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Abstract

Foundation-model reasoning is often scaled
with fixed trace, branch, or token budgets,
but fixed budgets waste inference compute
when many rollouts collapse to the same an-
swer class, proof route, evidence pattern, or
fix strategy. We formulate test-time reason-
ing as resource-adaptive portfolio construc-
tion: under a compute budget, select un-
finished rollout actions that are likely to
add residual task-relevant support not al-
ready present in the current portfolio. We
introduce semantic coverage, a portfolio ob-
jective over evaluator-induced support tar-
gets, and show that fixed semantic coverage
is normalized, monotone, and submodular;
under batch separability, the expected gain
from bounded completion-level rollout ac-
tions inherits the same structure. A residual-
threshold identity shows that additive trace
scoring overcounts support exactly by the ex-
pected excess multiplicity of duplicate resid-
ual hits, motivating Semantic-Coverage Port-
folio Search (SCPS), a receding-horizon con-
troller that scores actions by predicted resid-
ual support, predicted overlap, and cost. On
a 256-question held-out MMLU-Pro set with
Qwen3.5-9B, an exact-answer SCPS vari-
ant reaches 91.0% portfolio Pass@16, com-
pared with 75.0% for tree-prefix and 74.2%
for semantic-pruning baselines, while using
31.6% of their realized tokens. This is a
portfolio-acquisition claim, not a terminal-
selector claim: SCPS directs inference com-
pute toward support the portfolio lacks.
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1. Introduction

Foundation-model inference is still often rigid: each
input receives the same number of samples, tree ex-
pansions, verifier calls, or decoding tokens, regardless
of how much additional computation is likely to help.
AdaptFM asks how inference can adapt to budgets
such as compute, latency, energy, memory, or cost
while preserving output quality. For test-time reason-
ing, the central resource question is not only how much
computation to spend, but what the next unit of com-
putation should buy.

Trace count is a poor proxy for reasoning progress. A
model asked for mechanisms behind a phenotype may
generate ten plausible traces, but seven may restate
the same pathway and the rest may cover only one
more mechanism. Similar collapse appears in exact-
answer reasoning, proof search, coding, and evidence
synthesis: many outputs can share an answer class,
proof route, bug mechanism, or evidence type. Useful
computation should add support the current portfolio
lacks, not merely another fluent trace.

We call this missing task-relevant support residual se-
mantic support. A completed artifact is a finished
output returned by a rollout, such as an answer, proof
attempt, hypothesis, evidence summary, experiment
proposal, or patch. Semantic coverage credits such
an artifact only for support not already supplied by
the prompt, context, or current portfolio. This dif-
fers from diversity for its own sake, because irrelevant
novelty should not score; it also differs from terminal
selection, because a later verifier, voter, auditor, sci-
entist, user, or decision rule may still need to choose
from the portfolio.

Figure 1 illustrates the control problem. At a plan-
ning round, the system has a prompt z, a completed
portfolio S;, unfinished frontier states, and a remain-
ing resource budget. Resources may be decode tokens,
wall-clock time, dollar cost, energy, memory pressure,
tool calls, or a vector of such quantities; our experi-
ment instantiates the resource readout primarily with
realized tokens. The controller chooses bounded roll-
out actions before seeing their completions. A good
action is likely to add residual support, unlikely to du-
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Figure 1. Trace count can overstate support. Indepen-

dent and branching rollouts can collapse to fewer semantic
support units; SCPS scores frontier actions by predicted
residual support, duplicate risk, and cost before executing
a budget-feasible batch.

plicate support acquired by other selected actions, and
worth its cost.

We make this view actionable in three steps. First, for
fixed evaluator-induced coverage profiles over semantic
targets, semantic portfolio value is normalized, mono-
tone, and submodular. Second, we lift the objective to
completion-level macro-actions and show that the ex-
pected one-round gain remains normalized, monotone,
and submodular under batch separability. Third, we
show that additive trace scoring overcounts semantic
gain by the expected excess multiplicity of duplicate
residual hits. SCPS operationalizes this accounting as
a receding-horizon controller that scores actions by pre-
dicted residual support, predicted overlap, and cost.

Our empirical evidence is deliberately scoped. In
exact-answer MMLU-Pro, semantic targets are answer
classes and portfolio Pass@16 asks whether the gold
answer appears anywhere in the portfolio. On 256
held-out questions with Qwen3.5-9B, SCPS reaches
91.0% portfolio Pass@16 while using 31.6% of the real-
ized tokens used by matched-protocol tree-prefix and
semantic-pruning baselines. This is a single quality-
resource operating point, not a full Pareto frontier or
equal-token comparison.

2. Related Work

Adaptive inference-time compute. Test-time reasoning
methods spend additional inference compute through
samples, branches, verifiers, rerankers, budget alloca-
tion, rollout recycling, or feedback loops (Wei et al.,
2022; Wang et al., 2022; Brown et al., 2024; Yao et al.,
2023; Hao et al., 2023; Zhou et al., 2024; Cobbe et al.,
2021; Lightman et al., 2023; Snell et al., 2024; Zhang
et al., 2025; Wang et al., 2025b; Madaan et al., 2023;
Shinn et al., 2023). SCPS is an acquisition controller:

it asks which unfinished rollout action is likely to add
support absent from the current portfolio under redun-
dancy and cost, before a terminal selector consumes
the portfolio.

Diversity, redundancy, and coverage. Prior work en-
courages, measures, or collapses variation through
relevance-novelty reranking, diverse decoding, deter-
minantal objectives, semantic entropy, semantic self-
consistency, semantic clustering, pruning, state merg-
ing, and guided sampling (Carbonell & Goldstein,
1998; Kulesza & Taskar, 2012; Vijayakumar et al.,
2018; Meister et al., 2021; Farquhar et al., 2024;
Knappe et al., 2024; Shi et al., 2025; Choi et al., 2025;
Lee et al., 2025; Tu et al., 2026; Song et al., 2025; Wang
et al., 2025a; Hooper et al., 2025; Handa et al., 2025;
Wang et al., 2026). Coverage functions and submodu-
lar maximization are classical (Nemhauser et al., 1978;
Lin & Bilmes, 2011; Bordeaux et al., 2014; Golovin
& Krause, 2011). Our contribution is the conversion
of evaluator-induced semantic support into a resource-
adaptive inference objective, the lift from completed
artifacts to bounded rollout actions, and the exact
overcount identity for duplicate residual support.

3. Semantic Coverage

A completed portfolio should be valued by what it sup-
ports. For intuition, suppose an evaluator induces a
finite checklist of answer classes, proof routes, mecha-
nisms, evidence types, tests, or interventions. A com-
pletion helps if it checks off a weighted item the current
portfolio has missed. The general definition keeps this
structure while replacing the checklist with a measur-
able semantic target space.

Definition 1 (semantic portfolio value). Fix a prompt
x and planning round ¢. Let Y, be the space of com-
pleted artifacts. Let (©4,3;, 1) be a finite-measure
space of semantic targets, where p; assigns current im-
portance. Let k:(y,0) € [0, 1] be the evaluator-induced
degree to which artifact y covers target 6, and let
b:(6) € [0,1] be baseline coverage already supplied be-
fore the portfolio. For finite S C Y., define

mt,S(Q) = max{bt (0)3 sup kt (ya 0)}3
yeSs

Feom(s) = /@ (e, 5(6) — bi(8)] dpn(6).

@

sup® := 0,

(1)

The value is residual: a completion earns credit only by
improving coverage beyond what is already available.
The evaluator defines what counts as support; the the-
orem states the optimization structure after those pro-
files are fixed.
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Theorem 1 (latent semantic coverage). If b; and k;(y, -)
are measurable and bounded in [0, 1], then F7*™ is nor-
malized, monotone, and submodular over finite com-
pleted portfolios.

The proof is pointwise: for each target, adding artifact
y gives marginal gain [k:(y,0) — m¢ s(0)]+, which can
only decrease as S grows; integration preserves this
inequality. Quality gates can zero or downweight in-
valid, unsupported, implausible, or irrelevant artifacts
by replacing k; with any fixed bounded admissibility-
weighted kernel. Appendix B gives the full proof, local
redundancy bounds, component coverage, concave evi-
dence variants, and the strict-complementarity bound-
ary.

Exact-answer quotient. Exact-answer tasks are the
cleanest observable instance. Targets are answer
classes, duplicate traces that canonicalize to the same
class add no new coverage, and portfolio Pass@N asks
whether search has acquired the true class. Let I; be
the information available at round ¢, Z the completed
trace space, A, the answer-class space, a : Z} — A,
the canonicalization map, and A* € A, the latent cor-
rect class with posterior mass m¢(a) = Pr(4* = a | I).
For finite or countable A, define

EF8(S) = Z m(a){a € A(S)},
aEA, (2)

A(S) :={a(z): z € S}.

This is Equation (1) with ©, = A,, by = 0, and
ki(z,a) = 1{a(z) = a}. Appendix F treats answer
banks when identity is latent, expensive, or only par-
tially resolved.

4. Rollout Actions and Redundancy

A controller usually cannot choose completed artifacts
directly. It chooses unfinished frontier actions be-
fore knowing which artifacts they will complete. A
completion-level macro-action e is a bounded execu-
tion unit, such as sampling completions from a prefix,
expanding a branch until horizon H, or spending a tool
budget in one direction. Its semantic output Z, C Y,
is the random finite set of admissible completed arti-
facts returned during that execution; unfinished con-
tinuations return to the frontier and add no current
portfolio value.

Fix round ¢, information state I;, current portfolio Sy,
and finite candidate action set E;. A batch B C Ej is
selected in this frozen round before observing outputs.

Define

Up = U Ze,
eeB (3)
Gt(B ‘ St) = ]E[Ft(St U UB) — Ft(St) ‘ It] .

We assume batch separability: selecting other actions
in the same batch does not physically change an ac-
tion’s current-round output, although outputs may be
statistically dependent. If selected actions share a re-
source pool, the allocation must be part of the macro-
action definition.

Theorem 2 (completion-level action lift). Under batch-
separable macro-actions, if F; is normalized, mono-
tone, and submodular over completed portfolios and
the expectation in Equation (3) is finite for every
batch, then G(- | S;) is normalized, monotone, and
submodular over action batches.

For semantic coverage, the lift has an exact residual-
threshold form. Let uw = (0,r), dvi(u) := drdu(6),
and let action e hit residual threshold v when

H.(0,r) = {r > myg,(0) and sup k(y,0) > r}.
YEZ,
Then

Giem(B | St) = /PI‘(U He(u) | It> th(U). (4)

eeB

Each missing support threshold contributes once if at
least one selected action hits it. With

ve(e | St) == /Pr(He(u) | It) dv(u),

wi(e, f | Sy) := /Pr(He(u) NHy(u) | It) dvg(u),
the second-order Bonferroni lower bound is

Gi™(B|Si) =Y wile] S)— Y wilef|Sh).

eeB {e,f}CB
()

Proposition 3  (trace-additive overcount). Let
Np(u) = > .cp1{Hc(u)} be the number of se-
lected actions that hit residual support unit u, and let
A;‘dd(B | Sy) := ZEEB ve(e | S¢). Then

APUB | 8p) - GE™(B | 8y)

(6)
- / E[(Np(u) - 1)+ | I dig(u).

Thus additive trace scoring pays for every residual hit,
while semantic portfolio value pays once per support
unit. The gap is exactly expected duplicate residual-
hit multiplicity. Appendix C gives proofs, higher-
order bounds, and counterexamples for primitive to-
ken edges and interacting actions.
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Algorithm 1 Semantic-Coverage Portfolio Search

1: Input: prompt z, budget Biot, horizon H, rollout ker-
nel, evaluator
2: Initialize portfolio Sy < 0, frontier Qo < {x}, memory
My
for t =0,1,... while budget remains do
Build completion-level actions E; from O
Estimate v;(e | Si, My), ¢(e), and needed overlaps
at(e’ f ‘ Stth)
6:  Select an approximate maximizer B; C E; of Equa-
tion (7) over the feasible batch family
lf Bt = @ or Et(Bt ‘ St,Mt) S 0 then
break
end if
Execute By for up to horizon H; add admissible com-
pletions to S
11:  Update frontier, memory, and remaining budget
12: end for
13: return portfolio St to a terminal selector or report

= e

—_

5. Semantic-Coverage Portfolio Search

SCPS turns this accounting into a receding-horizon
controller. At round ¢, it maintains a completed port-
folio S%, unfinished frontier Q;, and semantic memory
M; summarizing current coverage. It builds bounded
actions, estimates their residual support, overlap, and
cost, executes a feasible batch, updates the portfolio
and memory, and replans. The resource cost may be
a scalar token or latency estimate, or a scalarization
of a vector budget; hard feasibility is enforced by the
batch family.

The deployed score is the plug-in novelty-overlap-cost
surrogate

Li(B | S:, M) = (e | Sy, My)
ecB

— B > @ile, f| S, M) (7)
{e.f}CB

=AY ale).

ecB

With true residual-hit probabilities, 5; = 1, and A\; =
0, the first two terms are the Bonferroni lower bound
in Equation (5). With learned estimates, tuned co-
efficients, and cost regularization, Equation (7) is a
planning surrogate rather than an exact semantic-gain
bound. In the exact-answer MMLU-Pro implementa-
tion, M; is an option-answer bank; a frozen surrogate
bundle predicts option/null distributions, answer colli-
sions, and length/cost. SCPS returns a portfolio and
does not choose the final answer.

Table 1. SCPS gives a strong quality-resource operating
point. Results are on a 256-question held-out MMLU-Pro
set with Qwen3.5-9B and maximum 16 rollouts. Pass@Q16
is portfolio coverage, not selected-answer accuracy. Bold
marks the promoted portfolio/resource metrics.

Pass@16 Mean tok. Unique ans. Dup. tok.

Method 0 1 0 frac. |

SCPS 91.0% 1120 3.47 55.4%
Tree-prefix 75.0% 3546 1.77 81.5%
Sem. pruning 74.2% 3548 1.77 81.3%

6. Experiments

We evaluate portfolio quality under a resource bud-
get, not terminal answer selection. The main metric is
Pass@16: whether the gold answer appears anywhere
in the generated portfolio. This is the exact-answer
coverage instance in Equation (2); selected-answer ac-
curacy is reported only as a diagnostic.

Protocol. We use a 256-question held-out MMLU-Pro
set with Qwen3.5-9B (Wang et al., 2024; Team, 2026).
All methods use the same questions, held-out seed
47, run seed 13, temperature 0.6, maximum 16 roll-
outs, max output 192 tokens per completion, decode-
token limit 3072, total-token limit 30000, answer-only
multiple-choice prompting, and vLLM serving (Kwon
et al., 2023). The learned SCPS surrogate bundle was
trained on a disjoint 512-question controller-training
split and was not trained or tuned on the 256-question
evaluation set. Tree-prefix expands ranked frontier
prefixes without residual-support or overlap scoring.
Semantic pruning uses the same evaluator and pre-
dictor bundle but skips already-seen predicted an-
swers or high-overlap prefixes instead of optimizing the
residual-support objective.

