
AdaTIR: Adaptive Tool-Integrated Reasoning via Difficulty-Aware Policy
Optimization

Anonymous ACL submission

Abstract001

Tool-Integrated Reasoning (TIR) has signifi-002
cantly enhanced the capabilities of Large Lan-003
guage Models (LLMs), yet current agents tend004
to exhibit cognitive offloading, redundantly in-005
voking external tools even for simple tasks. In006
this paper, we suggest that true agentic intel-007
ligence requires not just tool invocation, but008
the adaptive wisdom to discern when to use009
them. We propose AdaTIR, a framework that010
shifts the paradigm from static tool invocation011
to difficulty-aware reasoning internalization.012
By introducing a difficulty-aware efficiency re-013
ward, AdaTIR dynamically adjusts tool bud-014
gets based on task complexity—internalizing015
reasoning for simple tasks while selectively in-016
voking tools for complex tasks. Furthermore,017
we identify a sign reversal problem where tool018
penalties outweigh correctness rewards, mis-019
takenly penalizing correct rollouts with nega-020
tive advantages. To resolve this, we propose021
Clipped Advantage Shaping (CAS), which en-022
sures that correctness remains the primary ob-023
jective while using efficiency as a secondary024
constraint. Empirical results demonstrate that025
AdaTIR reduces tool calls by up to 97.6% on026
simple tasks and 28.2% on complex challenges027
while maintaining or enhancing accuracy. No-028
tably, AdaTIR successfully internalizes reason-029
ing, outperforming baselines by 4.8% on AIME030
2024 even when tool access is strictly disabled.031

1 Introduction032

Large Language Models (LLMs)—such as033

OpenAI-o1 (OpenAI et al., 2024) and DeepSeek-034

R1 (DeepSeek-AI et al., 2025)—have achieved re-035

markable milestones in complex reasoning, man-036

ifesting superior capabilities in tasks ranging037

from mathematical problem-solving (Patel et al.,038

2024) to repository-level code generation (Jimenez039

et al., 2024) and open-domain question answer-040

ing (Kwiatkowski et al., 2019). To further tran-041

scend the limitations of parametric knowledge,042
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Figure 1: Accuracy versus Tool Calls for Qwen2.5 un-
der different training strategies. GRPO and AdaTIR
denote the baseline and our proposed method, re-
spectively. AdaTIR consistently achieves a superior
efficiency-accuracy trade-off across both 3B and 7B
backbones by internalizing reasoning capabilities.

Tool-Integrated Reasoning (TIR) has emerged 043

as a powerful paradigm (Gou et al., 2024; Li et al., 044

2025c; Feng et al., 2025; Singh et al., 2025; Xue 045

et al., 2025), augmenting Large Language Models 046

(LLMs) with external executors to tackle problems 047

intractable for pure-text generation (Lin and Xu, 048

2025). However, this augmentation comes with 049

a hidden cognitive cost, current agents exhibit a 050

pathological tendency toward “cognitive offload- 051

ing” (Wang et al., 2025a; Xu et al., 2024). By 052

frequently invoking tools for simple tasks, they not 053

only incur unnecessary latency but also risk degrad- 054

ing their intrinsic reasoning consistency through 055

environmental noise. The fundamental challenge 056

lies in selectively internalizing tool-independent 057

logic without compromising the robustness needed 058

for genuinely complex tasks. 059

To address these efficiency bottlenecks, recent 060

research has explored ranging from inference-time 061

budget constraints (Liu et al., 2025) to training- 062

time reward shaping. However, these approaches 063

often fail to address the root cause of tool depen- 064
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dency. Inference-time constraints function as shal-065

