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Abstract001

Recent reasoning large language models002
(LLMs) excel in complex tasks but encounter003
significant computational and memory chal-004
lenges due to long sequence lengths. KV cache005
compression has emerged as an effective ap-006
proach to greatly enhance the efficiency of rea-007
soning. However, existing methods often focus008
on prompt compression or token eviction with009
local attention score, overlooking the long-term010
importance of tokens. We propose G-KV, a KV011
cache eviction method that employs a global012
scoring mechanism, combining local and histor-013
ical attention scores to more accurately assess014
token importance. Additionally, we introduce015
post-training techniques, including reinforce-016
ment learning and distillation, to optimize mod-017
els for compressed KV cache settings.018

1 Introduction019

Large language models (LLMs) have gained sig-020

nificant attention and found extensive applications.021

Recently developed reasoning models have demon-022

strated impressive performance (Guo et al., 2025;023

Team et al., 2025; Yang et al., 2025), effectively024

tackling complex tasks such as mathematics and025

coding. These models achieve substantial advance-026

ments across various challenges by leveraging027

long chain-of-thought (CoT) reasoning (Wei et al.,028

2022), which facilitates iterative reflection and ver-029

ification. However, the long CoT generated by030

reasoning models often consists of thousands or031

even tens of thousands of tokens, resulting in a032

significant increase in KV cache memory usage.033

To overcome the bottlenecks of memory, numer-034

ous optimization methods for KV cache or attention035

mechanisms have been proposed (Li et al., 2024a).036

Among these, some methods prune the KV cache of037

tokens, significantly reducing computational over-038

head and memory consumption. However, most of039

these methods concentrate on the compression of040

the prompt’s KV cache at the prefilling stage (Li041

et al., 2024b; Cai et al., 2024; Feng et al., 2024; 042

Kim et al., 2025). For reasoning tasks, where the 043

output length often far exceeds the input length, 044

limiting compression efforts to the prompt’s KV 045

cache results in only marginal benefits. 046

Although some methods support dynamically 047

evicting tokens during the decoding stage (Song 048

et al., 2025; Cai et al., 2025), they rely solely on the 049

attention scores of a few most recently generated 050

tokens to determine which tokens to evict. How- 051

ever, our experiments reveal that the importance 052

of tokens can shift during the generation process. 053

Such a localized perspective overlooks the long- 054

term significance of tokens. In addition, the origi- 055

nal models may fail to adapt to the sparse attention 056

patterns induced by KV cache compression, result- 057

ing in suboptimal performance. (Xiao et al., 2023) 058

and (Chen et al., 2025) train models with sparse 059

attention through pre-training. However, the cost 060

of pre-training is exceedingly high. 061

To address the limitations of the local atten- 062

tion, (1) we propose a simple and effective global 063

score. This global score combines the local at- 064

tention score with historical scores to assess the 065

long-term importance of tokens, thereby avoid- 066

ing the eviction of critical context that may reap- 067

pear in future attention patterns. The global score 068

can be seamlessly integrated with most existing 069

methods and significantly enhances performance. 070

Furthermore, (2) to enable the original model to 071

adapt to the sparse attention pattern, we imple- 072

ment a reinforcement learning framework specif- 073

ically tailored for KV cache compression, which 074

eliminates the discrepancy between the training 075

policy and the inference policy. (3) Our experi- 076

ments show that integrating the global score un- 077

der a 512-token budget improves other methods 078

by 5% to 20%. The RL framework we devel- 079

oped for KV cache compression is better suited 080

for training models with compressed KV cache, 081

achieving significantly superior performance com- 082
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pared to RL conducted directly on Full KV cache.083

The code of this paper is available on: https:084

//anonymous.4open.science/r/G-KV-B3C0.085

2 Related Work086

Prefilling KV Cache Compression. SnapKV (Li087

et al., 2024b) and KVzip (Kim et al., 2025) deter-088

mine which KV cache to retain by leveraging the089

attention score from an observation window or an090

appended specially designed prompts. PyramidIn-091

fer (Yang et al., 2024) and PyramidKV (Cai et al.,092

2024) allocate varying KV cache budgets across093

different layers. Ada-KV (Feng et al., 2024) and094

HeadKV (Fu et al., 2024) propose allocating dif-095

ferent budgets to individual attention heads. These096

methods predominantly focus on compressing the097

prompt. However, as the reasoning length contin-098

ues to increase, merely compressing the prompt099

still faces computational and memory bottlenecks.100

Decoding-time KV cache Eviction. H2O101

(Zhang et al., 2023) uses the accumulated atten-102

tion received by each token as its score, but this103

can easily lead to the tail tokens being ignored in104

long sequences. MorphKV (Ghadia et al., 2025)105

and (Song et al., 2025) dynamically evicts tokens106

during decoding using the local attention score of107

the latest tokens, while R-KV (Cai et al., 2025) in-108

troduces redundancy scores to further enhance the109

information density of the KV cache. Nevertheless,110

these methods are constrained to attention within111

local windows. Although CAKE (Qin et al., 2025)112

considers temporal attention shifts, it remains re-113

stricted to a local window.114

3 Preliminary115

Dynamic token eviction methods (Ghadia et al.,116

2025; Cai et al., 2025; Song et al., 2025) can be117

conceptualized within a unified framework. In this118

framework, the KV cache is compressed after every119

s tokens are generated. The most recent w gener-120

ated tokens constitute the observation window. The121

query states Q ∈ Rhq×w×d of tokens in the obser-122

vation window, alongside the cached key states123

K ∈ Rhkv×l×d are employed to compute score us-124

ing a function f(Q,K) : Rhq×w×d × Rhkv×l×d →125

Rhkv×l. Here, hq and hkv denote the number of126

heads for the query states and key states, respec-127

tively, while l represents the length of the KV cache.128

For each head, the key states and value states cor-129

responding to the top-(b− w) scores are retained.130

Here, b denotes the budget size of the KV cache. In-131

corporating the KV cache from the observation win- 132

dow of length w, the final compressed KV cache 133

has a total length of b. This framework effectively 134

balances memory efficiency with the preserva- 135

tion of critical contextual information for future 136

token generation. 137

Typically, these methods involve computing the 138

attention scores between the query states within the 139

observation window and the cached key states. The 140

i-th head attention score formula is as follows: 141

A[i,:,:] = softmax

(
Q[i,:,:]K

⊤
[j,:,:]√

d

)
, (1) 142

where A ∈ Rhq×w×l. Here, j represents the 143

head index for the key states. For multi-head at- 144

tention (Vaswani et al., 2017), j = i. However, in 145

the case of multi-query (Shazeer, 2019) or group- 146

query (Ainslie et al., 2023) attention, j and i exhibit 147

a one-to-many relationship. To obtain the scores 148

corresponding to each key state, a max-reduce op- 149

eration is performed across the scores of multiple 150

attention heads corresponding to each key head, 151

resulting in A′ ∈ Rhkv×w×l. The final scores S 152

are then computed from A′ by applying a mean 153

operation within the observation window, 154

Si,j =
1

w

w−1∑
k=0

A′
i,k,j , (2) 155

yielding S ∈ Rhkv×l. This score reflects the signifi- 156

cance of the key states and value states within the 157

KV cache. 158

4 Observation 159

Dynamic token eviction methods are based on an 160

intuitive assumption: tokens attended by the obser- 161

vation window are the most critical for subsequent 162

generation. The strong performance of these meth- 163

ods suggests that this assumption holds some va- 164

lidity. However, can a single observation window 165

effectively determine which tokens are truly es- 166

sential for subsequent generation? To investigate 167

this question, we devise the following experiment. 168

We conducted inference using DeepSeek-Distill- 169

Qwen-7B (Guo et al., 2025) on the AMC 2023 170

benchmark (AoPS, 2023), performing 32 rollouts 171

per question. The last 512 tokens of the generated 172

output were divided into 4 observation windows, 173

and for each window, the score S (equation (2)) 174

was calculated based on the query status of tokens 175
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Figure 1: The left figure illustrates the calculation process for overlap. The right figure depicts the overlap between
the last window and other windows across different layers. The horizontal axis represents the proportion of tokens
retained.

