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ABSTRACT

This work establishes low test error of gradient flow (GF) and stochastic gradient
descent (SGD) on two-layer ReLU networks with standard initialization scale, in
three regimes where key sets of weights rotate little (either naturally due to GF
and SGD, or due to an artificial constraint), and making use of margins as the
core analysis technique. The first regime is near initialization, specifically until
the weights have moved by O(y/m), where m denotes the network width, which
is in sharp contrast to the O(1) weight motion allowed by the Neural Tangent
Kernel (NTK); here it is shown that GF and SGD only need a network width and
number of samples inversely proportional to the NTK margin, and moreover that
GF attains at least the NTK margin itself and in particular escapes bad KKT points
of the margin objective, whereas prior work could only establish nondecreasing
but arbitrarily small margins. The second regime is the Neural Collapse (NC)
setting, where data lies in well-separated groups, and the sample complexity scales
with the number of groups; here the contribution over prior work is an analysis of
the entire GF trajectory from initialization. Lastly, if the inner layer weights are
constrained to change in norm only and can not rotate, then GF with large widths
achieves globally maximal margins, and its sample complexity scales with their
inverse; this is in contrast to prior work, which required infinite width and a tricky
dual convergence assumption.

1 INTRODUCTION

A key promise of deep learning is automatic feature learning: standard gradient methods are able
to adjust network parameters so that lower layers become meaningful feature extractors, which in
turn implies low sample complexity. As a running illustrative (albeit technical) example throughout
this work, in the 2-sparse parity problem (cf. Figure , networks near initialization require d?/e
samples to achieve e test error, whereas powerful optimization techniques are able to learn more
compact networks which need only d/e samples (Wei et al., 2018). It is not clear how to establish this
improved feature learning ability with a standard gradient-based optimization method; for example,
despite the incredible success of the Neural Tangent Kernel (NTK) in proving various training and
test error guarantees (Jacot et al., [2018; |Du et al., 2018bj |Allen-Zhu et al.| 2018} [Zou et al., 2018;
Arora et all [2019; [Li & Liang| 2018} Ji & Telgarskyl [2020b; Oymak & Soltanolkotabi| [2019),
ultimately the NTK corresponds to learning with frozen initial random features.

The goal of this work is to establish low test error from random initialization in an intermediate
regime where parameters of individual nodes do not rotate much, however their change in norm
leads to selection of certain pre-existing features. This perspective is sufficient to establish the best
known sample complexities from random initialization in a variety of scenarios, for instance match-
ing the d?/e within-kernel sample complexity with a computationally-efficient stochastic gradient
descent (SGD) method, and the beyond-kernel d/e sample complexity with an inefficient gradient
flow (GF) method. The different results are tied together through their analyses, which establish not
merely low training error but large margins, a classical approach to low sample complexity within
overparameterized models (Bartlett, [1996). These results will use standard gradient methods from
standard initialization, which is in contrast to existing works in feature learning, which adjusts the
optimization method in some way (Shi et al.,[2022; Wei et al.,|2018)), most commonly by training the
inner layer for only one iteration (Daniely & Malach, 2020; |Abbe et al., [2022} Barak et al., 2022;
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Damian et al., 2022), and typically not beating the within-kernel d?/e sample complexity on the
2-sparse parity problem (cf. Table I)).

Contributions. There are four high-level contributions of this work. The first two consider net-
works of reasonable width (e.g., O(d?) for 2-sparse parity), and are the more tractable of the four. In
these results, the network parameters can move up to O(y/m), where m is the width of the network;
this is in sharp contrast to the NTK, where weights can only move by O(1). The performance of
these first two results is measured in terms of the NTK margin 7,,, a quantity formally defined in
Assumption[I.2} These first two contributions are as follows.

1. Non-trivial margin KKT points. Prior work established that features converge in a strong
sense: features and parameters converge to a KKT point of a natural margin objection (cf.
Section E], (Lyu & Lil [2019; Ji & Telgarskyl [2020a)). Those works, however, left open the
possibility that the limiting KKT point is arbitrarily bad; instead, Theorem [2.1| guarantees that
the limiting GF margin is at least ,, /4096, where -, is a distribution-dependent constant.

2. Simultaneous low test error and low computational complexity. Replacing GF with SGD
in the preceding approach leads to a computationally efficient method. Applying the result-
ing guarantees in Theorem [2.3] to the 2-sparse parity problem yields, as detailed in Table[I] a
method which saves a factor d® against prior work with sample complexity d?/e, and a fac-
tor 1 /€ in computation against work with sample complexity d*/e2. Moreover, Theorem
guarantees that the first gradient step moves parameters by +/m and formally exits the NTK.

The second two high-level contributions require intractable widths (e.g., 2%), but are able to achieve
much better global margins ~,, which as detailed in Sections and were previously only
possible under strong assumptions or unrealistic algorithmic modifications.

3. Neural collapse. Theorem [3.2] establishes low sample complexity in the neural collapse (NC)
regime (Papyan et al., 2020), where data are organized in well-separated clusters of common
label. By contrast, prior work did not analyze gradient methods from initialization, but instead
the relationship between various optimality conditions (Papyan et al., 2020; |Yaras et al., [2022;
Thrampoulidis et al., 2022)). The method of proof is to establish global margin maximization
of GF; by contrast, for any type of data, this was only proved in the literature with strong
assumptions and modified algorithms (Wei et al.| [2018};/Chizat & Bach,[2020;|Lyu et al., 2021)).

4. Global margin maximization for rotation-free networks. To investigate what could be pos-
sible, Theorem [3.3]establishes global margin maximization with GF under a restriction that the
inner weights can only change in norm, and can not rotate; this analysis suffices to achieve d/e
sample complexity on 2-sparse parity, as in Table[T] and the low-rotation assumption is backed
by preliminary empirical evidence in Figure

As purely technical contributions, this work provides new tools to analyze low-width networks
near initialization (cf. Lemmas [B.4]and [C.4), a new versatile generalization bound technique (cf.
Lemma [C.5)), and a new potential function technique for global margin maximization far from ini-
tialization (cf. Lemma[B.7)and applications thereof).

This introduction concludes with notation and related work, Section E] collects the KKT point and
low computation guarantees, Section [3] collects the global margin guarantees, Section [4] provides
concluding remarks and open problems, and the appendices contain full proofs and additional tech-
nical discussion.

1.1 NOTATION

Architecture and initialization. With the exception of Theorem the architecture will be a
2-layer ReLU network of the form z — F(z;W) = > ajo(vjz) = a'o(Vz), where o(z) =
max{0, 2} is the ReLU, and where a € R™ and V € R™* have initialization scale roughly
matching pytorch defaults: a ~ N,/m'/* (m iid Gaussians with variance 1/y/m) and V' ~
Nixa//dv/m (m x d iid Gaussians with variance 1/(d+/m)); in contrast with pytorch, the
layers are approximately balanced. These parameters (a, V') will be collected into a tuple W =



(a, V) € RmxR™*4 = R™*(4+1) and for convenience per-node tuples w; = (a;,v;) € RxR? =
R+ will often be used as well.

Given a pair (r,y) with # € R% and y € {41}, the prediction or unnormalized margin mapping
is p(z,y; W) = yF(x; W) = ya'o(Vx); when examples ((z;,y;))", are available, a simplified
notation p; (W) := p(x;, y;; W) is often used, and moreover define a single-node variant p;(w;) :=

yia;o(viz;). Throughout this work, ||z|| < 1, and unmarked norms are Frobenius norms.

SGD and GF. The loss function ¢ will be either the exponential 1oss lexp(2) := exp(—z), or the

~

logistic 1oss £1og (%) := In(1 + exp(—z)); the corresponding empirical risk R is
~ 1 —
R(p(W)) := n ZE(I%(W»’
i=1

which used p(W) := (p1 (W), ...,pn(W)) € R™. The two descent methods are

Wit := Wi — ndwl(ps(W3)), stochastic gradient descent (SGD), (1.1)
. d .
W, = &Wt = —0wR(p(W)), gradient flow (GF), (1.2)

where 9 and 0 are appropriate generalizations of subgradients for the present nonsmooth nonconvex
setting, detailed as follows. For SGD, 0 will denote any valid element of the Clarke differential

(i.e., a measurable selection); for example, O F (z; W) = (U(Vx), > aja’(v}x)ejscT), where e;

denotes the jth standard basis vector, and o’(vjz;) € [0, 1] is chosen in some consistent and mea-

surable way, for instance as chosen by pyt orch. For GF, d will denote the unique minimum norm
element of the Clarke differential; typically, GF is defined as a differential inclusion, which agrees
with this minimum norm Clarke flow almost everywhere, but here the minimum norm element is
equivalently used to define the flow. Details of Clarke differentials and corresponding chain rules
are differed to the now-extensive literature for their use in margin analyses (Lyu & Lil 2019; Ji &
Telgarskyl 2020a; Lyu et al., 2021).

Due to clutter, the time indices ¢ (written as W, or W (¢)) will often be dropped.

Margins. To develop the margin notion, first note that that ' and p; are 2-homogeneous in W,
meaning F(x;cW) = ca"o(cVx) = c2F(z;W) for any x € R? and ¢ > 0 (and p;(cW) =
Zp;(W)). It follows that F(x; W) = ||[W||?F (z; W/||W||), and thus F' and p; scale quadratically
in ||W]|, and it makes sense to define a normalized prediction mapping p; and margin 7y as

(W) _: min; p; (W)
=mwE T T

Due to nonsmoothness, « can be hard to work with, thus, following [Lyu & Li| (2019), define the
smoothed margin 7 and the normalized smoothed margin  as

pi(W) = miinﬁi(W).

(s oy 7OV
FW) =t (nRW)) = ¢ S | AV = i

where a key result is that ¥ is eventually nondecreasing (Lyu & Li,[2019). These quantities may look
complicated and abstract, but note for ley;, that y(W) := —In (3, exp(—p;(W))). An interesting

technical consideration is that normalization by ||W || can be replaced by ||al| - [|[V|| or 3 i lagvjlls
as appears throughout the proofs of Theorems and[3.3]

Corresponding to these definitions, the global max margin assumption is that some shallow network
can achieve a good margin almost surely over the distribution.

Assumption 1.1. There exists v, > 0 and parameters ((a, O))5_q With ||l < 1and ||Bkll2 =1
so that almost surely over the draw of any pair (z,y), theny >, apo(BLx) > va.

The /1 norm on « is due to 2-homogeneity: for any 2-homogeneous generalized activation ¢

and parameters (w;)7.; organized into matrix W € R™*(FD, then Y. p(wlz)/|W|? =



(a) Trajectories (|a;|v;)7e, with m = 16. (b) Trajectories (|a;|v;)jL; with m = 256.

Figure 1: Two-dimensional projection of n = 64 samples drawn from the 2-sparse parity distribution
in d = 20 dimensions (cf. Proposition[I.3), with red and blue circles respectively denoting negative
and positive examples. Red paths correspond to trajectories |a;|v; across time with a; < 0, whereas
blue paths have a; > 0.

32w I/1W1)2¢((w;/||ws|) 7). and in particular 37, [Jw,[|*/||W||* = 1. This use of the £,
norm is standard in works studying global margin maximization, see for instance (Chizat & Bach)
2020, Proposition 12, optimality conditions). Near initialization, the features have not changed
much, and it is therefore reasonable to consider a second margin definition as linear predictors on
top of the random initial features.

Assumption 1.2. There exists v,, > 0 and a weight mapping 6 : R¥*! — R*! with (w) = 0
whenever ||w| > 2 and ||0(w)|| < 2 otherwise, so that almost surely over the draw of (x,y), then
By (0(w), Oup(z;w)) > Yo, where w = (a,v) ~ Np means a ~ N and v ~ Ny/v/d, and
p(z,y;w) = p(x,y; (a,v)) = yao (v x) as before. O

Assumption [I.2] may seem overly technical, but by taking an expectation over initial weights, it
can not only be seen as an infinite-width linear predictor over the initial features, but moreover it
is a deterministic condition and not a random variable depending on the sampled weights. This
assumption was originally presented by Nitanda & Suzuki (2019) and later used in (Ji & Telgarsky,
2020b); a follow-up work with similar proof techniques made the choice of using a finite-width
assumption which is a random variable (Chen et al.|[2019).

