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ABSTRACT

Test-time training (TTT) enhances model performance by explicitly updating des-
ignated parameters prior to each prediction to adapt to the test data. While TTT
has demonstrated considerable empirical success, its theoretical underpinnings re-
main limited, particularly for nonlinear models. In this paper, we investigate the
combination of TTT with in-context learning (ICL), where the model is given
a few examples from the target distribution at inference time. We analyze this
framework in the setting of single-index models y = 0. ({8, x)), where the fea-
ture vector /3 is drawn from a hidden low-dimensional subspace. For single-layer
transformers trained with gradient-based algorithms and adopting TTT, we estab-
lish an upper bound on the prediction risk. Our theory reveals that TTT enables the
single-layer transformers to adapt to both the feature vector 5 and the link func-
tion o,, which vary across tasks. This creates a sharp contrast with ICL alone,
which is theoretically difficult to adapt to shifts in the link function. Moreover, we
provide the convergence rate with respect to the data length, showing the predic-
tive error can be driven arbitrarily close to the noise level as the context size and
the network width grow.

1 INTRODUCTION

In-context learning (ICL) is a powerful capability of pretrained transformers to solve tasks using
a few labeled examples provided as input, without updating their weights. This ability has gained
increasing attention with the advent of models with massive context windows, as more examples
lead to significantly improved performance (Agarwal et al., 2024). This approach has also proven
effective for multimodal tasks (Jiang et al.l 2024). From a theoretical perspective, transformers are
known to implement algorithms such as linear regression. Recent studies have extended this under-
standing to nonlinear settings, showing that transformers can learn nonlinear single-index models
(Oko et al., |2024)) and that softmax attention facilitates data-efficient feature learning (Nishikawa
et al.| 2025). Nevertheless, ICL faces its inherent limitations: the performance of ICL is fundamen-
tally constrained by factors like the pretraining data (Bigoulaeva et al.,2025) and model architecture
(Naim & Asher, [2025)).

Test-time training (TTT) has emerged as a promising strategy to overcome these barriers. TTT
adapts the model by updating its parameters on the test data before each prediction. This adap-
tive mechanism has led to strong empirical success across various fields, including large language
models (Hu et al.| |2025) and video object segmentation (Bertrand et al., |2023)). In the context of
ICL, TTT can be seamlessly integrated by using the in-context examples as data for task-specific
adaptation. For instance, |Akytirek et al.|(2025) demonstrated that this combination achieves notable
improvements on few-shot reasoning benchmarks.

Despite its empirical success, the theoretical foundations of TTT remain underdeveloped. A notable
work by |Gozeten et al.| (2025) established the statistical efficiency of TTT over standard ICL, but
their analysis was restricted to linear regression with a linear transformer. This simplified model
fails to capture the true potential of TTT’s power on nonlinear, complex tasks. This gap motivates
our primary research question:

Does test-time training improve in-context learning in nonlinear settings?



Furthermore, existing theoretical works commonly analyze performance in high-dimensional
regimes, showing that the prediction loss is 04(1) and thus vanishes as the data dimension d grows.
In practice, however, this dimension is fixed, making it crucial to understand how the loss behaves
as the number of data points n increases. This raises our second key question:

How does the test loss behave when we fix the dimension and increase the data size?

1.1 OUR CONTRIBUTION

To address the questions above, we analyze the performance of transformers on learning single-index
models, a simple type of nonlinear function. In our setting, each task is defined as

mtlﬂ ceey :CSVa mt 1’]\9 N(O7Id)7 yf ~ Ui(<5ta 5E2>) (Z = 1a T 7”)
where ol is an unknown polynomial that varies across tasks, and 3¢ is drawn from a fixed r-
dimensional subspace. Using the in-context data x1, - -- , x, our model constructs the predictor
for the new query . We establish a rigorous upper-bound on the predictive risk for a transformer
that utilizes TTT. Our main result is as follows:

Theorem 1 (Informal). Consider learning single-index polynomial ot ({3, x)) with the transformer
trained via Algorithm|l| Then, with probability at least 0.99, we can construct the model fry for

each prompt that satisfies E[| fre(x) — y|] = 7 + O(m~2) + O( ]\T,ft ), where Ny and Ty, are

the context length and the number of tasks in pretraining, respectively, Nyes; is the context length in
test-time, m is the network width and T = O(1) is the noise level, if Ny, = Ty, = (d2e(a2))y2)
and Nyey = Q(r2E@)) where ie(o,) and ge(o ) are the information exponent and the general
exponent of the polynomial o, respectively.

This theorem ensures the effectiveness of TTT in learning nonlinear single-index models, extending
its known applicability to linear models. Our analysis reveals several strengths of our approach:

« Efficient sample complexity: Theorem [1|implies that Nyeo = Q(r2V€(E2(e2)) to ensure low
predictive loss o(1), which does not depend on the entire dimension d. This shows that trans-
formers can adapt to the low-dimensionality of 5. In addition, this statistical complexity does not
depend on either the degree of the polynomial deg(ot®st) or ie(ot®st), which outperforms CSQ
learners and shows a comparable performance with that of SQ learners.

* Flexibility for varying nonlinearity: Our framework allows the link function o, to vary across
tasks. This adaptability is enabled by TTT, which fine-tunes the MLP layer each time using task-
specific test data.

» Statistical guarantee for practical settings: We provide an explicit convergence rate with respect
to the context length N;..:. This result offers a statistical guarantee in practical scenarios where
the dimensions d, r are large but fixed.

1.2 RELATED WORKS

In-context learning and its theoretical analysis In-context learning (Brown et al.,[2020) is trans-
former’s ability to adapt to the specific task using few labeled examples, without updating any pa-
rameters. |Agarwal et al|(2024) demonstrated that many in-context examples lead to considerably
improved performance, and Jiang et al.| (2024) confirmed that many-shot ICL is also beneficial for
multimodal tasks. The theoretical background of ICL is extensively studied. For example, a wide
array of works (Garg et al.l |2023; von Oswald et al.| |2023; [Zhang et al., 2024} |Gatmiry et al.
2024)) have shown that linear transformers can be trained to perform linear regression in-context.
As for nonlinear transformers, (Cheng et al.| (2024)) demonstrated that nonlinear transformers learn
to perform gradient descent and thus learn nonlinear functions. Also,[Nichani et al.|(2024) analyzed
learning of causal structure by softmax transformer. Recently, |Dherin et al.[ (2025) showed that
ICL in a single-transformer block(a self-attention layer and subsequent MLP layer) corresponds to
low-rank update in MLP layer. Regarding limitations of ICL, Bigoulaeva et al.| (2025) argued that
pretraining datasets impose a fundamental limit on the model’s capability with ICL. Furthermore,
(Naim & Asher, 2025)) demonstrated that the transformer’s ICL ability to generalize functions is
limited to certain input values, and found that this limitation comes from layer normalization and
softmax attention.



Test-time training Test-time training (Sun et al.|(2020)), Liu et al. (2021))) updates the model using
test data before making predictions, thereby addressing distribution shifts. TTT achieved success in
many fields. For example, Bertrand et al.[{(2023) applied TTT for the video object segmentation task
and achieved a significant improvement in the performance. Moreover, Hu et al.| (2025) analyzed
test-time learning of large language models and achieved at least 20% higher performance on domain
knowledge adaptation. Furthermore, [Zhang et al.| (2025) proposed adopting a large chunk update,
and validated the effectiveness of their approach to long-context data through tasks like image sets
and language model. As for TTT combined with few-shot prediction, |Akyiirek et al.|(2025) reported
that introducing TTT with in-context examples resulted in 6 times higher accuracy in the Abstraction
and Reasoning Corpus and a 7.3 percent higher score on BIG-Bench Hard. Finally, regarding the
theory behind TTT for in-context learning, (Gozeten et al. (2025) analyzed the linear transformer
with a single gradient step and characterized the prediction risk of the model with TTT, showing
that TTT can mitigate distribution shift.

2 PRELIMINARIES AND PROBLEM SETTINGS

Notations Let He;(2) = (—1)ie§ dd—;ff%2 be the degree-i (probabilist’s) Hermite polynomial.
S%-1 denotes the unit sphere in R?. For matrix A, we denote its ¢, operator norm and Frobenius
norm as ||A||2 and || A||r, respectively. For a set S, Unif(S) denotes the uniform distribution over
S. 0,€, © means O, 2, © where polylogarithmic terms of d and 1/¢ are hidden. Oy, Q4, ©4 means

the order with respect to the dimension d, r, while ©. denotes the order in terms of €.

2.1 IN-CONTEXT LEARNING AND TEST-TIME TRAINING

We consider the basic setting in ICL, which is introduced by |Garg et al.| (2023) (see|Oko et al.[(2024)
and [Lee et al[(2024)). In this setting, the model is given a sequence (1, y1," - , TN, YN, x) called
prompt. The labeled pairs (x;,y;) € R? x R are called contexts, and & € R is referred to as query.
The model is asked to predict the output that corresponds to « based on the context. The context is
sometimes abbreviated as (X, y,,) where X,, = (1, -+ ,Tn), Yn = (Y1, ,Yn). In this work,
we assume that the x and y are generated as follows:

mtla <. .,CC?V,.’Bt 1’1\(} N(OvI(i)7 yf = fi(mf) +C17 Ci ~ Unif(_Ta T)'

ICL aims to predict y = fi(x) + ¢ by mere observation of the context, without updat-
ing parameters for each prompt. However, we introduce test-time training to further en-
hance the model’s accuracy. In pretraining, we train the model with 7, distinct datasets
(gt ,:cf\,pt , yﬁvpt, x?t, yt)tTfl, with each prompts consisting of N,,; queries. In test-time, we
divide the context into four groups with ¢-th group’s length N;. This means the test-time prompt
is (XN, YNy s XNo» YNy XNs» YUNss XN, YN,» ). Each group of data plays a different role in
test-time training: See Subsection for the detail. Let Niegsr = Z?Zl N; be the total number of
contexts test-time.

For the evaluation of the model f(x, ) with parameter §, we define prediction risk as

Ry(0) = E[f(z,0) —yll,

where y = f.(x) + ( and the expectation is taken over the prompt &;, & ~ Dy, fi ~ Dy, ,(, ¢ ~
De. Note that R ¢(6) not only depends on the dimensions d,  but also on the context length N.

2.2  SINGLE INDEX MODEL

We consider single-index models for the input-output relationship, where the output depends solely
on the direction of the feature vector 5. To predict this relationship accurately, the models are
expected to learn the target direction 3 from the high-dimensional data in R?. Consequently, single-
index models have been extensively studied in machine learning theory (Bai & Leel 2020; Ba et al.}
2022; |Bietti et al.L[2022; Mousavi-Hosseini et al.,[2023]; Berthier et al.|[2024)), particularly to examine
adaptability to the low-dimensional subspace. The target function fZ(x) is determined as:

fila) = ol ((B", ).



1. Feature vector The feature vector 3 is chosen uniformly from the unit sphere in an r-dimensional
subspace. Let S, be an r-dimensional linear subspace in R?. For each prompt, 3¢ is uniformly
drawn from its support Supp(5) = {5 | 8 € S., ||5]| = 1}.