within the window and the key status of preceding176

tokens. Based on S, the p% tokens with the highest177

scores were identified as the most attended tokens178

for each window. Subsequently, we quantified the179

overlap between the token set attended to by the180

last observation window and those attended to by181

other windows, defined as the ratio of the intersec-182

tion size to the size of the token set attended to by183

the last window. The results, shown in Figure 1,184

reveal that:185

Observation 1 The tokens attended to by the last186

window are not fully consistent with those attended187

to by the earlier windows. As the number of re-188

tained tokens decreases, the inconsistency becomes189

more pronounced.190

This finding demonstrates that the importance191

of tokens shifts across different windows. If KV192

cache compression is performed based on scores193

computed from a single window, some tokens194

that possess long-term importance are likely to195

be prematurely evicted due to being temporarily196

overlooked by a single window.197

Furthermore, we computed the overlap between198

the last window and the union of all preceding199

windows (the red line in Figure 1). We find that:200

Observation 2 The overlap between the token set201

attended to by the last window and the union of202

tokens attended to by all preceding windows is203

relatively higher. Notably, even when retaining204

only 55% of the tokens, the overlap approaches205

95%.206

This observation further illustrates that the at-207

tention received by tokens is intermittent. On the208

other hand, it also indicates that tokens receiving209

significant attention are highly likely to have210

been similarly attended to by at least one pre-211

ceding observation window.212

5 Training-Free KV Cache Compression 213

with Global Attention 214

As previously discussed, scores computed from a 215

single window are insufficient to effectively cap- 216

ture the long-term importance of tokens. To ad- 217

dress this limitation, we aim to determine which 218

tokens should be evicted by leveraging their atten- 219

tion scores across a broader context. 220

The characteristics of human memory reveal that 221

memories revisited multiple times become increas- 222

ingly reinforced, whereas those left unreviewed for 223

extended periods gradually diminish. Inspired by 224

this, we propose a global score to quantify the de- 225

gree to which tokens are attended to throughout 226

the decoding process. We introduce a memory 227

decay rate, α ∈ [0, 1], to promote the eviction of 228

tokens that no longer attract attention. We experi- 229

ment with three different forms for calculating the 230

global score: max, average, and summation. For 231

i < b−w, the three different forms of global scores 232

are calculated using the following formulas: 233

Ft[:, i] = max

(
α · Ft−1[:, i],

St[:, i]

maxj(St[:, j])

)
,

(3) 234

Ft[:, i] = α · Ft−1[:, i] + (1− α) · St[:, i]

maxj(St[:, j])
,

(4) 235

Ft[:, i] = α · Ft−1[:, i] +
St[:, i]

maxj(St[:, j])
, (5) 236

Here, Ft−1 ∈ Rhkv×(b−w) represents the histor- 237

ical global scores from the previous step, while 238

Ft ∈ Rhkv×l denotes the global scores in the cur- 239

rent step. The attention scores St (equation (2)) are 240
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Figure 2: This figure illustrates the computation process of the global score. Each block represents the KV cache of
a token, with the block’s color indicating its score (darker color represents higher scores).

normalized by the maximum values within each241

attention head. Since only b − w tokens have242

scores from the previous step, for i ≥ b − w,243

Ft =
St[:,i]

maxj(St[:,j])
. Based on Ft, we select b − w244

tokens whose corresponding KV cache is retained,245

and the Ft values of the retained tokens are subse-246

quently recorded for use in the next compression247

step. At the first compression step, as Ft−1 is not248

available, KV cache selection is performed directly249

based on St.250

The score Ft takes into account both the atten-251

tion received in the current observation window252

and the attention from preceding windows, and we253

refer to it as the global score. In contrast, St, com-254

puted within a single window, is referred to as the255

local score. Figure 2 illustrates several scenarios256

that emerge when utilizing the global score:257

• Low Ft−1[i, j] and low St[i, j]: This implies258

that the i-th KV head’s j-th token consistently259

receives very little attention across multiple260

consecutive windows. Such tokens are con-261

sidered insignificant and are therefore eligible262

for eviction.263

• Low Ft−1[i, j] and high St[i, j]: This sug-264

gests that the token temporarily lost attention265

in the previous observation window but re-266

gained attention in the current window. These267

tokens are re-engaged in the ongoing context.268

• High Ft−1[i, j] and low St[i, j]: This sig-269

nifies that the token, while not receiving at-270

tention in the current window, was highly at-271

tended to in previous windows. Unlike other272

methods that might immediately evict such to-273

kens, we choose to retain them because these274

tokens are highly likely to be attended to again 275

in the future. 276

Compared to the local score, the global score bet- 277

ter reflects the long-term importance of a token. In 278

addition, our analysis reveals that even with the KV 279

cache compression algorithm, the attention scores 280

remain highly sparse, as detailed in Appendix B. 281

Each observation window focuses on only a small 282

subset of tokens within the compressed KV cache. 283

By employing global scores, the compression al- 284

gorithm retains a small subset of tokens that 285

are highly attended to by each observation win- 286

dow. Furthermore, tokens that are likely to re- 287

ceive significant attention in future windows are 288

highly likely to be included within the union of 289

these subsets. 290

6 Enhancing KV Cache Compression 291

through Training 292

Dynamic token eviction can be seen as a form of 293

sparse attention, where the KV cache of evicted 294

tokens becomes inaccessible to subsequent tokens. 295

Figure 3 shows the sparse attention mask corre- 296

sponding to the KV cache compression process. 297

We define the original policy (LLMs) as πθ, with θ 298

representing model parameters, and the policy with 299

KV cache compression or sparse attention as π′
θ. 300

The original model πθ is trained with full attention, 301

relying on complete context. After compression, 302

the policy π′
θ operates in a constrained context en- 303

vironment with unchanged parameters θ, making 304

π′
θ sub-optimal in this setting. 305

We aim to enable the model to adapt to the con- 306

dition of KV cache compression. We explore post- 307

training methods for this purpose. Specifically, we 308
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Figure 3: Illustration of the sparse attention mask. If
the block at the i-th row and j-th column is visible, it
indicates that the j-th token in the sequence can attend
to the i-th token. Red crosses represent tokens evicted
during a KV cache compression process; these tokens
are invisible to newly generated tokens in subsequent
steps.

implemented a reinforcement learning (RL) frame-309

work that supports generation with KV cache310

compression and training with sparse attention311

masks. In this framework, sampling is performed312

directly by the policy π′
θ. During generation, the po-313

sitions of the tokens actually evicted are recorded314

and used to construct the sparse attention mask.315

The optimization objective is as follows:316

J (θ) =E{yi}Gi=1∼π′
θ(·|x)

[
1

G

G∑
i=1

1

|yi|

|yi|∑
t=1

min
(

317

ri,t(θ)Âi,t, clip(ri,t(θ), 1− ϵ, 1 + ϵ)Âi,t

)]
,

(6)

318

where ri,t(θ) =
π′
θ(yi,t|x,yi,<t)