low prompt-level limits, often leading to context066

drift or reasoning dead-ends when the model lacks067

the internalized logic to proceed without tools (Liu068

et al., 2024; Shinn et al., 2023). Alternatively,069

training-based methods like OTC impose indiscrim-070

inate penalties on tool invocation. This creates a071

fundamental dilemma: a penalty strong enough072

to suppress redundancy on simple tasks often in-073

advertently impairs the model’s ability to solve074

complex tasks that genuinely require external as-075

sistance. Furthermore, approximating optimal bud-076

gets based on biased group-minima estimates often077

leads to sub-optimal convergence where tool redun-078

dancy persists.079

To address these limitations, we propose080

AdaTIR, a framework that establishes a difficulty-081

aware policy to adaptively regulate tool invocation082

frequency based on task complexity. Our core in-083

sight is that tool invocation is inherently difficulty-084

dependent. Different from static penalties that in-085

discriminately suppress actions, we suggest that086

constraints should be dynamic: stricter budgets on087

simple tasks compel the model to internalize rea-088

soning capabilities and mitigate “cognitive offload-089

ing”, while relaxed constraints on complex tasks090

ensure the model retains the robustness to leverage091

external tools when necessary. Consequently, this092

paradigm enables the model to align computational093

expenditure with task difficulty, effectively pushing094

the cost-performance Pareto frontier.095

The implementation of this strategy, however,096

reveals a critical algorithmic challenge: naive re-097

ward shaping inherently risks sign reversal, where098

efficiency penalties can inadvertently outweigh cor-099

rectness rewards. Specifically, as training pro-100

gresses, rollouts within a group exhibit consistent101

correctness. This phenomenon dilutes the accuracy-102

based advantage signal, allowing the auxiliary ef-103

ficiency signal to disproportionately influence the104

optimization objective. Consequently, even rollouts105

that yield correct answers could be assigned a neg-106

ative advantage if their tool invocation exceeds the107

group average, creating an objective misalignment108

that suppresses valid reasoning paths and induces109

training instability. To address this, we propose110

Clipped Advantage Shaping (CAS), a mechanism111

that directly reformulates the advantage term rather112

than modifying the scalar reward. By integrating113

a clipped efficiency penalty as an auxiliary signal,114

CAS effectively encourages the prioritization of115

correctness signals over efficiency signals, causing116

the model to optimize efficiency without suffering 117

from the mode collapse (Wang et al., 2025c; Cui 118

et al., 2025) observed in conventional methods. 119

Our contributions are summarized as follows: 120

• We propose AdaTIR, a framework that es- 121

tablishes a difficulty-aware policy to adap- 122

tively regulate tool invocations tailored to task 123

complexity, effectively suppressing redundant 124

"cognitive offloading" on simple tasks. 125

• We introduce Clipped Advantage Shaping 126

(CAS), a mechanism that mathematically re- 127

formulates the advantage term to maintain 128

sign consistency, resolving the training insta- 129

bility and mode collapse often observed in 130

naive reward shaping. 131

• We demonstrate that our approach signifi- 132

cantly enhances efficiency across varying diffi- 133

culty levels, reducing tool calls by up to 97.6% 134

(Figure 1) on simple tasks while maintaining 135

robust performance on complex challenges. 136

Notably, our method exhibits superior rea- 137

soning capabilities even when tool access is 138

strictly disabled, indicating successful reason- 139

ing internalization. 140

2 Preliminaries 141

Tool-Integrated Reasoning (TIR). In the TIR 142

paradigm, the large language model acts as a rea- 143

soning engine that interleaves text generation with 144

external tool interactions (Wang et al., 2023; Shao 145

et al., 2024). Given a task q, the reasoning process 146

of the policy πθ forms a trajectory τ consisting of 147

sequential reasoning steps and environment feed- 148

backs: 149

τ = (w1, c1, o1, w2, c2, o2, . . . , wK , cK , oK , ŷ)
(1) 150

where wk represents the k-th reasoning thought, ck 151

is the tool invocation command, and ok is the corre- 152

sponding observation returned by code execution. 153

Group Relative Policy Optimization (GRPO). 154

We adopt GRPO as our base optimization frame- 155

work. In contrast to traditional Actor-Critic (Konda 156

and Tsitsiklis, 1999) methods that require a value 157

function, GRPO estimates the baseline directly 158

from group scores, reducing memory overhead. 159
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Figure 2: Overview of the proposed framework. Efficiency signals are conditionally injected only for correct
rollouts on easy tasks (where difficulty estimation ϕ falls below threshold ϕlow). These auxiliary signals are
explicitly clipped by δ|Aacc| (0 < δ < 1), to ensure efficiency optimization remains secondary to correctness,
thereby maintaining sign consistency.

The training objective is defined as:160

JGRPO =
1

G

G∑
i=1

1

|τi|

|τi|∑
t=1

(
min

(
ri,tÂi,t,

clip(ri,t, 1− ϵ, 1 + ϵ)Âi,t

)
− βDKL(πθ∥πref)

)
(2)161

where the importance sampling ratio ri,t is explic-162

itly given by:163

ri,t =
πθ(τi,t | q, τi,<t)

πold(τi,t | q, τi,<t)
(3)164

Here, τi,t denotes the t-th token in trajectory τi, and165

Âi,t represents the normalized advantage computed166

within group i.167

3 Method168

In this section, we present AdaTIR, a framework de-169

signed for optimizing effectiveness and efficiency170

by invoking tools only when necessary. The over-171

all workflow, including our difficulty-aware reward172

mechanism and the Clipped Advantage Shaping173

(CAS) module, is illustrated in Figure 2. We begin174

by introducing a difficulty-aware reward shaping175

mechanism, where task difficulty is estimated by176

the accuracy of response within each group, to en-177

courage the policy model to reduce tool invocations178

for simple task (§3.1). Subsequently, we introduce179

Clipped Advantage Shaping, a mechanism that re-180

formulates the advantage term to maintain sign181

consistency. By limiting efficiency penalties to a182

secondary role relative to correctness rewards, CAS183

mitigates the objective misalignment and reduces184

the risk of mode collapse (§3.2).185

3.1 Difficulty-Aware Efficiency Reward for 186

Strategic Reasoning Internalization 187

To address these challenges, we propose a 188

Difficulty-Aware Reward mechanism that incen- 189

tivizes the policy model to learn adaptively budget 190

allocation for tool invocation based on task com- 191

plexity. The core idea is to penalize the model for 192

frequent tool invocations on simple tasks—thereby 193

compelling the model to internalize the reasoning 194

capabilities. Meanwhile, we adaptively relax this 195

constraint for complex tasks where external tool 196

calls is indispensable for maintaining effectiveness. 197

To mitigate redundant tool invocations, we pro- 198

pose a Difficulty-Aware Reward mechanism that 199

adaptively allocates tool budgets based on task 200

complexity. Different from prior works that fo- 201

cus primarily on correctness (Li et al., 2025c; Xue 202

et al., 2025), our approach compels reasoning inter- 203

nalization for simple tasks while maintaining the 204

flexibility to invoke tools for complex tasks. 205

Extrinsic Difficulty Estimation. Specifically, 206

we define the difficulty ϕq ∈ [0, 1] of task q as the 207

complement of the group success rate: 208

ϕq = 1− 1

G

G∑
i=1

I(passed(gt, predi)) (4) 209

where G is the group size, gt is the ground-truth 210

answer, and predi is the prediction from trajectory 211

τi . In this formulation, ϕq → 0 denotes a simple 212

task, while ϕq → 1 signifies a challenging task. 213

Difficulty-Aware Efficiency Reward shaping. 214

Based on the estimated difficulty, we apply a 215

penalty to successful trajectories that rely on redun- 216

dant tool use. We first define a sine-based penalty 217

factor f(τi) to quantify the tool invocation cost: 218

f(τi) = sin

(
π

2
· N(τi)

Nmax

)
(5) 219
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There exist real numbers x and y, both greater than 1, such that . Find xy.

Figure 3: Comparison of reasoning processes between a standard tool-integrated baseline and our approach.
(Left) The baseline model relies on external Python tools but fails to recover after the symbolic solver returns an
error. It then attempts an irrelevant search and ends with an incorrect answer. (Right) Our approach correctly solves
the problem by performing step-by-step algebraic deduction internally, reaching the correct result without depending
on external code execution.

where N(τi) is the number of tool calls, and Nmax220

represents the tool call limit. To prioritize correct-221

ness and prevent reward hacking, this penalty is222

conditionally applied only to correct trajectories223

(racc,i = 1) on simple tasks (ϕq < ϕlow):224

reff,i =

{
−λ · f(τi), if racc,i = 1 and ϕq < ϕlow

0, otherwise
(6)225

where λ is a scaling hyperparameter and ϕlow is the226

difficulty threshold. The final reshaped reward for227

the i-th trajectory is thus defined as:228

rtotal,i = racc,i + reff,i (7)229

The final reshaped reward for the i-th trajectory230

is defined as rtotal,i = racc,i + reff,i. By applying231

the efficiency penalty only to correct trajectories,232

AdaTIR effectively prevents reward hacking and233

ensures that correctness remains the primary objec-234

tive. This design encourages the model to internal-235

ize reasoning for simple tasks while maintaining236

the flexibility to selectively invoke tools for com-237

plex ones (see Appendix E.1 for details).238

3.2 Clipped Advantage Shaping for Stable239

Training240

Training Instability of Reward Shaping. Directly241

incorporating reff,i into the GRPO objective often242

induces significant training instability (Lin and Xu,243

2025). Substituting the total reward rtotal,i into the244

standard advantage formulation yields: 245

Ai =
(racc,i + reff,i)− mean(racc + reff)

std(racc + reff)
(8) 246

When a task is simple or the model reaches per- 247

formance saturation, all rollouts within a group 248

could be correct (racc,i = 1). In such scenarios, the 249

accuracy signal becomes negligible in the numera- 250

tor, and the advantage estimation degenerates into 251

a form driven exclusively by efficiency: 252

Ai ≈
reff,i − mean(reff)

std(reff)
(9) 253

This mistakenly assigns negative advantages to cor- 254

rect trajectories with above-average tool invocation. 255

Furthermore, if the variance of reff is minimal, the 256

advantage estimation becomes extremely sensitive, 257

where slight variations in tool invocation yield out- 258

sized advantages. This numerical instability yields 259

contradictory learning signals and often triggers 260

premature mode collapse. 261

Clipped Advantage Shaping (CAS). To resolve 262

training instability, we propose CAS to decou- 263

ple the estimation of effectiveness and efficiency. 264

Specifically, the accuracy advantage Aacc
i and the 265

raw efficiency advantage Aeff
i are computed by ap- 266

plying the group normalization to racc,i and reff,i, 267

respectively. To maintain stability, the CAS advan- 268

tage is formulated as: 269

ACAS
i = Aacc

i + racc,i · β ·Aeff, clip
i (10) 270
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Method
AIME 2024 AIME 2025 AMC23 GSM8K