The 2-sparse parity problem, finally formally defined in Proposition [I.3] as follows and depicted in
Figure[] allows significantly different estimates for Assumption[I.TJand Assumption[I.2] A notable
feature of this version, in contrast to prior work, is that only the support of the distribution matters.

Proposition 1.3. Consider any 2-sparse parity data distribution: inputs are supported on Hy =
{£1/V/d}?, and for any x € Hy, the label is the product of two fixed coordinates y := dx,xy, with
a # b. Then Assumptionholds With v, > ﬁ, and Assumptionholds with 7y, > \/%.
Lastly, following (Lyu & Li, |2019) but simplified for the 2-homogeneous case, given examples
((x4,9i))™,, then parameters W = (a,V) are a KKT point if there exist Lagrange multipliers
(M., An) with A; > 0 and A; > 0 only if p;(1W) = 1, and moreover, for every j, then a; =
> )\iyia(v;xi) and v; € a;>,; )\,»yiava(v}xi), where 0, denotes the Clarke differential with
respect to v;. Call W a KKT direction if there exists a scalar > 0 so that rI¥/ is a KKT point.
Lastly, the margin of a KKT point W is 1/||W||2, and the margin of a KKT direction is the margin
of the corresponding KKT point; further details on these notions are deferred to Appendix [B:1}

1.2 FURTHER RELATED WORK

Margin maximization. The concept and analytical use of margins in machine learning originated
in the classical perceptron convergence analysis of [Novikoff| (1962). The SGD analysis in Theo-
rem [2.3] as well as the training error analysis in Lemma [C.3| were both established with a variant



Reference | Algorithm | Technique | m n t

- (Ji & Telgarsky,[2020b) [ SGD perceptron || d® dJe  d?Je
Theorem [2.3] SGD perceptron || d? /e d*/e
(Barak et al.; 2022) 2-phase SGD | correlation || O(1) d*/e?  d?/é?
(Wei et al.,[2018) WF+noise margin 00 d/e 00
(Chizat & Bach|,|2020) | WF margin 0o d/e 00
Theorem scalar GF margin di?  dle oo

Table 1: Performance on 2-sparse parity by a variety of works, loosely organized by technique;
see Section for details. Briefly, m denotes width, n denotes fotal number of samples (across
all iterations), and ¢ denotes the number of algorithm iterations. Overall, the table exhibits many
tradeoffs, and there is no single best method.

of the perceptron proof; similar perceptron-based proofs appeared before (J1 & Telgarskyl [2020b;
Chen et al., 2019), however they required width 1/43, unlike the 1/42 here, and moreover the

ntk? ntk

proofs themselves were in the NTK regime, whereas the proof here is not.

Works focusing on the implicit margin maximization or implicit bias of descent methods are more
recent. Early works on the coordinate descent side are (Schapire et al.| [1997; Zhang & Yul [2005
Telgarskyl 2013); the proof here of Lemma|C.4]uses roughly the proof scheme in (Telgarskyl 2013).
More recently, margin maximization properties of gradient descent were established, first showing
global margin maximization in linear models (Soudry et all) 2017; Ji & Telgarsky}, [2018b)), then
showing nondecreasing smoothed margins of general homogeneous networks (including multi-layer
ReLU networks) (Lyu & Li, [2019), and the aforementioned global margin maximization result for
2-layer networks under dual convergence and infinite width (Chizat & Bach| 2020). The potential
functions used here in Theorems @] and @] use ideas from (Soudry et al., 2017} Lyu & Li, [2019;
Chizat & Bach, 2020), but also the shallow linear and deep linear proofs of Ji & Telgarsky| (2019;
2018a)).

Feature learning. There are many works in feature learning, a few also carrying explicit guaran-
tees on 2-sparse parity are summarized in Table[T] An early work with high relevance to the present
work is (Wei et al.,[2018), which in addition to establishing that the NTK requires Q(d?/¢) samples
whereas O(d/¢) suffice for the global maximum margin solution, also provided a noisy Wasserstein
Flow (WF) analysis which achieved the maximum margin solution, albeit using noise, infinite width,
and continuous time to aid in local search. The global maximum margin work of |Chizat & Bach
(2020) was mentioned before, and will be discussed in Section E} The work of Barak et al.| (2022)
uses a two phase algorithm: the first step has a large minibatch and effectively learns the support
of the parity in an unsupervised manner, and thereafter only the second layer is trained, a convex
problem which is able to identify the signs within the parity; as in Table[T] this work stands alone in
terms of the narrow width it can handle. The work of (Abbe et al., 2022) uses a similar two-phase
approach, and while it can not learn precisely the parity, it can learn an interesting class of “stair-
case” functions, and presents many valuable proof techniques. Another work which operates in two
phases and can learn an interesting class of functions is the recent work of (Damian et al., [2022);
while it can not handle 2-sparse parity explicitly, it can handle the Hermite polynomial analog (prod-
uct of two hermite polynomials). Other interesting feature learning works are (Shi et al.l 2022} |Bai
& Lee),[2019; [Allen-Zhu & Lil [2020).

2 LOW TEST ERROR WITH MODEST-WIDTH NETWORKS

This section states the aforementioned results for networks of width Q(1/~2

=), which can be small:
as provided by Proposition this width is ©(d?) for the 2-sparse parity problem. This section
will first give guarantees for GF, establishing via Theorem [2.1] and Corollary [2.2] that non-trivial
KKT points are achieved. Similar ideas will then be used to give a fully-tractable SGD approach in

Theorem [2.3] To start, here is the low test error and large margin guarantee for GF.
Theorem 2.1. Suppose the data distribution satisfies Assumption[I.2|for some ~,, > 0, and the GF

M)Q. Then, with

curve (W) s>o uses £ € {loxp, liog } on an architecture of width m > ( "



probability at least 1 — 1506, there exists t with |Wy — Wy|| = vu/m/32 so that, for all s > t,
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and moreover liminf_, o, v(Wy) = liminf,_, o, %ﬁ > hes-

Before sketching the proof, one interesting comparison is to a leaky ReLU convergence analysis on
arestricted form of linearly separable data due to|Lyu et al.|(2021)). That work, through an extremely
technical and impressive analysis, establishes convergence to a solution which is equivalent to the
best linear predictor. By contrast, while the work here does not recover that analysis, since v,, =
Q(~0) where -y is the linear separability margin (cf. Proposition , then the margin and sample
complexity achieved here are within a constant factor of those in (Lyu et al.,2021), but via a simpler
and more general analysis (dropping the additional data and initialization conditions).

The proof of Theorem [2.1] is provided in full in the appendices, but has the following key com-
ponents. The main tool powering all results in this section, Lemma [B.4} can be roughly stated as
follows: gradients at initialization are aligned with a fixed good parameter direction § € R (¢+1)

with [|0]| < 2, meaning <§, 5pi(Wo)> > 7./ /2, and moreover nearly the same inequality holds

with Wy replaced by any W € R™*(@+1) with ||[IW — Wy|| < ~u/m. This is a form of Polyak-
Lojasiewicz inequality, and guides the gradient flow in a good direction, and is used in a strengthened
form to obtain an empirical risk guarantee for GF (large margins and low test error will be discussed
shortly). While a version of this inequality has appeared in prior work (J1 & Telgarsky, 2020b)), de-
spite adaptations to multi-layer cases (Chen et al.l 2019), all prior work had a width dependence of
1/~8 ; many careful refinements here lead to the smaller width 1/~2 . Overall, as in (Ji & Telgarsky,
2020b), the proof technique is based on the classical perceptron analysis, and the width requirement
here matches the width needed by perceptron with frozen initial features.

The proof then continues by establishing large margins, and then by applying a large-margin gener-
alization bound. The margin analysis, surprisingly, is a 2-homogeneous adaptation of a large-margin
proof technique for coordinate descent (Telgarskyl 2013)), and uses the preceding empirical risk guar-
antee for a warm start. The generalization analysis follows a new proof technique and may be of
independent interest, and appears in full in Lemma|C.6] An interesting detail in these proofs is that
the margins behave better when normalized with the nonstandard choice ||a| - ||V

As discussed above, Theorem [2.1]is complemented by Corollary 2.2} which establishes that GF can
sometimes escape bad KKT points.

Corollary 2.2. Letyy € (0,1/4) be given, and consider the uniform distribution on the two points

21 = (Y0, +v/1 —12) and z2 = (y0,—+/1 — 2) with common label y = +1. With probability
at least 1 — 2'=™ over an iid draw from this distribution, for any width m, the choice a; = 1 and
v; = (1,0) for all j is a KKT direction with margin ~y/2. On the other hand, with probability at
least 1 — 158, GF with loss Lexp or Liog on an iid sample of size n from this data distribution using
width at least m > 250 In(n/8)? converges to a KKT direction with margin at least 227,
Summarizing, GF achieves at least constant margin 227, whereas the provided KKT point achieves
the arbitrarily small margin v, /2; as such, choosing any o < 2726 guarantees that GF converges to
a nontrivial KKT point. While this construction may seem artificial, it is a simplified instance of the
neural collapse constructions in Section [3] and by contrast with the results there, is achievable with
reasonably small widths.

To close this section, the corresponding SGD guarantee is as follows. This result gives a fully
tractable method, and appears in Table [} Notably, this proof can not handle the exponential loss,
since gradient norms do not seem to concentrate.

Theorem 2.3. Suppose the data distribution satisfies Assumption[I.2|for some ~,, > 0, let time t be
given, and suppose width m and step size 1 satisfy

2 2
. (641n(t/5)) wd ye [ Y R ] |

Yo 10y/m’ 6400



Then, with probability at least 1 — 86, the SGD iterates (W) s<¢ with logistic loss £ = liog satisfy

81n(1/9) + 2560 (test error bound),

min Pr [p(z, y; W) < 0] <

t tr}/mk
80
max IWs — Wo| < n\/fn7 (norm upper bound),
s ntk
Y,
|W1 — Wl > w, (norm lower bound).

A notable characteristic is ex1t1ng the NTK: choosing the largest allowed step size 7 := 2 /6400, it
follows that ||W; — Wy || > 6*42 \/m /51200, whereas the NTK regime only permits |W; — Wy|| =
O(1). Of course, despite exiting the NTK, this sample complexity is still measured in terms of 7,
suggesting many opportunities for future work.

A few remarks on the proof are as follows. Interestingly, it is much shorter than the GF proof,
as it mainly needs to replicate GF’s empirical risk guarantee, and then apply a short martingale
concentration argument. A key issue, however, is the large squared gradient norm term, which is
the source of the large lower bound on ||[IW; — Wy||. A typical optimization analysis technique is
to swallow this term by scaling the step size with 1/4/¢ or 1/,/m, but here a constant step size
is allowed. Instead, controlling the term is possible again using nuances of the perceptron proof
technique, which controls the term  _, _, [¢'(p;(W;))|, which appears when these squared gradients
are accumulated.

3 LOWER TEST ERROR WITH LARGE-WIDTH NETWORKS

This section provides bounds which are more ambitious in terms of test error, but pay a big price:
the network widths will be exponentially large, and either the data or the network architecture will
have further conditions. Still, these settings will both be able to achieve globally maximal margins,
and for instance lead to the improved d/e sample complexity in Table

3.1 NEURAL COLLAPSE (NC)

The Neural Collapse (NC) setting partitions data into well-separated groups (Papyan et al.l [2020);
these groups form narrow cones which meet at obtuse angles.

Assumption 3.1. There exist ((cou, Bx))j_, with ||Bx| = 1 and oy, € {£1/r} and 7, > 0 and
€ € (0, ,) so that almost surely for any (z, y), for each (ay, 81 ) exactly one of the following hold:

* either x lies in a cone around jj, meaning sgn(ay )Gy > 7, and ¢ Bkﬁk zl < e/

* or z is bounded away from the cone around (3, meaning sgn(ay)Srzy < —e. &

It follows that Assumption implies Assumption with margin 7, > ,./7, but the condition is
quite a bit stronger. The corresponding GF result is as follows.

Theorem 3.2. Suppose the data distribution satisfies Assumption 3.1 for some (r,~,., €), and con-

sider GF curve (Wy)y>o with £ € {lexp, liog } and width m > 4 ( )dil In §. then, with probability
at least 1 — 6, it holds for all large t that

2 3 1 1
(Wt) 2 IYnc € and Pr [p(x’y, Wt) S O] = O <7M + r16> .