2. Link function We take o' (2) = Zf:Q %Hez(z) where 1 < QQ < P. We assume P and () are
constants of O(1). The coefficients ¢! are drawn from any distribution D, - that satisfies

P
Elcg] = ©(1) # 0, Z (cf)2 < R.=0(1) (as.) and (cgy, - - ,cp) # (0,--+,0) (as.).
i—Q

Remark 2. We draw a new feature vector 3t and a new link function o (2) for each prompt. When
r < d, Bt has low-dimensional support. We will later demonstrate that our model can leverage this
low-dimensionality. Note that our analysis is also valid when r = d. As for the link function, we do
not assume a specific distribution of the coefficients c;: our framework allows different distributions
as long as they satisfy the assumptions above.

For simplicity, we assume that Ny, Tppt, N1, No, N3, Ny = poly(d), and there exists a,- > 0 that
r = Q(d"), which means that r grows faster than polylog(d).

The complexity of learning single-index model is governed by three key quantities: the degree of
the polynomial deg (o), the information exponent ie(o ), and the general exponent ge (o).

* The information exponent (Dudeja & Hsu, [2018; |Arous et al., 2021) ie(o) is the smallest non-
zero degree of the hermite expansion of o,.

* The general exponent (Damian et al.,[2024) ge(o) is the minimum of ie(f o o..) with respect to
all the Ly- measurable transformation f.

By definition, deg(o.) > ie(o.) > ge(o,) holds. This relationship characterizes the statistical
complexity required by different algorithms.

* The kernel method, which relies on pre-determined feature maps, requires the sample complexity
n 2z d©(deg(9:)) (o ensure low predictive error (Ghorbani et al.,|2020; |Donhauser et al., [2021}).

* The models with access to correlational statistical query (CSQ), of the form E[¢(x)y], require a
sample size of n > d@(ie("*)), known as CSQ lower bound (Damian et al., 2022; |Abbe et al.,
2023). This improved sample complexity, independent of deg(o. ), has been achieved by models
like two-layer neural network with online SGD (Arous et al., [2021; [Damian et al., |2023) or one-
step gradient descent(Damian et al., [2022; |Dandi et al., [ 2025).

» For the broader class of statistical queries (SQ), which takes the form E[¢(x, y)], the sample com-
plexity is further improved to n > d©(&¢(?+))  This advantage comes from applying nonlinear
transformations to the label y, thereby reducing ie(o.). Recent works have achieved this com-
plexity by reusing the data (Lee et al., 2024; |Arnaboldi et al., 2025) or adjusting the loss function
(Joshi et al., [2024). Furthermore, when o, is a polynomial, the following result holds:

1 (if o4 is not even)

Lemma 3 (Lee et al.| (2024), Proposition 6). It holds that ge(o,.) = ! )
2 (if o is even)
Moreover, ge(o.,.) = minjs1 ie(ol) holds.

This implies that, for any polynomial o, ge(o,) < 2 is a small constant, regardless of deg (o).

Our goal is to achieve the test-time sample complexity of Nyeqr = r©(8(@<)) which is independent
of the entire dimension d and surpasses the CSQ limit.

2.3 STUDENT MODEL

To facilitate our theoretical analysis, we need to establish a concrete architecture for the student
model. We employ a single-layer transformer model, formulated as follows. In pretraining, we use
the same model as|Nishikawa et al.| (2025). We first construct the embedding E as



E-= 551 o Z"x :f € RUE@FDX(N+1) Then, we apply the softmax attention layer as
Lo

Attn(E) = WY E - softmax(Mask(p™! - (WX E)TWCE)),

where p is temperature and WV, WK W® ¢ R(@+1)x(d+1) are the parameters for attention layer.
The softmax is applied to each column, while the Mask function converts all the elements in the
final row into —oo to prevent the model from focusing on the uninformative final row. We further
apply a multi-layer perceptron (MLP) layer. For the activation function, we use ReLU function
0(z) = max {0, 2} throughout the paper. With the parameters W € R™*(@+1) p ¢ R™ and
a € R™ where m is the network width, the model’s output is

ficT, Xn,yn,x) = MLP o Attn(E). yy1 = aTa(WFAttn(E):_’NH +b),

where o is applied entry-wise. Finally, we adopt some simplification. Let WX®@ = (WK)TW® ¢
REHDX(A+1) and WY = WFWY ¢ ROm+1D)x(d+1) We use the following parametrization:

r 0
WKQ — |:01><d d1><1:| WFV [O(m+1 'U} ,

for ' € R**4 and v € R4*+1*1 This kind of simplification, specifying some of the parameters as
zero, is often adopted in many theoretical works on transformers (Zhang et al., 2023} |Huang et al.,
2023} |Kim & Suzuki,[2025)). Overall, the model’s output is written as

Al 1yey1/pem T'z/p ‘
fIC(RXNny» ZGJO' (vj Zl eUz/Pe Tl_‘w/p +b] .

See Appendix A in |Nishikawa et al.| (2025) for how to derive this equation. At test-time, we adopt
low-rank adaptation(LoRA). Specifically, we change the attention matrix I'* as T', = I'* + u " u,
where I'* is fixed during test-time and w € R? is a trainable parameter vector. Our goal is to find
4 = [3 using test-time context data. See section for how test data is used to find @. The final
prediction of the model is as follows:

m

fTF(-’.U,'EL,'U7a:,b) = ZajU(Uj <’EL,$> + b])
Jj=1

Remark 4. The use of in-context data in attention output leads to data-efficient prediction,
but it prevents the model from achieving near-zero error. This is because of the high or-
der term of (B8,x). When N is sufficiently large, the denominator of the attention output

NI v i/pe®! T2/0 approximates Elexp U*((B, x1) /p)exp({Tsx, 1) /p)], as explained in
lehlkawa et al.|(2025). The key of their work is, since exp({I',x, 1) /p) contains all the Hermite
coefficients and exp o.({8,x1) /p) has nonzero coefficient for Hege(a*) this attention layer can

compute (3, )57 However, this means that the output of the attention module contains (3, )"
fori > ge(o.) + 1 as well. This causes inevitable prediction error, even when N — oo. Mean-
while, when we find  that is sufficiently near the feature vector 3, we can achieve near-zero error.
Therefore we do not use in-context data in the final prediction fry.

2.4 TRAINING ALGORITHM

We employ a gradient-based training algorithm, as specified in Algorithm[I] The training procedure
consists of pretraining and test-time training, with the latter divided into three stages.

* Pretraining: We optimize I' via one-step gradient descent over T},; prompts. This scheme is orig-
inally taken from [Nishikawa et al.| (2025). The effectiveness of one-step gradient descent is con-
firmed by works such asBa et al.|(2022) andDamian et al.|(2022), which demonstrate that one-step
gradient already captures the key feature.

* TTT stage I: We apply a single gradient descent step to u(?) with L,-regularization. This stage
prevents catastrophic forgetting, a phenomenon where the parameter change caused by TTT de-
prives the model of the fundamental ability to adapt to the original task. The goal of this stage is



Algorithm 1: Pretraining and test-time training of transformer
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Input : Learning rate 7, 1, 72, regularization rate Ap;, A1, initialization scale oy, g, oz,
dimensions d, 7, temperature p.

Initialize T'(0) ~ I;/V/d, v(0) ~ Unif({1}™), b(0) = 0,,, a(0) = aptly,.

Pretraining: One-step Gradient descent on Attention Matrix

| T T(0) — mpegds S0 Ve ((re (T Xy Yy @) — )2 + AelIT)).

Test-Time Training
a(O) =o1l,,.
for: =1to N; do
L €T; < \/?F*wz
N0
w©® ~ N(0, I), uw® — \/ﬂ"*u(o), w® — NGOIE

Stage I: Initialization of u with signals from Original Model

Draw wy, -+ ,wy,., > N(0,I,).

b= x— S g(T*, Xy Y, wi),

w® = ul® — (I Vi ggt— S0 (fio(Cus Xy Y, w;) —

(g(r*a XN17yN1awi) - b))2 + %vu”unz}’

1 . u®
U fumy

a(0) = asl,,.

fori = N; +1to Ny + N> do

L €T; < \/;F*ZBZ

Stage II: Strong Recovery

fort =1tot = N3 do

L wD =4 — iy /rT*V o (3 (fio(Cus XNo» YNy BNy 4 Natt) — YNy +No+2)2)-

(t+1) oD
u WO

nitialize b’ ~ Unif([—log® d,log? d]) , v* = v(0).
tage III: Training of MLP Layer
a*
argming 53 Yo, s s o1 (Fre (@, w ™D 0% a,b%) — 31)? + 2 a2

N -

Output: Prediction frp(z, u™stD v* a* b*).

3

to find a good initial value of (1) that satisfies <B, u(1)> > 1/polylog(d). For this stage, we use
the output from the attention layer of the original model as a teacher signal, which is defined as
N MY yieVi/Pe@i Txe

— N T
Nyt 3T evilee®s T

9T, XN1,YN,, ) = . In this stage, the query « do not require ground-

iid.

truth label y. Therefore, we use Ny, newly generated vectors wy, ..., wy,.,, ~ N(0,I4) for

the query. The necessity of this stage is further discussed in Subsection

TTT stage II: We continue to optimize w by applying multi-step online SGD scheme that originates
from |Lee et al.[(2024), using (X n,, Yn, ) as contexts. This stage aims to align w more closely to
the target 5. As we will see, increasing the number of the SGD steps leads to the convergence of
u to 3.

TTT stage III: Finally, we train the MLP layer to fit to the nonlinear link function o*t. Specif-
ically, we randomize v and b and optimize a with ridge regression, following the recipe in
Nishikawa et al.|(2025). This problem is convex with respect to a, ensuring that the global opti-
mum can be readily found.

MAIN RESULT

Based on the problem settings above, we are now ready to present our main result.



Theorem 1 (Formal). We denote the link function drawn in inference-time as o'***. Suppose that

Ty, Ny = Q(r2d9F2), Ny = Q(r8e(@i"042) N, .\, = Q(r8e(")142) N, = 6(r2). Moreover
we assume that m, Npy, T, N1, No, N3, Ny = O(poly(d)) and there exists o, > 0 that r =
Q(d*"). When we fix d large enough, then there exists Apt, A1, Npt, 1, N2 such that the prediction
risk is low with probability at least 0.99 over the training data and random initialization. Concretely,

for the model trained via Algorithm|I| we have that

R o (u, 0", @*,b") — 7| = O(N; /%) + O(m~1/?) + 0<W> ,
3

with probability at least 0.99.

The proof is given in Appendix [G] Our result has the following advantages compared to previous
works.

(i) Nonlinearity While |Gozeten et al.| (2025)) also investigates test-time training combined with
ICL, their analysis is restricted to linear datasets and a transformer with linear attention. By con-
trast, we consider a more complex and general problem of prediction for a single-index model with
a nonlinear polynomial. In addition, the student model in our work utilizes nonlinear softmax atten-
tion, thereby extending the analysis beyond linear transformers.

