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ABSTRACT

In the age of Bigdata, Federated Learning (FL) provides machine learning (ML)
practitioners with an indispensable tool for solving large-scale learning problems.
FL is a distributed optimization paradigm where multiple nodes each having ac-
cess to a local dataset collaborate (with or without a server) to solve a joint prob-
lem. Federated Averaging (FedAvg) although the algorithm of choice for many
FL applications is not very well understood especially in the interpolation regime,
a common phenomenon observed in modern overparameterized neural networks.
In this work, we address this challenge and perform a thorough theoretical per-
formance analysis of FedAvg in the interpolation regime. Specifically, we ana-
lyze the performance of FedAvg in two settings: (i) Server: When the network
has access to a server that coordinates the information sharing among nodes, and
(ii) Decentralized: The server-less setting, where the local nodes communicate
over an undirected graph. We consider a class of non-convex functions satisfying
the Polyak-Lojasiewicz (PL) condition, a condition that is satisfied by overpa-
rameterized neural networks. For the first time, we establish that FedAvg un-
der both Server and Decentralized settings achieves linear convergence rates of
O(T?/?log(1/€)) and O(T?log(1/e€)), respectively, where ¢ is the desired solu-
tion accuracy, and 7" is the number of local updates at each node. In contrast to the
standard FedAvg analysis, our work does not require bounded heterogeneity, vari-
ance, and gradient assumptions. Instead, we show that sample-wise (and local)
smoothness of the local loss functions suffices to capture the effect of heterogene-
ity in FL training. Finally, we conduct experiments on multiple real datasets to
corroborate our theoretical findings.

1 INTRODUCTION

Federated learning (FL) is a distributed machine learning scenario which allows the edge devices to
learn a shared model while maintaining the training data decentralized at the edge devices Konecny
et al.| (2016)); McMahan et al.|(2017). This avoids the need to share the data with a central server and
hence preserves privacy of the individual clients (edge devices). Assuming a supervised learning
setting, where each of the IV clients having access to some local data (x,y) ~ Dy, from distribution

Dy, with k € [N] aim to solve the FL Problem: min,ecps ®(w) = + Zgzl D (w), where
Pp(w) = E(g,y)op, lk(fw(®),y) is the average loss at the client & € [N] for the input feature
vector ¢ € X, and the corresponding output label y € ). Here, f,, () is the output of the model

parameterized by w € R

The de-facto standard for solving the above FL. Problem is the simple Federated Averaging (Fe-
dAvg) algorithmMcMabhan et al.|(2017)). In recent years, many works have attempted to characterize
the convergence of FedAvg under different settings (Stich, |2018; [Li et al., [2019; |[Woodworth et al.,
2020a; Ma et al 2018 [Yu et al.l 2019b). For example, the authors in |Stich| (2018) show a conver-
gence rate of O (1/Ne) for minimizing strongly convex functions while [Haddadpour & Mahdavi
(2019) establishes similar rates for minimizing functions satisfying Polyak-Lojasiewicz (PL) condi-
tion. Here, € refers to the desired solution accuracy. For minimizing non-convex smooth functions,
FedAvg achieves a convergence rate of O(1/Ne?) (Karimireddy et al., 2020b} Yang et al., 2021).
However, in practice, it has been observed that FedAvg converges at a much faster rate compared
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Figure 1: log-training loss versus communication rounds for overparameterized Deep Neural Net-
works (DNNs) and a simple regression model.

to the rates demonstrated in these works. To illustrate this fact, in Figure [I] we plot the behavior
of the training loss (on a log scale) as a function of communication rounds for FedAvg to solve
classification tasks on MNIST, FMNIST and CIFAR-10 data sets (for experimental details please
see Section[d). It is clear from the plots that the losses decrease linearly as a function of commu-
nication rounds. This implies that the standard analyses of FedAvg lacks theoretical explanation
of this linear convergence as shown in Fig. In this work, we attempt to fill this gap and per-
form a thorough theoretical analysis of FedAvg in the interpolation regime under two settings; the
Server setting, when the network has access to a server that coordinates the information sharing
among clients, and the Decentralized setting also referred to as the server-less setting, where the lo-
cal nodes communicate over an undirected graph. Under both these settings we establish the linear
convergence of FedAvg for minimizing a class of non-convex functions satisfying the PL inequality.
We note that PL inequality plays a key role in the training of overparameterized systems. Specifi-
cally, many works have shown that the loss function of an overparamterized neural network satisfies

the PL inequality (Bassily et al., 2018}, [Liu et al.l 2020). Furthermore, our analysis reveals that the
standard but restrictive assumptions of bounded gradients (Yu et all, 2019b}, [Stichl, 2018}, [Li et al.

2019} [Koloskova et all, [2020), heterogeneity (Yu et al., [2019a; [Woodworth et al., 2020b; [Yu et al.
2019a)), and variance (Woodworth et al,2020bj |Qu et al., 2020) can be avoided while guaranteeing

this linear convergence of FedAvg. Next, we list the major contributions of our work.

e We analyze the convergence of FedAvg in the Server setting which consists of a single server
communicating with several clients (McMahan et al.} 2017). In this setting, we show that to achieve
an e-accurate solution FedAvg in the interpolation regime requires R ~ O (T3/ 2log (1/ e)) rounds
of communication, where T is the number of local SGD updates.

o We consider the Decentralized setting where N distributed clients communicate over an undirected
graph G. Similar to the Server setting, we show that to achieve an e-accurate solution Decentralized
FedAvg requires R ~ O (T 2log (1/ e)) rounds of communication. We also characterize the effect
of the network topology on the performance of Decentralized FedAvg. Moreover, our proof tech-
nique utilizes a novel induction based analysis for establishing this convergence.

o Our theoretical results under both the Server and the Decentralized settings do not require assump-
tions such as bounded heterogeneity, gradient and variance. We show that sample-wise smoothness
of the stochastic loss functions suffices to capture the effect of data heterogeneity among different
clients (Bassily et al.,[2018) while avoiding the need to impose these restrictive assumptions.

e Finally, to corroborate our theoretical findings we present experimental results using various
datasets such as MNIST, FMNIST, CIFAR-10 and Shakespeare, under different settings.

Related Work: FedAvg first proposed in (McMahan et al} 2017), has been extensively studied
in the server setting and with homogeneous data (see Stich| (2018)); Wang & Joshi| (2018); Khaled
let al] 2019); [Yu et al.| (2019b); Wang et al| (2019); Yang et al.| (2021)). Recently, many works have
adapted the analyses of FedAvg for minimizing the non-convex losses in the heterogeneous data
settings. We note that most of the works (see|Yu et al.|(2019a));|Yang et al.|(2021)); [Karimireddy et al.|
(2020b)) establish the convergence rate of O(1/Ne?) to an e-stationary point under the bounded
heterogeneity setting. It is also worth noting that numerous works have proposed variants of FedAvg
with different local update rules (e.g., variance reduction, momentum SGD, adaptive updates, etc.)
with the goal of improving the performance of FedAvg (Karimireddy et al., [2020b; [Sharma et al.}
[2019; [Liang et all, 2019} [Khanduri et al] 2021}, [Karimireddy et al.l [2020a). However, in practice
FedAvg remains the algorithm of choice for training large FL systems.
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Table 1: Comparisons with the existing work. Here, (s), (d), SC, C and NC represent Server,
Decentralized, Strongly convex, Convex and Non-convex settings, respectively.

| ALGORITHM | CONVERGENCE | EXTRA ASSUMPTIONS | SETTING
Local SGD (Stich|[2018) (s) O (1/Ne) Bounded gradient sC
Local SGD (Yu et al.|[2019b) (s) O (1/Né?) Bounded variance, smoothness NC
Local SGD (Haddadpour et al./[2019) (s) O(1/Ne) Bounded variance, smoothness NC
FedAvg (Qu et al.|[2020) (s) O (Tlog(1/e)) Bounded Gradient, Bounded Variance Overparameterized SC
Local SGD (Woodworth et al.2020b] (s) O (1/N€?) Bounded Variance C
Local SGD (Woodworth et al.[[2020a} (s) O (1/Né?) Bounded Variance C
PR-SGD (Yu et al.|2019a] (s) O (1/Né?) Bounded Variance NC
FedAvg (Karimireddy et al.][20206) (s) O (1/N&) Bounded féﬁdﬁ;‘e‘rgg::e“i‘[ly“r“y NC
OUR WORK (s) O(T3/?1og(1/€)) Smoothness Overparameterized NC
NFSGD (Haddadpour & Mahdavi.:2019) (d) 0 (=) [ Bounded local variance [ NC
DECENTRALIZED SGD (Koloskova et al.}[2020} (d) O (log (1/€)) | Bounded Variance, Bounded heterogeneity | Overparameterized SC
OUR WORK (d) O(T?log(1/¢)) Smoothness Overparameterized NC

A few works that have also analyzed the performance of Fedvg in the decentralized setting as well.
In (Haddadpour & Mahdavi,2019; Yu et al.,|2019a), the authors analyze the convergence of FedAvg
under both server and decentralized setting with bounded gradient dissimilarity assumption and
establish a convergence rate of O(1/Ne?) for minimizing smooth non-convex objectives. We note
that all the above works provide a sublinear rate of convergence for FedAvg, however, as illustrated
in Fig. [T} FedAvg converges at a much faster rate in practice. To understand this behavior of FedAvg,
in this work we analyze the performance of FedAvg under both server and decentralized settings for
minimizing a special class of non-convex functions satisfying PL inequality under the interpolation
regime. We note that overparameterized neural networks/systems usually operate in the interpolation
regime while their loss functions have been shown to satisfy the PL inequality.

The linear convergence of centralized SGD in the interpolation regime for minimizing PL objectives
was first established in Bassily et al.| (2018). Recently, (Qu et al., 2020) showed linear convergence
rate of FedAvg in the server setting for minimizing strongly-convex objectives in the overparame-
terized regime. Similarly, the authors in (Koloskova et al., [2020) have also established the linear
convergence of FedAvg in the decentralized setting for minimizing strongly-convex losses in an
overparameterized setting. The above works only focus on analysis of FedAvg for the strongly-
convex objectives in the overparameterized regime while we focus on the more general class of
non-convex functions satisfying the PL inequality. Moreover, compared to other works that assume
restrictive bounded gradient, heterogeneity, and variance assumptions, we show that such assump-
tions can be avoided by using a sample-wise smoothness assumption. Table[T] presents a summary
of the above discussion. Please refer to Appendix [A.2]for a detailed literature review.

