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Abstract

Recent work has shown that the generalization ability of image diffusion models
arises from the locality properties of the trained neural network. In particular, when
denoising a particular pixel, the model relies on a limited neighborhood of the
input image around that pixel, which, according to the previous work, is tightly
related to the ability of these models to produce novel images. Since locality is
central to generalization, it is crucial to understand why diffusion models learn
local behavior in the first place, as well as the factors that govern the properties
of locality patterns. In this work, we present evidence that the locality in deep
diffusion models emerges as a statistical property of the image dataset and is
not due to the inductive bias of convolutional neural networks, as suggested in
previous work. Specifically, we demonstrate that an optimal parametric linear
denoiser exhibits similar locality properties to deep neural denoisers. We show,
both theoretically and experimentally, that this locality arises directly from pixel
correlations present in the image datasets. Moreover, locality patterns are drastically
different on specialized datasets, approximating principal components of the data’s
covariance. We use these insights to craft an analytical denoiser that better matches
scores predicted by a deep diffusion model than prior expert-crafted alternatives.
Our key takeaway is that while neural network architectures influence generation
quality, their primary role is to capture locality patterns inherent in the data.

1 Introduction

Denoising diffusion models [8, 27] have achieved state-of-the-art results for generative modeling,
especially for domains involving continuous data distributions such as images, videos, and audio.
They are trained to predict a clean image from one corrupted by varying levels of Gaussian noise.
Analysis of the diffusion model training objective leads to an apparent paradox: The objective
admits a unique, analytical, non-parametric, and closed-form solution that is only a function of the
training dataset. However, this so-called optimal denoiser does not empirically match the outputs
of deep diffusion models and in fact can only produce images in the training set, exhibiting perfect
“memorization” and failing to generate novel images.

Recent work investigates this paradox and proposes changes to the optimal denoiser to close the gap
between theory and practice [12, 19, 25, 26]. Kamb and Ganguli [12] hypothesize that inductive
biases of the neural network architecture—particularly shift equivariance and locality biases of
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convolutional neural networks—prevent the model from converging to the global optimum of the
loss function and thus allow for generalization. Locality here means that during denoising, any pixel
in the denoised output will only be sensitive to a local neighborhood around that pixel in the noisy
input. They demonstrate that adding locality and equivariance constraints to the closed-form optimal
denoiser yields a model that generates images that closely resemble those generated by a simple U-Net
diffusion model. However, their theory has a key limitation: it cannot predict the degree of locality
from first principles. Instead, their method relies on measuring the receptive field of a trained U-Net
diffusion model and estimating a patch size for each diffusion timestep that is then fed as a parameter
to their analytical model. Further, other neural network architectures, such as transformers, can
similarly generate novel images, but they lack either explicit locality or shift-equivariance inductive
biases; even U-Nets generally have a receptive field that covers the complete image.

In this work, we demonstrate that locality in image diffusion models is not a property of the neural
network architecture and instead can be derived directly from the training dataset via simple statistical
analysis. Specifically, we analyze the principal components of the data—in particular, their signal-
to-noise (SNR) ratio—and show that learned sensitivity fields for different architectures closely
approximate projection operators onto principal components with high SNR. On CIFAR10 [16], a
dataset with high self-similarity across pixel locations, a simple locality pattern emerges. However,
on CelebA-HQ [13], a dataset of centered human faces, sensitivities are nonlocal, aligned with
correlations of pixels across, for instance, the eyes. We relate this behavior to the optimal linear
denoiser known as the Wiener filter, establishing a connection to prior work that observed linear
behavior of diffusion models [17, 29]. We provide further evidence that sensitivity fields are learned
to match statistical properties of the training set by showing that we can achieve arbitrary, nonlocal
patterns in a model’s sensitivity field by imperceptibly editing the pixel statistics of the training set.

We rigorously benchmark recent analytical models by how well they match generations by a trained
deep diffusion model. Surprisingly, we find that a simple Wiener filter outperforms all recent analyt-
ical methods based on modifications of the optimal denoiser. Integrating our analytically-derived
sensitivity fields into the model of Kamb and Ganguli [12], however, yields the best-performing
analytical diffusion model to date across multiple datasets, including CIFAR10 [16], AFHQv2 [4],
and CelebA-HQ [13]. This observation provides evidence that capturing pixel correlations across a
dataset plays a major role in the performance of denoising diffusion models.

In summary, our contributions are as follows:

* We demonstrate that local sensitivities in trained image diffusion models are a learned property of
deep diffusion models and not just an inductive bias of the model architecture.

* We analytically derive the spatial sensitivity of an optimal linear filter as a function of the training
data and show empirically that it closely matches that learned by a denoising neural network,
yielding both local and nonlocal sensitivities depending on the training data statistics.

* We establish a quantitative benchmark to measure how well an analytical diffusion model explains
predictions made by a U-Net and demonstrate that, surprisingly, prior optimal denoiser-based
methods are outperformed by a simple optimal linear filter.

* We incorporate our analytically-computed locality into the optimal denoiser-based model proposed
by Kamb and Ganguli [12] and show that it outperforms alternative analytical models while
eliminating a previously heuristically-determined hyperparameter and the need to measure it from
pre-trained neural networks.

2 Preliminaries and Related Work

We discuss preliminaries and related work for our primary line of inquiry, building analytical models
of deep diffusion networks.

Denoising diffusion models. Score-based image generative models [8, 27, 28] learn to reverse the
process of adding Gaussian noise to clean data. During training, we sample a data point Xg from the
training data distribution X, a noise level t from the interval [0; 1], and a Gaussian noise direction

N (0; I);ﬁ noise scﬁpdule t1s chosen such that ¢ = 1and ; = 0. We then add noise to Xg to
obtain X =" X+ 1 t . The training objective for an image diffusion model f(X; t), also
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Recent studies explored the generalization capabilities of diffusion models, highlighting the contra-
diction between their theoretical propensity for memorization and their empirical ability to generate
novel samples. Yoon et al34] introduce thememorization-generalization dichotonpositing that
diffusion models generalize when they avoid memorizing training data. Yi eB3lf¢grmalize
generalization through mutual information metrics, demonstrating that trained diffusion models can
generalize beyond the empirical optimal solutions. Gu etZafurther investigate this phenomenon,
revealing that factors such as dataset size and conditioning can in uence the extent of memorization
in diffusion models.

Analytical diffusion via the optimal denoiser. Multiple works [, 14, 23, 25] identify the optimal
denoiseras a promising analytical model for the behavior of deep diffusion models. This optimal

denoiserf(x; t) minimizing (1) can be written as a conditional expectation:
f(x;t) = ElXo j Xt = X] (2)
When the data distribution is approximated with a nite empirical distribudorr fxg)giz N and

due to the fact that we have an analytic form for dengity;) = N (© ~Xo; (1 t)1), the optimal
denoiser is available in closed-form [5, 14, 23, 25]:

X _ 1 1 . )
fi(x;t) = wi (X t)Xp;  wi(x;t) = softrinax >3 P=—X Xb ; ©))
i=1 vt i2IN]
where 2 = (1 t)= ¢ andsoftmax; faj g,y = % This expresses the optimal
B

denoiser as a kernel-weighted average over the training set, and clari es the key limitation of the
optimal denoiser as an appropriate model for deep neural networks: as the noise level approaches
zero, the softmax term in effect picks the nearest neighbor in the training set. As a result, the optimal
denoiser will always generate an image in the training set and never generate a novel image.

Improving the optimal denoiser via smoothing. To promote generalization, Scarvelis et al. [25]
propose smoothing the score function to generate novel samples different from the training data.
Niedoba et al. 18] derive an ef cient nearest neighbor search to support the implementation of
the analytical score models. Separately, Shah é&xGdropose smoothing the empirical training

data distribution by adding Gaussian noise to encourage neural network models to generalize in the
small-data regime. Aithal et all] argue that hallucinations in diffusion models happen due to smooth
interpolation between modes of the data distribution. Simply smoothing the score function, however,
leads to pixel-space interpolation between training images and does not explain the high-quality,
sharp novel images observed in practice.