(i) The adaptability to link function Our framework has the flexibility of using a task-specific
link function o. In the previous work by Nishikawa et al.[(2025)), the link function is fixed through-
out all the tasks (only S varies across different tasks) because the training of the relevant layer is
done only in pretraining. In contrast, the use of test-time training allows the model to adapt to the
characteristics of each task. Therefore, our algorithm is effective even when the underlying link
function varies from one task to another.

(iii) The convergence rate of predictive loss with respect to n The analysis by |[Nishikawa et al.
(2025)) guarantees that the ICL risk is 04(1), but it provides no guarantee that the risk diminishes as
n — oo. In fact, this is an inherent consequence of adopting softmax attention, as we discussed in
Remark ] In contrast, our result overcomes that limitation. When d is a sufficiently large constant,
our theory ensures that the prediction risk can be made arbitrarily close to the inevitable noise
by increasing the context size N;.,; and the network width m. This is because the increase in the
test-time context length N3 allows the vector u to converge to the ground truth £.

In addition, it is worth noting that we achieve efficient sample complexity. Theorem [l| implies

that Nyest = Q(T“ge("?“)) to ensure low predictive loss o(1), yielding two key benefits. First, our
sample complexity does not depend on the entire dimension d, which means this model also adapts to
the low-dimensionality of 3. Second, our sample complexity is independent of either deg(ot®t) or
ie(aieSt), which breaks the CSQ upper bound. Moreover, for polynomials where ge(o.) < 2 holds,
the required number of samples is small. In conclusion, our sample complexity is nearly optimal.
It is instructive to compare this with [Nishikawa et al.| (2025)). Although they also achieve sample
complexity with these two features (Niest = Q(r3ge("*)/ 2)), their result guarantees convergence
with respect to d, not N;.4;. This implies that their result is valid only in the asymptotic limit where
d — oo. Moreover, they do not provide the convergence rate with respect to d. In contrast, our
result holds for any sufficiently large fixed d.

3.1 PROOF SKETCH

The outline of the proof of our main theorem is as follows: using the output of the original model,
we can achieve weak recovery i.e. nontrivial overlap between 8 and u. Once weak recovery is
completed, more training using the signal y leads to strong recovery i.e. (3, u) > 1 — ¢. Finally, the
training of MLP layer allows the model to fit to the nonlinearity of the link function.

3.1.1 EXPLOITING THE PRETRAINED ATTENTION MATRIX

As shown in |[Nishikawa et al. (2025), the attention matrix I'* after pretraining captures the -
dimensional Span of 3:



Lemma 5 (Informal, Correspond to Proposi}ion 22 in [Nishikawa et al.| (2025)). After running the
pretraining in Algorithmwith Ty, Ny = Q(r2d9*2), it holds that

I~ c,Egl3B"]
with high probability, where c, = é(ﬁ)

This means that I'* can project vectors into the r-dimensional subspace Supp(53). Therefore, by
multiplying /7T"* to x; and the gradient (the coefficient /7 is just for adjusting the scale), we can
make the problem virtually r-dimensional, even though the entire dimension is d. This leads to the
sample complexity only scaling up with r, not the whole dimension d.

3.1.2 WEAK RECOVERY

First, we initialize u by one step gradient descent using the output from the original model
9(Ts, XN, , YN, , w;). We do not use the signal y in this process. Intuitively, this self-distillation
can be seen as a prevention of catastrophic forgetting. Taking the information from the original
model makes the LoRA model similar to the original model, thereby preserving the desired features
of the original model.

To clarify why we need to use the original model as teacher, consider training the LoORA model with
the true signal y. Then, by calculating the gradient, we can get the following:

Lemma 6 (Informal). The following holds with high probability:

SVIT ValficlT, X, un, ) = 5)? = Ofam) (6, u) {(V) =00 4+ (5,02

See Appendix |C| for details. At initialization (3,u) = O(1/r) holds, so the signal strength is
rO(e(@l™)  Therefore, when we train w from the signal y, we need at least 7©(°(e:"")) data.

However, using the original model as teacher signal reduces this data length to rOEe(el™)  Ag
Nishikawa et al.| (2025) showed, the attention layer after pretraining can compute (/3, m)ge(“im)
in-context. Then, noting that ie(Hege(,,)) = ge(o.), when we learn from the original model, the

signal strength becomes rO(ee(@™) " This improved signal strength results in the required data
length Nyer = 1) which surpasses CSQ limit.

3.1.3 STRONG RECOVERY

Weak recovery is insufficient for reliably predicting (5, x) using only w. Therefore, we further
optimize u until we achieve strong recovery, defined as (3, u) > 1—¢ for a small error tolerance £ >
0. After achieving (3, u™) > 1/polylog(d), the signal strength is O(1/polylog(d)), independent
of ge(atest). Consequently, the sample size required to achieve strong recovery does not depend
on ge(otest). Moreover, we achieve a smaller sample complexity for achieving strong recovery
compared to the prior work by [Lee et al.| (2024). While their work suggested a linear increase in
(B, u(™), which resulted in the required data length N = ©.(¢~2), we find that beyond a certain
point, the error 1 — < B, u(")> converges to 0 geometrically. This accelerated geometric convergence

yields an improved sample complexity of N = @E(% log %) See Appendix @ for further details.

3.1.4 ESTIMATION OF THE LINK FUNCTION

Finally, we train MLP layer to predict the link function ot°t, Following prior work Nishikawa et al.

(2025), we show that training MLP layer leads to small empirical loss. Moreover, we derive the
upper bound of the predictive risk using Rademacher complexity. See Appendix [F for details.

4 SYNTHETIC EXPERIMENT

We conducted a numerical experiment to examine the effectiveness of TTT compared to ICL. To
evaluate whether our theory holds with real-world settings, we trained a GPT-2 model (Radford



et al, 2019) to learn the Gaussian single-index functions. See Appendix [[| for further experimental
details.

The dimensions were set to d = r = 16. For each task ¢, the data was generated as follows:
al, L aly,at N0, 1), B¢ ~ Unif(S) and y} = ol({B,a;) = T Hes((8,2:)) +

%Hed(ﬁ, x;)), where ¢! ~ Unif(—0.5,0.5). We compared the following two settings:

1. In-context learning, configurated as (Garg et al.| (2023)), (Oko et al.| (2024)) and Nishikawa et al.

(2025). We first pretrained the model with the data (X¢, y¢, x¢, yt)fgl, then we calculated the
predictive loss.

2. Test-time training: We adapted the same pre-trained model as we used in the evaluation of ICL
by fine-tuning the LoRA parameters applied to the attention and MLP layers.

Figure [Talhighlights the result. Contrary to our initial expectation, the pretrained model’s ICL ability
is powerful enough to adapt to the varying link function, while TTT does not lead to significant im-
provement of the prediction. This discrepancy is likely due to the difference between our theoretical
setting and the practical experimental setup. While our theoretical analysis assumed a single-layer
transformer consisting of the attention layer followed by the MLP layer, the experiment utilized a
6-layer GPT-2 model. As noted by |Oko et al.| (2024), MLP layers followed by linear attention (a
structure present in GPT-2) are capable of adapting to nonlinear link functions. It is plausible that
the GPT-2 model learned to fit the task-specific link function during pretraining, leaving little room
for improvement via TTT. Nevertheless, we observe that TTT at least does not degrade performance
even when ICL functions effectively.

This result spurred us to analyze the limitation of ICL and the true potential of TTT in more challeng-
ing tasks: we changed the distribution of link function as y! = %He;;((ﬁ, x;))+ %He;;((ﬁ, xi)),

where ¢} ~ Unif(0.5,1.5), ¢} ~ Unif(—0.5,0.5), only in test-time. The result, summarized in
Figure clearly shows the advantage of TTT over ICL. As the data length grows, the accuracy
of TTT steadily improves, substantially surpassing the performance of ICL. Taken together, these
results highlight TTT as a robust strategy that matches ICL in standard settings while significantly
outperforming it under distribution shifts.

14 — ICL 14 — ICL
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(a) In-distribution setting: The distribution of the link
function is consistent between pretraining and test-
time.

(b) Out-of-distribution setting: The distribution of
the link function at test-time differs from that of pre-
training

Figure 1: The predictive error of In-context learning (ICL) and Test-time training (TTT) for a pre-
trained GPT-2 model on single-index polynomials (see Section [f] for details). While (a) shows that
ICL effectively adapts to varying link functions for in-distribution tasks, (b) demonstrates that TTT
outperforms ICL under distribution shift, showing its superior adaptability.

To further assess the capabilities of TTT, we examined its ability to leverage low-dimensional task
structures. We fixed the ambient dimension at d = 16 and compared the predictive error in the
in-distribution setting for a low intrinsic dimension (r = 4) versus a full-rank intrinsic dimension
(r = 16). As illustrated in Figure |2| the predictive error is substantially lower for » = 4 than for



r = 16, even though the ambient dimension d remains the same. This finding highlights that the
TTT-equipped model effectively adapts to the task’s intrinsic low-dimensionality.

1.4 1 —_— r=4,d=16
r=16,d=16

0.8

Predictive Error

0.44

0.2

0.0 T T y T T
0 20 40 60 80 100 120
Context Length

Figure 2: The predictive error of Test-time training for a pretrained GPT-2 model on single-index
polynomials, comparing different intrinsic dimensions r (with fixed ambient dimension d = 16).
Notably, when the intrinsic dimension is low (r = 4), the error remains minimal even with very
short context lengths.

5 CONCLUSION

We have investigated test-time training combined with in-context learning. We provided an upper
bound of the predictive loss in terms of m and N. Our result shows that for a large test-time sample
size Niest, the predictive loss approaches the inevitable noise 7, even when d remains finite.

Future work and limitation We outline some limitations and future research directions.

* The result of the numerical experiment demonstrates that the ICL model’s loss decreases as we
increase n in in-distribution cases. This finding is contrary to our theoretical expectation that ICL
cannot adapt to the change in link function. Future work could clarify whether ICL without TTT
can manage varying link functions.

* We only considered the single-index model where the link function o is a polynomial. Investi-
gating a more general class of input-output relationships is a possible extension of this work.

« In this work, we assumed that the test-time distribution of the feature vector /3 is the same as in the
pretraining. Considering a distribution shift, such as investigating the situation where Supp(3);es:
is slightly different from Supp(5),: is another interesting direction.

* Algorithm|[I]divides the test-time training into 3 stages, training different layers sequentially. This
differs from the typical situation where the entire model is trained at once, as was done in the
experiment. Whether a similar upper bound of the predictive risk can be established in such
settings remains to be examined.

LLM USAGE STATEMENT

Large language models are used for three purposes: to proofread and polish English writing, to help
us find related works, and to write the code for the synthetic experiment. We did not use any LLM
assistant for designing the problem settings and constructing the proofs.
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A DEFINITION OF HIGH PROBABILITY EVENTS

Definition 7. We say that an event A occurs with high probability when the following holds:
1 - P(4) < O(d),

where C\ is a sufficiently large constant that is independent of d and .

Note that we can redefine C', to be sufficiently large if needed. A basic example is the Gaussian tail
bound. When x ~ N (0,1) and ¢ > 0, we have

P(|z| > t) < 2exp(—t?/2).
Thus, by letting t = +/2C log d, we see that

P(|lz| > /2C, logd) < 2dexp(—C,) = O(d~“*).
In such a situation, we say that |z| = O(+/log d) with high probability.

