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Abstract

Over the past decade, a growing body of work has established that implicit biases in learning
dynamics fundamentally shape the solutions found by neural networks, governing their learned
features and generalisation performance. However, despite these strides in deep learning theory,
far less is known about representation learning in generative models based on dynamical systems,
from normalising flows to diffusion. Importantly, continuous-time generative models can be prone
to mode collapse, yet the learning dynamics underpinning such biases remain elusive. To address
this, we use tools from dynamical systems and operator theory to show that bounds on the rank of
the gradient of the model weights can explain how collapse occurs in generative models. We show
that, in both variational inference and flow matching tasks, optimisation induces low-rank biases
that encourage parsimonious representation learning but may also cause the learned distribution
to collapse. Together these findings point to a trade-off between promoting feature learning while
avoiding both memorisation and collapse in dynamical systems-based generative models.

1. Introduction

Neural networks exhibit learning phenomena that are not predicted by classical optimisation theory
developed for convex problems [16, 38]. This observation has led to the development of new theo-
retical approaches aimed at studying the learning dynamics of neural networks [43]. This perspec-
tive makes it possible to apply tools from dynamical systems theory to analyse the rich behaviours
observed during training [4, 42]. For example, gradient flow analyses on idealised settings provide
information about stability of fixed points [46], and different forms of implicit regularisation [2, 48].
Despite this success, learning theory is currently under-developed for generative models based on
differential equations. Yet, such dynamical systems are at the centre of flow and diffusion models,
which are the state-of-the-art for generative models in vision [41, 47] biology [19, 45] and physics
[26, 27].

The need for new mathematical tools is reinforced by the presence of implicit biases in the dis-
tributions learned by generative models. Implicit biases emerge through training, limiting which so-
lutions are learned through optimisation. For example, even when a generative model is expressive
enough to learn the full data distribution, training may favour solutions that capture only a subset of
the distribution’s modes [10, 32, 33, 39, 51, 52], a phenomenon known as “mode collapse”. An im-
mediate adverse consequence of mode collapse is a reduction in the diversity of generated samples,
where regions of the data distribution may be ignored.

Despite these results, the relationship between implicit biases induced by training and mode
collapse in generative models remains unclear. We hypothesise that while implicit biases drive
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deep networks to learn low-dimensional data features, which is a beneficial form of representation
learning, they are the same mechanism underlying mode collapse in generative dynamical system
models. To support this hypothesis, we employ mathematical tools stemming from dynamical sys-
tems and operator theory to identify a fundamental trade-off between feature learning and mode
collapse in generative modelling.

Related works

Learning theory and implicit biases. Prior work has shown that gradient flow tends to implic-
itly favour low-complexity solutions in overparametrised networks, including minimum-norm so-
lutions [13, 22, 37], maximum-margin classifiers [48], algorithmically simple functions [44, 50],
low-frequency modes [11, 40], and low-rank embeddings [5, 22, 28]. Low-rank biases in particular
have been studied extensively in deep linear networks, with sequential feature learning producing
plateaus in the loss referred to as “saddle-to-saddle” dynamics[43], where each saddle corresponds
to an increase in the rank of the weights [7, 20, 29, 36, 42].

Operator view of learning dynamics. Recent work has suggested that low-rank biases also
emerge in recurrent architectures by using adjoint dynamics to represent gradient flow as a com-
position of linear operators [24, 35]. In particular, one study derived bounds on the rank of weight
updates in linear recurrent networks using this operator view [35]. Our work applies a similar oper-
ator perspective to the learning dynamics of continuous-time generative models. Notably, Koopman
operator theory has been applied to diffusion to interpret the sampling process [6, 9], but not training
dynamics.

Collapse in generative models. Generative models are known to exhibit mode collapse, in which
the full diversity of modes in the data distribution are not captured [1, 8, 15, 25, 34]. Collapse can
come from many sources: for example, distributional biases can cause mode collapse when there is
class imbalance due to long-tailed distributions [3, 17, 39]. Mode collapse can also come from the
objective, for example recently studied in variational inference [18, 23, 46].

2. Setup

An operator view of gradient flow. We are interested in the learning dynamics of generative
models under gradient flow. Using adjoint dynamics, we show that, similarly to the neural tangent
kernel of deep networks, the gradient of weight parameters of dynamical systems can be written as
a composition of linear operators. In appendix A we provide a thorough derivation of these results
along with illustrative examples. In summary:

mxk

Theorem 1 The gradient of L with respect to a linear parameter W € R can be written as the

composition of two linear operators:
VwL=AoX, A:L*R)—-R™  X:RF - L*R)
where the linear operators act via integration:

A0 =B | [ atsrr] . D) =B | [ 50 va]

where f € L*(R) and v € R*, [PROOF]
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These operators are linear by the linearity of integration and expectation. Importantly, they compose
as an integral over rank-1 terms. If either of these operators are low-rank, the gradient is also
constrained to be low-rank (App. A).

Continuous normalizing flows. Let py(x) denote a parametric family of distributions, whose
parameters 6 are optimized to fit a target distribution p*(x) by minimizing the ‘reverse’ Kullback
Leibler divergence:

Drcr(po(x)[Ip" (%)) = Ep, [log pp(x)] — Ep, [log p*(x)] -

Continuous normalising flows compute py as the distribution of pushedforward samples from some
base distribution py under the parametrised velocity field d’;—y) = f(x(t),t) (App. B). The reverse
KL is commonly used to train neural samplers when only an unnormalized density function is
available [25, 34]. Due to its asymmetric form, the reverse KL is intrinsically ‘mode-seeking’, as
regions in the data distribution are ignored where py(x) = 0. This provides an ideal case study
to analytically study how the interplay between the state and adjoint operators leads to a low-rank
bottleneck in the weight updates. As we will demonstrate, this results in collapse becoming an
attractor of the gradient flow.

Flow matching. Unlike in CNFs, flow matching models are trained by directly regressing the
optimal velocity, u;(x) with a neural network model uy(x, t):

1
Lrm = Ept(x) |:/0 Hllt(X) - lle(X,t)Hth

where p;(x) is a chosen probability path which interpolates between base distribution py(x) and
target distribution p* (x) over time ¢ € [0, 1], and u;(x) is the vector field that generates it (App. C).
In practice, the optimal field is intractable, and so an objective conditioned on individual data sam-
ples is used, which yields the same gradient (up to a constant) as the unconditional objective defined
above [31].