2r (Ve — €)2 n

Before discussing the proof, here are a few remarks. Firstly, the standard NC literature primarily
compares different optimality conditions and how they induce NC (Papyan et al.| 2020; [Yaras et al.,
2022; [Thrampoulidis et al., |2022); by contrast, Theorem analyzes the behavior of a standard
descent method on data following NC. Furthermore, Theorem@] does not establish that GF neces-
sarily converges to the NC solution, since Assumption [3.1] allows for scenarios where the globally
maximal margin solution disagrees with NC. One such example is to take two points on the surface



of the sphere and which form an angle just beyond 7/2; in this case, the globally maximal margin
solution is equivalent to a single linear predictor, but Assumption and Theorem still apply.
The similar construction in Corollary [2.2] took those two points and pushed their angle to be just
below 7, which made NC the globally maximal margin solution. Overall, the relationship between
NC and the behavior of GF is quite delicate.

The proof of Theorem - hinges on a potential function &(Wy) =
I3 loe|In 3> b j(wj)llajvsl|, where ¢y j(w;) is near 1 when vj/[lv;]| ~ By, and O oth-
erwise. This strange-looking potential has derivative scaling with ~,./r and a certain technical
factor Q; meanwhile, the derivative of In ||1W;||? scales roughly with v(/;) and that same factor
Q. Together, it follows by considering their difference that either v(W;) must exceed (v, — €)/7,
or mass must concentrate on the NC directions. This suffices to complete the proof, however
there are many technical details; for instance, without the NC condition, data can pull gradients
in bad directions and this particular potential function can become negative; in other words, the
NC condition reduces rotation. The use of In(-) may seem bizarre, but it causes the gradient to be
self-normalizing; similar self-normalizing ideas were used throughout earlier works on margins
outside the NTK (Lyu & Li, [2019; |Chizat & Bach, 2020; J1 & Telgarskyl 2020a). This discussion
of ® will resume after the proof of Theorem [3.3] which uses a similar construction.

One technical point of potentially independent interest is once again the use of ||a;v;|| as a surrogate
for ||w;||? (where |[w;]|?> > 2||a;v;|)); this seems crucial in the proofs, and was also used in the
proofs of Theorem [2.1] and also partially motivated the use of |a;|v; when plotting the trajectories
in Figure[T] While it is true that these quantities asymptotically balance (Du et all [2018a), it takes
quite a long time, and this more refined norm-like quantity is useful in early phases.

3.2 GLOBAL MARGIN MAXIMIZATION WITHOUT ROTATION

The final theorem will be on stylized networks where the inner layer is forced to not rotate. Specifi-
cally, the networks are of the form

T — Zaja(ij}m),
J

where ((aj,b;))L; are trained, but v; are fixed at initialization; the new scalar parameter b; is
effectively the norm of v; (though it is allowed to be negative). As a further simplification, a; and
b; are initialized to have the same norm; this initial balancing is common in many implicit bias
proofs, but is impractical and constitutes a limitation to improve in future work. While these are
clearly significant technical assumptions, we note firstly as in Figure 2| that low rotation seems to
hold empirically, and moreover that the only other works establishing global margin maximization
used either a significantly different algorithm with added gradient noise (Wei et al., [2018), or in
the case of (Chizat & Bach| 2020), heavily relied upon infinite width (requiring weights to cover
the sphere for all times t), and also a dual convergence assumption detailed in the appendices and
circumvented here.

Theorem 3.3. Suppose the data distribution satisfies Assumption [[1] for some ~, > 0 with
reference architecture ((cu, Br))h_y. Consider the architecture © +— Ej ajo(bjviz;) where

((a;(0),b;(0)))7x, are sampled umformly from the two choices +1/m!/4, and v;(0) is sampled

from the unit sphere (e.g., first v ~ Ng, then v;(0) = v}/|[v]

m > 4 (%l) In 5. Then, with probability at least 1 — 6, for all large t, GF on ((a;,b;))7"4
with loss £ € {lexp, liog } satisfies

5 ((@(0,5()) = 2 and  Pr [p(, s (a(t), b(1)) < 0] = O <ln(”33 + h”) |

2 ny? n

The proof strategy of Theorem [3.3|follows a simplification of the scheme from Theorem [3.2] First,
due to the large width, for each & there must exist a weight j with sgn(b;)v; ~ Bj. Second, since
this inner layer can not rotate, we can reorder the weights so that simply sgn(by )v,, =~ Si, and define

a simplified potential
(W) == Z || In (ak + b2)



1.0 |-@= width 16 1.0 |~@ width 256
width 64 width 1024

@ width 256 @~ width 4096

0.8 0.8

0.6 0.6

0.0 0.0

0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.2 0.4 0.6 0.8 ]

(a) Rotation for 2-sparse parity, m € {16, 64, 256}. (b) Rotation for mnist, m € {256,1024,4096}.

Figure 2: Cumulative distribution functions (CDFs) for rotation on 2-sparse parity and mnist digits
3 vs 5, with three choices of width; both are run with small step size and full batch gradient descent
until the empirical logistic risk is 1/n, and the 2-sparse parity plots match the same invocation which

: : ; : _ ; 0i(0) _v;(t)
gave Flgure To measure rotation, for any given width m, per-node rotations < Tos T Tor (DT >

are first calculated, and then treated as an empirical distribution, and their CDF is plotted. The
overall trend is that as m increases, rotation decreases. While this trend is consistent with the NTK,
the rotations are still too large to allow an NTK-style analysis; further experimental details are in

Appendix [B.2}

As mentioned after the proof of Theorem [3.2] it’s possible without Assumption [3.1] for data to pull
weights in bad directions; that is ruled out here via the removal of rotation, and spiritually this
situation is ruled out in the proof by |Chizat & Bach|(2020)) via their dual convergence assumption.

4 CONCLUDING REMARKS AND OPEN PROBLEMS

Stated technically, this work provides a variety of settings where GF can achieve margins +,, and
v. (and SGD, in one case, can achieve sample complexity and computation scaling nicely with ,,),
and whose behavior can be interpreted as GF and SGD selecting good features and achieving low
test error. There are many directions for future work.

Figure [2] demonstrated low rotation with 2-sparse parity and mnist; can this be proved, thereby
establishing Theorem [3.3] without forcing nodes to not rotate?

Looking to Table[T]for 2-sparse parity, the approaches here fail to achieve the lowest width; is there
some way to achieve this with SGD and GF, perhaps even via margin analyses?

Theorem 2.3 and Theorem [2.1]achieve the same sample complexity for SGD and GF, but via drasti-
cally different proofs, the GF proof being weirdly complicated; is there a way to make the two more
similar?

The approaches here are overly concerned with reaching a constant factor of the optimal margins; is
there some way to achieve slightly worse margins with the benefit of reduced width and computa-
tion? More generally, what is the Pareto frontier of width, samples, and computation in Tablem?

The margin analysis here for the logistic loss, namely Theorem 2.1} requires a long warm start
phase. Does this reflect practical regimes? Specifically, does good margin maximization and feature
learning occur with the logistic loss in this early phase? This issue also appears in prior linear max
margin works with the logistic loss.

The analyses here work best with 3 [la;v;]| in place of || W ||?; are there more natural choices, and
can this choice be used in other aspects of deep learning analysis?
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A Sincerest apologies to The Reader

Dear Reader,

I mismanaged time and my “plan” to prepare the camera ready in the final days was thwarted by a
travel ambush. Please see the arXiv versions dating from after March 1, 2023 (hopefully available
before March 31, 2023).

(This present version does not even address reviewer comments which were resolved in the rebuttal
phase, updates will come shortly!)

B TECHNICAL PRELIMINARIES

This first appendix section contains tools used throughout, extra background, and further experi-
mental details.

B.1 FURTHER NOTATION, BACKGROUND, AND ESTIMATES OF 7, AND 7,

Firstly, in many of the proofs, it is useful to normalized parameters: define v; := v;/|v;|| and
a; := sgn(a;) := a;/|a;|. Furthermore, write ¢;(W) = {(p;(W)) and £;(W) := ¢'(p;(W)) are
used; since £} is negative, often |¢;] is written.

It is annoying to write |¢}| over and over, however, interestingly, these nonnegative derivatives can
be transformed into a notion of dual variable, which will be used throughout the proofs. Concretely,
define dual variables (¢;)}_,

B2 (2 N ' D412
e ) CGR)

which made use of the inverse function theorem. Correspondingly define Q := —¢'(5(p)), whereby
—l; = ¢;Q; for the exponential loss, @ = >, exp(—p;) and >, ¢; = 1, and while these quantities
are more complicated for the logistic loss, they eventually satisfy >, ¢; > 1 (Ji & Telgarsky, 2019,
Lemma 5.4, first part, which does not depend on linear predictors). Overall, these dual variables
match the usual interpretation in margin problems of corresponding to examples of high error, and
also relate to the Lagrange multipliers used in the definition of KKT point.

q =V, [ > tpi)

On the topic of KKT points, further detail on the formalism is as follows. Firstly, (Lyu & Li,
2019) provided a definition for general L-homogeneous models, and the version here is equiva-

lent for the simplified choice of 2-homogeneous models of the form z — . ajo(vjz). Given
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a KKT point W, the complementary slackness conditions imply min; p;(W) > 1, whereby
(W) = min; p;(W)/||W||? > 1/||W]|?, justifying the choice of 1/||W||? as the margin. Lastly,
given any arbitrary W (not necessarily a KKT point), the optimality conditions on a; and v; hold iff
they hold for any rescaling »WW (since the term r appears on both sides), and thus 7 can be adjusted
to make the complementary slackness conditions tight, justifying the definition of a KKT direction’s

margin.

To close, this section will collect various estimates of ,, and -y,. Firstly, both function classes are
universal approximators, and thus the assumption can be made to work for any prediction problem
with pure conditional probabilities (Ji et al.||2020). Next, as a warmup, note the following estimates
of v, and y,, for linear predictors, with an added estimate of showing the value of working with
both layers in the definition of ~,,.

Proposition B.1. . Suppose the data distribution is almost surely linearly separable: there exists
|l = 1 and7 > 0 with yx™a > 7 almost surely.

1. Choosing 0(a,v) := (0,sgn(a)a) - 1[|[(a,v)|| < 2], then Assumptionholds With Yy > %

2. Ciioosing 6(a,v) = (sgn(a"v),0) - 1[||(a,v)|| < 2], then Assumptionholds With Yy >
TN

3. Choosing o = (1/2,—1/2) and = (u,—u), then Assumptionholds with v, >

wR)

Proof. The proof considers the three settings separately; in each, let (z, y) be a random draw, which
almost surely satisfies u'xy > 7.

1. To start,

Euniy (0(0), Dup(@,50) ) = By lal@"2yo’ ()1 a,v) | < 2]
> FE (s alo’ ()1l (a,0)]] < 2.

To control the expectation, note that with probability at least 1/2, then 1/4 < |a| < V2, and
thus by rotational invariance

1
E(a,0)~y alo” (07 2)1[[[ (@, 0)| €2 = SE(aupmny o’ T[] < V2]

1
gE(a,v)NNQOJ(Ul)ﬂ[HU” < \/i]

1
32

v

>

2. For convenience, write (a,v) = w, whereby w ~ N, means a ~ N, and v ~ N,,. With this
out of the way, define orthonormal matrix M € R4*¢ where the first column is @, the second
column is (I — @a")z/||(I — au")x||, and the remaining columns are arbitrary so long as M is

orthonormal, and note that Mu = ey and Mz = e1@"x + eary wWhere o := +/||z||? — (@"z)3.
Then, using rotational invariance of the Gaussian,
By (8(), Bp(, 33 w) ) = YEo— (o oy sen(@ ) (0"2) 1] < 2)
= yEH(ava)HSQOz(M’U)U(’UTMTl')

= Ej(a,0))<2ysgn(v1)o(
= Ej|(a,0)|<2ysgn(v1)o (ysgn(v1)|v1 |[a"zy + vars)

o(v " zy? + vary)

=E l(a,v)]|<2 0'(|’U1|17,T$y + 1}27”2) — a(—|v1|1fa:y + 1)27“2)
ysgn(v1)=1
’Uzzo

+o(|vi|a"xy — vare) — o(—|vi|a xy — vars)|.
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Considering cases, the first ReLU argument is always positive, exactly one of the second and
third is positive, and the fourth is negative, whereby

YE | (a,0)<20(©)0(vT2) = Ej(a,0)<2 [[v1]@ 2y + vors + Jv1]@ 2y — vars]
ysgn(v;(%:l
V22

= 2E (4,0 <2 01|02y
ysgn(vy)=1
2 29E o<1 |vil
ysgn(vy)=1
=Pl (a, )| < 2E (Jurl | ll(a, )| < 2)

where Pr[||(a,v)|| < 2] > 1/4 since (for example) the x? random variables corresponding

to |a|? and |[v]|? have median less than one, and the expectation term is at least 1/(4v/d) by
standard Gaussian computations (Blum et al., 2017, Theorem 2.8).