When Ap,...,Ap occurs with high probability where M = poly(d), then the intersec-
tion A1 N Ay N --- N A occurs with high probability. In this paper, we assume that
Npt, Tpt, N1, N2, N3, Ny,m = O(poly(d)). Because of this assumption, when we take the in-
tersection of high probability events Ay, ..., Ay, M = poly(d) is satisfied.

B PRETRAINING

We follow the pretraining algorithm that was considered in|Nishikawa et al.| (2025). In the original
paper, the link function o, is fixed across all tasks, whereas in this paper, the link function varies
depending on the tasks. We should take this difference into account and ensure that the pretraining
algorithm works properly even in our setting.

Lemma 5 (Formal). After running the pretraining in Algorithm I\ with Ty, Npy = Q(erQ”), it
holds that

1
=———— (rE3[B8T ]+ N
T1/2 logc“" d ( ﬁ[ﬂﬂ ] )
with high probability over the data distribution, where |N||p = Oq(1/+/d) holds, where C,; can
be taken to be sufficiently large.

Proof. We only consider the difference between our settings and Nishikawa et al.| (2025). See Sec-
tion C of [Nishikawa et al.|(2025)) for the original argument.

If we fix t, we may apply Lemma 19 and Lemma 20 in Nishikawa et al| (2025). In
addition to that, since the norm upper bound remains unchanged, we can bound the dif-
ference between the expectation and the actual value just like Eq.(C.3) and Eq.(C.4) in
Lemma 21 of [Nishikawa et al. (2025). What remains is to calculate Emﬁyt[yzkﬂwT] =
(PVd) *Eg[Ea ol (8, 2)) (8. 2))*1BBT] + (pv/d) *KEs[Eq ol ({8, ) (8, 2))F1]BBT].
Because of the definition of ie(0.), Eq p.¢[yz*B32T] = 0 when & < Q — 1. As we assume that
Eilcg] = ©(1), when k = @Q — 1, we see that

Es[Ea i [0 ((8,2))((8,2))"188"] <Es[Ex[E:[cq]Heq-1((8,2)) (8,2)°~']3"]
=(pvVd)~ @ VEg[85 ],

and this is the main term that is proportional to Eg[33"]. This means that we can use the same
argument as Nishikawa et al.[(2025) with ie(0.) = Q. O

Letk = log_C” d. In other words, & satisfies kK = @(log_c" d) where C,; can be taken sufficiently
large.

Lemma 8. Suppose that the context length satisfies Ny = Q(rge(”*)+1). Then, it holds with high
probability that

e(oy)
. (x,8)\*
g(F7XN17yN17w):P1,+P2,< \/; + ns,

where P| = 04(1), Py = ©4((logd)=C"2) and n3 = og(Pyr—8e(e+)/2-1/2 |gg=2deg(e.)+2 gy
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Proof: When Ny = Q(r2°(?-)t1) the (h.o.t.) in the proof of Proposition 11 in Nishikawa et al.

(2025) can be evaluated as o(p~! Pyr—8°(@-)/2-1/2 log~2des(o-)+2 d) by carefully examining the
term. Using this fact, the same argument as the proof of Proposition 11 in |Nishikawa et al.| (2025)
yields the result. O

C GRADIENT CALCULATION

For the sake of simplicity, we write ot as o,. Let I', = I'* + wuT, xf = rl*x;, p* =
! Vilpgmi  Tuwm/p
ViT*B and fic(x) = Y7L, ajo (U] S

SN, evileei  Tunle
k.

as 0.(2) exp((04(2)) = Xi5 %zz and exp((04(2)) = >_;50 Bi2i, where
o (2) : o (2) 1
Fo(z) = { ’ (lf o | = logd)

0 (otherwise)
Lemma 9. Take p = O((log d)“») where C,, is a constant sufficiently large. Suppose that w satisfies
lu| = Cy < 1and (u,x}) = C,O4(1). Then

+ bj) . Moreover, let us define A;, B;

Vit aafﬁ = Ly (VT @ - (v(z,y) (8%, u) + ViT*y(®,y) (x,u) B + VT -0y + (@, u) na

where |
P)/(w,y) = P() —+ Plz —+ .. +Re(g)—1zle(a)71 + ...

is satisfied with z = <B, \/?F*TFU:@ /p, andny = 0) (Cu \/Nzl> andns = O (\/Nzl> hold.

Note that from Lemma[29| the condition (u, ) = C,O4(1) is satisfied at the initialization.

Proof. Let

(. y) Z yleyl/pe ; Fuw/p

1 & «

& (z,y) Zyzey’/pe /o gt uy @+ (u,x) )}
1 Nl T
o, y) = Ezey"/pemi P {(@f, u) @ + (u, @) @}
=1

Then, we can write the gradient of fic with respect to u as
afIC N yey7/pem11" u/p §1m2 — §omy
E a;o T thj )
z Oy o /pemi T 3

First, from the assumption (u, ) = C,,O4(1) with C,, < 1 and Lemma|25| we can see that

zjuu'z = (x], u) (u,x) = O4(1).

Therefore, by taking C,, sufficiently large, we can say =} ' I',x/p = 04(1) with high probability.
Hence, following the same argument as Proposition 11 in Nishikawa et al.| (2025)), we can say that
the content of p/(+) is P1(1 + o(1)) using the positive constant P;. Therefore, p'(-) = 1 if and only
v; = 1, which means that

dfic §imy — §om

T _ o, 222

ou 5
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Next, we evaluate the term Elmﬁﬁ For that purpose, we first derive the expectation of each

component of this term, and then bound the deviation of its actual value from the expectation. Let
k, = (exp(7/p) + exp(—7/p)), then the following holds:

Eq, ¢, [e7 (@0 /ot ool Tu/oge) _ B [oo-(B@1) el Tua/ogy)

B; * .
kB, | D0 e (8, @) T v

i>0
. Bt 2 T, z/
:\/;F kpﬂ]Eml Z 1 Hei(<6am1>)e vomEe
=
Fum B’L ;7 x
VT =By |3 G Hen (B @)t T

i>0
(1

(recall that z = < B, \/FF*TFUJJ> /p). Here, we used Stein’s lemma to derive the final equality. The
expectation in the second term of the RHS can be calculated as

B, o

Ea, | Y = Hei((8,@1))em 1o/
i>0

B; NG v AV A v VT T,

ZEE ,fHei(<ﬂ,£E1>) < exXxp\ —————5—— He‘ T, T/
1 Z i J;ﬂ p 20 ’ VT Tz

5 B (TRl (VT R /g VT T
=t p RAN7S VAT T

| VT T2 By T
i>0
The expectation in the first term of Eq. (I)) can be evaluated in a similar way, and we obtain:

Ez, ., [eﬁ*(<w1”6’>)/p+C1/pewTTFuw/p$T]

* T 2 . )
= /rI"k,B exp (|\/77I‘ il ) Z Bin1 2

2 Al
2p = ¢

k T,z B; .
+ﬁf*p”FuweXp<M> Z—zz . ()

2 il
2p = ¢
Similarly, using k, := 5_(exp(7/p) — exp(—7/p)), we have that

7.\ ’ﬂ T 7« (@1 1 z* T,z *
Ea, ¢, {(MPMQ (@1,8))/p+G1/p @i T /”wl}

N T T, x| A; . Lk T T T, x| A;
— JiT*k, exp (W) S A gy v 5 xp (W) S A re
i>0

F*Tl'\u 2 Bi . k' F*Tru 2 Bz )
+ Tk, exp (I\/; 5,2 zl ) Z 7.'“ 2| B+ T L exp (Hﬁ 5,2 2] ) Z —2' | .
P >0 " P P i>0

_ 1 N1 i nyi/pae: T Dux/p _ 1 N1 [ yi/pax: T Dux/ppx
Let Fl = leizl |:?e /e i 3 /xl and FQ = ﬁzizl[e /e i wz/ ZC,L] Then,

the expectation of & and & can be written as Eg, ¢, [&1] ([E[F1]], w) x + (u,x) E[F1] and
Ez, ., [&2] = (E[F2], u) ® + (u, x) E[F;] respectively.
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Based on the argument above, the term 51”2#& is concentrated on
2

(E[r2]) ~* {(E[F1]E[r2], w) & + (u, z) E[F1]E[r2] — (E[F]E[m], w) & — (u, @) E[F3]E[m ]} .

Also, following the same argument to obtain Eq. (2)), we have

* T 2
Eml-Cl |:ea'*(<ml;5>)/P+C1/pemITF’um/p:| = kp exp (”\/;F Fuw” > Z Ez’

2 i )

2p >0 1!

and
Ea. ., {5*(@1,@) + G ea*((ml,ﬁ>)/p+gl/pem’{TFum/p:|
p
|VFT* L, a? A\ o (VT B,
:]ﬂpeXp (2[)2 ZZTZ —|—k‘peXp 2—[)2 ZZTZ
i>0 i>0

Using these result, we obtain that

)
(Ethl [772}) (E$1,C1 [FINECEMCI [ﬂ'g] - EIhCl [F2]ET«1,C1 [ﬂ-l])
—2

B, .
:\/;F* k‘pZT;ZZ X

i>0

(s o
i>0 i>0 i>0 >0 i>0
- [ o (Z l+lzl> PF 3"( ]73!22> : [kp ( > Tk, | 2T
i>0 i>0 i>0 i>0
o) blavos(ee )5
lgv) [z o)
120 i>0 i>0

Therefore, we can expand this value using z. Specifically,
—2 *
(Ewl,CI [772}) (Ewl,CI [F]-}]E$17C1 [71—2] - Ewh(l [F2]E$1,C1 [ﬂ-l]) = ﬁr (PO +Pz+... ) B
holds. By letting v(x,y) = Po + P1z + ..., we obtain

SR = SO o () (VT 8,w) + 1) () VAT

IV

Following the same argument as Lemma 20 in Nishikawa et al.[(2025)) yields the order of P;.

Next we deal with the deviation from the expectation. Using the same technique as Lemma 18 in
Nishikawa et al.| (2025)), we have

N1 ol
1 3 Yi yi/p.arT 7:({21,6) + Gt . (a1 1/pei’ +O(N, /*
v > pey,/pew1 Luz/p Eay r [p (=B ete/pgmi Tun/e O( ! ),

and

N1
izeyi/pewi‘TFum/ﬂ =Ea, c, |e { 7. ((®1.8))/p+C1/pg:  Tu ‘E/P} +O( —1/2).
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Moreover, noting that /rI"™*x* = O(Jr (see Lemma|[28)), from Lemma |30, we have
g i
]. N Y T
L x Il yi/poxr Tux/p .
N ; VTl P e¥ilPe P!

— VDB | PRI E G oterthiors i nlngs] 4+ 0121,
’ p

and
1 & . . -
EZ\/;F*eyi/pewI Fuw/pm;‘ = VT Eq, ¢, o7+ (x1.8))/p+C1/p o] Fuw/pmi}+0(rl/2Nl_l/2)'

Hence, we obtain that
poly(2)8 + 2
poly(z) + 6,

for some 0; and d, which satisfy 6, = O(1/4/Ny) and 6, = O (1 /N%) with high probability. Let
= /T {ny 2 (Fimy — Fam) — (2, y)B}, then ny = O, / &) holds.