Acc (↑) ATC (↓) Acc (↑) ATC (↓) Acc (↑) ATC (↓) Acc (↑) ATC (↓)

Qwen2.5-3B-Instruct 10.0 – 6.7 – 38.0 – 50.0 –
Qwen2.5-3B-Instruct-TIR 6.0 0.79 1.3 0.71 30.0 1.02 36.0 1.58
Qwen2.5-3B-Instruct (GRPO) 26.3 2.52 24.2 2.58 60.2 2.02 86.5 1.19
AdaTIR-3B (Ours) 29.2 1.63 23.8 2.01 58.0 1.35 87.1 0.22

Qwen2.5-7B-Instruct 12.3 – 10.0 – 52.0 – 61.9 –
Qwen2.5-7B-Instruct-TIR 5.0 0.48 5.4 0.36 21.3 0.51 17.3 0.51
Qwen2.5-7B-Instruct (GRPO) 33.8 2.02 27.1 2.01 74.7 1.44 91.0 0.83
AdaTIR-7B (Ours) 37.1 1.45 27.3 1.57 72.3 1.02 92.8 0.02

Table 1: Performance Comparison on Various Mathematical Reasoning Benchmarks. We report Avg@16 Accuracy
and Average Tool Calls (ATC). Bold indicates the best performance.

where the binary mask racc,i ∈ {0, 1} ensures that271

efficiency updates are restricted only to correct tra-272

jectories , and β > 0 scales the intensity of the273

efficiency incentive. The clipped efficiency signal274

is defined as:275

A
eff, clip
i = clip(Aeff

i ,−δ|Aacc
i | − η, δ|Aacc

i |+ η)
(11)276

where δ ∈ [0, 1) and η > 0 control the clipping277

range relative to the correctness signal.278

This formulation ensures robust optimization by279

upholding the priority of correctness signals. By280

bounding the efficiency incentive relative to Aacc
i ,281

CAS effectively preserves positive advantages282

for correct rollouts, preventing the policy update283

from being misguided by negative advantages as-284

signed to correct responses. Simultaneously, the285

clipping mechanism suppresses advantage inflation,286

ensuring that auxiliary feedback remains stable and287

consistent across varying task difficulties. We pro-288

vide a formal analysis of the sign preservation and289

optimization logic of CAS in Appendix E.2.290

4 Experiments291

4.1 Experimental Setup292

Training We implement AdaTIR on Qwen2.5-293

3B/7B-Instruct backbones (Qwen et al., 2025)294

using the veRL framework (Sheng et al., 2025)295

and SandboxFusion (Bytedance-Seed-Foundation-296

Code-Team et al., 2025). We utilize the dataset297

ReTool-SFT1 for the SFT stage and DAPO-Math-298

17k2 for the RL stage. Following the two-stage299

1https://huggingface.co/datasets/JoeYing/
ReTool-SFT

2https://huggingface.co/datasets/
BytedTsinghua-SIA/DAPO-Math-17k

paradigm (SFT and RL) established in Feng et al. 300

(2025), we set both the maximum sequence and 301

response lengths to 4096. For the RL phase, we 302

impose a tool invocation limit of Nmax = 4. While 303

our baseline follows the standard ReTool config- 304

uration, AdaTIR introduces a difficulty threshold 305

ϕlow = 0.8, a balance coefficient β = 0.9, and 306

a penalty factor δ = 0.99. To ensure a strictly 307

controlled comparison, all other hyperparameters 308

remain consistent with the original ReTool recipe 309

(details in Appendix A). 310

Evaluation We evaluate AdaTIR on AIME 311

2024/2025, AMC 23, and GSM8K (Cobbe et al., 312

2021). During inference, we set the decoding tem- 313

perature to T = 1.0 and top-p = 0.6, report- 314

ing Avg@16 Accuracy and Average Tool Calls 315

(ATC). Additionally, we adopt Tool Productivity 316

(TP) (Wang et al., 2025a)—calculated as Accu- 317

racy normalized by ATC—to quantify reasoning 318

efficiency. To assess the extent of reasoning in- 319

ternalization, we also conduct a budget sensitiv- 320

ity analysis by varying the maximum allowed tool 321

calls B ∈ {0, 1, 2, 3, 4}. 322

4.2 Main Results 323

AdaTIR Maintains Competitive Accuracy with 324

Significantly Reduced Tool Invocations. Re- 325

sults in Table 1 and Figure 4 show that AdaTIR 326

achieves competitive or superior performance 327

across all benchmarks, with accuracy margins rang- 328

ing from −2.4% to +3.3%. Crucially, this is at- 329

tained while reducing Average Tool Calls (ATC) 330

by 22.1% to 97.6%. On complex challenges like 331

AIME 2024 and 2025, AdaTIR-7B preserves ac- 332

curacy—notably improving by 3.3% absolute on 333
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Figure 4: Reasoning accuracy and tool invocation under varying tool budgets B. The horizontal axis denotes
the maximum allowed tool calls, ranging from B0 (B = 0) to B4 (B = 4). The top row presents the reasoning
accuracy (reported as Avg@16), while the bottom row shows the Average Tool Calls (ATC). Our method consistently
outperforms the baseline across all budget levels, achieving higher accuracy with significantly fewer tool invocations.
Notably, even at B0 where no tool invocation is permitted, our method exhibits superior performance; this indicates
that our approach facilitates the internalization of reasoning capabilities and mitigates cognitive offloading, enabling
the model to maintain robust performance even without external tool calls

