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Abstract

We seek to understand what facilitates sample-efficient learning from historical
datasets for sequential decision-making, a problem that is popularly known as
offline reinforcement learning (RL). Further, we are interested in algorithms that
enjoy sample efficiency while leveraging (value) function approximation. In this
paper, we address these fundamental questions by (i) proposing a notion of data
diversity that subsumes the previous notions of coverage measures in offline RL and
(i1) using this notion to unify three distinct classes of offline RL algorithms based
on version spaces (VS), regularized optimization (RO), and posterior sampling
(PS). We establish that VS-based, RO-based, and PS-based algorithms, under
standard assumptions, achieve comparable sample efficiency, which recovers the
state-of-the-art sub-optimality bounds for finite and linear model classes with the
standard assumptions. This result is surprising, given that the prior work suggested
an unfavorable sample complexity of the RO-based algorithm compared to the
VS-based algorithm, whereas posterior sampling is rarely considered in offline
RL due to its explorative nature. Notably, our proposed model-free PS-based
algorithm for offline RL is novel, with sub-optimality bounds that are frequentist
(i.e., worst-case) in nature.

1 Introduction

Learning from previously collected experiences is a vital capability for reinforcement learning (RL)
agents, offering a broader scope of applications compared to online RL. This is particularly significant
in domains where interacting with the environment poses risks or high costs. However, effectively
extracting valuable policies from historical datasets remains a considerable challenge, especially in
high-dimensional spaces where the ability to generalize across various scenarios is crucial. In this
paper, our objective is to comprehensively examine the efficiency of offline RL in the context of
(value) function approximation. We aim to analyze this within the broader framework of general data
collection settings.

The problem of learning from historical datasets for sequential decision-making, commonly known as
offline RL or batch RL, originated in the early 2000s [Ernst et al., 2005, Antos et al., 2006, Lange et al.,
2012] and has recently regained significant attention [Levine et al., 2020, Uehara et al., 2022a]. In
offline RL, where direct interaction with environments is not possible, our goal is to learn an effective
policy by leveraging pre-collected datasets, typically obtained from different policies known as
behavior policies. The sample efficiency of an offline RL algorithm is measured by the sub-optimality
of the policies it executes compared to a “good” comparator policy, which may or may not be an
optimal policy. Due to the lack of exploration inherent in offline RL, designing an algorithm with
low sub-optimality requires employing the fundamental principle of pessimistic extrapolation. This
means that the agent extrapolates from the offline data while considering the worst-case scenarios
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that are consistent with that data. Essentially, the diversity present in the offline data determines the
agent’s ability to construct meaningful extrapolations. Hence, a suitable notion of data diversity plays
a crucial role in offline RL.

To address the issue of data diversity, several prior methods have made the assumption that the offline
data is uniformly diverse — this implies that the data should cover the entire trajectory space with
some probability that is bounded from below [Munos and Szepesvari, 2008, Chen and Jiang, 2019,
Nguyen-Tang et al., 2022b]. This assumption is often too strong and not feasible in many practical
scenarios. In more recent approaches [Jin et al., 2021b, Xie et al., 2021, Uehara and Sun, 2022, Chen
and Jiang, 2022, Rashidinejad et al., 2023], the stringent assumption of uniform diversity has been
relaxed to only require partial diversity in the offline data. Various measures have been proposed
to capture this partial diversity, such as single-policy concentrability coefficients [Liu et al., 2019,
Rashidinejad et al., 2021, Yin and Wang, 2021], relative condition numbers [Agarwal et al., 2021,
Uehara and Sun, 2022], and Bellman residual ratios [Xie et al., 2021]. These measures aim to quantify
the extent to which the data captures diverse states and behaviors. However, it should be noted that in
some practical scenarios, these measures may become excessive or may not hold at all.

In terms of algorithmic approaches, existing sample-efficient offline RL algorithms explicitly construct
pessimistic estimates of models or value functions to effectively learn from datasets with partial
diversity. This is typically achieved through the construction of lower confidence bounds (LCBs) [Jin
et al., 2021b, Rashidinejad et al., 2021] or version spaces (VS) [Xie et al., 2021, Zanette et al.,
2021]. LCB-based algorithms incorporate a bonus term subtracted from the value estimates to
enforce pessimism across all state-action pairs and stages. However, it has been observed that
LCB-based algorithms tend to impose unnecessarily aggressive pessimism, leading to sub-optimal
bounds [Zanette et al., 2021]. On the other hand, VS-based algorithms search through the space of
consistent hypotheses to identify the one with the smallest value in the initial states. These algorithms
have demonstrated state-of-the-art bounds [Zanette et al., 2021, Xie et al., 2021].

In contrast to LCB-based and VS-based algorithms, regularized (minimax) optimization (RO) and
posterior sampling (PS) are more amenable to tractable implementations but are relatively new in the
offline RL literature. The RO-based algorithm initially introduced by [Xie et al., 2021, Algorithm 1]
incorporates pessimism implicitly through a regularization term that promotes pessimism in the
initial state. This approach eliminates the need for an intractable search over the version space.
However, Xie et al. [2021] demonstrate that the RO-based algorithm exhibits a significantly slower
sub-optimality rate than standard VS-based algorithms. Specifically, the RO-based algorithm achieves
a sub-optimality rate of K ~!/3, whereas VS-based algorithms achieve a faster rate of K ~'/2, where
K represents the number of episodes in the offline data.

On the other hand, posterior sampling (PS) [Thompson, 1933, Russo and Van Roy, 2014], a popular
and successful method in online RL, is rarely explored in the context of offline RL. PS involves
sampling from a constructed posterior distribution over the model or value function and acting
accordingly. However, PS is less commonly considered in offline RL due to its explorative nature,
which stems from the randomness of the posterior distribution. This randomness is well-suited for
addressing the exploration challenge in online RL tasks [Zhang, 2022, Dann et al., 2021, Zhong et al.,
2022, Agarwal and Zhang, 2022]. The only work that considers PS for offline RL is Uehara and Sun
[2022], where they maintain a posterior distribution over Markov decision process (MDP) models.
However, this model-based PS approach is limited to small-scale problems where computing the
optimal policy from an MDP model is computationally feasible. In addition, this work only provides
a weak form of guarantees via Bayesian bounds.

In the context of (value) function approximation, achieving sample-efficient offline RL relies on
certain conditions that facilitate effective learning. The identification of the minimum condition
required for sample efficiency, as well as the algorithms that can exploit such conditions, is an
important research question that we aim to address here. We advance our understanding by making
the following contributions: (I) We introduce a new notion of data diversity that subsumes and
expands all the prior distribution shift measures in offline RL, and (II) We show that all VS-based,
RO-based and PS-based algorithms are in fact (surprisingly) competitive to each other, i.e., under
standard assumptions, they achieve the same sub-optimality bounds (up to constant and log factors).
We summarize our key results in comparison with related work in Table 1. Our results further expand
the class of sample-efficient offline RL problems (Figure 1) and provide more choices of offline RL
algorithms with competitive guarantees and tractable approximations for practitioners to choose from.



Algorithms Sub-optimality Bound Data
VS in [Xie et al., 2021] Hby/ SIn(]F| - [mel]) - K12 I
RO in [Xie et al., 2021] Hb,/ - YW(|F] - I (T))) - K=Y3 + Hb/T I
MBPS in [Uehara and Sun, 2022] | Hb -In| M| - K—1/2 (Bayesian) 1
VS in Algorithm 2 Hby/ n(|F] - [IIsoft(T)[) - K=1/2 + Hb//T A
RO in Algorithm 3 Hby/ n(|F] - [II=oft(T)|) - K=1/2 + Hb//T A
MFPS in Algorithm 4 Hb\/ n(|F| - [[sof4(T)]) - K=/2 + Hb/V/T (frequentist) | A

Table 1: Comparison of our bounds with SOTA bounds for offline RL under partial coverage
and function approximation, where gray cells mark our contributions. Algorithms: VS = version
space, RO = regularized optimization, MBPS = model-based posterior sampling, and MFPS =
model-free posterior sampling. Sub-optimality bound: K = #number of episodes, 7 = an arbi-
trary comparator policy, H = horizon, b = boundedness, 7' = the number of algorithmic updates,
In | F|,In [TI°74(T)|, In |[T1%%|, In | M|: complexity measures of some value function class F, “in-
duced” policy class I15°/(T), the class of all comparator policies I1*!, and model class M, where
typically I15°/*(T)  T1%" VT. Data: I = independent episodes, A = adaptively collected data. Here

C(m;1/V/K) and Cy(r) are some measures of extrapolation from the offline data to target policy .

For establishing (II), we need to construct concrete VS-based, RO-based and PS-based algorithms.
While the key components of the VS-based and RO-based algorithms appear in the literature [Xie et al.,
2021], we propose a novel, a first-of-its-kind, model-free posterior sampling algorithm for offline RL.
The algorithm contains two new ingredients: a pessimistic prior that encourages pessimistic value
functions when being sampled from the posterior distribution and integration of posterior sampling
with the actor-critic framework that incrementally updates the learned policy.

Overview of Techniques. Our analysis method presents a “decoupling” argument tailored for the
batch setting, drawing inspiration from recent decoupling arguments in the online RL setting [Foster
et al., 2021, Jin et al., 2021a, Zhang, 2022, Dann et al., 2021, Zhong et al., 2022, Agarwal and Zhang,
2022]. The core idea behind our decoupling argument is to establish a relationship between the
Bellman error under any comparator policy 7 and the squared Bellman error under the behavior policy.
This relationship is mediated through our novel concept of data diversity, denoted as C(; €..), which
is defined in detail in Definition 3. This allows to separate the sub-optimality of a learned policy into
two main sources of errors: the extrapolation error, which captures the out-of-distribution (OOD)
generalization from the behavior policy to a target policy, and the in-distribution error, which focuses
on generalization within the same behavior distribution. The OOD error is effectively managed
by controlling the data diversity C(7; ¢..), while the in-distribution error is carefully addressed by
utilizing the algorithmic structures and the martingale counterpart to Bernstein’s inequality (i.e.,
Freedman’s inequality).

In the process of bounding the in-distribution error of our proposed PS algorithm that we built upon
the technique of Dann et al. [2021], we correct a non-rigorous argument of Dann et al. [2021] (which
we discuss in detail in Section E.3.1) and develop a new technical argument to handle the statistical
dependence induced by the data-dependent target policy in the actor-critic framework. Our new
argument carefully incorporates the uniform convergence argument into the in-expectation bounds of
PS. We give a detailed description of this argument in Section E.3. As an immediate application, our
technique fixes a technical mistake involving how to handle the statistical dependence induced by the
min player in the self-play posterior sampling algorithm of Xiong et al. [2022].

2 Background and Problem Formulation

2.1 Episodic Time-inhomogenous Markov Decision Process

Let S and A denote Lebesgue-measurable state and action spaces (possibly infinite), respec-
tively. Let P(S) denote the space of all probability distributions over S. We consider an episodic
time-inhomogeneous Markov decision process M = (S, A, P,r, H), where P = {Pp,}e[n] €



{8 x A — P(S)} are the transition probabilities (where [H] := {1,..., H}), 7 = {rp}nen] €
{8 x A — R} is the mean reward functions, and H € N is the length of the horizon for each
episode. For any policy m = {7 }nen) € {S — P(A)}, the action-value functions and the
value functions under policy 7 are defined, respectively, as QF ,/(s,a) = Eﬂ[ZiH:h ri(si,ai) |
(snsan) = (s,a)], and V;7,(s) = ]EW[ZfI:h ri(si,a;)|sn = s]. Here E;[] denotes the expec-
tation with respect to the randomness of the trajectory (sy,an,...,Su,an), with a; ~ m;(-|s;)
and s; 11 ~ P;(:|s;,a;) for all . For any policy 7, we define the visitation density probabil-

ity functions df; = {d} y/}ne € {S x A — Ry} as djf(s,a) = dpr((s’“gz()s:;‘;’a)lﬁ’M)

where p is the Lebesgue measure on S x A and Pr((sp,ap) = (s,a)|w, M) is the probability of
policy 7 reaching state-action pair (s, a) at timestep h. The Bellman operator T} is defined as
[T QI(s,a) = Ta(8,a) + Egp,(]s,a),a’mmnii(-]s) [Q(S,a")], forany @ : S x A — R. Let
7* be an optimal policy, i.e., QF (s,a) > QF(s,a),¥(s,a,h,7) € S x A x [H] x I, where
e .= {S — P(A)} is the set of all possible policies. For simplicity, we assume that the initial
state s is deterministic across all episodes.! We also assume that there is some b > 0 such that for any
trajectory (s1,a1,71,...,Sm,am, ) generated under any policy, |ry| < b, Vh and | ZhH:1 rp| <b
almost surely.? This boundedness assumption is standard and subsumes the boundedness conditions
in the previous works, e.g., Zanette et al. [2021] set b = 1 and Jin et al. [2021b] use b = H (and
further assume that r;, € [0, 1], Vh).> Without loss of generality, we assume that b > 1.

Additional Notation. For any v : S x A — Randany 7 : S — P(A), we overload the
notation u(s,m) := Eqwr(|s) [u(s,a)]. Forany f : S x A — R, denote the supremum norm
[ flloe = max(s gyesx.alf(s,a)|. We write E[g]? := (E[g])?. For a probability measure v on some
measurable space (€2, B), we denote by supp(v) the support of v, supp(v) := {B € B : v(B) > 0}.
We denote = < y to mean that x = O(y).

2.2 Offline Data Generation

Denote the pre-collected dataset by D := {(s},al,r}) ZEE[[KI}]

E[r}|st,al] = rn(s}, al). We consider the adaptively collected data setting where the offline data is
collected by time-varying behavior policies {u"} ke[K]> concretely, defined as follows.

, where s}, ., ~ Py(:|s},,a},) and

Definition 1 (Adaptively collected data*). u* is a function of {(st, al i) 2@[{;}1}7 Vk € [K].