Adding inductive biases to the optimal denoiser. Kadkhodaie et al.J1] observe that the inductive
biases of neural networks align well with the data density, effectively projecting data onto a low-
dimensional basis adapted to the image structure. Based on this insight, Kamb and Gzhgulil [
Niedoba et al.19] suggest that the gap between the optimal denoiser and deep diffusion models stems
from the inductive bias of the deep neural network used to approximate the denoiser. Speci cally,
they assume that the structure of the convolutional U-Rétimposes constraints of locality and/or

shift equivariance on the functidnin the score-matching objective eq. (1):

. S o P——. o
min NI(EO;I);t [O;l]uf( Xo+t 1 ¢it)  Xojis 4)
st.fi(x;t) = fIMIx;t) 892 [Q] (locality)
f(g x;t)=g f(x;t) 8g2 T(2); (equivariance)

In practice, often a linear combination ofindx, is predicted, but these are all equivalentipfor the
purposes of deriving an optimal denoiser and for our theoretical analysis. Without loss of generality, through the
rest of the paper, we will assume that all models are trained to pregditt/e provide additional details on the
effects of parametrization in Appendices A.1 and B.4



wheref 9 is pixel g (out of Q total pixels) of the output ! is a masking operator for each time-step

t selecting a patch around pixglandT (2) is the 2D translation group acting an2 R" through .
They show that for generall, the solution for the constrained score-matching objective eq. (4) has
a similar form compared to eq. (3), but with weights %peci c to each ppalch that

X ) 1 1 i
f9(x;t)= wiy (G1)(g Xp)%; wil, (x;t) = softmax 52 M{ p=—x h xi :
i ’ ' w9 t t 2 j2IN]
E;22T[r\(12]) h2T(2)
(5)

whereM [ is a binary mask, and we end up again with an isotropic multivariate Gaussian projected
to a subspace de ned by the mask. Effectively, this model splits each training image into patches
of sizeMy, forgets about their location (equivariance), and denoises each input pixel by taking the
average of the center pixels in the ground truth patches weighted with the distances to them from
the patch centered gt Kamb and Ganguli]2] obtain patches for each noise letdy iterating

over all possible square binary patches and choosing the one that yields the best correlation with a
trained diffusion model. Niedoba et al.9] relax the constraint on the shape of the patches and allow
them to be of arbitrary shape but compact and averaged across all pixels. Then they measure the
average sensitivity of a trained U-Net and binarize it to get the masks. Both works t riva$ks

the empirically-observed locality elds of the trained models and average all the masks for each pixel
g, i.e.M andM{ are identical up to a translation.

Linear denoisers. Recent studies have uncovered that diffusion models exhibit strong linear
behavior. Wang and Vastola9, 30] provide theoretical and empirical evidence that, at high noise
levels, the learned score functions of well-trained diffusion models closely align with those of linear
models. Linear denoisers are well-studi@d0, 31], and one can show that the optimal denoiser
constrained to be linear has the same form as the optimal denoiser on a Gaussian Hgtaset [
Li et al. [17] demonstrate that, particularly in the generalization regime and for high levels of
noise diffusion, denoisers approximate the optimal denoiser for a multivariate Gaussian distribution
characterized by the empirical mean and covariance of the dataset.

3 Deriving Denoising Sensitivity from Dataset Statistics

In this section, we explore the relationship between generalization and locality in patch-based optimal
denoisers12, 19 and link it to the observed linearity of diffusion models?[ 29, 30]. Unlike the
optimal denoiser in eq. (3), trained diffusion models exhibit a “pass-through” behavior, retaining
input information along high signal-to-noise (SNR) ratio data directions. We hypothesize that by
constraining the locality in patch-based optimal denoisers, previous works effectively adopt the
“pass-through” behavior from linear denoisers and thus are capable of producing novel images.

Sampling voids. The optimal denoisef'(x;t) is well-de ned for all values ofx 2 R" and

t 2 (0;1), but the distribution ofX;, t) that a neural network denoiser is trained on has low-density
regions that will be sparsely sampled throughout the training process. For examplet, ivhén

(low noise regime), regions iR" far away from training data will be undersampled in training the
diffusion model with score-matching objective in eq. (1). This is illustrated in Figure 1 (left), where
the regions of small noise near the test images are not covered with any training samples. We wiill
refer to the part oR"  [0; 1] that is not covered by the empirical samples in eq. (l3amspling void
regions. On one hand, the behavior of the denoiser in those regions is critical for generalization. On
the other hand, the optimal denoiser is not a good model of a trained diffusion model in these regions,
as there were no empirical samples in this part of the space during training. In the next sections, we
will build up intuition on how to reason about the behavior of the trained diffusion models in the
sampling void regions.

“Pass-through” denoisers. When the optimal denoiser in eq. (3) is presented with a test image
outside of the training dataset and the amount of noise is small, the softmax becomes more selective,
and the optimal denoiser will predigt to be the closest image in the dataset (see Figure 1, middle).
This behavior prevents generalization aaynovel image will be “teleported” to its closest neighbor

in the training datasetas ! O.



Figure 1:Left: We visualize the distribution of; for two training data pointzgl) andxf)z) as high-probability-

density “cones”, as a function of spatial dimensioand noise level. Note how for a new testing poinxéfes"
there exists noise level such that noised versions xoﬁ‘éesD are outside of any of the training “cones” and thus the
behavior of the denoiser there is unde nédiddle : We take CIFAR10 test images (top) and add nojs¢2nd
row). With a single denoising step, a trained diffusion mddelpasses through” most of the coarse structure
of the input image, and thus the output image is visually similar to the input (3rd row). Optimal defnoiser
instead “teleports” the image to the closest data point in the training dataset (4ttRigiv): We compare MSE

error of single-step denoising bf (U-Net) andf (Optimal). At low noise levels, removes noise fromEBesD

butf predicts a different image fromgtes". At high noise levels, the outputs bf andf are similar.

Inspired by the observations in Figure 1, we develop an intuition about “pass-through” properties
of denoisers. For small noise levels, a lot of information in the image is not destroyed by the added
noise. It is natural to assume that a “good” denoiser, unlike the optimal denoiser, will retain this
information in its estimation okg. Which part ofx; is not affected by a small amount of noise?
Informally, for natural images, low frequencies “survive” after adding small amounts of noise. We
formalize this intuition by observing that 1) adding noise preserves the higher principal components
of data, and 2) these principal components correspond to low-frequency features in natural images.

The principal components of the data come from the eigendecomposition of the covariance matrix
Cov(X) = Udiag( %; %;::: 2%)UT, whereU is a matrix of the eigenvectors and are eigenvalues.

The noise's covariance matrix| is also isotropic in this basis, so that the signal-to-noise ratio
(SNR) along the-th principal component is?= 2. It is well-known in classical image processing
literature [LO] that for natural images, this eigenbasis approximates the Fourier basis, and thus
the highest variance components (equiv. high SNR) correspond to low-frequency features. Thus,
intuitively, the “pass-through” projection resembles a low-pass Iter. Generally, however, it is not the
case, and for more speci c datasets, the “pass-through” projection is not just a low-pass lIter. For
instance, as we will show in Section 4, for datasets such as centered and normalized human faces
(i.e., Celeba-HQ/FFHQ), the eigen-basis is very different from a Fourier basis, and thus the locality
patterns observed in trained denoisers are not translation equivariant, nor isotropic.

Connection to Gaussian data and linear denoiser. The intuition in the previous paragraphs was
built on an assumption that the dataset is well-described with a single covariance matrix (assuming
Gaussian data distribution). In this case, one can craft a simple denoiser by just projecting the input
noise images to their high-SNR principal components:

2

W, = pljUdiag ﬁ ut: (6)

t i t

This denoiser, optimal under a Gaussian dataset assumggtionN (0; ) [15], is known as the
Wiener lIter [31]. At the same time, the Wiener lIter is also the optimal linear denoiser minimizing
eg. (1) under a linear constraiingx;) = A;x; [31]. As we can see from eq. (6), it projects its input to
the data's principal components, shrinks these projections according to their SNR, and projects them
back to the data space. As reported in multiple previous wdrks20), trained diffusion models
exhibit linear behavior and can be surprisingly well-approximated with a Wiener Iter. Later in this
work, we extend these observations and demonstrate that the Wiener lIter performs on par with or
better than existing patch-based analytical denoisers [12, 18].