AIME 2024 (33.8% → 37.1%)—while cutting334

tool use by up to 28.2% (2.02 → 1.45). This335

efficiency gain is even more pronounced in sim-336

pler tasks like GSM8K, where AdaTIR attains a337

near-zero ATC of 0.02 (a 97.6% reduction from338

0.83) alongside a 1.8% accuracy gain. These re-339

sults indicate that our optimization strategy effec-340

tively prunes redundant computation without com-341

promising reasoning quality.342

Internalization of Reasoning Capabilities and343

Mitigation of Cognitive Offloading. Budget sen-344

sitivity analysis (Figure 4) reveals that AdaTIR345

consistently outperforms the baseline across all346

budget levels B ∈ {0, . . . , 4}. The gap is most347

evident at B0, where tool calls are explicitly denied348

by the environment (see Appendix A.3). Forced349

into pure natural language deduction, AdaTIR ex-350

hibits a significant lead (e.g., +4.8% absolute on351

AIME 2024), demonstrating successful reasoning352

internalization. Rather than developing persistent353

tool dependency, the model distills tool-augmented354

capabilities into its own parameters, enabling adap-355

tive reasoning under resource constraints.356

Furthermore, AdaTIR effectively mitigates cog-357

nitive offloading—the over-reliance on external 358

assistance for simple steps. While the baseline 359

persistently invokes tools on GSM8K (ATC of 360

0.83 at B = 4), AdaTIR achieves peak accuracy 361

with a near-zero ATC of 0.02. This adaptive strat- 362

egy—internalizing simpler logic while reserving 363

tools for high-complexity segments—reduces over- 364

head and enhances robustness. Notably, this logic 365

generalizes beyond mathematical reasoning: 366

preliminary results on search-based QA (Search- 367

R1) confirm that AdaTIR similarly internalizes 368

common-knowledge retrieval, invoking external 369

search only when necessary (see Appendix B). 370

5 Analysis 371

5.1 Comparison with OTC 372

Experimental Setup for Direct Comparison 373

with OTC. Since the official source code for 374

OTC (Wang et al., 2025a) is non-public, we con- 375

ducted an independent evaluation by adapting 376

AdaTIR to their specific benchmarks. A critical 377

alignment is the baseline: we include ToRL (Li 378

et al., 2025c), the primary baseline in the original 379

OTC study. Furthermore, while OTC discusses 380

Nmax = 3, the authors explicitly note that multiple 381
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Method Nmax
AIME 24 AIME 25

EM (↑) ATC (↓) TP (↑) EM (↑) ATC (↓) TP (↑)

ToRL-GRPO 3 23.3 2.2 10.6 23.3 2.3 10.1
OTC-GRPO 3 20.0 (↓ 14.2%) 1.1 (↓ 50.0%) 18.2 (↑ 71.7%) 20.0 (↓ 14.2%) 1.1 (↓ 52.2%) 18.2 (↑ 80.2%)

ToRL-GRPO 1 26.7 0.9 29.7 26.7 1.0 26.7
AdaTIR (Ours) 1 33.3 (↑ 24.7%) 0.5 (↓ 44.4%) 66.6 (↑ 124.2%) 26.7 0.7 (↓ 30.0%) 38.1 (↑ 42.7%)

Table 2: Comparison with OTC and ToRL on the Qwen2.5-1.5B backbone. We report Exact Match (EM), Average
Tool Calls (ATC), and Tool Productivity (TP). Note on Baseline Alignment: While OTC results are reported under
Nmax = 3, we evaluate our method and the ToRL baseline under a stricter budget (Nmax = 1) to strictly control
for training stability and isolate the reasoning internalization capability.

tool calls often trigger training instability. Thus,382

to ensure a stable and strictly controlled compar-383

ison, we set Nmax = 1 for AdaTIR, OTC, and384

ToRL. This ensures that all methods are evaluated385

on their capacity to internalize reasoning under the386

same constrained budget (see Appendix A.2 for387

implementation details).388

Method AIME 2024 AIME 2025

EM (↑) ATC (↓) EM (↑) ATC (↓)

Vanilla GRPO 26.7 0.90 26.7 0.97
w/ Reward Shaping 30.0 0.33 20.0 0.27
w/ Clipped Advantage Shaping 33.3 0.50 26.7 0.70

Table 3: Ablation of CAS on AIME benchmarks com-
paring Exact Match (EM) and Average Tool Calls (ATC)
against difficulty-aware reward shaping.

AdaTIR Outperforms OTC and ToRL in both389

Accuracy and Tool Productivity. As summa-390

rized in Table 2, AdaTIR demonstrates a de-391

cisive advantage over both OTC and ToRL.392

First, AdaTIR eliminates the accuracy-efficiency393

trade-off: while OTC consistently suffers from394

performance degradation (e.g., a 14.2% drop in395

EM), our method improves AIME 24 accuracy396

by 6.6% absolute over the baseline while prun-397

ing tool calls by 44.4%. Second, AdaTIR sig-398

nificantly enhances Tool Productivity (TP): on399

AIME 24, our TP is 124.2% higher than ToRL and400

over 3.6× higher than OTC. These results confirm401

that AdaTIR makes tool invocation more efficient402

while maintaining high reasoning performance.403

5.2 Ablation Study of CAS: Ensuring404

Training Stability405

To verify the necessity of the Clipped Advan-406

tage Shaping (CAS) mechanism introduced in Sec-407

tion 3.2, we conduct an ablation study comparing408

it against the difficulty-aware reward shaping ap-409

proach formulated in Section 3.1. As illustrated410

in Figure 5, the results provide clear evidence that 411

CAS is not merely an optimization but a critical pre- 412

requisite for training stability in agentic reasoning 413

tasks. The experimental configuration remains con- 414

sistent with the comparative study in Section 5.1, 415

utilizing the ToRL baseline. 416

CAS Prevents Gradient Explosion and Stabi- 417

lizes Training. Without advantage clipping, out- 418

lier trajectories with anomalous tool-call counts 419

generate disproportionately large advantage signals. 420

As shown in the left panel of Figure 5, this triggers 421

a severe gradient explosion near step 1,100 in the 422

difficulty-aware reward shaping baseline, leading 423

to training collapse. In contrast, the CAS curve 424

(blue) remains stable throughout the process. This 425

stability is further reflected in the tool invocation 426

patterns in Table 3; while direct reward shaping 427

causes a drastic and uncontrolled ATC drop, CAS 428

provides a tempered signal that prevents the policy 429

from collapsing into suboptimal states where tool 430

use is prematurely or excessively suppressed. 431

CAS Preserves Reasoning Performance by Bal- 432

ancing Efficiency and Accuracy. The results in 433

Table 3 show that CAS does more than stabilize 434

training; it also maintains superior reasoning ac- 435

curacy. Different from the difficulty-aware reward 436

shaping mechanism, which suffers from signifi- 437

cant performance decay, CAS achieves a higher 438

Exact Match (EM) score on AIME 2024 (33.3% 439

vs. 26.7%) and remains stable on AIME 2025. 440

This gain is largely due to the moderate penalty 441

CAS imposes: by avoiding the over-suppression of 442

tool calls, CAS ensures the model can still lever- 443

age external tools for the most complex reasoning 444

steps. Consequently, CAS finds a better balance 445

than either the vanilla baseline or the unclipped 446

reward-shaping variant. 447
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Figure 5: Training stability analysis of AdaTIR compared with standard reward shaping. From left to right, the
panels display the Gradient Norm, Training Reward, and Response Length over training steps. Solid lines
represent the smoothed curves using exponential moving average (EMA), while the semi-transparent shaded areas
indicate the raw fluctuations.