2 Server FEDAVG

In this section, we present the classical FedAvg algorithm in the server setting and prove its conver-
gence. The FL setup consists of a set of N clients and a central server. The clients collaborate with
the help of the server to solve the F1. Problem stated in Section m As noted earlier, a standard
algorithm to solve the FI. Problem is FedAvg (McMahan et al.,|2017). FedAvg executes in two
major steps, namely the local SGD step and the aggregation and broadcast step by the server. The
main steps of FedAvg are discussed below, and are outlined in Algorithm T}

1. Initial Broadcast: The central server broadcasts the initial model parameters denoted
w? to all the clients at the beginning, i.e., in the round = 0. See steps 1 and 3 of Algorithm

2. Local updates: Each client performs 7" local SGD updates starting from the initial model
received from the server. To compute the stochastic gradient, each client & € [N] uniformly
samples a batch of size b denoted by BZ’t. The resulting model after 7" local updates in the 7-th
communication round, wz’T, is shared with the server. See steps 6 and 7 of Algorithm

3. Aggregation and Broadcast: In the r-th global communication round, the central
server computes an average, w’, of the received models from the individual clients. The server

then broadcasts the aggregated model w" to all the clients. The steps (2) and (3) are repeated
for R communication rounds. See steps 11, 12 and 3 of Algorithm ]
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Algorithm 1: FedAvg McMabhan et al.| (2017)

1 INmiaLize {w)’ = w®}, wy, € RY for k € [N]
2 forr=0,1,...,R—1do

3 BROADCAST w" to the nodes k € [N]
5 fort=0,1,...,7 —1do
6 for devices k € [N] do
7 SAMPLE A BATCH B} and |B}*| = b
t RS R t
8 SGD step on w;, " for k € [N]: wi™ = wp" — 137 g VO j (wy")
9 end
10 end
1 RECEIVE w)’ from nodes k € [N]
12 | AGGREGATION step : w1 = L 7N awp”
13 end

In this work, we for the first time establish linear convergence of FedAvg in the interpolation setting
for non-convex loss functions (satisfying PL condition) (Bassily et al., [2018)). It is important to
note that the proof of convergence provided in [Bassily et al.[(2018)) for centralized SGD cannot be
directly extended to the FL setting of Algorithm[I] The major challenge in the analysis is presented
by the phenomenon referred to as client drift where the local models drift apart with multiple local
SGD updates because of data heterogeneity. Naturally, the analysis involves bounding the client
drift in terms of the loss function, which is challenging, and non-trivial. Moreover, without making
bounded gradient and bounded heterogeneity assumptions, it remains an open challenge on how to
control this client drift. In this work, we show that this drift can in fact be controlled with sample-
wise smoothness assumption and a careful analysis of the drift term. To analyze the convergence of
Server FedAvg, we make some standard assumptions as discussed next.

2.1 ASSUMPTIONS

In this section, we present the assumptions and definitions used in the paper.

Definition 1. (L-Smoothness): The function ® (u) is said to be L smooth if there exist a constant
L > 0 such that |V® (u1) — V® (u2)|, < L|lus — uzll, for any uy,us € R Note that this

implies ® (u1) < @ (us) + (VO(u2), us — us) + £ lus — us||? for any uy, uy € RY.

Definition 2. (e-accurate solution): A point w € R? is called an e-accurate solution if ®(w) —
O(w*) < € where w* € argming,cga P(w). A stochastic algorithm is said to achieve an e-
accurate solution in r rounds if E[®(w") — ®(w*)] < € where expectation is taken over the
stochasticity of the algorithm.

Assumption 1. (Interpolation (Bassily et al., 2018)): We assume that there exists a w* € R? such
that the per sample loss Oy, ; (w*) = 0 for all samples j € [b].

Assumption 2. (PL inequality): The loss function ® (v) satisfies the PL inequality, i.e.,
[V® (v)||> > p® (v) for some i > 0 and for all v € R Further, the local loss functions
@y, (v) for all k € [N] are also assumed to satisfy the PL inequality, henceforth referred to as local
PL inequality, i.e., |V ® (v)||> > px®y (v) for some py, > 0 and for all v € R%.

Assumption 3. (Sample-wise, Local and Global smoothness): The functions Oy ;(-) for all j €
[b], k € [N] are assumed to be lj, j-smooth. The local functions ®(-) for all k € [N] are assumed
to be Ly-smooth. The above assumptions imply |V ®y, ; (w)|]* < 2, ik ; (v) and ||V Oy (v)]]> <
2L, Dy, (v) forall k € [N] and j € [b]. We also assume the global loss ®(-) to be L-smooth.
Assumption 4. (Unbiased Gradient and Loss function): We assume that the estimates of the gra-
dient and the loss function at each client k € [N| is unbiased, i.e., E[V®y, ; (w)] = V@ (w) and
E [, (w)] = ) (w) for any j € [b] and w € R

Note that the above assumptions, including interpolation, PL inequality and smoothness are stan-
dard assumptions made by several authors in the past (Bassily et al., 2018} |[Karimi et al., [2016} |[Ma’
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et al., 2018} [Nguyen & Mondelli| 2020). For example, the authors in Bassily et al.| (2018); [Liu et al.
(2022); |Karimi et al.| (2016)); [Haddadpour et al.| (2019) assume PL inequality along with sample-wise

smoothness to prove linear convergence of SGD in a centralized setting for the interpolation regime.
Importantly, it must be noted that the PL inequality plays an important role in the analysis of overpa-
rameterized neural networks. Specifically, many works have shown that the overparameteried neural
networks satisfy the PL inequality (Liu et al.,2020; Nguyen & Mondelli, 2020; Nguyen et al., 2021}
Allen-Zhu et al} 2019). Moreover, we note that the assumption on sample-wise smoothness is not
very strict since any neural network with smooth activation will satisfy this assumption. Although
the above does not cover neural networks with non-smooth activations (like ReLLU), it is known
that such activations can be approximated to arbitrary accuracy by a kernel based smooth activation
function (Nguyen & Mondelli, 2020} Eq. 2). Next, we present the first main result of the paper. The
detailed proof is presented in Appendix [A-4]

2.2 CONVERGENCE OF Server FEDAVG

1
. ' . )4 2 p L? pmin p 2
Theorem 1. Under Assumptions|l ﬁ choosing n < min {#, i ol ot ot (T3 C4) },

the iterates generated by Algorithm|l|satisfy

Efew) < (1- %) @ () . )

where, (1 1= 4 (Hlmaz 4 2LLmae 4 oL 1,0, G = 2( Hmge | L ](,”‘“E + LL?

max |’

C3 = 2(l—mawb max _|_ 77Laxb(b 1)) and C4 = SLQ( max + 2b(b 1)Lmam>’ ﬂmzn

mingenj{tr} lmae = maxy, j lg j and Lyyqq = maxy Ly,

Next, we characterize the sample complexity of FedAvg.

Corollary 1. Under the setting of Theorem[I| to achieve an e-accurate solution, Algorithm|]|
requires R = O ((T%/%/p) log (® (w") /€)) rounds of communication.

Corollary [T]establishes the linear convergence of FedAvg in terms of the number of rounds required
to achieve an e-accurate solution. From Corollary [I] we also observe that as the number of local
updates, 7', increase the global communication rounds also increase. Note that this is expected since
more local updates result in client drift, thereby, requiring more communication rounds to reach the
e-accurate solution. Note that we can control the effect of client drift by choosing the learning rate
appropriately, i.e., n ~ O(1/ T3/ 2), and as a consequence, we need to choose the global rounds to
be of the order of O(T"%/2). However, note that Corollary || captures the worst case behavior of Fe-
dAvg. Ideally, one would expect the convergence performance (in terms of communication rounds)
to first improve with 7" and then worsen as 7' increases beyond a threshold as also observed in
(2019b{b). A more fine grained study reveals that this is in fact the case for our analysis as
well. Below, we discuss the effect of the local updates on the performance of FedAvg.

Effect of Local Updates: Our analysis shows that the convergence performance is not always a
monotonic function of 7'. To see this, we refer the readers to equation[21]in the Appendix, which re-
veals that for a fixed 17 < 4/, the first term decreases with T" while the second term increases. This
implies that if T < Ty, the first term dominates (for 1 small enough) and the convergence perfor-
mance improves as 7T’ increases, however, as T' > Ty, the second term dominates and the convergence
performance degrades as T increases. This implies that an optimal choice of T" = Ty, exists, and is a
solution to (1 — nu/4)" = L2 (T —1)* (2lmaz /b + 2b(b — 1) Lynaz/b?). Note that for a fixed 1,
the optimal 7' is independent of the communication rounds r. Later we present experimental results
to corroborate this behavior. For the clarity of presentation and better interpretability of the result,
Corollary [Tjonly focuses on the general result establishing linear convergence of FedAvg.

We also note that the variance in our theoretical results is implicitly controlled by the smoothness
assumption of the loss function. In the theoretical analysis, the dependence on the batch size, b is
captured by the bound on the learning rate 7 in Theorem[I} It is clear from above that a smaller
batch size implies smaller 1 and, thereby, a slower convergence rate. In contrast, a larger batch-size
allows us to choose a larger step-size, thereby, leading to a faster convergence rate.
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The best known rate for FedAvg for minimizing the strongly-convex objectives in the overapram-
eterized regime is O(exp(—NR/T')) with bounded variance assumption Qu et al.[(2020). These
assumptions are seldom satisfied, and hence are of limited applicability. In contrast, our analysis
without the need of any variance or heterogeneity assumptions achieves O (exp(—pR/8T%/?) rate
for minimizing a much harder class of non-convex problems satisfying PL inequality. Further, note
that the theorem also reveals the effect of data heterogeneity on the performance of FedAvg, for ex-
ample, the choice of step-size will be limited by the worst case smoothness constants as well as the
PL inequality parameter fi,,,;,’s among all clients. Finally, we present the proof sketch of Theorem
[T]and discuss the major challenges in the proof.

Proof Sketch of Theorem [T and Challenges: In FedAvg setting, the individual nodes execute
multiple local updates. This leads to a phenomenon termed as “client drift”, wherein, the local
models drift apart from each other because of heterogeneity in the local datasets. The first step
is to establish descent in E [<I> (Qr’t“ﬂ in terms of the client drift, see equation Note that
this expression is independent of the variance, and proving this requires a careful application of the
smoothness and the PL inequality, as in equation[I3]and equation 2T} Next we bound the drift term
in Lemmal[l] In standard FedAvg analyses, this drift is controlled using the bounded heterogeneity
(or gradient) assumptions. However, guaranteeing convergence of FedAvg without making bounded
heterogeneity (or gradients) assumption is unclear. Therefore, the challenge lies in bounding this
drift in terms of the local loss (see equation [7), and then relate it to the global loss (see Lemma
[2). These steps require us to again carefully use the smoothness and PL inequality. Note that our
analysis is the first to establish fast (linear) convergence of FedAvg for minimizing PL functions in
the interpolation regime without imposing any assumptions on the local data distributions. In the
next section, we extend our analysis and results to a decentralized learning scenario.

3  Decentralized FEDAVG

In this section, we present the Decentralized FedAvg algorithm, and prove its convergence. The
Decentralized setting consists of N distributed edge devices which are represented using a connec-
tivity graph G € (V, £). Here, V € [N] is the vertex set or clients, and £ C {V x V} represents the
edges of the graph. Any edge (¢, j) € £ represents a connection between node ¢ and j. Further, the
connections are represented using mixing matrix P = [p; 1] € RY*N_ where p; , = 0 if there is no
edge between node ¢ and k i.e., (i, k) ¢ &, else py; > 0J'| The algorithm for Decentralized FedAvg
is presented in Algorithm 2] while in the following, we provide an outline:

1. Initialization: Each client k € [N] initializes the model parameters denoted by w at
the beginning, i.e., in the round r = 0. See Step 1 of Algorithm[2}

2. Local updates: Each client performs 7' local SGD updates starting from the model pa-
rameters obtained by the aggregation of the updates from neighbouring clients. To compute the
stochastic gradient, each client & € [N] uniformly samples a batch size b denoted by B};’t. The
resulting model parameters after 7" local rounds in the r-th global round are denoted by wZ’T

which is sent to all the neighbouring clients of k. See Steps 6 and 7 of Algorithm 2] Note that

this procedure is similar to the local update step in the FedAvg case.

