
A � ` t =1 ;1(zu )

�
�
�
�
�
�
�
�

: (150)

The change ing(zu ) is:

jg(zu ) � g(~zi
u )j = jL 0(zu ) � L 0(~zi

u )j + jL 1(zu ) � L 1(~zi
u )j

�
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�
�
�
�
�
�
�
�
�

1

nZ u
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X
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Yj =0

f (w; x j ) �
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: (151)
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Case 2.2:yi = 1 and ~yi = 0 while t i = 1 . This scenario is symmetric to Case 2.1. The bound is identical:

jg(zu ) � g(~zi
u )j �

1

nZ u
t =1 ;0 + 2

+
1

nZ u
t =1 ;1 + 2

: (152)

Case 3.1:t i = 0 and ~t i = 1 while yi = 0 . Before the change:

L 0(zu ) = j` t =0 ;0(zu ) � ` t =1 ;0(zu )j : (153)

After the change,nZ u
t =0 ;0 = nZ u

t =0 ;0 � 1 andnZ u
t =1 ;0 = nZ u

t =1 ;0 + 1 :

L 0(~zi
u ) =

�
�
�
�
�
�
�
�
�
�

1

nZ u
t =0 ;0 + 1

X

T j =0
Yj =0
j 6= i

f (w; x j ) �
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nZ u
t =1 ;0 + 3

X
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f (w; x j )
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�
�
�
�
�
�
�
�
�

: (154)

The change ing(zu ) is:

jg(zu ) � g(~zi
u )j = jL 0(zu ) � L 0(~zi

u )j

�
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�
�
�
�
�

1

nZ u
t =0 ;0 + 2

X

T j =0
Yj =0
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1
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�
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�
�
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X
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Yj =0

f (w; x j ) �
1

nZ u
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0

B
B
@

X
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Yj =0

f (w; x j ) + f (w; ~x i )

1

C
C
A

�
�
�
�
�
�
�
�

�
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t =0 ;0 + 2

+
1

nZ u
t =1 ;0 + 2

: (155)

Case 3.2:t i = 1 and ~t i = 0 while yi = 0 . This scenario is similar to Case 3.1. The bound is identical:

jg(zu ) � g(~zi
u )j �

1

nZ u
t =0 ;0 + 2

+
1

nZ u
t =1 ;0 + 2

: (156)

Case 4.1:t i = 1 and ~t i = 0 while yi = 1 . Before the change:

L 1(zu ) = j` t =0 ;1(zu ) � ` t =1 ;1(zu )j : (157)

After the change,nZ u
t =1 ;1 = nZ u

t =1 ;1 � 1 andnZ u
t =0 ;1 = nZ u

t =0 ;1 + 1 :

L 1(~zi
u ) =

�
�
�
�
�
�
�
�
�
�

1
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t =0 ;1 + 3

0

B
B
@

X
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Yj =1

f (w; x j ) + f (w; ~x i )

1

C
C
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1
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X
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Yj =1
j 6= i
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�
�
�
�
�
�
�
�
�
�

: (158)
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The change ing(zu ) is:

jg(zu ) � g(~zi
u )j = jL 1(zu ) � L 1(~zi

u )j

�

�
�
�
�
�
�
�
�

1

nZ u
t =0 ;1 + 2

X

T j =0
Yj =1

f (w; x j ) �
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@
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1
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�
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�
�
�

1
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X

T j =1
Yj =1

f (w; x j ) �
1

nZ u
t =1 ;1 + 1

X

T j =1
Yj =1
j 6= i

f (w; x j )

�
�
�
�
�
�
�
�
�
�

�
1

nZ u
t =0 ;1 + 2

+
1

nZ u
t =1 ;1 + 2

: (159)

Case 4.2:t i = 0 and ~t i = 1 while yi = 1 . This scenario is similar to Case 4.1. The bound is identical:

jg(zu ) � g(~zi
u )j �

1

nZ u
t =0 ;1 + 2

+
1

nZ u
t =1 ;1 + 2

: (160)