3. It suffices to note that

2
2y Z ajo(Bir) =yo(u'r) — yo(—u'z)

Jj=1

Ly =1]o(yu'z) + 1y = —1o(yu'x)
yu'x

v

7-
O

Next, estimates for -y, and 7, on 2-sparse parity were stated in the body in Proposition[I.3] The key
is that -, scales with 1/d whereas ~, scales with 1/ \/d, which suffices to yield the separations in
Table [T} The bound on -, is also necessarily an upper bound, since otherwise it would be possible
to beat the NTK lower bound (Wei et al.| [2018)).

Proof of Proposition[I.3] This proof shares ideas with (Wei et al|, 2018} Ji & Telgarsky} [2020b),
though with some adjustments to exactly fit the standard 2-sparse parity setting, and to shorten the
proofs.

Without loss of generality, due to the symmetry of the data distribution about the origin, suppose
a = 1 and b = 2, meaning for any x € Hy, the correct label is dz; 2, the product of the first two
coordinates. Both proofs will use the global margin construction (the parameters for 7,), given as

follows: p(z,y; (o, B)) = yZ?zl ajo(Bjx), where a = (1/4,—1/4,—1/4,1/4) and

(1 1 d
B = (\/57\/5,07...,())6}1%,
52::<}\;0...,0>6Rd,

11

= —=, — . R?

s <ff ’0>€ ’
1 -1

Y d
Ba = <ﬂ7\/§’0""’0>6R'

Note moreover that for any z € H, then B]T:U > 0 for exactly one j, which will be used for both ~,,
and +,. The proof now splits into the two different settings, and will heavily use symmetry within
H, and also within («, 5).

1. Consider the transport mapping




note that this satisfies the condition ||#(w)|| < 1 thanks to the factor 1/2, since each /3, gets
a hemisphere, and (01, 84) together partition the sphere once, and (32, 83) similarly together
partition the sphere once.

Now let any z be given, which as above has label y = x12,. By rotational symmetry of the
data and also the transport mapping, suppose suppose 31 is the unique choice with 5jx > 0,
which implies y = 1, and also 3z = 0 = S5z = 0, however Sz = —f 2. Using these
observations, and also rotational invariance of the Gaussian,

Eq,v (0(a,v), dp(z, y; w))

4
o
s DL EL RIGED

/ﬂx( ||> (E,1[8v > 0] - o'z > 0] = E,I[~v > 0] - T[v"z > 0]) .

Now consider E,1[3{v > 0] - 1[v"z > 0]. A standard Gaussian computation is to introduce
a rotation matrix M whose first column is 31, whose second column is (I — 81 57)z/||(I —
B17)x||, and the rest are orthogonal, which by rotational invariance and the calculation 8]z =

\/2/d gives

E, 1[fv > 0]-1[v"z > 0] = E,1[f{Mv > 0] - 1[v"Ma > 0]
=E,1[v; > 0] L{v1 572 + v24/1 — (Bx)?
=E,1[v1; > 0] - L[vg + v2y/d/2 —1 > 0].

Performing a similar calculation for the other term (arising from $;z) and plugging all of this
back in,

Eq v <9(a7 v), Op(x, y; w)>

= Z(E |;|> -Ey1[v; >0]( [1 +U2\/d/27_120}—]l[—v1+v2\/m20]).

To finish, a few observations suffice. Whenever v; > 0 (which is enforced by the common first

term), then —v; 4+ voT < w1 + v24/d/2 — 1, so the first indicator is 1 whenever the second
indicator is 1, thus their difference is nonnegative, and to lower bound the overall quantity, it

suffices to asses the probability that vq + voy/d/2 — 1 > 0 whereas —v1 4+ vay/d/2 — 1 < 0.
To lower bound this event, it suffices to lower bound

Prlv; >0 A vg >0 A v > v9y/d/2 —1] > Prv; > +/1/2] - Pr[0 < wy < 4/1/d.

The first term is at least 1/5, and the second can be calculated via brute force:

Prlvs > 1/Vd] = \/% /Olwexp( e > —— /1Mexp (—1/d)dz > — <1> L

v 21 \/ 27T Vd) e
which completes the proof after similarly using E,|a| > 1, and simplifying the various con-
stants.

2. Letany € Hg be given, and as above note that jz > 0 for exactly one j. By symmetry,
suppose it is 31, whereby y = x1x2 = 1, and

1 2 1
a > p(x,y; (o, B)) = ajo(fiz) =lai|-Blr =~ | — = | = —=.

O
To close, consider the k-sparse parity problem, the natural k-bit analog of the 2-sparse parity prob-
lem: now the target label depends on the product of £ unknown input bits, but otherwise the problem

is the same, meaning the data distribution is again supported on Hy := {#1/+/d}?, and only the
support of the distribution is used in the margin analysis.
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Proposition B.2. Ler k > 4 be an even integer, and consider any k-sparse parity data distribution:

inputs are supported on Hy := {£1/\/d}¢ (as in Proposition , and for any x € Hyg, the label

is the product of k fixed coordinates: y := d*/? [Licgwi with |S| = k. Then Assumptionuholds
. 1

with Ya Z m

Proof. Let P(S) range over the 2¥ possible vectors which are +1/v/k on elements of S, and 0
otherwise, whereby v € P(S) has ||v|| = 1. Moreover, for convenience, define a shorthand
sgn(x) = sgn(][];c g #:). With this in hand, define a target mapping

which is of the desired form for Assumption[L.1|with c, = sgn(v)(—1)*/2~1/2* and 3, = v, and
moreover ) |a,| = 1and ||B,]2 = 1.

Now let any € H, with corresponding label y = sgn(x) be given. To develop a first simpli-
fication of the margin yg(x), let P(S)[z;j] denote v € P(S) where the signs of = and v have j
disagreements within the support of S, whereby |P(S)[x; j]| = (l;) and

(=1)*/*'sgn(v)
2k

yg(x) = sgn(z) o(v'z)

veP(S)

2_1k sgn(v)sgn(x k—2j
= (—=1)k/ Z Z g(;kg()a(mj>

J=0veP(5)[z3]

k/2

S SED S ==y

=0 veP(S)[ws]

_1)k/2-1 F/2 ke _
- i ()

7=0
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The inner sum can now be handled via a few binomial tricks from (Graham et al.,[1994] Chapter 5):

k/2

k—1\k—2j
=k+ kZ(—l)] (k ) k=2 (Graham et al.,[1994] eq. (5.6))

1 (k—1)—1\2j — k&
=k+EY (‘7 (k—1) ) ) (Graham ot all [T994] eq. (5.14))
J—1 J

555 )

k/2—1

e () (75

k/2+1—k k/2 -k
— [( / b2 ) + <k§2 - 1)] (Graham et al.,[1994] eq. (5.9))

k—2 k—2
=k [(1)k/2( e/ > + (71)k/271 (k;/Q B 1)] . (Graham et al.| 1994 eq. (5.14))

As an elementary simplification,

k—2 k-2 (k—2)! (k —2)!
(k;/2 - 1) - ( k)2 ) T k2-DIEk2-D (/2= 2)(k/2)!
(k —3)! k-2 k-2

(k)2 —2)!(k/2 — 1)! [k/?—l k/2 ]

B (kljz_31> %’

which combines with the preceding to give

k/2

3 (- =k [ () e (0]

= k(=D <k];2—31> %’

which after combining with the original simplification gives

I LR :
yg(z) = b Ed ;}(*1) (]) (k —2j)

_ DM e B30\ 4

- 2%Vkd lk( D 1<k/2—1>k]
4 k—3

B 2k\/ﬁ<k/2— 1)’
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(a) Norms for 2-sparse parity, m € {16, 64, 256}. (b) Norms for mnist, m € {256,1024, 4096}.
Figure 3: CDFs of norm growth on 2-sparse parity and mnist digits 3 vs 5, with three choices of
width, and all other experimental details as in Figure[T] Figure[2] and Appendix[B.2] Here, for each
width m, the norm growth of node j is interpreted as /m/||v;(t) — v;(0)||; the \/m factor is due
to the gradient of v; scaling with a;, which initially has magnitude roughly 1/,/m, and results in

overlapping CDFs. One measure of exiting the NTK, though a bit weak, is that most rescaled norms
are far beyond 1; an experiment to finer accuracy could be an interesting direction for future work.

To close, for the final estimate, if £ = 4 then

wvialera—1) = vaile) = v

and otherwise, if £ > 4, note firstly via standard lower bounds on the central binomial coefficient
that
k-3 k—3 k—2 k—3 ok—2 ok—2
= > >2| — |,
k/2 -1 k/2—2\k/2—-1) — k/2-2 k—1) — k—1

4 (k—3)> 2 S 2
WA \k/2-1) = (k= 1)Vkd ~ kvd

and thus

B.2 EXPERIMENTAL DETAILS

This brief section summarizes various choices used in the experiments behind Figure[T|and Figure[2]
and provides an additional companion figure Figure 3]

The mnist data was limited to classes 3 and 5 to give a binary classification problem which is not
linearly separable, and otherwise unmodified. The 2-sparse parity data was uniform over H, the
corners of the rescaled hypercube as defined in Proposition [I.3] and further described in Figure [I]
(e.g., n = 64 samples and d = 20 dimensions).

To simulate gradient flow, full-batch gradient descent was used together with the logistic loss. Ini-
tially the step size was 0.01, but eventually the mnist plots switched to step size 1, which did
not lead to any discernible change. All experiments were run until the empirical logistic risk was
approximately 1/n.

A companion figure to Figure [2] from the paper body is to plot the CDFs of norm changes of the
inner layer; this is presented here in Figure[3] and as detailed in the caption, also indicates an exit to
the NTK, though it is unclear if it is quite to the significant level ||W; — Wy|| = O(y/m) allowed by
the theoretical guarantees.
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B.3 GAUSSIAN CONCENTRATION

The first concentration inequalities are purely about the initialization.

Lemma B.3. Suppose a ~ N, /\/m and V' ~ Ny xq/Vd.

1. With probability at least 1 — 0, then ||la| < 1+ +/21In(1/6)/m; similarly, with probability at
least 1 — 6, then |V| < v/m + +/21n(1/0)/d.

2. Let examples (x1,. .., Ty ) be given with ||x;|| < 1. With probability at least 1 — 40,

max Zaja(vgxi) < 41In(n/9).
J

Proof. 1. Rewrite @ := ay/m, so that @ ~ N,,. Since a — |la||//m = |a| is (1/y/m)-
Lipschitz, then by Gaussian concentration, (Wainwright, 2019, Theorem 2.26),

llall = llall/v/m
< Elall/vm++/21n(1/5)/m
< VE[al2/vm+ \/2In(1/5)/m
=1+4+/21In(1/4)/m.

Similarly for V, defining Vi=VVd whereby Vo~ Ny xa, Gaussian concentration grants

VI =IVII/Vd < Vm+ /2In(1/8)/d.

2. Fix any example x;, and constants €; > 0 and €2 > 0 to be optimized at the end of the proof,
and define d; := d/||z;||* for convenience. By rotational invariance of Gaussians and since
x; is fixed, then o(Vx;) is equivalent in distribution to ||z;||o(g)/Vd = o(g)/+/d; where
g ~ Ny Meanwhile, g — [|o(g)|/v/d; is (1/+/d;)-Lipschitz with E||o(g)|| < /m, and so,
by Gaussian concentration (Wainwright, 2019, Theorem 2.26),

Prl[lc(Vz;)|| > €1 + vVm] = Pr[Ha(g)H/\/dT» > €1 +/m| < exp <d2i€1> .