For simplicity, we denote y1 = + Zszl pk,dr = L Zi{:l d*", and E.[]=+ Zszl E,»[-]. The
setting of adaptively collected data covers a common practice where the offline data is collected by
using some adaptive experimentation [Zhan et al., 2023]. When pu! = --- = X it recovers the
setting of independent episodes in Duan et al. [2020].

Value sub-optimality. The goodness of a learned policy # = 7 (D) against a comparator policy 7
for the underlying MDP M is measured by the (value) sub-optimality defined as

SubOptM (7) := V" (s1) — Vi (s1). (1)

Whenever the context is clear, we drop M in Q7,, VT, d7,, and SubOptfy (7).

2.3 Policy and function classes

Next, we define the policy space and the action-value function space over which we optimize the
value sub-optimality. We consider a (Cartesian product) function class 7 = F; X --- X Fg €
{8 x A — [~b,b]}H. The function class F induces the following (Cartesian product) policy class

'This assumption is merely for the sake of clean presentation which does not affect any results.

Note that we allow the reward samples to be negative.

3We can replace the condition |ry| < b,Vh with 1-sub-Gaussian condition: 7, ~ Rp(sn,an) wherein
Ry (sh,an) is sub-Gaussian with mean r (sp, an) — which replaces b in our main theorems by b + In(K H/6).

“It is essentially the “measurability” condition in Zanette et al. [2021] and “compliance” condition in Jin
et al. [2021b].



50/ 4(T) = TN (T) x -+« x TE97H(T), where TETN(T) == {mp(als) o exp(n Y'_, gi(s,a)) :
t € [T),9; € Fn,Vi € [t],n € [0,1]} for any T" € N. The motivation for the induced policy class
11%°/%(T") is from the soft policy iteration (SPI) update where we incrementally update the policy.

We now discuss a set of assumptions that we impose on the policy and function classes.

Assumption 2.1 (Approximate realizability). There exist {{p, }ne[m) where &, > 0 such that,

sup inf | fr(sn,an) — QF (sn,an)| < &, Vh € [H].
TeN,mellsft(T),(sn,an)Esupp(dh) fer

Assumption 2.1 establishes that F can realize Q™ for any 7 € I1°°/*(T") up to some error £ € R
in the supremum norm over the p-feasible state-action pairs. It strictly generalizes the assumption
in Zanette et al. [2021] which restricts £, = 0, Vh (i.e., assume realizability) and the assumption in
Xie et al. [2021] which constrains the approximation error under any feasible state-action distribution.

The realizability in value functions alone is known to be insufficient for sample-efficient offline
RL [Wang et al., 2021]; thus, one needs to impose a stronger assumption for polynomial sample
complexity of model-free methods.> In this paper, we impose an assumption on the closedness of the
Bellman operator.

Assumption 2.2 (General Restricted Bellman Closedness). There exists v € R¥ such that

sup inf || f}, = Tf futlloo < wn, Vh € [H].
TEN, fr41E€Fn1,7€50 (T) [ E€Fh

Assumption 2.2 ensures that the value function space F and the induced policy class IT°°f*(T") for
any 7' € N are closed under the Bellman operator up to some error v € R¥ in the supremum norm.
This assumption is a direct generalization of the Linear Restricted Bellman Closedness in Zanette
et al. [2020] from a linear function class to a general function class. As remarked by Zanette et al.
[2021], the Linear Restricted Bellman Closedness is already strictly more general than the low-rank
MDPs [Yang and Wang, 2019, Jin et al., 2020].

2.4 Effective sizes of policy and function classes

When the function class and the policy class have finite elements, we use their cardinality | F},| and

|Hiof Y(T)| to measure their sizes [Jiang et al., 2017, Xie et al., 2021]. When they have infinite
elements, we use log-covering numbers, defined as

dr(€) := max In N(€; Fp, || - ||s), and dri(€, T) := max In N(e; Hsoft(T)7 Il 111,005
he[H] he[H]
where |7 — 7'||1,00 = supges [4 |7(als) — 7'(als)|dp(a) for any 7,7" € {S — P(A)} and
N(e; X, || - ||) denotes the covering number of a pseudometric space (X, || - ||) with metric || - ||
[Zhang, 2023, e.g. Definition 4.1].

We also define a complexity measure that depends on a prior distribution py over F that we employ
to favor certain regions of the function space. Our notion, presented in Definition 2, is simply a direct
adaptation of a similar notation of Dann et al. [2021] to the actor-critic setting.

Deﬁnition 2. For any function f' € Fp41 and any policy 7 € 1%, we define F (e; f') == {f €
|If = TF f'|loo < €}, for any € > 0, and subsequently define

do(€) ==  sup Zln ,dy(e) :=  sup Zln

TeN, feF memor(T) = Po.n(F) fh+1)) TeNFem=st(T) = PO,k ]:h Q1))

The quantity do(e) and dj(e) measures the concentration of the prior py over all functions f € F
that are e-close (element-wise) under T™ and e-close (element-wise) to Q7 , respectively. If a stronger
version of Assumption 2.1 is met, i.e., QF € Fy, V7 € 1% h € [H], we have d))(€) < dy(€), Ve. For

SA stronger form of realizability is sufficient for polynomial sample complexity, e.g., realizability for a
density ratio w.r.t. the behavior state-action distribution in dual-primal methods [Zhan et al., 2022, Chen and
Jiang, 2022, Rashidinejad et al., 2023] or realizability for the underlying MDP in model-based methods [Uehara
and Sun, 2022]. Instead, we pursue model-free value-based methods.



the finite function class F and an uninformative prior po »(f,) = 1/|F4|, under a stronger version
of Assumption 2.2, i.e., vy, = 0,Vh, we have dy(e) < ZhH:1 In |Fr| = In|F|. For a parametric
model, where each f, = f{ is represented by a d-dimensional parameter § € Qf C R, a prior
over 27 induces a prior over F. If each Q2 is compact, we can generally assume the prior that
. 1 _ 9 . . . .
satisfies supy In o—rm—pm=s < d1n(co/e€) for some constant co. If f5, = ff is Lipschitz in 6,

we can assume that sup, In m < ¢1d1n(ey/€) for some constants cq, co. Overall, we
can assume that do(e) < ¢; HdIn(ca/€). A similar discussion can be found in Dann et al. [2021].

3 Algorithms

Next, we present concrete instances of
PS-based, RO-based, and VS-based algo-
rithms. The RO-based and VS-based al- Algorithm 1 GOPO(D, F,1, T, ):
gorithms presented here are slight refine-  Generic Offline Policy Optimization Framework

ments of their original versions in Xie
et al. [2021]. The PS-based algorithm
is novel. Alillthree algorithms resemble Uniform policy ﬂ. _ { ﬂ'h}he[H]
the actor-critic style update, inspired by for t —1,.

1:

2:
Zanette et al. [2021]. We refer to this ) ot
generic framework as GOPO (Generic 3 t ) D, F,.

4 + (al s) o< (als )exp(th( : )),V(s,a,h)
5

Offline Policy Optimization) presented
in Algorithm 1. At each round ¢, a : end for
critic estimates the value QZ of the ac- Output: 7 ~ Uniform({n’},c(77)

tor (i.e., policy 7!) using the procedure
on Line 3, and the actor improves the policy using a multiplicative weights up-

date [Arora et al., 2012] (Line 4). After T iterations, GOPO returns a policy 7 that is sampled
uniformly from the set of the obtained policies {7"};c|7y.

Input: Offline data D, function class F, learning rate
n > 0, and iteration number T’

To incorporate the pessimism principle, a critic should generate pessimistic estimates of the value
of the actor 7* in Line 3. This is where the three approaches differ — each invokes a different
method to compute the critic. Here, we provide a detailed description of the critic module for each

approach To aid the presentation we introduce the total temporal difference (TD) loss Lz, defined as
(fh7fh+1 Zk 1 (fh?fh+17zh) where Zh = (Sh)ah;rh78h+1) Z}’i = (82701277025824.1)’
and Uz (fr, fos1; 2n) = (fa(sn,an) = rh — fag1(sne1, 7))%

Version Space-based Critic (VSC) (Algorithm 2). Given the actor 7, at each step h € [H],
VSC dlrectly maintains a local regression constraint using the offline data L. t(fry fne1) <
inf er L (ghs fr+1) + B, where § is a confidence parameter and Lﬂ—t( -) is serving as a proxy to
the squared Bellman residual at step h. By taking the function that minimizes the initial value, VSC
then finds the most pessimistic value function Q" from the version space F(3; ) C F. In general,
the constrained optimization in Line 2 is computationally intractable. Note that a minimax variant of
GOPO+VSC first appeared in Xie et al. [2021], where they directly perform an (intractable) search
over the policy space, instead of using the multiplicative weights algorithm (Line 4) of Algorithm 1.

Regularized Optimization-based Critic (ROC) (Algorithm 3). Instead of solving the global
constrained optimization in VSC, ROC solves arginf ;. = {\f1(s1,7]) + Lr¢(f)}, where A is a
regularization parameter and £« ( f), defined in Line 1 of Algorithm 3. Note that in ROC, pessimism
is implicitly encouraged through the regularization term A f (s1, w*). We remark that, unlike VSC,
ROC admits tractable approximations that use adversarial training and work competitively in practice
[Cheng et al., 2022]. Note that a discounted variant of GOPO-ROC first appears in [Xie et al., 2021]
in discounted MDPs.

Algorithm 2 VSC(D, F,xt,5): Version Algorithm 3 ROC(D, F,7*, \): Regularized
Space-based Critic Optimization-based Critic
12 F(Biat) = {f € F : Lot (fn, finr) < I Lae(f) =300 L wt (s fresr)
infge Lt (gh, fat1) + B, Vh € [H]} —infger Sy Lt (g, fas1)
2 Q' e argmlnfe]—'( ity f1(s1,7") 2 Q' arginf e {Mfi(s1, 7 )+£,rf(f)}
Output: Q' Output: Q'




Posterior sampling-based critic (PSC) in Algorithm 4. Instead of solving a regularized minimax
optimization, PSC samples the value function QZ from the data posterior #(f|D, ) « po(f) -

p(D|f,w*), where po(f) is the prior over F and p(D|f, n*) is the likelihood function of the offline
data D. To formulate the likelihood function p(D|f, n), we make use of the squared TD error

L,+(-,-) and normalization method in [Dann et al., 2021] to construct an unbiased proxy of the

exp(=vL ¢ (fn,fn+1))
~Po.1 exp(—vyL .+ (f},fn+1))’
a learning rate and py is an (unregularized) prior over . A value function sampled from the posterior
with this likelihood function is encouraged to have small squared TD errors. The key ingredient in our
algorithmic design is the “pessimistic” prior o (f) = exp(—Af1(s1,m1))po(f) where we add a new
regularization term exp(—A\f1(s1, 7)), with A being a regularization parameter — which is inspired
by the optimistic prior in the online setting [Zhang, 2022, Dann et al., 2021]. This pessimistic prior
encourages the value function sampled from the posterior to have a small value in the initial state,
implicitly enforcing pessimism. We remark that PSC requires a sampling oracle and expectation
oracle (to compute the normalization term in the posterior distribution), which could be amenable to
tractable approximations, including replacing expectation oracle with a sampling oracle [Agarwal
and Zhang, 2022] while the sampling oracle can be implemented via first-order sampling methods
[Welling and Teh, 2011] or ensemble methods [Osband et al., 2016].

squared Bellman errors. In particular, p(D|f, 7t) =[] helH] § where 7 is
1

Algorithm 4 PSC(D, F, 7%, A, v, po): Posterior Sampling-based Critic

. xp(—vL ¢ (Fnsfrr1)
1 Q' ~ ID. ) ox exp (M (51,70 po() Tlncpm gt
7,~P0,h b ’
QOutput: Qt

4 Main Results

In this section, we shall present the upper bounds of the sub-optimality of the policies executed
by GOPO-VSC, GOPO-ROC, and GOPO-PSC. Our upper bounds are expressed in terms of a new
notion of data diversity.

4.1 Data diversity

We now introduce the key notion of data diversity for offline RL. Since the offline learner does not
have direct access to the trajectory of a comparator policy 7 € I1%?, they can only observe partial
information about the goodness of 7 channeled through the “transferability” with the behavior policy
w. The transferability from p to m depends on how diverse the offline data induced by i can be in
supporting the extrapolation to . Many prior works require uniform diversity where p covers all
feasible scenarios of all comparator policies 7. The data diversity can be essentially captured by how
well the Bellman error under the state-action distribution induced by p can predict the counterpart
quantity under the state-action distribution induced by 7. Our notion of data diversity, which is
inspired by the notion of task diversity in transfer learning literature [Tripuraneni et al., 2020, Watkins
et al., 2023], essentially encodes the ratio of some proxies of expected Bellman errors induced by p
and 7, and is defined as follows.

Definition 3. For any comparator policy m € T1°U, we measure the data diversity of the behavior
policy p with respect to a target policy by

C(m;e) := o X(Fn—r) (€ dy,dyy), Ve > 0, (2

where Fr, — Fp, is the Minkowski difference between the function class Fy, and itself, i.e., Fp, — Fp :=
{fn—f1, : fn, f7, € F}, and xo(€; q, p) is the discrepancy between distributions q and p under the
witness of function class Q defined as

xeoleq,p) =inf {C > 0: (Bylg])? < C-Eylg°] +¢, Vg € Q}

with Q being a function class and p and q being two distributions over the same domain.

Up to a small additive error ¢, a finite C(7; €) ensures that a proxy of the Bellman error under the
m-induced state-action distribution is controlled by that under the p-induced state-action distribution.



Despite the abstraction in the definition of this data diversity, it is always upper bounded by the
single-policy concentrability coefficient [Liu et al., 2019, Rashidinejad et al., 2021] and the relative
condition number [Agarwal et al., 2021, Uehara et al., 2022b, Uehara and Sun, 2022] that are both
commonly used in many prior offline RL works. We further discuss our data diversity measure in
more detail in Section 4.2.