Locality and sensitivity. So far, we built up the intuition that a “good” denoiser should “pass-
through” high-SNR components of the input in ts&mpling voidregions—parts of space where
optimal denoiser analysis is no longer effective, but critical for generalization. Accordiig,tad],



locality of the denoisers' sensitivity elds plays a crucial role for its generalization. But how does it
relate to the “pass-through” intuition above?

To show the relationship, we return to the notion of locality. By locality, we mean a limited, typically
compact sensitivity eld of a neural network. Formally, the sensitivity eld of a dencigert)

is its input—output Jacobia® (x;t) = @1{x;t)=@xKamb and Gangulil2] approximate learned
locality patterns in diffusion models with square patches, assuming them to be compact, roughly
isotropic, and constant with respect to both the output pixel position and the input image. As we will
demonstrate in Section 4, none of these assumptions is universal, and while they are reasonable for
diverse datasets of natural images, the sensitivities of neural diffusers on more specialized datasets
can violate any of the assumptions above.

For our analysis, we retain the assumption of independence of the model's sensitivity eld with
respect to the input imageand lift all other assumptions, allowing locality patterns to take arbitrary
shapes and depend on the output pixel. Under the assumption that the sersifixity) is constant

w.r.t. X, the denoiser is linear in and takes the forrh(x; t) = A; X + By, whereA, is the sensitivity
andB; is a bias term. Recall that a solution to eq. (1) under a linear constraint is the Wiener lIter and
thusA; = W andB; = 0 assuming the dataset is centered. For each individual outputcpitted
sensitivity takes the form:

SNR; 4 2

1
)= Wil= p=— Udiag ————— U’ here SNR = —: 7
Si(x;t) A t Udiag SNR +1 U where SNR @)

ol

In other words, with the assumption that locality patterns are shared for all input images, the sensitivity
of the denoiser is identical to the high-SNR projection operator to the principal components of the
covariance matrix. A key observation about the form of eq. (7) is that &s 0 the signal-to-noise

ratio for each compone@NR ! inf and thussfq(x;t) I 14, the indicator function at pixed; i.e.

the sensitivity eld of the locally linear denoiser shrinks with smaller noise levels.

Under the local linearity assumption, the exact shape of those sensitivity elds is a function of the data
and not of the model's architecture. In the subsequent sections, we empirically show that different
architectures of denoising diffusion models learn sensitivity elds similar to those of linear denoisers,

effectively approximating the projection operator to the high-SNR data’s principal components.

Recall that previous worklp, 19] adopts the learned sensitivity elds from the trained diffusion
networks, which play a crucial role in their generalization. As we reveal the connection of the
sensitivity eld to the local data statistics, we obtain valuable insights into the performance of the
analytical models, especially for specialized datasets, where the data's principal components are far
from being local and equivariant.

4 Validation

In this section, we perform extensive validation to support our claims. As the main backbone for a
diffusion model, we use the DDPM U-N&g][with removed self-attention to follow the protocol

of [12]. As we show in Appendix B.2, removing the self-attention does not drastically affect
performance, and our insights are valid for both architectures.

We begin by showing that different neural network architectures learn similar sensitivity elds, which
in turn match projection operators to high-SNR principal components, or equivalently, the Wiener
Iter. We continue by demonstrating that the learned sensitivity elds are a property of the dataset
and thus by manipulating the statistics of the data, we can force the diffusion model's sensitivity to
take any shape, including being nonlocal for low noise levels.

Finally, to support our claim that the locality properties of trained diffusion models come from
data statistics, we suggest a simple modi cation to previous patch-based analytical nfi@d&8.[
Instead of measuring locality from trained diffusion models, we limit the analytical model to only
use high-SNR principal components. We benchmark this modi cation on ve datasets and show that
while being more interpretable, this algorithm also explains trained diffusion models better than other
baselines. Additionally, we ablate our model and present comparisons in Appendix B.1.

Locality pattern is shared across architectures. We compare the locality patterns throughout the
denoising process across architectures (U-Rletid diffusion transformer (DiT)J1]) trained on



Figure 2: Comparison of sensitivity elds of deep denoisers and the projection operators to high-SNR
data's components (i.e. the Wiener Iter) on CIFAR-10 dataset. Sensitivity is measured at the center
pixel w.r.t. xo prediction and throughout a 1000-step DDIM denoising process. Each image is

averaged acros3? samples and normalized to [0,1].

the CIFAR10 dataset. Although there is architectural bias for locality in U-Nets due to convolutional
layers, the self-attention layers in DiTs are global in scope, where every patch can attend to any
other patch. Nevertheless, Figure 2 shows that U-Nets and DiTs share similar sensitivity elds.
Surprisingly, these elds are similar to the shapes of high-SNR projector operators, i.e., the sensitivity
of a Wiener lter. This provides evidence that the main reason for the diffusion models to exhibit
locality properties is the correlation of the pixels between the images in the dataset. Our observation
is that although the neural network architectural choices are important to accurately capture data
statistics, they are not the main cause of locality patterns in diffusion models.

Learned sensitivity elds are not always equivariant. As we saw in the previous experiment, the
sensitivity elds learned by diffusion models are similar across architectures and align with the data's
principal components. In Figure 2, these elds appear roughly isotropic and equivariant—meaning
the sensitivitysd(x) has the same shape for each pixalip to translation. This form of sensitivity is
well-captured by the square-shaped patches in [12].

This behavior arises due to the high correlation among
neighboring pixels and the translation equivariance inher-
ent in the CIFAR10 dataset, which consists of diverse
natural images.

However, for more specialized datasets, the principal

components—and consequently the learned sensitivity

elds—take on drastically different shapes. In particular,

CelebA-HQ is a dataset of uniformly-scaled and centered

human faces. The lack of translation equivariance and

the unique pixel correlation patterns result in structured,

location-dependent sensitivity elds.

ure 3: Average sensitivity elds of a

In Figure 3, we observe the complex structure that aris{:ﬁ;1 ned DDPM on the CelebA-HQ dataset

in the sensitivity elds of a diffusion model trained o :
CelebA-HQ. Notably, the pattern of sensitivity is nonwg;ztfé) nrg;vr ‘t’ﬁéﬁtpgy";stﬁg ﬁgtfo”rﬁ,pfgvf 2‘;'_
highly dependent on the pixel's location. This experimefdsponds to an output pixel near the image
highlights the need for more exible representations @knter. Left to right: different noise levels
sensitivity elds, especially for specialized datasets, thanrresponding to of 600, 400, 200.

those in prior work.

Manipulating the sensitivity eld. We show that by editing the dataset's statistics, we can manipu-
late the sensitivity elds of neural denoisers and make them take on any shape. With this manipulation,



U-Net-based denoisers can learn sensitivity elds that are not local, thus suggesting that the locality
properties of learned denoisers emerge from dataset statistics.

In our experiment on CIFAR-10, we generate a modi ed dataset:
R0 = Xg + CS; ¢ Uniform( 1;1P);

wherex, 2 RY is a training images 2 f 0; 1g% is a xed binary mask in the shape of the letter “W”,
andc 2 R3 is a random RGB vector (single color per image) with 0 controlling signal strength.
Note that this transformation does not change the rst-order moments of the dafzs$=0.

With this, we train a new DDPM U-Net from scratch on the modi ed CIFAR10 dataset and then study

its sensitivity elds. Let \, be the variance of the perturbation. We choos® that , t, for

some intermediatg, i.e., the variance of the added signal matches the variance of the noise. As we
can seéfrom Figure 4, the “W”-shaped sensitivity eld emerges fortaWhere w- Crucially,

this demonstrates thahydesired pattern can be induced in the sensitivity of a trained neural network

by embedding the pattern into the data covariance.

Figure 4:We slightly manipulate pixels' correlations across the CIFAR-10 dataset such that a desired pattern
emerges in the sensitivity of a trained diffusion model. In particular, a DDPM diffusion model trained on the
CIFAR-10 dataset (sample on the top left) has a coarse-to- ne sensitivity eld (top row, noise level decreases
from left to right). For each image in the dataset, we edit pixel correlations by adding the desired pattern with
random color and weights = 0:1 (middle row) and = 0:5 (bottom row). DDPM models trained on those
manipulated datasets exhibit the pattern in their sensitivity elds. We underscore the time-steps for which
SNRw > O:1,i.e. & > 0:1 2. This supports our claim that the locality in diffusion models arises not from
the inductive bias (i.e. usage of convolutional layers) but from the data statistics.