π′
θold

(yi,t|x,yi,<t)
and Âi,t =319

ri−mean({rj}Gj=1)

std({rj}Gj=1)
. Here, ri represents the reward320

associated with the response yi. For each input x,321

we perform G times sampling, where yi,t denotes322

the t-th token in the output of the i-th sampling.323

This is the optimization objective of GRPO (Shao324

et al., 2024) without KL regularization. Moreover,325

training on outputs truncated due to the maximum326

output length constraint may introduce interference327

(Yu et al., 2025). To address this, we directly set328

their advantages to zero. Nevertheless, this RL329

method may only be suitable for tasks where the330

rewards of outputs can be easily verified. Conse-331

quently, we propose a more general distillation-like332

method, as detailed in Appendix C.333

7 Experiment 334

7.1 Experiment Setup 335

Benchmark and Dataset. We evaluate the model’s 336

reasoning capabilities in mathematics and coding 337

domains. For mathematics, we use AMC 20231 338

and AIME 20242 as benchmarks. AMC targets 339

middle-school students with entry-level mathemat- 340

ical problems, while AIME serves as a gateway 341

to advanced mathematics competitions, offering 342

more challenging tasks. For coding, evaluations are 343

conducted on LiveCodeBench (Jain et al., 2024), 344

which includes programming competition prob- 345

lems of varying difficulty. For RL training, we 346

employ the DeepScaleR-40k (Luo et al., 2025) 347

dataset, which comprises mathematical problems 348

of varying difficulty from multiple sources. Addi- 349

tionally, 27k correct reasoning-based responses are 350

sampled from DeepScaleR-40k using DeepSeek- 351

R1-Distill-Qwen-7B, and these samples are used 352

for distillation. 353

Model. We evaluate our approach using 354

DeepSeek-R1-Distill-Qwen-7B and DeepSeek-R1- 355

Distill-Llama-8B (Guo et al., 2025). These mod- 356

els are reasoning models distilled from DeepSeek- 357

R1 using Qwen 2.5 (Team, 2024) and LLaMA 3.1 358

(Grattafiori et al., 2024), respectively. 359

Evaluation Protocol and Metrics. For sam- 360

pling, we set the temperature to 0.6 and the top-p 361

parameter to 0.95. Unless otherwise specified, for 362

the AMC 2023, the maximum sequence length is 363

configured to 16k, while for the AIME 2024, it 364

is set to 32k. We use pass@1 (Chen et al., 2021) 365

as our evaluation metric, which is an unbiased es- 366

timate of the probability that the model answers 367

a question correctly on the first attempt. For each 368

question, we perform sampling 32 times to estimate 369

the pass@1 score. 370

7.2 The Ablation and Comparison of Global 371

Score 372

In this section, we conduct experiments on differ- 373

ent forms of global scores and various values of α, 374

comparing them with the Local Score. Addition- 375

ally, CAKE (Qin et al., 2025) uses the attention 376

variance within a local window to represent the 377

degree of attention fluctuation, which we refer to 378

as the attention shift score, and we compare our 379

method against it. 380

1https://huggingface.co/datasets/math-ai/amc23
2https://huggingface.co/datasets/math-ai/aime24
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Figure 4: Performance of different methods on the AMC 23 benchmark.

Implementation Details. We set the KV cache381

budget to 512 (b = 512), the observation window382

size to 16 (w = 16), and perform compression after383

generating every 128 tokens (s = 128).384

Analysis. As shown in Figure 4, all three forms385

of global score deliver significant improvements386

and perform notably better than the attention shift387

score in CAKE and MorphKV (local score only).388

However, the mean form of the global score per-389

forms slightly worse than the other two. The per-390

formance of all three methods remains relatively391

stable when α ∈ [0.8, 0.9], achieving notable per-392

formance gains. This range is recommended as the393

optimal hyperparameter setting.394

7.3 Main Results395

In this section, we evaluate the performance of var-396

ious methods under different budget constraints.397

We refer to the method combining the global score398

(max) with the redundancy score (Cai et al., 2025)399

as G-KV, with α set to 0.8. Details on combin-400

ing the global score with other methods are pro-401

vided in Appendix D. The baselines for compar-402

ison include StreamingLLM (Xiao et al., 2023),403

MorphKV (Ghadia et al., 2025), and R-KV (Cai404

et al., 2025). We also compare with SnapKV (Li405

et al., 2024b), extending its compression process406

from the prefilling stage to the decoding stage. For407

StreamingLLM, the budget refers to its window408

size. Additionally, we report the average Token409

Retention Ratio, defined as the KV Cache length410

divided by the total sequence length, calculated411

only for cases where the model generates the cor-412

rect answer. A lower token retention ratio indi-413

cates the model’s ability to operate effectively414

with longer generation lengths under a fixed415

budget.416

Analysis. As shown in Figure 5, our method417

achieves SOTA performance across most budgets418

and benchmarks, with greater advantages under419

smaller budgets. On the AMC 23 benchmark, our 420

approach delivers nearly a 20% improvement with 421

a 512-token budget. Figure 6 further illustrates 422

that our method consistently achieves the lowest 423

token retention ratio, indicating higher information 424

density in the retained tokens, enabling effective 425

performance on longer sequences. 426

We normalize the positions of tokens retained by 427

different algorithms (with a budget of 512) within 428

the complete sequence and visualize their density 429

distributions in Figure 7. Tokens retained by local 430

score-based methods are concentrated near the end 431

of the sequence. This occurs because contexts near 432

the observation window during each compression 433

step tend to have higher semantic similarity, further 434

influenced by RoPE’s inherent characteristics (Su 435

et al., 2024). In contrast, global scores result in 436

more evenly distributed token positions, preserv- 437

ing more comprehensive information. This may 438

explain why G-KV outperforms other methods on 439

longer generation sequences and under tighter bud- 440

get constraints. Additional examples in Appendix 441

J illustrate this phenomenon more intuitively. 442

7.4 Results of Training 443

In this section, we further present the results ob- 444

tained using different training methods. We refer 445

to our proposed RL and distillation methods as RL- 446

Sparse and Distill, respectively. For comparison, 447

we include reinforcement learning conducted with 448

generation and training with the Full KV cache, 449

which we refer to as RL-Full. 450

Implementation Details. Training is based on 451

the DeepSeek-R1-Distill-Qwen-7B model. For RL 452

training, the maximum output length is 4096, with 453

a sampling temperature of 0.6. Each step sam- 454

ples 16 questions and generates 8 responses per 455

question, resulting in 128 trajectories for gradient 456

computation in a single batch (with gradient accu- 457

mulation via micro-batches). RL training is con- 458
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Figure 5: Performance of different compression methods with DeepSeek-R1-Distill Qwen 7B model.
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Figure 7: The density distribution of the normalized final retained token positions for different algorithms using
DeepSeek-R1-Distill-Qwen-7B. The results are evaluated on the AMC 23 benchmark. The vertical bars in the figure
indicate the mean values.

ducted for 400 steps, with rewards of 1 for correct459

responses and 0 for incorrect ones. For distilla-460

tion, the maximum sequence length is 4096, with461

longer sequences truncated. Training runs for 250462

steps (approximately 1 epoch) with a batch size of463

128, using a learning rate of 1× 10−6. The G-KV464

method is applied for RL-Sparse with a budget of465

2048, while other parameters follow the previously466

mentioned settings. All evaluations in this section467

are restricted to a 4096 output length, consistent468

with the training setup.469

Analysis. We evaluated the trained models under470

different budgets, with the results summarized in471

Table 1. RL-Sparse achieves the best performance472

across most settings, significantly outperforming473

models trained with the Full KV cache. By directly474

optimizing the policy π′
θ, RL-Sparse minimizes475

the training-inference discrepancy, resulting in su-476

perior performance. In contrast, RL-Full shows477

moderate gains but is hindered by the mismatch478

between its training policy πθ and the inference479

policy. The distillation method effectively enables 480

π′
θ under constrained KV cache to approximate πθ, 481

offering a practical alternative for scenarios where 482

verifiable reward functions are difficult to design. 483

Additional training information and analysis are 484

provided in Appendix E. 485

7.5 Efficiency Analysis 486

In this section, we analyze the efficiency of the 487

KV cache compression algorithm. Throughput is 488

used as the evaluation metric, calculated as the 489

total number of valid tokens generated (excluding 490

padding tokens) divided by the time consumed. We 491

extracted 1,024 mathematical problems from the 492

DeepScaleR-40k dataset and conducted inference 493

with varying batch sizes, using a maximum output 494

length of 16k. All experiments were performed on 495

a single A100 GPU. 496

Analysis. As shown in Table 2, our method 497

achieves a significant throughput improvement 498

compared to Full-KV under the same batch size. 499
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AMC 23 AIME 24