Case 5:~t i = t i or ~yi = yi . In this case, the change affects only one group, either int or y, while the other attribute
remains unchanged. T For both scenarios, the counts are updated as follows:

jg(zu ) � g(~zi
u )j �

1

nZ u
t;y + 2

: (161)

Aggregate the Bounds From Cases 1.1 to 5, in each scenario where a change occurs, we can write the following:

sup
zu 2Z m ; ~zi 2Z

jg(zu ) � g(~zi
u )j � max

( t;y ) ;( t 0;y 0)
( t;y )6=( t 0;y 0)

 
1

nZ u
t;y + 2

+
1

nZ u
t 0;y 0 + 2

!

(162)

� 2 max
( t;y )

1

nZ u
t;y + 2

(163)

=
2

min( t;y ) nZ u
t;y + 2

(164)

This completes the proof.

D.2. Proof of Theorem 6

Theorem 6(restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng

genfairness �
1

jPm
n j

X

u2 P m
n

s

2mE[(
1

min( t;y )
�
nt;y + 2

� )2]I (W ; Zu ) (165)

And the label with fewer samples will typically dominate the maximum variance, so the upper bound depends not only on
the expectation over the sensitive attribute but also on the number of samples for each label.

genfairness , EPW ; S [`F
P (W ; PS) � `F

E (W ; S)] (166)
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Proof.

Var( `Y (W; VaugjY )) �
m
4

E[ max
t;y;t 0;y 0

( t;y )6=( t 0;y 0)

(
1

nZ u
t = t;Y = y + 2

+
1

nZ u
t = t 0;Y = y0 + 2

)2] (167)

genfairness = =
�
�
�EPW 
 PS

�
`FS

E (W; V augjY )
�

� EPW;S

�
`FS

E (W; V augjY )
� ��
� (168)

=
�
�
�EPW ; Z u

�
`FS

E (W ; Z u )
�

�
1

jPm
n j

X

u2 P m
n

EPW;Z u

�
`FS

E (W; Zu )
� ��
� (169)

�
1

jPm
n j

X

u2 P m
n

�
�
�EPW ; Z u

�
`FS

E (W ; Z u )
�

� EPW;Z u

�
`FS

E (W; Zu )
� ��
� (170)

�
1

jPm
n j

X

u2 P m
n

vu
u
t

m
2

E[ max
t;y;t 0;y 0

( t;y )6=( t 0;y 0)

(
1

nZ u
t = t;Y = y + 2

+
1

nZ u
t = t 0;Y = y0 + 2

)2]I (W ; Zu ) (171)

�
1

jPm
n j

X

u2 P m
n

s

2mE[(
1

min( t;y ) nt;y + 2
)2]I (W ; Zu ) (172)

In addition, as mutual information is invariant to sample permutations, we have

genfairness �
1

jCm
n j

X

u2 C m
n

s

2mE[(
1

min( t;y ) nt;y + 2
)2]I (W ; Zu ) (173)

whereCm
n is the set ofm-combinations.

And we havea = 1 for the binary label case. This completes the proof.

Lemma 8. Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng

genfairness �
1

jPm
n j

EZ [2 n ]

h X

u2 P m
n

vu
u
t 2mER u [

� 1

min
( t;y )

nZ u
t;y + 2

+
1

min
( t;y )

nZ u
t;y + 2

� 2
]I z[2 n ] (W ; R u )

i
(174)

Similar to the result of Lemma 4, by applying the separation loss to the variance bound, we obtain:

Var
�

`FS
E (w; Su ) � `FS

E (w; Su )
�

�
m
4

E

2

4

 
2

min( t;y ) nSu
t;y + 2

+
2

min( t;y ) nSu
t;y + 2

! 2
3

5 (175)

Finally, using Hoeffding's Lemma, we get:

E
�
e�

�
`

F S
E (w; Su ) � `

F S
E (w; Su )