4.2 Offline learning guarantees

We now utilize data diversity to give learning guarantees of the considered algorithms for extrapolation
to an arbitrary comparator policy 7 € II%®. To aid the representation, in all of the following
theorems we are about to present, we shall set n = ,/% in Algorithm 1, where Vol(.A)
is the volume of the action set A (e.g., Vol(A) = | A| for finite A), and define, for simplicity, the
misspecification errors (s := KZhH L2+ buh) Cmsp = Cmsp+bK ZhH NI Zh L Vhs
the optimization error (ot := Hby/T~11nVol(A), and the complexity measures dopt(e T) :=
max{dz(e),dri (e, T)}, and dys (e, T) := max{dr(e ), dn(e,T), () 2]}

Theorem 1 (Guarantees for GOPO-VSC). Let 7% be the output of Algo-

rithm 1 invoked with being VSC(D,F,wt,3) (Algorithm 2) with

B = O(Hb? max{dp (e, T),In(H/8)} + b*Ke + bK maxye(p &) Fix any § € (0,1].
Under Assumption 2.1-2.2, with probability at least 1 — 20 (over the randomness of the offline
data), for any €, €., A > 0, and any ™ € TI*Y, we have

H? - max{dopi(e, T),In(H/0)} + V2K He + Cmsp ~ AH - C(T;¢.)
A Tk

E [SubOpt,, (7)[D] S
+H€c +£1 +D+Copt~

Theorem 2 (Guarantees for GOPO-ROC). Let 7° be the output of Algorithm 1 invoked with
being ROC(D, F, ', \) (Algorithm 3). Fix any § € (0,1]. Under Assump-
tion 2.1-2.2, with probability at least 1 — 2§ (over the randomness of the offline data), for any
€,€.,A >0, and any w € 1" we have

Hb? -max{dopt(e,T),ln %} +b2KHe+ C~msp N AH - C(m;e.)
A 2K

E [SubOpt,. (77°)|D] <
+Hec+§1 +D+<opt-

Theorem 3 (Guarantees for GOPO-PSC). Let 7P° be the output of Algorithm I invoked with

being PSC(D, F, ', \,7,po) (Algorithm 4). Under Assumption 2.2, for any

v € [0, m], and €, €.,0,\ > 0, and any = € I, we have

E [SubOpt, (#7*)] < YHY - max{dys (e, T), In 252} + 9B K H - max{e, 3} + 1Gmsp
s ~ )\

AH - C(m;e.
L M- Clmiee)

K~

+ Hee + €+ 7+ Copt-

Our results provide a family of upper bounds on the sub-optimality of each of {#"%, #"° &P},
indexed by our choices of the comparator 7 with the data diversity C(7; €..), additive (extrapolation)
error €., the discretization level € in log-covering numbers, the “failure” probability J, and other
algorithm-dependent parameters (A for 77 and (A, ) for 77°). Note that the optimization error Cop¢
captures the error rate of the actor and can be made arbitrarily small with large iteration number 7'
whereas (p,sp, Cmsp, 7, and &; are simply misspecification errors aggregated over all stages. Also
note that our bound does not scale with the complexity of the comparator policy class I1*!. We next
highlight the key characteristics of our main results in comparison with existing work.



(I) Tight characterization of data diversity. Our
bounds in all the above theorems are expressed in terms of
C(m;ec). Several remarks are in order. First, C(7;€.) e @y
is a non-increasing function of e.; thus C(m;e.) is al-

ways smaller or at least equal to C(m;0). In fact, it is Slglegbelicviconcetsbilty

possible that C(7;0) = oo yet C(m;€.) < oo for some relative condition number
e > 0. For instance, if there exists ¢ € Q such that _ .
g(fL) — O,V(L c supp(p) and {(E . g(:c) 7& 0} has a squared Bellman residual ratio

positive measure under ¢, then xo(0;¢,p) = oo while
Xo(supye o Eqlg)%; ¢, p) = 0. Second, C(m;0) is always
bounded from above by (often substantially smaller than)
the single-policy concentrability coefficient between the Figure 1: The relations of sample-
w-induced and p-induced state-action distribution [Liv  o¢fcient offline RL classes under differ-
et al., 2019, Rashidinejad et al., 2021], which been used ent data coverage measures. Given the
S)(()tzelnsg/ely in recent offline RL works [Y.ll’l and Wang, <6 MDP and a target policy (e.g., an
, Nguyen-Tang et al., 2022a, 2023, Jin et al., 2022, optimal policy of the MDP), each data
Zhan et al., 2022, Nguyen-Tang and Arora, 2023, Zhao coverage measure induces a correspond-
et al., 2023]. This is essentially because d" can cover the ing set of behavior policies (represented
region that is not covered by d* but still the integration of by the rectangle labelled by the data cov-
functions in fh —Fn over two distributions are close to erage measure) from which the target
each pther. Tl.n.rd, C(m;0) is always upper bounded by the policy is offline-learnable.
relative condition numbers used in [Agarwal et al., 2021,
Uehara et al., 2022b, Uehara and Sun, 2022]. Our data diversity at e = 0 is similar to the notion of
distribution mismatch in Duan et al. [2020], Ji et al. [2022], though our notion is motivated by transfer
learning and discovered naturally from our decoupling argument. Our data diversity measure at € = 0
is smaller than the Bellman residual ratio measure used in Xie et al. [2021] (follows using Jensen’s
inequality). Finally, the concurrent work of Di et al. [2023] proposed a notion of D?-divergence
to capture the data disparity of a data point to the offline data. Our data diversity is in general less
restricted as we only need to ensure the diversity between two data distributions (of the target policy
and the behavior policy), not necessarily between each of their individual data points.

data diversity

In summary, C(7;€.), to the best of our knowledge, provides the tightest characterization of distri-
bution mismatch compared to the prior data coverage notions. We sketch the relationships of the
discussed notions in Figure 1, where with our data diversity notion, we show that the scenarios for
the offline data in which offline RL is learnable are enlarged compared to the picture depicted by the
prior data coverage notions.

(II) Competing with all comparator policies simultaneously. Similar to some recent results in
offline RL, our offline RL algorithms compete with all comparator policies that are supported by
offline data in some sense. In particular, the choice of the comparator 7 provides the flexibility to
automatically compete with the best policy within a certain diversity level of our choice. For instance,
if we want to limit the level C(m;¢.) < C for some arbitrary C' > 0, our bound automatically
competes with 7 = arg max . cau {V{"(s) : C(m;€.) < C'}. This is immensely meaningful since the
offline data might not support extrapolation to an optimal policy in practice.

(III) State-of-the-art bounds for standard assumptions. We compare our bounds with other
recent guarantees of similar assumptions.® To ease comparison, we assume for simplicity, that there
is no misspecification, i.e., v, = &, = 0,Vh € [H], and T > K In Vol(.A), and we minimize the
bounds in Theorem 2 and Theorem 3 with respect to A. The three theorems can then be simplified
into a unified result presented in Proposition 1.

Proposition 1 (A unified guarantee for VS, RO and PS). Under Assumption 2.1-2.2 with no
misspecification, i.e., v, = & = 0,Yh € [H], Vi € {avs, 7", #P?}, E[SubOpt (7)] =

@(Hb\/d(l/K, T)-C(m;1/VE) /K + Eopt), where d(1/ K, T) = dope (1)K, T) if &t € {775,770}
and d(1/K,T) = dps(1/K,T) if # = 7%, In addition,

SRecent primal-dual methods achieve favorable guarantees for offline RL. However, these guarantees are
not directly comparable to the guarantees of our value-based methods due to a different set of assumptions.
Nonetheless, we make a detailed discussion in Section A.2.



« If Fi and TE°TN(T) have finite elements for all h € [H], d(1/K,T) =
O(maxye(pr) max{ln | Fp|, In [T (T)[});

« If Fr ={(s,a) = (¢n(s,a),w) : [|wll2 < b} is a linear model, where ¢p, : S x A — R is
a known feature map and w.l.o.g. maxy, ||¢p|leo < 1, d(1/K,T) = O(dlog(1+KTb)),VT.

Proposition 1 essentially asserts that VS-based, RO-based, and PS-based algorithms obtain compara-
ble guarantees for offline RL in the realizable case. We now compare our results to related work in
various instantiation of function classes.

Compared with Xie et al. [2021] when the function class is finite. In this case, the
analysis of the VS-based algorithms and RO-based algorithms of Xie et al. [2021] give
the bounds that in our setting can be translated” into: Hb/maxy In(|F,|[TI¢7]) - Co(m) /K

and Hb\/Cg(Tr)%/maxh1n(\]-—hHHZOft(T)|)/K + Hb/\T, respectively, where Cy(n) =

\If;ﬁ'ﬂ’i.‘{f;L+1H§,,r
MAX e 1] mENell JEF [, T fngi 2, Instead, our bounds for both the VS-based and RO-

based algorithms are Hb\/maxh In(| Fp| |57 (T)]) - C(m;1/VK) /K + Hb//T. We improve upon
the results of Xie et al. [2021] on several fronts. First, our diversity measures C(7; 1/K) is always
smaller than their measure Cs(7), since C(7; 1/v/K) < C(7;0) < Ca(). Second, for the VS-based
algorithm, I13°/*(T) C TI*! VT, our bound is always tighter. In fact, [[1*!| is arbitrarily large
that bounds depending on this quantity is vacuous. Third, for the RO-based algorithm, the rates
in terms of K in the bound of Xie et al. [2021] are slower than that in our bound. Specifically, if
15°7(T) = Op(1), then these rates are K ~1/3 vs K~1/2 (with an optimal choice of T' = K for
both bounds). If we consider the worst case that Hzof Y(T) = O(T'log | Fu|), then these rates are
K—1/5 ys K~1/* (with an optimal choice of T = K2/ and T = V'K in the respective bounds).
Finally, our results hold under the general adaptively collected data rather than their independent
episode setting. We summarize the bounds in the finite function class cases in Table 1, and give
comparisons for the linear model cases in Table 2.

Compared with LCB-based algorithms. When F}, is a d-dimensional linear model with

feature maps {¢p}nem], our bounds reduce into Hb\/al-K*1 -C(m;1/vK) (Proposition 1),
which matches the order of (and potentially tighter than) the bound in Zanette et al. [2021],
since C(m;1/VK) is always smaller (or at least equal to) than the relative condition num-

T Ex [pn (sn,an)én (5n,0n) T ]2 - - -
ber maxy sup,cpa TEalorGora)orGrar Tz Compared with the bound of LCB-based algo

rithms in Jin et al. [2021b], we improve a factor v/d and holds under the more general
Assumption 2.2 which includes low-rank MDPs. In a more refined analysis [Xiong et al.,
2023], the LCB-based algorithm obtains the same dependence on d for low-rank MDPs as
our guarantees. However, this improvement relies on a uniform coverage assumption, i.e.,

minge(g) Amin (E(sh,ah)~d;‘ [gbh(sh,, an)dn(sh, ah)T]) > 0, which we do not require. Di et al.
[2023] generalize the results of Xiong et al. [2023] from linear MDPs to MDPs with general function
approximation. However, they still rely on a uniform coverage assumption. Finally note that, for
VS-based and RO-based algorithms, we provide high-probability bounds for a smoothing version of
7 over the randomization of the algorithms, not for 7 itself.

Compared with model-based PS. Uechara and Sun [2022] consider model-based PS for offline RL,

where they obtain the Bayesian sub-optimality bound of H?/CB¥es - In | M|/K where CB®* is the
Bayesian version of a relative condition number and M is a finite model class. Two key distinctions
are that our method in Algorithm 4 is model-free, and our achieved bound is in the frequentist (i.e.,
worst-case) nature, which is a stronger result than the Bayesian bound of the same order.

5 Conclusion

We contributed to the understanding of sample-efficient offline RL in the context of (value) function
approximation. We proposed a notion of data diversity that generalizes the previous data coverage
measures and importantly expands the class of sample-efficient offline RL. We studied three different
algorithms: VS, RO, and PS, where the PS-based algorithm is our novel proposal. We showed that
VS, RO, and PS all have same-order guarantees under standard assumptions.

"Xie et al. [2021] consider discounted MDP and a restricted policy class for the comparator class.
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Appendices

Appendix A Extended Discussion

We also extend the discussion of our data diversity in comparison to the existing distribution mismatch
measures in the special case where each J, is a linear function in a known feature map.

A.1 Linear function classes

In this section, we consider the linear model cases, where there are known feature maps ¢y, : X' x A —
R? and w.l.o.g. maxue(p |6+, )|loo < 1, such that 7, = {¢n(-,")Tw : w € RY, [|w||3 < b}.

Recall that, in this case, e.g., it follows from [Zanette et al., 2021, Lemma 6], that we have

2
log N (€ F, || - lloo) < dlog(1 + 2)7
166T

log N (e I7(T), | - [|oo) < dlog(1+ ——).

Thus, our bounds from Proposition 1 can simplified as
@(Hb\/d log(1+ 16bKT) - C(m; 1/VK)/K + Hby/T~1InVol(A))
-5 Hb\/max{dC(ﬂ'; 1/VK),InVol(A)}

K

where we choose 7' = K. To simplify the comparison, we assume that dC(m; 1/v/K) > In Vol(A).

Let us now compute various notions of data coverage in this linear model case. s We first need to
define the following quantities (various forms of covariance matrices).

K
Y=+ Z ¢h(327a2)¢h(327 QZ)Tv
k=1
K
Ap =M+ Z ¢h(siaalﬁ)¢h(sfi7 GZ)T/[VhVIZTJrl](Si’ “ﬁ)’
k=1

oF = Erlpn(sn, an)),
5= Ey [¢(sn, an)d(sn,an)’] .

We define the following distribution mismatch quantities, which were used in the literature.