Budget 512 1024 2048 512 1024 2048

Untrained 45.00 54.21 59.84 11.56 18.64 23.02

Distill 47.89 (+2.89) 56.48 (+2.27) 61.48 (+1.64) 14.27 (+2.71) 21.56 (+2.92) 24.79 (+1.77)

RL-Full 47.65 (+2.65) 56.79 (+2.58) 63.82 (+3.98) 12.18 (+0.62) 21.14 (+2.50) 25.93 (+2.91)

RL-Sparse 51.01 (+6.01) 61.71 (+7.50) 67.65 (+7.81) 13.75 (+2.19) 22.18 (+3.54) 26.66 (+3.64)

Table 1: Pass@1 comparison across different training methods and budgets on AMC 23 and AIME 24.

DeepSeek-Qwen-Distill-7B DeepSeek-Llama-Distill-8B

Batch Size 32 64 128 16 32 64

Full-KV 62.41 OOM OOM 31.08 OOM OOM

R-KV (Budget 2048) 172.44 203.66 238.43 82.33 98.01 111.89

G-KV (Budget 512) 261.32 475.59 760.74 158.43 517.30 612.60
G-KV (Budget 1024) 212.93 367.96 448.35 118.10 193.56 258.18
G-KV (Budget 2048) 170.64 221.23 248.22 93.91 118.82 154.52

Table 2: Throughput comparison (tokens/s). OOM refers to the occurrence of an Out of Memory error, indicating
insufficient GPU memory.
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Figure 8: Decoding time comparison.

With a reduced budget, larger batch sizes can be500

utilized, further increasing throughput. To maintain501

performance, our method achieves a 4-5x through-502

put improvement even with a budget of 2048.503

In addition to throughput, decoding time is a crit-504

ical factor influencing user experience in practical505

applications. As shown in Figure 8, the decoding506

time under different KV cache compression bud-507

gets is similar and, at the same batch size, is approx-508

imately 40% of that of Full-KV. Further compar-509

isons and analyses of decoding time are provided510

in Appendix F. Additionally, we conducted an anal-511

ysis of memory efficiency. Under the 16k context512

setting, our method achieves approximately a 90%513

reduction in KV cache memory usage. Detailed514

results are provided in Appendix G.515

Budget 512 1024 2048

Local score 46.1 74.5 117.6
Global score 50.5 79.4 121.4

Table 3: Average Compression Time (ms)

Budget 512 1024 2048

Local score 0.77% 1.10% 1.59%
Global score 0.83% 1.20% 1.57%

Table 4: Compression Time Ratio (%)

We use DeepSeek-Distill Qwen-7B to measure 516

the average compression time per step for global 517

score and local score under a batch size of 32. The 518

experimental results are shown in Table 3. Global 519

score introduces an additional delay of approxi- 520

mately 5 ms per compression step. However, this 521

delay is negligible in the context of the entire de- 522

coding process. Table 4 presents the proportion 523

of compression time relative to the total decoding 524

time, showing that the compression process for 525

both global score and local score accounts for only 526

about 1% of the total time. 527

8 Conclusion 528

In this paper, we propose G-KV, a KV cache com- 529

pression method that integrates local and histor- 530

ical attention scores to assess token importance 531

globally. In addition, post-training techniques, in- 532

cluding reinforcement learning and distillation, are 533

introduced to adapt LLMs to compressed KV cache 534

settings. Experiments on AMC-23 and AIME-24 535

benchmarks confirm effectiveness of G-KV. G-KV 536

significantly reduces memory and computational 537

bottlenecks, enabling efficient and scalable reason- 538

ing for LLMs. 539

8



Limitation540

In our experiments, we did not compare with meth-541

ods that compress only the input, such as Ada-KV542

and KVzip. This is because, for inference tasks,543

the output length can often far exceed the input544

length. Consequently, the actual maximum batch545

size achievable by these methods would be very546

similar to that of Full-KV, leading to highly limited547

throughput.548

Additionally, for top-k attention methods like549

QUEST (Tang et al.) and RocketKV (Behnam et al.,550

2025), they do not actually reduce the memory us-551

age of the KV cache; instead, they only select part552

of the KV cache during attention forward passes.553

As a result, these methods remain constrained by554

memory limitations, preventing large-batch infer-555

ence.556

In light of these considerations, we compared557

only with methods capable of permanently evicting558

KV cache during the decoding stage. The compet-559

itive performance relative to Full-KV, combined560

with the significant improvements in throughput,561

highlights the practical potential of our approach.562
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A Use of LLMs763

We utilized ChatGPT-4o 3 to refine the content764

based on our original writing. All revised text was765

subsequently reviewed and verified by us. The ar-766

chitecture of the code was designed by our team,767

with Claude-4 4 assisting in the implementation of768

certain functional components. All code has under-769

gone comprehensive testing to ensure its reliability.770

B The Sparse Nature of Attention771

In this section, we analyze the sparsity of attention772

scores. Specifically, let the maximum attention773

score in a sequence be smax. We define p× smax,774

where p ∈ (0, 1), as a threshold. Tokens with atten-775

tion scores below this threshold are considered to776

receive minimal attention. The sparsity is defined777

as the proportion of tokens with attention scores778

below the threshold relative to the total number of779

tokens in the sequence.780

For the full KV cache, we compute the atten-781

tion scores between the query states of the last 16782

tokens and the key states of all preceding tokens.783

However, we only evaluate the sparsity of the last784

512 tokens. For KV cache compression algorithms,785

we calculate the attention scores between the query786

states of tokens in the last observation window and787

the key states retained in the kept KV cache. For788

all KV cache compression algorithms, we set the789

budget to 512, the observation window size to 16,790

and the compression interval to 128.791

Figure 9 illustrates the sparsity levels across dif-792

ferent models and layers. For full KV cache, the793

attention scores of most layers exhibit extremely794

high sparsity. In the majority of layers, over 90%795

of tokens have attention scores lower than 1% of796

the maximum score. This observation indicates797

that most tokens are not attended to by the last few798

tokens, which also serves as the primary motiva-799

tion behind the design of most existing KV cache800

compression algorithms (Zhang et al., 2023; Cai801

et al., 2025).802

3https://chatgpt.com
4https://claude.ai

Furthermore, we conducted an analysis of spar- 803

sity when applying KV cache compression algo- 804

rithms. Although the sparsity decreases signifi- 805

cantly compared to the full KV cache, notable spar- 806

sity still persists. For DeepSeek-R1-Distill-Qwen- 807

7B, many layers still exhibit over 80% of tokens 808

having attention scores below 5% of the maximum 809

score. Similarly, for DeepSeek-R1-Distill-LLaMa- 810

8B, with the exception of the first layer, more than 811

90% of tokens in other layers have attention scores 812

below 1% of the maximum score. This indicates 813

that even after KV cache compression, the atten- 814

tion scores between the compressed KV cache 815

and the observation window still maintain a high 816

degree of sparsity. This means that each obser- 817

vation window still only attends to a subset of 818

tokens within the compressed KV cache. 819

C Distillation-Like Training with Sparse 820

Attention Mask 821

As discussed previously, when defining the reward 822

for outputs becomes challenging, reinforcement 823

learning (RL) may no longer be applicable. In such 824

scenarios, alternative training methods need to be 825

explored. In this section, we propose a distillation- 826

based approach. 827

Specifically, we sample outputs y ∼ πθ(y|x) 828

from πθ. Then, we simulate the execution of our 829

KV cache eviction algorithm to determine which 830

tokens would be evicted during the generation pro- 831

cess, thereby constructing a corresponding sparse 832

attention mask. We train π′
ϕ (ϕ initialized as θ) 833

with the sparse attention mask through a soft target 834

loss (Hinton et al., 2015): 835

L(ϕ) = τ2 KL
(
πθ(y|x)