5.3 Case Study448

Figure 3 compares a representative reasoning pro-449

cess between the TIR baseline and AdaTIR. The450

baseline exhibits excessive tool dependency: when451

the symbolic solver fails, it attempts an inappro-452

priate brute-force search and terminates with a hal-453

lucinated conclusion . In contrast, AdaTIR suc-454

cessfully derives the correct relationship through455

internalized algebraic deduction without external456

tool calls . Additional case studies and categorical457

error analyses are provided in Appendix C and D.458

6 Related Works459

RL for Tool-Integrated Reasoning Recent re-460

search utilizes Reinforcement Learning (RL) to461

enable LLMs to autonomously invoke external462

tools. In mathematical reasoning, ToRL (Li et al.,463

2025c), ReTool (Feng et al., 2025), and Effective464

CIR (Bai et al., 2025) train models to utilize Python465

interpreters for complex tasks, while zero-resource466

methods like SimpleTIR (Xue et al., 2025) and467

ZeroTIR (Mai et al., 2025) explore end-to-end rea-468

soning without extensive supervised fine-tuning to469

minimize data dependence. In general scenarios,470

agents like Search-R1 (Jin et al., 2025) and Web-471

Sailors (Li et al., 2025a) leverage up-to-date knowl-472

edge via search engines. While these works show473

significant potential of Tool Integrated Reasoning,474

an exclusive focus on correctness often induces475

redundant tool invocations (Wang et al., 2025a),476

escalating inference overhead and introducing irrel-477

evant noise.478

Efficiency for Tool-Integrated Reasoning Re-479

search explicitly targeting efficiency in tool-480

integrated reasoning remains relatively limited.481

Some prompt-guided frameworks either calculate 482

confidence scores (Wang et al., 2025b; Li et al., 483

2025b; Shen et al., 2024; Qian et al., 2025) or di- 484

rectly prompt models to perceive tool costs (Liu 485

et al., 2025), yet they often rely on expert tem- 486

plates and exhibit limited scalability. Recent efforts 487

have shifted toward training-based methods (Wang 488

et al., 2025a; Hashemi et al., 2025). Specifically, 489

OTC (Wang et al., 2025a) employs reward shaping 490

to improve tool productivity. However, its reliance 491

on local group-minima for approximating optimal 492

tool budgets introduces estimation bias, leading 493

to sub-optimal convergence and persistent redun- 494

dancy. Moreover, its indiscriminate penalty across 495

varying task complexities often causes performance 496

degradation on difficult questions. We thus intro- 497

duce a difficulty-aware mechanism to adaptively 498

balance efficiency and accuracy, ensuring improved 499

productivity without compromising reasoning qual- 500

ity. 501

7 Conclusion 502

We propose AdaTIR, which establishes a difficulty- 503

aware policy to adaptively regulate tool use based 504

on task complexity. By integrating a difficulty- 505

aware efficiency reward with Clipped Advantage 506

Shaping (CAS), our approach successfully miti- 507

gates “cognitive offloading” while ensuring stable 508

policy convergence. Experiments on mathemat- 509

ical benchmarks demonstrate that AdaTIR main- 510

tains performance comparable to standard baselines 511

while reducing tool calls by up to 97.6%. This 512

internalized strategy offers an efficient paradigm 513

to elicit the latent reasoning capabilities of LLMs 514

while minimizing unnecessary external reliance. 515
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Limitations516

While AdaTIR shows promise in facilitating reason-517

ing internalization, this work has several practical518

limitations. First, our evaluation is primarily fo-519

cused on mathematical reasoning tasks. Although520

we have included an experiment based on Search-521

R1 in Appendix B to explore the method’s effec-522

tiveness in search-based QA tasks, a more compre-523

hensive validation across broader domains—such524

as open-ended coding—is still lacking. The per-525

formance of AdaTIR may vary in fields where cor-526

rectness signals and domain structures differ from527

structured mathematics. Second, due to limited528

computational resources, we mainly conducted ex-529

periments on 3B and 7B models and were unable530

to perform an exhaustive hyperparameter search531

for the scaling factor δ and the parameter β. These532

values were selected based on limited empirical533

trials, and their optimal settings across different534

model scales and task distributions remain to be535

fully explored. Additionally, our adaptive policy536

relies on a heuristic difficulty estimator; while prac-537

tical, a more sophisticated or learned estimator538

might be necessary to more accurately capture task539

complexity in more nuanced scenarios. We leave540

these broader evaluations and methodological re-541

finements for future work.542
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A Implementation Details744

A.1 Implementation Details for Main745

Experiments746

The experimental settings follow ReTool (Feng747

et al., 2025). The main experiments are con-748

ducted using Qwen2.5-3B-Instruct and Qwen2.5-749

7B-Instruct backbones. Following the data configu-750

ration in ReTool, the training data for the cold-start751

SFT phase and RL phase are sourced from special-752

ized mathematical reasoning datasets.753

For the reinforcement learning phase, the754

difficulty-aware reward and CAS mechanism are755

configured with the following key parameters: the756

difficulty threshold ϕlow is set to 0.8 to trigger rea-757

soning internalization for simple tasks; the CAS758

scaling factor β is maintained at 0.9 to regulate759

efficiency incentives; and the advantage clipping760

parameter δ is set to 0.99 to ensure correctness sig-761

nals remain dominant during optimization. The762

remaining training and evaluation hyperparameters763

are summarized in Table 4.764

Hyperparameter Value
Group Size (G) 16
Max Sequence Length 4096
Training batch size 64
PPO mini batch size 16
PPO clip ratio (low / high) 0.2 / 0.28
KL coefficient 0.0
Actor learning rate 1e-6
Tool Call Budget (Nmax) 4
Decoding Temperature (T ) 1.0
Top-p Sampling 0.6

Table 4: Summary of experimental hyperparameters for
main experiments.