Next consider the original expression a"o(Vz;). To simplify handling of the 1/m variance
of the coordinates of a, define another Gaussian i := a+/m, and a new constant ¢; := md;
for convenience, whereby a"o(V;) is equivalent in distribution to equivalent in distribution to
h™o(g)/+/ci since a and V are independent (and thus % and V" are independent). Conditioned
on g, since Eh = 0, then E[h"o(g)|g] = 0. As such, applying Gaussian concentration to this
conditioned random variable, since h — h'o(g)/\/c; is (||o(g)||/+/ci)-Lipschitz, then

76165
Prllo(g)/ v/ > € | ] < exp (2”"(9)”2> |
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Returning to the original expression, it can now be controlled via the two preceding bounds,
conditioning, and the tower property of conditional expectation:

Pl (g)/ /e = €]
< Pr [1o(9)/v/e = e | lo(o)l/v/d: < e +vim] - Pr [lo(9)|/V/di < &1 + Vim)]

1P (1o (0)//@ > 2 | o(a)l/v/d > e+ Vim] - Pe [l () |/v/d: > 1 + v/

=5 |PiliTalo)/Va 2 4] Io @)/ V/a < 1+ Vi Prllo(o)]/V < o + Vi
+ P 0(9)/@ > e | o ()|/V/ds > e + VlPelllo(o) |/ v/di > e1 + vim]

701'63
<E |exp (2”0(9)”2> | lo(@)ll/Vdi < 1+ Vm| +exp (*dzf%/Q)

2
_Ci€2 ( 2 )
< _ G —d;2/2).
< exp <4d-e%+4d*m) + exp €1/

As such, choosing €3 := 41n(n/d)/md;/c; = 41n(n/d) and €; := 1/21n(n/d)/d; gives

Prla"o(Va) > e2] = Prlh"o(g) /& > ] < >+,

which is a sub-exponential concentration bound. Union bounding over the reverse inequality
and over all n examples and using max; ||«;|| < 1 gives the final bound.

O

Next comes a key tool in all the proofs using +,,: guarantees that the infinite-width margin assump-
tions imply the existence of good finite-width networks.

Lemma B.4. Suppose the data distribution satisfies Assumptton.wzth corresponding 0 : R4+ —
R and v,, > 0, and let ((x;,y;))", be an iid draw.

1. With probability at least 1 — § over the draw of (w;)7",, defining 0; = 0(w;)//m, then

min'y (8, 0pi(w;)) = Y/ — /32100 /).

2. With probability at least 1 — 75 over the draw of W with rows (w;)’Ly with m > 21n(1/9),
defining rows 0; = 0(w;)//m of § € R™*@+V) then for any W' and any R > |W — W'
and any rg > 0 and r,, > 0,

<7“9§ + ry W, 3pi(W’)> —1rwPi(W') > Yurov/m — 1o [\/32 In(n/d) + 8R + 4}

— 7w [4In(n/8) + 2R + 2R/m + 4/m]
and moreover, writing W = (a, V), then ||la|| < 2 and |V || < 2+/m. For the particular choice
rg = R/8andr, = 1,if R > 8 and m > (641n(n/3)/v.)?, then

<r9§+ W, épi(W/)> (W) > M 16072,

Proof. 1. Fix any example (x;,y;), and define

wi=FE, <9(w), 3pz(w)> ;

where 11 > 7, by assumption. By the various conditions on 6, it holds for any (a,v) := w €
R+ and corresponding (@, ) := (w) € RI*! that

<6’(w)7 5pl(w)>’ <l|ac(vz;)| —|—‘<17,axia'(vTxi)>‘

lal - ol < 2 - flof| - il + 1o]l - |a] - Lla] < 2] - [l2]|
4.

IA AN
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and therefore, by Hoeffding’s inequality, with probability at least 1 — d/n over the draw of m
iid copies of this random variable,

Z <9(wj),(§pi(wj > > mp —/32mn(n/d) > my, — /32mln(n/d),

J

which gives the desired bound after dividing by \/m, recalling 6; := 6(w;)/+/m, and union
bounding over all n examples.

. First, suppose with probability at least 1 — 74 that the consequences of Lemma and the
preceding part of the current lemma hold, whereby simultaneously ||a|| < 2, and | V]| < 2¢/m,
and

min p; (W) > —41n(n/d), and min Z <§j, épi(wj)> > YuvV/m — /321n(n/d).
J
The remainder of the proof proceeds by separately lower bounding the two right hand terms in
(18 + W, 0V)) = rus V) = o |(B.0007)) + (.0 8") — (09|
+ Ty KVV, épz(W/)> - Twpi(W/):| ‘

For the first term, writing (@,V) = 6 and noting ||a|| < 2 and ||V|| < 2, then for any W' =
(', V"),

(B.0n.07) = )| < | s (o10T0)) - a0 )

J
+ Zwﬁj (a}a’(:vTv;-) - aja'(mij))
J

< Z C_L? \/z (o(xzv;) — a(v}-xi))2

J J

|ajo’ (x"vh) — ajo’ (z70))

+ Z |z} ;] ~’aja’(xTv;) —ajo’(z"v})
J

<llall - [V" = VIl +lla’ = all - V| + [lal - [VI]
< 4R+ 4.
For the second term,

‘<W7 3pi(W/)> —pi(W')

= <a, éapi(W/)> + <V, 5vpi(W/)> - <V’, 3Vpi(W/)>’

< Zaja(x{v;) + Za; <vj - vé,xi> o' (x]v;)
J

J

<|pi(w) +9i > _ay (r(@1)) = olatv))

J
< 4n(nd) + [laf| - [V = V[ + [la’ — a + o] - HV -V
< 41In(nd) + 4R + R*.

Multiplying through by 7y and r and combining these inequalities gives, for every ¢,

<r95 + 1 W, 3pZ(W’)> —1rwPi(W') > yurov/m — 1o [\/32 In(n/d) + 4R + 4}
ey [4 In(n/6) + 4R + Rﬂ :

vy =
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which establishes the first inequality. For the particular choice 7y := R/8 with R > 8 and
rw = 1, and using m > (641n(n/d)/7.)?, the preceding bound simplifies to

<T9§ +ruW, 5Pi(W/)> — 1wpi(W') > yurov/m — 1o [%kg/a + 32rg + 32r¢
[”‘“ﬁ + 327 + 6472
> M — 160r2.

B.4 BASIC PROPERTIES OF L-HOMOGENEOUS PREDICTORS

This subsection collects a few properties of arbitrary L-homogeneous predictors in a setup more
general than the rest of the work, and used in all large margin calculations. Specifically, suppose
general parameters u; with some unspecified initial condition g, and thereafter given by the differ-
ential equation

—guﬁ(]?(ut))y (B.1)
where
p( ) ( ( )v apn(u))ERn
pz() =Y ( )
F(wicu) = cF (xw u) Ve > 0.

The first property is that norms increase once there is a positive margin.
Lemma B.5 (Restatement of (Lyu & Lil 2019, Lemma B.1)). Suppose the setting of eq. (B.1) and
also 0 € {lexp, liog }- If R(ur) < £(0)/n, then, for everyt > T,

d .
aHUtH >0 and (ug, U) > 0,

and moreover limy ||u|| = oo

Proof. Since R is nonincreasing during gradient flow, it suffices to consider any u, with ﬁ(us) <
£(0)/n. To apply (Lyu & Li, 2019, Lemma B.1), first note that both the exponential and logistic
losses can be handled, e.g., via the discussion of the assumptions at the beginning of (Lyu & Li,
2019, Appendix A.1). Next, the statement of that lemma is

d
e In |lug|| > 0,
but note that ||u,|| > 0 (otherwise R (u) < £(0)/n is impossible), and also that
d (us, Us) d (us, ls)
— llusll = ,and ——Injuf| = ;
sl ds [[us|?

which together with (d/ ds) In |Jus|| > 0 from (Lyu & Li,{2019, Lemma B.1) imply the main part of
the statement; all that remains to show is ||us|| — oo, but this is given by (Lyu & Li, 2019, Lemma
B.6). O

Next, even without the assumption R(us) < £(0)/n (which at a minimum requires a two-phase
proof, and certain other annoyances), note that once ||u|| is large, then the gradient can be related to
margins, even if they are negative, which will be useful in circumventing the need for dual conver-
gence and other assumptions present in prior work (e.g., as in (Chizat & Bach,|2020)). We note that
while the closest inequalities in the literature require the condition R () < £(0)/n (Ji & Telgarsky,
2020a, Lemma C.5), those results aim for a more stringent goal, replacing n in the bound below with
In(n); this simpler goal is sufficient in the present work.
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Lemma B.6 (See also (Ji & Telgarsky, 2020a, Proof of Lemma C.5)). Suppose the setting of
eq. (B.1) and also { € {lexp,liog}. Then, for any u and any ((x;,v;))i—, (and corresponding

R),
<u, —naﬂi(u)>
Lul*

< i)+ ] < @ piw+ 1y |

Proof. Define v := p(u) for convenience, as well as w(v) = ¢~*(3". ¢(v;)) = 7(u), whereby
q= V,ﬂr(v), and 7 is (unconditionally) concave (Ji & Telgarsky, [2020a, Lemma C.8). Combining
these facts,

<u, —néuﬁ(u)> = Z —0'(v;) {u, Oupi(u)) = LQZqivi = LO(V,m(v),v)

= LO(V,m(v),v —0) < LQ [r(v) — w(0)] .

Simplifying —7(0) now proceeds separately for ley, and £1g: for Leyp, then

—m(0) = IH(Z exp(0)) = In(n),

whereas for {1o¢, then Klzé(r) = —In(e” — 1), thus

—7m(0) =1n (exp (Z In(1+ exp(—O))) - 1) =1n (exp (nln2) - 1) =1n (2” - 1) <nln2.
As such, in either case,
(u,~n0,R(w)) < LQ [(v) - 7(0)] < LQ[F +n].

Next, since / is strictly decreasing in both cases, then £~ ! is strictly decreasing as well, whereby
letting k denote the index of any example with v = min; v;, then additionally using the positivity
of ¢ gives

F=0 Do) | <07 (Cor)) = v = y(w)ulE.
Combining these inequalities and dividing by L|ju||” gives the desired bounds. O

Lastly, a key abstract potential function lemma: this potential function is a proxy for mass accumu-
lating on certain weights with good margin, and once it satisfies a few conditions, large margins are
implied directly. This is the second component needed to remove dual convergence from (Chizat &
Bach, [2020).

Lemma B.7. Suppose the setting of eq. (B.1) with L = 2, and { € {lcxp, liog}. Then, uncondi-

tionally, lim; fot Q. ds = oo. Moreover, if there exists a constant 5y > 0, a time T, and a potential
Sfunction ®(u) so that ®(u,) > —oo, and for all t > ,

1 d 1
d <=1 — > — ~
W<l ad  Sew) > oW,
then it follows that R(u) — 0, and ||u|| — oo, and lim inf; v(u;) > 7.

Proof. The unconditional claim fot Qs,ds — oo is shown by considering two cases: either
inf ﬁ(us) =0, or R(us) > 0 (the case inf ﬁ(us) < 0 is not possible since ¢ is nonnegative).

1. First suppose inf; ﬁ(us) > 0. For both losses, it will be argued that inf; Qs > 0, whereby
1S Qsds > [, inf, @, ds = oo. In the case of leyp, then R(us) = 2Q,, and inf, Q, > 0

n

directly. In the case of £1o4, note 4.} (r) = —In(e” — 1) and #/(z) = —(1 + €)', whereby

log
—1 1—e€"

/ —1 _ — — —r) —
(glog Oglog)(rr) - 1+ (eT _ 1)_1 - er—14+1 - G‘Xp( T) L
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As such,
inf Q, = inf — (£, o 6 (nR(us)) = inf (1 — exp(—nﬁ(us)))

log

= (1 — exp(—ninfﬁ,(us))> > (1 — exp(—O)) =0,
S
meaning infgs Q¢ > 0 as desired.