∥∥π′
ϕ(y|x)

)
, (7) 836

where τ represents the sampling temperature, 837

and KL(·∥·) denotes the Kullback-Leibler (KL) 838

divergence (Kullback and Leibler, 1951). Mini- 839

mizing this objective allows the distribution of the 840

policy employing KV cache compression to ap- 841

proximate that of the full KV cache policy. This 842

training approach also enables the model to adapt 843

to the sparse attention. 844

D Integrating the Global Score with 845

Other Methods 846

The global score is an inherently versatile tech- 847

nique that can be seamlessly integrated into other 848

methods. We take SnapKV (Li et al., 2024b) and 849
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Figure 9: Comparison of attention sparsity. The horizontal axis represents the coefficient p multiplied by the
maximum attention score to calculate the threshold. The vertical axis represents the sparsity.

R-KV (Cai et al., 2025) as examples to demonstrate850

the results after incorporating the global score. The851

schematic diagrams of these methods are illustrated852

in Figure 10.853

SnapKV introduces sequence-wise max-pooling854

helps to retain more detailed information from the855

prompt. When the global score is integrated with856

SnapKV, it suffices to replace the local score uti-857

lized by SnapKV with the global score. Figure 11858

illustrates the effect of combining SnapKV with859

the global score (max). Replacing the local score860

with the global score effectively improves the per-861

formance of SnapKV; however, it does not surpass862

the performance of using the global score alone.863

This may be attributed to the pooling mechanism864

of SnapKV, which is designed for prefilling-stage865

compression to retain more detailed information866

from the prompt. However, during the decoding867

phase, this design may hinder the eviction of less868

important tokens.869

R-KV proposed a redundancy score to identify870

redundant tokens in the KV cache. By removing871

these redundant tokens, it becomes possible to re-872

tain more informative content within a limited KV873

cache budget. Specifically, the cosine similarity be-874

tween the Key states, K ∈ Rhkv×l×d, is calculated875

as follows:876

Ki,j =
Ki,j

∥Ki,j∥2 + ϵ
,877

Ci = Ki(K
T
i ). 878

Here, C ∈ Rhkv×l×l, Ci represents the cosine 879

similarity between the key states of the i-th atten- 880

tion head. (Cai et al., 2025) mask the elements 881

in C below a specific threshold to zeros, as well 882

as those corresponding to the most recent tokens, 883

resulting in a modified similarity matrix C′. The 884

average similarity score for each token is computed 885

as: 886

C
′
i,j =

l−1∑
k=0

C ′
i,k,j . 887

Here, C′
i,j represents the redundancy level of the 888

j-th token in the i-th attention head. A higher 889

value of C′
i,j indicates that the token is more redun- 890

dant. Finally, the redundancy score R is obtained 891

by applying the softmax function to the average 892

similarity scores: 893

Ri,j =
exp(C

′
i,j)∑l−1

k=0 exp(C
′
i,k)

894

In Equation (5), we perform max normalization 895

on the local scores. This approach is adopted be- 896

cause, as the sequence length increases, the at- 897

tention distribution becomes diluted, and the av- 898

erage magnitude of attention scores for each token 899

changes. Previous methods did not account for the 900
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Figure 11: The performance on AMC 23 of SnapKV with Global Score.

combination of scores across windows, and thus901

normalization was unnecessary. In contrast, we mit-902

igate this issue by applying max normalization to903

the local scores. The redundancy scores calculated904

via the softmax function also suffer from a similar905

dilution problem. Therefore, when combining our906

global scores with the redundancy scores, we also907

normalize the redundancy scores as follows:908

R′
i,j =

Ri,j

maxj Ri,j
909

where R′
i,j represents the normalized redun-910

dancy score. Finally, we combine the global score911

and the redundancy score using the following for-912

mula:913

F′
t = λ · Ft − (1− λ) ·R′914

where λ ∈ [0, 1] is a weighting factor that deter-915

mines the relative contribution of the global score916

and the redundancy score.917

Since we normalize the redundancy scores, we918

re-tune the hyperparameter λ instead of directly919

adopting the value λ = 0.1 as used in the original920

paper. We fix α at 0.8. Figure 12 presents the ex-921

perimental results of combining global scores (max922

and sum) with redundancy scores under different923

λ values. For DeepSeek-R1-Distill Qwen-7B, the924

best performance is achieved when λ = 0.7, while925

for DeepSeek-R1-Distill Llama-8B, the optimal 926

performance is observed at λ = 0.9. In both cases, 927

the global score plays a dominant role. 928

E More Information and Analysis of 929

Training 930

In this section, we visualize certain information 931

recorded during the training process. Figure 13 932

illustrates the average KL divergence between the 933

distributions of the sparse model π′
θ and the full 934

attention model πθ for generating the next token 935

during distillation training. As training progresses, 936

the KL divergence decreases rapidly, indicating 937

that the distribution of π′
θ is indeed approaching 938

that of πθ. 939

Figure 14 (a) and (b) depict the changes in en- 940

tropy (Shannon, 1948) and pass@1 on the valida- 941

tion set during reinforcement learning training. The 942

validation set consists of 32 samples randomly se- 943

lected from the training set. For each question in 944

the validation set, pass@1 is estimated by sampling 945

4 times. 946

Entropy reflects the uncertainty of a distribution. 947

The curves in Figure 14 (a) indicate that RL-Sparse 948

exhibits relatively higher entropy during the rein- 949

forcement learning process, which is due to the 950

fact that the sparse attention mask introduces some 951

information loss. However, as training progresses, 952
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Figure 12: Results of combining global scores with redundancy scores under different λ values for DeepSeek-R1-
Distill Qwen-7B (left) and Llama-8B (right).

0 50 100 150 200 250
Step

0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.11

Pe
r T

ok
en

 K
L 

Di
ve

rg
en

ce

Figure 13: The average per-token KL divergence be-
tween the sparse model π′θ and the full attention model
πθ during distillation training. The semi-transparent
curves represent the actual values, while the solid lines
indicate the smoothed values.