Our model. Previous work uses rectangular binary masks tted to the sensitivity elds of trained
denoisers. In this paper, we demonstrated that the sensitivity elds of the trained denoisers emerge
from the data covariance. We consider constant sensitivity eldsA®is not a function ok. If the
sensitivity eld is constant, the denoiser is linear, and we know that the optimal linear denoiser is
the Wiener Iter. Using this intuition, we consider a generalized notion of locality and show that the
locality property is equivalent to a subspace projection, which can be written as an orthogonal change
of basis followed by a masking operator. We provide a detailed derivation in Appendix A.3.

Replacing the measured sensitivity eld as iti2] 19] with the projection operator to high-SNR
components (sensitivity of the optimal linear denoiser) performs on par with or better than the
patch-based optimal denoisers. More formally, we suggest using the following analytical model:

X _ 1 1 o2
f(x;t) = wi (X t)xp:  wi(x) = softrinax — W p=x x} 7 (8)
i=1 t ‘ 2 j2[N]
whereW is ag-th row of the Wiener matrix binarized with a threshold= 0:02 (we are using
= 0:02 relative to the max value in the row unless stated otherwise). For MNIST and Fashion

270 aid visualization, we apply the square root to the sensitivity eld and plot it with “turbo” color map. In
the rest of the paper, the color map is applied to the raw signal.



Figure 5:Qualitative comparison. In this gure, we compare our analytical model (3rd row) with multiple
baselines: Wiener lter (4th row), Kamb and GangulP] analytical model (5th row). All images are generated

with the same initial noise sample with 10 steps of DDIRF|[ In the top row, we provide the results of
generation with two trained neural networks, NN1 and NN2 — both are instances of the same DDPM8l-Net [
but trained with different seeds. The distance in Table 1 is measured with respect to NN1. In the last row we
provide the nearest image from the dataset for our nal generation w.r.t. L2 distance.

MNIST we use = 0:005 We provide a detailed derivation of this formula and the ablationiof
Appendices A.2 and B.1. Key differences of our model compared to [12] and [19] are:

1. Enhanced interpretability. Instead of tting patch sizes and/or shapes to trained models, we
obtain them analytically from dataset statistics.

2. No equivariance. While prior work claims equivariance as an important property of diffusion
models L2, 18], we instead nd that introducing the translation group integral to Equation (8)
does not improve performance but increases inference time.

3. Locality speci ¢ to each pixel in the image Unlike prior work, we do not enforce the shape of
the patches to be shared across all pixels of the image, instead relying on the dataset's statistics.
This is particularly important for datasets with nonlocal covariances, such as datasets of faces.

Our model is nonlinear and does not assume that the dataset is Gaussian. Rather, it approximates
only the locality elds with the second-order statistics of the dataset. We benchmark our analytical
model by measuring the?-coef cient of determination and mean-squared error (MSE) between the
predictions of the analytical model and a trained DDPM [8] given the same starting noise.

For comparison, we chose ve datasets with diverse sets of statistics: CIFAR]@&[dataset of
diverse32 32natural images; CelebA-HQ B and AFHQV2 B], datasets of centered faces and
animals in64 64; and MNIST 6] and FashionMNIST32], datasets of binary centered images

in 28 28 resolution. We compare against the vanilla optimal denoiser in eq. (3), the Wiener
Iter [ 31], and the patch-based optimal denoising algorithm by Kamb and GardgliliAdditionally,

to capture the variance in signal-to-noise mapping of diffusion models, we compare with another
trained diffusion model with the same architecture and dataset, but with different weight initialization.

Table 1 and Figure 5 show that our analytical model outperforms all of the baselines, with the
Wiener Iter being almost always in second place. Kamb and Ganguli's model qualitatively performs
worse on CelebA-HQ due to patch-based locality erasing eyes and blurring out facial features, while
other models using dataset-dependent locality retain these features. This experiment con rms our
hypothesis that the modeling of correct locality in the analytical models is key to explaining trained
diffusion models and that those localities come from the dataset statistics. We provide additional
guantitative results for AFHQv2 and Fashion-MNIST in Appendix B.7.



Table 1: We provide a quantitative comparison that measures how well each analytical model explains
the trained image diffusion models. All metrics are averaged over 128 samples. Best results are
highlighted in green and second best in maroon.

CIFAR10 CelebA-HQ MNIST
Method rz MSE# r2" MSE# rz MSE#
Optimal -0.549 0.774 0.191 0.044 0.400 0.298 0.101 0.023 0.187 0.204 0.231 0.036
Wiener (linear) 0.4080.092 0.032 0.004 0.818 0.039 0.0310.004 0.469 0.066 0.161 0.014
Kamb [12] 0.303 0.126 0.065 0.017 0.831 0.073 0.028 0.005 0.402 0.092 0.188 0.039
Ours 0.589 0.078 0.028 0.008 0.902 0.032 0.016 0.006 0.491 0.051 0.153 0.015

Another DDPM 0.852 0.113 0.023 0.002 0.981 0.007 0.004 0.001 0.969 0.082 0.007 0.019

5 Conclusion, Limitations, and Future Work

In this work, we demonstrated that locality in diffusion models emerges from dataset statistics rather
than architectural inductive biases. Through theoretical analysis and empirical validation, we showed
that both U-Nets and Transformers learn sensitivity elds that closely align with projections onto
high-SNR principal components of the training data. This intuition links the behavior of the diffusion
models to linear denoisers, or equivalently, the Wiener Iter. Using our theoretical insights, we
show that by editing the dataset's statistics, we are able to manipulate the sensitivity elds of trained
diffusion models and can make them take arbitrary shapes, including highly nonlocal ones. Finally,
our analytical model, based on dataset statistics, outperforms previous approaches in approximating
trained diffusion models across multiple datasets.

This work addresses a critical gap in understanding how diffusion models generalize rather than
memorize, highlighting the “pass-through” behavior where high-SNR components are preserved.
Limitations of our approach include a focus on simpler architectures and reliance on second-order
statistics, while deep diffusion networks can capture higher-order statistics of the data. In particular,
we are making a strong assumption that the locality elds are constant with respect to the input
images. Studying non-linear regimes of the neural diffusers can deepen our understanding of the
mechanisms of image generation. Future work on complex architectures, higher-order statistics, and
conditional generation has the potential to further explain the theory-practice gap in diffusion models.
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A Derivations and proofs

In this section, we provide detailed derivations and proofs for the background and the claims made in
the paper.

A.1 Optimal denoiser: derivation, equivalence of and x, parametrization

We begin by de ning the optimal denoiser for tkg parameterization we use in the paper.

De nition A.1. The optimal denoisef(x; t) for a data distributionX at a particular noise level is
the minimizer of the loss function

. p_— p_— 2
min E f Xo+ 1 ; X
B (" tXo t;t) Xo ,
N (0;1)

9)

Recallthat ¢ = +—.

Proposition A.2. WhenX = xi is a nite empirical distribution, the optimal denoiser

i2[N]
f\(x;t) has the following analytical expression:

)
X 1 o2
f(x;t)=  x softmax 52 P xh oo (10)
. [ t t
I
Proof. We rst write down the objectivg9) in terms of the random variable= p7x0+ P 1 ¢
h i
p_— p— 2
XOEX f( tXo+ 1 t ,t) Xo 2
N (©0;1)
— . 2
= i &EX Kf (x;t)  xokj
X N7 Tixoi(  0)I) | #
z P_— n x '
= E 2 (1 () exp Xo p— =27 ki(xt) xoki dx
Xo t

We then minimize the integral coordinate-wise for eadb get the optimaf (x;t):
f | 4+

, !
0= E exp xo P =22 (f(xt) xo)
t

Xo X

. .2
hexp( B xh =2 )

fi(x;t) =

jexp( P xh =2 )
i i £ - exp(ai)
Using the de nition ofsoftmax; f a; 9o = IW we get (10).
O

De nition A.3. The optimal denoisel(z; t) for a data distributionX at a particular noise level is
the minimizer of the loss function

: p_— p— 2
m + ;
f|n XOEX f( tXo 1 t ,t) 2
N (0;)
Proposition A.4. WhenX = x} i2[N] is a nite empirical distribution, the optimal denoiser for

the -parameterizatiorf(x;t) can be written in terms of that of theparameterizatior’l'\(x; t):

P—a .
Nxt) = Xﬂe)lL(:(t)

(11)

(12)
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Proof. We follow the same proof as Proposition A.2, with the main difference being the following
step:

h i
p— P—
E f + 1 ;
oo x (" tXo t;t) 2
N (0;1)
p— 2
X X
= E f(x;t) ﬂs—to :
pﬂX 1 t 2
x N Ttxoi(1  o)l)

O

Remark A.5. Another way to prove Proposition A.2 and Perosition A.4 is to show that the optimal
solutions are of the forr&[xq j x] andE[ j x], wherex N (" "Xo; (1 t)1). Then it becomes
clear that the two expressions are linearly related to each other.