Table 1 reports the current matched-protocol evidence.
SCPS finds the gold answer in 233/256 questions, com-
pared with 192/256 for tree-prefix and 190/256 for se-
mantic pruning. Paired bootstrap intervals over ques-
tions are separated from zero: +16.0 percentage points
versus tree-prefix (95% CI [10.6,21.5]) and +16.8 ver-
sus semantic pruning ([11.3,22.7]). The intervals do
not include generation randomness, controller-training
randomness, surrogate-training randomness, or serv-
ing nondeterminism.

The resource readout is also scoped. SCPS uses
1120.25 mean total tokens, compared with 3546.10 for
tree-prefix and 3548.08 for semantic pruning, or 31.6%
of their realized token use. This supports the claim
that the selected controller avoids duplicate support
under shared hard limits; it is not an equal-realized-
token comparison and not a full multi-budget Pareto
frontier. Appendix H.4 reports ablations: remov-
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ing targeted answer-diverse action generation drops
Pass@16 to 82.4%, while no-overlap and no-cost score
ablations reach 90.2% and 89.1%. Independent self-
consistency and semantic-diversity root-sampling base-
lines reach 78.1% and 78.9%. Several intervals among
SCPS variants overlap, so these are diagnostic rather
than a decisive variant hierarchy.

Selector conversion remains the main bottleneck. On
the same SCPS portfolios, common-selector accuracy
is 41.8% and majority accuracy is 65.2%, while port-
folio Pass@16 is 91.0%. SCPS improves acquisition
of represented support; terminal selection remains a
separate layer.

7. Limitations and Conclusion

The theory is round-wise. It applies after the
evaluator-induced objective, coverage profiles, action
set, and resource-feasible family are fixed for the cur-
rent planning round. Replanning after observations
creates a new fixed objective; the theorems do not cer-
tify evaluator correctness, primitive token-level search,
interacting actions, or terminal selection. The objec-
tive covers semantic coverage, exact-answer coverage,
component coverage, concave evidence accumulation,
and nonnegative channel sums, but not arbitrary strict
complementarities unless the complementary bundle is
modeled as the completed artifact.

The experiment is a live exact-answer portfolio-
construction result on one held-out MMLU-Pro slice,
one model, and one serving setup. It reports a strong
token-based quality-resource operating point, not la-
tency, energy, memory, dollar-cost, or hardware-aware
optimization. The supplement supports audit of re-
ported rates from compact per-question outcomes,
method settings, split identifiers, and recomputation
scripts; fresh live reruns additionally require bench-
mark access, Qwen3.5-9B access, a compatible vLLM
stack, and a compatible trained predictor bundle. The
available logs do not include a portable GPU model
name, exact package lockfile, exact serving command,
or full hardware record.

Semantic coverage reframes resource-adaptive reason-
ing as portfolio construction: the unit of progress is
not another trace, but another piece of task-relevant
support the current portfolio lacks. Once evaluator-
induced coverage profiles are fixed, semantic portfo-
lio value has diminishing returns, and the same struc-
ture lifts to batch-separable completion-level actions.
SCPS uses predicted residual support, predicted over-
lap, and cost to allocate inference compute. The
broader lesson for adaptive foundation-model inference

is structural: spend computation where it expands sup-
port under the current budget, and report portfolio
acquisition separately from terminal selection.
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A. Orientation, Notation, and Claim
Boundaries

The appendices are organized around the same stack
as the method: fixed semantic portfolio values,
completion-level rollout actions, and the practical
SCPS controller built on approximations to those ob-
jects. The goal is not only to prove the formal claims,
but also to make clear which quantities are exact
theorem-level objects and which are implementation
or modeling layers.

A.1. Appendix Roadmap

The main text uses semantic coverage to separate three
questions that are often conflated: what the completed
portfolio supports, which frontier actions are likely to
add support, and how a terminal selector later uses the
realized portfolio. The appendices keep these layers
separate. Table 2 gives the dependency map.

A.2. Standing Assumptions and Notation

Throughout the appendices, fix a prompt x, a plan-
ning round ¢, and the current information state I;. All
portfolios are finite unless explicitly stated otherwise.
All random variables and sets are assumed measur-
able. All semantic values are frozen during the plan-
ning round unless a later section explicitly introduces
an observation or belief-update model. We use
sup @ = 0, max & = 0.

For compactness, NMS abbreviates normalized, mono-
tone, and submodular.

Let Y, be the space of completed artifacts for prompt z.
A completed artifact may be a solution trace, answer,
proof, hypothesis, mechanism, evidence summary, cri-
tique, proposed experiment, or any other completed
semantic object returned by a rollout.

At round t, let (0,,3,, ) be a finite-measure seman-
tic target space. A target 6 € ©, represents a decision-
relevant semantic region: an answer mode, proof route,
mechanism family, evidence type, evaluator question,
intervention, or other desideratum. The coverage ker-
nel

ki : Y, x ©, — [0,1]
assigns the degree to which artifact y covers target 6.
The baseline
bt : Gx — [0, 1]

records coverage already supplied by the prompt, con-
text, known literature, or other non-portfolio support.

Appendix Main role Key dependencies

A Notation, Fixes the frozen-round
assumptions, convention used
and claim throughout.
boundaries

B Semantic Proves diminishing returns
portfolio for fixed
values completed-portfolio

objectives.

C Rollout-action Lifts portfolio value to
planning and  completion-level actions
redundancy and derives

residual-threshold
redundancy identities.

D SCPS Uses the action objective
optimization  from Appendix C;
and implemen- analyzes plug-in
tation layers surrogates, finite horizons,

costs, and learned heads.

E Probes, Uses the portfolio
evaluator ap-  objective from
proximation,  Appendix B; certifies
and approximation to the
robustness evaluator-induced

objective.

F Exact-answer  Specializes semantic
quotient and  coverage to utility
answer banks quotients and approximate

banks.

G Closed-loop, Separates frozen
adaptive, and  one-round guarantees from
selector adaptive replanning and
boundaries terminal selection.

H Empirical Uses the object separation
diagnostics from Appendices F to G
and repro- to report live exact-answer
ducibility results, ablations, selector
details diagnostics, and

reproducibility details
layer by layer.

Table 2. The appendix dependency map keeps theorem-
level objects separate from modeling layers. Appendices B
to C build the exact theorem stack; later appendices ana-
lyze approximation, exact-answer implementations, closed-
loop boundaries, and empirical reporting.
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For a finite portfolio S C Y,., define

my,s(6) := max {bt(ﬁ), zlelg ki (y, 0)} , (8)

and

Fpom(s) = /@ e s(6) — bi(O)] du(6).  (9)

A completion-level macro-action e is a bounded rollout,
branch expansion, or continuation policy applied to a
frontier state. Its output is a random set Z, C Y, of
completed artifacts, finite almost surely. For a selected
batch B, define

UB = U Ze.

ecB

Appendix C formalizes the separability condition un-
der which action-level value inherits diminishing re-
turns.

Frozen-round convention

The exact claims condition on I; and on evaluator-
induced coverage profiles fixed for the current plan-
ning round. If semantic weights, baselines, quality
scores, answer banks, or evaluator prompts are re-
vised after observing new artifacts, the next plan-
ning round uses a new fixed objective.

A.3. Layer Taxonomy

Table 3 separates exact mathematical objects from
modeling and implementation choices. This separa-
tion is central to the paper: semantic coverage is an
exact optimization object once the evaluator defines it,
but the evaluator itself is a modeling assumption.

Layer Object Status Main risk
Frozen Portfolio value Exact for Evaluator
semantic over latent fixed misspecifi-
coverage semantic targets bounded cation
coverage
profiles
Completion- Stochastic Exact NMS Wrong
level rollout actions lift under action
macro- returning batch abstraction
actions completed separability
artifacts
Residual Union-event Exact for None
thresholds representation of semantic beyond the
graded semantic coverage fixed
gain objective
Product Multiplicative Conditional Cross-
form miss on indepen- action
probabilities dence depen-
over residual dence
thresholds
Bonferroni  Novelty minus Exact with Estimation
lower bound overlap true proba- and
expression bilities calibration
error
SCPS Estimated Planning Miscalibrated
surrogate novelty, overlap, surrogate heads or
and cost score cost model
Semantic Finite Concentrates Biased
probes approximation for finite probe dis-
to O, planning tribution
families
Exact- Coarsened Certifiable  Mixed
answer representation of under buckets
banks utility quotient  single- overcredit
tonization  support
and
omitted-
mass
bounds
Closed-loop Replanning after Requires Frozen
belief observations an theorem
updates change weights observation does not
or beliefs model automati-

cally apply
Table 3. The layer taxonomy separates exact coverage re-
sults from implementation assumptions. Exact results con-
cern fixed coverage objectives and completion-level action
lifts; probes, evaluators, banks, costs, and belief updates
add modeling assumptions.
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A 4. Claims and Non-Claims

Table 4 records the main theorem-level claims and the
corresponding non-claims. The negative rows are as
important as the positive rows: they prevent the sub-
modularity theorem from being read as a global theo-
rem about all search, discovery, or selection behavior.

Statement

Status

Fixed semantic coverage over latent
target spaces is NMS.

Quality-gated semantic coverage is
NMS once quality scores are fixed
for the round.

Component coverage, concave
evidence accumulation, and
nonnegative multi-channel sums are
NMS.

Completion-level rollout actions
inherit NMS one-round gain.

One-round truth-coupled hit is
NMS when potential answer
outputs are fixed for the round.

Additive trace scoring overestimates
semantic support by expected
excess residual-threshold
multiplicity.

The pairwise novelty—overlap score
is lower-bound-derived.

Primitive token-level search is
globally submodular.

Arbitrary scientific discovery utility
is submodular.

SCPS optimizes true human or
scientific value.

The deployed plug-in SCPS score is
always an exact lower bound on
semantic gain.

Belief-updating MPC inherits the
frozen theorem automatically.

Selected accuracy is always
bounded by frozen answer coverage.

Exact theorem;
proved in
Appendix B.
Exact corollary of
the fixed-kernel
theorem.

Exact theorems;
proved in
Appendix B.

Exact under batch
separability; proved
in Appendix C.
Exact
union-probability
coverage result;
proved in
Appendix F.
Exact identity;
proved in
Appendix C.

Exact with true
residual-hit
probabilities;
estimation and cost
regularization are
separate.

False in general;
counterexample in
Appendix C.

False in general;
strict
complementarity
counterexample in
Appendix B.

Not claimed; the
theorem is internal
to the
evaluator-induced
objective.

Not claimed,;
estimated terms,
tuned coefficients,
and costs make it a
planning surrogate.
Not claimed,;
adaptive
guarantees require
an explicit
observation model.
False without
additional
assumptions;
exact-answer
objects are
separated in
Appendix F.

Table 4. The claims ledger bounds

the exact theory to

fixed semantic coverage objectives and completion-level ac-
tion lifts. Positive rows state theorem-level claims; nega-
tive rows mark search, discovery, adaptation, and selector
claims that require separate assumptions or evidence.
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Scope of the fixed-objective results

The paper does not claim that semantic evalua-
tors are perfect, that arbitrary discovery utility is
submodular, that token expansions are the right
submodular ground set, or that terminal selectors
will use discovered support correctly. The exact
theory certifies the fixed coverage objective and its
completion-level action lift.

A.5. Notation Index

Symbol Meaning

T Prompt or task instance.

t Planning round.

I; Current information state.

Yz Space of completed artifacts.

St Current completed portfolio.

O, Latent semantic target space.

1t Current importance measure over semantic
targets.

k:(y,0) Degree to which artifact y covers target 6.

b:(0) Baseline coverage of target 6 before
portfolio additions.

me,s(0) Best coverage of target 6 supplied by
baseline or portfolio S.

Fpem Semantic portfolio value.

E, Set of completion-level macro-actions
available at round t.

Ze Random finite set of completed artifacts
returned by action e.

Us Union of outputs returned by actions in
batch B.

G«(B|S:) Expected one-round gain from selecting
action batch B.

H.(0,r) Event that action e covers residual
threshold (0, 7).

ve(e | St) Expected residual support covered by action
e alone.

we(e, f]S:) Expected residual support covered

redundantly by actions e and f.
A3d(B | Additive trace score for action batch B.
St)

Table 5. Core notation used in Appendices A to C. Sym-
bols are ordered by dependency: task state, semantic cover-
age objects, completion-level actions, and residual-support
quantities.

11
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B. Semantic Portfolio Values

This appendix proves the completed-portfolio value re-
sults. The common theme is that a portfolio has di-
minishing returns when value is driven by coverage
of support: a new artifact helps to the extent that it
covers targets, components, evidence, or channels not
already well covered by the current portfolio.

B.1. Latent Semantic Coverage

Theorem 1 (latent semantic coverage, restated). Sup-
pose by and ki(y,-) are measurable, 0 < b.(6) < 1,
and 0 < k¢(y,0) < 1. Then F*™ from Equation (9)
is normalized, monotone, and submodular over finite
completed portfolios.

Proof. For each fixed target 6 € ©,, define

}—bt(e).

Fyom(s) = /@ Jo(S) dua(0).

fo(S) := max {bt(ﬁ), sup ki (y, 0)

yeSs
Then

Normalization holds because

fo(@) = max{b;(0),0} — b:(0) = 0,
since b:(0) > 0.
For monotonicity, let S CT. Then

sup k¢ (y, 0) < sup k¢ (y,0),
yeS yeT

so fo(S) < fo(T) for every 6. Integrating gives
Fpm () < D).

For submodularity, fix finite S C T C Y, and artifact
y¢T. Let

mg(f) := max {bt(G), sup k¢(z, 0)
z€S8

Since S C T, mg(0) < mr(f) pointwise. The marginal
gain at target 6 from adding y to S is

fo(SU{y}) = fo(S) = [ke(y,0) —ms(0)]+,

and the marginal at T is
fo(TU{y}) = fo(T) = [ke(y, 0) — mz(0)]+.
Because mg(6) < mrp(6),

[k (y, 0) —ms(0)]4 = [ki(y, 0) — mo(0)]+
Integrating the pointwise inequality yields
FP(SULy}) — Fm(S) = B (Tu{y}) — 17 (T),
which is the diminishing-returns form of submodular-

ity. (Il
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. Praoposition B,2 |(near-duplicate bound).
} ’ mrr (6) := max {bé r@uiﬁé}g@gtrgzdrt }lfo and suppose z € S. If

B.2. Quality-Gated Coverage

Open-ended novelty should not be rewarded unless it
is also plausible, admissible, or relevant. The theorem
above does not require any particular construction of
the kernel. It applies to any fixed bounded coverage
profile.