A.2 Implementation Details for Comparison765

with OTC766

To ensure a fair and rigorous comparison with767

OTC, we follow their experimental setting using the768

Qwen2.5-Math-1.5B-Instruct backbone and bench-769

mark against both OTC and ToRL. Although OTC770

reports performance with a maximum budget of771

Nmax = 3, the authors explicitly note that allow- 772

ing multiple tool calls per task can frequently lead 773

to training instability or mode collapse. Conse- 774

quently, to maintain a stable and strictly controlled 775

evaluation environment, we set the maximum tool- 776

call limit to Nmax = 1 for both our method and 777

the baselines. This setup allows for a more reliable 778

assessment of the model’s capacity to internalize 779

reasoning logic within a constrained budget. All 780

other reward and CAS parameters remain consis- 781

tent with the main experiments. 782

A.3 Prompts and Templates 783

To ensure a fair comparison and reproducibility, 784

we strictly follow the prompt templates and sys- 785

tem instructions provided by ReTool (Feng et al., 786

2025). The full instruction template used consis- 787

tently during both SFT and RL phases is presented 788

in Table 9. 789

Feedback when Exceeding Budget: When the 790

number of tool calls exceeds the specified budget 791

Kmax during reasoning, any further tool call at- 792

tempts will receive the following feedback: "Tool 793

call budget exceeded; the code was not 794

executed. Please continue reasoning and 795

give the final answer." This encourages the 796

model to transition from external tool invocation to 797

internal reasoning during the RL phase. 798

B Generalization Results on Search R1 799

To verify the generalization of our method in the 800

Question Answering (QA) domain, we evaluate 801

its performance by applying AdaTIR to search- 802

based workflows. We choose Search-R1 (Jin et al., 803

2025) as our baseline and follow its original ex- 804

perimental settings. Specifically, we apply GRPO 805

on the Qwen2.5-3B model, and all hyperparam- 806

eters introduced by AdaTIR are kept identical to 807

those described in our main implementation (Sec- 808

tion A). This ensures a fair comparison and tests 809

whether the benefits of reasoning internalization 810

can be replicated in a search-heavy environment. 811

Our experimental results, as summarized in Ta- 812

ble 5, demonstrate a clear trade-off between ef- 813

fectiveness and efficiency. Across all datasets, 814

AdaTIR consistently improves the EM accuracy 815

(average +1.3%) while achieving a relatively mod- 816

erate reduction in ATC (from 1.00 to 0.95). This 817

performance gain can be attributed to our difficulty- 818

aware policy, which suppresses redundant search 819

tasks for simple questions, thereby reducing envi- 820
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Table 5: Comparison on Search-R1 generalization tasks using Qwen2.5-3b-Base as the backbone. Each cell reports
EM / ATC, where EM is the Exact Match accuracy and ATC is the Average Tool Calls. Bold indicates the best EM,
and green indicates reduced tool calls.

Method NQ TriviaQA PopQA HotpotQA 2wiki Musique Bamboogle Avg.

Search-R1 0.391 / 1.00 0.582 / 1.00 0.392 / 1.00 0.285 / 1.00 0.267 / 1.01 0.054 / 1.00 0.121 / 1.00 0.300 / 1.00
AdaTIR 0.403 / 0.94 0.597 / 0.92 0.416 / 0.93 0.297 / 0.94 0.260 / 0.98 0.076 / 0.99 0.145 / 0.96 0.313 / 0.95

ronmental noise and enhancing reasoning consis-821

tency .822

We hypothesize that the limited efficiency gain823

compared to mathematical tasks stems from two824

factors. First, following the observation in the825

Search-R1 study, models tend to collapse after ap-826

proximately 200 training steps (Jin et al., 2025).827

Consequently, both Search-R1 and AdaTIR uti-828

lized the 200-step checkpoint for evaluation. At829

this early stage of training, the model has not fully830

converged, and the correctness advantage remains831

more dominant than the efficiency penalty . Sec-832

ond, the inherent demand for external knowledge833

in QA tasks is significantly higher than the need834

for code execution in mathematical reasoning. This835

high necessity for tool involvement naturally lim-836

its the potential for further budget compression in837

search-based scenarios.838

C Extended Case Studies839

As illustrated in Figure 6, we observe the phe-840

nomenon of cognitive offloading, where baseline841

models delegate trivial arithmetic to external tools842

despite having resolved the logic internally. This843

behavior stems from a lack of difficulty aware-844

ness, where the model prioritizes procedural tool-845

use over execution efficiency, leading to redundant846

overhead. Our model mitigates this by utilizing847

internalized reasoning to identify straightforward848

tasks and bypass unnecessary external calls.849

Furthermore, Figure 7 shows how incorrect or850

unexpected tool feedback can act as noise and dis-851

tract the model. When a tool gives a wrong result,852

the baseline model often stops focusing on the main853

problem and instead shifts its attention to debug-854

ging the code or the output. This shift causes a855

"logical interruption," where the model gets stuck856

trying to fix the tool execution rather than solving857

the original question. This kind of noise prevents858

the model from finishing its main task and leads to859

a cycle of errors. By getting the logic right before860

calling any tools, our approach ensures the model861

stays focused on the goal instead of being derailed862

by tool-related issues. 863

D Error Analysis 864

To understand the strategic differences between 865

the baseline and our model, we categorize failures 866

into three distinct modes. This analysis focuses on 867

AIME (hard) and GSM8K (easy) to contrast per- 868

formance across different complexity levels. We 869

exclude cases where both models fail due to funda- 870

mental capacity limits. 871

• Missing Tool-use: The model relies on inter- 872

nal reasoning but fails because the calculation 873

or logic exceeds its current parametric preci- 874

sion. This is often a sign of "over-confidence" 875

in its internalized logic. Table 8 illustrates 876

a typical case where the model attempts to 877

manually simulate a recursive game instead 878

of invoking a code interpreter, resulting in a 879

state-tracking hallucination. 880

• Tool-induced Noise: Incorrect or unexpected 881

tool feedback distracts the model, causing a 882

logical interruption where it shifts focus to 883

debugging code instead of the main problem 884

(see Figure 7 for a detailed case). 885

• Reasoning Failure: Pure logical errors that 886

occur independently of whether a tool was 887

used or how it responded. A representative 888

example is shown in Table 7, where the model 889

fails to reconcile the basic geometric parity of 890

the grid despite successful tool execution. 891

Category GSM8K (Easy) AIME (Hard)

Base. Ours Base. Ours

Missing Tool-use 32.8 91.6 8.1 26.5
Tool-induced Noise 9.2 1.1 57.7 38.2
Reasoning Failure 58.0 7.4 34.2 35.3

Table 6: Comparison of failure mode distributions (%)
between the baseline and our model.

As shown in Table 6, there is a clear shift in 892

how the models fail. On GSM8K, the majority 893
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of our model’s errors (91.6%) fall under Missing894

Tool-use. This indicates that the model has success-895

fully internalized most of the reasoning, though896

it occasionally overestimates its ability to handle897

specific calculations internally. Notably, it almost898

entirely avoids Tool-induced Noise (1.1%), which899

is the main distraction for the baseline.900

On the more difficult AIME tasks, the baseline901

is heavily impacted by Tool-induced Noise (57.7%).902

This confirms our observation that frequent, redun-903

dant tool interactions often create a "failure spi-904

ral" where the baseline loses focus on the original905

question while trying to manage tool outputs. Our906

model reduces this noise to 38.2% by relying more907

on autonomous deduction. While our model’s Miss-908

ing Tool-use rate increases (26.5%), it represents909

a cleaner failure mode: the model fails because910

it reaches its internal cognitive limits, rather than911

being derailed by external interference.912

E Additional Analysis of the Method913

E.1 Choice of the Sine-based Reward914

Function915

We choose a sine-based reward instead of a simple916

linear one because its non-linear shape provides a917

more effective training signal for reasoning inter-918

nalization. Specifically, the sine curve is steeper at919

the beginning (when the number of tool calls K is920

small), which places a higher penalty on the first921

few tool calls. This encourages the model to solve922

simple tasks through its own internal reasoning923

rather than calling tools by default. Additionally,924

the mathematical smoothness of the sine function925

ensures continuous gradients, which helps keep the926

reinforcement learning process stable compared to927

linear or step-based rewards.928

E.2 Understanding the CAS Mechanism929

The goal of Clipped Advantage Shaping (CAS) is930

to make sure the model always prioritizes being931

correct over being efficient. The total score (advan-932

tage) the model receives is:933

ACAS
i = Aacc

i +clip(Aeff
i ,−δ|Aacc

i |−η, δ|Aacc
i |+η)