Model and task. For analytical tractability, we consider a linear model:

Ax(t)y=Wx(t),  x(0)~ po

In this linear model, it is not possible for the flow to split an initial mode (i.e. from Gaussian pg)
to multiple target modes. Instead, we constrain both the initial and data distributions to be equally-
weighted Gaussian mixtures, with pg and p* containing an identical number of modes.

m m
1 * 1 * *
po(x) =D —N(ipoln), P (x) =) —Np,0ln),  py =0, pip; = R
=1 1=1

Under these assumptions, there exists a linear transport between pg and p* by rotating the initial
subspace to the data subspace (Fig. 1a), meaning that any collapse is due to implicit bias rather than
expressivity.

3. Results

3.1. Mode collapse as an attractor in learning dynamics under a variational objective

To understand how learning biases drive collapse, we first consider a variational inference task, for
which generative models are known to have a mode-seeking behaviour. We found that training the



Low-RANK BIASES IN THE LEARNING DYNAMICS OF GENERATIVE MODELS

linear CNF with the variational objective made it converge to different values of Dk, corresponding
to different numbers of learned data modes (Fig. 1b). Moreover, we found that increasing the
number of modes in the data made collapse more likely, with at least one mode typically collapsing
as task complexity grew (Fig. 1c).
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Figure 1: Stable low-rank solutions in continuous normalising flows drive mode collapse. a.
The model is trained to transport a Gaussian mixture from orthogonal initial and data
subspaces. b. Loss over iterations in models with different numbers of collapsed modes.
c. Likelihood that at least one mode collapses as a function of the number of modes in
po(-) and p*(-). d. The number of collapsed modes scales linearly with the stable rank of
the weights W at convergence. e-f. The stable rank of the weights and the adjoint over
training in models with different numbers of modes. g. Top: Schur decomposition of
the post-training weights in collapsed and non-collapsed models. Bottom: Non-collapsed
models learn a rotational vector field. Collapsed models reveal attraction towards a stable
slow manifold with rotational dynamics.

The rank of IV directly determines collapse. Mechanistically, a mode collapses when it lies
in the kernel of the right singular vectors of the weight matrix. Therefore we expect that the rank de-
ficiency of W should lead to more collapsed modes. To quantify this effect, we computed the stable
rank of the weights and observed that lower-rank solutions exhibited a greater number of collapsed
modes (Fig. 1d-e). To further characterise these solutions, we performed a Schur decomposition
W = ULUT, where L is quasi-lower triangular. Non-collapsed models implemented the correct
rotations between initial and target modes, reflected in anti-symmetric blocks of L, each 2 x 2 block
representing a rotation in the subspace from one initial mode to one target mode (Fig. 1g). Instead,
collapsed models did not learn all rotations, exhibiting compressive dynamics corresponding to neg-
ative real eigenvalues along the diagonal. Both collapsed and non-collapsed solutions were fixed
points of the gradient flow (App. B.3).

Adjoint operators in collapsed models are low rank. To understand the underpinnings of this
phenomenon, we looked at the stable rank of the adjoint operator over training (Fig. 1f). It revealed
that in the mode learning phase, adjoints corresponding to collapsed solutions are lower rank than
non-collapsed solutions. This mirrors the decrease in rank we observe in the weights.
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Figure 2: Flow-matching can have saddle-to-saddle dynamics when the data has mode imbal-
ance. a. Likelihood of collapse for increasing number of modes for the KL and flow
matching objectives. b. Flow-matching loss and stable rank of the model over training
(here with weights w = [0.95,0.025,0.025]). Both display staircase-like pattern corre-
sponding to the sequential matching of initial to target modes over learning. ¢. Rank of
the state operator as a function of the imbalance of the weights of the mixture.

3.2. Saddle-to-saddle dynamics drive effective collapse during flow matching

In the previous section, we showed that collapse is a stable fixed point in the gradient flow, driven
by the inherently mode-seeking KL objective. However, in flow matching it is possible to effec-
tively get mode collapse from saddle-to-saddle dynamics, which lead to sequential feature learning,
similar to what has been observed in the learning dynamics of deep linear networks [43].

Linear flow-matching is robust to stable collapse. We trained the same linear model as in
the CNF using a flow-matching objective. As expected, the model was able to recover the optimal
vector field, and did not exhibit mode collapse, even as the number of modes in the target distribution
increased (Fig. 2a). This indicates that the gradient flow of the flow-matching objective does not
induce collapse as a stable attractor, in contrast to the variational objective.

Saddle-to-saddle dynamics drive effective collapse. To investigate how data imbalance might
drive the model towards biased solutions, we introduced varying degrees of class imbalance by
modifying the mixture weights. In this setting, the singular value spectrum of the operator X can
be explicitly derived as a function of these weights (App. C.2), and used to analytically calculate
the rank of the data operator. Indeed, the stable rank of the X rapidly decreased as we increased
the mode imbalance (Fig. 2c). For imbalanced target distributions, deep linear models exhibit
saddle-to-saddle dynamics, corresponding to the sequential learning of modes (Fig. 2b). Moreover,
the learning time of a mode evolves super-linearly with the corresponding mixture’s weight 7, as
O(7~2) (App. C.2). This suggests that although flow-matching prevents stable fixed-points of the
gradient flow with collapsed modes, there can be an effective collapse, where modes with small
weights take longer to be learned, driven by a low rank data operator. This transient effect can be
problematic when considering a finite training budget. We also validated these results in a controlled
non-linear model trained on a more practical setup, showing that modes are also learned sequentially

(App. D).
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Appendix A. Theory
Problem setup. We study a general class of dynamical systems-based generative models:
Ex = fo(x,t)dt + Go(x,t)dB, X0 ~ po

where x(t) is the state of the system, dB increments of a Brownian motion, and fg : R” x R — R"
and Gg : R" x R — R™*" the drift and diffusion components of the stochastic differential equation
with parameters @ € ©. We assume a general loss function:

L(0) =Ex, B [/01 l(x(t),t)dt] ,

where [ : R™ x [0,1] — R is the instantaneous loss. Depending on the form of [(-), this setting
includes Dkr,, flow-matching and score-matching objectives as special cases.