Cpevi(m) = i?el?f);] (Ew [||¢h(5h7ah)”2;1])2’
2
Cpevican(m) 1= i (Bx [l (sn,an)ly )

Cpacte(m) = max |97 5+,

max (Ex [[|én(sn, an)lls, )’

ObCp(ﬂ-) : he[H]

The sub-optimality bounds of various methods are summarized in Table 2. For comparing our data
diversity measure with different notions of distribution mismatch, we have
Chpevi(m) > Cpaele(m) = C(m;0) /K < Chep(m) /K.

where the “~<” denotes that the involved terms scale in the same order and can be implied by
Fredman’s matrix inequality (see [Duan et al., 2020, Lemma B.5]) (under additional conditions).

Note that C(; 1/v/K) < C(m;0), thus our data diversity is the tightest quantity among all that are
considered.
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Algorithm Sub-optimality bound

PEVI [Jin et al., 2021b] Hb\/Cperi(r) - d
PEVI-ADV+ [Xiong et al., 2023] | H/Cpevi—avi(7) - d

PACLE [Zanette et al., 2021] Hb\/Cpgcie(m) - d

VC [Xie et al., 2021, Section 3] Hb\/Chep(m) - d/K
RO [Xie et al., 2021, Section 4] Hb\/Chep(m) Y/ d/ K
Ours (VS, RO, PS) Hb\[C(m; 1/VE) - d/ K

Table 2: Sub-optimality bounds when the function class F, is linear in ¢, : S x A — R,

Note that the data coverage measure in Xiong et al. [2023], roughly speaking, can be bounded as
follows:

Cpevifadv (71—) S b2 Cpevi (’/T) )

where we use the inequality [V, VT, ] (sk,a¥) < b2 Thus the bound of Xiong et al. [2023] in general
has a tighter dependence on b (which implicitly depends on H) than all the bounds of all other works
considered in Table 2, due to that Xiong et al. [2023] incorporated the variance information into the
estimation via the variance-weighted value iteration algorithm. However, obtaining this improved
bound in Xiong et al. [2023] relies on a uniform coverage assumption which we do not require.

A.2 Comparison with primal-dual methods for offline RL

As opposed to the value-based methods we considered in our paper, an important alternative approach
to offline RL is the primal-dual methods [Zhan et al., 2022, Chen and Jiang, 2022, Rashidinejad
et al., 2023, Gabbianelli et al., 2023, Ozdaglar et al., 2023]. However, the guarantees of primal-dual
methods use a different set of assumptions than the value-based methods we consider (the former
assumes realizability for the ratio between the state-action occupancy density of the target policy
and the state-action occupancy density of the behavior policy, except for Gabbianelli et al. [2023]
where this realizability assumption is implicitly encoded under a stronger assumption of linear MDP).
This makes the results presented in our paper and the results in the primal-dual methods not directly
comparable.

Since the work of Gabbianelli et al. [2023] considers linear MDPs, it is more comparable (than the
other primal-dual methods we mentioned) to the instantiating of our results to the linear function
class. Gabbianelli et al. [2023] consider primal-dual methods for offline RL in both infinite-horizon
discounted MDP and average-reward MDP. Our analysis framework for the regularized optimization
method in the episodic MDP should work for the infinite-horizon discounted MDP as well, where
the regularized optimization achieves the optimal sample complexity of O(¢~2) while the sample
complexity in Gabbianelli et al. [2023] in this setting is 0(674). However, Gabbianelli et al. [2023]
offers a better computational complexity (O(K) vs O(K /%)) and also works in the average-reward
MDP setting which is beyond the episodic MDP setting considered in our work; though our bounds
hold for general function approximation that is beyond the strong assumption of linear MDPs.

The concurrent work of Zhu et al. [2023] combined the actor-critic framework with marginalized
importance sampling (MIS) for an RO-based algorithm, which also improves the sub-optimal rate of
order 1/K 1/3 by Xie et al. [2021], Cheng et al. [2022] to the optimal rate of order 1/ VK. Instead,
we obtain the optimal rate of order 1/+/K with a refined analysis for a standard RO-based algorithm.
That is, unlike Zhu et al. [2023], we do not use MIS; consequently, we do not require the realizability
assumption for the ratio between the state-action occupancy density of the target policy and that of
the behavior policy.
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Appendix B Preparation

We now get into more involved parts where we present the proof process and the technical results for
obtaining Theorem 1, Theorem 2, and Theorem 3. In order to prove our main results in Section 4, we
shall need some old tools and develop some new useful tools. For convenience, we start out with
both old and new notations of quantities summarized in Table 3 that we are going to use frequently in
our proofs.

Name Notation Expression

transition sample 2f (s ak, ks ak )

transition sample zn (8hs@hyTh, Sht1)

Bellman error 5,’3(]% fr+1)(sn, an) (Tiifhﬂ — fn)(sn,an)

TD loss function Ux(Fhy fra1; 2n) (fn(sn,an) —rn — fas1(sne1,7))2

empirical squared Bellman error (SBE) | Lx(fn, fus1) Z,{.{:l Lx(fny Frva; 25)

empirical bias-adjusted SBE Lz(f) 25:1 I:ir(f%u fra1) —infger 25:1 f‘i’(flhv fr+1)
excess TD loss ALz (fr, fut1; 2n) U (frs frets 2n) _lfr(’]rth+17fh+];zh)

- E,[] # Lot Bl

. mil=5.0) | E[|eid]

Table 3: A summary of notations and quantities of interest.

The quantity Iz (f, frn+1: 2) can be viewed as a temporal difference (TD) loss function defined on
data point z;, conditioned on each f51 and 7. The quantity T} f,11 can be viewed as the Bellman
regression function, where, conditioned on each f1 and 7, for any (sp, ap), we have

T fat1(Sh,an) = Erp s rlsmoan [Th + Fr1 (She1, 7)) = arginf Bp, g, jspanl7 (95 Frtts 2n)-
g

Thus, the quantity ALz (fn, frt1;2,) can be referred to as the excess TD loss, incurred by the
predictor f,, relative to the TD regression function T7, f511, on data zj, and conditioned on f3; and
.

B.1 Variance condition and Bernstein’s inequality

We also define the o-algebra A} = o(Dy—1 U {(s}, af,,r)) hepp—1) U (s§,af)) and denote
Ex n[] := E[-|.A¥]. The following lemma establishes the variance condition on the excess TD loss, a

TD analogous to the variance condition that is widely used in the empirical process theory [Massart,
2000].

Lemma B.1. For any Aﬁ-measumble policy w, we have

B n[ALx(fr, fri1; 20)] = EF (Frs fr1) (55, af)?,
Bk n[ALx(fn, fri1s 2)7) < 366°EF (fn, fuga) sk, af)?.

Proof of Lemma B.1. The result directly exploits the boundedness of the TD loss function and the
squared loss is Lipschitz. In concrete, it is a direct application of Lemma G.1. O

The following lemma establishes the martingale extension of Bernstein’s inequality, typically called
Freedman’s inequality [Freedman, 1975]. In this lemma, we prove a slightly modified version of the
original Freedman’s inequality for our own convenience. The proof for this lemma is elementary
which we also show here.
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Lemma B.2 (Freedman’s inequality). Let Xi,..., X be any sequence of real-valued random
variables. Denote Ey[-] = E[-| X1,..., Xi—1]. Assume that X; < R for some R > 0 and E;[X;] =0
for all t. Define the random variables

T T
Si=>Y Xi, V=) EX7].
t=1 =1

Then for any 6 > 0, with probability at least 1 — §, for any X € [0,1/R),
In(1/6)

S < (e = DAV + —=.

Proof of Lemma B.2. Let us define the following sequence of random variables: Zy = 1,7; =
th%- We have

Et [e)‘Xf] = Zt—l-

e Xt e
E/[Z)] = E, [Zt_l } =

Et[e)\Xt] Et[e)‘Xt]

Thus, we have

E[Z7) = EEr[Zr) = E[Z7_1) = ... =E[Z] = 1.
Note that
eAS NS T X,
Zp = T B o] = ST o] = exp ()\S - tzz:lln Ele ]> . 3)
Since Z > 0, it follows from Markov’s inequality that, for any > 0, we have
Pr(Zr > 1/6) < 6E[Z7] = 6. “)

We now bound the logarithmic moment generating function In E; [e*X]

For any A € [0,1/R], we have
InE, [eM] < By [e?X] — 1 < ME[Xy] 4 (e — 2)N2E [ X 7], (5)

where the first inequality uses Inz < z — 1,Vz > 0 and the second inequality uses that e* <
1+ 2+ (e —2)2%,Vz < 1and that \X; < 1.

Plugging Equation (5) into Equation (3), then all together into Equation (4) complete the proof.

using elementary inequalities:

O

B.2 Functional projections for misspecification

Since Assumption 2.1 and Assumption 2.2 allow misspecification up to some errors ¢ and v, while
we are working on the function class F, we rely on the following projection operators, Definition 4
and Definition 5, to handle misspecification.

Definition 4 (Projection of action-value functions). For any @ € II*°/*(T) for some T € N, we
define the projection of the state-action value function 7 onto F as

Proj -(Q7) := ar}grgin {|fh(sh, an) — QF (sn,an)|,Yh € [H], (sn,an) € supp(d’,j)} .
€

By Assumption 2.1, we have
Proj z(Q™) (s, an) — Qf (sn,an)| < &n, Vh € [H], (s, an) € supp(d),).

Definition 5 (Projection of Bellman operations). Forany f € F and 7 € 554 (T') for some T, we
define the projection of the Bellman operation T f onto F as

Proiz(T7 ) = argvin (L]~ Tf fallc. Vh € [H]}.
‘e

By Assumption 2.2, we have
IProj#(T7 f) = T} fat1lloc < va, Yh € [H].
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B.3 Induced MDPs

We now introduce the notion of induced MDPs which is originally used in [Zanette et al., 2021].

Definition 6 (Induced MDPs). For any policy = € T1° and any sequence of functions Q =
{Qn}nem € {S x A = R}, the (Q, m)-induced MDPs, denoted by M (Q, ) is the MDP that
is identical to the original MDP M except only that the expected reward of M (Q, ) is given by

{TZ’Q}he[H]r where

r;’Q(s, a) :=rp(s,a) — Ep (fn, frr1)(s, a).

By definition of M (7, Q), Q is the fixed point of the Bellman equation @, = T}, M(r Q)Qh+1.

Lemma B.3. For any m € 11" and any sequence of functions Q = {Qn}nem) € {S x A — R},
we have

Q%(W,Q) =Q,
where M (m, Q) is the induced MDP given in Definition 6.

B.4 Error decomposition

The key starting point for the proofs of all of the three main theorems is the following error decom-
position that decomposes the sub-optimality into three sources of errors: the Bellman error under
the comparator policy 7, the gap values in the initial states, and the online-regret term due to the
induced MDPs. In online RL, the sub-optimality of a greedy policy against an optimal policy can be
decomposed into the sub-optimality in the Bellman errors and the error in the initial states [Dann
et al., 2021], using the standard value-function error decomposition in [Jiang et al., 2017, Lemma 1].
However, in our setting, we compete against an arbitrary policy 7 (not necessarily an optimal policy)
and the learned policy 7t is not greedy with respect to the current action-value function Q" — thus
[Jiang et al., 2017, Lemma 1] cannot apply here. Instead, we develop an error decomposition —
Lemma B.4 which generalizes what was implicit in Zanette et al. [2021].

Lemma B.4 (Error decomposition). For any action-value functions Q € {S x A — R} and any
policies 7,7 € T1*!, we have

H
SubOpty! (7) = > B[] (Qn, Qna1)(sn, an)] + Q1 (s1,71) — Vi (s1) + SubOpt2 (@™ (7).
h=1

Proof of Lemma B.4. We have
SubOpty! (7) = V{7 (s1) — Vi (s1)
= (Vfr(sl) - Vf,rM(Q,ﬁ)(Sl)) + (Vf,rM(Q,;r)(Sl) - Vlﬁ(31)> + (VfM(Q,ﬁ)(Sl) - ijw(Q,ﬁ)(Sl))

Er[EF(Qn, Qnit)(sh, an)] + Q1(s1,71) — Vi (s1) 4+ SubOptM (@™ (7).

I
WE

>
Il

1

where in the last equality, for the first term, we use, by Definition 6, that

H H
VI (51) = Vinigu (1) = 0 Ba [ralsnsan) = 170 snan)| = S Bal€l(Qn, Qnin) (snan))
h=1 h=1
for the second term, we use, by Lemma B.3, that
Vitm7 (1) = QT a7 (81, T1) = Qi(s1,7),

and for the last term, we use the definition of value sub-optimality in Equation (1). O
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B.5 Decoupling lemma

One of the central tools for our proofs is the following decoupling lemma. The decoupling lemma
essentially decouples the Bellman residuals under the m-induced state-action distribution into the
squared Bellman residuals under the p-induced state-action distribution and the new data diversity
measure in Definition 3 and additive terms of low order.

Lemma B.5 (Decoupling argument). Under Assumption 2.2, for any f € F, any & € II*°/*(T) for

some T, any ™ € et any X\ > 0, and any € > 0, we have
H

H
D B (& (fa far1)(sn,an)] < o ! Z (ZE k [E8 (Frs frg1) (sny an)?] +KVI%+4bKVh>

h=1 h 1

n AH - C(m;€)
2K

where C(7; €) is defined in Definition 3.