Corollary B.1 (fixed quality-gated kernels). Let Ky
Y, x ©, — [0,1] be any measurable kernel fixed for
the planning round. The value

F,(S) := /@ {max{bt(a),sup'iét(y,a)}—bt(e)} dps ()

x yeSs

is NMS over finite completed portfolios.

In particular, if ¢;(y) € [0,1] scores plausibility, va-
lidity, or admissibility and r¢(y, ) € [0, 1] scores rele-
vance, then the product kernel

Ee(y.0) = q:(y)re(y, 0)

induces an NMS quality-gated value.

Proof. Apply Theorem 1 with Et in place of k;. The
product form is a special case because q;(y)7:(y,0) €
[0,1] is a fixed bounded measurable coverage profile
during the frozen round. O

B.3. Local Redundancy and Novelty Bounds

The next two propositions are the local version of the
paper’s central intuition. A fluent duplicate adds lit-
tle if it does not improve coverage beyond what the
portfolio already contains. Conversely, a single arti-
fact can be valuable if it covers an important region
that remains undercovered.

Let S be a

/@ ko5, 0) — ka2, 0)]4 dpae (6) < e,

then
FEem(Su{y}) — FF(9) <e.

Proof. Since z € S,

my,s(0) = max {bt(H), sup k¢ (w, )
weS

} > ky(2,0)

for every 6. The marginal gain of adding y is

FtSCm(SU{y})—Ff"m(S)Z/ ki (y, 0)—mi,s(0)] 4 s (6)-

Oz
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Because my s(0) > ki(z,0),
(ke (y,0) —me s(0)]+ < [ke(y,0) — ki(2,0)] 4
Integrating gives the claim. (Il

Proposition B.3 (novel-region lower bound). Let S be
a completed portfolio. Suppose there is a measurable
region R C O, such that

ke(y,0) > me s(6) +~ for all § € R,
where v > 0 and p;(R) = 6. Then

FE(S U{y}) — F77(S) = 0.
Proof. The marginal gain of y is

/6 (ki (y,0) — me 5(0)]4 dpe (0).

Restricting the integral to R gives

FE(SU{y}) —E77(S) Z/R[/ft(yﬁ)—mt,s(@)h dy1 (6).

By assumption the integrand is at least v on R, so the
marginal is at least

/R v due(0) = vy (R) = 6.

B.4. Ideal-Selector Envelope

Semantic coverage also contains the ideal envelope of a
selector that may choose the best item in the realized
portfolio after the latent task condition is known. This
result is not a claim that practical selectors achieve
this envelope; it only identifies the envelope as another
max-coverage objective.

Corollary B.4 (selector envelope). Let T* be a latent
task condition with conditional law £(7™ | I;), and let
u(y,7) € [0,1] be the utility of completed artifact y
under condition 7. Define

F(S) :=E maé(u(y,T*) | It | , max & := 0.

yeE

Then Fi is a latent semantic coverage objective and
is NMS.

Proof. Take

6, =T, Mt = ‘C(T* | It)’
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and set
ki(y, 7) = u(y, 7).
Then
Fym(S) = / supu(y, 7) du(t) = E [maxu(%T*) | It} )
T yeSs yeSs
The result follows from Theorem 1. O

B.5. Component Coverage

In discovery-style settings, the support exposed by an
artifact may be more naturally represented by com-
ponents: mechanisms, proof lemmas, evidence types,
interventions, critique categories, or experimental han-
dles. Component coverage values the union of compo-
nents exposed by the portfolio.

Theorem B.5 (component coverage). Let C, be a fi-
nite component universe. Let each completed artifact
y expose a set C(y) C C,, and let g; : 2 — R, be
NMS. Define

F™P(S):=gi | |J Cy)

yeSs

Then F;°™" is NMS over finite portfolios. More gen-
erally, if g, is NMS for each latent condition 7, T™*
is distributed according to Iy, and 7+ g; - (U) is mea-
surable and integrable for every U C C,, then

FmP(8) = g+ | | Cl) | | Tt

yEeS

is also NMS.

Proof. First consider deterministic g;. Let

Us:= | Cy).
yeS

Normalization holds because Uy = @ and ¢:(@) = 0.
If S C T, then Ug C Ur, so monotonicity of g; gives

FtCOInp (S) S Ftcornp (T) .

For submodularity, fix S C T and y ¢ T. Since Ug C
Ur, submodularity of g; gives

9:(Us UC(y)) — g:(Us) = g:(Ur UC(y)) — 9:(Ur).
This is exactly

FEP(SU{y ) —F770(8) = B (TO{yd) —F°M0(T).

For the latent-condition version, the same argument
holds pointwise for each realization 7* = 7. Condi-
tional expectation preserves normalization, monotonic-
ity, and submodularity. (|
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B.6. Concave Evidence Accumulation

Some support should accumulate, but with diminish-
ing returns. A first credible piece of evidence for a
mechanism can matter a great deal; repeated near-
duplicates should matter less. Concave evidence ac-
cumulation captures this behavior.

Let C; be a finite component universe. Each artifact y
contributes nonnegative evidence intensity m.(y) > 0
to component c. For a portfolio S, define

M(8) =) me(y).

yeS

Let we(c) > 0, and let p. : Ry — R, be normalized,
nondecreasing, and concave. Define

Fpeo(8) == ) wi(c)pe(Mc(S)). (10)
c€Cy
Lemma B.6 (concave increments decrease). If p :

R4+ — R, is concave and nondecreasing, then for every
r > 0, the function

x = pla+r) = plz)
is nonincreasing on R .

Proof. The case r = 0 is trivial. Fix » > 0 and
0 <z <y Ifx =y, the claim is equality. Other-
wise let d := y —x > 0. By concavity, applied to the
representations

—— d (y+r) + d +——(y+r)
= T+—— T THr = ——2+—— T
4 d+r d—i—ry ’ d+r d—l—ry ’
we have
(y) " p(a) + (y+r)
X T
P Y _d—f—rp d—l—rpy ,
and
r
> _ .
plo+1) = T pla) + ——p(y+7)

Adding these inequalities gives

plx+71)+ply) = p(x) + ply +7),

which is equivalent to

plx+r)—p(x) > ply+71)—p(y)-

Theorem B.7 (concave evidence accumulation). The

value F2° from Equation (10) is NMS.
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Proof. Normalization follows because M. (@) = 0 and
pc(0) = 0 for every c.

For monotonicity, if S C T, then M.(S) < M.(T) for
every component c. Since each p, is nondecreasing and
each wy(c) is nonnegative,

FtaCC (S) S Ftacc (T) .

For submodularity, fix S C T and y ¢ T. For each
component c¢, let

ac = M.(S), be := M.(T), re ' = me(y).

Then a. < b. and r. > 0. By the concave-increment
lemma in Appendix B.6,

pc(ac + Tc) - pc(ac) Z pc(bc + rc) - pc(bc)'
Multiplying by w;(c) > 0 and summing over ¢ yields
FE(S Udy}) — FPo(S) =2 (T U{y}) — FPoo(T).
O

B.7. Multi-Channel Values

A portfolio may contain different artifact types: hy-
potheses, evidence summaries, critiques, experiments,
code patches, or proof attempts. Nonnegative sums
of channel-specific diminishing-return values remain
diminishing-return values.

Proposition B.8 (multi-channel closure). Let
Y= I_l )
j=1

be a disjoint union of artifact channels, and let SU) :=
S NYU). Suppose each

FY Y SR,

is NMS. For A; > 0, define

thulti(s) — Z )\]Ft(J)(S(]))

j=1

Then Fultt is NMS.

Proof. Normalization follows from normalization of
all channel values. Monotonicity follows because S C
T implies SU) C TU) for every j, and each channel
value is monotone with nonnegative weight.

For submodularity, fix S C T and y ¢ T. Suppose
y € Y. Only channel i changes when y is added, so

thulti(SU{y})_thulti(s) _ )\z [Ft(i) (S(’L) U {y}) _ Ft(z) (S(z)) ,
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and similarly for 7. Since S C T() and Ft(i) is
submodular,

FO(SOUfyh)-F (89) = B (TOuiyh) -F7 (@),

Multiplying by A; > 0 proves the diminishing-returns
inequality for Fulti, O

B.8. Complementarity Boundary and Composite
Artifacts

Coverage is broad, but it is not universal. Some dis-
covery utilities contain strict complementarities: an
artifact may be valuable only after another artifact is
present.

Proposition B.9 (strict complementarity can vio-
late submodularity). Arbitrary open-ended discovery
utility need not be submodular.

Proof. Let the portfolio contain two possible artifacts
y1,y2. Interpret y; as a proposed mechanism and ys
as an experiment that tests exactly that mechanism.
Suppose neither artifact is valuable alone, but together
they are valuable:

Coverage is broad, not universal

Semantic coverage, component coverage, concave
evidence accumulation, and nonnegative channel
sums all have diminishing returns. Arbitrary dis-
covery utilities with strict complementarity do not.
When complementarities are predictable, one mod-
eling response is to lift the completed artifact space
so that the complementary bundle is the object be-
ing covered.

U@)=0, U({mn})=0, U(y})=0,  U({y,y}) =1

The marginal gain of adding yo to the empty set is

U({y2}) - U(2) = 0,

while the marginal gain of adding y, after y; is present
is

U({y1,y2}) —U{w}) = 1.

The marginal increases as the portfolio grows, violat-
ing diminishing returns. O

Composite-artifact modeling note. The counterexam-
ple is a boundary for the original atomic ground set. It
does not forbid modeling predictable local complemen-
tarities as completed composite artifacts. For example,
an artifact space might include pairs of the form

y = (mechanism, discriminating experiment),

with a fixed coverage profile k¢(y, ). Semantic cover-
age is then submodular over portfolios of these com-
posite artifacts by Theorem 1. This changes the
ground set; it does not prove that the original atomic
mechanism-plus-experiment utility is submodular.

15
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C. Rollout-Action Planning and Semantic
Redundancy

The previous appendix proves that completed portfo-
lios can have diminishing returns. A test-time con-
troller, however, chooses actions before knowing which
artifacts they will complete. This appendix proves the
action-level lift, derives the residual-threshold repre-
sentation used by SCPS, and makes trace redundancy
exact.

C.1. Completion-Level Macro-Actions and Batch
Separability

At round ¢, let E; be a finite set of completion-level
macro-actions. Each action e € F; has a potential
output

Ze g Yfl?)

a random set of completed artifacts, finite almost
surely. For a selected batch B C Ej, the realized com-
pleted artifacts are

Up := U Ze.

e€EB

Batch separability. We assume the potential output
Z. of each action is attached to the action and is not
physically changed by which other actions are selected
in the same batch. Equivalently, there is a joint prob-
ability space carrying (Z.)ecr,, and selecting batch
B reveals or executes the corresponding subset and
returns .. Z.. The random sets Z. may be statis-
tically dependent; separability does not require inde-
pendence.

This condition holds, for example, when each selected
macro-action has its own prefix, decoding policy, to-
ken cap, and randomness, and executing one action
does not alter the prompt, memory, tool state, or re-
source allocation of another action in the same batch.
It can fail when actions interact through a mutable en-
vironment, when one action changes another action’s
prompt or available budget, or when one action un-
locks another action’s output. Appendix C.9 gives a
minimal failure example.

Given a fixed portfolio value F; and current completed
portfolio S;, define the one-round action gain

Gt(B | St) = E[Ft(St U UB) — Ff(St) ‘ It} . (11)

C.2. A Correct Set-Marginal Lemma

The action lift needs the fact that a monotone sub-
modular function has diminishing returns not only for
single elements but also for finite sets. Monotonicity
is necessary in the statement below.

16

Lemma C.1 (set diminishing returns). Let F:2Y —
R be monotone and submodular. If A C B C Y and
C C ) is finite, then

F(AUC) - F(A) > F(BUC) — F(B).

Proof. Let

D:=C\B.
Because F' is monotone and AUD C AUC,

F(AuC)—F(A) > F(AUuD) — F(A).
Enumerate D = {dy, ...
7di—1}7

Then A; C B;. By submodularity,

,dm }, and define
A; = AU{dy,. .. B, := BU{dy,...,d;_1}.
F(A;u{d;}) — F(A;) > F(B; U{d;}) — F(B;).

Summing over ¢ telescopes to
F(AUuD)—-F(A) > F(BUD) — F(B).
Since BU D = BUC, we obtain
F(AUC)—F(A) > F(AUD)—F(A) > F(BUC)—F(B).

]

Why monotonicity is needed. The lemma is false for
arbitrary nonmonotone submodular functions. Let
F(S) = —|S], which is modular and therefore submod-
ular but not monotone. With A = @, B = {b}, and
C ={b},

F(AUC)—F(A)=-1, F(BUC)-F(B)=0,

so the claimed inequality would fail.

C.3. Macro-Action Closure

Theorem C.2 (macro-action closure). Under batch-
separable macro-actions, if F; is NMS over completed
portfolios and F;(S; U Ug) is integrable for every
B C FE, then G¢(- | S) from Equation (11) is NMS
over batches B C FEj.

Proof. Fix a realization w of all potential action out-
puts (Ze)ecr,. Define the realized batch value

9w (B) = Fy (St ulY Ze(w)> — Fy(S).
ecB

Normalization holds because Uy = &, so

9w (@) = Fy(Sy) — Fi(S;) = 0.
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For monotonicity, if A C B, then

SulJ Zew) € Siu | Ze(w).
ecA e€EB
Monotonicity of F; gives g, (A) < g, (B).
For submodularity, fix A C B C E; and e ¢ B. Let

X4 :=5U U Zs(w), Xp:=5:U U Zj(w).
feA feB

Then X4 C Xp. The marginal of adding action e to
A s

Ft(XA U ZQ(UJ)) — Ft(XA),
and the marginal of adding e to B is

Fi(XpUZ.(w)) — Fi(XB).

By the set-marginal lemma in Appendix C.2, with F' =
F,, A = X4, B = Xp, and C = Z.(w), the first
marginal is at least the second. Thus g, is submodular
for every realization w.

Taking conditional expectation over w preserves nor-
malization, monotonicity, and submodularity, so G¢(- |

C.4. Residual Thresholds

The residual-threshold representation turns graded se-
mantic coverage into ordinary coverage over thresh-
olds. Covering target 6 to degree 0.7 is equivalent to
covering every threshold (6, r) with » < 0.7.

Lemma C.3 (threshold representation). For semantic
coverage,

Frem(g) = /O /O 1{b:(6) < 1 < ms.5(8)} dr dpus(6).
’ (12)

Proof.
[0, 1],

Fix 0. Since my g(0) > b:(#) and both are in

mas(6) — bi(0) = /0 1{by(6) < r < me.s(8)} dr.