� �
� e

� 2 m
8 E

" 
2

min ( t;y ) n S u
t;y +2

+ 2

min ( t;y ) n S u
t;y +2

! 2 #

(176)

For a �xedu 2 Pm
n , let (W ; R u ) be an independent copy of(W ; R u ). The disintegrated mutual informationI z[2 n ] (W ; R u )

is equal to:
I z[2 n ] (W ; R u ) = D

�
PW ;R u jZ [2 n ] = z[2 n ]

kPW jZ [2 n ] = z[2 n ]
PR u

�
; (177)

And here we only change the independence loss function to the separation-based loss

genfairness = jEPW ; Z [2 n ] ; R [`FS
E (W ; S) � `FS

E (W ; S)]j (178)

� EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`FS
E (W ; S) � `FS

E (W ; S)]j (179)

�
1

jPm
n j

X

u2 P m
n

EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`FS
E (W ; Su ) � `FS

E (W ; Su )j (180)
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Similar the proof in Theorem 2, we can have

genfairness �
1

jPm
n j

EZ [2 n ]

h X

u2 P m
n

vu
u
t 2mER u [

� 1

min
( t;y )

nSu
t;y + 2

+
1

min
( t;y )

nSu
t;y + 2

� 2
]I z[2 n ] (W ; R u )

i
(181)

As mutual information is invariant to permutations, we have the �nal results.

D.3. Proof of Theorem 7

Theorem 7 (restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng

genfairness �
1

jCm
n j

EZ [2 n ]

h X

u2 C m
n

s

2mER u [
� 1

min( t;y ) nSu
t;y + 2

+
1

min( t;y ) nSu
t;y + 2

� 2
]I z[2 n ] (� L � u

u ; R u 1 )
i

(182)

Proof. We have

genfairness = jEPW ; Z [2 n ] ; R [`F
E (W ; S) � `F

E (W ; S)]j (183)

� EPZ [2 n ]
jEPW ; R j Z [2 n ]

[`F
E (W ; S) � `F

E (W ; S)]j (184)

�
1

jPm
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X

u2 P m
n
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jEPW ; R j Z [2 n ]

[`F
E (W ; Su ) � `F

E (W ; Su )j (185)
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u2 P m
n

EPZ [2 n ]
jEP

L � u
u ; R u 1 j Z [2 n ]

[(� 1)R u 1
�
L � +
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u � L � �
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u
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]j (186)

�
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X

u2 P m
n

EPZ [2 n ]
jEP

� L � u
u ; R u j Z [2 n ]

[(� 1)R u 1 � L � u
u ]j (187)

By the Donsker–Varadhan variational representation of KL divergence,8� 2 R, we have

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]

� logE
� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[e�

�
( � 1) R u 1 � L � u

u

�
]: (188)

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]

� logEW ;R u jZ [2 n ] = z[2 n ]
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�
` F

E (W ;Su ) � ` F
E (W ;Su )

�
]: (189)

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]

� logEW

h
ER u jZ [2 n ] = z[2 n ] ;W = w [e� ( ` F

E (w; Su ) � ` F
E (w; Su )) ]

i
: (190)

(191)

Using the result of Lemma 8, we have

I z[2 n ] (� L � u
u ; R u 1 ) � � E� L � u

u ;R u 1 jZ [2 n ] = z[2 n ]
[(� 1)R u 1 � L � u

u ]
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ER u [
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nSu
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+
1
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nSu
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Hence, the discriminant is negative:

genfairness �
1
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h X
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i

(193)

As mutual information is invariant to permutations and we havea = 1 for the binary label case, we have the �nal results.
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E. Bounds based on prior techniques

Lemma 9. Assume thatjf j 2 [0; 1], then

genfairness �
p

2I (W ; V u ) (194)

Proof. Using the Donsker–Varadhan variational representation of the relative entropy, we have

I (W ; V u ) � EPW ; S [�` E (W ; V u )] � logEPW 
 PV u
[e�` E (W ;V u ) ]; 8� 2 R: (195)

We havejf j 2 [0; 1], Thus

`E (w; S) =
�
�
�

1
n0

X
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X
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� � max
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�

1
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f (w; x i )
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�
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1
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X
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�

!