Also, noting that (x*,u) = C,O4(1) with high probability, it holds that

\/;F*Trgz (F17T2 F27T1)

N Zyleyz/pe CTTu/p (¥ )

i=1

« (1, + G« ((x x] x * A -
_Eg, ., {We (@1.8)/0+C1 /o i Tuz/p <$1’u>} +O(CNT,

and
1 &
- Zeyi/pew:Trum/p <:I:;<,u> _ Eml o [ 0*((m17ﬂ))/p+ﬁ1/pem;TF x/p <CI: u>} + O(C N—1/2)

Therefore, letting ny = 75 2 {(Fy,u) m — (Fp,u) 1} — v(x,y) (8*,u), we obtain that n; =
O(Clyy /N%).
In summary, we obtain that

VD AT A (o (3@, y) (8 ) + 2 (@) (@u) B+ VT o+ () o,

772

where n; = O (CU\/N11> andny = O (\/Nzl) O

Lemma 10. The norm of the vector ||\/77F*86f—13C || has sub-Weibull tail with tail index 1/(P + 2).

Proof. 1t suffices to show that H\f I, amfen
2

has sub-Weibull tail. Note that $72-52m1 —
2

757}2 ffz :; Therefore we examine 51 52 and :—; Let us define
o®i ' Tuz/p
pi = ZN11 ovi/pe®i Tuz/p’
then the following holds:
£ Xy
2 *
- :;pzp (zi u)x + (u,z)x;}

sz (@7 u) @ + (u, @) @)
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By the triangle inequality, we have

51

sz (@} u) @+ (u,@) ]|

By further applying the Cauchy-Schwarz inequality, we have

(Zpl> ( <‘”f’“>x+<u7w>w:|2>'

Note that vazll p? < 1. Next, we can see that

vill(@h, w) @ + (u, @) i ||* < 297 | (o}, u) ]| + 297 | (s, ) )2

Since y; = o.((f,x)) + (;, the tail probability of each term is almost equal to that of poly(t)
where ¢ ~ N(0, 1), which means 32| (x}, u) ||* and y?|| (u, ) z}||*> have sub-Weibull tail with

tail index 2/(2P + 4). This means that H H has sub-Weibull tail with tail index 1/(P + 2). By

applying the same argument, you can see that %% has sub-Weibull tail. Therefore, considering
that ||/7T*||2 is a finite constant, ||\/17F*ag—1ltC || has sub-Weibull tail with tail index 1/(P + 2). O

Lemma 6 (Formal). It holds that

VT Vulficle) )

=6(am) (5, >ﬁ{wﬁr“e“*“u+0<1N&>> {8,u) 22 (1 0(1/Vd))}

+ O(a*>m2Cy/r) + O (omLCM / Z;) + v,
1

with high probability, where v satisfies v = O(amC\y/T) with high probability and E4[v] = 0.

Moreover, ||v|| has sub-Weibull tail.

Proof. Note that

1 * * *

5\/;1“ Vaulfic(®) —y)? = fic(z)  VrT*Vufic(z) — y - ViT*Va fic (). 3)
First, we analyze the first term of the RHS. Since y; = Op(l), we have that

N1 eyi/pe®iTuz/p .
(@) < am | 21" — 6, (am).
vi/pexiTue/p
5 e

Moreover, from Lemma 9} it holds that
0
Vs fIC = aLy (VT - (v(2,y) (3%, u) + ViT™y(@,y) (@, u) B + VT -0y + (@, u) na

where \f I'e = (\f ) (See Lemma and (z, y) = O(1) with high probability, which means
that \/rI™* df;f = O, (amC,+/r). Therefore, we obtain

fic(@) - VIT*Vy fic(®) = Op(a®m>Cu/r).
Next, we evaluate the second term of Eq. (3). For that purpose, let
v =1y VrI*Vyfic(®) — Ex[y - VrT*Va fic(x)).
By noticing that y = O, (1) and \/7T*V,, fic(x) = O(amC,,+/r) with high probaibility, we have
= 0, (amC,\/1).

20



Moreover, E.[v] = 0 by definition, and ||v|| has sub-Weibull tail from Lemma Thus, what
remains is to calculate Ex[y - /rT*V,, fic(x)]:

EolyaLm {ViT 2 - y(z,y) (8%, u) + VT ™y (2, y) (z, u) 5]
L (8 ) B [T @ (8,2 (Po+ P2+ ... )
+aLmﬁF*5 Ex[{u,x - 0. ((B,2))(Po+ Piz+...))] 4)

Now, we calculate E,[\/r[*zo.((3,))z*] in order to investigate Eg[/rT*xo. ({5, x))(Py +
Piz+... )}

Eo [V @o.((8,x))="]
=VrT* {Eal0,((8,2))2"]8 + Ee[0.((8, @) k2" ~1)I ]} )

holds from Stein’s lemma, and when k < ie(o.) — 1, Eg[0% ({3, z))z*] = 0 from the definition of
the information exponent. When & = ie(o,) — 1, we have that

(B,\/iTIT*B) ) o

VT Eq [0, (B, >)]WF*< ;

and from Lemma[31] it holds that

B =T = "B+ 0(1/VA)),
and
(B, VT, T*B) = (TuB, /1T, )
(DB, V/rTuB) + (B, u) (u, /1T B)
(Vre?) T 1+ O(1/Vd) + w71 (B,u) {(B,w) + O(1/Vd)}
=(Vr?) T 1+ O(VA) + 571 (B,w)* {1+ O(1/Vd))
with high probability. By ignoring small terms, this yields that

(8. JTIT.5) >< -

s
p

_ 'PIC(U*) lﬁ
rie(ox) ple(a*

A (sy/r) 001 4 O(1/VA)) + (8, u) )72 (14 O(1/Vd)}.

We can see that the other term in Eq. (3) is negligible. Using P(,,)—1 = ©(1/p), plugging this
result into Eq. (@) yields

ExlyaLy, {VrT x - y(z,y) (67, u) + /1Ty (2, y) (z, u) 5 }]

oLy, (5,u) %{(Hﬁ)‘(”(”*)‘l (L+ OV + (8.u)?*)72 (14 0(1/Vd)}

with high probability. Finally, we evaluate the term E (oL, 0. ({8, ))(/rT*x - n1 + (&, u) na)].
From Corollary 17 of |Oko et al.|(2024), we have 0. ({8, x)) = (1ogdeg("*)/2 d). Moreover, from

LemmaH it holds that n; = O(C, /N%) and my = O(, / ~) with high probability. Therefore, we

arrive at
BalaLo(5,2) (VT 11 + (o na)] = 0, (amCu [ ).

Combining all results above completes the proof. O

The following lemma will be useful in the analysis of weak recovery (the next section).
Lemma 11. When ge(0,) = 2, v(x, y) = O(1/+/7) holds with high probability.
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Proof. Recall that

Y(x,y) =P+ Piz+ ...
—2

= kpz%zi k Z%zi + k), Z%zi -k Z%zi

i>0 i>0 ’ i>0 ’ i>0
By A; B; .
—k T2 |k = K =2t
|2 AP R A DI
>0 >0 >0

By expanding the RHS in powers of z and comparing their coefficients, we obtain
(kpAo + k’;)Bo) . ]{pBl — k‘pBo(k’pAl + k/pBl)
(kpBO)2

0=

. A()Bl — BoAl

= B2 .
When ge(o) is 2, 0. is even, and thus exp(d,) and 7, exp(d,) are also even. This means that
exp(a.) and &, exp(7,) can be expanded in polynomial of z2. This means that the coefficients of
z in the hermite expansion of exp(G.) and 7. exp(G,) are 0, namely A; = B; = 0, which yields
P, = 0. Hence, we have

y(x,y) = Piz+ Pyz?+ ...,

where P, = O(1) and z = O,(1/+/7), which yields the assertion. O

D ONE STEP GRADIENT DESCENT FOR WEAK RECOVERY
Lemma 12. Set C,, = 1/+/r, N1 = Q(r&@)+) and Ny ooy = Q(rge@)42), Let w; " N (0, 1)
fori=1,2,...,Nyew and h = %\/FF* Nl vaz"fw Vaulfic(w;) — (g(T*, w;) — b))?, then

h = PO(arm) (8, w) b —— (/7)) =D (1 1 O(1/v/d)
Hde(”*)pge(‘T*)
~, o o _1/9 _ge(gx)=1 ~ r*ge("’*) ~ rfge(o*) ~ _ _1/92
+ O(a2m?2r= 12y > )+ 0 |am N +0 | arm N + O(oymr—eele-)=1/2)
1 new

holds with high probability.

Proof. From Lemmal8] we have that

* Z, B gele)
mnm=ﬂ+%CﬁU T s,

where P] = 04(1), P} = Oq((logd)=Cr2) and ng = oq(Pjr—8e(c=)/2-1/2|gg=2des(@)+2 )
Noticing that g(I'*, &) = O(1) with high probability, then, letting b = N:w va;l g(T'*, w;) and
applying Lemma[26] it holds that
* _ e(ox) -
g0 w;) — b= Py~ "5 Hege(o) (B, 7)) + 13 + O(1/y/Npew).-
When N,,c,, = O(r8°(7+)+2)  the term O~(1/\/Nnew) can be dominated by n3, which means that

ge(ox)

Q(F*,'LUZ) —b:P2’I“_ 2 Hege(a*)(<ﬁvwi>)+n3a
and ng = oq(Pjr—8(7+)/2=1/2 |gg=2dee(0:)+2 ) \ith high probability.

In this stage, we use g(I'*, w;) — b as a teacher signal. Thus, as C,, = 1/+/r and g(T'*,w;) — b =

~, _ge(ox)

O(r

) , with high probability, we have
1 .
5\/@ Vau(fic(wi) — (9(T*, w;) - b))?

7&6(6;)*1 ge(ox)

=O(aim?r=*/?r ) — {Pﬂ‘*THege(a*)((ﬂ,wm + n3} VrT*Vy fio(w;).
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Following the same argument as Lemma ] yields

_ge( ox)

P2r Hege(a* (<ﬁ7wl>) : \/;F*vuflc<wi)

_ge(ox)

—PO(1m) (B,u) ——— D {(r/7)" D (14 O(L/VA)) + (8, (14 0(1/V/d)}

ng(a*)+1pge(a*)

,rfge(cr*)

O
+ v+ am N

with high probability. Since (8,u) = O,(1/r) at the initialization, the first term (regarding

(n\f )~ ge("'*)’1)) dominates the second term (regarding (/3, >2ge(a* %). Taking the average over
i =1,..., Npew yields that

Nyew
gE(U*)

PQT ﬁv wl>) ' \/;F*Vuflc(wi)

B

p2ze(0.) pgela-)

(v/r)~@eele)=D(1 4+ O(1/Vd))

1 . ~ r—ge(o)
1 O )
v; + am i

where v; is a series of i.i.d. mean-zero random variable vectors which satisfy v; = Op(ozlm .
r—8¢(7+)/2) Then, from Hoeffding’s inequality, we have

N’VLE'LU
vi=0 | arm
i=1

rfge(a*)
’
Niew

1
Nnew

with high probability. Next we investigate the effect of n3. From Lemma@], VTV fio(w;) =
O(aymC,) = O(aymr~'/?) holds. This leads to n3/7T*V,, frio(w;) = O(aymr—8e(@=)/2=1),
Moreover, from Lemma|[l1] when ge(o.) = 2 we have y(z,y) = O(1//r). Combining this fact
with N = Q(r£e(@)+1) yields /71 V,, fic(w;) = O(aym/r). Therefore, whether ge(o,) = 1
or ge(o,) = 2, we obtain

n3vrT* Vo fic(w;) = O(aymr=8e(=)=1/2),
Taking the average over i = 17 sy Nnew Completes the proof. O

Lemma 13. Under the condition of LemmalI2] it holds that

1 — e(o -
(B, h) =P,0(c1m) (B, u) nge(a*)(\/ﬂ (2ec(e)=(1 4 O(1/Vd))
ge(ox) ~ r—ge(ox) ~ r—ge(ox) o)
+0 (alm roo2 ) +0 | am N +0 | am N + o(aymr8el@-)=1/2)
with high probability.