+H6+Zuh,
h=1

Proof of Lemma B.5. We have

H H
D Exl&7 (fr fre1) (s an)) = D B [(TF fara = fa)(snran)]
h=1

h=1

H
< ZE” [(Projz, (T} frs1) — fa)(sn,an)] + 7
1

>
Il

H
<3 \JCm O, [(Proig, (TF fusn) = fi)(sn, an)?] + He +

(m, )Z (ELLEF (fas fra1)(snan)?] + V2 + 4buy) + He + 0
h=1

INA
_
o
A
)

(@)}

T

AHC(m,€)
2K

| /\

N Z WlER (fry frsn) (shyan)®] + vp + 4buy) + { He+p,

where the first mequahty uses Assumption 2.2, the second inequality uses the definition of C (¢), the
third inequality uses Assumption 2.2 (again), the fourth inequality uses Cauchy-Schwartz inequality,
and the last inequality uses the AM-GM inequality /zy < %x + ﬁy O

B.6 Regret of the multiplicative weights algorithm for the actors

Now we establish the regret bound for the online-regret term due to the induced MDPs. The result in
the following lemma is quite standard and can be readily generalized from a similar result in Zanette
et al. [2021]. We present the proof here for completeness.

Lemma B.6. Consider an arbitrary sequence of value functions {Qt}tem such that
< b and define the following sequence of policies {ﬂ't}te[T_;,_l] where
7' (:|s) = Uniform(A), Vs,

7r2+1(a|s) o i (als) exp (nQ}i(s, a)) ,V(s,a,h,t).

Suppose n = % andT > l”(Zilé;A), where Vol(A) denotes the volume of the action set A.
8 For an arbitrary policy = € I1°, we have
T
Z (‘GTM(Trt,Qt)(Sl) Vl M(,n.t Q) 51 ) < 4Hb\/T1HVOl
t=1

SWhen | A| < oo, Vol(A) = | A].
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Proof of Lemma B.6. The proof for this lemma is quite standard as shown in Zanette et al. [2021].
We rewrote the proof with a slight modification for completeness. For simplicity, we write
M; := M (7", Q"). We will see that the key property that enables this lemma is that Q} = Q;{fMt
(Lemma B.3), which allows us to relate the value difference lemma to the log policy ratio. Using the
value difference lemma (Lemma G.2), we have

Vi, (s1) — VlMt 51) ZE Aj J\I,(Shvah)
h=1

where E ;. is the expectation over the random trajectory (s, a1, ..., S, am) generated by 7 (and the
underlying MDP M,?). For any V : S — R, it follows from the definition of {7’} update that we
have

t+1
i lals) t
log W =nQy(s,a) —log (anf,‘l('IS) [exp (th(s,a))])
=n(Q}(s,a) — V(s)) — log (Em t(1s) [exp (n(Qh (s, a) — V(s)))]) ,
In the equation above, noting that @}, = Q. (Lemma B.3) and replacing V() by VT, we have
t+1(a| ) Lt y
lo W =nAj u, (s, a) — log (Ea~7ri(~|8) {exp (nAh,Mt(Sa a))]) , (6)

where we define the advantage function A7, = {A] \/}ne(m) as
AZ,M(Sa a) = QZ,M(S: a) — V}ZT,M(S)N(& a,h).

Note that \AZth (s,a)|] < 2b. By choosing 7 € (0,1/(2b)), we have

lOg (]anﬂ'fl(-|3) |:eXp (nAZ,Mt (57 a)>:|)

< log (anﬂfb(-\s) [1 + WAZ,Mt (S’ a) + (6 - Q)UQAZ,Mt (S’ a)2:|)

= log (anﬂ};&('\s) [1 + (6 - 2)772AZ,Mt (57 a)Q])

< log(1 + (e — 2)n°4b?)

< 4(e —2)b°n° (N
where the first inequality uses that e* < 1+z+(e—2)x2, Vo < 1and |77A”t (s,a)| <1,Y(s,a), the

first equality uses that B, .t (.15 [AZfMt (s, a)} = 0, the second inequality uses that |Ah a, (8,0)] <

2b, and the last inequality uses that log(1+z) < z,Vz > 0. Combining Equation (7) and Equation (6),
we have

. 1 t+1
A’,;Mt(s,a) < ~log &

o w als) + 4(e — 2)b"n.

Thus, for any h € [H], we have

El t
ZEWAZ,Mt(Sh,ah)
t=1
1 I
< 52 [ Llmn(lsp) 7 (lsn)l] = Ex [KL[mn(lsn)llmy™ (|sn)]]) +4(e — 2)T0%n
t=1
Note that Pr((s1, a1, ...,sm,am)|7, M) = Pr((s1,a1,...,sm,am)|r, M;) since M; and M have iden-

tical transition kernels.
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(Ex [KL{mn(Clsn)llmh Clsn)l] = En [KZrn(-lsn) 7 (Lsu)]]) + (e — 28

< ~E, [KL[ma(-Jsn)llmh (-1sn)]] + 4(e — 2)T0%

— S =3

< ~log(Vol(A)) + 4(e — 2)Tb?n,
n
where the second inequality uses the non-negativity of KL divergence, and the last inequality uses
that K L{my,(+|sp) |7} (-|sn)] = —H[mn(:|sn)] + log(Vol(A)) < log(Vol(.A)) where 7! is uniform
over A and Vol(A) denotes the volume over the compact set .A. Combining all pieces together, we
have

T
¢ 1
> ErAf ap, (shyan) < ;H log(Vol(A)) + 4(e — 2)THb?n.

t=1

log Vol(A) d

Minimizing the RHS of the above equation with respect to 1 yields n = Te—2)pzr AN

T
> B AR, (snoan) < 2HA/4(e — 2)b2T log Vol(A) < 4Hby/T log Vol(A).
t=1

Finally, we need that
= <

which implies T' > In (‘20_1534)' .

We are now ready to establish the proofs of our three main theorems.

Appendix C Proof of Theorem 1

To construct our proof for Theorem 1, we first establish two following lemmas. The first lemma,
Lemma C.1 establishes that the in-distribution squared Bellman residuals are bounded by the unbiased
proxy of the squared Bellman error £z (f), up to some estimation and approximation errors. The
second lemma, Lemma C.2, asserts that the unbiased proxy of the squared Bellman error at the
projection of Q7 is close to zero, up to some estimation and approximation errors.

Lemma C.1. Forany § > 0,¢ > 0 and any T € N, under Assumption 2.2, with probability at least
1 — 6, it holds uniformly over all f € F and 7 € 11°°7*(T) that

H K H
SN B [E7 (fno Sri1)(snyan)?] < 2L5(F) +40b(b+ 2)K He + 126K Y vy,

h=1k=1 h—1
+ 144(e — 2)b*H [dx(€) + dn(e, T) + In(1/4)],

where Lz (f) == 1, Lz (fu, fas1) — infger 31—y Lz (gn, fasr).

Lemma C.2. Under Assumption 2.1, for any T' € N, with probability at least 1 — 0, it holds uniformly
for any 7 € TI*°f(T) that

H
Lx(Proj+(Q™)) < 36(e — 2)b>H <2d;(6) +dn(e,T) +1n I;) +6b(3b+4)eKH + 150K Z &,
h=1

where Proj =(Q7) is the projection of Q onto F, formally defined in Definition 4.
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C.1 Proof of Theorem 1

With the two lemmas above, we are ready to prove Theorem 1. This proof is also laying a foundational
step for our proofs of Theorem 2 and Theorem 3 that we shall present shortly. The proofs for the two
lemmas above are presented immediately after the proof of Theorem 1.

Proof of Theorem 1. Using Lemma B.4, we have

H

Subopt ZE E}L Qh’ Qh+1)(sh7ah)] + AlQ (8177'['1) + SuboptMt( )
h=1

where we denote

/\

M(Q', ),
mgph > Q,(s1,7") = Vi (s1).

Bounding ZZ;I SubOpt2* (7). Note that Zthl SubOpt* () can be controlled by standard
tools from online learning (Lemma B.6); thus it remains to control the first H + 1 terms.

Bounding A;Q, (s1,77). Due to Lemma C.2, the event that Proj+(Q™) € F(B; ") holds occur
at probability at least 1 — ¢. Furthermore, under this event, we have

AQ, (s1,m) = Q,(s1,7") — V™ (s1)
< Projz (QF) — Vi (s1)
§€17

where the first inequality exploits Line 2 of Algorithm 2, and the last inequality uses Assumption 2.1.

Bounding Zthl E, [E}ft (QZ, QZ-&-I)(S}" ap)]. It follows from Lemma B.5 that

H H
N ELEF Q. Q) (snan)] < | HC(me Z( E5(Q. @, ) (sn.an)?) + 17 +4byh>
h=1 h=1

+ He +p.

The term 31, E,,[EF (@) QZH)(S}“ ap)?] is bounded by Lemma C.1, with notice that £+ (Q") <
3 (due to the definition of F(/3; 7*) in Algorithm 2).

Combining the three steps above via the union bound completes our proof. O
We now prove the two support lemmas.

C.2 Proof of Lemma C.1

Proof of Lemma C.1. Let us consider any fixed f € F and any 7 € I1°!'. By Lemma B.1, we have

Bk n[ALx(fn, fri1s 25)] = Ex (fu, fri1)(sh, ar)?,
B [ALx(fr, frs1s 25)%] < 36V°Ex (far fag1) (sk, ar)?.

Combining with Lemma B.2, we have that with probability at least 1 — 4, for any ¢ € [0, 13%]

ZEk EF(fny fry1)(sns an)’] ZAL (fu> fata; 21)

k=1 k=1

K
< 36(e — 2)b% ZEk[EZLr(fh, Frs1)(snyan)?] + (1/1) log(1/6).

k=1
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By setting ¢ = the above inequality becomes

1
72(e—2)b2°

K K
> E[ER (frs faa) (snan)?) €2 ALz (fns fryr; 25) + 144(e — 2)b* In(1/9).
k=1 k=1

For any € > 0, and for any f € F, 7 € II*°f*(T'), by definition of e-covering, there exist f’ and 7’ in
the e-cover of F and I1°°/*(T), i.e.,

1fn = fallose < € llmn = Thll1.00 < €.

By simple calculations, we have
7 (s Frer)(sm an)® = EF (fhs Fhen) (sns an)?| < 45(b + 2)e,
AL (fns Fut1s 2) = AL (s 15 21)| < 18b(b+ 2)e.

Thus, by the union bound, we have with probability at least 1 — §, it holds uniformly over all
f € F,m € I1*°/Y(T) that

H
Z Ek [EF (frs Fra1)(sn, an)? ZZ w(Frs Fra1; 27) +40b(b + 2) K He

Finally, notice that
[lx (TR frt1, frars zn) — e (Projz, (T fag1), fryas zn)| < 6bvp.

Thus, we have

H K H
DO ALn(fus frri2) < La(f) + 6K D vy,
h=1

h=1k=1

We can then conclude our proof. O

C.3 Proof of Lemma C.2

In order to prove Lemma C.2, we shall first prove the following lemma, which establishes the
confidence radius of the empirical squared Bellman errors that we used to establish the version space
in Algorithm 2.

Lemma C.3. Consider any § > 0,e > 0,T € N, let
Be = 36(e — 2)b* (2dr(€) + dn(e, T) + In(H/8)) + 6b(3b + 4)e K.
With probability at least 1 — 6, it holds uniformly over any 7 € 11°°¥*(T'), f € F, and h € [H] that

K K

2 . 2
(Th frsa(@f) — 7k = fasr(shiq, mhe1))” < ghlgfth (gn (k) — i = frra(shy1s The1)) + Be.
k=1 ) k=1

Proof of Lemma C.3. Let us fix any h € [H]. For any (f,g,7) € F x F x II**/*(T) and any
k € [K], define the following random variable

Zin(fog,7) = (gn(zf) —rf — fh+1($lﬁ+1,7fh+1))2 (T fasr (k) — rf — fh+1(5h+177rh+1))2'

Denote

le[k 1] k .k k k k k _k
Ekh[] _E|:‘{ h} 517a17r1ﬂ"'7Sh717ah717rh7173h7ah
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By Lemma B.1, we have
Bk [Zin(f,9.7)] = EF (g, Frs1) (5%, ar)?,
Ein [Z74(f,9.7)] < 36V°E (gn, fri1)(sk, ap)?.

Thus, combing with Lemma B.2, for any (f, g, 7) € F x F x II*°f*(T"), with probability at least
1— 4, forany ¢ € [0, 35,

K

In(1/9)

— o\p2 ko kY2

Z]Ekh (Zk,n(f, 9, 7) szh fig,m) < 36(e QbLZE (9ns frt1)(shy ap)” + L
k=1 k=1
By setting ¢ = 1/(36(e — 2)b?), the above inequality becomes

K
=3 Zialfg.m) < 36(e — 22 (1/5). ®

For any € > 0, let 7€ and I1¢ be e-covers of F and I1°°7*(T"), respectwely, with respect to || + ||co
and || - [[oc,1, respectively, where [lu — v[[oc 1= SUpP(y o) [u(s,a) — v(s,a)| and |7 — 7'[[oc 1 =
SUp, D e |m(als) — 7'(als)|. Using the union bound it follows from Equation (8) that with
probability at least 1 — 4, it holds uniformly over any h € [H] and any (f, g, 7) € F¢ x F¢ x II¢ that

K
=3 Zin(f.g,m) < 18(e — 2)b* [In(H/5) + 2d5(€) + dn (e, T)] -

For any (f,g,7) € F x F x II1*°/Y(T), there exist (f., g, mc) € F¢ x F¢ x II€ such that
[/ = (fnllco < € llgn = (gelnlloo < € llmn = (Tenlloon < €, Vh € [H].
It is easy to compute the discretization error that
Zin(f:9:m) = Zin(fes e me) < 18b(b + 1)e.
Using the discretization argument and the union bound complete our proof. O

We are now ready to prove Lemma C.2.