(196)

� max(1; 1) = 1 (197)

SoFE (w; X 0
u ) 2 [0; 1] is bounded. Thus, using Hoeffding's lemma, we have:

logEPW 
 PV u
[e�` E (W ;V u ) ] � � EPW 
 PV u

[`E (W ; V u )] + � 2 1
2

(198)

By replacing in 195, we have:

I (W ; V u ) � � (EPW ; V u
[`E (W ; V u )] � EPW 
 PV u

[`E (W ; V u )]) + � 2 1
2

� 08� 2 R: (199)

Thus, (199) must have a non-positive discriminant.

jEPW ; V u
[`E (W ; V u )] � EPW 
 PV u

[`E (W ; V u )]j �
p

2I (W ; V u ) (200)

E.1. Proof of Lemma 1

Lemma 1 (restated) Assume thatjf j 2 [0; 1], then for anym 2 f 2; � � � ; ng
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n j

X

u2 C m
n

p
2I (W ; V u ) (201)

Proof.
genfairness = EPW 
 PS [`F

E (W ; S)] � EPW ; S [`F
E (W ; S)] (202)

Let m 2 f 2; � � � ; ng be a �xed number. Given the setZ1:m � � m , the corresponding̀F
E (w; Z1:m ) is as follows:
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Given a sequence of indicesu = f ui gm
i =1 2 [1; n]m , let Zu = f Zu i g

m
i =1 be the sequence of training samples indexed byu.

Let Pm
n be the set ofm-permutations ofn. Then, using the notion of`F

E (W ; Z1:m ) we have:

genfairness = jEPW 
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E (W ; S)] � EPW ; S [`F

E (W ; S)]j (204)

=
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Assuming thatjf j 2 [0; 1], Similar to Lemma 9, we can show that

EPW ; Z 1: m
[`F

E (W ; Z1:m )] � EPW ; Z u
[`F
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p

2I (W ; V u ) (207)

whereV u = ( X u ; T u )

By plugging (207) into (206), we have

genfairness �
1

jPm
n j

X

u2 P m
n

�
�
�EPW ; Z 1: m

[`F
E (W ; Z1:m )] � EPW ; Z u

[`F
E (W ; Zu )]

�
�
� (208)

�
1

jPm
n j

X

u2 P m
n

p
2I (W ; V u ) (209)

However, as mutual information is invariant to sample permutations, we have

genfairness �
1

jCm
n j

X

u2 C m
n

p
2I (W ; V u ); (210)

whereCm
n is the set ofm-combinations.
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F. Additional Empirical results
F.1. Experimental details

In all the experiments in this paper, similar to Harutyunyan et al. (2021), for every number of training data n, we randomly
sample m1 = 21 different 2n samples from the original dataset. Next, for each z[2n], we draw m2 = 50 different train/test
splits, i.e., m2 random realizations of R. Hence, each data point in the figures corresponds to a total of m1m2 = 1050
experiments. We report the mean and standard deviation on the m1 results.

We conducted experiments using the following datasets:

• COMPAS (Larson et al., 2016): The COMPAS dataset contains records of criminal defendants and is used to predict
whether the defendant will recidivate within two years. The dataset includes attributes such as criminal history and
demographic information, including race and gender.

• Adult (Kohavi & Becker, 1996): The Adult dataset is based on the 1994 U.S. Census and is widely used in machine
learning research. The goal is to predict whether an individual earns more than $50K annually based on demographic
and financial data. In fairness studies, gender is often used as the sensitive (binary) attribute.

The following fairness methods were evaluated in our experiments:

• ERM: Empirical Risk Minimization (ERM) is a standard machine learning approach that minimizes the empirical risk
on the training data. It serves as a baseline for fairness methods.