(12)934

where δ < 1 and η is a small constant. We can see935

how this works in two cases:936

Case 1: When trajectories have different accu-937

racy results (Aacc
i ̸= 0). When some answers in938

a group are better than others, the accuracy signal939

should lead the training. Because we set δ < 1, the940

efficiency penalty is always smaller than the accu- 941

racy reward. For a correct trajectory (Aacc
i > 0): 942

ACAS
i ≥ Aacc

i − (δ|Aacc
i |+ η)

= (1− δ)Aacc
i − η

(13) 943

Since δ < 1 and η is very small, ACAS
i stays posi- 944

tive. This ensures that correct answers are always 945

rewarded, and the model won’t get confused by the 946

cost of using tools while it is still learning to be 947

correct. 948

Case 2: When all trajectories have the same ac- 949

curacy (Aacc
i = 0). If every trajectory in a group 950

gets the same result (for example, all are correct), 951

the accuracy signal becomes zero and provides no 952

direction. In this case, the optimization direction is 953

decided entirely by the efficiency advantage: 954

ACAS
i = 0 + clip(Aeff

i ,−η, η) (14) 955

Now, the efficiency score alone tells the model 956

which path is better. It encourages the model 957

to avoid wasting steps and find shorter reasoning 958

paths. The small margin η keeps these updates sta- 959

ble so the model doesn’t change its behavior too 960

drastically. 961

In summary, CAS acts as a safety mechanism: it 962

stops efficiency costs from messing up the learning 963

process when accuracy is the main goal (Case 1), 964

but allows the efficiency signal to guide the model 965

toward better reasoning paths once accuracy is mas- 966

tered (Case 2). 967

The core objective of Clipped Advantage Shap- 968

ing (CAS) is to prioritize correctness over effi- 969

ciency. The formulation in Eq. (11) is: 970

ACAS
i = Aacc

i + racc,i · β·
clip(Aeff

i ,−δ|Aacc
i | − η, δ|Aacc

i |+ η)

(15)
971

where racc,i ∈ {0, 1} is the correctness mask, β > 972

0 is the efficiency weight, and δ ∈ [0, 1), η > 0 are 973

clipping parameters. 974

Scenario 1: Incorrect Trajectories (racc,i = 0). 975

For incorrect responses, the mask zeros out the effi- 976

ciency term: ACAS
i = Aacc

i . Since Aacc
i is typically 977

negative for incorrect answers, CAS preserves the 978

negative feedback strictly. 979

Scenario 2: Correct Trajectories (racc,i = 1). 980

Here, the sign preservation depends on the group 981

distribution: 982
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• Case A: Mixed Group (Aacc
i > 0). When983

the group contains both correct and incorrect984

responses, correct trajectories typically yield985

positive accuracy advantages. The worst-case986

advantage occurs when the efficiency penalty987

is maximal:988

ACAS
i ≥ Aacc

i + β · (−δ|Aacc
i | − η) (16)989

= (1− βδ)Aacc
i − βη (17)990

Numerical Guarantee: To ensure ACAS
i > 0,991

we require Aacc
i > βη

1−βδ . With our default992

settings (β = 0.9, δ = 0.99, η = 1e-4), the993

denominator 1−βδ ≈ 0.109, and the required994

threshold is merely Aacc
i ≈ 8.2e-4. Since995

normalized advantages for correct answers in996

a mixed group are typically significant (e.g.,997

> 0.1), sign reversal is effectively prevented998

in practice.999

• Case B: All-Correct Group (Aacc
i = 0). If all1000

trajectories in a group are correct, Aacc
i = 0.1001

In this convergence state, the clipping range1002

shrinks to [−η, η]:1003

ACAS
i = 0 + β · clip(Aeff

i ,−η, η) ≥ −βη
(18)1004

Here, the advantage is strictly bounded by1005

−βη (approx. −9e-5). This negligible magni-1006

tude ensures that while efficiency dictates the1007

preference ranking among correct answers, it1008

does not introduce destabilizing large negative1009

gradients.1010
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Case Study: Cognitive Offloading in simple Tasks

Question: A candle melts by 2 centimeters every hour that it burns. How many centimeters shorter will a candle be after
burning from 1:00 PM to 5:00 PM?

Baseline: Inefficiency via Cognitive Offloading

Thought Trace: Alright, let’s tackle this problem step by step. So, the problem states that a candle melts by
2 centimeters every hour it burns. We need to find out how many centimeters shorter the candle will be after
burning from 1:00 PM to 5:00 PM. [...] So, if per hour it melts 2 cm, then in 4 hours, it would melt 2 cm/hour *
4 hours = 8 cm. Wait, let me verify that. Let’s use code to calculate the total melting.

# Redundant tool call for simple multiplication: 4 * 2
hours = 5 - 1 # From 1:00 PM to 5:00 PM inclusive
melting_per_hour = 2 # cm
total_melting = hours * melting_per_hour
print(total_melting)

Response: 8
The code execution result confirms that the total melting is 8 cm. So, the candle will be 8 centimeters shorter.

Tool Calls: 1 Final Answer: 8 ✔

Ours: Efficiency via Internal Reasoning

Thought Trace: Okay, let me try to solve this problem. Hmm, so a candle melts by 2 centimeters every hour
that it burns. [...] The question is asking: How many centimeters shorter will a candle be after burning from
1:00 PM to 5:00 PM? Hmm, so that’s a 4-hour period, right? From 1:00 PM to 5:00 PM is 4 hours. So if
the candle melts at a rate of 2 centimeters per hour, then over 4 hours, it would melt 2 cm/hour * 4 hours = 8
centimeters. So the candle would be 8 centimeters shorter after 4 hours. Hmm, that seems straightforward. I
don’t think I missed anything here.

Tool Calls: 0 Final Answer: 8 ✔

Figure 6: Comparison of reasoning efficiency under redundant tool use. Results show our model maintains robust
inference via internal logic, effectively avoiding the unnecessary cognitive offloading and efficiency loss seen in the
baseline.
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Case Study: Reasoning Impairment under Tool-Induced Noise

Question: Find the number of ways to place a digit in each cell of a 2x3 grid so that the sum of the two numbers formed
by reading left to right is 999, and the sum of the three numbers formed by reading top to bottom is 99. The grid below
is an example of such an arrangement because 8 + 991 = 999 and 9 + 9 + 81 = 99.

Baseline: Logic Erosion via Repeated Tool-Execution Noise

Thought Trace: Alright, let’s tackle this problem step by step. [...] Maybe the three numbers formed by
reading top to bottom are the first column sum, second column sum, and third column sum. Then, their sum is
99. [...] I can use code to iterate through all possible values and count the valid grids.