Here, we are interested in the case where 6 contains weights W € R™** parametrising the drift
and diffusion terms fg and Gg. In particular, the rank of W can constrain the trajectories of the
dynamical system and, therefore, the probability distribution learned by the generative model. As
we argue below, implicit low-rank biases can arise in the gradient flow learning dynamics, which
can in turn bias the model towards collapsing certain modes of the learned distribution. To analyse
this phenomenon, we study gradient flow by decomposing it into two linear operators.

Low-rank biases. Key results from functional analysis[14] say that A and X are compact, and
admit singular value decompositions:

A=U%0 5%V, X=U"0S5%V"

Furthermore, because they are maps between or from a finite-dimensional vector space, they have
finite rank (i.e. finitely many non-zero s{ and s7). It immediately follows that the singular values
of their composition (i.e. of the gradient) are directly determined by i) the overlap between the right
singular vectors V% and the left singular vectors U* and ii) the singular values S, S%.

For example, usual bounds on the rank of matrix products also hold for linear operators, and the
rank of the gradient of the weights can be bounded as: Rank(Vy,£) < min{Rank(A), Rank(X)}.
In practical settings, however, these operators will be full rank, so we may be more interested in a
numerically stable definition of the effective rank.

Definition 2 The stable rank of a compact bounded linear operator A is defined as:

_ AL s

)

SRank(A) := = 4
Wl T &
where || - || denotes the nuclear norm and || - ||2 the spectral norm and s; the singular values of A.

In particular, if all nonzero singular values are equal, the stable rank coincides with the rank. Fur-
thermore, because it is only normalised by the top singular value, the stable rank is less sensitive to
the tails of the singular value distribution than other smooth ranks, such as the participation ratio.

Theorem 3 The stable rank of the gradient can be bounded as:

[All2]| X |2
A o Xl

where A and X are the operators defined above. [PROOF]

SRank(Viw L) < min {SRank(A), SRank(X)}.

11
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Proof of theorem 1

In this section, we derive the exact gradient of a generalised loss function in a nonlinear flow model,
with respect to a linear weight parameter WW. We consider a system governed by a Stratonovich
stochastic differential equation (SDE), where W affects the instantaneous loss, the drift, and the
diffusion terms through potentially distinct feature inputs. This derivation encompasses the three
types of losses commonly encountered in generative modelling with dynamical systems: variational
objectives, flow and score matching.

Let x(t) € R? denote the state of the system at time ¢ € [0,7], evolving according to the
Stratonovich SDE:

dx(t) = fiy (x(¢),t)dt + Gw (x(t),t) o dB, X0 ~ Po

where B(t) is a standard Brownian motion, f is the drift vector field, and G is the diffusion matrix
field. We use the Stratonovich integral (o) over the It6 integral, but we note that one and the other
can be interchanged.

We evaluate the system via a continuous-time expected loss functional:

L(W) = Ex,5 { /0 Tl(x(t),t)dt}

The core architectural assumption is that the parameter matrix W € R¥*4 acts linearly. For the
sake of generality, we assume that the weight parameter could potentially be part of any of the
loss, drift and diffusion functions. In several cases the drift and diffusion models are parametrised
by different networks, in which case any particular weight would only be part of one of them. In
specific scenarios, such as physics-informed neural networks, and some generative architecture, a
network and its derivative can be parametrising the drift and diffusion terms at once, in which case
W appears in both terms.
To account for this, we assume W may receive distinct post-activation feature vectors h;(t), he(¢), hg(t) €
R for the loss, drift, and diffusion terms respectively. The pre-activations feature vectors are thus
given by:
zi(t) = Why(t), ze(t) = Whe(t), zg(t) = Whg(t) € RF

Our goal is to derive Vi £ in terms of two operators, one which will be directly related to the
post-activation vector, and one adjoint operator.

Adjoints. Because the state x(¢) depends on W through the integration of the SDE, we cannot
differentiate £(W) by simply moving the gradient operator inside the expectation. Instead, we
define the adjoint a(t) € RY, representing how small changes in the trajectory of the dynamical
system relate to small changes in the loss function:

oL
alt) = 5@

Classic results state that this adjoint is the solution to the following dynamical system:[30]

da(t) = — (vxﬁ + (vxf)Ta(t)) dt — (V@) Ta(t) 0dB(t), a(T)=ar

12
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The gradient of model parameters can be written in terms of this adjoint (where we have dropped
the dependence on x(t) for notational clarity):

Vol =E [ /0 ' (vgz + (vgf)Ta(t)) dt + /0 T(vga)Ta(w o dB(t)

In our setting, the parameter of interest is the matrix W, which acts linearly, thus endowing the SDE
of the gradient with a particular structure.

We evaluate the parameter Jacobians V!, Vi f, and Vyy G by applying the chain rule through
the linear projections z;, z¢, and zq. First, the terms of the loss which do not depend on x have
gradients independent of the adjoint. Since z;(t) = Why(¢), differentiating with respect to the
matrix W gives an outer product:

Vil = a(t) @ hy(t)

where a; = 0,,1(t). The sensitivity of the drift and diffusion terms are mediated by the adjoint
state a(t). We define the drift error vector a¢(t) € R* by pulling the adjoint back through the drift
function:

ar(t) = (Ve f) " a(t)

Applying the chain rule through z¢(t) = Whe(t) gives:
(Vwf)Ta(t) = ag(t) @ he(t)
Similarly:
ag(t) = (Vo G(x(t),z6(1):1))  a(t)  (VwG) a(t) = ac(t) © ha(1)

Substituting these rank-1 matrices back into the gradient equation, we obtain the exact gradient
of the loss with respect to the weight matrix:

VwL =E [/OT (al(t) ®@hy(t) + ag(t) ® hf(]f))dt + /OT (ag(t) @ hg(t)) o dB(t)

In particular, the instantaneous gradient is rank 3.
Gradient as an operator. The gradient above can be rewritten as:

VwL =A;0oH;+ Afo He + Ag o Hg

where A,y and H.) are linear operators:

T
A PR SRS A0 =Bns | [ a0 0]

First, we briefly describe how more specific losses commonly used in generative modelling fall
within this framework, before describing general spectral properties of the gradient in terms of
these operators.