3. Aggregation: Inthe r-th global communication round, each client & € [N] computes a local
average of the model parameters received by its neighbors. The aggregate model is denoted by
w},. The steps (2) and (3) above are repeated for R rounds. See Steps 11, 12 of Algorithm[2}

Below, we present the convergence result of Decentralized FedAvg algorithm.

3.1 CONVERGENCE OF Decentralized FEDAVG

In this section, we prove that the Decentralized FedAvg algorithm converges linearly to the global
optimum for any smooth non-convex function satisfying PL inequality in the interpolated regime.
Compared to the FedAvg this case poses several challenges. In particular, for Decentralized FedAvg
we need to handle two drift terms, namely local drift and the global drift. Local drift refers to the
update at each client drifting away from the average obtained from the neighboring clients while

'In our analysis, we have assumed p; 1, = % whenever p; ;. > 0. Here, d; is the degree of the i-th node.
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Algorithm 2: Decentralized Federated Averaging Algorithm (Decentralized FedAvg)

1 INmiaLize {w)” = wl}, wy, € R? for k € [N]
2 forr=0,1,...,R—1do

3 INITIALIZE wj, to the device k € [N]
5 fort=0,1,...,7 —1do
6 for devices k € [N] do
7 SAMPLE A BATCH BZ "and By = b
8 SGD step on w;* for k € [N]: wp'™' = wp' — = ZjeB;*‘ Vo, ; (w))
9 end
10 end
1 RECEIVE w)’" from clients k € [N]
12 AGGREGATION step : w} =Y ien, Phw;’ nT

13 end

the global drift refers to the average obtained from the neighboring clients drifting away from the
global average. To derive the convergence of FedAvg, we employ a novel induction based proof
technique and perform a carefully calibrated analysis which can be of independent interest to the
research community. In addition to the Assumptions [T}4] our analysis also relies on the following
assumption on the mixing matrix (Koloskova et al.| 2020).

Assumption 5. The mixing matrix P is assumed to be symmetric, i.e., P = P, and doubly stochas-
tic,ie, P1=1,1T"p =17

The above assumption covers all networks that are symmetric, for example, fully connected, ring
topology etc. In the following, we provide our main result for the decentralized FedAvg. The
detailed proof is presented in Appendix[A.3]

Theorem 2. Under Assumptions choosing
1 1
<min B e R B R RN Y - ) y T~ 3 ’
= {u L pimin 4G 26" 8 \ T3 )\ GT? ) " &0 CG6T? G "\ T%Cs

the average total loss of the Decentralized FedAvg algorithm satisfies

E[® (w™)] < A7 (A Y4y LL, BTN (r + 1)2) o (w”), 3)
where \ £ (1"‘%) )\%, Y > ?; Ly, = maX{Lmam mafﬁN} 5 %
2
Pomin 2= Mingen{r}, Lmae 1= maxy Ly and A := max (( ”8“) )\) In the above,
G o= 4 (2le,a,.7: + 2LL‘m,a:n =+ 2LLTTL(L.L) G = 2( Llnas _|_ ma'r _|_LL?MM) (3 =
t)zllm;:nm maz | 16'7L)\2 mazs (1 1= GZnLaT:mm,,T 4 AN 7L2 Cp = 2 (BZWIZ:WLW” —|—L)

G = el G o= 2 [lmacmar 4 Baaal®D] ¢ = B NRA and G =
ALL,B(r +1)3\

Now, in the following, we characterize the sample complexity of Decentralized FedAvg.

Corollary 2. Under Assumptions to achieve an e accurate solution, Algorithm|2| requires
R=0 (Tg/umm log (<I> (QO)/G) number of communication rounds.

Corollary [2] shows that even in the Decentralized setting, FedAvg is capable of achieving linear
convergence. Observe from Theorem [2] and the corollary above that an e-accurate solution can be
achieved if the number of global communications rounds R scales as O(7?). We know that for the
Server FedAvg algorithm (complete graph), the second maximum eigenvalue A5 is 0. In that case,
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Figure 2: Training loss on different datasets versus the communication rounds for FedAvg in the
Server (see (a) and (b)) and Decentralized (see (c) and (d)) setting.

the second term on the right hand side of equation [3] goes to zero and we are able to recover the
result in Theorem for the Server FedAvg algorithm. However, R is of the order T2 as apposed to
T3/2 in the Server case. This is an artifact of our analysis, and we believe that an order of 73/2 can
be recovered, which is relegated to the future work. By doing a fine grained analysis, one can show
that the effect of local updates I" on the convergence is quite similar to the server setting. We do not
present the result that we obtain after the fine grained analysis in Theorem [2]and Corollary [2]

Effect of Network Topology : The effect of Decentralized clients is captured through the term
involving Aq. In particular, if Ay # 0, then the convergence is relatively slower due to the second
term, i.e., 4174LLm BT?\2 (r+ 1)2 and I',,. Although the above result holds good only for networks
with symmetric and doubly stochastic mixing matrix, we believe that similar results hold good even
in the general setting as well, and can be proved using the technique developed in this paper.

Again, this is the first result establishing linear convergence of FedAvg in the decentralized setting
when minimizing non-convex functions satisfying PL-inequality in the interpolation regime. Next,
we present a sketch of the proof and its challenges.

Proof Sketch of Theorem2]and Challenges: In addition to the challenges mentioned in section[2.2]
the Decentralized setting poses several new challenges. Unlike server setting, as a consequence of
the execution of local updates within each communication round, the nodes do not have consensus.
This implies that in the decentralized setting, we need to control the consensus error in addition to
the client drift (see Sec.[2.2). We handle this challenge by bounding the loss in terms of the drift
term that captures both local and global drifts as in Lemma [3] Further, we bound the drift term
which depends on the average loss, leading to two coupled equations; this leads to a new challenge
in proving the result. We use a novel application of induction principle to prove linear convergence
of both the average loss and the drift. Many distributed machine learning problems lead to such
coupled equation, which can be handled in the way described in this paper. Hence, the technique
can be of independent interest. In the next section, we present the experimental results.

4 EXPERIMENTAL RESULTS

In this section, we experimentally validate our theoretical findings for the server and the decentral-
ized versions of FedAvg. First, we present the experimental setup for both the settings.

Server FedAvg: Here we consider the FedAvg algorithm with a central server that communicates
with 60 or 25 edge devices that run several rounds of local SGD before sharing the model with the
server. We consider the following models to validate our theory: (i) a simple regression and Deep
Neural Network (DNN) models under overparameterized setting for image classification tasks on
CIFAR-10, MNIST, and FMNIST datasets (no. of devices = 60), and (ii) DNN under underparame-
terized and overparameterized settings for next-character prediction task using Shakespeare dataset
(no. of devices = 25). Refer to Appendix [A.7]for more details of the experimental setup.

Decentralized FedAvg: In this setting, we run Algorithm [2] for the following networks (i) ring,
(i1) random doubly stochastic, and (iii) torus topologies. The neural network architecture and the
datasets considered are same as the server setting discussed above.

In the above settings, we compare (a) the performance of server/decentralized FedAvg with both
underparametrized and overparameterized neural network models, (b) effect of topology on the con-
vergence (only decentralized case), and (c) effect of local updates on the convergence. Figure [2]
plots the training loss for FedAvg in the Server and Decentralized setting for underparameterized



Under review as a conference paper at ICLR 2023

Local iterations Local iterations 2251 | Local iterations 22 Local iterations
1 1 1 1
10
50

|
2000 |, 200 | —1

—L le*H v s

50 0]75 1 50 SIB

.g‘ls \

L1

I s X
/|E2

\ — 10

Training Loss

Training Loss

B
= |

10

- ! HNW u’i\“\'wHWﬂ}p

250 o B

&
74

08

180 175 200 ] 160 260 300

E Ca—
# Communication Rounds # Communication Rounds

o s 360 350 3

0 100 0 200 250 50 00 260
# Communication Rounds # Communication Rounds

(a) (Server) FedAvg (b) (Decentralized) FedAvg (c) (Server) FedAvg (d) (Decentralized) FedAvg

Figure 3: Effect of T" on the convergence of FedAvg in the Server (see (a) and (b)) and Decentralized
(see (c) and (d)) setting for simple regression and CNN model.

and overparameterized models on different datasets. As established in Theorems [T]and [2] the loss
of FedAvg in the Server and Decentralized settings diminishes rapidly for the overparameterized
models compared to the underparameterized models. This is due to the fact that the PL inequality
is satisfied for overparameterized systems which helps to reach the global optimum at a linear rate
as demonstrated by Theorems[Tand 2] Additional experiments depicting the testing performance of
FedAvg on different models and under different settings are included in Appendix [A.7]

Effect of local updates 7': Figure [3] shows plots of the
training losses on MNIST dataset for the FedAvg under

2.0 Topologies

— conmlied the Server and Decentralized settings on the overparame-
15 — ting terized regression model and the CNN. From equation[2T}

—— random doubly stochastic

we see that as 7' increases, the convergence speed ei-
ther decreases or increases depending on the coefficient
of T? in the second term. We capture this phenomenon
in Fig. 3] In particular, as 7" increases, the rate of con-
00 vergence increases for simple regression model while it
o s 10 o150 200 o250 300 350 decreases/saturates for the CNN based DNN model. One
plausible explanation is that the smoothness constants of
Figure 4: Training loss versus the com- simple regression is small, and hence results in smaller
munication rounds for FedAvg in the second term in equation 2T} However, for CNN based
decentralized setting. Here, random DNN, the second term dominates, and hence results in
doubly stochastic case has 5 clients slower convergence with T'.
while for others we have used 60 clients.

Training Loss
-
o

o
o

Comparison with different topologies in the Decentral-

ized case: Figure [4] shows the training loss versus the
communication rounds R for overparameterized CNN model using MNIST dataset with 7" = 10
for four different topologies. Since centralized topology has Ay = 0, it outperforms the network
with ring topology and a random (doubly) stochastic matrix. However, the torus topology does not
satisfy the conditions required, i.e., symmetric and doubly stochastic matrix, and hence cannot be
used for corroborating our theoretical findings. Nevertheless, we have conducted experiments with
torus topology, and Figure [4] shows that the torus has the worst convergence performance. One rea-
son for this could be that the ring topology has more structure, i.e., it has a symmetric and doubly
stochastic mixing matrix P as opposed to the torus topology. The theoretical analysis of networks
with general topology is relegated to our future work.