Proof. As ||8]| = 1, using the result of Lemma[12]and taking the inner product of h and 3 yields

1 el
(B, h) =P30(arm) (B, u >nge(g*)(\/ﬂ (eel7) V(1 + 0(1/Vd))
=<, 9 o _ge(ox) ~ r—ge(a*) ~ r—ge(a*) ~ —ge(0n)—1/2
+O0(aim*r~ 2z )+ 0 | agm N, +0 | am N +0 (almr ) .
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However, by carefully investigating the last term (O(almr_ge(”*)_l/ 2)) in the RHS, we can obtain
a tighter bound of that term. Indeed, this term arises from

Nocw
n3 <B’N1 > \/;F*Vuflc(wi)>

new
=1
Npew

ST B VITE) (@, y) (B, w) + v(w,y) (@, w) (85, /iT*B)

1
= nsaleT

new

+ (B, VT ) -y + (z,u) (B,n2) } .

We notice that the leading term of the right hand side is nza L, Py (u, ) when ge(o.) = 1,
and ngaymPy (B,/rT[Tyx) /p - (x,u) when ge(o.) = 2. Note that E4[Fy (u,x)] = 0 and
Eo[Pr (VT TuB,2) /p- (z,u)] = Pi {/rT T.B,u) /p = O(r=3/2) because of /7T | T*3 =
O(1/\/7)B+ O(1/r) + (B, u) u (see Lemma. Moreover, we have Eo[PZ (u, x)°] = O(1) and

Eo[PE (ViTIT.8.x)° /p? - (,u)®] < PE/p? - E[(iT L., 2) 2Bz, u)"]/? = O1).
Therefore, Lemma @] yields that

Npe
1 new - 1
P i) = )
Npew z; 0 <UJ7 w > © < V TNnew)

(2

1
Nnew

Pl <ﬁ7 \/;Fur*wz> /p <wi7 U> = O(T73/2) + O(rianielu{2)'

Nypew

i=1

Since ng = og(Pyr—ee(+)/2=1/21gg=2dee(7:)+2 4y and N, = Q(r82(@)+2), this implies that

N,
1 new ) o

n3 <B7]\[new ; VT Vuflc(’wi)> = o(aymr—8e(7:)=1/2),
This yields the assertion. 0

Setting the parameters directly yields the following lemma:

Lemma 14. Set N, = Q(rge(a*)+2), Npew = Q(Tge(o*)+2)’ aom = (:)(r_ge(o*)/Q—l)’ nm =
O (r¥8e(0)/2+3/2) and Xy = ny ', then we have

u' =0(1)8+0(1),

and
(B,u') = O(1) +o(1),

with high probability. In particular, we have that

,ul
<ﬁ, ”u1”> > 1/polylog(d).

E STRONG RECOVERY

After achieving weak recovery, we train the vector u, regarding the in-context examples (x;, y;) as
training data. The idea of proof in this section is taken from|Lee et al.|(2024)), but we achieve better
sample complexity.
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Lemma 15. Let h = 1/rT*V,(fic(x) — y)* Then, we have that

h =0(aym) (B w2 P (11 0(1)vd))

Kle(a*)-i-l ie(ox)

+O(a2m —|—O<ozgm1/ >—|—1/

(8, h) = (wmﬂ@>%ﬂ*1;@;ﬂ7@fa+ouhf»

+O(a2m +O (Olgm“ ) + g,

(u, h) =0(azm) (B, u)?) W( + 0(1/Vd))

+ O(2m>Vr) + O <a2m1 / ]G) + vy,

with high probability, where v and v7 are mean-zero sub-Weibull random variables. Moreover,
vg = O(aom) and v; = O(aym) hold with high probability.

Proof. Remember that, in the stage of strong recovery, the initialization scale is as, the context
length is N3 and C,, = 1. By using the same argument to derive Lemma [f] we have

h=@&mmM6,>4——{;;@7{w¢3 (70D (1 + O(1/Vd) + (B,w) 772 (1 + O(1/Vd))}

+ O(a2m?\/r)+ O <a2m1 [ — > + .

Now, since (8,u) > 1/polylog(d), the term (6,u)2ie(a*)_2 dominates over the term
(ky/r)~(e(@)=1) Therefore, with high probability, we have

h =(am) (8,u)? ) — P (14 0(1/Va))

Hle(o*)-ﬁ—l ie(oy)
+O0(a2m?\/r)+ O (agm N ) + v
2
Next, since ||3]| = 1, we have

(8, ) = (mmM@>““>5;;§ﬁ$7u+ou¢w

+O0(a3m?r) + 0 (an\/7)

with high probability, where v = O(ama/7). Then, since we see that
v=y- agLy {V/rT*x - y(x,y) (*,u) + V1T y(x,y) (x,u) B* + /rT*x - ny + (x,u) na }
it holds that
(B,v)

Here, the first term of the right hand side satisfies

Y- oL {(B, VT @) - y(,y) (B, u) + (2, y) (®,u) (B, /r* ")

+ <67 \/;F*ZC> “ny + <.’1}, u> </67n2>}
= ON(OQ’ITL)’
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with high probability, and (53, v) is the difference between this random variable and its expecta-
tion. Thus, by defining v5 = (8, v), Hoeffding’s inequality yields that vs = O(aam) with high
probability. Moreover, since | (3,v) | < ||v||, vs = (8, v) has sub-Weibull tail.

Likewise, we have that

1
Iiie(a*)—i-l ie(oy) (1 + O(l/\/g))

+ O(a2m®\/r)+ O (ozgm1 [ — ) + vy,

where v is a mean-zero sub-Weibull random variable satisfying v7 = O(agm). O]

(u, h) =6(azm) (B,u)?*"")

Lemma 16. Ler o) = <ﬁ,u(")>. Suppose that ¢, < a™ < 1 — ¢ where ¢; = @( ). Set
aam = O(g/r), Ny = O(r?) and ny = ©(1/\/7). Then, there exists c3 = O(1) which satisfies
a ) > oM 4 C%;w”e(”*)‘ (1—a™*)(1 — O(1/Vd)) +vs — Oe/r),
/T

with high probability, where vs is a mean-zero sub-Weibull random variable which satisfies vy =
O(e/r+/T) with high probability.

Proof. Using the projection matrix P, = I — uu ', online SGD update can be written as

u(") + 772Pu(n) h

(n+1) _ ,,(n)
u =u ,
(™ + 15 Py oy B|

which gives

<5 wrtD

)
@u(n > 4 < u™ + 1 Pyh >
)

lu™ + Py h|
1
= (Bu™) 412 (8, Py b) = 303 Py bl + O(3)
1 .
= (B.u™) +m2 (8, h) = m2 (B,u™) (u) b ) = SuB Py bl + O((ma]IR)?).
By the definition of ¢, i.e., (™ = (B, u(")>, we have
1

A = oy (8, k) = 2™ (u) b ) = SuB| Py hl[* + O((ma[R])P).

Now, from Lemma[T3] we also have
E 2ie(o . ~ ~ ~
(8. h) = Za™ " THO(1) + O(1/Vd)) + Ole/rv/r) + Oe/rv/r) + v

and

(b = Za® " (O(1) + O /VD) + Oe/rv) + Ol /1) + 1.
Moreover, since || P, h|| = O(aamy/7) = O(e/+/r), it holds that

577§||Pu<n>h||2 = 0(e?/r?).
Therefore, ignoring the term O((nz||k||)?), we arrive at
1
a™t) = o™ 4y (B, B — noa™ (u, h) — 77§||Pu(n)h||2

—am) 4 B GBI a<">2>(é<1> +0(1/Vd) + na(vs — a™vz) +m20(e/rr) + O(e/r?)

/T

>a(”) n 0\97 (n)2ie(0*)71(1 _ a(")Q)(l B 0(1/\/&)) Y g — O(g/rz)

where v is a mean-zero sub-Weibull random variable satisfying vs = O(e/r/T). O
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Lemma 17. Suppose that u!) satisfies <B,u(1)> > ¢1, where ¢c1 > 1/polylog(d). Then, there
exists N3 = é(# log 1) such that

<5,U(N3+1)> >1-¢

with high probability.

Proof. Before going into the proof, we first explain the main idea of the proof. Following the same
argument as Lemma 19 in |[Lee et al.[(2024), we can see that after ©(r/r /<) steps, a(™ becomes

k+1
k+2°

we can observe that 1 — a(+1) < (1 — 2201 - a) where Cj, = ©(1). This means 1 — a(¥)

larger than a constant where k = 2ie(o,) — 1. Then, by applying the Mean Value theorem,

converges to 0 geometrically, which yields the required data length N3 = é(% log %)

Let I/éi) = r\/vjl/éi) /€ and k = 2ie(o,) — 1. Because véi) is a sequence of mean-zero sub-Weibull
random variables with vg) = 0,(1), we have

g+l )
S| = o, (6)

1=j

for any 1 < j,1 < N3 with high probability, where C' = O(1). Let ¢, = 1 — ,/ﬁ—j;é. Note that ¢y,

is a constant that only depends on k, that is ¢;, = O(1). Suppose that ¢; < a9 < 1 — %ck for all
i=1,2,..., N3. Then, from Lemma[I6 we have

C3E )QKXU*)—

A+ > g 4

a” Y1 = a™Y (1 — 0(1/Vd)) + vs — Oe/r2),

G
for i < N3z. The term O(1/+/d) is smaller than 1, thus we may ignore this term. Moreover, the

term O(g/72) is dominated by %a(")zie(a*)_l(l - a(”)Q) = O(T\E/;) Let ¢y = cﬁQie(U*)_l). By

. . . 32
ignoring these terms and using 1 — a9~ > %ck, we have

altD) >q® 4 28 3y € v?