13
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Proof of theorem 3

We’ve demonstrated above that, even with highly nonlinear models with general losses, the gradient
of weight parameters can be written as a sum of compositions of linear operators.

VwLl =A,0H +A¢ o Hf + Ag o Hg

where A (. are adjoint operators and H .y state operators. In case of linear models as used in the
main text, the state operator is the state of the system itself, hence we call it X. The adjoint operator
directly dependent on the residual. As these operators are linear, and because they are maps from
or to a finite dimensional space (the state-space) they are compact. Thus they admit singular value
decompositions:

Ay =U"08V* Hy=U"oS"oV"

where:
Ut e RP*k . gacRF Ve [2(R) - RF

and:
U :R? - L*(R), SheRY, V"eRI*

such that their composition is a linear map Vi £ € RF*4:
h h h a a a
Vil RE S RS e O p2Ry S RS gE DS RE

Stable rank. A natural consequence of this structure in the gradient is that if either operator is
low rank then the gradient will be low rank as it is generally true that:

Rank(X oY) < min(Rank(X), Rank(Y))

This can for example occur when the model weights are already low rank. In both examples above,
we had that the adjoint the W} matrix had the form:

a(t) = diag(¢/(Wix(t))Wy (-)

Thus the rank of the operator is determined by the W, weights. For linear networks, as considered
in the main text, a consequence of this is that the rank of the gradient of model weights bound each
other:

Rank(A()) < Rank(Ws) ==V, L < Rank(Ws)

this can cause an entrainment of the weight learning dynamics towards lower-rank solutions.
In practice weights are never exactly low-rank. However, we can characterise their effective
rank via the stable rank:

min(k,q)
W[ Si
k = = —
SRank(W) Wi ; o

Other notions of effective rank include the participation ratio or the energy rank[49]. In general,
the stable rank of the product of two matrices can be expressed in terms of the stable rank of each
individual matrices. Indeed, define the Schatten norm of a linear operator:

1 || sery = Tr(ST)M"

14
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where S is that of the SVD of X. For all r—! < p~! 4 ¢! the Schatten norm of the composition
of linear operators is satisfies:

[X o Ylserry < 1 X se@) 1Y [ se(p)
In particular, taking » = 1 and p = oo (resp. 1) and ¢ = 1 (resp. c0), yields the bound:
1 X o Yl < min[[Yl2[| X ], [ X[|2]Y[l«}

multiplying and dividing the first and second argument of the min by the spectral norm of ¥ and X
respectively gives:

IX o Y|+ < ||V ||2]|X |2 min{SRank(X), SRank(Y)}

or:

1X [l e
SRank(X oY) < ——24 =
XeY) <X oy,

Or more specifically for our weight gradient:

< IAllAH]2
~ [ Ac Hls

min{SRank(X), SRank(Y")}

SRank(Vy L) min {SRank(A), SRank(H)} .

Thus, in the examples above, the rank of the gradient of the hidden layer weights are bounded by
the rank of the decoder:
SRank(Vy, £) < v SRank(Ws)

where v depends on the spectral norms of the operators.

Appendix B. Collapse in continuous normalising flow
B.1. Linear continuous normalizing flows

In section 3.1 we used a linear continuous normalising flow model. The model is trained to minimize
the reverse-KL divergence:

D (p1(x)]|p"(x)) = Ex~p, [logp1(x) — log p™ (x)]

Following previous work[21], we define a parametrisation of the velocity field, % = f(=z(t),t). We
can rewrite this using the learned distribution at time ¢, integrated from ¢ € [0, 1]:

1
Eu(0)ope [1ogpo<z<o>> + [ togmtatoa - logp*<z<1>>]

0
1
By 0y [tormo(a(0) = [ T falt). )t~ oy’ (1)

where p; and z(t) are the learned distribution and pushed forward initial sample at time ¢, and in
(1) we used the instantaneous change of variables formula[12]. To compute gradients with respect
to the loss, we define an augmented ODE:

] o=
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and integrate forward in time using a differentiable ODE solver to obtain z(1) and the accumu-
lated log-density of the learned distribution. Backpropagating through the ODE solver obtains the
gradients.

Definition 4 For a dynamical system x = fy(x,t) defined on t € |[0,1], with loss functional
dL(x(1))

L : R™ — R, the state adjoint is defined as a(t) = (i) Its solution is given by the following
dynamical system and terminal condition:

d, _ T _ dac

za=—J;¢ a, a(l) = (D)

where Js is the Jacobian of fy.
For the linear model and variational loss above, the adjoint dynamical system is therefore given by:
%a =-WT'a, a(l) = —Vxlogp*(x(1)) :==ay

We can then analytically derive the gradient as a Fréchet derivative of the matrix exponential of
wr.

Theorem S The gradient of the weights is given by:
1
VwL=AoX = / a(t) @ x(t)dt
0

which simplifies to:

Ao X =Ex,p, [/01 exp (WT(l - t)) (a(1l) ® x(0)) exp <WTt) dt}
[PROOF]

We initialised weights w;; ~ N (0, oini/+/n) where the dimension n = 2m and m is the
number of initial and target modes. For simulations we used a differentiable ODE solver with
the Tsit5 method and adaptive step size. To optimize the system we used SGD in Optax. The
hyperparameters are as follows:

m Cinit Ir Iterations Batch size Optimizer ODE solver PID; rtol, atol
3-10 le=* 1e73 30k 20k SGD Tsit5 le 3, 1e7©

Identifying collapsed modes Given a trained model with weights W, we can compute the
pushforward of some initial mode p; analytically as e pt;. Thus, we can compute the overlap
between each pushed forward initial mode and each target mode p (normalized by the mode radius)
as an m X m matrix: s;; = eV, - ;. We can identify which target mode each initial mode has
been assigned to by taking an argmax over the rows of s, since each initial is assigned to exactly one
target. If one or more target modes have no initial modes assigned to it, then collapse has occurred.