the entropy of both RL-Sparse and RL-Full de-953

creases rapidly. This suggests that the determinism954

of generation distribution from policy trained by955

RL-Sparse and RL-Full is improving. However,956

overly high determinism might lead to insufficient957

exploration. For larger-scale reinforcement learn-958

ing, it would be beneficial to integrate advanced959

techniques to encourage more exploration (Liao960

et al., 2025; Cui et al., 2025).961

The curve of pass@1 in Figure 14 (b) demon-962

strates that RL-Sparse achieves even higher pass@1963

compared to RL-Full. It is worth noting that RL-964

Sparse is evaluated under a compressed KV cache965

setting, while RL-Full is evaluated with a full KV966

cache. The superior performance of RL-Sparse967

in terms of pass@1 may indicate the poten-968

tial for faster convergence in sparse reinforce-969

ment learning. As highlighted by (Wang et al.,970

2025), backpropagating gradients selectively on971

high-entropy tokens during reinforcement learning972

training yields better results. Sparse RL might fo-973

cus gradient updates more effectively on tokens974

with higher information density and greater975

decision-making significance, thereby improv-976

ing the efficiency of policy optimization. We 977

believe this offers new insights for future research 978

on reinforcement learning for LLMs. 979

F Balance between Throughput and 980

Decoding Time 981

In §7.5, we compared the decoding time under the 982

same batch size. The experimental results at that 983

time indicated that the differences in decoding time 984

across various budgets were minimal. This was 985

due to the insufficient batch size, which failed to 986

fully utilize the computational units of the GPU. 987

In this section, we further analyze and compare 988

the decoding times across different budgets under 989

varying batch sizes. 990

As illustrated in Figure 15, an increase in batch 991

size leads to longer decoding times. Moreover, 992

with higher budgets, the differences in decoding 993

time across varying batch sizes become more pro- 994

nounced. For instance, when the budget is set to 995

512, the decoding time for a batch size of 128 is 996

only marginally greater than that for a batch size of 997

32. However, when the budget increases to 2048, 998

the decoding time surpasses more than twice the 999

initial value. Therefore, while KV cache compres- 1000

sion supports larger batch sizes and larger batch 1001

sizes typically yield higher throughput. However, 1002

To avoid excessively long decoding times, batch 1003

sizes should not be set excessively large. 1004

G Memory Analysis 1005

KV Cache Memory Analysis. We take the 1006

DeepSeek-R1-Distill-Qwen-7B model as an exam- 1007

ple, which has 28 layers, an attention head dimen- 1008

sion of 128, and 2 key-value heads. Assuming 1009

a sequence length of 16,384 (16k) and use preci- 1010

sion of bf16 (2 bytes), the memory consumption 1011

of key and value per sequence can be calculated 1012

as (28 × 128 × 2 × 16384 × 2 × 2)/230 ≈ 0.44 1013
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Figure 14: Changes in entropy (left) and pass@1 on the validation set (right) during reinforcement learning training.
The semi-transparent curves represent the actual values, while the solid lines indicate the smoothed values.
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Figure 15: Comparison of decoding times across different budget and batch size.

GB. When the batch size is 128, the KV cache1014

alone requires 56 GB of memory. However, when1015

applying KV cache compression, the required KV1016

cache memory is reduced to b+s
sequence length , where b1017

denotes the KV cache budget and s is the interval1018

between two consecutive compression operations.1019

For a batch size of 128, s = 128 and budgets of1020

512, 1024, and 2048, the KV cache memory re-1021

quirements are reduced to 2.18 GB, 3.93 GB, and1022

7.43 GB, respectively. This results in memory sav-1023

ings of 96.1%, 92.9%, and 86.7%, respectively.1024

Score Cache Memory Analysis. Our method1025

stores the scores computed for compression, de-1026

noted as F ∈ Rhkv×(b−w), while the shape of the1027

key or values status cache is K,V ∈ Rhkv×b×d.1028

The memory consumption of the scores, as a frac-1029

tion of the KV cache memory, is b−w
b×d×2 , where1030

w ≪ b. This simplifies to approximately 1
2×d .1031

Since d is typically 128, the additional overhead1032

from storing the scores is negligible compared to1033

the memory savings achieved. Under the same1034

settings as in the example above, with a fixed KV1035

cache budget of 2048, the KV cache size is approxi-1036

mately 7 GB, while the global score cache occupies1037

around 27 MB. 1038

Sparse Attention Mask Memory Analysis. 1039

The memory consumption of sparse attention 1040

masks is easily overlooked; however, in practice, 1041

it can surpass even the size of the model param- 1042

eters. Consider a scenario where the training 1043

batch size per device (GPU) is 16, the model con- 1044

sists of 28 layers, hkv = 2, the sequence length 1045

is 4096 (4k), and the data type of sparse atten- 1046

tion mask occupies only 1 byte. The memory re- 1047

quired for the sparse attention mask is calculated as 1048

(16×28×2×4096×4096)/230 = 14 GB. Loading 1049

the complete sparse attention mask onto the GPU 1050

may lead to out-of-memory (OOM) errors. To ad- 1051

dress this, the sparse attention mask is offloaded to 1052

the CPU after its construction. Furthermore, during 1053

training, we employ gradient checkpointing and 1054

ensure that only the sparse mask for a single 1055

layer is loaded onto the GPU at any given time. 1056

This strategy is critical for enabling training with 1057

sparse attention masks. 1058
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H Experimental Results on1059