A.2 Patch-based optimal denoiser: formal derivation

We now turn to the patch-based denoiser, incorporating both locality and equivariance constraints
into the optimal denoising problem as suggested ), [repeating the derivations in the notations of
this manuscript. LeX = fxhg\, be a nite empirical distribution of images, and let

MA:RY @1 RY©
denote the operator that masks oyt a p patch centered at pixe| setting the rest of the pixels to 0.

As suggested in [12], we impose two constraints on each patch-wise fufiétion

1. Locality:
y faxt) = fAIMIxt

2. Equivariance:For every 2D translatiog 2 T (2),
fgxt =g fxt), = flg xt =1f9 9xt);

i.e. denoising commutes with the actionTof2) and relocates patches accordingly.

De nition A.6. The patch-based optimal denoisf’é(p(; t) for a data distributionX at a particular
noise levet is the minimizer of the loss function

min E f p*tx0+p1 ¢t xog
f Xo X; N (O;1);t [0;1]
stfixt)=fIMIxt; qgq=1;:::;Q; (locality) (13)

fgxt=9g f(xt); 89g2T(2): (equivariance)

Proposition A.7 (Patch-based optimal denoisetynder the empirical distributioX = fxhgN, ,

the minimizerff’“g of eq.(13)is given, for each patch locatiog by
|
X X 4 1 -
fa(x;t) = g xj° softmax 5= M é g x ;o (14)
i 92T @) t t

and the full-image denoiser is obtained by reconstructing the nal image from the pixels above.

Proof of Patch-based optimal denoisaile prove this result in three steps: (1) decomposition into
per-pixel optimization, (2) equivalence of equivariance constraint and data augmentation, and (3)
derivation of the local form.

Step 1: Decomposition into per-pixel optimiﬁation.Let Pq : RY 91 R denote the operator that
extracts pixef from an image, and de nél = (?:1 Pq PqT WherquT places a scalar value at pixel

g and zeros elsewhere. Since pixels are disj(ﬂri?ﬂ-T =0 fori 6 j, makingf PqPqT g orthogonal
projections with qu1 PePq = 1.
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By orthogonality of pixel projections:

X
kf(X) xXok3 = PgPq (f(X)  Xo)
a=1 2

x
= KkPqf (X) PgXok3
g=1

= jf90  xgi?
¢=1

Therefore, the original minimization problem decomposes as:
. p— P—
min Exo x nonK(C tXo+ I () Xokd
x

. p— P
= mnE, x nen FIC T T 1) xg
o1

2

Each pixel can be optimized independently.

Step 2: Equivariance constraint equals data augmentationFor theg-th pixel problem with
equivariance constraint:

. _ p—— 2
minga  Ex, x: N(o;|)f0'(p Xo+ 1 ¢) Xxg

(15)
st. f9%g x)=(g f(x)9 8g2T(2)
The equivariance constraint implies that for any translagioh%(g x) = f9 lq(x)
Now consider the data-augmented problem:;
. — p— 2
mnEy, x nonEs 1@ 190 CXot T () (@ o) (16)

We want to prove that (15) is equivalent to (16). To do so, we rst show that the optimal solution of
(15) does not change with data-augmentation, then show that the optimal solufits) sétis es the
equivariance constraint.

Constrained optima invariant under data-augmentation Letx = pﬁxo + P 1 t . Since

translation commutes with noise addition afgd Xo)9 = X3 1“, (15) under data-augmentation
becomes:

_ h . 1qi2
min Ex, x; nonEo 1o f9g x) xg

st.f9%g x)=(g f(x)* 8g2T(2)
If f 9 satis es the equivariance constraint, tieél{g x) = f9 1q(x), SO:;

. 1, 2 . 1 1
argf:-nlnEXO x Nog T g x) xg ° :argfr:un Exoig f9 9x) x3 ¢

= argmin Ey,. (f"(x) x{,)2
fa r=1

=argmin Ey,. (f9x) x3)°
fa
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Data-augmented optima is equivariant We can solve the data-augmented prob{&®) and check
that its optimal solutiorf © is equivariant under the transformatiet h x, for anyh 2 T(2):

XX _ o2
f9h x)= (g xp)? softmaxg 2—12 pljh X g Xg

i=1 g27(2) ( t t )
XX i 1 X 1 C

= (g xp)? softmaxg 5z P— h g Xp
i=1 g2T(2) (t t )
XX i 1 X .

= (h ¢® xp)? softmaxgo >z P= o xb
i=1 2T (2) t t

=(h )%

whereg®= h 1 g.

Step 3: Local form derivation. From the data augmentation equivalence, the optimal denoiser for
pixel g minimizes:

— pP— 2
Ex, xx ~N@©1)Eg T2 fq(p (g xo)+ 1 ) (9 xo)
Letx = P 10 Xo+t P 1 ;. Writing the objective as an integral overwe get:
!

Z 2
X
Evo xg T @ L 1) ‘exp g Xo p— =2 2 (f9x) (g x0)9)? dx

With the locality constraint 9(x) = f 9(Mx), we can “integrate out” the coordinatesxofhat are
masked out by  (asf 9 does not depend on them), to get:

Z ) !
X
Exo xg T 2 (1 1) "exp M{(g Xo 1%7) =2 ¢ (FIMI) (g x0))* d(Mx)

Solving for the optimaf’\q, we get:

|
kel-MIx Mg xo)k?
0= E_exp ‘ 3 (FIMIx) (g x0)%)
Xo X 2 t
g T
N (0;1)

Rearranging:
P P

21 (@ Xb)iexp k pPMix Mg xhk?=2 ?

1
PN P .
=1 haT2) BXP K P%Mth MI(h xh)k2=2 2

f/\q(Mth) =

Using the softmax notation:

XX , ( 1 1 ‘ 2
(x;t) = (9 xp)7 softmaxy 5= p=Mx Mg xo
i=1 g27(2) t t
This completes the proof. O

A.3 Ours: why do we binarize the sensitivity eld

In this section, we provide justi cation for our algorithm provided in the main paper. In particular,
we formally justify why it makes sense to binarize the sensitivity elds into a mask of zeros and ones.

At rst, we generalize the patch-based optimal denoiser by relaxing the locality constraint. Instead of
restricting to patch extraction operatddg’, we consider linear operatofg' : RY 41 RY d that
can capture more complex spatial relationships.
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De nition A.8 (Generalized masked optimal denoisefhe generalized masked optimal denoiser
f\(x; t) for a data distributionX at noise levet is the minimizer of:

. p_— p— 2
I’T}In xo X: E N (O;l ) f t XO + 1 t s t XO 2 (17)
stfixt)=fT Al t; qgq=1;:::;Q; (generalized locality)
fg xt=g f(xt); 8g2T(2) (equivariance)

whereAl : RY 41 RY dis alinear operator.