Computing the operator rank In figure ??c we plot the stable rank of the data operator over
training. From theorem 1 and theorem 5, we can write the gradient as a composition of two linear
operators, Viy L = A o X, where:

T 1
A= _EXO |:/ 6(1_t)WT le logpdata(xl)dt] y X = Exo |:/ etWXOdt:|
0 0

16
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where x; = e"'x(. There is a fundamental theorem in functional analysis that says that these
operators admit a singular value decomposition. Since rank(A) < min(dim((R™)*) = n and
dim(L?) = oo, it has at most n non-zero singular values. By discretising the integral with ¢ initial
samples and 7' time points we can write A € (R")* @ RT*4, on which we can perform singular
value decomposition and compute the stable rank for each training time.

a No collapse Collapsed mode ; b c
) - =
] X -
50- S 06 = -
- " LR s
3 s i 5 - Training iteration \ Unit \\Q}
<
L
E Q 0
{ g - = Number of
g T collapsed | 1
—1e-2 1e-2 modes
— i ® 0 0.0 - »—— No collapse
— — -2 0 2 4 6 81012 5 10 15 >—— Collapse
9 D 25 Hessian Eigenvalue Tensor rank Training time

Figure 3: Low-rank learning dynamics of CNF model. a. Visualisation of gradient flow near
collapsed and non-collapsed fixed points. b. Empirical distributions of the eigenvalues
of the Hessian, evaluated at the compression slow-point (grey) and at the end of training
(blue) for a non-collapsed model. ¢. MSE of a tensor rank-k decomposition of the weight
tensor formed by stacking W over training. d. Low-tensor-rank subspace of the weight
space highlighting how the trajectory of the collapsed and non-collapsed models split
during the mode learning phase.

B.2. Linear CNF adjoint
Proof of theorem 5

Following from theorem 1, the gradient flow can be written as
1
VwL=AoX = / a(t) @ x(t)dt
0

As previously shown, for a linear model the adjoint has dynamics

d
%a(t) = —W'a(t)

This admits the solution
a(t) = exp(W' (1 - ))a(l)

where the initial condition is given by a(1) = —Vx log pgata(x(1)). The state of the system at time

t for the linear model is
x(t) = exp(Wt)xo

Putting these together, we obtain

AoX = /01 exp(W ' (1 —1t))a(1l) @ x(0) exp(W " t)dt.

17
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B.3. Fixed points of the gradient flow

First, note that:

VwL = VDKL (p1, Pdata) = VxE [10g Pdata(x(1)) — log p1(x(1))]

By the continuity equations:

1
log p(x(1)) = g p(x(0)) ~ [ div(Wx(t)dt = log p(x(0)) ~ Tr(W)
Hence, because x(0) is independent of W:
Vi L = VwE [log paata(x1)] — 1

That is, the gradient is given by:
1
VwL=E [ / e W 1a(1) @ x(o)ew”dt] —1
0

where a(1) = Vx log pqata(x(1)) is the score of the data distribution. We are interested in the fixed
points Vi £ = 0, that is:

1
I=E [/ eV a1 & X(O)eWTtdt]
0

Data assumptions. For a Gaussian Mixture, the score can be derived explicitly:
m
Vs 10g paata(x(1)) = Vi log Y " wiN (x(1); p;, )
i=1
We make the additional assumptions that w; = 1/m and p - uj =6;j and X; = o2I. Then:

Vi log paata(x(1)) = Y 7(x(1)) (1] —x(1))
i=1

where:
N(x(1); p, 021)

SO N (x(1); 3, 02)
We can further assume, that, since we are interested in fixed points of the gradient flow, x(1) should

be near one of the data modes (otherwise the Dy, will be large), and if ¢ < 1 the density of all
other Gaussians will be vanishingly small:

i(x(1))

Vi & Oij

for that corresponding mode. Thus we focus on the case where:
L.
Vaclog paaia (x(1)) ~ — (1 ~ x(1))

18
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for some ¢. Thus, the gradient can be written as:

1
VLl = %E U VT —x(1) ® x(O)eWTtdt} —T
0

1
VwL = %E [/ eWT(l_t)(uf —x(0) ® X(O)eWTtdt} -1
4 0

The fixed points are thus given by:
1
—2V =E {/ e_WTt(u;k —eVx(0)) ® x(O)eWTtdt]
0

Optimal solution. An easy guess as to a solution is the rotation of the initial to target means. Such
a solution can be written as:
W =ULU"

where U = [pq, 13, .-, By Iy, U2m1, ---, Uy | Where u; are arbitrary (since they have the same
zero eigenvalue), and L is given by:

By

Then,
6Wt _ UeLtUT

Writing the fixed-point equation in this basis and noticing that —L = LT we get:

1
—cUetUT =E [ / UeMUT (uf — UelUTx(0)) ® x(O)Ue‘LtUTdt}
0

Now noting that x(0) = p; + o and cancelling the U matrices on both sides:

1
oZel = E [/ e (eg; — e (egi—1 + oUE)) @ (e2i—1 + JU§)eLtdt}
0

We can expand:
1 1
—o%el =k |:/ €Ltegi X (egi_l + an)e*Lt dt:| —elE [/ 6Lt(egi_1 + UUf) () (egz‘_l + O’Uf)eiLt dt
0 0
Now bringing the expectation over the Gaussian inside:
1 1
—o2el =F [/ eMey @ eg;_je dt} —el'E {/ eMley | ey e dt}
0 0

1 1
+ oE {/ eMley 1 ® Uu¢ e It dt] + oE [/ eLtU§ ® eq_q e 1 dt}
0 0

1
—o2e"E [ / HUe @ Uee 1 dt]
0
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Now the middle two terms vanish, and the last term contains the covariance of an isotropic Gaussian.
Moreover, the outer product of standard basis vectors contain a single scalar. Thus, the exponentials
cancel out (noting that they trivially commute):

—o?el =R ey @ ey 1] — e"Elegi 1 @ ey 1] — oel

or:
0=A-¢'B
where: _ _
C
A= L o= [O 1}
C 00
- D_
and: -~ _
E
10
b= E - BE [0 0}
- D_
now note that:
CT
B = — AT 417
CT
D

where I is the matrix containing ones along the diagonal matching the D matrix and zero every-
where else. Hence:
eb=A-AT4+1P=A-AT + 1P

Collapsed solution. The collapsed solution maps two initial modes to the same target mode.
We consider a n mode model collapsing one mode. The solution can be written as:

W =ULUT
with: ) )
U: ——— - y *77 + >u7 aun
[ﬂ(ﬂz M), — 1 ﬁ(“l M), uy ]
and
-A 0 O
0O 0 -1

in particular, because of the block structure, the dynamics in all other initial-target mode pairs than
modes 1 and 2 will be identical to the optimal solution, and so we focus on these modes.
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Just as for the optimal solution, given that U is an orthogonal matrix, the fixed points satisfy:
t
—o?el =E [/ U T — U Txo) ® xoUe_Ltdt}
0

We can split expectation into each possible initial mode. Moreover, by the same argument as before,
the integral of exponentials cancel out, so that the fixed point is.