Proof of Lemma C.2. Consider the event that the inequality in Lemma C.3 holds. Under this event,
for any 7 € T1°°/*(T'), we have

K

K
> 1z (Projg, (QF), Projz, . (QF41)i28) < D 1x(QF , QF 113 2F) + 6bKE,
k=1

k=1

L ( ZQZ+17 QZ+1; Z}Ii) + 6bK¢),

IN

lﬁ' (szroj}_h+1 (Q7;7:+1)7 Proj]‘_h+1 (Q7;7:+1); zg) + 12bK€h

IA

M5 T T T

Ix(gn, Projz,  (Qf11); 25) + Be + 12bK¢),  (for any g, € Fi)

<Y lilgn, Qfyi2) + Be + 156K,

b
I
—_

where we use Assumption 2.1 for the first, second, and last inequalities, the third inequality uses
Lemma C.3, and the equality uses Qf . ; = T;Q} , ;. Rearranging the last inequality completes our
proof. O
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Appendix D Proof of Theorem 2

In this appendix, we present our complete argument to establish Theorem 2. In order to prove
Theorem 2, the key is to establish a connection from the squared Bellman error under the data
distribution p to the regularized objective in Algorithm 3. This key idea should become clear in the
following proof.

Proof of Theorem 2. Similar to the proof of Theorem 1, our starting point is using Lemma B.4:

SubOpt2! Z El&7 (@), QL ) (snran)] + A1Q, (s1,7}) + SubOpt' (')
h=1
and we bound ZtT:l SubOpt* () using Lemma B.6. We now bound the remaining terms.

For any v > 0, we have

S ELET (@, QL ) (snoan)]

AHC(7,€)

K + He+ v

H
K Z wt At t 2 2
S )\ P (]EH [(c"h (Qh’ Qh+1)(3}L; Clh) } + Vh + 4bl/h) +

2
L(Q) + 050 +05K02 + 2bK5  NHC(r,e)
s ) t oK

where the first inequality uses Lemma B.5 and the second inequality uses Lemma C.1, and here

11 :=40b(b+2)K He +12bK Zthl v, + 144(e — 2)b*H [d7(€) + di (e, T) + In(1/5)]. Thus, we
have

+ He+ 1,

H
SEALE (@, Q') (snoan)] + A Q, (s1,78)
h=1

_ Lo(Q) +AAQ, (s1,7]) +0.50 + 05K S v+ 26K 0 v | MC(r0)

- A 2K
H
+ He+ Z v
h=1
_ Lat(Projz(Q™)) + M Projr, (QF (s, m) + 0.5 + 304, v + 26K 3550, v
- A
AHC(m,€) ul
T + He + Z UVp
h=1
clat A&+ 050 + Ethl v+ 20K Zthl Yh AHC(m,€) ©Hest i 5
> \ 2K £ h>

where the second inequality uses the fact that Qt is a minimizer over F 3 Proj =(Q™ ) of L« (f) +
Afi(s1,mh) (which has the same minimizer as E,,t(f) + AAj f1(s1, 7)), and the last inequality
uses Lemma C.2, and here we define t2 := 36(e — 2)b?H (2dx(€) + dn(e, T) +In &) + 6b(3b +
4)eK H + 150K 10 €. O

Appendix E  Proof of Theorem 3

In this appendix, we give our complete proof for Theorem 3. In order to develop our argument for
proving Theorem 3, we shall start with a generalized form of posterior sampling in Section E.1 and
develop our key support result in Proposition 2. We then use Proposition 2 and the similar machinery
developed in Section D to complete our argument for proving Theorem 3.
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E.1 Generalized form of posterior and Proposition 2

We start with recalling the posterior distribution defined in Line 1 of Algorithm 4 as

exp (=vLx(fu, fat1)
ﬁ(f|D’7r)Ocexp(*Afl(Sl,ﬂﬂ)po(f) H ( hy Jh+1 )
nelH) Eff~pon exp( <(f1, I +1)>

©))

Similar to the proof strategy in Dann et al. [2021], we now consider a slightly more general form
of the posterior distribution with an extra parameter « € [0, 1] and in an equivalent but more useful
form. In concrete, consider any o € [0, 1] and define the potential functions:

K

), (f, D) = —Inpo(fu) + a7 > ALz (fn, fata; 2)
k=1

K
+almEg  exp (-72 ALz (fny frt1; Zﬁ)) )

k=1

T

f,TK'D Z O, (f, m; D),

Ay fi(s1,m) = f1(3 m) — V" (s1).

where recall that ALz (frn, fre1; }’f) is defined in Table 3. Define the generalized posterior distribu-
tion

PSP, m) o exp (~B(f,m D) = AAfu(s1, ) ). (10)

where it is equivalent to the posterior defined in Equation (9) when a = 1. We shall use Equation (10)
for the posterior for the rest of this section. We shall also define the complexity measure of this
generalized posterior — a counterpart to that of the canonical posterior form in Definition 2.

Definition 7. Define
~N o oo, —a/(l1-a)
“h(av €, 7T) = (1 - O‘) In th+1~p0 Po,n (‘Fh (67 fh-',—l)) )

where recall that FJ (€; frni1) = {f' € Fn : sup, o [E7(f', fo+1)(s,a)| < €} which is defined in
Definition 2. Define the complexity measure
H

do(e, @) := sup Z kn(a,€,7). (11)
TeN,mellsoft(T)

Note that we have

lim do(e, ) = do(e).

a—1-

We now state our key milestone result — Proposition 2 to support the argument for proving Theorem 3.
The proof of Proposition 2 is deferred to Section E.3.

Notation Ez. p,(|p). Note that in Algorithm 4, each policy wt for t € [T is a random variable that
depends on both the offline data D and the randomization of sampling from the posteriors. That is,
when conditioned on the offline data D, each 7, is still a random variable. We denote P;(-|D) as the
posterior distribution of 7* conditioned on D. Note that for any @ ~ P;(-|D) and any ¢ € [T, we
have 7 € TI*°7¢(T)).

Proposition 2. For any v € [0, m], €>0,60>0 a€(0,1, T €N, andanyt € [T] and
A > 0, we have,

H
EDE%NPtHD)EfNﬁ('\D,ﬁ) 0.125avK Z E, [g;;r (fr, fn+1)(Sh, ah)2] + AAf1(s1,7)
h=1
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In Kb?

2
< A + ayHb? - max{dx(e), dn(e, T), In } 4+ ayb® K H - max{e, 6} + yHK &
«

)
H H 1
+ sup  kp(a,€,7p) +  sup In—.
f; el (T) REMeoit(T) ;; po(Fu(e Qp"))

We now have all main components needed to construct our argument for proving Theorem 3.

E.2 Proof of Theorem 3

Proof of Theorem 3. We start with the error decomposition argument.

Step 1: Error decomposition. Similar to the first step of the proof of Theorem 2, using Lemma B .4,
we have
H

SubOptT]‘r/[(ﬁt) — Z Eﬂ_ [82‘ (QZ,QT;ﬁLl)(S}“ a,h)] =+ A]‘Ql (817 7T1i) + SubOpt‘I]]\_/[f (7Tt)
h=1

where we denote M; := M(Q",7") and A1Q, (s1,7") = Q,(s1,7") — Vi (s1). Since term
Zthl SubOptyt (mt) can be controlled Lemma B.6, it remains to control

h=1

H
Ji=Ep [Z EL (67 (Q), Q) (sn an)] + A191<s1,wi>]

H
= EpEsnp,(10)Efnp(.7,D) lz Er[E7 (fr, frs1)(snsan)] + A fi(s1, 7?1)] .
h=1

Step 2: Decoupling argument. Using Lemma B.5, we have

H

> B (& (fas fr1)(sn,an)] + At fr(s1,71)
h=1

_ 0125k
- A

0.5AHC(m,€.)

H
D BlET (s Fen)(sny an)*] 4 v+ dbun) + ===

h=1

+ Ay f1(s1,71)

H
+ He, + Z v
h=1

_ 0.125Ky 25:1 EulEF (s frne1)(shyan)?] + AALf1(s1,T1) + 0 n 0.5AHC(7,€.)
A K~
H

+H€C+ZV}L
h=1

where 1y := 0.125K7 (XL, 12 + 40 4L, v ).

Applying Proposition 2, taking the limit « — 17, and re-organizing the terms complete our proof.

O
It remains to prove Proposition 2, which is the focus of the remaining appendix.

E.3 Proof of Proposition 2

Our proof strategy for Proposition 2 builds upon Dann et al. [2021] where the central idea in the
proof is to upper and lower bound the log-partition function — which in our case is as follows:

Zy = EpEap,(10)Efap( D7) O(f,7;D) + AA fr(s1,7) + Inp(f|D, 7) |, (12)
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forany ¢ € [T] and any T € N. The key technical distinction is that we need to handle the statistical
dependence induced by Ex . p,(.|p) — which is absent in Dann et al. [2021]. In concrete, when 7
depends on D, then

EALR(fu, fas1)(sh, ah) # €5 (fus fa1)(sh, ak)?,

since 7 depends on (sﬁ, aﬁ). We develop an machinery to handle such issue in posterior sampling

by carefully controlling the variance of the variable of interest (thus we can leverage the variance-
dependent concentration inequality in Lemma B.2) and integrating it into posterior sampling using a
uniform convergence argument. Roughly speaking, several milestone results during the process of
developing our proof argument, we need to bound the form of

EpEsp,(10)Efnp( D7) [S(f; T, D)]
where S(f, 7, D) is a function of f, 7, D. It is useful to view S(f, 7, D) as a stochastic process

indexed by (f, 7). In our machinery, we shall first construct an upper bound on the variance of the
random process, namely

V(fa ﬁ') > ]ED[S(.ﬂﬁ-aID)Q]

Using a discretization argument, the union bound and Lemma B.2, we have with probability at least
1 — 6, forany f € F,7 € II*°/Y(T), for any t € [0, m], we have
. - ~ In(N/§
S(/,7,D) < Ok (1) + B [S(f, 7, D)] + (e ~ UEn[S(f, 7, D)?] + 1)

where O (1) is a discretization error that can be controlled, and N is a covering number of F X
1%°7¢(T). Note that S(f, 7, D) often involves the squared loss which satisfies the Bernstein condition
(see Lemma G.1) — thus we can roughly bound Ep[S(f, 7, D)?] < a|Ep [S(f, 7, D)]| for some
constant .. To integrate the high-probability bound into in-expected bound, we use the argument:

EpEs~p, 10y Efmpcp,7) [S(f, 7, D)] < Ok (1) + EpEs o p, .0y Ep [S(f, T, D)]
In(N/6)

+ (6 — 2)tEDEﬁ'~Pt(-|D)E'D[S(f7 7~T, D)2] + + (5sup S(f, 7~1'7 D)

E.3.1 Lower-bounding log-partition function.

In this appendix, we give a lower bound of the log-partition function defined in Equation (12). The
final lower bound is presented in Proposition 3. In order to establish such a lower bound, we first
present a series of support lemmas that will culminate into Proposition 3.

The following lemma decomposes the log-partition function Z into different terms that we shall
control separately.

Lemma E.1. Foranyt € [T) and any T € N, we have

N D D,
Zy 2 EpEzop,(10)Efnp( D7) [)\Afl(sla 7) + (1 - 0.5a) In p(fl|)}
Po(fl)
Ay
H K ~ ~
P(fny fre1|D,7T)
+ 0.5« EpEswp, DV Efws.ip7) |2 ALz(fn, ;zk +In——-"""1 7
; DLz~ P, (| D) Efrp( D7) [ 7; (fns frnr1;21) 20fn o)
Bt
H K ~ ~
P(frt1|D, 7
+Z]EDE%NPt(-\D)E,f~ﬁ(~ID,T~r) alnEg p, exp —VZAL%(f;“th;ZZ) +(1—-a)n Plfri1 D, 7) :
= Pt po(fh+1)
Cht

Proof of Lemma E.I. This is a simple adaptation of the decomposition in [Dann et al., 2021,
Lemma 6]. O

We now control each term of the above decomposition of Z separately — where a majority of these
steps are where our technical arguments depart from those in Dann et al. [2021]. In particular,
Lemma E.4, Lemma E.5, and Lemma E.7 are our new technical results.
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Bounding A;.
Lemma E.2. We have

A > )\ED]EﬁNPt(~|D)Ef~ﬁ(-\D,ﬁ)Afl (s1,7).

Proof of Lemma E.2. 1t simply follows from that:

(f1|D77~T)

E0Bse ) Esmg(p,r) | (1= 0.50) In R | = (1= 0.50) Dy [(1D,7) o] 0.

O

Bounding B;, ;.
Lemma E.3. Forany f,7, 0 <~ < m and h € [H|, we have

I E (s, 1 )~ Pa(Jsmian) €XP (—2YALz (fr, fai1s 2n)) < —27(1 = 72(e — 2)v0*)ER (fr, fr1)(5n, an)?.

Proof of Lemma E.3. For simplicity, we write E = [ )~ Ph(-|sn,an)- We have

Sh41-Th
InEexp (=2vALz(f, froi1520)) < Eexp (=27ALz(fn, fa+1520)) — 1
< —29EALz(fn, fat1;2n) + (e — 2)4V’EALz (f, fas1; 20)°
< =29(1 = (e — 2)2y360°)E; (fns frr1, T)(5ns an)

where the first inequality uses Inx < x — 1,V > 0, the second inequality uses e* < 1+ x + (e —
Q)xZ,V\xJ < land |2yEALz(fn, fas1;2n)| < 18vb? < 1, the third inequality uses Lemma B.1 and
V< e N
Lemma E.4. Define the random variable

En(fny for1s2n) == —=29ALz(fn, far1s20) — IME (s, | )mPu(lsmaan) €XP (—2YA Lz (fas fas1i 2n)) -

For any ~ € [0, m], telo, ﬁ}, € > 0,0 >0, T € Nwith probability at least 1 — ¢, it
holds uniformly over all & € TI*°/Y(T), fr, € Fuu, fni1 € Fny1 that

K K
ng(fh,fhﬂ;zg) <D+ cZei,

k=1 k=1

where

D :=1207b(b + 2)Ke + 2zt (T) (/o)
c = 3206292 (e — 2)t, (13)
e = EF(fn, fng1)(sy,af).