Conclusion: In this work, we performed a theoretical analysis of the well known FedAvg algorithm
for the class of smooth non-convex overparameterized systems in the interpolation regime. We con-
sidered two settings, namely (i) Server setting where the central server coordinates the exchange of
information, and (ii) Decentralized setting where nodes communicate over an undirected graph. In
this regime, it is well know that neural networks with non-convex loss functions typically satisfy an
inequality called Polyak-Lojasiewicz (PL) condition. Assuming PL condition, we showed that in
both the settings, the FedAvg algorithm achieves linear convergence rates of O(7°/?log(1/¢)) and
O(T?log(1/¢)), respectively, where e is the desired solution accuracy, and T is the number of local
SGD updates at each node. As opposed to standard analysis of FedAvg algorithm, we showed that
our approach does not require bounded heterogeneity, variance, and gradient assumptions. We cap-
tured the heterogeneity in FL training through sample-wise and local smoothness of loss functions.
Finally, we carried out experiments on multiple real datasets to confirm our theoretical observations.
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A APPENDIX

A.1 NOTATION

We use bold small letters to denote vectors, and capital bold letters for matrices. We denote the
expected value of a random variable X by [E [X]. We denote lo-norm by ||.||, and the Frobenius norm
by ||.|| z- Also (., .) denotes the inner product space. The cardinality of a any set 13 is represented by
|B]. We use the standard notation O(n) to denote the order of n. For a vector valued function ®(w),
the gradient is denoted by V®(w), and the Hessian is denoted by V2®(w). We use 1 to represent
a column vector with all ones. We use [N] to denote the set {1,2,..., N}.

A.2 RELATED WORK

After the introduction of the FedAvg (McMahan et al., 2017, multiple works have analyzed the
convergence of FedAvg in the server setting and with homogeneous data, i.e., when the data is i.i.d
across clients (see |Stich/ (2018); [Wang & Joshi| (2018)); |Khaled et al.| (2019); |Yu et al.[(2019b); |Wang
et al.| (2019); |Yang et al| (2021))). The authors in (Stichl 2018)) were the first to obtain a rate of
O(1/Ne) for strongly convex and smooth problems. Later (Haddadpour et all, 2019; [Haddadpour
& Mahdavi, 2019) proved a similar result but for non-convex functions satisfying PL inequality. In
(Woodworth et al., 2020a), the authors analyzed the trade-off between Minibatch and Local SGD
in the homogeneous settings and established O(1/Ne?) convergence rates for minimizing smooth
convex objectives. The analysis of FedAvg for the general non-convex settings was first performed
in Yu et al.| (2019b) where the authors establish a rate of O(1/N¢?). Recently, many works have
adapted the analyses of FedAvg for minimizing the non-convex losses in the heterogeneous data
settings. For example, |Yu et al.| (2019a) extended the results of |Yu et al.| (2019b) for the heteroge-
neous data setting. Specifically, the authors in (Yu et al.,[2019a) utilized a Momentum SGD updates
and established the convergence rate of O(1/N¢e*) under bounded heterogeneity setting. The work
(Karimireddy et al., 2020b)) also provided a tight analysis for FedAvg and established linear speed-
up with the number of clients. Recently, (Yang et al., [2021) analyzed the linear speed-up effect of
FedAvg while (Khanduri et al.| 2021) analyzed the trade-off between the batch sizes and the local
updates. We note that all these works establish a convergence rate of O(1/Ne?) for minimizing non-
convex smooth losses in the bounded heterogeneity setting. It is also worth noting that numerous
works have proposed variants of FedAvg with different local update rules (e.g., variance reduction,
momentum SGD, adaptive updates, etc.) with the goal of improving the performance of FedAvg
(Karimireddy et al. [2020b; [Sharma et al., 2019} [Liang et al.l 2019} [Khanduri et al., 2021} |2020;
Karimireddy et al.,[2020a} [Das et al.| [2022)). However, in practice FedAvg remains the algorithm of
choice for training large FL systems.

There are a few works that have analyzed the performance of Fedvg in the decentralized settings.
One of the initial works, (Lian et al.,2017) considered a decentralized parallel SGD (D-PSGD) and
provided convergence rate of O(1/Ne”) for minimizing smooth non-convex functions. Later, (Had-
dadpour & Mahdavi,2019) analyzed the convergence of FedAvg under both server and decentralized
setting with bounded gradient dissimilarity assumption. The authors showed a convergence rate of
O(1/N¢€?) for minimizing non-convex functions in both the server and decentralized settings. The
authors in|Yu et al.|(2019a)) also extended the analysis of Momentum SGD to decentralized networks
and established a convergence of O(1/Ne?) for minimizing non-convex functions. All the above
works provide a sublinear rate of convergence for FedAvg, however, as illustrated in Fig. |1} FedAvg
converges at a much faster rate in practice. To understand this behavior of FedAvg, in this work
we analyze the performance of FedAvg under both server and decentralized settings for minimiz-
ing a special class of non-convex functions satisfying PL inequality under the interpolation regime.
We note that overparameterized neural networks/systems usually operate in the interpolation regime
while their loss functions have been shown to satisfy the PL inequality (Liu et al., 2022]).

The linear convergence of centralized SGD in the interpolation regime for minimizing PL objectives
was first established in Bassily et al.|(2018)). Recently, (Qu et al.,[2020) showed linear convergence
rate of FedAvg in the server setting for minimizing strongly-convex objectives in the overparame-
terized regime. Similarly, the authors in (Koloskova et al., 2020) have also established the linear
convergence of FedAvg in the decentralized setting for minimizing strongly-convex losses in an
overparameterized setting. The above works only focus on analysis of FedAvg for the strongly-
convex objectives in the overparameterized regime while we focus on the more general class of

13
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non-convex functions satisfying the PL inequality. Moreover, compared to other works that assume
restrictive bounded gradient, heterogeneity, and variance assumptions, we show that such assump-
tions can be avoided by using a sample-wise smoothness assumption. Table [I] presents a summary
of the above discussion.

In a separate line of work, the linear convergence of SGD (and GD) for optimizing overparameter-
ized neural networks/systems with specific activation functions, network widths, and assumptions
on data and loss functions has been established (Zou et al.,[2020; L1 & Liang, 2018} /Allen-Zhu et al.|
2019; Jacot et al., 2018 Du et al.l 2018} |Chizat et al., 2019; Nguyen & Mondelli, 2020). Recently,
the works in (Huang et al.|[2021; Deng et al.|[2022) have extended some of these specific neural net-
work architectures to FL settings. However, we note that these works are orthogonal to our setting
as we consider a general setting without assuming a specific model to be learned.

A.3 USEFUL LEMMAS

In this section, we state two Lemmas that will be used in proving our main results.
Lemma 1. For any matrices A € CN*N and B € CN*4, we have ||AB||§; <N ||A||§p HB||§,

Lemma 2. (See Lemma 1 in |Sun et al.| (2021)) For any m € N, the mixing matrix P satisfies
[P™ = Qll,, < A5, where Xy is the second largest eigenvalue of the mixing matrix P, and Q :=

1 T
+1”.
A.4 PROOF OF THEOREM[I]

In this section, we present the proofs for the convergence of Algorithm [I]

A.4.1 USEFUL LEMMAS TO PROVE THEOREM[]]

To start with, we briefly discuss some Lemmas to prove the main result. Using the following Lem-
mas, theorem [T will be proved in Sec. The local model drift is bounded in terms of local loss.
The local model drifts away from the global averaged model during the local updates which is the
essence of the following lemma.

Lemma 1. The local drift % Zszl E ||'w2’t —w"t ||2 is bounded in terms of local weight i.e.,
Dy, (w,") as follows

1Y . 2t [ 200w 26(b — 1) Lonas | o o2 o
3l < ey B0 55 g )
k=1 k=171=0

where lpqq = maxy, j I j and Liyqq := maxy Ly,

Proof: Using the step 7 of Algorithm[I]| we have

w;:-’t _ wz,tﬂ _ % Z Vb, (wz,tﬂ) .

jesyt
Performing the telescopic sum over w, we get
=1
T, r,0 T
wkt:wk —nzg Z Vo ;i (w,"). 4

=0 jeB."
Averaging over k € [N] results in

N t—1

wh—w = LYY S Ve ), ®

k=17=0 " jeBDT
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. . . 2 .
Using equatlonand equatlonm ~ Zk 1 H'w —w"t H and noting the fact that w™° = w}’ 0

we get

N N t—1
S D (A ZHnZ SV (T ST S Vb ()
k—1 = =0 ]eBTT k’:lTZOj/eB;;"

For a sequence X}, for k € [N], we have Zk:l 1 Xe — X|° < E,]cvzl | X&||°. Applying this in the
above results in

1 2 1L, &1
T i e < Yy Y Ve () (6)
k—1 k=1 =0 " jeB]T
nzt N t—1 1 1
TN (12 T
SWZZ 2 Z [V®y,; (wy ") T Z}—k
k=17=0 JEBYT J#3’
where ;7 = (V& ; (w,7), VCIDI.” (w,’")). Taking expectation, we get
N N t 1
1 r rt|l2 T2 b(b*l) rorsn?2
¥ et - < BSOS e i) + X s ves
k= k 1t=0
Further, using smoothness assumption (see assumption[3), we have
N N t—1
1 rt rt 2 n 2lk J r,T 2Lkb(b - 1) rT
N;EHwk —w| < N;;[ E [0, (w]")] + =20 (w] ) |
t—1
7 2 2maxy, ; Uy ; o 2maxy Lib(b—1)
< TN [Plig g, )+ S
k,7=1,0
@ 77275 21maa: 2b(b_ 1)Lmaz Al T, T
2 0t e | 20| 555 g0, ).
k=17=0
where (a) follows from the fact that I, := maxy, ; lg,; and Lz := maxy Ly. O

Next, we show that the local loss is bounded in terms of global average weight. This is necessary to
obtain linear convergence of Algorithm T}

Lemma 2. The local average loss E [®), (w,'")) is bounded in terms of global average weight
i.e, @ (w") as follows

B[ (w;7)] < (1= 25) @y (wr). ®)

Proof: Applying the smoothness assumption (see for @y, (u), we have

<I>k( rr— 1) <V(I)k( ryr— 1) Wl — 1> H e T,HHQ

Py (wy,")

IN

JGBT -1
where G} = =2 e prr=1 VO (w ( o 1) The last equality follows from step 7 of Algorithm

ie,w,” —w; =1 t 2 jeppmt Ve ( v 1) Taking expectation on both sides in the
above, we get

E[® (w;")] < E [@k (wlzf 1) _WHV‘P/C( — 1>H2 N L;ibf HGQT—lHQ]
< o (w7 ) <o (i) [+ L o], o
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where L4, := maxy L. The last term on the right side in equation E]can be bounded as
2

1 ,T—1 1 T—1 ,7—1
e X ves(er)| < Bl X e (w4 m XA
jeByT! jeBpT! 35
) 21mam r,T7—1 2Lmaxb(bfl) r,7—1
$ (el (wrr)] + Hegt e e (w7 )]
where F{ 77! 1= (VO ('w,:’T_l) , V& i <w2’7_1>>, and (a) follows from smoothness as-

sumption and the fact that l,,,4, := maxy, j Iy ; and Ly, := maxy, L. Now, plugging the above in
equation[9] we get

rT— rT— max max L%qag;b(b — ]-) T,T—
E (@), (w]7)] < E [(I)k( 1) —nHV@k( 1)” ( - Lo
2
where L;T_l = Py (w2’7_1>. Using the local PL inequality i.e., ‘V(I)k( A 1)”

Honin P (wZ’T_l), where fimin = mingen{pr}. (see definition , the above can be further
bounded as

E[®f (w;")] < [1 — Nimin + 1 (lmame’”c Liaab(b — 1))] E [‘I’k ( rr— 1)} .

b b2

Choosing n < Horin results in the following
2<I7nazlfﬂnat+ mamb(b 1))
b2

Bl (7)< (1= 5 ) B o (w7
It is easy to see that the above implies

E[®, (w,7)] < (1 - numm)T Dy (w").