• DiffDP, DiffEopp, DiffEodd (Mroueh et al., 2021): These methods apply gap regularization for demographic parity,
equalized opportunity, and equalized odds, respectively. Since these fairness metrics cannot be optimized directly, gap
regularization provides a differentiable alternative loss that can be optimized using gradient descent.

• PRemover (PrejudiceRemover) (Kamishima et al., 2012): This method minimizes the mutual information between
prediction accuracy and sensitive attributes.

• HSIC (Baharlouei et al., 2020; Li et al., 2022): The Hilbert-Schmidt Independence Criterion (HSIC) is minimized to
reduce the dependence between prediction accuracy and sensitive attributes.

F.2. Extra Numerical results for our bound in Theorems 5

We report the experimental results of fairness generalization error and our bounds in Theorem 5 (DP) and Theorem 7 (EO)
as a function of the the total number of training samples n on with COMPAS dataset with gender and race as sensitive
attribute in Figure 3 and Figure 4, respectively. In Figure 5 and Figure 6, we report the results of our bound in Theorem 5
(DP) on Adult with Gender and Race as sensitive attributes, respectively.

The CMI terms in Theorems 5 (DP) and Theorem 7 (EO) involve both a continuous and a discrete variable. We evaluate
different estimators for these terms. Specifically, in addition to the main estimator used in this paper, i.e., Ross (2014), we
experiment with the estimators proposed in Gao et al. (2017), Darbellay & Vajda (1999), and Kraskov et al. (2004). The
main results of these comparisons are presented in Figure 7, showing that Ross (2014) is the most robust estimator in our
case.

F.3. Extra Numerical results for batch balancing

In Table 2, we report the results for our batch balancing approach on the Adult dataset. The results are consistent with
Table 1, highlighting the strength of our approach and its ability to improve fairness test errors of different algorithms.

In Figures 8, 9, and 10, we report the mean of test accuracy, the mean of fairness generalization error, and the mean of
fairness test errors of the different approaches using COMPAS (gender) dataset with different number of training samples n.
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Figure 3. Experimental results with COMPAS dataset (gender as sensitive attribute) of fairness generalization error and our bounds in
Theorems 5 (DP) and Theorem 7 (EO) as a function of the total number of training samples n.

Figure 4. Experimental results with COMPAS dataset (Race as sensitive attribute) of fairness generalization error and our bounds in
Theorems 5 (DP) and Theorem 7 (EO) as a function of the total number of training samples n.

Table 2. Effect of batch balancing on DP errors with the Adult dataset. We report DP on test data for various approaches, with and
without our proposed batch-balancing strategy. The results show that balancing consistently reduces DP by an order of magnitude. This
empirically supports the theoretical insights of Theorems 1- 5 regarding the role of group imbalance in fairness generalization error.

sensitive attribute: gender sensitive attribute: race

7500 10000 15000 20000 7500 10000 15000 20000

DiffDP 0.038 0.037 0.039 0.038 0.083 0.083 0.084 0.084
DiffDP (ours) 0.020 0.020 0.021 0.020 0.063 0.063 0.064 0.063

HSIC 0.026 0.025 0.025 0.026 0.087 0.086 0.086 0.086
HSIC (ours) 0.009 0.005 0.007 0.007 0.026 0.023 0.019 0.0178

PRremover 0.027 0.026 0.026 0.026 0.035 0.033 0.032 0.031
PRremover (ours) 0.008 0.007 0.007 0.007 0.011 0.009 0.007 0.006
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Figure 5. Experimental results with Adult dataset (Gender as sensitive attribute) of fairness generalization error and our bound in
Theorem 5 (DP) as a function of the total number of training samples n.

Figure 6. Experimental results with Adult dataset (Race as sensitive attribute) of fairness generalization error and our bound in Theorem 5
(DP) as a function of the total number of training samples n.
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