G E
(1) CQCSCk .
+ 3 \/* ‘ZE:L@
> C2C3Ck . LC ;.
=4 Jr(?n"\/?g)Z /T Vi
If: < 4Tzc£2,then £ C\/ < 01/2 and if 7 > (c oo )2, QCJC’CEZ By observing
the order in terms of r, we have 4T2 oz 2> (C;isCCk ) when 7 is sufﬁmently large. Therefore, it holds
that
oD > CQCSCk . 7
> + o \f (7
When i = -9V — §(r\/r/e), then the RHS of Eq. exceeds 1. Therefore, there exists

Cac3CLE

i* < N3 = (:)(T‘f log 1) such that al) > 1 — ¢}, /3. Next we prove that a(?) > 1 — ¢} = ,/Z—j_%
for all i = i*,i* + 1,..., N3. In this setting, a(t1) — () = O(T\Eﬁ) holds. Therefore, if there
exists 4 > i* such that a*~Y > 1 — ¢, /3 and a(? < 1 — ¢, /3, we have (¥ > 1 — 2¢;,/3 with high
probability. Also, if a"t) <1 — ¢;,/3 holds forall [ = 0,1,...,j — 1, we have

, 2c cacsc €
(i45) > 22k L 258% 5 = 0./
“ 3 37‘\/17 <J 7’\/1j \/j
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Ifj<g 2CQ_O( r3/e?),

et i Since Lo (=3¢
3ry/T J- 9e 202 = \cac3ey

C_y2 = O(1), then

0V <

( C2C3Ck

) When r is sufficiently large, we have

alit) >1— ¢
until i + j = N3 + 1 or a(*7) > 1 — ¢;,/3 holds again. By repeating this argument if necessary, we
get it > 1 — ¢, = ﬁ—ié for all i* < ¢ < Nj.
We continue by showing that, after we achieve a(* ) < 1— ¢, the number of remaining steps needed
to ensure ) > 1 — ¢ is O("™ log 1). Let F(x) = o + %xk(l — 2%). Then,

i+ it € (i +i ~
ol D = p(af +))+ﬁué ) —O(g/r?).

By the Mean Value theorem, there exists «y such that

1 — F(al+9)

o
1— a(i*_,’_i) =F (7)7

and a9 < 4 < 1. Now F'(z) = 1+%xk71(k7(k+2)x2), and since y > ("9 > | [,
we have k — (k + 2)v? < —1, which leads to

k+1
Fl(y) <1— 35 k=1 o 5B° \ ——
) = r\/?’y < /T k+2

k—1
Let C = ( %g) sthen 1 — F(at™+9) < (1 — 22

k—1

Cr)(1 — al" *9), which yields that

1 g i+l 3 1 — gl +D E D L O (e /r?),
a << r\fck (1-a )+T\/;V9 +O(e/r?)

Noting that (1 — :f;C’k) < 1, taking the sum leads to

N3+1 7"
C3€ i
1— Mt < (1 - M0k> (1—al)) + Z —ug )+ O(eNs /r?).

Since limy_,oo (1 — 3)" = 1/e, if we set Ny = i* — 1 +

1=7*

log(1/¢), then we have

CngE

i NG
IO (1—a)) < (1- 250 )" e
/T b ry/T k
~ (1/e)loe/e) — ¢,

Finally, by noticing that
N3

i

1=

—C\/ N3 —i* +1=0(@"%"),

we can see that this term is negligible. Moreover, the third term O(eN3/r2) = O( 105/1;/ =) is also
negligible. By summarizing the argument above, we conclude that

1—aNsth) < ¢,

O

In Lemma@ we assumed that (u, ;) = Oy(1). Now w(™ and x; are not independent of each other,
so we need to ensure that (u(?), z;) = O4(1) forall j = 1,2,..., N5 + 1.
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Lemma 18. It holds that

(z},B)
(rp)ye]
+ O(a%m%) + O(agmr/\/Ng) + Vs,

(x, h) =O(aym) (B, w)?-) ! (1+0(1/f))

where v, is a mean-zero random variable satisfying v. = O(aam/T).

Proof. From Lemma|[T3] we have

B

h =0(aym) (B, u) 21 DR s (1 01/Vd))
+0(03m* V) + Olazmy [ 1) +v.

Considering } = O(+/7), taking the inner product of 2 and h leads to

(@t ) =Blazm) (5.)* ) ETL 1401/ VA))

+ O(a2m?r) + O(agmr //Ny) + (x,v) .
Following the same argument as Lemma yields (z¥,v) = O(agma/r). Thus, by letting v, =

(@}, V), we obtain the assertion. O
Lemma 19. Set aym = O(e/r), Ny = O(r?), N3 = @(T‘flog ) and ny = ©(1/+/r)(This is
exactly the same situation as Lemma |7_3|and LemmalI7). Then we have

<zc u > 04(1),

forallj =1,2,... N3+ 1.

Proof. When j = 1, x; and u) are independent of each other, thus Lemma yields the desired
result. Substituting the parameters into the result of Lemma|[I8]yields

e feioh) =0 (20 00Va) ) +0 (72 ) + e

where 7yv, = O(e/r). First, following the same argument to derive Eq. (6) yields

S| = O(ev/j/),
k=1

for j = 1,2,..., N3. Since ey/N3/r = Oq(r—'/%) = 04(1), we can ignore the effect of 7yv,.
Then, we can see that

(a0 = (7 D) o () — o (o) (w7 - *772H P+ O((mallBl))
— <m;, u(a‘)> 4 <67u(j)>2ie(0*)—1 0 <T\5/;> ((5,m;> _ <u(j), m;> <ﬁ,u<j>>)
/2
-0 (r\f) °(%)

holds. Now (67 > = 0,( and <5 ul)) < 1. Therefore, if (w9, z}) = O,(1) holds, then

> Therefore, by induction, we have

<m;7u(1\r3+1)> -0 <log i) 7

which does not depend on d. O
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This lemma allows us to use Lemma@ Note that N3 = (:)(%/F log é) means, by ignoring the term

logl e= C:)(TR,/:). Now we can estimate (3, ) using (w(M#*1), ). For notational simplicity, we

write u(¥3+1) ag 4 from now on.

Lemma 20. Let * ~ N(0,1,), and u be a vector independent of x satisfying ||u|| = 1 and
(B,u) > 1 —e. Then, we have

(B, ) = (u, ) + Op(+/2clogd).

Proof. First, note that
<ﬂ,$> = <U,CC> + <67u7"13>'

Since we have (5, u) > 1 — ¢, we have that

18 —wl* = 181* + llwl* — 2 (8, u) < 2,

which yields
18 — ull < V2.
Then, combining with Lemmayields (B —u,x) = Op(y/2clogd). O

F TRAINING MLP LAYER

In this section, we show that the MLP layer can fit the polynomial ot*s*, Most of the argument in
this section is taken from Nishikawa et al.[(2025)), but we do not omit the proof for readability.

Lemma 21. Suppose that there exists g(x) such that
lg(z) — (B,z) | < 0.
Then, there exists 7(v,b) such that
EUNUnif{ﬂ:l},bw[— log2 d,log? d] [T(v,b)o(v - g(x) +b)] — 0.((B, 5’5>)’ = O(6(log d)Qdeg(a*)ﬁ)

with high probability over  ~ N (0, I). Moreover, sup,,;, |7(v,b)| = O(1) holds.

Proof. Let 0.(z) = Z‘;ego(a*) spz®. Now from Lemma 9 in |[Damian et al.| (2022), there exists

7}, (v, b) such that sup, ,, |7, (v, b)| = O(1) and

By Unit{+1},b~[—1,1] [T (v, b)o (v2 4 b)] = 2

for any |z| < 1. If we define

deg(o+) ' —2
T (vvbIOg d) 2k
m(v,b) = E skk—Qlog d,
o log®d

then, we have sup,, , [ (v, b)| = O(log?4°8(7)=2 ) Moreover, when |z log ™2 d| < 1, we have

B Unif{£1},b~[= log? d,log? ) [T (v, D)o (v2 + b)]

dei*) E (v, blog™* d)
= Skiy~Unif{+1},b~[—log2d,log2d] | — 1.2 5
= log” d

deg(ox)
= Z sk 108”2 B, Unit{£1}.5~[—1,1) [T4 (v, b)o(log® d(vzlog ™ d + b))]
k=0
deg (o)

= Z spzt = 0,(2).
k=0

log?* do(vz + b)
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Therefore, it holds that
By Unif{£1},b~[— log? dlog? ] [T (v D)o (v - g(x) + b)]
=EyUnif{+1},b~[— log? d,log? 4] [T(V, D)o (v (B, @) + v + b)]
=Ky Unif{+1},b~ [ log? dlog? 4] [T(V, D)o (v (B, ®) + b)] + O(6 log?°e(e) =2 g)
=0.({B,®)) + O(5log?*°&(7-)=2 ),
Here, we used the fact that | (8, ) | < log? d with high probability.

[ (v

)

7

Lemma 22. Under the condition of Lemma there exists a’ € R™ such that
> ajo(v; - g(@) +b;) — 0. ((B,2))| = O(m™#) + O(Flog> 57 "2 )

holds with high probability over © ~ (0, 1,). = O(m~'/2) holds with high

probability.

Proof. Using 7(v,b) in Lemma deﬁne al; = m~'m(v;,b;). Since sup,, ;, |7 (v, b)| = O(1), from
Hoeffdng’s inequality, it holds tha

m~1 Z?‘r 11], U] . g(zc) + bj) — Emb[ﬂ(v,b)g(y . g(a}) + b)} _ O(mfl/z)y

with high probability. Hence we have

Za o(v; - 9(@) +b;) = 0.((8.2))| = Olm™%) + O(610g> (") 2 ).
As for the upper bound of the norm [la’[|* = m~" - m~' 37" | 7(v;, b;)?, Hoeffding’s inequality
yields
m 1> " w(v),b5)% = By plm(v,0)%]] = O(m~1/?).
Jj=1
Since sup,, ;, |7 (v,b)| = O(1), we can say that E,, [ (v, b)?] = O(1), which completes the proof.
O

Lemma 23. Let a* be the parameter trained via Algorithm|[I| Then there exists \3 such that

1 N1+N2+N3+Ny ~

A > lye — fre (@, u,v*, a*,b*)| = 7 + O(m~Y/?) + O(51log? 4e8(7)=2 g)

=N+ No+ Ns+1

Dp(m~1/?) is satisfied.