2
O
In the next subsection, we provide the proof of [T using Lemmas proved above.
A.4.2 COMPLETING THE PROOF OF THEOREMI]
From the Assumption|l} ® (w) can be written as
L
By (wr,tJrl) <® (wr,t) + <V(I)(Mr7t)7wr,t+l o wr,t> + = ||wr,t+1 N me{
Now, using the stochastic gradient descent update w™ ittt gt =
N (Zk 1 ZJEBT ¢ VP ('w]C )) in the above and using Assumptlonl we get
rt+1 rt rit rt n rt|?
® (w1 <@ (w"™) 77<V<I>(w MWZ 2 VO, (w] )>+2 lg™11"-
k=1 jEBT‘t’
where "t := LSV Y ienre VO (wy, ). Taking the expectation conditioning on wj"*, we
gef]
N
rt+1 Tt Tt 1 Tt
E[@ (w™*)] <E[@ (w™)] - n( Vo), & > Ve (wi') )+
k=1
A
2
n? 1
(e o) X o )| s 33 e ). 3 o)) ).
k=1||jeBnt k#£k! jeBmt i€Bmt
.AQ -AS
(10

2The conditional term is not explicitly written. However, it be clear from the context.
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The term A; in equation [T0]can be bounded as

;X
AZ:szQZ Z qu)lw H +b2N2ZZ V(I)kj 'wk s VP o ( t) >

k=1jeBrt k=1 j#j’

Now taking the expectation conditioning on w,’;’t, we get
N

1 . b(b—1 .
[-/42] bN2 ZHV(I),” ( k7t)||2 + (szz) ZHV(I)/C (wk,t)”?. (11)

k=1 k=1

Taking the expectation of A3 in equation [I0} we get

El4y] = Niz<v<1>k ORZY <w;;f>>

k#k!

1 ., .
< g 2 IV (W) 12+ V0w (w}) ]

k#k!

= ZHV‘I’ Ok

< ¥ levqm I, (12)

where (a) follows from the fact that (a,b) < 3 llal|* + 3 ||b]|>. Next, the inner product term A; in
equation [T0|can be written as
2

1 T,
A = §||V‘I’( O+

2|| Zwk I+

1 rt 2 2 (2
> SIVe (w™)]* + II—ZWk I? - Zl\w — w2, (13)

Zwk — VU (w™)

where (a) follows from smoothness assumption (see [T). Substituting equation[I1] equation[12]and
equation [[3]in equation [I0} we get the following
2

L
N Z Vo (“’kt)

S o -+ g 3 9
oN 7% 2bN2 ka

Efo (w)] < B|o (") - 2]ve ) -2

=Ay
2Lb(b—1) 72l — (12
+<W+2N ’;va(wkt)n : (14)
=As
The term A4 in equation @can be upper bounded as follows
(@)
Ai < 2ZHV% - Vo, (w)|] +2ZHV<I>1”( IIF

k=1

(b)

<

N
2 Z g |[wy’ —w™ H2 4 Py (w)
k=1 k=1
21>

N 9 N
mazx Z Hw]:t - w’r,t” + 4lmaz Z (I)k,j (QT t)
=1 k=1

17
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where (a) follows by adding and subtracting V®;, ; (w™") and using the fact that, ||a + b|® <

2lall® + 2||b]|*, (b) follows from Assumption [3| and (c) follows from the fact that l,a, :
maxy, ;j I ;. Taking the expectation of .44, we get the following bound

N
"44 < 213na£ Z E Hw - wr,tHQ + 41"”’”‘ Z q)k' (w?”,t) . (15)
k=1

Now, let us upper bound the term A5 in equation[T4]as

N
As < 2> ||VP, (wy") — VO (w™) +22||V<I>k ol

N
2 931 fuft - w443 Let ()
k=1 k=1
N

N
< 2%, Z ! =" |* + 4Las Y Bk (). (16)

k=1

In the above, (a) follows by adding and subtracting V®;, (w"*) and using the fact that, [|a + b||*> <

2 |lal|* + 2 ||b]|%, and (b) follows from Assumption 3|and (c) follows from the fact that Ly, :
maxy, L. Substituting upper bounds from equation {15|and equation [16|in equation|14} we get

2

1 N
N Z Vo (wy')

nL? | Ll e | 1P LLy e nLL 12
+<2N+ bN2 + N2 )ZHw Mm“

E[®(w)] < E|o(w™)-7||Ve (™) -]

2772leaz 27I2LLmaz 2 rt
+< N N +20°LLypae | @ (w™") |. (17)

Now, using PL inequality, i.c., || V® (w)||* > u® (w), Yw € R* and rearranging the terms, we get

2n2Ll, 2n%LL,,
(1 -+ ( 1 e S 2 mas +2n2LLmax)> ® (w")

r,t+1

nL2 ZLZ’%I’L(Z{E 172LL’I2”I’LG,I 1 N T, B 2
+(2+ TN + ~ 2LL3nM>NkZ_1||wkt_w7,tH .

2
Choosin < min B L the above can be
gn = 4(maz 4 2 lmaz 191 L pngy ) 2(L Zagr { s L pp2 ) ’

further bounded as
E [(I) (“’Tﬂf-i-l)] < E (1 77#) ) ( T,t) /’7! 2 N || ot 7*7t||2 (1 )

In order to prove linear convergence, it suffices to show that the second term above, i.e.,

~ Ly N el Hw —w" H2 is exponential in ¢ (w). From Lemma it follows that the second term
on the right hand side in equation [T8] becomes

1Y . 2t [ 200w 26(b — 1) Lonas | o <2 o
S E|wpt —w|” < 2\7[ ;o ( bz) SO E @k (wyT)]. (19)
k=1 k=17=0

18
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Substituting equatlonlof Lemmal ie. E[®) (wy")] < (1 — 22in)"E [, (w")], in the above
results in

i E| rt r,t|2 < LQt 2max 2b( —1)Lpas Al 1( nﬂmm) E® ( r)
NZ!wk—w! S > 2 k(w
k=1 k=171=0
@ 022 [2maz  26(b — 1) Linas | w
T { Tt > O (wh)
ez 26(b— 1) Limax
2 772t2[ P ( 2 }@(wm (20)

where (a) follows by choosing 1 < and (b) follows from the fact that +- Zgil D (w") =
® (w"). Using recursion on equation . we get

5 T—1 )
2o (w )] < (1- 1) <wr>+”§.;ﬂ(1_) ZH KTl T

2
rT—1—7 “77’,1—1—7'

= 0for7 =T —1. Using

It follows from the update step that - Z k1 H

+ Zk:l E ||wk —w"t|| < n?t? [21"1;” 4 26— ;QL"““”} ® (w") in the above results in

B0 (w*)] < (1- %)T ® ()

L2 Z (1 - —) n2(T — 1)?2 {21"5“ L B b?Lm‘”] o (w").

Setting n < % gives

E[® (w™")] < {(1 - %) + L (T = 1)° <2l”,j‘”” + 20 _b?Lm”ﬂ ¢ (w). @D

1
2
results in

4

. T
Using the fact (1 — )" < (1 — %), and choosing 7 < [ L2T3(2“’gaxizb(bl);ma1)]
b

the following exponential bound

E[o(w )] < (1-2)E[@@). O

A.5 PROOF OF THEOREM[2|

In this section, we first present the overview of the proof. Then, we will state and prove Lem-
mas required to prove the Theorem. The proof mainly consists of three intermediate steps, namely
bounding i) the local loss, ii) the loss in terms of future iterates, and iii) the global drift. In the
Lemma[6] we bound the local loss. We use Lj, smoothness (see definition[I)) and local PL inequality
to show loss at local weight is bounded in terms loss at global average weight and the drift.

A.5.1 PROOF OF THEOREM[2]

We simplify the presentation of the proof by using the following matrix notations. Let the local

average weights be denoted by W, := [w],w},... ,QMT € RN*4  where wj, € R%. The
Aggregation step of Algorithm[2]can be compactly written in matrix form as
M7];+1 _ Dk zw]:T = E;-ﬁ-l — PWT, (22)
i€ENE

where NV, == {3 : Pk > 0}. Further, we define the global average as

N
r 1 r r r
wh= o kg_lwk = W' =QwWy, (23)

19
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where the average matrix @) := %11? Now, let us represent the gradients compactly in the matrix
form as

- 1 ey 1 . 1 .
ob (W) = |5 Y G e 3T Ak Y aRY (24)
jeBy! jeBy" jeBy!

where Gl(rf) =V ; (wlr’t). The mixing matrix P also preserves the average, and hence QP =
P.

We start by proving an upper bound on the average loss E [<I> (QT“)} in terms of the loss @ (w")
in the r-th communication round, and the drift D, o, as shown in the following Lemma.

Lemma 3. The average loss is bounded in terms of the drift as follows
6n°L

E[@(w )] < (1) @ @)+ 75

Dr.p, (25)

2
where the drift D, o := HE;’O — ET’O‘ , and n is chosen according to equationH
F

Proof: The proof is provided in Appendix O

It is easy to see from Lemma [3] that we can obtain the convergence result provided in theorem [2]
provided the drift term on the right hand side of equation [25]is bounded in terms of loss. More
specifically, if D,y < constant x ® (w"), then the linear convergence stated in Theoremcan
be easily proved by substitution. Before proving this, in the following lemma, we provide a recursion
of the drift in terms of the average loss and the past drift.

Lemma 4. The drift is bounded in terms of ® (QT’O) as follows

r—1 r—1
Dro < 1*BT°NLy <Z AN TDro+ ) NTTE[® (w”lvo)}> , (26)

7=0 7=0

— 2 i Amaed?N A 1Y )2
where L, := max {Lmaz, 2LmaxN}, B = TCEET T A= (1 + E) A2

Proof: The proof is provided in Appendix O

Next, our task is to show that the recursion in equation @ satisfies a bound of the form D, <

constant” x ® (QO), which is the desired result. Here, the constant is less than one. We use
induction along with carefully choosing 7 to achieve this goal. The following lemma provides the
desired result.

Lemma 5. Using equationand equationand by induction on D, we get

Dyi10 < (2r + 3)* BT Ly NAPA™H® (w”) (27)

Lﬂ’Laa:N} andﬁ = M

where L, := max {L?WH, 2 EEED—

Proof: The proof is provided in Appendix [A.6.1] O

First, note that if the network is fully connected or centralized, i.e., Ao = 0, then the drift term
becomes zero, as expected. Further, the drift increases with the number of clients N and the number
of local rounds T'. Nevertheless, it goes down with A exponentially provided A < 1. This ensures
that the exponential bound in our main result holds good. Finally, the proof of Theorem2]is complete
by using equation[26|and equation[27]in equation[23] In the next subsection, we state and prove some
useful Lemmas that are required to prove the main result.