Integrating over ©, gives Equation (12). |

For current portfolio S, define the residual threshold
event for action e:

H.(0,r) := {7“ > my,s,(0) and sup ki (y,6) > r}.

yEZe
(13)
This event says that action e covers threshold (6,r)
and that the threshold was not already covered by the
current portfolio.

17

C.5. Residual-Threshold Lift

Theorem C.4 (residual-threshold lift). For semantic
coverage, the one-round gain of a batch B is

Gicm(B|St):/®z/01Pr<

Proof.

U He(0,7) | It> dr dy(9).
ecB (14)

By definition,
Gy (B | St) = E[F™ (St WUB) — F{™(Se) | It] -

Using the threshold-representation lemma in Ap-
pendix C.4, the realized marginal gain for fixed Up
is

/ / 1{m 5, (0) <1 <mys,uus(0)}drdu(6).
e, Jo

The event inside the indicator holds exactly when
threshold (#,7) is not covered by S; but is covered
by at least one artifact returned by a selected action.

Since Up = |J,¢ g Ze, this is equivalent to

J He(0.7).

e€B

Taking conditional expectation and applying Tonelli’s
theorem to the nonnegative bounded integrand gives
Equation (14). O

C.6. Semantic Redundancy Gap

The residual-threshold lift makes precise what goes
wrong when rollouts are treated as additive indepen-
dent candidates. Additive scoring counts how many
times residual support thresholds are hit. Portfolio
value counts whether each residual threshold is hit at
least once.

For v = (0,r), write H.(u) := H.(0,r), and let
dvi(u) := drdp(8) on ©, x [0,1]. Define the resid-
ual hit multiplicity

Np(u) =Y 1{H(u)}.
eeB

Define the singleton-additive trace value

Z vi(e | St),

ecB

B S,)

where

mﬂw:éémﬁmmmmmm
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Main overcount proposition, restated. Proposition 3 Proof. For any nonnegative integer n,

is restated below with the same additive trace score

notation A244 used in the main text. (n—1); < <n>
—\2

Proposition C.5 (trace-additive overcount identity).

The inequality is equality for n = 0, 1,2. Therefore,
For every finite batch B,

o)1) (") = 2 wmnw.

(N
AMYB | S)-G™(B | S;) = / / [(Np(6,7) = 1)+ | L] drdp(0). {e.f}1CB

(15) Taking conditional expectation and integrating gives

the result. ]
Proof. By finite additivity and Tonelli’s theorem,

AMYB|S)) Z/Pr w) | 1) dvi(u)

C.7. Product Form and Bonferroni Bounds

The macro-action closure theorem and redundancy

e€eB
identity do not require independence. Independence
/ Z Pr(H(u) | I;) dvy(u) is only needed for a product form. Without indepen-
e€B dence, Bonferroni inequalities give lower and upper

bounds in terms of residual overlaps.

_/E

> 1{H.(u)} | It] dvy(u)

e€B Corollary C.7 (product form under residual-hit
:/]E[NB(U) | 1,]dv, (u) independence). If, for each (6,7), the events
HERRT {H.(0,7)}ccp are conditionally independent given I,

then

By the residual-threshold lift in Appendix C.5,

GE™(B15) = [ Pr(Na(u) = 1] I dvi(u) = [ El 1{NB<Gbemﬁ'|§tcﬂ<[a/ l

Subtracting gives where

1—
eEB

pi(e;0,r) :=Pr(H.(0,r) | It).
AaddBSstemBS:/EN —1{Np(u) > 1} | I] dv
B 8)-GTB] 5 N5(w) Vs Hfoct) tlg‘or fixed (0,r), conditional independence

. . o ives
Since Np(u) is a nonnegative integer, &

Np(u) = 1{Np(u) > 1} = (Np(u) — 1)+. Pr (ﬂ Ho(0,r)° | It> =[] - pileso,7)).

B B
This proves Equation (15). O o °c

Taking complements and substituting into the residual-

Trace count versus support threshold lift in Appendix C.5 proves the formula. [J

Additive trace scoring counts residual-threshold

multiplicity. ~ Semantic portfolio value counts Proposition C.8 (pairwise Bonferroni lower bound).

whether each residual threshold is hit at least once. Every finite batch B satisfies

The exact overcount is the expected excess multi- som

plicity in Equation (15). GBS 2 Z ve(e | St) Z wile, f | 5e).

e€B {e.f}CB
(16)

Corollary C.6 (pairwise overlap upper-bounds over-
count). For every finite batch B, Proof. For fixed (6,7), the second Bonferroni inequal-

ity gives
AMBLS) - GEBIS) S Y wile | S,

teres <UH ©,7) |It>>ZPr 0.0 1)- >
where e€B e€B {e,f}CB
! Integrating over r € [0,1] and § € O, gives Equa-
e 150= [ [ Prl 0,008 (0.0) | 1) dr i O onr) 0.1 -
= /0 ’

18

Pt(@&ﬂ)] dr dpu (9),

Pr(

He(tg, T)ﬁHf
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Proposition C.9 (higher-order Bonferroni bounds).

Forj=1,...

Z//Pr

JCB
|J1=3

,|B|, define

For any K < |B],

N

DAL

j=1

If K is even, then
Sk(B) <

If K is odd, then
Sk(B)

| B|, equality holds.

Gy (B | 5)-

> Giem(B | St)
When K =

Proof. Fix a residual threshold u = (6,r) and let

> YHe(u)}

ecB

N:NB(U) =

For this fixed u,

1 { U H,(u)

The order-K inclusion—exclusion partial sum at this u

N = é(—w‘“ (%)

where (]JV) =0 for j > N. Ift N =0, then sg(N)
0=1{N >1}. If N > 1, the binomial identity

S () ('7)

j=0
for K < N and equality to 0 for K > N implies
N-1
i) = 1= -0 (V1)
when K < N, and sx(N) = 1 when K > N. Thus

even K gives sg(N) < 1{N > 1}, and odd K gives
sk (N) > 1{N > 1},

}:1{1\]2 1.

Taking conditional expectations and integrating over
u gives the stated inequalities. When K = |B]|, the
full inclusion—exclusion identity is exact. (|

(ﬂH ,r) It> dr du ().
ecJ
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C.8. Token-Level Pullbacks Need Not Be Submodular

The action ground set matters. Even if value is sub-
modular over completed artifacts, pulling it back to
primitive token-expansion edges can create comple-
mentarities.

Boundary. Diminishing returns hold for completed
portfolios and for batch-separable completion-level
macro-actions. They need not hold for primitive token
edges or for interacting actions whose outputs change
when selected together.

Proposition C.10 (token pullback failure). Semantic
value may be submodular over completed artifacts
while its pullback to primitive token-level expansion
edges is not submodular.

Proof. Let E*¥ be primitive token-level expansion
edges in a rooted search tree. For X C E%k let D(X)
be the set of completed leaves whose full root-to-leaf
edge set is contained in X.

Consider a tree with exactly one valuable completed
leaf z*, and suppose the path to z* requires two prereq-
uisite token edges ey, ea. Define the completed-artifact
value

F(S)=1{z* € §}.

This F' is monotone and submodular over completed
artifacts. Define the token pullback

P(X) := F(D(X)).

P({e1}) =0, P({ez2}) =0,

The marginal gain of adding es to @ is 0, while the
marginal gain of adding e after e; is present is 1. This
violates diminishing returns, so P is not submodular.

O

C.9. Batch-Separability Failure

Batch separability is also substantive. If selecting
one action changes another action’s physical output,
action-level value can become complementary even
when completed-portfolio value is monotone submod-
ular.

Proposition C.11 (batch separability is necessary). If
one action’s realized output can depend on which other
actions are selected, one-round value need not be sub-
modular even when the completed-portfolio objective
is monotone submodular.

P({el, 62}) =1.
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Proof. Let
F(S) =1{y" € S},

which is monotone submodular over completed portfo-
lios. Consider two actions. Action p opens a lock but
produces no semantic item. Action ¢ reads a file and
returns y* if and only if p was also selected in the same
batch. Then the induced batch value satisfies

G(2) =0, G({p}) =0, G({q}) =0, G({p,q}) = 1.

The marginal value of adding ¢ is 0 at @ but 1 after p
is present. This violates submodularity. O

20
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D. SCPS Planning, Optimization, and
Implementation Layers

Appendix C gives the exact one-round action objective:
for a fixed portfolio value F; and a batch of completion-
level macro-actions B,

Gi(B | Sy) = E[Fy(S; UUp) — Fy(Sy) | It]

is normalized, monotone, and submodular under batch
separability. A deployed controller cannot usually eval-
uate this object exactly. It estimates residual novelty,
residual overlap, and cost from the current frontier and
semantic memory. This appendix separates the exact
objective from the planning surrogate and records the
optimization and implementation guarantees that sur-
vive this move.

D.1. Exact Gain, Bonferroni Score, and Deployed
Surrogate

For semantic coverage, Appendix C proves the
residual-threshold representation

G (B | St) :/@ /0 Pr(U H.(0,7) | It) dr dp (0),

e€B

where H,(0,r) is the event that action e covers thresh-
old (#,7) not already covered by S;. Define the exact
one-action novelty and pairwise overlap

wle 5= [ [ el 0.0 1) dr dus0)

and

1
wile, f 18 = /@ /0 Pr(H,.(0,7)NH(0,7) | I;) dr dy; (6)Proof.

The second-order Bonferroni lower bound is

GEmM(B]S) > LP(B[S) =Y wle] S)— > wile,f|S).

c€B {e.f}CB
(17)
This is an exact lower bound on semantic gain when

vy and w; are the true residual-hit probabilities.

The deployed SCPS batch score is a calibrated plan-
ning surrogate:

Zt(B | St,Mt) = Zﬁt(e | St;Mt)_ﬁt Z @t(e,f | St,Mt)—At Z/C\teég.

c€B {e.f}CB

(18)
Here M, is the semantic memory used by the imple-
mentation, v; estimates residual support, &; estimates

residual overlap, and ¢; estimates current-round cost.

21

The constants ; and A; calibrate redundancy and
cost.

Surrogate status

The exact gain G°™ is monotone submodular. The
true second-order expression in Equation (17) is a
Bonferroni lower bound on semantic gain. The
deployed score in Equation (18), with estimated
terms, tuned coefficients, and cost penalties, is
a planning surrogate rather than an exact lower
bound on semantic gain.

D.2. Submodularity of the Novelty—Overlap—Cost
Surrogate

Although the deployed score is not itself an exact
semantic-gain lower bound, it has useful structure
under natural sign conditions. Nonnegative pairwise
overlap penalties make the score submodular, though
generally nonmonotone. The novelty and cost terms
are modular, so their signs do not affect submodular-
ity; the sign condition is needed for the pairwise over-
lap penalty.

Proposition D.1 (plug-in score is submodular under
nonnegative overlap). Fix a finite action set E;. Sup-
pose B > 0 and @i(e, f) > 0 for all pairs. We write
Wi (e, f) for the weight attached to the unordered pair
{e, f}, with @¢(e, f) = ©(f,e). Then the set function

L(B)=>_Tile)= B > @ule.f) = Y. ale)

ecB {e,f}CB ecB

is submodular over B C E;. It is generally not mono-
tone.

Let S CT C Ey and x ¢ T. The marginal
gain of adding x to S is

Li(SU{z}) = Li(S) = Bi(x) — M@u(2) — B Y @il e).
ecS

The marginal gain of adding = to T is

Li(TU{a}) = Li(T) = 5(z) — \@i(z) — B D @(,e).

ecT

Because S C T, W(z,e) > 0, and B; > 0,

> @i(w,e) <Y Di(we).

ecT

Thus the.aarginal at S is at least the marginal at T,
which is submodularity. Monotonicity can fail: take
two actions a,b with v(a) = v¢(b) = 1, no cost term,
and B;@;(a,b) = 3. Then L;({a}) = 1 but Ly({a,b}) =
—1. Adding b decreases the score. ]
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Implementation note. If learned overlap estimates
can be negative because of regression or calibration
artifacts, the plug-in submodularity result in Ap-
pendix D.2 no longer applies. Clipping overlap es-
timates to the nonnegative range is one simple way
to preserve the nonmonotone-submodular structure of
the planning score.

D.3. One-Round Optimization Guarantees

The exact one-round action objective Gi(- | St) is
monotone submodular under the conditions of Ap-
pendix C. Standard greedy reasoning therefore gives
a self-contained cardinality-budget guarantee. This
guarantee is per-round and frozen-objective; it does
not claim global optimality of the closed-loop receding-
horizon controller.

Proposition D.2 (cardinality greedy for the exact one-
round gain). Let f:2F — R, be normalized, mono-
tone, and submodular, let 1 < k < |E|, and let

O € arg ma B).
g max f(B)
Let the greedy sequence start at Sy = @ and, for ¢ =
0,...,k—1, choose

¢i € arg max, [£(Si U{e}) — f(Si)],

Then
k
£(81) > (1 -(1-1) ) 1(0) = (1-1/0)(0).

Proof. At step ¢, monotonicity gives
f(O) < f(S;V0).
By submodularity,

FSi00) = f(S) < >0 [f(Siu{e}) — f(S)].

e€cO\S;

There are at most k terms in the sum, and greedy
chooses the largest available marginal. Hence

f(O) = f(Si) < k[f(Sit1) — f(S)].
Let A; := f(O) — f(S;). Then

1
Ajpr < <1 - k) A;.

Tterating gives

Si+1 = SlLJ{e,}

22

SO

k
£(84) > (1 -(1-%) ) 1(0) = (1= 1/)(0).
]

Proposition D.3 (plug-in planning error, additive
form). Let B be a finite feasible batch family. Sup-
pose f is the target one-round objective and f is a
plug-in estimate satisfying

~

sup |f(B) — f(B)| <.
BeB

If Bisa p-additive maximizer of ]?over B, meaning

o~ o~ -~

f(B) 2 max f(B) - p,

then R
> —2n—p.
f(B) z max f(B) — 2 — p
Proof. Let B* € argmaxpep f(B). Uniform error
gives

f(B) = J(B)—n
By additive optimality,
f(B) = J(B*) - p.

Uniform error again gives

~

f(B*) = f(B*) =n.
Combining the three inequalities yields
(B) > f(B") =20~ p.
|
If B fB) >
amaxpeg f(B) for 0 < a < 1, then the same argu-
ment gives

Multiplicative variant. satisfies

~

~

f(B) > ozrélggf(B) — (1 +a)n,

provided the multiplicative approximation statement
is meaningful for the estimator class used. The addi-
tive form above is usually safer for nonmonotone or
possibly negative surrogates.