2. Ifinf, ﬁ(us) = 0, then we can choose a time 7 with ﬁ(uT) < £(0), and it follows that margins

increase monotonically and R decreases monotonically (Lyu et al.l 2021), and moreover by
Lemma|B.5|that ||u|| is increasing and limy [|us|| = oo. Furthermore, for feyp,, then Y, ¢; = 1,

whereas for (1o,, R(us) < ¢(0) (which holds for all s > 7) implies >, ¢;(s) € [1,2] (Ji &
Telgarskyl 2019, Lemma 5.4). As such, for any s > 7,

d 2314 <“8’ 5pi(“8)> _ 4Qs >, qi(s)pi(us)

— ln ||ul]? =
| e e

<80,
ds < 89

whereby it follows that

o0 = 1i%nln ||| = /

T

||us||2ds < 8/ Q,ds,

meaning f:o Q,ds = oo, whereas foT Qs ds > 0 via the analysis in the preceding case, and
together [ Q, ds = <.

Combining these two cases, then fooo Qs ds = oo unconditionally.

Now consider the second statement, with ®, 7, given. If liminf, v, > 4 > 0, then lim; v, is
well-defined and positive via nondecreasing margins, and moreover ||u|| — oo via Lemma
and 0 < limsup, R (u;) < limsup, £(—v¢|Jwe||%) = 0. Alternatively, suppose contradictorily that
lim inf; ¢ < 7, and choose any € € (0,7/4) so that lim inf; ; < 7 — 3¢; noting that y; is monotone
once there exists some v, > 0, choose t; > 7 large enough so that v, <7 — 3¢ for all s > ¢;. Next,
note that [|u]| — oo even in this situation (which may violate the conditions of Lemma [B.3)), since
the assumptions ® and the unconditional property fooo Qs ds = oo imply

1 t
limtinf 7 In ||u|| > limtinfCI)(ut) —P(u;) + P(u,) = d(u,) + limtinf/ dECD(uS) ds
s

1 t
> d(u,) + — lirntinf/ Qs ds = oo,
n T

meaning |lus|| — oo; henceforth, choose to > t; so that so that ||us|? > n/e for all s > t5. It
follows by Lemma [B.6|and the assumption L = 2 that

ool
0< hmtlnf [L In [Jug|| — (D(ut)}

1 . bdr
< Eln”utSH — D(ug,) —i—hmtlnf/ = {4 1n||us||2 _ (I)(us)} ds

ts

t .
- %1n||ut3|\ — B(uy,) —I—limtinf/ts d% mu“,j - @(us)} ds
t
< %ln [l || — P (uey) + hmtmf/t3 [W - iQsﬂ ds
< 1 In||ug, || — D(u,) + 1 lim inf t [—eQ]ds
L not ta
= —00,
a contradiction, and since € € (0,7/4) was arbitrary, it follows that lim inf ~; > 7. O
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C PROOFS FOR SECTION[2]

This section contains proofs for Section [2] all of which have a dependence on 7, rather than ,.
The SGD proofs will come first, as they are easier and serve as a warmup.

C.1 SGD PROOFS

Before proceeding with the proof of Theorem [2.3] the following technical lemma (little more than
an application of Freedman’s inequality) will be a sufficient martingale concentration inequality for
the test error bound.

Lemma C.1 (Nearly identical to (Ji & Telgarskyl, [2020b, Lemma 4.3)). Define Q(W) :=

Eqy|l (p(2,y; W))| and Qi(W) = |€'(p(xi, yi; W))|. Then 3=, [Q(W:) — Qi(W;)] is a mar-
tingale difference sequence, and with probability at least 1 — 0,

S o) <437 Qu(Wi) + 41n(1/0),

i<t i<t

Proof. This proof is essentially a copy of one due toJ1 & Telgarsky| (2020b, Lemma 4.3); that one
is stated for the analog of p; used there, and thus needs to be re-checked.

Let 7; = {((zj,y;)) : j < i} denote the o-field of all information until time i, whereby
x; is independent of F;, whereas w; deterministic after conditioning on F;. Consequently,
E [Q(W;) — Qi(W;)|F;] = 0, whereby Y., [Q(W;) — Q;(W;)] is a martingale difference se-
quence.

The high probability bound will now follow via a version of Freedman’s inequality (Agarwal et al.,
2014, Lemma 9). To apply this bound, the conditional variances must be controlled: noting that
|0/(z)| € [0,1], then Q(W;) — Q;(W;) < 1, and since Q;(W;) € [0, 1], then Q;(W;)? < Q;(W;),
and thus

E[(QW:) - @i(Wi)® | 7| =E[@i(wi)? | 7] - oWy

As such, by the aforementioned version of Freedman’s inequality (Agarwal et al.,[2014] Lemma 9),

> (oW - @) < (e—2) YE[(QW:) — Q(Wi)* | ] +1n(1/9)

i<t i<t

(e—2))  Q(W;) +1n(1/4),

i<t
which rearranges to give
3 6) 30 Q) < 37 Qi) + In(1/5),
i<t i<t

which gives the result after multiplying by 4 and noting 4(3 — e) > 1. O

With Lemma|C.T|and the Gaussian concentration inequalities from Appendix [B.3in hand, the proof
of Theorem 2.3]is as follows.

Proof of Theorem[2.3] Let (w;)7L, be given with corresponding (a;,v;) = 0; = 0(w;)/\/m
(whereby ||, < 2 by construction), and define

LN PRV Y N/ TR R
’ymk - 640 ’ pynlk - 80 ’

W =10+ Wy,
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which implies » > 1, and R > 1, and n < R/16. For the remainder of the proof, rule out the
74 failure probability associated the second part of Lemma[B:4] whereby simultaneously for every
W’ =Wol < R,

min <W, 3p,;(w’)> > Vil > In(t), C.1)

miin <§, épi(W’)> > YuVm — /32In(n/6) — 4R — 4 > v /m — V"M/» V"‘E\({» > %‘k\/»
(C. 2)

and also ||ag|| < 2 and || V5] < 2¢/m.

The proof now proceeds as follows. Let 7 denote the first iteration where | W, — W || > R, whereby
7 > 0 and max,<, [|Ws — Wy|| < R. Assume contradictorily that 7 < ¢; it will be shown that this
implies ||W, — Wy|| < R.

Consider any iteration s < 7. Expanding the square,
Wt _W”2 = [|[Ws — 775€S(WS) - WHQ
= W, = |2 = 20 (D (W), W, = T ) + 2|60,

= [, — TV + 2, (W) {Bps (W), W>+172f’ 2[amew||

By convexity, |W, — Wyl|| < R, and eq. (C.1),
W) (Bpu (W), W,) = £,(,) ([@ps(Ws),W) ~p.7) —ps<Ws>>

<t (3070 77) - .70 ) - e.072)
< In(1 - exp(~ (1) ~ £,(,),

—_

< 5~ 6L(W),
which combined with the preceding display gives
Weon =TI < 39 =2 420 (= 0720 ) 220, 00.02 ) |
Since this inequality holds for any s < 7, then applying the summation ) _ __ and rearranging gives
W, = T2 4 20 3 €a(W2) < [Wo — W12+ 2+ 326 (W[ (w2 |
s<T s<T

To simplify the last term, using || V|| < 2v/m and ||ag|| < 2 and ||W, — Wy|| < R gives

~ 2
|op. )| = o Ve |12 + (|3 esao’ 0] o)z
J

2

<o (Vazs)||* +llas|l?

< 2||Vs — Voll* + 2(Vol1? + 2[|as — aoll® + 2]lao||?
< 2R% +8m +38,

< 10m,

and moreover the first term can be simplified via
IWe = W2 = Wy = Wol|2 = 2 (Wy = Wo, W = Wo ) + [V — Wo
> [|Wr — Woll* — 20 [ W7 — Wol| + [[W — W,
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whereby combining these all gives

Wy = Woll? = 2r([Wr = Woll + [W = Woll* +2n Y £,(W,

s<T
<Wr =W + 20 ) £(W.)
s<T
2
<|[Wo = W* + 20+ Y (W, Hf)ps
s<T
< |[Wo = W? + 20+ 10°m Y |£,(W,)],
s<T
which after canceling and rearranging gives
W = Woll? +20 ) £(Ws) < 27(|Wr = Woll + 27 + 10°m > |[€4(W;)].
s<T s<T
To simplify the last term, note by eq. (C.2) that
[Wr = Woll = sup (W, W, — W)
wi<i
1,
2 a <_97WT - W0>
_ 77
= 25 (0.0, m))
s<7'
= 21| (B,0p(W.))
S<T
1 / T/ M
> - 0 (W , C3
>3 ;' AUBE (C3)

and thus, by the choice of R, and since |W, — Wy|| > 1 and n < R/16,
10/, — Wy

W — Woll* + 27 Y £(Wy) < 2r||W, — Wy + 27 +
s<t ok
R R R
W, — W,
<(F+5+3) W -l
Dropping the term 21 ), £,(Ws) > 0 and dividing both sides by ||W, — Wy|| > R > 0 gives
R R R
||W WO||<* 8+§<R

the desired contradiction, thus 7 > ¢ and all above derivations hold for all s < ¢.
To finish the proof, combining eq. (C.3) with |, — Wy|| < R = 8077\/ﬁ /Yo giVeS

~ - Tmmﬁ - v.fk

Lastly, for the generalization bound, defining Q(W) := E, ,|¢'(p(x, y; W))|, discarding an addi-
tional ¢ failure probability, by Lemma|[C.1]

> Q(W,) < 4In(1/8) + 4 |, (W,)| < 4In(1/8) +

s<t s<t ntk

Since 1[ps (W) < 0] < 2|¢%(Wy)|, the result follows.

1280
5

It remains to argue that ||[1W; — Wy || is large; to this end, it already holds by instantiating eq. (C.3)

with 7 = 1 that )
M| 66 (Wo)[v/m

W1 — Wyl > 1 ;
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s0 it only remains to show that |¢{,(Wj)| is not too small. By Lemma[B.3] discarding an additional
failure probability 4, it holds that |F'(z; Wy)| < 41n(1/4), and therefore

1
lo(Wo)| = > > 54
[eo(W0)l 1+ exp(po(Wo)) — 1+1/6* =
which combines to give ||[W; — Wy|| > M as desired. O

C.2 GF PROOFS

This section culminates in the proof of Theorem [2.I] which is broken into a few main lemmas:

Lemma first controls the empirical risk R similarly to the proof of Theorem then Lemma
establishes large margins, whereby Lemma|C.6|develops a suitable Rademacher complexity bound,
which combine to quickly give the proof of Theorem [2.1]

Before proceeding with the main proofs, the following technical lemma is used to convert a bound
on ¢’ to a bound on /.
Lemma C.2. For { € {liog, lexp }, then |'(2)| < 1/8 implies £(z) < 2|¢'(2)].

Proof. If { = leyp, then £/ = —/, and thus {(z) < 2|¢'(z)| automatically. If £(z) = {iog, the

logistic loss, then |¢/(z)| < 1/8 implies z > 2. By the concavity of In(-), for any z > 2, since
1+e % <7/6, then

_ _ (7/6)e—*

l = In(1 A<e P L2 —

(:) = (1 +e7) s 7 < L

thus completing the proof. O

< 2|0'(2)],

Next comes the proof of Lemma|[C.3] which follows the same proof plan as Theorem 2.3}

Lemma C.3. Suppose the data distribution satisfies Assumption[I.2]for some ~y,, > 0, let time t be
given, and suppose width m satisfies

m > (6401;?/6);

Then, with probability at least 1 — 76, the GF curve (Wy)gc(o4 on empirical risk R with loss
0 € {liog, lexp } satisfies

~ 1
R(W;) < o (training error bound),
/ymk m

sup |[Ws — Wyl < (norm bound).
s<t

Note that this bound is morally equivalent to the SGD bound in Theorem [2.3] after accounting for
the % “units” arising from the step size.