A.5.2 USEFUL LEMMAS TO PROVE THEOREM[2]

20
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Lemma 6. The function ®, (w;’") satisfies local PL inequality and can be bounded in terms
of global average weight i.e., ®y, (w") as follows
B )] < Clmepel - S EVe @), 09
where [iyin = mingen){ 1k}
Proof: From assumption the function @, (w,;’") is written as
‘I)k( )<<I>k( rT— 1) <V<I>k( rr— 1>,w£’ ;T 1> ‘ _ TT 1H (29)

We know from step 7 of Algorithm , wyT —wp = ZJeBT 1 VO (w ( o 1) Using
this in equation 29} we get

o (wf) < & (wpT) - <v¢>k( rT- 1)% > Vo (wpT 1)>+7722L’“G,C(r,7).

JEBDTT 1
r,7—1 r,7—1 1 7‘7’ 1
< o fw) - <V‘bk( )5 2 Vo (v )>
jeBpyT !
2 2 2
n Lk r7—1 n Lk‘ r,a7—1 r7—1
w2 v () T 2 (9 () Vo (e 7))
JjEBYTT J#3
r,7—1 r,7—1 1 7”"' 1)
< o (w )—n<v<1>k( wpiT ) Y Ve (w
]EBT‘T 1
2 2 2
n L r,r—1 Ui Lm. r,7—1 r,7—1
o 2 9o (i), g 3 (9 () Vs (w7
jEBr77 J#5’

2
where G (7, 7) := ‘ 7 Z]GBT -1 V®y ; (w,ZT 1) ‘ ,and L,,q, := maxy, L. Taking expectation
2

r,r—1 .

with respect to w, in the above, gives us

2L77L(L' - 2
2 Bl o) o () o) )
2
Pl o, o) ]
—— 2|V,
* 202 v
. . . r,7—1 2
Applying smoothness assumption of each sample, i.e HV‘I’k,J< )H2 =

20, ;P (wZT 1) we have

2 23 R
T < rT—1) H r7—1 H N Limaxtk,j ) r,7—1
E (@) (wp)] < E[(I)k( ) —n|[ver (wpr) | + TEmet ey (wpm )
n Lmalb(b_ )Lk r,7—1
+ b2 [q”“ (wk )} '
S (I)k ( rT— 1) —n HV(I)k ( rT— 1)H mou ’ULCLJ,E |:‘I)k,_] (wZT 1>:|
2Lmaa:b b - 1 Lmam rT—
+ 1 (b2 ) [@k (wk 1)} . (30)
where 02z = maxk Lj. From the local PL inequality (see definition @), it follows that

HV(I)k ( T 1) H > fmin®r ('sz 1) for k = {1,2,..., N}, where iy := mingeni{p}-
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Using this in equation [30|results in

r,T lmaTLmaT L%,,a b(b - 1) r7—1
E[® (w,")] < [1 = Mtmin +1° < T ﬂ E [‘bk (wk’ )}

By setting n < Hmin , the above can be further bounded as
d

imazLmaz | “iazb®=D
13 ¥

E (@ (wp)] < (1- —Wé’””) E o) (wp )]
Since w,:’o = wy,, the above can be written as
E (@ (wp)] < (1 0) B (@ (wf)] (3D

Using the local PL inequality, i.e., @), (w}) < =— [[V®y (w}) |12 in equation , we have

1

E (V& (wh)ll, - (32)

min

E [0 (w))] < (1- 2in)’

Now, adding and subtracting the term V&, (w") in the above, and using the fact that [|a + b]|* <
2[|al® + 21Jb*, we get

2

B [0 (wp 7)) < (1 22) =g (90 (wh) — VO (w))]3 + [V (w)]3)

min

Using L, smoothness assumption (see Assumption[3)), we have

T NMimin \ 7 2L2 r r2 2 r\ (12
Bl (o)) < (1= 25 8 (2 g - w4 Ve ).
Choosing 1 < % and using the fact that L,,,, = maxy, Ly, we get
r,T 2L'I27Lal‘ s ‘s 2 T
E[® (wy7)] < R |wp - w'|; + ——E[|VE, (w)|*. O (33)

Corollary 3. The function ®j, (w,’") satisfies local PL inequality and can be bounded in terms
of global average weight i.e., ®y, (w") as follows

r,T 2L72naz T T 4Lmaf€ T
E @ (w)] < PR ||w) - w'|f; + —F [@) (w")], (34)

where [iyin = mingen{x} and Liaq = maxy Ly,

Proof: The proof directly follows from Lemma [6] by using the smoothness assumption, i.e.,
[V, (w")]|* < 2Lmae®x (w”). This completes the proof. O

Next, we show that the loss can be bounded in terms of the future iterates as follows.

Lemma 7. The function ® (Q’ul’o) is bounded in terms of the future value of the function as
given below

N
E[® ()] <2B |@ (") + 3 [|lwf ! —w
k=1

Proof: 1t follows from the smoothness assumption that

i) (QT,O) > P (QT—I,O) + <VCI) (QT—I,O) ’wr,O _ wr—l,O> _ % ||wr,0 _ QT_LOHQ . (35)
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Telescoping the update in step 7 of Algorithm 2, we get
w! T =l Z Z s Vi ( i 1’7). Averaging over all neighboring nodes

K2

i € N, we get

Zp]”wrlT Zpkzwrlo 772 Zp’“ Z V<I>,]( :1,7)'

i€NG i€NG 7=0 €N} jeBr T

Averaging over k € [N] leads to

Using the above update in equation[35] we get

®(w?) > @ (w ) - <V‘I’ ) bejTZl > v (w TIT)>_

k=1 1= OJEBT, 1,7

::.Al

2
N T-1

S s )|

k=1 1= OJEBT, 1,7

The term .4, in equation [36]can be bounded as

2

N
A @ 1qu) r— 10 % 1 ZZ Z vq)kj( r— 17')

k::l T= ]eBT"

O |

2

(wlzq,r) _ Ve (MT—I,O)

|

| —
2=
M) =
™

<
&

2
N T-1

|V (w10) || % Y Y e (wp ). @D

leOeBT‘ 1,7

\
N =

%, and (b) follows from

where (a) follows from the inequality (a,b) < 1 llall* + i 1b]]* — L 1
2

the fact that the term H PN D P eprtr Ve (w ( P T) — Vo (w"!) H > 0. Next,

using equation [37]in equation[36] we get

2
T-1

z_: Z V‘P/”( 7"17')

N
() 2 @ () - TV ) - G S
=17 ]EBr 1,7

Using the smoothness assumption in the above, we get
N T-1

® (w0) > @ (w0) — pLe (w'H0) — g (1+Ln) || Z 2D Vo (w ( H T)

k=1 1= O]GB' 1,7

=As
(38)
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A part of the third term in the above can be bounded as follows
N T-1

T PIDWID IR ALy

K=17=0 ]EBT 1,7

IS S e (e ),

‘ 2

INS
S
=l
8
(]
(]
(]
[\
F
—
?‘gﬂ‘
5
%/

2
where (a) follows from the fact that for any vector z = (z1,22,...,2N), (vazl zi) <

N Zilil(zi)z , (b) follows from smoothness assumption, and (c¢) follows from the fact that
Imaz = maxy, ; Iy, ;. Next, taking the expectation

N T-1

[ maz ZZE{¢k< r— 1T):|'
k=1 1=0
Using E [®, (w.")] < 252%1@ w) —w"|? + 4MLW”IE [@r (w"?)] from Corollary the above
can be further bounded as
WmaeT? 21?2 12 AL .
E A < max mazE _ r—1 4 ma:r]E P r—1,0 > .
(Ay] < Zma ;(,M Jap = w0+ 222 [ (w2 0)

Using the above result in equation [38|and rearranging, we obtain

T r— (1 + ’I’]L) 2lm0«$ mar r— 2
E[Q)(Q,O)] z E (I)(w 170) Nu ZH _w 1”2
min
—n ((1 + 7’]L) ilm-axTQLmax + L> i) ( r—1, 0):| )
Choosing n < % and rearranging the terms, we get
= 1 T 174 maib max r— 2
Hmin =

1

8lmaz T2 Lmaz +L
Hmin

Further, choosing n < ( ) the above can be bounded as

r—1,0 r,0 4mam m(mTz r—1112
E[® (w~"*)] <2E | & (w"°) + 2 ZHw —w - 39

N,U/mzn

The following bound can be obtained by using n < M% in equation

N
)3 i
k=1

Now, it suffices to bound the drift term in terms of the loss to obtain the linear convergence.

E[® (w ")) <2E |® (w O

2
Lemma 8. The consensus term, i.e., Dy o := ler,o — wr,o ‘ satisfies the following bound
F
r—1 r—1
Do < 7°BL,T°N <Z NHTTD o+ Y NTTR (@ (wT’O)]> . (40)
7=0 7=0
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L
where 6 = uiz/m A= (1 + i) Ag, Lm = Imax {Lmaz, mazN}; andl/; > é
Here, \s is the second largest eigenvalue of the mixing matrix P.
2
Proof: Let, D, o = HWT 0w OH chvzl E HQZO — Q"’OH . Using equationand equa-
tion[23} the consensus term can be written as
Do = E|QPW™ — PW™O|2,
o2
= E|(@-P)W"| .. (41)

Recall that @ = £ 117 is the average matrix, P is the mixing matrix and QP = Q. Using W} =
PWr=LT (see equation , substituting for the update in W17 and taking the telescopic sum,
we get

T-1
W'r,Ozw;‘O (Wr 1,0 nZa(I) Wr— 17‘)>.
7=0
Plugging the above in equation 41| and using the generalized Cauchy’s inequality, i.e., ||a + b]|*
(1 + i) llal|* + (1 4 ) ||b]|* for any ¢ > 0, the consensus term can be upper bounded as

2

1 T-1
El@-Pw < (1+w>5+(1+¢)n2E (@-P*) > ad (wr='7)
7=0 F
2
2 (14 2) =z avonn o= e bt
v F
(2) 1 = 2)\4]\7 TﬁlE a(i) r—1,7 2
< (1+w>u+(l+¢)ﬂ 2 T;) H (w )’F, (42)

where Z:=E | (Q — P?) W% OH and (a) follows from Lemmaand (b) follows from Lemma
[} Next, consider bounding the followmg

= 2 al ]- r T
e} - B3| X v ()
k=1 jeB;‘—lyT )
1 r—1,7 2
< By 3 Ve (wi)],
k=1 jeBZ*lvT

2 ZZmMZE[@k( r— ”)}, 43)

where (a) follows from the smoothness assumption and [, := maxy ;l; ;. Substituting
. . 2 z 2
the bound in equation 28| of Lemma ie, E {@k ( r=1, T)} < 2ma Hyz - QT_IHQ +