D.4. Local Surrogate Error

The previous proposition assumes a uniform bound
over a feasible family. The next elementary inequal-
ity decomposes local error in the novelty, overlap, and
cost terms. Let

Z ve(e) — B Z wi(e, f) — A Z ci(e),

c€B {e.f}CB c€B

Li(B) :

and define ft analogously with hatted quantities. As-
sume B¢, Ay > 0.
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Proposition D.4 (local surrogate error). For every fi-
nite batch B,
|Lo(B) (B)] <> [oile) — vi(e)]
ecB
+5t Z ‘at(evf)_wt(evf)‘
{e,f}CB
+ )\t Z |Ct — Ct |
e€B
Proof. Subtract the two expressions and apply the

triangle inequality term by term. O

D.5. Finite-Horizon Execution

SCPS is a receding-horizon controller. If a round ex-
ecutes each selected macro-action only up to a hori-
zon H, then the exact current-round action objective
should use artifacts completed within that horizon.

Let Z. <p be the random finite set of artifacts com-
pleted by action e within H tokens or steps, and let

U Ze.<u-

eeB

UB,SH =

For any frozen NMS portfolio value F, define

Gt,SH(B ‘ St) = IE[Ft(St U UB,SH) — Ft(St) | It] .
(19)

Proposition D.5 (finite-horizon macro-action closure).
Under batch-separable truncated outputs Z. <, if F}
is NMS and Fi(S; UUp <m) is integrable for every B,
then Gy <p (- | St) is NMS.

Proof. This is the macro-action closure in Ap-
pendix C.3 applied to the truncated random output
sets Z. <g instead of Z,. O

Interpretation. Full-completion predictors can still
be useful as continuation-value proxies, but they
should not be described as exact current-round by-H
gains. The exact by-H objective is Equation (19).

D.6. Cost Safety

Cost predictions should match the resource constraint
used by the controller. Mean-cost regression is use-
ful for ranking, but it does not by itself certify hard
feasibility.

Let Ctr“e( ) be the realized physical cost of executing
batch B for the current round. Suppose the controller
enforces the predicted-cost constraint

Z/C\t(€) S Bt.

ecB
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Proposition D.6 (deterministic cost certificate). If

C«true( ) < Z/C\t(e)

ecB
for every batch B considered by the planner, then ev-
ery selected batch satisfying ) .5 ¢i(e) < By is phys-
ically feasible under the round budget B;.

Proof. For any selected batch B,

Ci(B) <> @le) < By

e€B
0

High-probability variant. If the deterministic upper
bound holds simultaneously for all batches in a finite
feasible family B with probability at least 1 — §, then
predicted-cost feasibility implies physical feasibility for
any batch selected from B with probability at least
1 — 4. This is a property of the cost certificate, not a
consequence of mean-cost calibration alone.

D.7. Distribution-First Predictors

A scalar value head trained to predict one action’s
value under one memory state can become stale as
soon as the portfolio changes. Profile or distribution
predictors are more reusable because residual novelty
can be recomputed against the current memory.

For a candidate action e, define the raw threshold-
coverage event

.0 ={
This event says that e reaches threshold (6, ), ignoring
whether the current portfolio already covers it. For a
portfolio S, the residual event is

H5(0,7) == {r > my.s(0)} N Ca(B,7).

sup kq(y,0) >
YyEZe

Suppose a predictor estimates
pe(0,7) :=Pr(Ce(0,7) | I)

and

Pr(C.(0,r) N Cy(0,7) | I,).

Pef(0,7) :

Proposition D.7 (profile predictions can be reused
across memories). For any fixed current portfolio .S,

v | S) = /@ /0 1{r > me.s(8)}pe (6, 7) dr dpus(8),

and

wile, £ 5) = /@ /0 1{r > mu.s(8)}pes (6, 7) dr dpug(8).
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Proof. For novelty,

v(e ] S) = // Pr(HS(0,7) | I;) dr du:(6).

Since S and my s are fixed at planning time, the
event {r > my g(6)} is deterministic conditional on
I;. Therefore

Pr(Hf(H,r) | I;) = 1{r > my s(8)} Pr(C.(0,r) | I}),

which gives the formula for v;. The overlap formula is
identical, using

H3(0,r)NHF (0,7r) = {r > my,s(0)}NCe(0,7)NCy (0, 7).

O

Scalar-head insufficiency example. Let the residual
threshold universe consist of two unit-mass points
u1,ug. Action e; deterministically covers uq, and ac-
tion e; deterministically covers us. At the empty port-
folio both have scalar value 1. If the current portfolio
already covers u1, then e; has residual value 0 and es
has residual value 1. A scalar head that only stores the
old value 1 for both actions cannot distinguish them af-
ter memory changes. A profile predictor can, because
it stores which threshold each action is likely to cover.

Predict profiles, not just scalar values

Residual novelty changes whenever the portfolio
changes. Coverage-profile, answer-distribution, or
threshold-hit predictors can be recomputed against
the current semantic memory. Scalar value heads
are generally tied to the memory state on which
they were trained.

24
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E. Probes, Evaluator Approximation, and
Robustness

This appendix analyzes approximation to the
evaluator-induced objective. The results here certify
internal validity: they show when a finite probe set,
approximate kernel, or uncertainty envelope faithfully
approximates the chosen semantic coverage objective.
They do not certify that the evaluator has chosen the
right semantic targets.

E.1. Finite Semantic Probes

Assume first that u; is a probability measure and draw
independent probes 61,...,60,, ~ u;. For a fixed port-
folio S, define

1
S m

2

Fem(S) - [max {bt(ei)
=1

ye

Proposition E.1 (sampled probe objective is NMS).
For every fixed probe realization 61, ..., 0,,, the func-
tion S +— FP™(S) is normalized, monotone, and sub-
modular.

Proof. For each probe 6;, the summand is a finite-
target semantic coverage function of the form proved in
Theorem 1. A nonnegative average of NMS functions
is NMS. |

Proposition E.2 (probe concentration for a fixed port-

folio). For any fixed finite portfolio S and any & > 0,
Pr( Frem(s) — chm(S)] > g) < 2exp(—2me?).
Proof. For fixed S, define

)aSUP kt(y,@:)

X,L' = max {bt(91
yeS

} — be ().

Because 0 < by, ky < 1, each X; € [0, 1]. Since 6; ~ puy,
E[X;] = Ffo™(S) and Fyo(S) = m~' Y7, X;. Hoeffd-
ing’s inequality gives the result. ]

Finite-family version. If the controller evaluates a fi-
nite family S of portfolios or batch-induced portfolios,
then a union bound gives

Pr(sup ﬁ;%n(S) — F7°(S)
sSes

Thus, with probability at least 1 — «,

ASem sem log 2 S o
B (s) — (s < ([ 2228)

sup
Ses

sup (3.0 b = (69|

‘ > 5) < 2|S|exp(—2me?).
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Finite nonnormalized measure. If M, := 1;(0,) < oo
is nonzero, draw probes from fi; := p;/M; and use the
scaled estimator M Fy70". Then

).

2me?

M

Pr(’Mtﬁze;;“(S) — Ftsem(S)’ > s) < 2exp (—
with the analogous finite-family union bound.

E.2. Semantic Kernel Approximation

Finite probes approximate the integral over semantic
targets. A separate error source is the implemented
evaluator or kernel.

Proposition E.3 (kernel sup-norm approximation).
Let Yo be a finite candidate artifact set. Suppose an
implemented kernel k; satisfies

sup |/k?t(y7 9) - kt(ya 9)| S d.

YyEVo,0€0,

Let ﬁt be semantic coverage computed with Et and the
same by, ;. Then for every finite S C ),

|Fy(S) — FF*™(S)| < 0 p(O,).

If p; is a probability measure, the bound is 4.

|
|

If two collections of real numbers differ coordinatewise
by at most 9, their maxima differ by at most §. Hence

Proof. For each 0, define

,sup ke (y, 0)

mg(f) = max {bt(G) sup

and

, Sup 7€\t (ya 0)

mg(0) = max {bt(ﬁ) sup

Ims(0) —ms(0)] <6

for every 6. Therefore

E(8) — Fzm(9)] < /

|ms(0) —ms(0)| dus (0)

E.3. Combined Finite-Family Approximation
Certificate

The probe and kernel bounds can be combined for a
finite planning family. This is often the most useful
form for a controller that selects among finitely many
candidate batches.
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Assume p; is normalized. Let ﬁm 7 denote the probe

estimate using the approximate kernel Et, and let
F*& denote the exact semantic value using the tar-
get kernel k;. Conditioning on any implemented kernel
k; satisfying the displayed sup-norm bound, the prob-

ability below is over the probe draw.

Proposition E.4 (combined probe and kernel error).
Suppose Sup,cy, ke(y,0) — ki(y,0)] < & and every
S € S is a subset of )y. Then, with probability at
least 1 — « over the probe draw,

(5 < 54 BT/

sup |ﬁ A(S) N Fttarget o

ses ™k

For finite nonnormalized p; with total mass My, the
right side is multiplied by M;.

Proof. For each S, decompose
|E, 2 (S)—F " (S)| < |F,, 5

The first term is at most § for every S and every probe
realization by the same max-Lipschitz argument as the
kernel approximation bound in Appendix E.2, applied
to the finite probe average. The second term is uni-
formly bounded over & by the probe concentration
bound in Appendix E.1 and the union bound. This
proves the normalized case. Scaling by M; gives the
finite nonnormalized case. (]

E.4. Robust Coverage Envelopes

The previous results quantify approximation to a fixed
kernel. Sometimes the evaluator can provide lower and
upper envelopes for an unknown target kernel k. The
next result gives a conservative portfolio-value sand-
wich.

Assume

for all relevant y, 6, with all kernels measurable and in
[0,1]. Define

Proposition E.5 (portfolio-value sandwich).
finite portfolio S,

Fy (S) < F/(S) < ' (9).

For every

Moreover, F,~ and F;" are normalized, monotone, and
submodular.

Proof. For each 6,

sup k,(y,0) < supk;(y,0) < sup kq(y, 0).

yeSs yeSs yeSs
Taking the maximum with the same baseline b;(6) pre-
serves the inequalities. Subtracting b;(0) and integrat-
ing gives the sandwich. The functions F,  and F,"
are ordinary semantic coverage values with bounded
measurable kernels, so Theorem 1 applies. O

E.5. Conservative Residual Gains Under Kernel
Uncertainty

A subtle point is that the pessimistic portfolio value

( S)_ﬁm, x( S)\—I—|ﬁm, 1 (S)— FE°d@pg not automatically give a pessimistic marginal

gain. If the lower kernel underestimates what the cur-
rent portfolio already covers, it can overstate the nov-
elty of a new artifact.

Counterexample to naive pessimistic marginals. Con-
sider one target of unit measure with baseline 0. Let
the current portfolio be S = {z} and the candidate be
y. Suppose

0.9,

ki(z) = ki(y) = 0.9.

The true marginal gain of adding y is 0. Now let the
lower envelope satisfy

ki(2) =0,  E(y) =05

Then F; (S) = 0 and F; (SU{y}) = 0.5, so the pes-
simistic marginal is 0.5, larger than the true marginal.
Conservative novelty must therefore compare lower-
confidence new coverage against upper-confidence cur-
rent coverage.

For a current portfolio S, define

,sup k¢ (z, 0)
z€S

g (0) := max {bt(o) } . mg(6) == max {bt(e)

F7(S):= / [max {bt(9)7 zlég ky(y, 9)} - bt(a)] dpe(0), For a candidate completed set Y, define the conserva-
tive lower gain
rS) = [ [mox b0z} - 00 w0, 15,0719 = [ k0 -ms0)] ano)
yeS LyeY 1y
and and the optimistic upper gain
FF(S) := / [max {bt(9)7supkt(y79)} - bt(e)} dp (). Lgain(y | 5) = / sup ki(y,0) —mg(0)|  dpu(6).
yeSs LyeY 14
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,sup k(.
z€S
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Proposition E.6 (residual marginal sandwich). If
k, < kf < kq, then for every finite current portfolio
S and candidate set Y,

Lein(Y [ 8) S FF(SUY) = F{(S) < L, (Y | 5).
Proof. Let
me(f) := max {bt(G), sup k:;‘(z,H)} .
z€S8

The true pointwise marginal is

sup 7 :0) — 50)| R

The envelope assumptions imply

sup k,(y,0) < sup k; (y,0) < sup k;(y,6),
yey yeY yey
and

mg(0) < mg(0) < ms(0).

Therefore, pointwise,

sup k, (y, 0)—mms(0) < sup kf (y, 0)—mg(0) < sup ke(y, 0)—mg(6).
yey yey yey

Taking positive parts preserves order, and integrating

over ©, proves the sandwich. O

Corollary E.7 (stochastic conservative gain). If the
envelope holds for every possible realized output Upg,
then

E[Lgin(Us | S0) | 1] < E[Fy(S,UUB)—F/ (S)) | 1] < E[L;, (U | Si) | 1]

This follows by applying the residual marginal sand-
wich in Appendix E.5 realization by realization and
taking conditional expectation.

E.6. Internal Validity Boundary

Probe concentration, kernel approximation, and ro-
bust envelopes all certify approximation to the
evaluator-induced objective. They do not prove that
the evaluator chose the correct semantic target space,
assigned correct importance weights, or measured true
scientific value. If the probe distribution is biased to-
ward easy-to-detect targets, concentration simply cer-
tifies accurate estimation of that biased objective.

Evaluator-conditional approximation

The approximation results in this appendix are in-
ternal to the chosen evaluator-induced objective.
They certify finite-probe error, kernel approxima-
tion error, or lower/upper envelope validity. They
do not certify that the semantic evaluator matches
human, mathematical, or scientific value.

27
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F. Exact-Answer Quotient, ACPS, and
Answer Banks

This appendix specializes semantic coverage to veri-
fiable exact-answer tasks. The exact-answer case is
useful because answer identity can often be certified,
but it is still a special case of semantic coverage. The
semantic target space is the utility quotient over com-
pleted traces, not necessarily a known multiple-choice
option set.

F.1. Utility Quotient and Answer Coverage

Let Z}¥ be the space of completed traces for prompt
x, and let u(z,7) € [0, 1] be task utility against latent
target 7. Define an equivalence relation

zry 2 = ulz,7) =u(,7)
The exact answer-class space is the quotient
Ay = 2}/ ~u,

with quotient map a : Zf — A,. In binary exact
correctness, the latent target is A* € A, and

u(z, A%) = 1{a(z) = A%},
For a portfolio S C Z¥, write
A(S) :={a(z) : z € S},

and let
m(a) :=Pr(A* =a | L}).

When A, is finite or countable, frozen answer coverage

Y m(a)1{a € A(S)}.

a€A,

F25(8) = (20)

The finite or countable case is the main exact-answer
setting considered in this appendix. For a general quo-
tient space, the same object is written as the corre-
sponding integral over the quotient measure. In a non-
atomic quotient, a finite portfolio may cover zero pos-
terior measure unless answer classes have atoms or are
coarsened into measurable regions.

Proposition F.1 (answer coverage is semantic cover-
age). FP™ isa latent semantic coverage objective and
is therefore NMS.