Note that wherA{ is invertible,f 9 is effectively unconstrained (i.e. there is no locality). On the
other hand, wheA{ = 0, f 9 does not depend on The following result interpolates between these
two extreme cases, showing that the optimal denoiser depends only on the rowA8pace

Proposition A.9 (Generalized masked optimal denoisdfpllowing the decomposition and data
augmentation equivalence from the previous section, the optimal denoiser fogpireler the
generalized locality constraint is:
( )
2

1P plx g % (18)
t

XX
fa(x;t) = (9 xp)? softmay, 52
t

i=1 g2T(2)
whereP® = (ANDT ANANHT Y Alis the orthogonal projection matrix onto the row spaceidf
Proof. The objective (17) can be written as

Z 2
1
L@ ) fer  goxo pIx 27 (U0 (g x0) dx

We use SVD to writéAf = UT V, and notice thaP = V YV T, where Y is a diagonal matrix
with 0 or 1 diagonal entries depending if the corresponding diagonal entryshonzero. Then we
impose the constrairfit(x) = f 9(A{x) and perform a change of variablgs V x.

!

z 2
E@@ ) "ew  gxo pex 27 (AN (@ x)9 o
0 t
z s
= ECQ 0 fer V@ x) pmy 2¢ (U (@ x) dy;

where we have absorbédlinto f 9 as it is an invertible matrix. Next, we integrate out the coordinates
of y corresponding to the zero-values inand absorb non-zero entries ofnto f 9, to get

4 ) !

1
Ee@ o fen Y V@ x) p=y 27 (U (@ x0) dy:
B t
We then solve for the optim&l¥(y) and change variables to gét(x):
XX _ ( 1 1 , 2
fa(y;t) = (@ xb)¥ softmaxy = p= 'y V(g xb)
. ’ 2 ¢ t
i=1 g2T(2) ( )
XX , 1 1 o2
fa(x;t) = (0 xp)? softmaxy = p— 'V X g Xp
. 2 ¢ t
i=1 g2T(2)
N X ( ,)

= (9 Xp)? softmaxg 572 P p=x 9 X
t

i=1 g2T(2)
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Corollary A.9.1 (Diagonal operators and mask binarizatiohyhenA{ = diag(af") is further
constrained to be diagonal matrix with entria, the optimal denoiser simpli es to:
f(x: xx i\a ( 1 &g 1 i ?
(x;t) = (g9 xp)* softmax, 57 B pP—X 0 Xg (29)
i=1 g27(2) t t

whereBY is the binary mask witlB? = 1 if a' 6 0 andB = 0 otherwise, and denotes
element-wise multiplication.

Proof. We begin with the generalized optimal denoiser from equdti@&and substitute the diagonal

mask because oef cienaf cancel out completely Whenf 6 0. The actual values of non—zee@

do not affect the optimal denoiser—only Whetlajgr: 0 or a]-q 6 0 matters. Then we can apply
Proposition A.9 to get

( )
o X i 1 1 o
fa(x;t) = (@ xb)? softmaxg >z BY p=—x g Xxj
i=1 g27(2) t t

This completes the proof, showing that the optimal denoiser depends only on the binary support of
the diagonal operator, not on the speci ¢ non-zero values. O

Connection to patch-based denoiserWhena! = 0, the corresponding pixgl is effectively
removed from the optimization, as it contributes zero to the distance metric. This is precisely the
locality constraint from the patch-based denoiser: pixels outside the patch (a?her@) do not

in uence the denoising of pixed.

Remark A.10 (Justi cation for binary masks)In summary, we showed in Proposition A.9 that the
only interesting generalized locality matrices are binary masks. In particular, when the masking
operatorA{ has a diagonal structure, the speci ¢ values of the non-zero entries cancel out in the
softmax computation. This means that:

1. The optimal denoiser depends only on the pixels that are included in the mask (the support), not
their relative weights.

2. Binary masks 0; 1g are as expressive as any diagonal weighting scheme for this optimization
problem.

3. This theoretical result justi es our practical choice of binary masks in the main paper, as more
complex weighting provides no additional bene t for the optimal denoiser.

A.4 “Pass-through” denoisers: detailed analysis of SNR

In this section, we provide a detailed analysis of the signal-to-noise ratio in the principal components
of the data, extending section “Pass-through” denoisers in the main paper. Let's consider the data
matrix X = [x3x3:::x§12 RY N. Doing singular value decomposition, and assunting d

we getX = Udiag( 1; 2;::: 4)V',where ; are sorted in the descending order of their absolute
values. Covariance of the dataset, assuming that the mean of the dataset is zero:

1 1 .
= ﬁXXT = Vdiad 2. 2 HuT;

whereU are the principal components of the data aeN is the variance of the data along those
components. We can now compute the signal-to-noise ratio along each of the principal components
of the data:
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SNR = . .
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_ ¢ Uy
@ o Yy
2_
1

When 2 N 2, the intrinsic data variance is much larger than the relative noise level, and the
signal was not “destroyed” by noise. Note, the analysis above does not have to be performed on the
entire dataset, but rather on the most relevant set of neighbors to the image that is currently being
denoised. In that case, the high SNR projections will be more precise and speci ¢ to each particular
image as long as SVD is well de ned. Due to computation constraints and to keep the analysis simple
from now on we will assume that the covariance matrix is computed on the entire dataset.

A.5 Manipulating the sensitivity eld: variance of the perturbation

In this section, we provide the derivation for the variance of the added perturbafian the section
“Manipulating the sensitivity eld” of the main paper. Denote By cs the signal vector; then the
empirical covariance of the modi ed data is

mod = E[*okg]
= E[(xo+ cs)(xo+ cs)']
= E[xoxg]+ E[xos'c']+ E[cs'x{]+ 2E[css'c']

= oig + 2E[cc"]ss’

1
= og t 25'3 ss';
where we useé[xo] = 0, E[c] = 0, and forc ~ Uniform([ 1;1]), we haveE[cc"] = 1l . For the
noisy observationg; = © “(Ro+ 1 t+ , the covariance becomes:
mod = E[ReR(]

t E[RoR0]1+ (1 Ol
= ¢ mod T(1 t)l
1
=t orig t t2§|3 ss’ +(1 )l

Assuming the RGB perturbation affects each color channel independently and focusing on a single
channel, the second term contributes a rank-1 perturbation with eigenglue ; 2ksk?=3.

By the Wiener Iter analysis of Section 3, the learned sensitivity along the new "W" principal
component is
2
W
&+ t)
t 2Kksk?=3
t 2ksk2=3 + (1 '[)
¢ 2ksk?
t 2ksk2 + 3(1 t)
_ 2ksk?
© 2%ksk2+3 2’
where(1 t) is the noise variance at timestep

sw(t) =
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B Additional Experiments and Ablation

B.1 Ablation of our model

The analytical model proposed in this paper has a single hyperparameténe threshold of the
sensitivity eld binarization. In Appendix A.3 we formally justify binarization of the sensitivity
elds for our analytical model. Here, we demonstrate the effect of choosing different binarization
thresholds. In particular, from Figure 6 we can see that higher threshold values (i.e., smaller patch
sizes) correspond to a sharper, but “patchier”. On the other side, small threshold values (i.e., bigger
patch sizes) cause the generated image to be over-smoothed. We repdunideMSE metrics of
correlation with the trained diffusion model for different threshold values in Table 2.

Table 2: Comparison af? and MSE metrics across datasets for different binarization threshold
values. Best values are highlighted in bold.

Threshold CIFAR10 CelebA-HQ MNIST Fashion MNIST
r2" MSE# r2" MSE# r2" MSE# r2" MSE#

0.005 0.396 0.059 0.786 0.0380.492 0.151 0.563 0.115

0.010 0.520 0.046 0.865 0.023 0.441 0.165 0.517 0.122
0.020 0.672 0.031 0.897 0.017 0.418 0.176 0.406 0.144

0.050 0.773 0.021 0.894 0.017 0.214 0.255 0.072 0.211
0.070 0.771 0.022 0.879 0.020 0.214 0.255 -0.192 0.264
0.100 0.737 0.026 0.852 0.024 0.214 0.255 -0.407 0.311
0.150 0.641 0.036 0.799 0.033 0.214 0.255 -0.209 0.270

Figure 6: Ablation of the binarization threshold

B.2 Self-attention layers in denoising U-Nets

Across our experiments, we are using a trained DDPM model with removed self-attention (SA) layers
following [12]. In this section, we demonstrate that removing the self-attention layer brings the FID
score t06:04 from 4:12 with SA. Qualitatively, the generated images look similar with and without
SA, and thus our analysis in the main paper can be extended to U-Nets with SA layers.