Hmin

E||V®: (w"')||” in the above, and writing it in the matrix form, we get

Hmm

+ 4lmamE Haq) (Er—l,O) 2

4lmaa:L H
F Hmin B

EHa(i) (Wr—ln') ‘i — m ma:vEHWT 1,0 Wr IOH

Using the above in equation [42]
E|[(Q - PW™|5 < <1 + ;) E|[(Q—P) W02 + P XsaNT?L2,,. D10

P MaNT?E |00 (W10 ||

& (44)
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where o := 4[”;”7“@ First, let us consider bounding E H (Q — PQ) W’”’LOH? Using the update

step W10 = wfm =P (WT’Q’O -n Zf;ol L) (WT*QJ)) and following a similar approach
as used in steps equation 2] to equation[#4] we get the following bound

Bl@-P)w ol < (145 )E@- P W 42X N T, 2
+7°ASaNT?E [0 (W"=>0)]|.
Using the above result in equation [44]

2
Do < (1 + ;) E|(Q - P?) W’"—“Hi + <1 + ;) P Aal? NT*D, o0+

(1 + ;) *AaNT?E ||0® (W) || + n*A\3aNT?L2, . Dr—1,0 +
PAQNTE [[0® (W —0)||2..
Proceeding further in a similar manner as above, we get

(r—1-—7)
DT,O < <1+11p) EH(Q Pr+1) WO 0|| +7 aLmaTNT2Z)\2(T+1 T) (1+ 3/‘))
7=0

r—1 (r—1-7)
s 1
+ pPaNT? Y AU ><1+ w) E||o® (W) 7.
7=0
We initialize W0 = 0. Further, multiplying and dividing by (1 + i) to the second and the third
term in the above, we get

r—1 r—1

2,12 L2 NT2 2,12 NT2
D'r‘,O < nYra max ZA(T+17T)DT,O + n Yo - Z)\(T+17T)5T’O- (45)
( + w) 7=0 (1 + w) =0
where 6™0 := E H8<I> (MT’O) ||i and \ := (1 + i) A\3. Using a = W in equation , we
have

Al ez L2, NT? D24 masV? NT? =

Drp < A= p g L mar D T8 NP A (r+1-7) 570 (46
S T D) ZO T ) . 2 (#0)
The term, E H@(IJ (ET’O) Hi in the above, is bounded as follows
T, 2
Elo® (W) = EZHV‘i’k )5

INE

2Lax NE [@ (w™0)], 47)

where (a) follows from smoothness assumption and using the fact that & (QTvO) =
~ lele g (@“0), and L,,4, = maxy, L. Using equationin equation@ we get

r—1
maacdj NLmaacTQ

2 22 r—
/\(T+177)D70 + N HinaxV*T*N2Lypae N Z}\(T+177)E [® (

Dyp < ,
" (L + %) pmin —o (1 + %) pmin
Let Ly, := max { L2 ,,,2Lq, N} and 3 := ﬁm Therefore, the drift term results in
r—1 r—1
Dro < 1PBLnT*N (Z NFTTD 4+ Y AR [0 (w”’)]) :
7=0 7=0
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A.6 COMPLETING THE PROOF OF THEOREM 2]

From L-smoothness assumption (see of ® (w), we have
: - : : L :
(W) < @ (W) + (VR w T - w) + ot w48

Using step 7 of Algorithm 2 we have, w]'t" = w]"' — 2 e prt Vi (wzf) Multiplying both
sides by py. ; and summing over i € N, we get

wgt—&-l = wzt n Zp’” Z vV, J . 49)
zeNk jeBr?

Averaging on both sides over k € [N], we get

MT,HJ _ wr,t _ biN Z Z Vq)k,j (’wlz’t) .

rit+1

Using the above update, i.e., w —w™tin equation L we get

2L
o (wtt) < @ (w"t) — <vq> Z Z Ve ; (w > 222]\;2 HgntHQ'

k 1J€Brt

where G"? 1= Zszl e gt VO (w)"). Taking expectation conditioning on w}* and past, we
get

IE[@ (wr,t+1)} < E

o (w™) - < Zw’k > 77];42

=A

KK\ jeprt zeBif

=As
2
where Ay := 5k Zivﬂ szeB;,t Vo ('w;t) H . This term can be bounded as follows

1 al T T, T,
A = szzz Z [V (wk7t)H szzzZ (Vs (wy"), Vo (wy) ).

k=1jeB;"* k=1j#j'

Taking expectation, we get

_ 1 - AP b(b — 1) al rt\ (12
k=1 k=1

Similarly the term A3 in equation[50|can be bounded by taking expectation as follows

1 T, T,
b2 N2 Z <V<I>k (wk't) VO (wk’t) >

kK

E[A;3)

1 T, T
< g 2 IV @) 1P+ Ve (wp)1?]
k#k!

N
AN —1 .
= 2D S i )
k=1

IN

N
1 .
v Ve (w1, (52)
k=1
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where (a) follows from (a, b) < 3 ||a||” + 1 ||b]|*. Next, we lower bound the term .A; in equation
as
1 . ,
A= SlVe (w)|*+ ||—Zv<1>k H2~Hf§jv<1>k ~ Ve (w™)|?
1 &
7t 2 Tt 2 r,t b2
2 §||V<I’( M? -+ ||*ZV‘I’I€ ) —ﬁkz_lek —w" % (53)

Substituting equation [5T} equat10n|3_7| and equation[53]in equation @ we get the following
nL? N 2
7t 7t
ZV‘Dk +W;HA/€ |

Z [V, (wp) ||+ ("Lb(b_l) + QL) Ag,l, (54)

B0 (@) < E @(wmwguw -2

2bN2 2b2N? 2N

=Ay
where A" = wp’ — w™ and A5 = Y, [|[VOx (w)) ||2 The term A4 in equation [54{is
bounded as follows

@ X

A< 32|V (wh) - Vg (w)| +Z2HV<I>;”( oIk
k=1 b1
(b) N , o o N t
< 2) Rl - @ (w)
k=1 k=1
()
<

N N
22 Z it — w4 dlae > By (w)
=1

k=1
where (a) follows by adding and subtracting the term V®y ; (w™") and using the fact that,

lla+b|> < 2]lal® + 2||b]|>, (b) follows from Assumption 3| and (c) follows from the fact that
lmaz = maxy,_; Iy ;. Taking expectation we get

N
E (A4 < 22, Z E [’ = w" || + 4lmar 3 E [B (w")]. (55)
k=1
The term A5 in equation [54]is bounded as

@ X
A < 23 ||V (w)!) - VO (w™) +2Z||vq>k

N
Y 23 07 - w3 L )
k=1 k=1
© N 2 al
< 202, Z Jwy® — w"||” + 4Lmaa Y Bk (w""), (56)
k=1

where (a) follows by adding and subtracting V®;, (w™?), and (b) follows from assumption [3| and
( ) follows from L., := maxy L. Substituting upper bounds from equation [55| E and equation

in equation[67] we get
2

Bfe )] < E|e @) -7 |ve @) -]

Zwm

+<2NJr Nz N2 N )ZHwkt—w’tH

anleaz 2n2LLmam 9 ”
+< N TN P2 Ll P (w") |. (57)
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Now, using PL inequality (see deﬁnition, ie., || Ve (w)|* > u® (w), Yw € R? and rearranging,
we get

2 bN N

nL? | Ly | PLL2 | PLLZ,\ LS i g2
+< + - +— )N;||wkt—w7fu.

2 2
fne] s n| (1= % (ke 2 e s o )

2N bN?2 N2
Choosing 7 < min { gz +2LL’]2YM Ty -l 2(L I L’i“ — ) } the above can be
further bounded as
el 2
Efew™ )] < (1-2)E[® @)+~ D[ - (58)

%) (1—@)E[@(wr,t)] 277L ZE<’AMH +HAMH)’ (59)

4
k=1
where A} == w)t — wk and A}' := w)’ — w"*. In the above, (a) follows by adding and
subtracting the term w}"* and usmg the fact that, [|a + bH < 2||a]|® + 2||b||>. First, let us consider
the local drift term i.e., Z k1 Hw —wy H in equation Telescoping the update from step 7 of
Algorithm 2] we have,
n it
wpt = wl’ - 5 SN Vo, (wpT). (60)
=0 jeBZ*T

Further, consider the local average at node k, i.e., w}"

wi' = 3 praw]t = wp” - Z S ki > VO (w]T). 61)

€N 7=01EN} jeB;"

Now noting the fact that wZ’O = QZ’O and using equation and equation , we can bound the drift
term as

N N t—1
Syt —wpff = SENTS ST Ve (wy” Zzp,“ Y Ve,
k=1

k=1 7=0jeB" T=01EN} JEB]T
@ N n 1 0 2
2 o3 |18 | 4 15 5wt
k=1 L 7=0 7=03EN
N t—1 t—1 2
(b) n’t 2 Nt
< 2) E|5 D Gy I+ 47 > G| |
k=1 =0 7=0 [[:EN},

where Gi;(r,7) == 3_; e VPij (w;’"). In the above, (a) follows from the fact that, ||a + b))
2
llal|* + ||b]|%, and (b) follows from the fact that for any vector z;, (21111 zi> < NZivzl(zi)Q.
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The second term in (b) can be further bounded using Jensen’s inequality as follows

N N2l
S Efuwpt —wi!|T < 2)E %Znakj(m)n ZZPmHGu ()1
k=1 k=1 L = 7=04ieN}
N
< 221@ Z 3 ] o Zsz“ S eI
k=1 7=0jeB;" 7=041€N} JEB]T
v T
%) QZE Z 2y, ;LT + Z SN pra2li L
k=1 L T= OJGBT" T= O]eB’TzeNk
®) 27]2t N t—1 2’[72t N t—1
= ZZ Z leaz]LT,T ZZ Z Zpk z2lmawL';‘T 5
k=17=0 jeB]"" k=17=0 jeBI" ieN;
where g;77 = V& ; (w,7), L] := @y ; (w,7) and (a) follows from smoothness assumption

and (b) follows from the fact that mixing matrix P preserves the average and l,;,qq 1= maxy, ; li ;.
Simplifying the above results in

N t—1

al SR
;Ellwi — |’ =0 D Be(w
=1

k=171=0 768“ T
Taking expectation, we get

N N t—1
T T, 2 T
S E|wpf —wit T < 80%thnae | Y E[@k (w) )] (62)
k=1 k=17=0
. . T 212 r 2
According to equation 34) of Corollary 3| we have, E [®), (w;")] < Z7=eE [w) —w"|; +
4}5:"‘” E [®) (w")]. Using this in equation , we get
N t—1
T T 2 QLEYL(ZZL’ 7' 2 4LN I
SEfop - uf < S 3 (L g - wf s 50 w).
k=1 k—17=0 Hmin
Simplifying the above results in
N N & N
A" E[®
Z E ||w£)t H t2 maIL%@aa: Z + 3277 t2 maz max Z k
k=1 k=1 Hmin —q Hmin

(63)
where A" := E ||Jw} — w"||Z. Next, let us consider the global drift term i.e., > n_, |wy* — w"t H;

in equatlon which can be rewritten in matrix notation as D, ; := HE;t - W - This term is
bounded as