Proof. Take

O, = Afbv Nt(a) Tt (a)v

and define
ki(z,a) = 1{a(z) = a}.

for all latent targets
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Then

supki(z,a) =1{3z € S:a(z) =a} = 1{a € A(S)}.
z€S
Substituting into semantic coverage gives Equa-
tion (20). The NMS property follows from Theorem 1.
O

F.2. Frozen Coverage, Truth-Coupled Hit, and
Selector Accuracy

Exact-answer tasks contain several related but distinct
objects. Confusing them is one of the easiest ways to
overstate the theory.

Let E; be a set of rollout actions. Suppose action e
returns an answer class 4. € A, U {L} when it com-

7pletes, where | denotes no certified answer. Let

AT = A(S)).

The truth-coupled correct-hit objective is

GMYB|S,) :=Pr(A* ¢ A" Jec B: A, = A* | I,).
(21)
The frozen answer-coverage lift is

G, (B|S) :=E[F™(S;URp) — F™(S,) | 1],
(22)
where Rp is the set of completed traces returned by
the selected actions. Future selector accuracy is a third
object, for a downstream selector o:

PI‘(O'(S,: @] RB) = A* | It) .

Proposition F.2 (frozen lift and one-round hit are
submodular objects). For fixed m; and fixed answer
classes, G, (- | S) is NMS over batch actions under
batch separability. If the potential answer outputs
(Ae)eck, are fixed random variables attached to the
actions for the round, then G}t(- | S;) is also NMS. Fu-
ture selector accuracy and adaptive truth-coupled dis-
covery do not inherit these statements without an ex-
plicit selector or observation model; Appendix G gives
boundary examples.

Proof. By the answer-coverage quotient in Ap-
pendix F.1, F" is NMS. Applying the macro-action
closure theorem from Appendix C to F2" gives the
NMS property of é:ns.

For the truth-coupled hit objective, define the fixed
event )
HMU .= (A" ¢ A0 A, = A*}.

Then

GMY(B | S;) =Pr <

U 7| It> :

ecB
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Normalization and monotonicity follow from the
empty-union convention and event inclusion. For sub-
modularity, let A C B C F; and e ¢ B. Write

Uy = U Hhit Ug := U H
feA feB

Since U C Up, the marginal of adding e to A is
Pr(H\ Ua | 1),

while the marginal of adding e to B is
Pr(H" \ Up | I).

The inclusion HMt \ Up C HM' \ Uy gives the
diminishing-returns inequality. Future selector accu-
racy additionally depends on the selector, and adap-
tive truth-coupled discovery changes the observation
or belief model, so both are separate objects. O

Counterexample: frozen coverage need not upper-
bound hit or selector accuracy. Let A* be uniform
on {a,b}, so m(a) = m(b) = 1/2. Suppose one action
returns a completed trace z. whose answer class is the
true answer:

a(z.) = A, = A*.

Then the truth-coupled hit probability is 1, and a se-
lector that emits the returned answer is correct with
probability 1. But the frozen answer coverage of the
realized singleton portfolio is

F({ze}) = mi(a(ze)) = m(A") = 1/2.

Thus selected accuracy and truth-coupled hit can ex-
ceed frozen posterior coverage when action outputs are
informative about the truth.

When frozen coverage equals truth-coupled oracle cov-
erage. If A(S) is conditionally independent of A*
given I;, then

Pr(A* € A(S) | I;) = E[Ff™(S) | IL] .
Indeed,
Pr(A* € A(S) | I) = E[Pr(4* € A(S) | A(S), 1) | I}

=E|> m(a)1{ac A(S)}| It]
=E[F™(S) [ 1] .

This independence condition is often too strong for rea-
soning systems, because useful rollouts are informative
about the true answer. Accordingly, frozen coverage,
truth-coupled hit or oracle coverage, and final selected
accuracy should be reported separately.
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Distinct exact-answer quantities

Frozen answer coverage, truth-coupled correct hit,
and future selector accuracy are different quan-
tities. The macro-action result applies directly
to frozen coverage, and one-round truth-coupled
hit is a union-probability coverage objective when
potential answer outputs are fixed for the round.
Adaptive truth-coupled and selector-level claims
require their own assumptions or diagnostics.

F.3. Product Form for Frozen Answer Coverage

The exact-answer case has a simple product form when
per-answer miss events factorize.

For an unseen answer class a ¢ A", let

pi(a|e) :=Pr(A. =a| ).
Assume unconditional miss factorization for each un-
seen answer:

Pr(n{Ae 7&0'} ‘ It)

= [[—nlale).

e€B

(23)

Proposition F.3 (product form for frozen answer cov-

erage). Under Equation (23),

GU(B|S)= ) mla) ll - [0 -pia] 6))] :
ag Ageen ceB

Proof. For a fixed unseen answer a, the frozen cov-

erage gain includes 7 (a) exactly when at least one
selected action returns answer class a. Therefore

(U{Ae_a} |1t> :
eceB

Using miss factorization and taking complements gives

Pr(U{Ae =a} | It>

Substitution proves the formula.

Gi(B|S)= Y m(a)Pr
agAfeen

=1- H(l—pt(a|e)).

ecB

F.4. Answer Banks and Coarsened Coverage

When A, is too large, latent, or expensive to canoni-
calize exactly, ACPS may use a finite answer bank. A
bank is a map

¢t:~’4w_>6t-

Its buckets induce masses

Wt (b) :

Z m(a),

a:pi(a)=b
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and action-level bucket probabilities

able)= Y mnlale).

a:p(a)=b

The coarsened bank value is

FP(S) ==Y wi(b)1{3a € A(S): ¢s(a) =b}. (24)
beB;
Proposition F.4 (bank value is NMS). For fixed ¢,

and nonnegative bucket masses wy, Ftd” is normalized,

monotone, and submodular.

Proof. Equation (24) is ordinary finite weighted cov-
erage over bucket targets. Equivalently, take semantic
targets to be buckets b € B, baseline 0, measure w(b),
and trace-level coverage kernel k:(z,b) = 1{¢:(a(z))
b}. The result follows from Theorem 1.

O

Proposition F.5 (bank optimism).
pleted portfolio S,

For every com-

FPH(S) = F™(S).

Moreover, if
Cy(8) := A(S) N g7 (b),

then the optimism gap decomposes as

FPH(S) = FP™(S) = ) > mla)
b:Cp(S)#D acp; ' (b)\Cu(S)
Proof. For each bucket b, the bank value credits the

full bucket mass w;(b) if any represented answer from
that bucket appears in the portfolio. Exact answer
coverage credits only the masses of represented answer
classes. Thus, bucket by bucket,

wi(D)L{Cy(S) # @Y= Y m(a) =

aGCb(S)

{Zae@ B\Cu(5) T
0,

Summing over buckets gives the decomposition and
nonnegativity. O
F.5. Bank Refinement Monotonicity

Bank optimism becomes controlled when banks are
refined. A coarse bank overcredits support; splitting
buckets monotonically removes that optimism.

Let P be a partition of A,. Define

Z m(a),

a€P

m(P) :
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and

FF(S) := Z Tt

PecP

(P)L{A(S) N P # &}.

A partition Q refines P if every @) € Q is contained in
some P € P.

Proposition F.6 (refinement removes bank optimism).
If Q refines P, then for every portfolio S,

FP(S) > F(S).
If S is the singleton partition of A,, then
FP(S) > FO(S) > F§(S) = F™(8)

whenever Q refines P.

Proof. Fix a coarse cell P € P and let

Q(P):={Qe€Q:QC P}
If A(S)N P = @, then A(S)NQ = @ for every Q €

Q(P), so the contribution of P and its refinements is
zero. If A(S)N P # @&, then the coarse contribution is

> m@),

QEQ(P)

m(P)

while the refined contribution is

D

QeQ(P)

7Tt(P).

m(@QUASINQ £t < Y m(Q)

QeQ(P)

Thus the coarse contribution is at least the refined
contribution inside every P. Summing over P € P
proves F{7(S) > F2(S). Since the singleton partition

ﬁne&, %vgeg% Mition7 applying the first inequality
Zalr;Qi ) > F£(S). The singleton partition
also

FtS(S) = Z

acA,

mi(a)l{a € A(S)} = F™(5).

O
Bank refinement certificate

Coarse banks overcredit support because one repre-
sented answer can activate an entire mixed bucket.
Refinement monotonically removes this optimism,
and the singleton partition recovers exact answer
coverage.
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F.6. Singletonized Seen Answers and Unresolved
Mixed Mass

A live bank can be exact on the current portfolio even if
it remains coarse elsewhere. The key is to singletonize
every answer that has actually been seen.

This subsection assumes the live bank partitions the
answer support being compared to F2**. With omitted
support, the statements apply on modeled support and
should be combined with the omitted-mass bound in
Appendix F.8.

Let the live bank ontology be
By = A UM™Y,

where every discovered answer class is represented by
a singleton bucket and every h € HY" is a genuinely
mixed provisional bucket containing no currently seen
answer class. Define unresolved mixed mass

Ft = Z wt(h)

heHp™Y

Let G/'(B | S;) be the frozen one-round lift of the
bank value Ftd)t.

Proposition F.7 (singletonized banks are exact on the
current state). If every currently seen answer is sin-
gletonized, then

FP(Sy) = F{™(Sy).

Moreover, for every batch B,

—=ans

0<GY(B|S) -G ™(B|S,) <Ty.

Proof. Because every seen answer has its own single-
ton bucket, the bank credits exactly the posterior mass
of seen answers at S;. Hence F{*(S,) = FA"5(S,).

For a realized future portfolio S; U Rp, bank optimism
implies

F?' (S, URp) — F™(S; URg) > 0.

The equality on S; turns this into nonnegative gain
optimism:

[Fﬁf (S, URp) — Fj’t(st)} C[FAS(S, U Rp) — F25(8,)] > 0.

Only mixed provisional buckets can produce optimism
beyond exact answer coverage, because singleton buck-
ets are exact. The total mass of those mixed buckets
is I'y, so for every realization the gain optimism is at
most I';. Taking conditional expectation gives the one-
round bound. ([l

F.7. Product-Form Bank Objective

For bank events involving uncertified action outputs,
use the convention

de(L) =1, 1 ¢ B;.

Let
B = {pi(a) : a € AF*"}.

Assume bucket-level miss events factorize:

Pr(ﬂ {6e(Ae) # 0} | It) = H(l —qt(be)).

e€B ecB

Proposition F.8 (product form for bank coverage).
Under bucket-level miss factorization, the coarsened
frozen bank lift is

Gft(B | St) = Z wy(b) ll - H(l —q(b | e))] .

b¢B§86n eeEB

Proof. The bank gain credits bucket b exactly if b
was not already seen and at least one selected action
returns an answer mapped to b. Thus

Gl (BIS)= > wb) Pr(U {¢(Ac) = b} | ft) :
b Bseen e€eB

Taking complements and using bucket-level miss fac-
torization gives the formula. (Il
F.8. Omitted Support
If the bank models only a subset Q; C A,, define
omitted mass
At = Z Wt(a).
agQt

The modeled exact-answer value is

PE(S) =Y m(a)l{a € A(S)}.

a€Qy
Proposition F.9 (omitted-mass bound). For every
portfolio S,
0 < FP™(S) — FRG(9) < Ag
Proof. The difference is
F™S(8) — Fis(S) = ) me(a)1{a € A(S)}.

ath

This is nonnegative and at most } ¢, m(a) = A¢. O



SCPS for Adaptive Reasoning

Interpretation. Bank optimism is certified only on
modeled support unless omitted mass is included in the
accounting. A coarse bank over modeled answers can
overcredit represented buckets; an incomplete bank
can also miss posterior mass outside the modeled sub-
set.

F.9. Candidate-Superset Canonicalization

Canonicalization is an implementation layer, not a
theorem-level primitive. If a completed trace cannot
be certified to a singleton exact answer class, the con-
troller should not insert it into the exact seen set. In-
stead, it may store a candidate superset

Ci(2) C Ay

or a provisional bucket. The trace may still inform
approximate bank probabilities, semantic memory, or
future refinement, but exact answer accounting should
wait until singleton certification is available.

Invariant. A safe ACPS implementation maintains
two separate structures:

e an exact seen set A{*°" containing only singleton-
certified answer classes;

e unresolved candidate supersets or provisional
buckets for traces whose answer identity has not
yet been certified.

This preserves exact accounting for discovered answers
while allowing unresolved artifacts to participate in ap-
proximate planning.

F.10. ACPS Loop in the Exact-Answer Case

In exact-answer tasks, SCPS becomes Answer-
Coverage Portfolio Search (ACPS). The semantic
memory contains

(St, A3°°", optional candidate supersets, ¢¢, wy, I's, At) ,

where the bank-related terms are present only when a
finite bank approximation is used.

At each round, ACPS:

1. builds completion-level rollout actions from the
frontier;

2. scores actions using exact answer distributions,
bank distributions, or novelty—overlap surrogates;

3. selects a budget-feasible batch;

4. executes selected actions;
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5. singleton-certifies completed answers when possi-
ble;

6. stores unresolved traces as candidate supersets or
provisional buckets;

7. refines the bank and replans.

At budget exhaustion, ACPS returns the completed
portfolio to a terminal selector. Portfolio support,
truth-coupled hit or oracle coverage, and final selected
accuracy should be reported separately.
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G. Closed-Loop, Adaptive, and Selector
Boundaries

The exact results in Appendices B to C are frozen-
round statements: the evaluator-induced objective is
fixed, and the controller evaluates a one-round batch
of completion-level actions. A deployed system may
replan after observations, update semantic weights or
answer banks, or pass the resulting portfolio to a termi-
nal selector. Those operations are useful, but they are
different mathematical objects. This appendix records
what can be said exactly, when an adaptive positive
result is available, and where counterexamples appear.

G.1. Truth-Coupled Frontier—Search—Selector
Decomposition

In exact-answer tasks, it is useful to separate three
layers: the frontier made available to search, the con-
troller’s acquisition of support from that frontier, and
the terminal selector’s use of the acquired support.
This decomposition is about truth-coupled oracle cov-
erage, not frozen posterior coverage.

Let A* be the true answer class. Let Spont denote
the completed portfolio that would be obtained by ex-
hausting the available frontier action set under the
same fixed frontier assets. Let Sy be the portfolio
obtained by a search policy II under the allowed bud-
get. Let o be a terminal selector that emits an answer
after observing Syy.

Assume the following two conditions.

1. Frontier containment. For every realization,

A(SH) g A(Sfront)-

2. Portfolio-respecting selector. If the selector is cor-
rect, then the correct answer is represented in the
realized portfolio:

{o(Sn) = A"} C {A" € A(Sn)}-
Define
Ctront := Pr(A* € A(Stont) | 1),
Cn = Pr(A" € A(Sn) | 1),

and

Ane = Pr(oc(Su) = A | ).