1 1
—o2el = — 562 ® (63 — e1) — 562 & (93 + e1)
L1 1 2
—e §(e3—e1)®(e3—e1)+§(e3+e1)®(e3+e1)—aI
Which simplifies to:
0=-e;®e;—e"(e;®er +e3®es)
Now noting that ele; = e ?e; and ele; = —ey:
0=-e;®e3—c ‘ej@e; +es®ey

which is satisfied in the limit of large A.
Saddle/slow compression point Empirically, we observe training go through a regime we call
the “compression” phase. This involves the weight structure:

W=ULU"
where U = [pF, ..., 15, [y, - -y Bym> U2t 1, ..o, Uy and
AT 0
L= A1, , D = ..
D 0

where I, € R™*™ A\_ > 0and A_ < 0. Since L is diagonal, e’ is also diagonal with entries of
ediag(L)i  Similarly to before, we can write the fixed point equation in the basis:

1
—o’I, =E [ / FIDUT (ur — Ul U Tx(0)) @ x(0)Uetdt
0

Evaluating the modes in the rotated basis we get
T T
U pi=eirm, U pj=e;

Also writing x(0) = p,; + o and noting that UTU = UU " = I, we can rewrite the fixed point
equation as:

1
—0%I, =E {/ "1 (e; — eX(ejpm + 0€)) ® (€jym + Ué)eLtdt]
0

where E = U ¢ ~ N (0, 1) since U is orthogonal. Since e’ is diagonal and acts in each subspace
independently, we can rewrite the RHS for each subspace independently:

1 - -
o0y = /O e1=DAagtho gt | [(ei — " (eirm + o)) |y, © (€jam + 0E) |y, ]
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where a is the column subspace with corresponding eigenvalue )., b is the row subspace with
eigenvalue )\, and - |Vc indicates projection into the corresponding ¢ subspace. The integral can be

evaluated as N
1 eta—etb

/ oD Xa g2 gy TQ_)\b Ao # Mo

0 ere Aa = Np

Thus there are four blocks which we evaluate separately, V; x V., Vo xV_, Vi xV_and V_ x V.
For the first block we have

—0%I; = eME [(ei —eMoE ) ® Uér}
The second block gives
—o%l; =M E [—eA* (€irm + 0E) @ (€j1m + ag_)}
= - [E [€i4m ® €j1m] + 0°E [5_ ® S_H

2
= —e?M- [ﬁ\z + 02] I

and so we obtain ) )
1 M
A =—=1In (R/—HT> ]

Since the different subspaces are non-overlapping, the cross blocks are trivially zero.

Appendix C. Effective collapse in flow matching models

The flow matching objective can be written generally as

1
ﬁ = Exo,z |:/ Hu(xt) — ug(Xt)szt
0

where the expectation is over initial samples x( and data samples z, u(x) is the true field and
x; = 7(x0, 2, t) interpolates smoothly between initial samples and data samples for ¢ € [0, 1].

C.1. Linear flow matching

To compare the FM objective to the linear CNF model, we choose ug(x) = Wx. For the mix-
ture of Gaussians set up described in section 3.1, we can then derive the optimal weights, W*,
which transport each initial mode to a respective target mode (appendix B.3). Thus, we can define
an interpolation path which follows this known optimal trajectory: x; = eV xq, where W* is
constructed such that initial modes are assigned to different targets. The optimal velocity is then
x; = W*etW xy = W*x,, and so we can write the objective as a linear regression integrated over
time: .
L = Ex, U IW*x, — Wxy|[dt
0

To train the model, we use full-batch gradient descent with a fixed set of initial samples and time
points. We initialise weights as w;; ~ N (0, oini/+/n). The hyperparameters are:
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n Cinit Ir Iterations Batch size Optimizer
3-10 le=* 1le™® 3000 10k SGD
In figure 2 we parametrise the linear flow as ug(x) = WaoWWix. Classic work in learning

theory[43] has shown that this parametrisation leads to non-linear training dynamics, inducing
saddle-to-saddle dynamics.

C.2. Rank of the data operator

Covariance operator of the flow matching objective. To decompose the gradient of the FM
objective into two linear operators, we note that the gradient (up to a scalar constant) is:

1
Vwﬁ = Exo / Xt (W*Xt — WXt)T dt:|
0

1
= Ey, / xx] (W* — W)dt]
0

which we can rewrite as the composition of two linear operators:

1
XOREEXO / Xt®Xtdt:|O(W*_W)
0

where X depends only on the data distribution and R is simply the residual between the weights
and the optimal weights. We can compute the rank of X analytically. For this, we will compute the
eigenvalues of the matrix:

C'=Xoad(X) = Ex,x, Uotx(t) ® x(t)dt} € R

where x(t) follows the linear interpolation path. By commutating the integral and expectation,
while also noting that since both E[xo] = E[x;] = 0, we have that E[x((t)] = 0, we obtain:

C= /Ut Ex, x; [x(t) @ x(t)] dt = /Ot Cov(x(t))dt
The covariance at a particular time point is given by:
Cov(x(t)) = t2Cov(xg) + (1 — t)*Cov(x1)
and so integrating the time terms, we obtain that:
C= %(Cov(xl) + Cov(xg))

substituting the Gaussian Mixture’s covariance ¥ = 021 + > Tl © p; — @ [, where fi is the
centre of the means, we obtain:




Low-RANK BIASES IN THE LEARNING DYNAMICS OF GENERATIVE MODELS

This is the covariance of a spiked matrix, whose eigenvalues are well studied.