D,. 2 E|QPWt - PWY

= Ell@-pw;
t—1 2
2 E|Q-P) (W“O—nzacﬁ(vvr”)) :
7=0 F

where (a) follows since QPW™ = W™ and PW"* = W7, (b) follows from QP = Q, and
(¢) follows from the update W™t = Wm0 —p Z:;IO &% (W™T). Using the fact that ||a + b||*
2 |lal|> + 2 [|b]|? in the above, we get

9 t—1 . 9
Do < 2E|@Q-PIW[ +2% > E|(@— Pyod (W)
=0
t—1 )
< 2R[[(Q - PYW™O|| + 20t > NAE[0D (W"7) |3, (64)
7=0
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. 2
The term E H@fb (W™T)|| in the above can be bounded as
F

N
R 2
E|0® (W™ =
0@ (W) 321G Y vy ()
k= jGBT t 5
N1
7N (12
< EY LS Iven, i)
k=1 " jeB*
(a) al T,T
< 2mas Z E (@) (w,")],
k=1
where (a) follows from the smoothness assumption and the fact that [,,,q, := maxy ; li ;. Using

N 2
equation8|of Lemmalg] i.c.. E [ (w} )] < ZaasE avf, — |2 + ;2K | Vs (w") | in the
above, we get

oy T 2 4L3naz max w” 2 4lmax al 12
E|od wr)| - < ZEnwk w3+ = B[V (w)]
F /szn min k=1
The result above can be written in matrix form as,
A 2 4L2 lmar 4lma'p
E Hacb (W), = et o e 00 )5

Substituting the above result in equation [64] we get

Dyi < 2E[(Q— PYW % + 40P L2, Ayt Dy o + 40 A2 #7E ||0® (W) ||7., (65)

max

where v := 2maxN

Hmin

E[®w™)] < (1 - %)TJE @ (w")] + 2yL” Ti (1 _ %)T XN:E <HA2T—1—T 2. HAZ,T_H 2)
! N =0 4 k=1
2 (17’77“)1@[@( LZ(l)TZN:EO’NT“ +HA7~T17 &6)
! N = St
where (a) follows from the fact that (1 — %)T < (1-m HATT 1-r||* _ 0 and

4

HATT =T % and substituting equation 63f and

equation [63]in equation [66] we get

= 0 for 7 = T — 1. Now choosing n <

43 2 22712
E [q) (wr—&-l)] SE |:<1 _ % + M) o (QT) + 27] TL |:<16lmaa:77 T Lm(m + 4A2n27LmawT2> DT',O
+2]@= PWOI[S + 4n*9723 0@ (w0)]17]] 67)

The term E ||0® (W) 2" can be bounded as

I

N N
EH%(MO)H?=ZE\|V¢>k(wT>\|2 sz macE [®5 ()] = 2Luas NE[® (w")],
k=1 k=1
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where (a) follows from smoothness assumption and (b) follows from the fact that ® (w") =
+ Z}ng=1 @y, (w"). Using the above result in equation , we get

L 640 T las Ll 2m2TL

E[®(w*!)] < El( Tt - )cb(w’")+ N~ |2@—PywrO L+

161,052 T2 L2
( 2 mas 4>\§n27L2T2) Dro + 8PN T2 L N® (w") H

Hmin

43
< E[<1W+ 641 Tl LL
4 Hmin

2°TL ([ 16lmasn* T2 L2, o2
T q z +4)\§7727L2T2] Dro +2]|(Q - P)W ’OHFﬂ.

mar | 16n47T3)\§Lme) o (w") +

Hmin

1/3

. l 1] . .

Choosing n < ¢ ( ST T L s 4 10779 AR L ) in the above result in
Hmin ma®z

E[®(w™)] < E[@?)@WH”“ [16T2L2

lm.ar
~ maz + 4/\§7L2T2} Dy

Hmin

4n*L 0112
+E @ Pl
Again choosing n < [( mT‘Zz:::;”L?le AT L2 )1 , the above results in
20°TL 4n*TL
Efew™)] < (1-%)E[@ @)+ =D+ —=E[(@Q-PIW||}.

2
Itis easy to see that E ||(Q — P)W7'70H2F =E HEZT’O - w0 ‘ = Dy 0. Using this above, gives us
F

6m°TL
Elew™)] < (1-")E[@ @)+ Do (68)

From Lemmal[8] we have

r—1 r—1
Do < 0*BLmT*N <Z XD+ Y AR [0 (wTvO))] : (69)
7=0 7=0

From Lemma([7] we know that
N
E[®(w™)] <2E [‘I’ (w™0) + Y g _WTH%} :
k=1

Using the above result on ® (w™") in equation we get

r—1 r—1
Do < 30°BL,T?N Z NHTD o+ 202 8L, TN Z ANTTE [@ (w™H0)] .
=0 7=0

Let L,, = max {2L,,,3L,,}. The above can be further bounded as

r—1 r—1
Z)nO §;n251Q]Vlhn <j£:'XT_Tl)Tﬂ +—j£:,XT_TE:FD(lUT+1£)]> ) (70)
7=0 7=0
This completes the proof. O
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A.6.1 PROOF OF PROPOSITION ]

Note that we need to prove the following set of inequalities hold good for all
Dyo < (2r+3)°BT Ly NN’A"® (w”) (71)

o (w') < Ar‘l(A+4n4LLmﬁT3/\2r2><I>(@0),r:{1,2,...,R} (72)

where A = (1 + i) A3, @ (w’) = @ (w”%) and A = max ((1—24),)). We use induction

method to prove that the above set of inequalities hold good for all r. Since Dy = O, the in-
equalities hold good for » = 0. Next, assuming that the above inequalities hold good for every
communication rounds in {1,2,...,r}, we need to prove that the respective inequalities hold for
Dy41,0 and (QTH). Towards this, consider the following

2
2) < (1-") o)+ D,

A [A+ 49 LLy BT NP2 A1 (w") + 49" BT° Ly L(2r + 1)AA”® (w)
[A+4n*LLyn BT N1 ] A™® (w°) 4 4n* BT° Ly L(2r + 1)A*A7® (w”)
[A™ 4 4 L, BT N2A" (r? + 2r + 1)] @ (w")

= A A+ LLa BTN (1)) @ ('),

INE

where (a) follows by substituting equation equationand using A := (1 — %) Let us recall
from equation 0] of Lemma [g] that

Dii1o < W2 BT2NL,, ( i: )\T+2—TDT,O n zr: A2 R (QTH,O) ) (73)
Substituting for D, o from equati0n|’7_T| inTtTli first term of eq;:t(i)on @ we get

i NH2TD, = 9?BT?L,N Z AT + DNAT (w?)
=0 7=0

< 9PBT?L,,NA°X i(?T +DATTTATH D (w)

=0
%) n?BT2L,, NA2AA"HL <Z 27 + 1) P (w)
=0

IN

0?BT? Ly NN*AN"Tr(r + 1)@ (w?) |

where (a) follows from the fact that A < A. Now picking n? < results in

SIATD, o < (4 )N (wf) 79
7=0
Next, substituting for ® (w™ ) from equationin the second term of equation (73] we get
zr: )\T+2—7—(I) (Qrﬂ—l) _ 27": >\T+2—T [A + 4774LLmBT3>\2(T + ]_)2] AP (QO)
o =0

< D NTETATT 4 (r 4 1) NNTTTAT4R LL, BTAAD (w) .
7=0 =0
The last inequality follows from the fact that 7 < r, and A < A. By choosing 774 <

1
ILL, BT3(r+1)3N°
we get

IN

r r T 1
E r+2—7 T+1 § 2A7+1 E 2A7r+1 0
7=0 4 ? (Q ) 7=0 4 A i =0 ('f' + 1) A A ® (w )

(r+2) Ao (w). (75)
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Figure 5: Training loss for server FedAvg (see (a) FMNIST and (b) MNIST) and decentralized
FedAvg (see (c) MNIST) versus communication rounds.
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Figure 6: Testing accuracy on different datasets versus the communication rounds for FedAvg in the
Server setting.

Using equation [74] and equation [75]in equation [73] and after some algebraic manipulations, we get
the following desired result

Drj1o < (2r+3)°BT Ly NXAT® (w) .

Using the above result in the upper bound for ¢ (QT'H), we get the desired bound on . O

A.7 ADDITIONAL EXPERIMENTS

In this section, we provide the details of the experimental setup and some additional results for
experiments carried on different datasets for both Server and Decentralized setting. We have used
NVIDIA DGX A100 to implement all our experiments. The experimental setup consists of the
following model and data set:

Overparameterized regression: We consider a model with 3 linear layers and no activation func-
tion with 231490 trainable parameters. Note that this formulation models a simple regression prob-
lem. We condsider a image classification task on MNIST dataset and evaluate the performance of
FedAvg under different settings.

Deep neural network: In this case, we consider an image classification task on CIFAR-10 dataset.
Each edge device implements a three hidden layer convolutional neural network (CNN) followed by
two linear layers with 1046426 trainable model parameters. In the overparameterized setting, for the
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Figure 7: Testing accuracy on different datasets versus the communication rounds for FedAvg in the
Decentralized setting.
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Figure 8: Training loss and Testing accuracy for centralized (A2 = 0) and decentralized FedAvg
algorithm with ring topology (A2 = 0.33) on CIFAR-10 dataset versus communication rounds.

CIFAR-10, MNIST and FMNIST, each edge device implements a three hidden layer convolutional
neural network (CNN) with 256, 128 and 64 filters followed by three linear layers having 1642849
trainable parameters for CIFAR-10 and two linear layers for MNIST and FMNIST with 1046426
trainable parameters. For Shakespeare dataset, LSTM models are used at each edge device. We
consider an embedding layer with embedding size of 10 followed by 2 LSTM layers with 256 hidden
neurons and one linear layer. On the other hand, in the underparameterized setting, we consider a
comparatively smaller neural network. For the CIFAR-10, MNIST, FMNIST datasets each device
implements two hidden layer CNN network with 25 and 52 filters followed by two linear layers for
CIFAR-10 and one linear layer for MNIST and FMNIST datasets. For the Shakespeare dataset each
device has embedding layer followed by one LSTM layer with 56 hidden neurons and a linear layer.
For the experiments, we chose 7" = 10 and tune for the learning rate in the range n € [0.001 : 0.01]
for CIFAR-10, MNIST, FMNIST datasets whereas we choose 7 = 0.8 for the Shakespeare dataset.
Each device has access to 490 training samples and 90 test samples for CIFAR-10 whereas for
MNIST and FMNIST datasets, 540 samples are used for training and 80 samples are used for testing.

Figure [5] show the training loss on FMNIST and MNIST dataset for server and decentralized Fe-
dAvg settings. Figure[6]show the testing accuracy for FedAvg in the server setting for four different
datasets. As expected the convergence speed of underparameterized case is slower than the overpa-
rameterized case. Similarly, figure[7]show plots for testing accuracy for FedAvg in the decentralized
setting.

Finally, in Figure[8] we compare the training loss and testing accuracy for server and decentralized
FedAvg algorithm against the communication rounds for classification task on CIFAR-10 dataset. It
is clear from the figures that the centralized case achieves a very good performance at a faster rate
as opposed to the decentralized case, i.e., the ring topology.
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