DeepSeek-R1-Distill-LLaMA-8B1060

Although §4 and §7.3 only present the overlap anal-1061

ysis and the normalized positional density map of1062

retained tokens for the DeepSeek-R1-Distill-Qwen-1063

7B model, similar phenomena are observed for1064

the DeepSeek-R1-Distill-LLaMa-8B model. The1065

corresponding experimental results are shown in1066

Figure 16 and Figure 17.1067

Figures 18 and 19 present the experimental re-1068

sults of DeepSeek-R1-Distill Llama-8B. When the1069

budget is sufficient, both R-KV and G-KV achieve1070

results comparable to or even surpassing those of1071

Full KV. Under lower budgets, G-KV exhibits a1072

certain advantage.1073

I Discussion and Insights1074

In this section, we first visualize the tokens retained1075

by a single KV head in the final layer using word1076

clouds. The visualization results are presented in1077

Figure 20. Notably, the word "wait" appears most1078

prominently in both models. This word typically1079

appears when the model begins to engage in reflec-1080

tion. (Shah et al., 2025) and (Muennighoff et al.,1081

2025) have found that inserting "wait" into the out-1082

put can significantly enhance the triggering of ex-1083

plicit reflection and improve the final accuracy.1084

Interestingly, combining the cases presented in1085

Appendix J, we observe that the model’s attention1086

is not primarily focused on the reflective content1087

following the word "wait," but instead is remark-1088

ably concentrated on the word "wait" itself. This1089

phenomenon suggests that the key and value states1090

corresponding to "wait" may have already encoded1091

the forthcoming reflective information in advance.1092

In other words, the actual "thinking" process is1093

likely to occur during the compression of infor-1094

mation when the model accesses the value states1095

of "wait" through the attention mechanism.1096

This implies that "wait" in the deep hidden rep-1097

resentations of LLMs carries a sufficiently high se-1098

mantic density, and the subsequent reflective output1099

merely serves to externalize the content that has al-1100

ready been "pre-thought" within "wait." Of course,1101

the processes of information compression and de-1102

coding are not confined only to "wait" but rather1103

constitute a dynamic process throughout the decod-1104

ing stage. Other tokens (e.g., periods, contrastive1105

conjunctions, etc.) exhibit similar functionalities1106

in deeper layers (Chen et al., 2025): through their1107

representations, these tokens trigger the model to1108

extract, organize, or reconstruct key information. 1109

This further explains why deep-layer attention 1110

often exhibits high sparsity: in these layers, the KV 1111

cache representations of certain critical tokens al- 1112

ready serve as highly compressed semantic carriers. 1113

By selectively attending to these tokens, the model 1114

can effectively accomplish the contextual integra- 1115

tion needed for inference, without exhaustively ref- 1116

erencing every prior token. Interestingly, this be- 1117

havior mirrors fundamental characteristics of 1118

human cognition. When processing complex in- 1119

formation, humans typically do not distribute their 1120

attention uniformly across all available details. In- 1121

stead, they selectively focus on a small number of 1122

salient cues, which act as anchors or triggers for 1123

downstream reasoning and memory retrieval. For 1124

example, in recalling a past experience, one may 1125

only need to remember a single vivid scene—such 1126

as a spoken phrase or a specific gesture—to recon- 1127

struct the broader narrative context. 1128

This mechanism of sparse activation and effi- 1129

cient recall is not merely a cognitive shortcut but 1130

a defining feature of the human memory system. 1131

It underscores a key insight: compression as in- 1132

telligence. This principle highlights the profound 1133

role of semantic compression in enabling efficient 1134

reasoning and memory retrieval. Furthermore, 1135

it strengthens the argument for designing and 1136

training models with explicit sparsity mecha- 1137

nisms. Such mechanisms not only enhance com- 1138

putational efficiency but may also promote the 1139

development of more human-like capacities for 1140

abstraction and generalization. 1141

J Case Study 1142

In this section, we provide a case utilizing the 1143

global score (α = 0.8) and another case employing 1144

the local score. The KV cache budget is set to 512. 1145

The questions used are sourced from AMC 23, and 1146

the model employed is DeepSeek-R1-Distill-Qwen- 1147

7B. Tokens retained by a single attention head in 1148

the final layer are highlighted in orange, while dis- 1149

carded tokens are indicated in black. Tokens that 1150

remain uncompressed after the last compression 1151

step are marked in green. 1152

These two cases more intuitively illustrate the 1153

insights reflected in Figure 7 and Figure 17. When 1154

utilizing the local score, the retained tokens are 1155

concentrated towards the last part of the sequence, 1156

with most of the earlier tokens being discarded. In 1157

contrast, when employing the global score, the re- 1158
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Figure 18: Performance of different compression methods with DeepSeek-R1-Distill LLaMA 8B model.
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Figure 19: Token retention ratio of different compression methods with DeepSeek-R1-Distill LLaMA 8B model.

tained tokens are more evenly distributed through-1159

out the entire sequence. Interestingly, a significant1160

portion of the prompt is also preserved under the1161

global score, which may explain its work properly1162

on longer sequences.1163
(a) DeepSeek-R1-Distill-
Qwen-7B

(b) DeepSeek-R1-Distill-
LLaMa-8B

Figure 20: Word Clouds of the kept token on AMC 23
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Local Score Case

Please reason step by step, and put your final answer within \boxed{}.<|User|>
Cities $A$ and $B$ are $45$ miles apart. Alicia lives in $A$ and Beth lives in $B$.
Alicia bikes towards $B$ at 18 miles per hour. Leaving at the same time, Beth bikes
toward $A$ at 12 miles per hour. How many miles from City $A$ will they be when

they meet?<|Assistant|><think>
Okay, so I have this problem where Alicia and Beth live in two cities, A and B,
which are 45 miles apart. Alicia starts biking from city A towards city B at 18
miles per hour, and Beth starts biking from city B towards city A at 12 miles per
hour. They leave at the same time, and I need to figure out how many miles from

city A they will meet. Hmm, okay, let me try to break this down step by step.

First, I know that when two objects are moving towards each other, their relative
speed is the sum of their individual speeds. So, Alicia is going at 18 mph and Beth
at 12 mph, so together, they’re closing the distance between them at a rate of 18 +
12 = 30 mph. That makes sense because they’re moving towards each other, so their
speeds add up.

Now, the total distance between the two cities is 45 miles. So, if they’re moving
towards each other at a combined speed of 30 mph, I can calculate the time it takes
for them to meet by dividing the distance by their combined speed. Let me write
that down:

Time = Distance / Speed = 45 miles / 30 mph.

Calculating that, 45 divided by 30 is 1.5 hours. So, they’ll meet after 1.5 hours.
Okay, that seems straightforward.

But wait, the question asks how many miles from city A they will meet. So, I
need to figure out how far Alicia has traveled in that 1.5 hours because she started
from city A. Since she’s biking at 18 mph, I can multiply her speed by the time to
find the distance.

Distance from A = Speed * Time = 18 mph * 1.5 hours.

Let me compute that. 18 times 1 is 18, and 18 times 0.5 is 9. So, 18 + 9 is 27
. So, Alicia has traveled 27 miles from city A when they meet.

Alternatively, I can check this by calculating how far Beth has traveled in the
same 1.5 hours and then adding their distances to make sure it totals 45 miles.
Beth is biking at 12 mph, so:

Distance from B = 12 mph * 1.5 hours = 18 miles.

So, Alicia has gone 27 miles from A, and Beth has gone 18 miles from B. 27 + 18
is 45 miles, which matches the total distance between the cities. That checks out,
so it must be correct.

Wait, another way to think about it is to set up equations based on their positions
as functions of time. Let me try that approach to verify.

Let’s denote the time until they meet as t hours. The distance Alicia covers is
18t, and the distance Beth covers is 12t. Since they’re moving towards each other,
the sum of these distances should equal the total distance between the cities, which
is 45 miles.

So, 18t + 12t = 45.

Combining the terms on the left, 30t = 45.

Solving for t, t = 45 / 30 = 1.5 hours, which is the same result as before.

Therefore, Alicia has traveled 18 * 1.5 = 27 miles from city A when they meet.
So, that’s consistent with the first method.

I can also visualize this on a distance-time graph. The x-axis would be time in
hours, and the y-axis would be distance from city A. Alicia’s line would have a
slope of 18 mph, starting at (0,0), and Beth’s line would have a slope of -12 mph

(since she’s moving towards A), starting at (0,45). The point where the two lines
intersect would be the time and location where they meet.

Setting up the equations:

For Alicia: y = 18x

For Beth: y = 45 - 12x

Set them equal to each other to find the intersection point:

18x = 45 - 12x

Adding 12x to both sides: 30x = 45

Dividing both sides by 30: x = 45 / 30 = 1.5 hours.

Then, plugging back into Alicia’s equation: y = 18 * 1.5 = 27 miles.

Same answer again. So, whether I use relative speed, distance equations, or a
graphical approach, the result is 27 miles from city A.

1

Figure 21: Part 1 of the case of local score.
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I wonder if there’s another way to think about this problem. Maybe using ratios?

Since they’re moving towards each other, the ratio of their speeds is 18:12, which
simplifies to 3:2. That means Alicia covers 3 parts of the distance, and Beth
covers 2 parts. The total parts are 3 + 2 = 5 parts. So, each part is 45 / 5 = 9
miles. Therefore, Alicia covers 3 * 9 = 27 miles, and Beth covers 2 * 9 = 18 miles.
That also gives the same answer.

So, using the ratio method, I still get 27 miles from city A. It seems consistent
across different methods.

Is there a way to use algebra to model this without time? Hmm, maybe, but I think
the methods I’ve used so far are the most straightforward.

Alternatively, if I let the distance from A be x, then the distance from B would
be 45 - x. Since they start at the same time and meet at the same time, the time
taken by Alicia to travel x miles is equal to the time taken by Beth to travel (45 -
x) miles.

Time is equal to distance divided by speed, so:

Time for Alicia: x / 18

Time for Beth: (45 - x) / 12

Since these times are equal:

x / 18 = (45 - x) / 12

Cross-multiplying:

12x = 18(45 - x)

12x = 810 - 18x

Adding 18x to both sides:

30x = 810

Dividing both sides by 30:

x = 810 / 30 = 27

So, that’s another method which gives x = 27 miles. Yep, that’s consistent too
.

So, regardless of the approach|relative speed, distance equations, ratios, or
algebraic time equality|they all lead me to the same answer: 27 miles from city A.

I think I’ve covered all the methods I can think of. Each time, the result is 2
7 miles. Therefore, I can confidently say that when Alicia and Beth meet, they will
be 27 miles away from city A.

**Final Answer**
They will meet \boxed{27} miles from City A.
</think>

To determine how many miles from City A Alicia and Beth will meet, we can use
the concept of relative speed and distance equations.

1. **Relative Speed Method:**
- Alicia’s speed: 18 mph
- Beth’s speed: 12 mph
- Combined speed: \(18 + 12 = 30\) mph
- Distance between the cities: 45 miles
- Time until they meet: \(\frac{45 \text{ miles}}{30 \text{ mph}} = 1.5\) hours

2. **Distance Covered by Alicia:**
- Alicia travels at 18 mph for 1.5 hours.