Eigenvalues of flow-matching state operator. For small standard deviations relative to the
means, this matrix has eigenvalue eigenvector (\;,v;) pairs within and outside the plane of the
means. First within:

2 2
. oy + o+ p; 1 _
1<i<m: M= 3 <V I_E(“i_“)
where p; are the roots of 23“21 ﬂjﬁjm = 0. Then outside:
2 2
m<i<n: \N= %, vi € ker({peq, ..oy b })

In particular, the spike eigenvalues are bounded by:

2 2 2 2

where m; > ;41 are the ordered weights. In the special case of two modes the roots are more

explicitly given by:
st o

+
T —p T2—=p

=0
That is:

2mime — p(m +m2) =0
and since the 7’s sum to one:

02+ 02 +2m (1 —m)
3

p=2m(1—m), A=

In particular the eigenvalue depends quadratically on 7;. A similar derivation for three modes

yields:
1 T2 3

+ + =0
TM—p T2—p T3P

that is:
p? — 2p(myme + moms + mim3) + 3mymams = 0

noting that since the 7’s sum to one this is a quadratic equation. Calling b = (7172 + 7om3 + m173)

and ¢ = 3wy moms this yields:
p=b+Vb®—-3c

For a high imbalance m; < w9 < 73, the moms terms will be small, and the eigenvalues approxi-
mately equal to:

0(2)—|—02+2772 08+02

YRS R i PR R

3 3

which corresponds to one eigenvector through the means of the two larger weights modes and one

eigenvector through the smallest weight mode. In two-layer deep linear networks, the learning time

of a particular singular value s grows as O(s~!).[43] Thus, in our case, the learning time of the

smallest mode grows as O(7T ;11211)

+ m3
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Appendix D. Non-linear flow matching model

Nonlinear models, unlike linear flows, can create new modes. We therefore asked whether similar
sequential learning dynamics emerge in nonlinear models, and whether this could contribute to a
form of effective collapse. As in the linear case, we assume a Gaussian mixture target distribution
with equal, isotropic covariances 021, and unequal mixture weights. However here, unlike in the
linear settings, the initial distribution is a single-mode Gaussian.

a b Iteration 300 Iteration 2.3k [teration 10k
First mode learned econd mode learnec Third mode learned

i
o
i

Target -

mode

First mode =2 | |

learned ] nitial ]

- ‘N mode ‘ ° ‘ ° d

10! g‘f 3
mode 1 1 1 R

10k -4

Flow matching
Log loss

0 Training iteration

(1]
y

4K
3k
2k

# Epochs to learn
smallest mode

1k

0.200 0.100 0.025
Mode Imbalance

10k 10k 10k

0 Training iteration Training iteration

Training iteration

Figure 4: Nonlinear flow-matching models exhibit effective collapse due to low-rank biases.
a. Flow matching loss over training displaying progressively longer learning time for
each mode. b. (Top) Generative log-density at three time points of training evaluated
via the continuity equation (App. D.1). The modes are progressively learned (Bottom)
Corresponding vector field, where additional fixed points are created with each learned
mode. c. Learning time as a function of the mode imbalance 7(1 — 7). d. Stable rank
of the weights over training. The hidden layer weights W, show progressive increase in
their rank with each learned mode. e. Adjoint (residual) operator rank for the two weight
matrices. f. State operator rank for the two weight matrices.

Nonlinear model operators. We trained a one hidden-layer ReLLU network parameterised to
match the form of the optimal velocity (App. D.3):

ug(x, 1) = c(t)x + (1 = te(t)) WoReLU(Wix +b),  c(f) = 55— =02

25



Low-RANK BIASES IN THE LEARNING DYNAMICS OF GENERATIVE MODELS

where c(t) is a scalar given analytically and W5 € R™ ™ W; € R™*" b € R™ are trained
parameters. By using such a parametrisation, the time-dependency is handled purely by the scalar
prefactors, and the model only needs to learn the spatial component of the field. For such a model
trained under the MSE loss with conditional velocity field target (App. D.1), we can write the
gradients with respect to the two weight matrices as a composition of two operators (App. D.4):

1
Vi £ = Ex,x, / diag (ReLU'(z1)) Wy R(X(t)) ® %(t) dt
0 ~~

Ax X1

1
Vins L = Ry / R(x(t)) © hu (x(1)) dt
0 —— N——
Aa Xo
where X(¢) is a point along the interpolant trajectory, R(X(t)) is the residual error per sample,
z = Wix + b is the network pre-activations, h is the network post-activations and ReLU’ denotes
the derivative of the activation. Similarly to the linear flow matching case, these are both of the
form A o X, where the adjoint operator A propagates errors backwards and the state operator X
represents the state of the network. Also like before, the W; gradient has an operator which is
dependent purely on the data distribution.

Numerical results. Similar to the linear model, we observed sequential learning dynamics
corresponding to each mode being learned one-by-one (Fig. 4a). The first inflection point in the
loss corresponded to the probability density being transported to the dominant mode. After a few
thousand training iterations a second inflection point occurred when the density expanded to cover
the second strongest mode. By the point the loss saturated, the transported density covered all
modes, with attracting dynamics surrounding each mode in the learned vector field (Fig. 4b). The
ranks of the weights correlated with the learning of each modes, with an increase in W at each time
a mode was learned (Fig. 4d). The first layer adjoint rank and second layer state rank also reflect
mode learning, with sharp changes at each inflection point (Fig. 4e-f). By systematically varying
the imbalance between the strongest and weakest mode weightings, we observed the time to learn
increasing super-linearly with increasing imbalance (Fig. 4c).