Proof of Lemma E.4. For simplicity, denote

Uk = lnE(snﬂ,Th)NPh('\smah) €xp (_Q’YALﬁ(fh’ Fhti Zﬁ)) ’

Vk = —Z’YALﬁ'(.fh7fh+1;ZfI§)’ (14)
Wy =V — Uk,
e = EF(fhr fur1)(s),af).

We have

ug > ]E(SthhT’h)NPh("Shaah) Inexp (_Z’VALfT(fh? Jhvs Zf]i)) = _2762’
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where the first inequality uses Jensen’s inequality for concave function In(+) and the equality uses

Lemma B.1. Now using Lemma E.3 with v < m, we have
up < —yex. (15)
We also have Evy, = —2ve; by Lemma B.1. Thus, we have
lug| < 2vez, and E[wy] = —2ve; — ug < 0.

Hence, we have
Ew? = E(vgx — ug)?
< 2E(vi + ui)
< 288b%y%e2 + 8%}
< 3200%2%¢3
where the first inequality uses Cauchy-Schwartz inequality, the second inequality uses Lemma B.1
and that |uy | < 2ve?, and the last inequality uses that |ex| < 2b. Also note that |w| < |vg| + |ug| <

27v(96?) + 2(4b?) = 26b%. Thus, by Lemma B.2, for any § > 0, for any t € [0 with
probability at least 1 — §, we have

X X K In(1/5)
;wk S;Ewkqt(e—Q)t.]E;wﬁJrf

K
< 3200°9%(e — 2)t Y ep "
k=1

1
36787 >

We apply the discretization argument and the union bound to obtain that: For any § > 0,¢ > 0,
T € N it holds uniformly over all 7 € Hgoﬂ( T), fn € Fn, fnr1 € Fno1 that

K K
> wi < 1207b(b+ 2)Ke + 3200°y (e — 2)t Y _ef +
k=1 k=1

2dr(€) + dn(e, T) 4+ In(1/9)
; :

Lemma E.5. Forany ~y € [0 €> 0,9 >0, we have

e w )
) Tad(e—2)b2

K

Bpi = 0.57EpExzop,(1D)Efap(D.7) 25}7: In fh+1)(5]fi»a2)2
k=1

> —1207b(b + 2)Ke — 640(e — 2)b%y (2dr(€) + dr(e, T) + In(1/5)) — 267b> K.

Proof of Lemma E.5. Define the random variables uy, v, wy, ex as Equation (14). Recall D, c are
defined in Equation (13) for any ¢ € [0, ﬁ] Define the event F such that the inequality

K

Zﬁh (frs fre1; 28) < 3200%4%(e — 2 Zek 1D, (16)
\—/—/

k=1

holds uniformly over all 7 € TI°°/*(T), f1, € Fn, fns1 € Fri1. By Lemma E.4, we have
Pr(E) > 1 — 4, thus Pr(E°) < 0.
We have

P(frs fni1|D, 7T)

K
EpEz~p,(1D)Efnp( D7 —wy + cej —|—ln
Pi(|D)Efnp(| D7) ; ) Po(fns fre1)
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K

> EpEzp, (D) igf Efop lZ(wk +cel) +1n
k=1

P(frs frne1)
Po(frs frr1)

K
= _EDEfTNPtHD) In th,fh,+1~]30 €xp (Z(wk - Cei))
k=1

K
= —Ep{E}Ezp,(jp) mEf, £ 11 ~po €XP (Z(wk - Cei)>
k=1

K
- EDl{EC}EﬁNPt('\D) lnthvfh-HNPo exp (Z(wk - Cei))

k=1
K
> —EpH{E}Ez p,jpynEy, 5,1 ~po €XP (Z(wk — ce%)) — 2670*°K
k=1
> —D — 2670 K, (17)

where the first equality uses Lemma G.3, the second inequality uses that Pr(E¢) < ¢ and Zszl (wg—

ce2) < SO wy, < 267b?K and the last inequality uses Equation (16). Thus, using the same

notations as Lemma Lemma E.4, we have

P(frs fr+1|D, )
B = EpEap, 0 E s ips e +1n
ST B e L

K s

p(fns fr1|D,7)

= EpExnp,(0)Efmsp( —wy + cef) +In =t
P D) Epp(. [; k Po(frs frr1)

K
+EpEzp,(10)Efp|D,7) [Z uy, — cej, ]
k=1

K
> =D = 2690° K6 + (v = )EpEznp,(10) Efnp( D) [Z ei]
k=1
where the inequality uses Equation (17) and Equation (15). Finally, setting
1 1

t =
64002 (e — 2)7y < 13b%

completes our proof.
O

From squared Bellman errors to in-expectation squared Bellman errors and fixing a non-
rigorous argument of Dann et al. [2021]. Lemma E.5 only bounds B, with the squared

Bellman errors Z,If:l EX(fn, frs1)(sk,ak)? while the in-expectation squared Bellman errors

Zszl B, [EF (fhs fnt1)(sh, an)?] are what we need for showing Proposition 2. There is no an
immediate path to go from the squared Bellman error to the in-expectation squared Bellman errors as
the order of Ep and Ex . p, (.| p)Ef~p(.|p,7) are not exchangeable, i.e.,

K
EpBsnp,(10)Efrp(|D.7) [Z&’f fh»fh+1)(5h’aﬁ)2]
k=1

K
# EpEzop, . 10)Efnp(1D,7) [Z E,» [Ef(fh,fhﬂ)(Sh,ah)Q]] . (18)

k=1

A similar caveat arises in the online setting in Dann et al. [2021] as well. In particular, a non-rigorous
argument of [Dann et al., 2021, Lemma 8] is that they conclude (an online analogue of) the LHS of
Equation (18) is equal to (an online analogue of) its RHS.
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To fix this issue without ultimately incurring a sub-optimality rate that is slower than 1/v/K, we
need to change the squared Bellman error into the in-expectation squared Bellman error, up to some
estimation error that scales faster than K for any « > 0. Note that, a standard Azuma—Hoeffding
inquality (and the union bound) give an estimation error that scales with K'/2. To achieve the
logarithmic dependence on K, the following lemma exploits the non-negativity of the squared
Bellman error and uses the localization argument of Bartlett et al. [2005] to obtain an estimation error
rate that scales polylogarithmic with K.

Lemma E.6 (Improved online-to-batch argument for non-negative R.V.s [Nguyen-Tang et al., 2023]).
Let { X1} be any real-valued stochastic process adapted to the filtration {Fy}, i.e. Xy is Fi-
measurable. Suppose that for any k, X}, € [0, H| almost surely for some H > 0. For any K > 0,
with probability at least 1 — 0, we have:

K

K
16
> E[Xi|Fra] €2 Xp + ngog(logz(KH)/fs) +2
k=1 k=1

With Lemma E.6, we now actually make a connection from the squared Bellman error to the
in-expectation squared Bellman error in the following lemma, which incorporates the uniform
convergence argument into the posterior sampling in the same spirit with our earlier argument in
Section E.3.

Lemma E.7. Forany d,e > 0andT € N, any t € [T], we have

K
EpExzp, (D) Efap( D7) Z EX(fny fra1) (s, an)?
k=1
K -~
> 0.5EpEzp, .10y Efap(1D,7) Z E,x [EX (frs frs1)(sh,an)?]
=1

ln4Kb?

2
—b(b+2)Ke — %bQ <2d]-‘(€) +dn(e,T) +1n > —1—-2Kb%6.

Proof of Lemma E.7. For simplicity, we denote X (f,D) := Zszl EX(fny frr1)(sk,ak)? and
X(f) := Ep[X(f,D)], and A := 8bKe + %p? (de(e) +du(e, T) + M) 2. We de-
fine the event:

E= {D CX(f) < 2X(f, D)+ ANYfu € Fi, fart € Fryr, 7 € Hf;’ft(:r)} .

Due to the non-negativity of E7 (f4, fn+1)(s,a)?, Lemma E.6 and the union bound, we have
Pr(E) >1—4and Pr(E°) <.

‘We have
2EpEz~p, (D) Esnp 0.5 X (f, D)
= 2EpEzp, (10) Efnp( 0,2y X (f, D)H{E} + 2EpEz b, (1) Efnp( 0.2 X (f, D)I{E}
2> 2EpEsp,(10)Ef 10,0 X (f, P)LH{E}
> EpH{E}Ezp, (1) Efup( 10,7 (X (f) —
=Ep{E}Ezp, (1) Efmp(- 10,0 X (f) —
2 EpH{EYEz~ b, (10)Efrp( 10,0 X (f) =
= EpEinr (10)Erepc 0 X (f) = A = EDI{EC}Emet('ID)EfNﬁ(-\Dir)X(f)
> EpBinp,(10)Efmp( 0.0 X (f) = A = EpI{EVE s p,m) 4K
=EpE; (05X (f) — A — AKb* Pr(E°)
> EpEjp 0.5 X (f) — A — AKH*S

A)
APr( )

where the fourth inequality uses | X (f)| > 4Kb? and the last inequality uses Pr(E¢) < 4. O
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Bounding C}, ;.
Lemma E.8. Foranye > 0andT € N, we have

Cht>— max kp(a,e,7) —yabbKe.
FEIH(T)

where kp(«, €, ) is defined in Equation (11).

Proof of Lemma E.8. We have

K
Chit =EpEszp,(10)Efap( D7) [Oé InEf p, exp (-7 Z ALz (fhs frras Z’ﬁ)) +(1—a)

I P(fny1|D, ﬁ)]
k=1

Po(frt1)

K ~ ~

a p(fnt1|D, )

1 — O)EpEsp, 100 Efp(ips) | —— InEp —v ) ALz (fh, farai2p) | +In =
(1 = )EpEz~p,(10)Efnp(-1p.7) [1—04 nly poexp< 7]; (fhs a1 Z;J) e )

K T—a
—(1 = a)EpEszp,jpy mEf, ,, ~pp (Ef;LNpo exp <—W’Z ALz (fhs frs1; Zﬁ)))

k=1

v

> — max kp(a,e,T) —yabbKe.
T Fellsesy(T) n )=

where the first inequality uses Lemma G.3 and the last inequality uses the following inequalities: For
any f, € Fp(e€, fny1,7), we have

|ALz(fn, frs1:2n)| < 6b|EL (s fas1)| < 6be; thus

K
E g/ ~p, €xp (—7 > ALz (ffys frsas Zh)> > po,u(F7 (€ frt1)) - exp(—y6bKe).
k=1

We are now ready to state the complete form of the lower bound of Z.

Proposition 3. For any v € [0, m], €>0,0>0,and any t € [T], we have,

Z > XEpEz~p, (10 E i 0.5 Af1(51,7)

H K
+ 0.125ay Z EDEﬁNPt(.‘D)EfNﬁ(.|DJ~T) Z Euk [gg(fh, fh+1)(8h, ah)Q]
h=1 k=1

— 0.5aH (12079b(b + 2) Ke + 640(e — 2)7b? (2dx(€) + dn(e, T) + In(1/6))) — 13ayb* K HS

2
In 4;“ > +1+ 2Kb25)

2
—0.25avH <b(b +2)Ke + %bQ (2(1;(6) +d(e,T) +In
H

— ,€,7) — yabbK He.
2 ﬁeérslf%(n kp(a,€,T) — yau €

Proof of Proposition 3. Using Lemma E.1, it suffices to bound terms A, By, and C}, defined in
Lemma E.1. For this purpose, we use

e Lemma E.2: To bound A4;,
* Lemma E.5 and Lemma E.7: To bound By, 4,
* Lemma E.8: To bound C}, ;.

The result is then simply a direct combination of the above lemmas. O
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E.3.2 Upper-bounding log-partition function

In this appendix, we upper bound the log-partition function Z. While we follow the proof flow in
Dann et al. [2021], due to the statistical dependence in the actor-critic framework of our algorithm,
we require different technical arguments to establish this result. In particular, Lemma E.9 and
Lemma E.10 are our new technical lemmas.

Proposition 4. Forany e,§ > 0,y > 0, and t € [T], we have

2
Zy < e — inf Zlnpo Fn(e;m)) + 4y <a + S(a)> HKé?

-4 Hsoft
TE ]

+ 60ayb(b + 2)KH6 + ayb?H (13 + 36(e — 2)) (2dx(€) + dui(e, T) + In(1/5)) + 18ayK Hb?6.
where recall that Z, is defined in Equation (12).

Proof of Proposition 4. We have
Zy = EpEzop,(10)Efmp( D7) [ (f, D) + AAfi(s1,7) + Inp(f|D, 77)}
= EpEsp,(p) inf Eyep [8(/,7:D) + A (51,7) + Inp(f)]
p(f) - ~ ]

In

< EpErp (o) nfEsnp

pol) + 07 2 2 AL furri ) + MAfi (o1, 7)

H

K
+EpEz~p, (D) lnf Efop [Oé Z InE;z ., exp (-7 Z ALz (fhy frt; Z’ﬁ))]
k=1

where the second equality uses the fact that Dk, [p||p] > 0 with the minimum occurring at p = p and
the inequality uses the triangle inequality. The first term is bounded by Lemma E.9 and Lemma E.11,
and the second term is bounded by Lemma E.10 O

It remains to state and prove Lemma E.9, Lemma E.11 and Lemma E.10.

The following lemma bounds the in-expectation of the loss ALz by the in-expectation of the squared
Bellman error.

Lemma E.9. For any distribution p over F, for any €,6 > 0, v > 0, any t € [T, we have

EpEz~p, (1) Ef~p

K
ay > ALz(fa, fui1; Zﬁ)]

k=1

3(e —2) g
<7 (a + a) EpEzp, (D) Er~p [Z E (s fnir) sh,ah)Q]

+ 30ab(b + 2) Ke + 13avb? (2d 7 (e) ) +In(1/8)) + 9ay Kb?6.