Proposition G.1 (frontier—search—selector decomposi-
tion). Under frontier containment and a portfolio-
respecting selector,

AH,O’ < CH < Cfront < 1.
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Consequently,

1_AH,0 (1 - C’front) + (Cfront - CH) + (CH - AH,U) .

search miss

selector miss

(25)

frontier miss

Proof. By frontier containment,

{A* S A(SH)} g {A* S A(Sfront)}7

so Cnp < Ciont- By the portfolio-respecting selector
assumption,

{o(Su) = A"} € {A" € A(Sn)},

so An,e < Crr. The inequality Chone < 1 is immediate.
Equation (25) is the telescoping expansion

1- AH,U =1- Cfront + CfI‘OIlt - CH + CH - AH,U-

Each term is nonnegative by the inequalities above. [J

Interpretation. The first gap is a frontier-
construction failure: the correct answer was not
available in the exhausted action space. The second
gap is a search failure: the correct answer was
available in the frontier but was not acquired by the
controller. The third gap is a selector failure: the
correct answer was acquired but not emitted.

Why report portfolio support separately?

A final selected answer can fail for reasons unre-
lated to search acquisition. The decomposition in
Equation (25) separates frontier miss, search miss,
and selector miss. This is why realized portfolio
support, oracle or hit coverage, and final selected
accuracy should be reported as different quanti-
ties.

G.2. Frozen Posterior Coverage Is Not the Same
Object

The decomposition above uses truth-coupled oracle
coverage Pr(A* € A(S)). It should not be replaced
blindly by frozen answer coverage

Fp3(8) =) mi(a)l{a € A(S)}.

Appendix F separates frozen answer coverage from
truth-coupled hit probability. One-round truth-
coupled hit is also a coverage-style NMS objective un-
der fixed potential answer outputs, but it is still not
interchangeable with frozen posterior coverage.
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Counterexample G.2 (selected accuracy can exceed
frozen coverage). Let A* be uniform on {a,b} under
I;. Consider one rollout action that always returns the
true answer:

A, = A"

Let S be the resulting one-answer portfolio. A selector
that emits the returned answer is correct with proba-
bility one:

Pr(o(S)=A4"|1;) =1.

However, the frozen answer coverage of the realized
portfolio is always

Fons(S) = my(A*) = 1/2.

Thus selected accuracy can be larger than expected
frozen coverage when the portfolio is informative
about the truth. Frozen posterior coverage and truth-
coupled hit are not interchangeable.

When the two coincide. If A(S) is conditionally inde-
pendent of A* given I;, then

Pr(A* € A(S) | It) = E[F™*(S) | I].
Indeed,

Pr(A* € A(S) | I,) = B[ Pr(A* € A(S) | A(S), T,) | Ii]

=E|) m(a)1{ac A(S)} | I,
= E[F™(5) | 1.

This independence condition is often not the intended
model for reasoning rollouts, because useful rollouts
may be informative about the true answer.

G.3. A Positive Adaptive Result Under Independent
Stochastic Coverage

The frozen macro-action theorem does not by itself
imply adaptive submodularity under arbitrary belief
updates. There is, however, a clean positive result
under an independent stochastic coverage model. This
result is useful because it shows exactly what kind of
observation model preserves diminishing returns after
sequential observations.

Let (U, G, v) be a finite-measure residual support space.
One may think of I/ as a finite probe approximation to
the residual threshold space (0, ) from Appendix C, al-
though the result does not require that interpretation.
Each action e € F has a hidden random measurable
coverage set

R, CU.
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Executing e reveals R.. Assume that conditional on I,
the random sets {R. : e € E} are mutually indepen-
dent. Observing one action reveals additional covered
support but does not change the conditional distribu-
tion of unexecuted action coverage sets.

A partial realization 1) assigns realized sets R, to ac-
tions in dom(v)). Define

CY):

J n

ecdom(v))

and
fW) == v(C(¥)).

For an unobserved action e ¢ dom(¢), define its adap-
tive marginal

Ale | 9) =E[f(¥ U{(e,Re)}) = f(4) | ¥, L]

Proposition G.3 (adaptive submodularity under in-
dependent coverage states). Under the independent
stochastic coverage model, f is adaptive monotone and
adaptive submodular. That is,

Ale|y) >0,
and whenever ¢ C v’ and e ¢ dom(v)’),
Ale| ) > Ale|¥).

Proof. For any partial realization 1,

fFpu{le, Re)}) = f(¢) = v(C(¢) U Re) — v(C ()
v(Re \ C(¥))-

Therefore

Ale [ ¢) =E[v(R \ C(¥)) | ¥, I].

This quantity is nonnegative, proving adaptive mono-
tonicity.

By conditional independence, R, is independent of the
observations in 1), so its conditional distribution given

1 is the same as its distribution given I;. Now let
1 C1)'. Then

C) CCW).

For every realized R.,

R\ C®®') C RN\ C(v),

V(R \ C(¥')) < v(Re\ C(¥)).

Taking expectation over the unchanged distribution of
R, gives
Ale|9') < Ale| ).
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Thus adaptive submodularity holds. O

Positive adaptive case

Adaptive diminishing returns hold for independent
stochastic coverage sets with full observation of
executed actions. This is a stronger observation
model than the batch-separable one-round theo-
rem: it assumes observing previous actions does
not change the distribution of unexecuted action
coverage sets.

G.4. Adaptive Dependence Can Break Diminishing
Returns

The independence condition in Appendix G.3 is not
cosmetic. Correlation between action outcomes can
make marginal value increase after an observation.

Counterexample G.4 (dependent coverage states are
not adaptively submodular). Let U {u} with
v({u}) = 1. There are two actions ej,es. Exactly
one action covers u:

(Rel ’ Rez) = ({u}7 Q)
with probability 1/2, and
(Rel ) Rez) = (@7 {u})

with probability 1/2.

Before observing anything,
Ales | @) =1/2.

If e; is executed and reveals R., = &, then the poste-
rior implies R, = {u}. The covered set is still empty,
but

A(eg | Rel = @) =1.

Thus the marginal value of e5 increased from 1/2 to 1,
violating adaptive submodularity.

G.5. Truth-Coupled Answer Discovery Can Also Fail
Adaptively

The previous counterexample is purely about corre-
lated coverage states. Exact-answer discovery adds
another source of adaptive failure: observations can
update the posterior over the true answer itself.

Counterexample G.5 (truth-coupled correct-hit discov-
ery need not be adaptively submodular). Let A* be
uniform on {a,b}, and let the current portfolio be
empty. Consider two rollout actions. Action e, re-
turns a if A* = a and returns L if A* = b. Action e,
always returns answer b.
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Before observing anything, the marginal truth-coupled
correct-hit value of ey is

Aley | @) = Pr(A* = b) = 1/2.

If e, is executed and returns L, then the posterior puts
probability one on A* = b. The current portfolio still
does not contain the correct answer, and executing e
now hits it with probability one:

Aley | e, =1)=1.

The marginal value of e;, increased after an observation,
violating adaptive submodularity.

Interpretation. The frozen answer-coverage lift in Ap-
pendix F' remains submodular for a fixed posterior.
The truth-coupled adaptive process above is different:
observations change beliefs about A*.

G.6. Terminal Selector Accuracy Is a Separate Object

A terminal selector may abstain, choose the wrong rep-
resented answer, use scores that are not calibrated to
the current portfolio, or be distracted by additional
candidates. Therefore actual selected accuracy does
not inherit the frozen coverage theorem unless the se-
lector is explicitly modeled. In this subsection, o(S)
denotes an emitted answer class; if a selector emits a
trace, correctness means a(o(S)) = A*.

The safest general inequality is the portfolio-respecting
one used in the decomposition in Appendix G.1:

Pr(o(S) = A* | I,) < Pr(A* € A(S) | I,).

This is a statement about truth-coupled oracle cov-
erage. It is not a statement about frozen posterior
coverage.

Counterexample G.6 (an actual selector can be non-
monotone). Let the true answer be a with posterior
probability 0.6 and b with posterior probability 0.4.
Consider a deterministic selector that emits the most
recently added represented answer. If the portfolio is
S = {a}, selected accuracy is 0.6. If a new comple-
tion representing b is added, the selector emits b, and
selected accuracy becomes 0.4. Thus actual selector
accuracy can decrease when the portfolio grows.

This counterexample is intentionally simple. The
point is not that one should use such a selector, but
that selector behavior is an additional algorithmic
layer. The ideal selector envelope in Appendix B is
monotone; an arbitrary or miscalibrated terminal se-
lector need not be.



SCPS for Adaptive Reasoning

G.7. Stopping Certificates

Stopping rules are not needed for the core SCPS the-
orem, but they are useful when a controller wants to
certify that little value remains under a terminal objec-
tive. The following generic statement is included only
as a template: it is meaningful when the implementa-
tion can actually upper-bound remaining gain.

Let T} be any terminal value on realized portfolios, and
let
‘/t* = Sll}lp E[Tt(sgnal) | It]

be the best expected terminal value achievable from
the current state under the remaining budget.

Proposition G.7 (generic stopping certificate). Sup-
pose R; is an upper bound on the best additional gain
still achievable, meaning that for every continuation
policy II,

E[T:(Sta) — T2(Se) | It] < Ry
Then
Vi < Ty(S¢) + R:.
In particular, if R; < ¢, stopping now is e-optimal for

terminal value 7.

Proof. For every continuation policy II,

E[Ty(Stnar) | It] = Ty(St) + E[Ty(Sthar) — T2(Se) | 1]
< Ty(S) + R:.

Taking the supremum over II gives the result. ([l

G.8. Closed-Loop Reporting Checklist

When SCPS is deployed as a controller rather than
evaluated as a frozen one-round objective, reports
should keep the following quantities separate:

1. Frontier capacity: what support was available if
the frontier were exhausted?

2. Search acquisition: what support did the con-
troller actually acquire under budget?

3. Frozen coverage: what posterior or evaluator-
induced mass did the portfolio cover under the
frozen objective?

4. Truth-coupled hit/oracle coverage: did the port-
folio contain the correct answer or target in hind-
sight?

5. Terminal selection: did the final selector emit the
correct or preferred item?
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6. Abstention and wrong-preference modes: when se-
lection fails, did it abstain, choose an unsupported
item, or prefer the wrong represented item?

Closed-loop boundary

Frozen semantic coverage and its batch-separable
one-round lift have exact diminishing-returns guar-
antees. Arbitrary belief updates, correlated ob-
servations, mutable action outcomes, and terminal
selectors require additional modeling assumptions
and should be evaluated as separate layers.
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H. Empirical Diagnostics and Reproducibility
Details

The empirical results are reported with the same layer
separation used in the theory. The live MMLU-Pro
experiment evaluates portfolio construction: whether
search discovers answer classes that were not already
represented. Selector accuracy is a separate object.
This appendix records the protocol and the evidence-
selection rule used in the main text.

Empirical claim boundary

The main result is a live exact-answer MMLU-
Pro portfolio-construction result. It is not a claim
that terminal selection is solved or that open-ended
answer-bank construction is ready.

H.1. Evidence Selection

Table 6 states which empirical sources are promoted
to paper claims and which are used only as scope or
diagnostic evidence.

Evidence Paper Use in the manuscript

source status

Final live Main Supports the claim that

MMLU-Pro evidence exact-answer SCPS

evaluation constructs higher Pass@16
portfolios than live
tree-prefix and
semantic-pruning baselines
on a disjoint 256-question
evaluation set.

Live ablations Supporting Interpret the selected

and cost context configuration and report

readout realized resource use
without changing the
promoted claim.

Selector Limitation = Records the

diagnostics terminal-selection

bottleneck separately from
portfolio construction.

Table 6. The experimental narrative promotes only the ev-
idence that matches the claim layer. Diagnostic quantities
are reported separately from the live portfolio-construction
claim.

H.2. Live MMLU-Pro Exact-Bank Protocol and
Surrogate Training

The promoted live evidence uses a 256-question held-
out MMLU-Pro exact-bank slice selected with seed 47
from the MMLU-Pro test split. Each question has a
finite multiple-choice answer bank, so answer coverage
can be evaluated exactly after canonicalizing model
outputs to option labels. The selection rule excludes
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the 512-question controller-training split as well as all
questions used for pilot analyses, tuning, or auxiliary
diagnostics, so the held-out questions are disjoint from
the data used to train or tune the learned SCPS sur-
rogate bundle. The exact question identifiers, split
construction, training-data provenance, and exclusion
summary are included in the anonymized audit artifact
described in Appendix H.6.

Model and decoding. All live generations use
Qwen3.5-9B (Team, 2026) served through a native
vLLM backend (Kwon et al., 2023). The prompt for-
mat is an answer-only multiple-choice prompt, with
canonicalization under the MCQ option-bank evalu-
ator. The compared methods share the same live-
controller family, questions, prompt style, answer
canonicalizer, hard token limits, and terminal-option
scoring protocol. Realized decode, auxiliary, total to-
ken cost, rollout counts, and budget violations are re-
ported for each method.

Methods. The selected SCPS configuration uses ex-
act option-bank memory, answer-diverse action gener-
ation, and a learned surrogate bundle trained from the
disjoint controller-training split. The bundle supplies
answer-distribution, length, and collision/overlap sig-
nals; it is a deployed surrogate, not a theorem-level
lower bound and not a final-selector model. The con-
troller uses only pre-execution decision-local signals:
answer support, proposal target or predicted answer
features, novelty/nonredundancy features, terminal-
option log-probability scores computed before termi-
nal execution, seen-answer state, and cost/budget es-
timates. Tree-prefix expansion is a ToT-style frontier-
expansion baseline that extends active prefixes without
residual-support or overlap scoring. Semantic prun-
ing is a redundancy-control baseline that removes or
collapses duplicate semantic states without optimizing
the Bonferroni residual-support objective. The base-
lines share the same split and hard limits; their real-
ized token counts differ because the policies allocate
and terminate rollouts differently.

Surrogate training interface. The deployed estimates
in Equation (7) are derived from the trained heads in
Table 9: answer-distribution predictions define resid-
ual novelty against the current option bank, pairwise
collision predictions define overlap, and length predic-
tions define the cost term. The controller-training split
supplies labels by canonicalizing deployment-kernel
completions to option or null outcomes, recording pair-
wise same-answer collisions, and logging completion
lengths.
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Method Shared access Distinguishing rule
family
SCPS Split, prompt, Scores actions by
canonicalizer, estimated residual
option bank, support, estimated
hard budgets, overlap, and cost; the
terminal-option selected root16 variant
scores, and uses answer-diverse
learned surrogate root proposals with
bundle. target 12 and
answer-family quota 8.
Tree-prefix Same split, Expands ranked
prompt, frontier prefixes
canonicalizer, without the residual-
hard budgets, support/overlap
terminal-option  objective and without
scores, and semantic pruning.
learned surrogate
bundle.
Semantic Same split, Skips prefixes whose
pruning prompt, predicted answer is
canonicalizer, already seen or whose
hard budgets, pairwise overlap with
terminal-option  selected prefixes
scores, and exceeds 0.75, replacing
learned surrogate them by continuing
bundle. down the ranked
feasible list when
possible.
Self- Same split, Sample root
consistency prompt, completions directly;
and semantic canonicalizer, semantic diversity
diversity model, selects unique answer
temperature, classes first, then fills

rollout cap, and
hard budgets.

remaining slots,
without the SCPS
receding-horizon
allocation score.