- Distance: \(18 \text{ mph} \times 1.5 \text{ hours} = 27 \text{ miles}\)
3. **Verification Using Algebraic Method:**

- Let \(x\) be the distance from City A where they meet.
- Time taken by Alicia: \(\frac{x}{18}\)

- Time taken by Beth: \(\frac{45 - x}{12}\)
- Setting times equal: \(\frac{x}{18} = \frac{45 - x}{12}\)
- Solving for \(x\):

\[
\frac{x}{18} = \frac{45 - x}{12} \implies 12x = 18(45 - x) \implies 12x = 810 - 1

8x \implies 30x = 810 \implies x = 27
\]

Both methods confirm that the distance from City A when they meet is 27 miles
.

\[
\boxed{27}
\]

1

Figure 22: Part 2 of the case of local score.

19



Global Score Case

Please reason step by step, and put your final answer within \boxed{}.<|User|>Cities
$A$ and $B$ are $45$ miles apart. Alicia lives in $A$ and Beth lives in $B$.

Alicia bikes towards $B$ at 18 miles per hour. Leaving at the same time, Beth bikes
toward $A$ at 12 miles per hour. How many miles from City $A$ will they be when

they meet?<|Assistant|><think>
Okay, so I have this problem where City A and City B are 45 miles apart. Alicia
lives in A and Beth lives in B. They both start biking towards each other at the
same time. Alicia is biking at 18 miles per hour, and Beth is biking at 12 miles
per hour. I need to figure out how many miles from City A they will be when they
meet.

Hmm, let me think. So, they’re starting from two points that are 45 miles apart
. They’re moving towards each other. So, their speeds are adding up because they
’re approaching each other. That makes sense. So, the combined speed at which they
’re closing the distance between them is Alicia’s speed plus Beth’s speed.

Let me write that down. Alicia’s speed is 18 mph, Beth’s speed is 12 mph. So,
combined speed is 18 + 12, which is 30 mph. So, together, they’re moving towards
each other at 30 miles per hour.

Now, the total distance between them is 45 miles. So, I need to find out how
long it takes for them to meet. Since they’re moving towards each other at 30 mph,
the time it takes to cover 45 miles together would be the time until they meet.

Time is equal to distance divided by speed, right? So, time = 45 miles / 30 mph
. Let me calculate that. 45 divided by 30 is 1.5 hours. So, it will take them 1.5
hours to meet.

Okay, so now I know that they meet after 1.5 hours. The question is asking how
many miles from City A they will be when they meet. So, I need to find out how far
Alicia has traveled in that time because she started from City A.

Alicia’s speed is 18 mph, so in 1.5 hours, she would have traveled 18 * 1.5 miles.
Let me compute that. 18 times 1 is 18, and 18 times 0.5 is 9, so 18 + 9 is 27. So,
Alicia has traveled 27 miles from City A when they meet.

Wait, let me double-check that. So, if Alicia has gone 27 miles and Beth has
gone, let me calculate Beth’s distance. Beth’s speed is 12 mph, so in 1.5 hours,
she goes 12 * 1.5. 12 times 1 is 12, and 12 times 0.5 is 6, so 12 + 6 is 18. So,
Beth has gone 18 miles from City B.

Now, if we add Alicia’s 27 miles and Beth’s 18 miles, that’s 27 + 18 = 45 miles.
Which is exactly the distance between the two cities. That makes sense because they
started 45 miles apart and together they covered that distance when they met. So,
that checks out.

Another way to think about it: since they started at the same time and met at
the same time, the time taken for both is the same. So, the distance each has
covered plus the other’s distance should equal 45 miles. So, Alicia’s distance plus
Beth’s distance equals 45. Let me represent that as an equation.

Let t be the time in hours until they meet. Then:

Distance Alicia = 18t

Distance Beth = 12t

So, 18t + 12t = 45

Which simplifies to 30t = 45

So, t = 45 / 30 = 1.5 hours

Therefore, the distance from City A is 18 * 1.5 = 27 miles.

Yes, that seems consistent.

Wait, just to make sure I didn’t make a mistake in my initial thinking. So, they
’re moving towards each other, so their relative speed is additive. That’s correct
because they are moving in opposite directions towards each other.

So, the combined speed is 18 + 12 = 30 mph. So, 45 miles divided by 30 mph is 1
.5 hours. So, that’s 1 hour and 30 minutes. So, in that time, Alicia would have
gone 18 mph * 1.5 hours, which is 27 miles. And Beth would have gone 12 * 1.5 = 18
miles. So, 27 + 18 = 45, which is correct.

So, I think that’s solid. So, the answer is 27 miles from City A.

Wait, let me think again if there’s another way to approach this. Maybe using
ratios or something else.

So, the speeds are 18 and 12, which can be simplified. Let’s see, 18 and 12 have a
common factor of 6, so dividing both by 6, we get 3 and 2. So, their speed ratio is
3:2.

1

Figure 23: Part 1 of the case of global score.
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That means that for every unit of time, Alicia covers 3 parts and Beth covers 2
parts. So, together, they cover 5 parts. Since the total distance is 45 miles,
each part is 45 / 5 = 9 miles. Therefore, Alicia covers 3 parts, which is 27 miles,
and Beth covers 2 parts, which is 18 miles.

So, same answer. So, that also confirms that the meeting point is 27 miles from
City A.

Another way to think about it is, since Alicia is faster, she will cover more
distance. So, the ratio of their distances should be the same as the ratio of their
speeds.

So, Alicia’s speed is 18, Beth’s speed is 12. So, the ratio is 18:12, which simpl
ifies to 3:2. So, Alicia will have traveled 3/5 of the total distance, and Beth
will have traveled 2/5.

Therefore, distance from City A is (3/5)*45 = 27 miles.

Yes, that’s another way to get the same answer.

Alternatively, if I set up equations for their positions as functions of time
and solve for when their positions are equal.

Let me try that approach too, just to make sure.

Let’s denote t as the time in hours until they meet.

Alicia starts at City A, so her position at time t is 18t miles from A.

Beth starts at City B, which is 45 miles away from A, so her position at time t
is 45 - 12t miles from A.

When they meet, their positions are equal. So, 18t = 45 - 12t

Solving for t:

18t + 12t = 45

30t = 45

t = 45 / 30

t = 1.5 hours, which is 1.5 hours.

So, Alicia has traveled 18 * 1.5 = 27 miles from City A.

Yes, that’s consistent with what I found earlier.

So, whether I use the relative speed approach, the ratio of speeds, or setting
up equations for their positions, I arrive at the same answer: 27 miles from City A
.

I think that’s solid. I don’t see any mistakes in my reasoning. So, the answer
should be 27 miles.

**Final Answer**
They will meet \boxed{27} miles from City $A$.
</think>

Cities \( A \) and \( B \) are 45 miles apart. Alicia bikes towards \( B \) at
18 miles per hour, and Beth bikes towards \( A \) at 12 miles per hour. We need to
determine how many miles from City \( A \) they will be when they meet.

First, we calculate their combined speed:
\[
18 \text{ mph} + 12 \text{ mph} = 30 \text{ mph}
\]
Next, we find the time it takes for them to meet by dividing the distance between
the cities by their combined speed:
\[
\text{Time} = \frac{45 \text{ miles}}{30 \text{ mph}} = 1.5 \text{ hours}
\]
In 1.5 hours, Alicia, traveling at 18 mph, will cover:
\[
18 \text{ mph} \times 1.5 \text{ hours} = 27 \text{ miles}
\]
Thus, they will meet 27 miles from City \( A \).
\[
\boxed{27}
\]

1

Figure 24: Part 2 of the case of global score.
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