Proof of Lemma|C.3] This proof is basically identical to the SGD in Theorem 23] Despite this,
proceeding with amnesia, let rows (w;)7; of W be given with corresponding (a;, v;) = 0; :=
0(w;)/+/m (whereby ||, < 2 by construction), and define
ri= %‘k\/m, R:=8r= LM/E,
640 80
with immediate consequences that 7 > 1 and R > 8. For the remainder of the proof, rule out the 7

failure probability associated with the second part of Lemma[B.4} whereby simultaneously for every
W' = Woll < R,

W= Tg—FWo,

. TI7 A / T’Ymk\/a 2 rmek\/ﬁ 'yn%km
; > -1 > = > .
o <W’8PZ(W )> =7 00" = == 2560 = M) €4
m_in <57 épl(Wl)> 2 ,ymk\/% _ /32 ln(n/é) _ 4R _ 4 2 ’Ymk\//rin _ ’Ymkg/m o ’Yntkl\({% 2 ’Ymk;//rT/L.
(C3)
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The proof now proceeds as follows. Let 7 denote the earliest time such that ||, — Wy|| = R; since
W traces out a continuous curve and since R > 0 = |[Wy — Wy ||, this quantity is well-defined. As
a consequence of the definition, sup, ., [|Ws — Wy|| < R. Assume contradictorily that 7 < ¢; it
| <R

By the fundamental theorem of calculus (and the chain rule for Clarke differentials), convexity of /,
and since ||W, — Wy]|| < R holds for s € [0, 7), which implies eq. (C.4) holds,

_ _ ™ d _
W =W = [Wo = W[* = [ —|W, - W|*ds
o ds

=1472<WQJW;—Lv>dS

= ./ 2w ) (Bpi(W,), W, =) ds

o /0 2_L(w) <[<3pi<Ws>,W> pz-(wg} m(WS)) ds
[ Z( (87»1 ), W>—pi<ws>)—ei<ws>> s
TIGIRDE

<2-9 / RW.

To simplify the left hand side,

I /\

I /\

W =[P W =T |2 = [ W= Wol|~2 (Wr = Wo, I = Wo ) > Wy =Wo |22 Wr =W
which after combining, rearranging, and using r > 1 and ||W,. — Wy|| > R > 1 gives
W — Wo2 +2/ ROW,)ds < 2+ 20| W, — Wo| < 4r|[W, — Wol,
which implies
1w ~Woll <2r=5 <R

a contradiction since W is well-defined as the earliest time with ||WW, — Wy|| = R, which thus
contradicts 7 < . As such, 7 > ¢, and all of the preceding inequalities follows with 7 replaced by ¢.

To obtain an error bound, similarly to the key perceptron argument before, using eq. (C.5),

|Wy — Wl = | sup (W, W, — Wy)

wil<1
2 5 (W)

= % <—9,/Ot asds>
:7/0 Zw (8.00:(,)) ds
Vf/ Zw )| ds,

v

which implies

VorcA/ TV 20
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and in particular

4|We — Wo|
f = (W, <7 (W) ds < <
o Z‘ o) / Z' ds < =0 20t

and so there exists k € [0, t] with
/!
— < —
Z W] < 5 Ot

Since this also implies max; |¢;(W3)| < n/(10t) < 1/10, it follows by Lemmathat R(Wy) <
1/(5t), and the claim also holds for ¢ > ¢ since the empirical risk is nonincreasing with gradient
flow. O

Next is the explicit maximum margin guarantee, which was missing from the SGD analysis.

Lemma C.4. Suppose the data distribution satisfies Assumption [[.2| with margin ~,, > 0 and pa-
rameter mapping 0, and let ((x;, ;)" be an iid draw. Let (W) s>( denote the GF curve resulting
from loss 0 € {liog, lexp }. Suppose the width m satisfies

> 256 ln2(n/5)’
Vo

fix a distance parameter R := ~,,/m/32, and let time T be given so that |W, — Wy|| < R/2 and
R(W,) < £(0)/n. Then, with probability at least 1 — 70, there exists a time t with |W; — Wy|| = R
so that for all s > t,

2

° ’Ymk
Ws —Wo| > R d Ws) > ,
IWe=Wol 2R and  5(7,) = 2=

and moreover the rebalanced iterate Wt = (at/ /o> Vir/Tux) Satisfies p(x,y; Wi) = p(z, y; Wf)
Sorall (z,y), and

Yo
4096

S0,)
el -y > VW) 2

Before discussing the proof, a few remarks are in order. Firstly, the final large margin iterate W is
stated as explicitly achieving some distance from initialization; needing such a claim is unsurprising,
as the margin definition requires a lot of motion in a good direction to clear the noise in Wj. In
particular, it is unsurprising that moving O(y/m) is needed to achieve a good margin, given that
the initial weight norm is O(y/m); analogously, it is not surprising that Lemma can not be
used to produce a meaningful lower bound on (W) directly. Lastly, while these comments seem
natural when normalizing by ||WW;||?, the normalization ||a;|| - |V;|| does not obviously have these
deficiencies.

Another thing to highlight is that the use of Lemma for warm start is only needed for .4, and
not for £qxp; it is unclear how this discrepancy translates to practice, where £1,, dominates.

Proof of Lemma By the second part of Lemma [B.4] with probability at least 1 — 74, simultane-
ously ||a]| < 2, and ||V]| < 2y/m, and for any |W' — Wy|| < R, then

win (7, 8p(W") ) > v/ — [/321n(n/0) + 8R + 4] > %«f

where 0; = (w;)/y/m as usual, and ||@|| < 2; for the remainder of the proof, suppose these

bounds, and discard the corresponding 74 failure probability. Moreover, for any W’ with ﬁ(W’ ) <
£(0)/n and ||W’' — Wy|| < R, as a consequence of the preceding lower bound and also the property
> (W) > 11 & Telgarsky (2019, Lemma 5.4, first part, which does not depend on linear
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predictors),
[07(W")|| = sup (W, 07(W"))

(W]<1

% <9> Z Qiapi(Wl)>

= % Z g <5, 5p¢(W')>
/1T

> il 1 d ZZ: qi

'Ymk\/TTL

—

Y

v

Now consider the given W, with R(W,) < £(0)/n and ||W, — Wy|| < R/2. Since s — W,
traces out a continuous curve and since norms grow monotonically and unboundedly after time 7

(cf. Lemma B.5)), then there exists a unique time r with ||W; — W;|| = R. Furthermore, since R is
nonincreasing throughout gradient flow, then R(W,) < £(0)/n holds for all s € [r,t]. Then

v -0 = [ (370705, as
- / 5 - IV, | s
Bl [ i

Y

v

- ”“’“ﬁuwt W, ds

> ’Ynth\/i
- 8
> 'ﬁkm.
— 256
Since |[Wy|| < 3y/m, thus ||Wy|| < 3v/m+7u/m/32 < 4/m, and the normalized margin satisfies
F(W5) 1 /t d_ am/256 42
W —F(Wy)ds >0+ =
2 e e, a7 (20 e = oo

Furthermore, it holds that 5(W,) > 5(W,) for all s > ¢ (Lyu & Li, [2019), which completes the
proof for W; under the standard parameterization.

Now consider the rebalanced parameters /V[Z = (a¢/\/ s Vin/Jm); since m > 256/~2, which
means 16 < 7,,+1/m, then

laell < llaoll + lla — aoll <2+ R <

’Ymk\/ﬁ + r}/mk\/ﬁ < ’Ymk\/a
8 32 — 4 7
IVl < [IVoll + Ve = Vol < 2vm + R < 3y/m,

then the rebalanced parameters satisfy

Wil < llat/ v/ Aol + Vv Yo

and thus, for any (z,y), since

NaT
< 74k + 3V Ve < AV,

Pl ) = S as(to Zﬁ o (v (07) = pla, 35 o),
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then .
—~ . . ~2 2

%(Wt) = mlnw = mjn pl/(\Wt) > b m/ 56 > Yotk ,
W2 W2 T 16vmm 4096

and lastly to complete the proof note by AM-GM that

— 1
[Well> = —llaell® + v IVl > 2lae| - [IVell,
ntk
) — Y (We) F(We)
whereby 4(W) = {iZz < ofe. vy -

Next comes a margin-based Rademacher complexity bound; as Rademacher complexity has not
been used or defined within this work, here is a brief description of the main definition, with further
detail deferred tp standard references (Shalev-Shwartz & Ben-David, 2014). First, for a given set of
vectors V' C R™, the Rademacher complexity Rad(V) is

1

Rad(V) = —E, sup (e, u),

n uev
where € € {+1}" has iid Rademacher coordinates, meaning Pr[e; = +1] = § = Pr[e; = —1]. The
set V will typically be the set of outputs of some class of predictors G on a finite sample X' = (z;)""_;
of size n, using the notation

Glx = {(g(xl)w-wg(xn)) L9 € Q} CR™

Our bound below will replace G with a variety of bounded two-layer networks of any width. This
bound can be viewed as a strengthening of the proofs of (Vardi et al.,|2022), where the bound here
holds for all widths simultaneously (with no dependence on width), and is normalized by the tighter

quantity > [la;v;||.
Lemma C.5. Forany B > 0 and any X = (z;)7 with ||z;|| < 1,

Rad <{m s F(a; W) 0 m > 0, W € R @) |12 < 23}){)

< Rad ({:c > F(z; W) 2 m >0, (a,V) = W € R™<@D Jg]| - [V]| < B}|X>

<Rad | {x = F(a; W) : m>0,(a,V) =W e R™D N "0 < B

J |x
L 2B
S

Proof. The first two inequalities are easier, and follow by set inclusion. In detail, note for any fixed
W = (a,V), by Cauchy-Schwarz and AM-GM, that

D laguill = lagl - llogll < flall - [V <
j

J

e

(lall? + 1v1I?) = 5,

DN | =

which implies for each m the inclusions
{werm™@ w2 <28} € {(a,V) =W e R™<D c o] V| < B}

C{(a,V)=W e R™D S g0, < By,
J

which in turn implies the first two Rademacher inequalities in the statement since Rademacher com-
plexity can not decrease with the growth of sets.

32



For the final inequality, recall the definition of symmetric convex hull sconv(-) as used throughout
Rademacher complexity (Shalev-Shwartz & Ben-David, |2014)):

sconv(S Zp]uj :m>0,peR™ |pl1 <1l,u; €8

Then, recalling the notation 6j and Ej for normalized counterparts to a; and v;, the set of vectors U
in the final Rademacher term can be written

U:= mHZaj o(vjz) :mEO,WERmX(dH),ZHaﬂjH§B

J |x

T a;ivillac(viz) : mZO,WeRmx(dH)
> llajv;llao (@]

J ‘ X

a;vil| - m

T ZHakka ZZ| |j&137|1|k|| o(@jz) : m>0,W e R™ @ N lg0;| < B

J |x

=Blaw Y pjo@e) : m>0,W e R™HD pe R, [p|; <1
J

X

= B - sconv ({x =o(v'z) vl = 1}\X) )

and by standard rules of Rademacher complexity (Shalev-Shwartz & Ben-David, [2014),

Rad(U) < B -Rad (sconv ({x —o('z) vz = 1}|X)>

< 2B -Rad ({x = o(v'z) : [lv]lz = 1}|X)
< 2B
= U
O

The large margin generalization bound is now an immediate consequence of Lemma and a
refined margin-based Rademacher bound due to |Srebro et al.| (2010, Theorem 5). This bound will
use the refined normalized margin

min; p; (W)
> llagusll”
where Cauchy-Schwarz and AM-GM imply v, (W) > % > 24(W) as in the proof of
LemmalCJ3l

Lemma C.6. With probability at least 1 — § over the draw of ((x;, yl)) , for every width m, every
choice of weights (a, V) = W € R™ @41 ypith 1 (W) > 0 (cf. eq. ) satisfies

n(n)3 n4
Pr[p(z,y; W) <0 < O (nlm((w)/)z) n 1n6> .

Nn(W) = (C.6)

Proof. Combining a refined Rademacher-based margin bound due to (Srebro et al.,|2010, Theorem
5) with the 2-layer Rademacher complexity estimate from Lemma gives, with probability at
least 1 — 9, for every margin level o > 0, for every W € Rmx(d+1) with Y1 (W) > 79, defining
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Uy, i={z = F(z; W)/ 35 llajo;|| : (W) = 2}

| 3 Inln L +Ini
Prip(e,y: W) < 0 = 0 [ 2 Raq(er,, )2 4 e T8
Y2 n
_o <ln<g>3 (1) 1) |
72 n n
which implies the desired statement. 0

Thanks to Lemmas[C.3]and [C.4] the proof of Theorem [2.1]is now immediate.