In particular, we train a U-Net without self-attention and compare it with a baseline U-Net trained
with self-attention. Using the gradient-estimation sampler fragj, jwe report the FID scores for
both models, and in Figure 7, we compare sample results.
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Figure 7. Samples from trained DDPM U-Nets without (left) and with (right) self-attention layers.
The initial random noise is the same for both sets of images.

B.3 Low rank projection of the covariance matrix

In this section, we study whether projecting the covariance matrix to a lower rank can help eliminate
the high-frequency artifacts observed in the Wiener Filter in Figure 5.

First, on Figure 8, we analyze the singular values of the covariance matrices for each of the datasets.
We observe that most of the total energy is contained in the rst 200 singular values for all datasets,
leaving a long tail of low-energy principal components.

Figure 8: Analysis of the absolute values of the singular values in the covariance matrices across
different datasets. Left: across the full set of the singular values. Right: across the rst 100 singular
values.

Next, we zero out the smallest singular values of the covariance matrix based on different thresholds
of total energy. Both for Ours and for the Wiener Iter, we measure the difference between predictions
of the analytic models and a trained DDPM model, as done in the paper. The results are averaged
across 16 generations and presented in Table 3 below. Qualitative results are presented in Figure 9. A
0% SVD Energy Cutoff corresponds to using the full-rank covariance matrix.

For the Wiener lIter, low-rank approximation leads to visually smoother outputs; however, it reduces
the correlation with outputs from trained diffusion models. Our algorithm does not bene t from
using a low-rank projection of the covariance matrix and still demonstrates higher correlation than
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Table 3: Comparison of our method vs Wiener Iter across different SVD energy cut-off thresholds.
Results show Rscores (the higher the better) for each dataset and energy cut-off combination. Best
R2 score for each dataset is shown in bold.

SVD Energy Cutoff 0% 0.01% 0.05% 0.10% 0.50% 1.00% 5.00% 10.00% 20.00% 50.00%

Ours | CIFAR10 0.773 0501 0.312 0.245 0.176 0.176 0.192 0.194 0.200 -0.248
Ours | CELEBAHQ 0.897 0.759 0.702 0.695 0.685 0.668 0.652 0.650 0.607 0.607
Ours | MNIST 0.492 0.197 0.156 0.158 0.351 0.341 0.361 0.384 0.389 0.368

Wiener | CIFAR10 0.6740.677 0.661 0.649 0.538 0.460 0.223 0.168 0.127 -0.048
Wiener | CELEBAHQ 0.818 0.817 0.805 0.797 0.766 0.739 0.649 0.625 0.548 0.548
Wiener | MNIST 0.469 0.468 0.468 0.467 0.453 0.445 0.421 0.394 0.353 0.292

Figure 9: Qualitative comparison between generations of the analytical models when the covariance
matrix is projected to a lower rank corresponding to different energy cut-off thresholds.

the Wiener lter. This indicates that low-rank structure alone does not account for the performance of
learned denoisers. We believe this result further supports the distinctiveness and relevance of our
proposed model.

B.4 How to reproduce the reported sensitivity elds

In this section, we provide the technical details and intuition needed to measure the sensitivity elds
of diffusion models. All the results are reported for CIFAR10 dataset. Recall that the optimization
problem is invariant under the change of variables from the initial inxagge the noise sample

see Appendix A.1 for details. Consequently, one can measure the sensitivity eld in either the noise
parameterization@(x;t)=@ xor the image parameterizatio@)x(x; t)=@ x Although the choice is
merely a theoretical convenience, in practice the model's behavior is highly sensitive to it.

The top row of Figure 10 shows the sensitivity elds of a DDPM model trained to prexlict

and then re-parameterized with a linear transform to preditere we plot@(x;t)=@x The
middlerow depicts the same model, but the sensitivity is evaluated in the image parameterization,
i.e. @¥(x;t)=@x As we can see, a simple linear reparameterization applied to the model output
drastically alters the result. These observations are intuitive. From the optimal-denoiser analysis, we
know that, in the high-noise regime, the model predicts an image close to the dataset mean. Thus,
predicting the added noise samplfor each pixelyis almost equivalent to outputtirggminus that

mean, so the noise-parameterized sensitivity eld appears highly local. Because this visualization is
not very informative, we chose to pl@ x(x;t)=@xhroughout the paper, as it captures the actual
structure of the sensitivity eld.
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Figure lléllustratesr;he effect of training U-Net and DiT models in the two parameterizations. Recall
thatx; = " "{xg+ 1 + . Forlarget where ;! 0, imagexy is ill-de ned given andx;;
conversely, for small where ;! 1, isill-de ned givenxg andx;. Hence, while theory predicts
identical results (up to re-parameterization), numerical errors lead to different behavior at low and
high noise levels. The top two rows of Figure 11 sh@as(x; t)=@Xor models trained in the noise
parameterization, revealing a pronounced shrinkage of the sensitivity elds in the high-noise regime.
We hypothesize that this is a numerical artifact and therefore plot, in the bottom two rows, the elds
obtained from models trained directly in the image parameterization. For clarity, all DDPM examples
in the main paper are trained in that setting.

Finally, themiddleandbottomrows of Figure 10 compare two normalization strategies. In the middle
row, each sensitivity eld is normalized independently tdl; 1]; in the bottom row, the images are
normalized jointly, preserving relative scale. Joint normalization makes the eld appear less local
while preserving its overall mass. Throughout the paper, we adopt per-image normalization, as it
more faithfully re ects the binarization assumed in our analytical model.

Summary of visualization choices

 Train the model to predict the imagg (not the noise).
* Visualize the sensitivity of the image prediction, i@x(x;t)=@x
» Apply per-image normalization.

Figure 10:Top: sensitivity eld of the noise predictio@(x; t)=@x Middle: sensitivity eld of
the image predictio® ¥(x; t)=@ »vith per-image normalizatiorBottom: the same eld with joint
normalization across images.

B.5 Sensitivity eld of the optimal denoiser

In this section, we provide a visualization of the sensitivity elds of the optimal denoiser on the
CIFAR10 dataset. As shown in Figure 12, the sensitivity of the optimal denoiser closely resembles
that of the trained models only in the high-noise regime. At intermediate noise levels, the sensitivity
eld begins to diverge, and in the low-noise regime, it ultimately “explodes”.

B.6 Generation dynamics

Here we provide additional results demonstrating the dynamics of image generation. In Figure 14 we
numerically compare, predictions through the generation process.

In Figure 13 we demonstrate how the dynamics of image generation of our analytical model compares
with that one of a trained DDPM model. Note that the trained model produces noisy single-step
predictions for high noise levels ( 850). We explain this behavior by the fact that the model was
trained to predict and later re-parametrized to outpyt for the visualization. Since; ! 0 for

high noise levelxo becomes ill-de ned and thus noises the outputs.
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Figure 11: Sensitivity elds@x(x;t)=@ Xor U-Net (left) and DIT (right).Top two rows: models
trained to predict noise Bottom two rows: models trained to predict the imagg. The shrinkage
observed at high noise in the noise-parameterized models is likely due to numerical instability.

Figure 12: Sensitivity eld of the optimal denoiser.

B.7 Quantitative results for AFHQV2 and Fashion-MNIST
In addition to Table 1 in the main paper we report quantitative results for AFHQv2 and Fashion-
MNIST in Table 4. All the values are calculated across 128 samples.

Table 4: Comparison of methods across AFHQv2 and Fashion-MNIST. All metrics are averaged over
128 samples. Best results are highlighted in green and second best in maroon.

AFHQV2 Fashion-MNIST
Method rz" MSE# rz- MSE#
Optimal Denoiser -1.239 0.371 0.180 0.023 -0.137 0.344 0.254 0.077
Wiener (linear) 0.601 0.072 0.025 0.003 0.449 0.068 0.137 0.018
Kamb & Ganguli [12] 0.429 0.081 0.041 0.006 0.342 0.183 0.186 0.019
Ours 0.759 0.026 0.019 0.004 0.523 0.042 0.125 0.011
Another DDPM 0.928 0.019 0.050 0.001 0.950 0.020 0.015 0.005

B.8 Quantitative measure of novelty of samples

In this work, we focus on the ability of the trained diffusion models to generate novel samples that
contrast with the behavior of the optimal denoiser. Therefore, the ability of the analytical model to
generate novel samples is paramount. In gure 5 of the main paper (as well as in Appendix B.9) we
report the nearest neighbors from the training dataset for each sample generated with our analytical
model. To quantify these results, we report the aveta@distances between samples generated with
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Figure 13: Intermediate generation results of a trained DDPM model (rows 1 and 3) and ours (rows 2
and 4). The gure displays single-step estimationg@from eachx; along a sampling trajectory of
10 steps.