Table 7. The baseline comparison separates shared evalua-
tor access from the policy difference under test. The tree
baselines have the same predictor bundle and evaluation
conventions as SCPS, but not the residual-support alloca-
tion objective.
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Setting Value

Held-out MMLU-Pro test split, 256 questions,

split held-out seed 47, zero overlap with
controller-training, validation, pilot,
tuning, and auxiliary diagnostic question
IDs.

Run Seed 13, Qwen3.5-9B, vLLM native,

configuration bfloatl6, temperature 0.6, answer-only
MCQ prompt, MCQ canonicalizer.

Budgets Maximum 16 rollouts, max output 192
tokens per completion, decode-token limit
3072, total-token limit 30000, no budget
violations in the reported rows.

Selected Exact option-bank memory, batch size 1,

SCPS policy 10 planning rounds, root proposal batch
16, distinct-source-prefix target 12,
terminal answer-class quota 8.

Discovery weight 1.0, overlap penalty 0.5,
certification weight 0.0, repeat penalty

0.25, seen-answer penalty 1.0.

SCPS score
coefficients

Table 8. Deployed controller settings are fixed before the
promoted hold-out comparison. These settings identify the
exact root16 SCPS variant used in the main table.

Metrics. Pass@N is 1 if any candidate in the gener-
ated portfolio canonicalizes to the gold option. This
is the exact-answer portfolio-coverage metric; Ap-
pendix G also calls the same quantity truth-coupled
hit/oracle coverage when distinguishing it from termi-
nal selection. Common selector accuracy is the accu-
racy of the shared practical verifier /selector. Majority
accuracy chooses the most frequent canonicalized an-
swer class. Unique answers counts distinct canonical-
ized answer classes per portfolio. Duplicate-token frac-
tion measures the fraction of generated token mass as-
signed to duplicate answer classes. Mean token counts
are realized totals. Selector metrics are reported to
diagnose the selection bottleneck.

H.3. Live MMLU-Pro Results

Table 10 reports the final live comparison on the 256-
question held-out evaluation set. Auxiliary checks are
used only as diagnostics and are not pooled into this
final live claim.

Table 11 reports paired Pass@16 deltas for the final
live comparison against tree-prefix and semantic prun-
ing.

The confidence intervals in Table 11 are paired
intervals over the 256 held-out questions. They
do not include variation from generation ran-
domness, controller-training randomness, surrogate-
training seeds, or model-serving nondeterminism. All
reported rows use the same held-out split seed 47 and
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Component Target / Rows Validation
model readout

Value head Bounded- 1636 train, Brier 0.256,
value MLP 204 ECE 0.223,
over pooled validation = Spearman
Qwen 0.256,
features; lower-bound
target is coverage 0.887.
realized
candidate
value.

Answer MLP over 1636 train, Mean

distribution pooled 204 L, =1.691,
features plus validation nonnull-mass
decision-local RMSE 0.098,
metadata; top-1
target is agreement
answer 0.147.
histogram
plus null
mass.

Length/cost Survival- 1636 train, RMSE 23.017,
length MLP 204 Spearman
over pooled validation  0.597, cap-hit
features; ECE 0.006.
target is first
valid-answer
length.

Collision/overRBgirwise 2454 train, Brier 0.102,
MLP over 306 ECE 0.048,
paired pooled validation RMSE 0.319.
features;
target is
answer
collision.

Calibration Quantile- Disjoint Miscoverage
regression calibration level 0.1;
conformal rows deployed value
lower-bound target is lower
calibration. bound.

Table 9. The learned surrogate bundle is specified as a de-
ployed planning aid, not a theorem-level oracle. All com-
ponents are trained away from the 256-question evaluation
split.

Pass@Q16 Mean  Unique Dup. token
Method T tokens | answers 1 frac. |
Exact-answer 233/256 (91.0%) 1120.25 3.469 55.4%
SCPS (selected
configuration)
Tree-prefix 192/256 (75.0%) 3546.10 1.766 81.5%
Semantic pruning ~ 190/256 (74.2%) 3548.08 1.770 81.3%

Table 10. The selected SCPS configuration is the promoted
live portfolio-construction result. Pass@16 is portfolio cov-
erage, not final selected accuracy. Counts are retained here
for auditability. Bold marks the promoted portfolio/re-
source metrics.

Delta  95% CI

Comparison (pp) (pp) SCPS-only wins Baseline-only wins
SCPS minus +16.0 [10.6,21.5] 49 8
tree-prefix

SCPS minus +16.8 [11.3,22.7] 52 9

semantic pruning

Table 11. The promoted paired comparisons are live com-
parisons against the two tree-search baselines. Intervals
are approximate paired 95% intervals for Pass@16 deltas
on the same questions; raw paired counts are shown in the
wins columns.

run seed 13; completed promoted baseline runs were
not discarded from the headline comparison.

H.4. Live MMLU-Pro Ablations and Cost Readout

The ablation evidence is used to interpret the selected
live configuration, not to construct a post-hoc tuning
hierarchy. Auxiliary live checks remain diagnostic con-
text; the main paper promotes only the final compari-
son in Table 10.

The ablations test whether the answer-diverse targeted
action space and the deployed novelty—overlap—cost
score matter. The non-targeted root-sampling variant
removes targeted answer-diverse action generation and
reaches 82.4% Pass@16. Targeted or answer-diverse
variants remain between 87.5% and 91.0% PassQ16.
Removing the explicit overlap penalty or the score cost
term from the promoted root16 configuration reaches
90.2% and 89.1%, respectively. Several paired inter-
vals overlap, so we treat smaller between-variant dif-
ferences as diagnostic rather than decisive tuning evi-
dence.

The answer-diverse action generator is an important
part of the empirical system. A same-held-out diagnos-
tic packet that removes targeted answer-diverse action
generation reaches 211/256 (82.4%) Pass@16, while
the targeted or answer-diverse SCPS variants in Ta-
bles 13 and 14 remain between 87.5% and 91.0%. We
therefore interpret the experiment as evidence for the
deployed SCPS system and its answer-diverse action
space together, not as proof that the scoring objective
alone explains the full gain.

The result is not an equal-realized-token claim. The
methods share matched live protocols and hard lim-
its, but realized costs differ. On the 256-question
evaluation set, SCPS uses 1120.25 mean total tokens
versus 3546.10 for tree-prefix and 3548.08 for seman-
tic pruning. We therefore phrase the evidence as a
live portfolio-construction result with reported real-
ized costs, not as a claim that all methods spent ex-
actly the same number of tokens.
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Residufdverlfeore Pass@16 Mean

Variant support term cost 0 tokendAjhat it
tests
Full SCPS yes yes yes 233/256 1120 Full con-
(91.0%) troller.
No targeted weak yes yes 211/256 — Whether
action (82.4%) answer-
generation diverse
actions
matter.
No explicit yes no yes 231/256 1123 Whether
overlap (90.2%) duplicate-
penalty risk
scoring
matters.
No score cost yes yes no  228/256 1125 Whether
term (89.1%) the score
cost
term
matters.
Semantic partial heurisbiedge190/256 3548 Pruning
pruning only (74.2%) without
baseline the
portfolio
objec-
tive.

Table 12. Ablations diagnose the deployed SCPS design;
they are not a decisive variant hierarchy. All rows use
the same 256-question held-out split and Pass@16 portfolio-
coverage metric. The no-overlap row removes the explicit
pairwise overlap penalty from the score while leaving other
redundancy controls in place; the no-cost row removes the
score cost term while retaining hard rollout and token bud-
gets. Semantic pruning uses heuristic redundancy filters
rather than the residual-support portfolio objective, and
the non-targeted diagnostic did not preserve a comparable
realized-token readout.
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Pass@16 Mean  Unique Dup. token
Method T tokens | answers T frac. | Role
SCPS root16 / 233/256 (91.0%) 1120.25  3.469 55.4%  Promoted
target12 / quota8 SCPS
configuration.
SCPS rootl6 no  231/256 (90.2%) 1122.96 3.395 56.6% Score
explicit overlap ablation;
penalty other
redundancy
controls
retained.
SCPS rootl6 no  228/256 (89.1%) 1124.76  3.488 55.0% Score
score cost term ablation;
hard budgets
retained.
SCPS rootl12 / 226/256 (88.3%) 1113.88  3.402 54.3% Proposal-cap
target10 / quota6 ablation.
SCPS anchor 228/256 (89.1%) 1110.22  3.367 54.5% Prior
target-faithful targeted-
calguard action
anchor.
SCPS 224/256 (87.5%) 1113.80 3.352 55.3% Guard
answer-diverse no ablation.
calguard
Self-consistency ~ 200/256 (78.1%) 316.13 2.555 84.0%  Independent
rl6 root
sampling.
Semantic 202/256 (78.9%) 316.13 2.570 83.9%  Root answer-
diversity r16 diversity
baseline.
Tree-prefix 192/256 (75.0%) 3546.10  1.766 81.5%  Tree-search
baseline.
Semantic pruning 190/256 (74.2%) 3548.08  1.770 81.3%  Redundancy-
control tree
baseline.

Table 13. Expanded baselines and ablations show that
SCPS is not only compared against duplicate-heavy tree
policies. The independent root-sampling baselines improve
answer diversity over the tree baselines but remain below
the selected SCPS portfolio coverage on this held-out slice.
The no-overlap and no-cost rows ablate score terms while
retaining the same hard budgets.
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Delta vs. 95% CI
Variant Pass@16 selected (pp) (pp)
Selected 91.0% - -
answer-diverse
configuration
No explicit 90.2% —0.8 [—3.1,1.2]
overlap penalty
No score cost 89.1% —2.0 [—4.7,0.8]
term
Lower 88.3% —2.7 [—5.9,0.4]
proposal-cap
variant
Guarded 89.1% -2.0 [—5.1,1.2]
targeted-action
variant
Answer-diverse 87.5% -3.5 [—6.6, —0.4]

no-guard variant

H.5. Selector Diagnostics

Interpretation

he main limitation is selector conversion. On the 256-
lfl) roraﬁté%(%ion evaluation set, SCPS reaches 91.0% Pass@16,
vari- ¢ while common verifier accuracy is 41.8% and majority
ant. accuracy is 65.2%. The common verifier and majority
Remiukes do not convert all discovered support into selected

the answers. This pattern supports the paper’s main lim-

€X- jtation: improving the search portfolio does not by

plicit,

pair itself solve terminal selection.

wise —

over- Common Majority

lap Method selector T 0

Ziﬁ:; Exact-answer 41.8% 65.2%
SCPS (selected

re- .

dun- configuration)

dancy Tree-prefix 43.0% 60.2%

con- Semantic pruning 43.4% 62.5%

trolsTable 15. Selector metrics diagnose conversion, not port-
re- folio construction. Results use the same live MMLU-Pro
maimportfolios as Table 10. These columns are not promoted as
Rentevesinal answer-selection claims.

the

score

cost

tern].6. Reproducibility Details
hard

budThe submission includes a single anonymized
getssupplement Z1P with two directories:
fr(;i scps anonymous_ artifact/ and scps_code_ artifact/.
Proposal data artifact contains the held-out question
cap 1dentifiers and gold option labels, sanitized method
ab- settings, the prompt template, a sanitized surrogate-
la- bundle summary, per-question selector outcomes,
tlOncompac’c canonicalized answer-class portfolios, paired
- delta tables, and a script that recomputes the reported
Val rates from the CSV files. The code artifact contains
overthe core runnable portfolio_search package, sanitized
lapspaper-specific configs, a table-recomputation utility
Z€T0that, reads the sibling data artifact, and smoke tests
Targf%r $he released configuration surface. Together, these
ab “artifacts support auditing the reported tables and
la- exercising the core implementation, but they do not
tionprovide full fresh live-rerun reproducibility. —Fresh
in- Jive reruns additionally require the public benchmark,
ter- Qwen3 5-9B access, a vLLM-compatible serving stack,
overamd a compatible trained predictor bundle supplied
lapsby the user. The submission package does not include
zeroraw generation text, full frontier diagnostics, trained
quafﬁedictor weights, non-anonymous run manifests,
di- 1hachine identifiers, user paths, or model-cache paths.

n0s-The main live run used Qwen/Qwen3.5-9B served with
tlc’ vLLM native in bfloat16 on a single CUDA device

(tensor parallel size=1, max model length 16384).
th1s Mean question Wall—clock was 56.05 seconds, mean to-

pairéd] tokens 1120.25, mean decode tokens 836.12, and
read-

OH.

Table 14. SCPS ablations diagnose the deployed answer-
diverse system design, not a decisive variant hierarchy.

Deltas are paired differences relative to the selected SCPS
Confidence intervals are paired bootstrap

configuration.

intervals over the same held-out questions.
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mean generation speed 145.84 tokens/s. The available
logs record only a generic CUDA device identifier, not
a portable GPU model name; we therefore do not name
a GPU model. The learned SCPS surrogate bundle
was trained from the 512-question controller-training
split, and the evaluation-set manifest excludes that
split as well as all questions used for pilot analyses,
tuning, or auxiliary diagnostics.

A full post-review archive should additionally include:

1. exact package lockfiles and hardware logs for the
live serving environment;

2. raw per-question generations and full frontier di-
agnostics;

3. model, tokenizer, serving backend, package ver-
sions, and hardware records;

4. execution logs sufficient to reproduce realized to-
ken counts and wall-clock summaries.

Assets and licenses. The main experiment uses
MMLU-Pro and Qwen3.5-9B. The MMLU-Pro dataset
card lists an MIT license, and the Qwen3.5-9B model
card lists Apache-2.0. The implementation uses vLLM
for serving. The supplement includes license and third-
party notice files and does not redistribute benchmark
question text, model weights, tokenizer files, or serving
binaries.

Anonymity. The paper text intentionally avoids lo-
cal filesystem paths, personal repositories, acknowledg-
ments, and non-anonymous project URLs. Any sup-
plementary code or data package must be built as a
fresh anonymous archive, excluding logs or metadata
that reveal usernames, machine identifiers, repository
owners, or cluster paths.

Empirical reporting principle

A portfolio-search experiment is strongest when it
reports support found by the search procedure sep-
arately from the accuracy of the terminal selector
that consumes that support.
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