Proof of Theorem 2.1 As in the statement, define R := ~,,,/m/32; the analysis now uses two
stages. The first stage is handled by Lemma [C.3|run until time 7 := n, whereby, with probability at

least 1 — 76, 0 Jm

1 £(0 YV R

S Wl T <5
The second stage now follows from Lemma |[C.4; since W, as above satisfies all the conditions of
Lemmal|C.4] there exists W; with [|[W, — Wy || = R, and 5(W;) /(||ac|| - [|V2]]) > 7u/2048, and since
even these mixed-norm margins are nondecreasing (Lyu & Li,[2019} Section H), the claim also holds
for all W with s > ¢, and the generalization bound follows from Lemma using - [|a;jv;]| <
la||-||V]| and min; p; (W) > 5(W), which holds for both {144, fexp }- Lastly, since ||W|| — oo and
since limg_, o ||as||/||Vs|| = 1 (Du et al.,|2018a), it follows that lim_, » ||Ws||?/(|las] - [|Vs]) = 2,
which gives the final claim. O

R(W,) <

Lastly, the proof of Corollary 2.2} giving a simple construction where GF escapes bad KKT points.

Proof of Corollary[2.2] First it is shown that the provided choice of (a, V') with a; = 1 and v; =
(1,0) is a KKT direction. With probability 1 —2!~", both elements of the support of the distribution
are sampled, and for convenience reorder the sampled data so that ;1 = 21, and 2 = 29, and
the other data are arbitrary (though y; = +1 for all examples). It will be shown that the choice
A1 = A2 =1/(2v) and \; = 0 for ¢ > 3 are a valid choice of Lagrange multipliers, certifying that
(a, V) is a KKT direction. Firstly, derivative condition is easy to check since the Clarke differential
is evaluated where the ReL.U is differentiable, and it holds directly that

aj =1
70 o
= — + _
27 2%
= Mo (vjr1) + Aeo(vjza),
v; = (170)
(0 0 VI-9G o V1=
27 2% 2% 270

= /\1ajac1 + /\gajxg
= Ma;Vyo(vjzy) + Aea; Vo (vjza).

Lastly, note that p; (W) = m~yy = pa(W), therefore the rescaling W = W/,/m~qy correctly
satisfies p1 (W) = 1 = po(W), whereby W is a KKT point with margin m~/||W||* = 70/2, and
W is a KKT direction with margin /2.

For the GF guarantee, it suffices to provide a quick estimate for ,, and invoke Lemma[C.3] Specif-
ically, consider the rather loose but convenient weight mapping
0 (@, v)]| = 2,
O(a,v) =< (0,sgn(a)(0,1))  vo > |v1],
(0,sgn(a)(0,—1)) vy < —|v1].
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Then, for the point z, since /1 — 73 > 7o, it follows that
E<9((a,v)) op(z1, +1; (a, ))>

—B1{un 2 o A0, 0)] <2 (04 flo’ o + /1= 2ge)y/1 =7 )

+El[vs < 0A||(a,v) |<2( la|o’( 0v1+\/17'yov2 \/17())

> Ela[1[vz > |vi| All(a, )l < 2]4/1 =3

S V- % 7

- 16
where the last step follows from standard Gaussian computations. The case for 2z is analogous,
which establishes that Assumption|1.1|holds with ~,, > /1 — 43 /16, which implies the result by

applying Theorem | using the s1mp11ﬁcat10n /1 —73 > 1/2since o < 1/4, and lastly obtaining
convergence to KKT directions via (Lyu & Li, 2019 J 1 & Telgarsky, [2020a)). O

D PROOFS FOR SECTION[3]

This section develops the proofs of Theorem [3.2] and Theorem [3.3] Before proceeding, here is a
quick sampling bound which implies there exist ReLLUs pointing in good directions at initialization,
which is the source of the exponentially large widths in the two statements.

Lemma D.1. Let ¢ > 0 and ((ou, Br))5_y with (o, Bi) € R x R? be given with ||By| = 1, and
suppose ((aj,v;))jL, are sampled iid so that with Pr[sgn(a;) = +1] = Pr[sgn(a;) = —1] = 1/2
and v; is distributed uniformly on the surface of the unit sphere in R? (e.g., sample vj ~ Ng and

choose v = v;/||v;l|). If
N1,
m Z 4 (> hl N
€ )

then with probability at least 1 — 6, for every (o, i) there exists (a;,v;) with sgn(ay) = sgn(a,)
and || B, — Uj|| < € (equivalently, U3 By, > 1 — €% /2).

Proof. By standard sampling estimates (Ball, 1997, Lemma 2.3), for any fixed k and j, then
1 /e\4 !
Pl -l <d =5 (5)
and since all ((a;,v;))’/L, are iid,
Pr[3j . sgn(ar) = sgn(a;) A [[0; — Bell < €] =1 — Pr[Vj . sgn(o) # sgn(a;) V [[v; — Bill > €]
=1 —Prsgn(ax) # sgn(a1) V [[or — Bil| > €™
=1—(1/2+(1/2) - (1 = Pel]|or = Bil| < €)™

>1- (1 - (e/Q)d*1/4)m

>1—exp (_T(6/2)d_1)
Z 1- é7
T

and union boundmg over all (35)5_, gives the first claim; for the alternative form, it suffices to note
[0 — Bell* = 2 — 20} and to rearrange. -

First comes the proof of Theorem [3.2] whose entirety is the construction of a potential ® and a
verification that it satisfies the conditions in Lemma [B.7]
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Proof of Theorem[3.2] The method of proof is to define a potential ® as
1
=1 D laklnd " dnjllazv)l,
k J

where (heavily dropping time indices and even the argument w; to reduce clutter)

br.j(wy) = ¢rj == ¢ (akaja(v}ﬂk) —(1- e)llajij) 7
¢(z) := max{0, min{1, z}},

and to then verify the conditions of Lemma with 7 = 0 and 7 := "“5 <, where the test error
bound follows by Lemma|C.6] By the lower bound on m and Lemma [D.1] it follows that O(Wy) >
—o0, and moreover, for any t > 0, by AM-GM,

1 1 1
W) <5 D oy e jllws]|* < 3 > ol In [We|[* = 5 [,
k j k
whereby it only remains to show d®/ d¢ > Q5 /n. To this end, note that if we could show

d
P (wi() 20 Vi k.t (D.1)

then the proof is complete, since after noting the calculation

d d
&Haﬂj” [ <aavwaﬂ’y

- 2 <&j11j, élj’l)j + aj@j>
2 <ajvj, Clj’l}j>1/2
<ajvj, > Uy {vja(v}xi) + a?a’(v}mi)xi} >

nlla;vs]|

_ =i lipi(wy)||wy |

B nlla;v;l

:—fZE’a o (0fx;)|lw;?,

)2

then (d/ dt)®(W};) can be lower bounded as

> {(bk,j(%HaJ’UJH + ||ajvj||d%¢k,j}

d%@(w) B i%: . 22 Pr.illasvsl|
ipecEep s

1€Sk

Lo =€\,
nQ< 2r )’

the rest of the proof will establish eq. (D.I)). Note moreover that eq. (D.I)) has an explicit interpreta-
tion as nodes getting trapped in good directions.

Y
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Fix any j, k, t, and first note

e [iso0750) + o070

- _%~’€ 24% {U(U;xi)a(v}ﬁk) + a?a’(v}ﬁk)xmk} 7

1._
——ae Y by [P0 (@ 2)0 (0] 81) + a2o’ (v] Be)al e

E&kaja(v;ﬂk)

whereby (d/ dt)¢x ; = 0 when the argument to ¢ is not in [0, 1], and otherwise

d dr. .
G79h0 = g e ]B) — (1= 9llayu

- > G loa a0 (3 0:) (a0 @) = (1)

+ a2 (aka/(v;ﬂk)ﬁ;xi (1- e)ﬁja(ff;xi)) }

Analyzing the two bracketed terms separately, the first (the coefficient to ||v]|?) is nonnegative since
the term in parentheses is a rescaling of the argument to ¢ within ¢y, ;, which was assumed in [0, 1],
meaning axa;o(vjBk) — (1 —€) > 0.

The second bracketed term (the coefficient of a?) is more complicated. To start, fix any exam-
ple (z;,y;), define z; := z;y; for convenience, and define and orthogonal decomposition z; :=
¢Brx + c1z) with ||z, || = 1 and necessarily ¢; < /1 — ¢? since ||z;]| < 1, but more importantly
ci/c < +\/e/2 by Assumption Similarly, define u; := @;v; for convenience, and additionally
an orthogonal decomposition @; = ¢f; + /1 — ¢?u,, which made use of ||| = ||v;|| = 1, and
note

1-?<1—(1-€?<2—¢ <2

'With this notation in hand, the second term becomes
arBrriy; — (1 —€)ajvjaiy; = c— (1 —¢) <(I3k +V1—q*ui,cfi+ CJ_ZJ_>
—cl1-(1-¢ (quCJ_\/qu)]
c

> ¢ 1—(1—6)(1+\/672-\/%)}

:cil—(1—26+62)}

as desired: d¢y, ;/dt > 0 for every pair (k, j), meaning eq. (D.1) has been established, and the
proof is complete. O

To close, the proof of Theorem 3.3}

Proof of Theorem[3.3] As in the proof of Theorem [3.2] the method of proof will be to construct
a potential function ® and then verify the conditions on Lemma [B.7] with the choices 7 = 0 and
7 1= 7y,/2 = v, — € where € := ~,/2 throughout the proof, and to then apply Lemmato obtain
the test error bound. Throughout the proof, use W = ((a;, bx))}~; to denote the full collection of

parameters, even in this scalar parameter setting, and define b; := sgn(b;) in mimicry of @; and v;.
To develop @, a few other properties must first be checked.
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The first property is that a; = b? for all times ¢; this follows directly, from the initial condition
ar(0)? = by (0)2 = 1/y/m, since at any later time ¢ it holds that

ar(t)? — b (t)? = ar(t)? — ar(0)? — b(t)? + by (0)?
t
/ (akdk — bkbk) ds
0
1 t
p /0 zl: 10| (aro (brvge;) — apo’ (bevja;)vga;) ds

=0.

This also implies that a? + b7 = 2a? = 2|ay| - |by| throughout.

Next, for each 3, choose j so that HEJ (0)7; — Bkl < € = 74/2 and @;(0) = sgn(cay); this holds
with probability at least 1 — ¢ via Lemma|D.1|since v;(0)v; is equivalent in distribution to sampling
v; alone. For the rest of the proof, reorder the weights ((a;,b;,v;))jL; so that each (ay, By) is
associated with (ay, b, vx). Moreover, it will be shown later in the proof that HE (t)v; — Pill < e
and a;(t) = sgn(ay) in fact hold for all ¢.

Now define the potential

1 T
(W) = 1 ; |ag| In (ai + bi) .
Note directly that ®(W,) > —oo by the above application of Lemma and choice of
((ak, b))s_,. and moreover that

IR I 1
(W) = 7 Y ln/in (a +62) < 2l W = S W],
k=1 k=1

whereby it only remains to verify (d/ dt)®(W;) > Ov,/(2n).

To this end, let T denote the earliest time such that ax(7") = 0 for some k € {1,...,r}, which also
means by (T") = 0 for that k and moreover T is the earliest time by (T) = 0 forany k¥’ € {1,...,r}
since a; = b7 unconditionally for all ¢. Then, for any ¢ € [0,7),

d 1 axo(bpvLz;)
—Pp(W) == "o ZRTANTR TR
dt ( ) n Ek EZ |€z|yz|ak| a’i +bi

1 |ak|||bevr || o (bev]z:)
=—-Q qiYi Ok
n ZZ 2| - (bl

= ;Q% ;%‘yiakg ((gﬂk — Bk + ﬂk)Tl‘i)
:Lsz:Xi:%yiakU (Brai) — ;Q;;%WHH&% - Bk”
%Q%lzqi — 203> adau

: ki

1 |
= QZ%‘ (Vgl—é) :% >0,

Y

Y

n 2n

which establishes the desired lower bound on (d/dt)® for ¢ € [0,T), but moreover establishes
(after integrating along [0, 7)) that &(Wr) > ®(Wy) > —oo, which means there can not exist k
with a(T) = 0, since that would mean by, (T') = 0 as well (as above) and thereby ®(Wr) = —oc.
Consequently, T = oo and (d/ d¢)® > Q~,/(2n) holds for all ¢, and the proof is complete. O
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