Proof. Let M = N; + No + N3 and a’ be the output parameter constructed in Lemma from the
equivalence between f5-regularized and norm-constrained optimization algorithms, if we carefully
choose A3, then we have

M+Ny M+Ny

2
1 * * * 1 * * *
(N Z [yt — fre (@, w,v",a", b )|> N, Z (4 — fre(@,u, 0", a",b%))*
t=M+1 M1
1 M+Ny
* *1\2
S Nt Z (yt - fTF(mhu)U ,(I/,b ))

Ny
= M41

(T+O(m—1/2)+O(610g2deg(a*)f2 d))2

IN

IN

31



(recall that we assumed 7 = ©(1)) with high probability, which yields the first assertion. Moreover,
from Lemma[22] we can see that

la*||* < [la'||* < Op(m=1/2),
which completes the proof. O

Lemma 24. We fix b and v. Let Fa = {a— Y. , ajo(vj (z,u) +b;) | |a|| < A} the set of
transformers where the norm of the MLP parameter a is upper bounded. When ||b|| < B and

v; = %1, then it holds that
~ (A(B+ +v/m)
Rady(Fa) =0 () .
VN4

Proof. Note that E[g(z)?] = E[(u,z)?] = O(logd), considering ||u|| = 1. Then, following the
same argument as Lemma 25 in|Nishikawa et al.[(2025) yields the assertion. O

G PROOF OF THE THEOREMI]
Now, we are ready to give the proof of Theorem|[I]

Proof. First note that

s 1 Ni1+N2+N3+Ny s
RfTF(u,v,a,b)—T:ﬁ Z lyi — fre(zi,w,v*,a",b")[ -7
4 i=N1 4 No+N3+1
1 Ni1+N2+N3+Ny
+,R“}"Tl«“('u’vlv*aa'*vb*)7?4 Z |yi7fTF($ivu>v*aa*vb*)|'

i=N1+N2+N3+1

1 Ni+N2+N3+Ny * % Pk
From Lemma the first two terms > ;2N TN, TN, [Yi — fre(@i, u,v*, @, b%)| — 7 are

bounded by O(m~/ )+ 06 log?dee(+)=2 d). Moreover, from Lemma [22|and the definition of
b*, we have ||a*|| = O(m~'/2) and ||b*|| = O(y/m). Therefore, from Lemma 24} we have

Rady (Fa) = O(N; /?).
Using the standard technique yields(see Appendix D.3 in|Oko et al.| (2024)))
IR fre (w, 0%, @7, 67) = 7| = O(N; /%) 4+ O(m™"/2) + O(5log> *#(7) "2 ),

with probability at least 0.995. Note that all the desired events occur with high probability, except
for this event. Therefore, when d is large enough, all the events occur with probability at least 0.99.

Finally, we rewrite the term O (8 log? 9°("*)=2 ¢). From Lemma d = O(v/2elog d) holds. Also,

]Q[/j ). Therefore

N3 = C:)(’“T‘/F log %), which means, when we ignore the term log %, €= (:)(

0(610g2deg‘(0*)72 d) — O r]\[ﬁ
V 3

is satisfied. This completes the proof. O

H ADDITIONAL LEMMAS

Lemma 25. Suppose x ~ N (0, I;) and y is a vector satisfying ||y|| = C independent of x. Then

(x,y) = O(Cy/logd)

holds with high probability.
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Lemma 26. Let z1, .. ., 2y, be i.i.d. random variables which satisfy ||z;|| < C with high probability
and E[z3] = O(d®), where « is a constant independent of d. When n = poly(d),

1< 1
— E Zi — E[ZZ] =0 (C >
n 4 n
=1
holds with high probability.

Proof. Let z; = 21}, <c. Applying the uniform bound argument, we may consider that z; = z;
forall ¢ = 1,...,n with high probability because our assumption n = poly(d) yields

P(max|z| < C) >1—0(nd %) >1-0(d"%),

where C, is a constant determined appropriately. Then, using Hoeffding’s inequality yields

1< 1
ﬁ;zl —E[Z]]=0 (C n) .
We complete the proof by showing that |E[z;] — E[2/]] is sufficiently small. This can be shown by
Elz] - Elz] =Elzi1}5>c.]
<E[lj, >0, ?El]'/?
<O(d*=%),

where C', can be taken sufficiently large from the definition of high probability event. Since we
assumed that n = poly(d), this term is smaller than the main term, which completes the proof. [J

Lemma 27 (Damian et al.[(2023)), Property 1). Let o, 5 € S then
Ea a0, [Hei (o, @) Hey (8, )] = 1iy il (o, B)" .

H.1 PRETRAINED MATRIX

Let I'* be a matrix obtained after pretraining. Then, from Nishikawa et al.| (2025), I'* can be written

as
rEg[B87] + N
KT
for some matrix N satisfying | N|z = O(1/v/d) and a number x = ©(log”* d). Also, from
Nishikawa et al.| (2025) and the assumption on the support of 5,
UB ~ Unif{(a1,az,...,0:,0,...,0) [ +---+ a2 =1}
holds for some orthogonal matrix U. Then, using D = diag(1,...,1,0,...,0), we have that
—— ——

T d—r

=

rEg[38"7] = U " DU.
Lemma 28. Let © ~ N (0, 1), then

IVrel*z| = O(v/r)
holds with high probability.

Proof. By the argument above, we can write that
Vrkl*z =(U" DU + N)z.

From rotational invariance, when we define y as y = U=z, y ~ N(0, I,;) is satisfied. From the
definition of D, the first » components of Dy follow standard normal distribution i.i.d., and the
other (n — r) components are equal to zero. Since applying U " to a vector does not change the
norm of the vector, we obtain

U'DUx =U"Dy=0(/r),

with high probability. Finally, since | N'||z = O(1/v/d), Nz = O(1) holds. Hence we can ignore
the term Nx. O
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Lemma 29. Let x ~ N (0, 1), and u be a vector independent of x satisfying ||u|| = 1. then

(Vrel @, u) = O(y/logd)
holds with high probability.

Proof. As in the previous lemma, we know that
Vel "2z =(U"DU + N)z

holds. Again, from rotational invariance, when we define y as y = Uz, y ~ N (0, I,;) is satisfied.
From the definition of D, the first » components of Dy follow standard normal distribution i.i.d.,
and the other (n — r) components are equal to zero. Also, when we define u' = Uwu, we have

||| = 1, which means \/u? + - -+ + u/2 < 1. Therefore, from Corollary 30 in [Nishikawa et al.

(2025)), we have
(UTDU=z,u) = (Dy,u') = O,(+/logd).
As for Na, again from Corollary 30 in Nishikawa et al.|(2025), we have

_ log d
(Nz,u) =0, < d) .

This is smaller than the main term. O

Lemma 30. Let @y ...z, ~ N(0,1;), and z1,. ...z, are i.i.d. random variables which satisfy
|z;] < C, with high probability. When n = poly(d), it holds that

:0<czﬁ>,

Proof. We use the same proof strategy as Lemma 31 in Nishikawa et al.|(2025). Let z; = 2;1,,<c, -
First, we can confirm that

E[zl\/?/@F*acl} — E[zi\/?f-@F*wl] :E[1|zi|>CZ \/?K‘I‘*Zﬂl]
S]E[1|2zi|>cz}1/2E[||ﬁ“r*wl||2]1/2
<0(d™9).

1 n
E Z(zz\/;ﬁF*mL) - E[Zl ﬁnf*wl]

i=1

with high probability.

Where C can be taken sufficiently large from the definition of high probability event. Because
n = poly(d), by redefining C' if necessary, we can make this term smaller than O(C, VI
As 250 (2Tl ®;) = =307 (2)y/rel™*@;) with high probability, we continue to evalu-
ate L3 (2l\/rel*x;) — E[z]/rkl.@y]. Lety; = Uw;. Theny; ~ N(0, 1) holds. 2/ Dy; is
a sub-Gaussian vector, and (Dy;);, = 0 when & > r from the definition of D. Then, applying a
standard concentration bound for a sub-Gaussian vector to the r-dimensional vector (Dy; )., yields

1< -
= Zngyi —E[z1Dy1] = O (Cz T) :
n P n
As multiplying the orthogonal matrix U T does not change the norm of the vector, we have

1 < -

=N ZU DUz — E[:\U DUz ] = 0 (CZ T) .

n n

i=1

Again from the standard concentration bound for a sub-Gaussian vector, we have
1 -, , - d
- ;zzwl —E[zjz1] =0 C, —
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with high probability. Since | N||z = O(1/V/d), we have

1 — ~ 1
- Zz;sz —E[z]Nz1] =0 (C’Z ) .
n < n

In summary, we arrive at

1 n
E Z(zi\/?mF*wi) — E[le/’;/{r*(lil]
=1

n-
i=1

_! i(zi(UTDU +N)z;) —E[z (U DU + N)z] = O (OZ \/D ;

with high probability, which completes the proof. O

Lemma 31. We have that

VrET*B = B+ O(1/Vd).

Proof. First note that

Vrkl*3 = (UTDU + N)B.
From the definition of U, we have U3 = (a1, ag, ..., a;,0,...,0) " for some ay,as,...,a, € R.
Therefore, we obtain that

U'DUB=U'US = 8.
Finally, by noticing | N'||p = O(1/v/d) and ||8]| = 1, we can see that N3 = O(1/+/d) holds. [

Lemma 32. We have that

VIRD* (Visl* B) = B4+ O(1/Vd).

Proof. From lemma we have \/rk['*3 = 3 + d where d = O(1/+/d). Therefore, it holds that
VIR (VTRT™ B) = v/rrl* (8 + d).

Again from Lemma we see that \/rkI*3 = B 4 O(1/V/d). Also we have \/rkI'*d =
U ' DUd+ Nd, and since |[U " DU ||y = 1 from the definition of U and D, we have U " DUd =
O(1/V/d). Finally, since |[N||p = O(1/v/d), we have Nd = O(1/d). This indicates that
Vrkl*d = O(1/V/4). O

I EXPERIMENTAL DETAILS

The GPT-2 model architecture we used in Section 4| originates from |Garg et al.| (2023). Given the
(N + 1)-length prompt {(z;, y;) } -4 *, we first construct the embedding as
E = [1517 y~1a ey N1, y]\;+1] S RdX(2N+2)a

where §; = [y;,0,...,0]7. Next, the read-in layer transforms this embedding into E ¢
RP*(N+2) “where D = 128. This mapped embedding E goes through a 6-layer GPT-2 back-
bone with 4 attention heads, following the configuration by |Garg et al.| (2023)). Finally, the output
of GPT-2 backbone is transformed by the read-out layer into the vector [z1, 22, . .., 2aN+1, ZaN+2)-
Here, z9;_1 is the prediction of y; given the context (&1,y1,...,®Ti—1,¥i—1,%L;). We used Adam
optimizer (Kingma & Ba, [2017) with a learning rate of 0.0001. To reduce the pretraining cost, we
adopted the curriculum learning strategy, which is also used in |Garg et al.| (2023). The training
started with the dimension d = 4, and the dimension was increased by two until it reached the target
dimension.

For the model with TTT, we used the same base model as ICL evaluation. We introduced low-
rank adaptation (LoRA) to the attention projection layers (c_attn and c_proj) and the feedforward
layer (c_fc). The rank of LoRA was set to 4, and the parameters LoRA _alpha and LoRA _dropout
were set to 8 and 0.1, respectively. The LoRA parameters were updated 10 times for each query.
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The inference-time learning rate was 0.01 and 0.05 in the experiment in Figure [Ta] and Figure [Tb}
respectively. To prevent information leakage when evaluating the prediction of y;, the model used
only the preceding data (x1,y1, ..., Zk—1,Yk—1, Tx) to update the weight. The LoRA weights were
reset before proceeding to the prediction of the next target, y;1.

For the additional experiment (shown in Figure[2), we reused the TTT results from the in-distribution
setting (Figure[La) for the 7 = d = 16 case. For the r = 4, d = 16 case, the inference-time learning
rate was also set to 0.01, consistent with the » = 16 setting.

The test loss was averaged over 256 runs, with each run containing 256 independent queries.
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