Proof of Lemma E.9. For simplicity, define
zg := ayALz(fn, fay1; 21),
ex = & (fu, fre1)(sh, ap).-
By Lemma B.1, we have
Elzy] = ayef,
Elz7] < 36b°a’y ;.
Thus, by Lemma B.2, for any § > 0, with probability at least 1 — 4, for any ¢ € [0, W] we have

ka<ZExk +tle—2 ZE 1/5)
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K
< (a7 +t(e—2)36b*7°) > e} n
k=1

Using the discretization argument and the union bound, we have that: For any € > 0,6 > 0, we have
Pr(E) > 1 -4, thus Pr(E°) <4,
where E denotes that event that for any ¢ € [0, ﬁ],

K
Z zy, < 30avb(b + 2)Ke + (ay + t(e — 2)36b°ay?)
k=1

any fn, € Fn, fna1 € Fry1, T € Hioft(T). Thus, we have

247 () + dri(e, T) + In(1/5)

6%4’ 1 ’

M=

el
Il
-

+Ep{E} Bz p, (D) Efnp

K K
EpEz~p,(1D)Ef~p [Z wk] = Ep{E}Ez~p, (D) Ef~p [Z Tk
k=1 k=1

< E’Dl{E}Eﬁ—NPt(.u))Ef,\,p |:3004’7b(b +2)Ke

2d]:<€) + dH(E,T) + 111(1/(5)

2
e
kT :

Wk

+ (ay + t(e — 2)36a2b272) } + 9ayK b2

x>
Il
—

< EDEWNPt( \D)Effvp |:30b(b +2)Ke

2d]: )+ dn(e, T) 4+ In(1/0)
t

Mx

+ (ay +t(e—2 Y3602 0%y 2 } + 9y Kb26.

k:

Picking t = W completes the proof. O

The following lemma bounds the in-expectation negation of the loss proxy ALx.

Lemma E.10. Forany § > 0,¢ > 0,7 > 0, any fh € Fn, any t € [T, and any distribution p over
F, we have

K
EpEinp,(10)Binp | =7 D ALz(fr, frs1: z,’i)] < 36(e — 2)vb* (dx(€) + du(e, T) + 1In(1/65))
k=1
+ 97K b*5 + 307b(b + 2)Ke

Proof of Lemma E.10. For simplicity, define

Yk = —YALz(fn, fos1; 21),
ERX(fny fas1)(sE, af).

€L -
By Lemma B.1, we have
E[yk] = _'7627
Elyz] < 36b*ye;.

Thus, by Lemma B.2, for any § > 0, with probability at least 1 — §, for any ¢ € [0 we have

Zyk<ZEyk ]+ tle—2 ZIE /5)

K
(1= 36t(e — 2)2) e + 2O
k=1

1
) 1371;2]

t
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<

L_ in the above inequality, we obtain

Setting t = 55

1
36(e—2)b2~y

k
3" i < 36(c — 2)b*yIn(1/5).
k=1

Using the discretization argument and the union bound, we have that: For any € > 0,6 > 0, we have
Pr(E) > 1 — 9, thus Pr(E°) <4,

where E' denotes that event ,

K
>y < 309b(b + 2)Ke + 36(e — 2)70? (dr () + du(e, T) + In(1/5)),
k=1

any fr11 € Fpe1,7 € Hsoft(T). Thus, we have

K

> vk > ue

k=1 k=1
< 309b(b + 2) Ke + 36(e — 2)vb* (dr(€) + dn(e, T) + In(1/6)) + 97K b?6.

K

K
EpEz~p, (D) Ef~p =EpH{E}Ezp,(10)Ef~p + EpH{E}Ezp, () Efrp [Z yk]

k=1

O

The following lemma bounds the in-expectation squared Bellman errors with the regularization term
and the data distribution term, under the infimum realization of the data distribution p.

Lemma E.11. Foranye > 0,8 > 0, anyt € [T, we have

H K
+BZZ€;E s Fnga)(sh, ap)?

EDEﬁNPtHD) H;f ]Ef,.vp AA f1 (817 ) + ln
h=1k=1

<Xe— inf  Inpo(Ful(eQF)) +4B8HK .

FEI=oft(T)

where recall that Fi,(€; fn41) is defined in Definition 2.

Proof of Lemma E.11. For any f € F(e; fo), we have
| fn — QF lloo < € Vh.

Thus, we have
& (fns fri1) (s,0)| <\ Thfn = frvilloo = IThFn — TRQR — fata + Qf 41l
< ||T7}:fh - ZQZHOO + ||fh+1 - QZ+1||<>O
< 2e.

Thus, by choosing

po(H)I{f € Fe7)}
po(Fle7)

p(f) =

we have

H K
+ﬁzsz7§ (fn, fat1)(sh afy)”

infE¢op | AAf1(s1,7T) + ln
b h=1k=1

< Xe — Inpo(Fi(e; 7)) + 43HK €.

We by now have everything needed to prove Proposition 2.

39



E.3.3 Proof of Proposition 2

Proof of Proposition 2. By Proposition 3, we have
Zy 2 AEpEzp, 10y Efap(1D,5) A f1(51, 7)

H K
+ 0.125ay Z EpEx~p,(10)Efnp(1D,7) Z Ee [EF (fry frr1)(snran)?]
h=1 k=1

— 0.5aH (1207b(b + 2) Ke + 640(e — 2)7b” (2dx(€) + dn(e, T) +1n(1/6))) — 13ayb> K HS

2
— 0.25avH (b(b +2)Ke+ %bZ (2df(e) +dn(e,T) + mm;m) +1+ 2Kb25>

H

- max  Kp(a,€,7) — yabbK He.
b1 7Trel'[soft(T)

By Proposition 4, we have

3(e—2) 2
Zy < e — 7TE1_[1Sr31§t(T Zlnpo (Fr(e;m)) + 4y ( oz) HKe
+ 60ayb(b + 2)KH6 + ab®vH (13 + 36(e — 2)) (2d7(€) + dn (e, T) 4+ In(1/68)) + 18ay K Hb?6.

Thus, we have

H
EpEzp,(10)Ef~p( D7) l0-1250¢7K > EuE (frs fri1)(snyan)?] + AAfi (51, 7)
h=1

In Kb
< e+ ayHY? - max{dz(e),dn(e, T),In KH -max{e, 0} + VHKf
H H 1
+ max kp(a,€,7p) +  sup n————
;when““ t FEMsolt(T) }; po(Fn(e; Qp))

Appendix F  Proof of Proposition 1

In this appendix, we prove Proposition 1, which is a simple reduction from Theorem 1, Theorem 2,
and Theorem 3.

Proof of Proposition 1. We recall that Proposition 1 consists of two parts of statements: Part (i) — the
simplified bounds of all three algorithms into one unified form under no misspecification, and Part
(ii) — the specialization of the unified bound into the special cases of finite function classes and linear
function classes.

Part (i): The unified sub-optimality bounds for VS, RO, and PS

We recall that the first part of Proposition 1 is that:

Vi € {’/TUS ~T0 Aps} E'DSUbOpt ( ) <Hb \/d ]_/K 7'(' 1/\/7 Hb\/h’lVOl )
(19)

where
,  [dopt(1/K,T) if 7 € {7,770},
d(1/K) = {d’ (1/K,T) if#7=7Ps,

where we recall in Section 4.2 that
dopt (6, T) := max{dr(e), dni (¢, T)},
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do(€) dé(ﬁ)}
~Hb2 yHY2’

and dz(¢€), dri(e, T), do(€), and dj(€) are defined in Section 2.4. Also recall that for Proposition 1,
we assume that there is no misspecification, i.e., &, = vj, = 0,Vh € [H].

dps (e, T) := max{dz(e),dn(e,T),

For #¥*. It follows from Theorem 1, where we choose ¢, = 1/v/K, and ¢ = 1/K that with
probablhty at least 1 — 24, we have

SubOpt, (%) < \/ K-1-H-C(m; 1/VEK)(Hb max{dop:(1/K,T),In(H/8)} + b2 H) + H/VK + Copt

Hb+/In Vol(A)
T

S VK1 B2 (1 VE) max{dop(1/ K, T), In(H/8)} +

Thus we have

SubOpt (7*) = O ( il Ve 1VE) - max{dop(1/K, T), In(H/6)} Hb\ﬂnT)
(20)

For 77°. The sub-optimality bound for 77 is obtained from Theorem 2 with the same parameter

setting as that for 7¥¢, where we sete = 1/ K, e, = 1/\/[7(, and T' > K In Vol(A). Additionally, we
shall need to set the regularization parameter . Since the bound in Theorem 2 holds for any A > 0,
we shall minimize this bound with respect to A > 0, which results in the optimal A as

N \/ 9K Hb? - max{dyp (1/K, T), In(H/8)}

H- C(ﬂ—v ]./\/E)

and the sub-optimality bound as

SubOpt, (7"?) = O ( n \/C (m51/VK) - max{dop: (1/ K, T), In(H/3)} HbW)

21

For 7P°.  We specialize the sub-optimality of 77° from Theorem 3. Similar to the case of 7Y% and
77, weset: e = 1/K, e. = 1/v/K,and T > K In Vol(A). Additionally, we need to set the failure
probability § € [0, 1], the learning rate € [0, 35;-5y5] and the regularization parameter A > 0.

For 0, we set 6 = 1/K. For A, we minimize the bound in Theorem 3 with respect to A\, which results
into A = A, which is give as

b

N [EHY -max{d,s(1/K,T), In(K In(Kb2))}
=7 H-C(m1/VE)

turns the sub-optimality bound into
H Hb\/l Vl
EpSubOpt, (#7%) = (9< b \/c (1:1/VEK) - max{dys(1/K, T), In(K In(Kb2))} n Vol( )

(22)

Finally, we choose y € [0 to minimize dps (e, T) = max{dz(e), dr (e, T), & 'yHb2 , ,yHbz}

%)
) 144(e—2)b2

which occurs at v = and thus

144( —2)p2°

(23)

&ps(a T) = max {d;(e), dr(e.T), 144(e —HQ)dO(e)7 144(e ;{2)d6(e) } .

Overall, we have that Equation (20), Equation (21), and Equation (22) can be unified into Equa-
tion (19).
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Part (ii): Specializing to the finite function classes and linear function classes

‘We consider two common cases.

Case 1. Finite function class. We consider the case that 7, and Hff’f *(T) have finite elements
for all h € [H]. Then we have d(¢) = O(max,¢[z) max{In |F|,In ITL3°7(T)[}), Ve, due to that
dy(€) < do(e) < H maxye(g)In |F| and Equation (23).

Case 2. Linear function class. We consider the case that the function class F, is linear in some
(known) feature map ¢, : S x A — R%. Concretely, the corresponding function class and the policy
class defined in Section 2.3 are simplified into:

Fn=A{(s,a) = (¢n(s,a),w) : |lw|[2 < b},
eXp<<¢h(87a)79>)
> weaexp((dn(s,a’),0))

74 (1) = {(s,a) — 10]l2 < nT}.

We have

dr(e) <dn(1 + 2—b),
€

16nT
du(e,T) < dn(1 + —=),
€

d6(6) S d()(G) é CldH IH(CQ/E),

where the first two inequalities use [Zanette et al., 2021, Lemma 6] and the last inequality follows the
discussion in Section 2.4. Note that dr;(e, T') depends only logarithmically in 7.

O

Appendix G Support Lemmas

In this section, for convenience, we present some simple yet useful lemmas that our proofs above
often refer to.

The following lemma establishes the variance condition for the squared loss, which is typically used
along with Bernstein’s inequality.

Lemma G.1. Consider any real-valued function class F. Consider the squared loss L(f(z),y) =
(f(z) — y)2 Assume bounded loss L(f(z),y) < M? for any f € F, for some M > 0. Let
f«(z) = Ely|z] and assume that L(f.(z),y) < B? for some B > 0 (we do not require that f, € F).
Let z = (z,y) and define

G=A{o(): d(2) = L(f(x),y) — L(f(x),y), f € F}.
Then, for all ¢ € G, we have
E,[¢(2)°] < 2(M? + B*)E,[¢(2)], V.

where B, is the expectation taken over y given x.

Proof of Lemma G.1. Consider any ¢ € G (with the corresponding f € F). For any x, we have

E,[6(2)] = (f(z) — f.())".
Thus, we have
$(2)* = (f(z) 2))?(f () + fo(x) = 2y)°
< (flz) = ful@)*2((f(2) = 9)* + (fo(2) = y)*]
< 2(M? + B*)(f(z) — fu(2))*.

The first inequality uses Cauchy-Schwartz. The second inequality uses that f, € F and L(f(z),y) <
M?,Yf € F. Thus, for any x, we have

E,[6(2)?] < 2(M? + B*)(f(z) - fu(2))* = 2(M? + B*)E, [¢(2)].
The equation uses that E, [¢(2)] = (f(z) — f.())?. O

— f«(2)
—f.
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The following lemma is a simple decomposition of the value gap in the initial state, typically known
as the performance difference lemma in the RL literature.

Lemma G.2 (Performance difference lemma). For any policy 7,7, we have

H
Vi (s1) = Vi (s1) = D B [ Q7 (ony an) = Vir (sn)|
h=1

where E,. denotes the expectation over the random trajectory (s1, a1, ..., Sp,ay) generated by 7
(and the underlying MDP).

Proof of Lemma G.2. We simply expand V{"(s1) = Eq, g,|s, x[71(51,a1) + V5 (s2)] and use recur-
sion to obtain the lemma. O

The following lemma presents a simple connection from a form of a log partition function to the
expectation under the infimum realization of the sampling distribution.

Lemma G.3. For any density functions p and py and any function f, we have

p(z)
PO > By oxp(-f0)

inf wa\/p(:v) |:f(d?) +In
p

Proof of Lemma G.3. Define the density function

_ pole) exp(—f(x))

q(x) 720 where Z(f) 1= Epmpo(x) exp(—f(2)).
Then, we have
Eyrp(a) {f(z) +1In Zi((‘?)] =E,p(x) In Z)Eg —InZ(f)
= KLpllq] —In Z(f)
> —-InZ(f).
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