Figure 14: Mean Squared Error (MSE) between the baseline's predictions and a trained DDPM model.
The MSE is calculated oxg prediction from eaclx; point along a 10-step generation trajectory. The
results are presented on the CIFAR10 and CelebA-HQ datasets. Mean and standard deviation values
were calculated across 128 samples.

each of the baseline models and the closest image in the dataset in Table 5. Additionally, we report
the dynamics of the “novelty” measure in the generation process in Figure 15.

Table 5: We numerically quantify the ability of analytical models to produce images outside of the
training dataset. In this table, we provide the averlagelistance between images generated with the
baselines and the corresponding closest image in the training dataset. Results are averaged over 128
samples.

Method CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST
Optimal Denoiser 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Wiener (linear) 0.091 0.006 0.104 0.006 0.112 0.005 0.177 0.015 0.133 0.013
Kamb & Ganguli [12] 0.094 0.005 0.089 0.006 0.136 0.007 0.355 0.061 0.218 0.032
Ours 0.040 0.005 0.063 0.004 0.063 0.004 0.204 0.023 0.131 0.027
Another DDPM 0.079 0.014 0.087 0.010 0.095 0.013 0.103 0.023 0.067 0.015

B.9 Additional generation results

We present additional generation results similar to g. 5 of the main paper in Figures 16 to 20.
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Figure 15:L 2 distance betweexy prediction and the closest image in the training dataset reported
along a 10-step generation trajectory for 5 datasets.

C Implementation details

C.1 Sampling.

In all of the generations in this paper, we are using diffus@jsrplementation of the DDIM27]
sampler with 10 sampling steps. We discretize the noise time scal@f{0; 1000]wheret = 0 is
no noise and = 1000 is full noise. The scheduler is linear withy = 10 % and 1990 = 0:02.

C.2 Training DDPM Model

We train a Denoising Diffusion Probabilistic Model (DDPM) U-Net using a third-party pytorch
implementation [35]. We adopt the U-Net model architecture based on the input image resolution:

* MNIST/FashionMNISTimg_size = 28): 3 downsampling levels witbhannel_mult = [1,
2, 2] , base channel width 64.

* CIFAR10(img_size = 32) andCelebA-HQ/AFHQimg_size = 64): 4 downsampling levels
with channel_mult = [1, 2, 3, 4] , base channel width 128.

The number of residual blocks per level is xed to 2, with no self-attention modules included. Dropout
is set to 0.15 throughout the network. The model is trained for 200 epochs with a batch size of 32.
We use the Adam optimizer with a learning ratel6f 4 over 1000 diffusion steps. Training and
evaluation use xed random seeds for reproducibility.

C.3 Our analytical model

Below, we provide a detailed description of the implementation of our analytical model. A key
component of this implementation is the weighted streaming softmssn) that accumulates the
productxg softmax (: : :) over batches of training images.
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Algorithm 1 Single denoising step of the proposed analytical model.

Require: Noisy imagex;
Timestept
Precomputed covarian&of the data
Masking threshold
DataseX
Schedule of y and 2= 1 —

t

Ensure: Estimated clean imagly

1: U U> =S8 , . SVD of the covariance matrix
2 W, = pl—TUdiag > U’ . Current Wiener matrix

i t
3: M = Binarizd W¢; ) . Construct the projection matrix
4: wssm:init () . Initialize weighted streaming softmax
5: for each batcrxék) from X do

2

6: Dy = stack X P ﬁxgk) . Distance tok; for each image in the batch
7 Dm; = DM . Each row ofM; serves as a mask
8: wssm:update Dm=2[1 {]; xgk) . Add the distances and the value
9: end for
10: ®p = wssm:value()
11: return Rg

C.4 Baseline implementation details

Wiener lter.  To implement the Wiener matrix, we rst center each dataset to a zero mean. Then
we pre-compute the covariance matrix of the dataset. Note that this is part of “training” and these
computations were not included in the runtime report. On sampling, use the PyTorch implementation
of SVD to compute the principal components and the corresponding singular values. Finally, we are
using eq. (7) from the main paper to implem#&unt. Note that we are using the Wiener lter as a
denoiser, and when generating the images, we are still using a 10-step DDIM sampling, effectively
applying the Wiener Iter 10 times to the initial noise.

Kamb & Ganguli model. We implemented the analytical model suggested by Kamb & Ganguli in
our code base. Then we t the patch sidds of the analytical model to our trained DDPM U-Nets,
maximizing ther2 between the scores on each step of generation. For the CelebA-HQ dataset we
are using (non-equivariant) Local Score (LS) machine, for other datasets we used Equivariant Local
Score (ELS) machine. Below are the patch sizes that we obtained:

« CIFAR1032 32 [32,32, 32,29, 25, 17, 13, 9, 7, 3]
CelebA-HQ 64 64 [ 64, 64, 45, 25,17,17,9, 7,5, 3]
AFHQ 64 64 [64, 64, 45, 33, 25,17, 17, 9, 9, 3]

MNIST 28 28 [28, 28, 23, 17, 13, 13, 13, 9, 9, 9]

Fashion MNIST 28  28: [28, 25, 23, 17, 17, 13, 13, 9, 9, 5]

C.5 Algorithmic Complexity

In this section, we provide an analysis of the algorithmic complexity of our method and the baselines.
For small-resolution images, the Wiener Iter remains the most ef cie@@h?), wherem is the
attened image resolution. Both our model and Kamb&Ganguli's require a dataset pass per inference
step, leading to scaling linear im wheren is the dataset size.

Kamb&Ganguli assume translation equivariance, so for each pixel, its surrounding patqh édize
denoising step) is compared to every patch in the dataset, resultir@(inp, m?) complexity. With
approximate vector search (e.g., usknglusters), this reduces @(np;m?=k). Our model forgoes
translation equivariance as we did not observe any difference in quality. Additionally, we are using
a distinct per-pixel mask pattern. This leads to the algorithmic complexity of our algorithm being
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O(npym). For larger datasets, we can match @@p; m=k) complexity by indexing masks per
timestep and pixel. We provide the summary in Appendix C.5.

Table 6: Algorithmic complexity of the baselines. Heme denotes the attened image resolution,
the dataset sizgy the patch size at denoising ste@ndk the number of clusters used in approximate
nearest-neighbor search.

Method Wiener Kamb (exact) Kamb (approx) Ours (exact) Ours (approx)

Complexity O(m2)  O(np;m?) o nem? o(np:m) O meum

C.6 Computational resources and runtime

All the experiments were performed on a server machine Withntu 20.04 The machine has
1008GBRAM, 128CPU cores an@ NVIDIA RTX A600G5PUs with49140MBVRAM. We note

that all the baselines could be run with fewer computational resources. In Table 7 we provide the
average run times for each baseline.

Table 7: We demonstrate the computational ef ciency of each method by displaying the total sampling
time for each of the baselines over 10 denoising steps. None of the methods are optimized for runtime,
and the comparison is provided only as a rough reference. Results show times averaged over 64
samples.

Method CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST
Optimal Denoiser 7.90 18.90 10.01 0.63 0.64
Wiener (linear) 0.11 3.10 3.08 0.07 0.07
Kamb & Ganguli [12] 44.44 349.68 181.08 4.40 4.49
Ours 21.25 70.23 31455  22.39 22.97
Another DDPM 0.57 0.65 0.65 0.61 0.63

Figure 16: Additional generation results for all baselines and ours on the CelebA-HQ dataset.
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Figure 17: Additional generation results for all baselines and ours on the AFHQ dataset.

Figure 18: Additional generation results for all baselines and ours on the CIFAR10 dataset.
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