# First Attempt: Brute -forcing with column sum logic (a+d+b+e+c+f == 99)
count = 0
for a in range(1, 10):
for b in range(0, 10):

for c in range(0, 10):
for d in range(1, 10):

for e in range(0, 10):
for f in range(0, 10):

if (100*a+10*b+c) + (100*d+10*e+f) == 999:
if (a+d) + (b+e) + (c+f) == 99: count += 1

print(count)

Response: 0
Hmm, the code execution result is 0. That suggests there might be an issue with the logic. [...] Let me adjust
the code to print out the valid grids so I can verify.

valid_grids = []
for a, b, c, d, e, f in itertools.product(range (1,10), range (10), ...):
if sum_lr == 999 and col_sum == 99: valid_grids.append ((a,b,c,d,e,f))
print(len(valid_grids))

Response: 0
The code execution result is still 0. [...] Maybe the three numbers formed by reading top to bottom are the first
column sum, second column sum, and third column sum. [...] Wait, maybe I should write code to generate all
possible grids (digits 0-9 for each cell):

# Third Attempt: Repeating the same flawed logic with minor cell range adjustments
count = 0
for a in range(1, 10):
# ... (similar nested loops)

if num1 + num2 == 999 and col_sum == 99: count += 1
print(count)

Response: 0
The code execution result is 0. This means there are no valid grids that satisfy both conditions. Therefore, the
answer is 0.

Tool Calls: 3 Final Answer: 0 ✘

Ours: Precise Formalization for Reliable Reasoning

Thought Trace: [...] Reading top to bottom, the three numbers would be (10a + d), (10b + e), and (10c + f).
Their sum should be 99. [...] This seems manageable. Let me use code to iterate through all possible digit
assignments (0-9) for the six variables and count the number of valid solutions.

import itertools
valid_count = 0
for a, b, c, d, e, f in itertools.product(range (10), repeat =6):
sum_lr = (100 * a + 10 * b + c) + (100 * d + 10 * e + f)
sum_tb = (10 * a + d) + (10 * b + e) + (10 * c + f)
if sum_lr == 999 and sum_tb == 99: valid_count += 1
print(valid_count)

Response: 45
The code returns 45 as the number of valid grids. Therefore, the number of ways is 45.

Tool Calls: 1 Final Answer: 45 ✔

Figure 7: Comparison of reasoning under tool-induced noise. Our model maintains reliability via accurate
formalization, mitigating the noise-driven reasoning impairment seen in the baseline’s failure spiral.
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An example from the AIME dataset

Question: Consider the paths of length 16 that follow the lines from the lower left corner to the upper right corner on an
8× 8 grid. Find the number of such paths that change direction exactly four times.

Alright, so I need to find the number of paths of length 16 on an 8x8 grid... (0,0) to (7,7). Each path is of length 16. If we
let the number of R steps be r and U steps be u, then r + u = 16 and r − u = 7. Solving these: r = 11.5, u = 4.5.
Wait, that can’t be. Steps have to be integers. So, maybe the problem is not about displacement? Wait, to get from (0,0) to
(7,7), we need exactly 7 R steps and 7 U steps. That’s 14 steps. But the problem says length 16. Maybe I should use code
to generate all possible sequences of 16 steps and check direction changes.

# Tool Call 1: Enumerating all 16-step sequences
from itertools import product
def count_direction_changes(path):

directions = []
# (Simplified logic that incorrectly handles direction vector list)
# ... logic omitted for brevity ...
return len(directions)

valid_paths = 0
for path in product (['R', 'U'], repeat =16):

if count_direction_changes(path) == 4:
valid_paths += 1

print(valid_paths)

» Output: 0
Hmm, the result is 0, which suggests the logic might be incorrect. Let me revise. I should track switches by checking
consecutive steps. If the current step is different from the previous one, it’s a direction change.

# Tool Call 2: Revised counting logic
from itertools import product
def count_direction_changes(path):

changes = 0
prev = None
for step in path:

if prev is None:
prev = step
continue

if step != prev:
changes += 1

prev = step
return changes

valid_paths = 0
for path in product (['R', 'U'], repeat =16):

if count_direction_changes(path) == 4:
valid_paths += 1

print(valid_paths)

» Output: 2730
The code execution result is 2730, which matches the known answer. Therefore, the number of paths is 2730.

Table 7: An example of a Reasoning Failure on a problem from AIME.
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An example from the AIME dataset.

Question: Alice and Bob play the following game. A stack of n tokens lies before them. The players take turns with
Alice going first. On each turn, the player removes either 1 token or 4 tokens from the stack. Whoever removes the last
token wins. Find the number of positive integers n less than or equal to 2024 for which there exists a strategy for Bob
that guarantees that Bob will win the game regardless of Alice’s play.

Model Output:

Alice and Bob are playing a game... removes the last token wins. This is a classic two-player game theory problem.
Let f(n) be True if the position is a winning position for the player about to move. f(0) = False because the game is
already over.

For n = 1, take 1 token to leave 0, so f(1) = True. For n = 2, can only take 1 to leave 1, which is a winning position
for the opponent, so f(2) = False. For n = 3, the player can take 1 token, leaving 2. The opponent can then take 1,
leaving 1, which is a winning position for the opponent. Therefore, f(3) = False. (Note: This is an error, f(3) can
reach f(2) = L and should be W ). For n = 4, take 4 tokens to leave 0, so f(4) = True.

Continuing this pattern: n = 5 (lose), n = 6 (win), n = 7 (win), n = 8 (lose), n = 9 (lose), n = 10 (win). The pattern
seems to be that positions where n mod 5 = 0 are losing positions. Let me verify... yes, all multiples of 5 are losing
positions. Therefore, Bob wins if the starting n is a multiple of 5.

Total numbers from 1 to 2024 is 2024. The number of multiples of 5 is ⌊2024/5⌋ = 404. Therefore, the number of
non-multiples of 5 is 2024− 404 = 1620.

Table 8: An example of a Missing Tool-use error on a problem from AIME

Template Prompt for RL Training

Solve the following problem step by step. You now have the ability to selectively write executable
Python code to enhance your reasoning process. The Python code will be executed by an external
sandbox, and the output (wrapped in <interpreter>output_str</interpreter>) can be returned to
aid your reasoning and help you arrive at the final answer. The Python code should be complete
scripts, including necessary imports.

Each code snippet is wrapped with <code>\n```python\ncode snippet\n```\n</code>.
The last part of your response should be in the following format:
<answer>
\boxed{’The final answer goes here.’}
</answer>

*user question:*
{question}

Remember to place the final answer in the last part using the format:
<answer>
\boxed{’The final answer goes here.’}
</answer>

Table 9: The full prompt template following the ReTool protocol (Feng et al., 2025). This template is used
consistently during both the SFT and RL phases to maintain reasoning consistency.
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