D.1. Non-linear flow matching

In section 4, we consider a task of learning a mixture of Gaussians target distribution with isotropic
covariances:

M
z ~ pdata(z) = zﬂ-iN(ﬂﬂwgzld) e R"
=1

from a unimodal initial distribution
Xg ~ po(x) = N(x|0,0°1;) € R".

with 0 = 1.0 and o, = 0.1. The mixture weights are distributed according to a power law: m; =
%, a = 3. We choose the linear interpolation probability path, x; = tz + (1 — t)x(. Motivated
by the form of the analytic field derived in section D.3, we parameterise our model as:

ug(x,t) = c(t)x + (1 — tc(t)) WaReLU(W1x + b)
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where c(t) is given explicitly to the model and Wy € R™™, W € R™ " b € R™ are trained
parameters. We train using the conditional velocity objective:

1
L=Ex,, {/ llug(x,t) — (z — X())Hth
0

There is a fundamental theorem in flow matching which says that in loss has the same gradients
(up to a constant) to training on the unconditional velocity field[31]. To train the model, we use
full-batch gradient descent with a fixed set of initial samples and time points. We initialise weights
as w;; ~ N(0, oinit/+/n) and b = 0. The hyperparameters are:

n M Oiit Ir Iterations Batch size Optimizer
5 64 le?* 5e? 10k 1000 Adam

Learned density To compute the log-density of the learned model, logpy +(x), we use the
instantaneous change of variables for probability flow, derived from the continuity equation[12]:

t
log pp.1(x) = log po(x) — / V- ug(x, t)dt
0

By solving the same augmented ODE as in appendix B.1, we can compute the accumulated log-
density at time ¢ at a grid of initial points.

Time to learning vs mode imbalance In figure 4c, we plot the time taken to learn the smallest
mode as a function of the imbalance between the weightings of the largest and smallest modes.
We used a symmetric 3-mode setup in 2-d, with weightings © = [« 1_Ta, I_TO‘}, and with o €
[0.01,0.20]. We define the time to learn as the first training iteration (except initialisation) where

any generated sample is within a threshold distance of the smallest weighted mode.

D.2. Marginal distribution for MoG targets

At time ¢, the linear interpolation path yields the conditional (on a data sample z) probability distri-
bution
pe(x|z) = N(xltz, (1 - 1)°0°1,).

Marginalising over the data distribution:

pilx) = [ pu(xl)puaa()dz
= / (N (x]tz, (1 - t)20—2]d)) (Z Tri/\/'(z,ui,azld)> dz
i=1

M
=Y [ Ntz (1= 00 L) N (el o )
=1

M .
=5 m? (%)
=1

where pf) (x) = N(x|tu;, X¢) is the probability density conditioned on target mode 7 and 3; =

(t202 + (1 —t)%0?)1,.
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D.3. Marginal velocity field for MoG targets

We start by writing the conditional velocity field for the linear interpolation path:
w(x|z) =% =2z —Xp

Rearranging the probability path equation we get

Xy — 1z
1—-1

X0 =

which we can substitute into the conditional velocity to remove dependency on Xg:

1
1-t¢

w(x|z) = (z — x)

To obtain the marginal field (for the i target mode) we marginalise over z by taking the expectation
with respect to the posterior distribution p;(z|x):

04 () = By oo [ (x]2)]
1
= E(Ez'\/pt(zk) [Z] - X)
To evaluate the expectation, we use the following result:

Theorem 6 Letu ~ N (ay, By) and v ~ N (ay, By).

p(ulv+u) =N (ay + Bu(Bu+ By) ' [(u+ V) — (ay +ay)], Bu— Bu(Bu+ By) 'By)
Le. the conditional distribution of the sum of two Gaussians is itself Gaussian.

Applying this, we obtain E[z|x] = u; + to2I;%; *(x — tu;) where ¥y = t202 + (1 — t)202. Thus
the field becomes:

i 1 _ 1
u? (x) = —— (p; + o215 (x — tpy)) — ——x

1—1¢ 1—t
Qo ot — oI5 ()
Dt %"31_1;& Syt (x — )
& ©; + to, — (1 = t)o* (x —tp;)

t202 + (1 — t)202

where in (1) we have added and subtracted by 1% p;, in (2) we took out a factor of X Yx —tw,)
on the right, and in (3) we have substituted in the expression for ¥; and simplified. Defining

2_(1-t)o?
c(t) = g5

= Porr(i-)7ez Wecan write the field as

uf (x) = c(t)x + (1 — te(t)) p;

Note that this is still conditional on a specific target mode ;. To get the full unconditional field, we
use the continuity equation:
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Theorem 7 (Continuity Equation) For a flow model with vector field u; and Xg ~ Dinis, then
Xy ~ pe forall 0 <t < 1ifand only if

ope(x) = =V (prur)(x)
forall x € R 0<t<1.

Then, using the form of the marginal probability path in section D.2, we can write the LHS as

(ot

w0\ (x)

=
Ms

.
Il

.MSH

—~
N
~

miV (pful”) (x)
1

(bt

where in (1) we used the linearity of derivatives, in (2) we used the continuity equation for the ™
target mode and in (3) we use the linearity of the divergence operator. Comparing this to the RHS
of the continuity equation, we get that

(2

IIw

M
X) = Z Wiptz) (X)ugl) (x)
i=1
which we can rearrange to get

M .
=5 W x)u (x)
=1
(i) mipt? (%)

where v,/ (x) = pix) actsasa weighting between different modes. Substituting the expression
for the field conditioned on target mode i, we obtain the final form of the marginal field:

ug(x) = e(t)x + (1 —te(t Z% 1

where we used the fact that ) _ ’71@ (x) = 1.

D.4. Operators of the non-linear model
< [[ 1504
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Consider the loss functional:
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where £(X(t)) = ||®(x(t)) — u(x(t))||? is the MSE objective for model ® and target velocity u,
and x(t) is the interpolated trajectory. Also consider a deep neural network architecture:

©=WiogpoWi_10¢po---0W;

which has it layer pre-activations z; = W; o ¢... and post-activations h; = ¢(z;) for some
non-linearity ¢. The gradients with respect to the i" layer weights are:

1
Vil = g | [ 0 t(x(0) 0 his (x(0)
1
B | [ RO 5 @ hia(x(0)]
where R(x(t)) = ®(x(t)) — u(x(t)) is the residual per sample.

Now we define our network as in section ?? (omitting the skip connection which contributes
zero to the gradient, and the time-dependent pre-factor which just scales the gradient):

®(x) = WoReLU(W1x + b)

We can then compute the gradients as:

1
Vi £ = Ex,x, / diag (ReLU'(z1)) W, R(x(t)) ® %(t) dt
0

Ay X1

1
Vil = B | [ RK(D) &l (x(0)
2 X2

where we define A;, Ay as the adjoint (backward) operators and X1, X5 as the state (forward)
operators for layer 1 and layer 2 respectively.
[heading=subbibliography,title=Supplementary References]
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