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ABSTRACT

Existing contextual multinomial logit (MNL) bandits model relevance-driven
choice but ignore the potential benefits of within-assortment diversity, while sub-
modular/combinatorial bandits encode diversity in rewards but lack structured
choice probabilities. We bridge this gap with the diversified multinomial logit
(DMNL) contextual bandit, which augments MNL choice probabilities with a gen-
erally submodular diversity function, thereby formalizing the relevance—diversity
trade-off within a single model. Incorporating diversity renders exact MNL as-
sortment optimization intractable. We propose a white-box UCB-based algo-
rithm, OFU-DMNL, that constructs assortments item-wise by maximizing optimistic
marginal gains, avoids black-box optimization oracles. We show that OFU-DMNL

achieves at least a (1 — ﬁ)-approximate regret bound O(d\/T/K), where d is
the context dimension, K the maximum assortment size, and 71" the horizon, and
attains an improved approximation factor over standard submodular baselines.
Experiments demonstrate consistent gains and, relative to exhaustive enumera-
tion, comparable regret with substantially lower runtime. Overall, DMNL bandits
provide a principled and practical foundation for diversity-aware assortment opti-
mization under uncertainty, and OFU-DMNL offers a statistically and computation-

ally efficient solution.

1 INTRODUCTION

Sequential assortment selection arises whenever a platform repeatedly presents a set of items and ob-
serves a user response. E-commerce websites curate product slates, streaming services recommend a
set of movies, and app stores surface a collection of apps. In each round, the decision-making agent
chooses an assortment subject to a size constraint, the user selects at most one item (or makes no
selection), and the agent updates future assortments based on the observed feedback. Because user
preferences are not known a priori and must be learned from interactions with users, the problem is
naturally cast as an online learning task: maximize cumulative reward while balancing exploration
and exploitation.

A key ingredient in this setting is a probabilistic choice model that links an offered assortment to
the user’s selection. The multinomial logit (MNL) model (McFadden et al., [1978) has served as a
canonical choice model for dynamic assortment learning: it represents choice probabilities through
latent item utilities based on relevance, a structure that supports tractable assortment optimization
and clean statistical learning guarantees. These advantages have motivated a substantial literature
on MNL assortment bandits (Rusmevichientong et al.l 2010} [Sauré & Zeevi, 2013; |Agrawal et al.
2017; [2019) and contextual variants that exploit user and item features to generalize across con-
texts (Cheung & Simchi-Levi, [2017; Ou et al., 2018} |Chen et al.| 2020} |Oh & Iyengar}, |2019; 2021}
Perivier & Goyall, 2022} Zhang & Sugiyama, 2024; |Lee & Ohl 2024} 2025). In these models, un-
certainty resides in the relevance-dependent utilities, and the agent’s task is to estimate them online
efficiently enough to enable near-optimal sequential assortments.

However, practical assortment design is rarely driven by relevance alone: diversity within the of-
fered set is often important in practice. Users tend to value assortments that span complementary
attributes (e.g., different genres, brands, or styles), while assortments filled with near-duplicates
can cannibalize one another and provide little additional benefit beyond offering a single represen-
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tative item. At the same time, diversity is not a substitute for relevance: a diverse but irrelevant
assortment still performs poorly. This creates an inherent relevance—diversity trade-off. Existing
MNL bandits, both contextual and non-contextual, do not capture this trade-off because under the
standard MNL model choice probabilities depend on items only through their individual utilities;
consequently, within-assortment interactions—such as similarity-induced cannibalization or com-
plementarity effects—are not explicitly modeled.

A natural way to incorporate such within-assortment interactions is to model the payoff of an offered
set directly through a submodular objective, which captures diminishing returns and encourages cov-
erage and diversity. This idea underlies a literature on submodular and combinatorial bandits (Yue
& Guestrin, 2011; Chen et al., 2013; Qin et al., 2014; Chen gt al.,|2016] 2017; Hiranandani et al.,
2020; Hwang et al., 2023), where the agent selects a subset of items each round and receives a reward
speci ed by an (often monotone) submodular set function, possibly depending on context. While
these models capture diversity-aware set selection, they abstract away the choice-based feedback
mechanism central to assortment settings: the reward is de ned as a set function rather than arising
from a user selecting at most one item according to a structured discrete choice model such as MNL.
Moreover, they typically do not couple relevance-driven utilities with diversity effects within a single
probabilistic choice model. Consequently, there remains a modeling gap between diversity-aware
set selection and relevance-based, choice-model-driven dynamic assortment learning.

We close this gap by introducing a practically motivated bandit model that embeds diversity directly
into MNL choice probabilities. A key technical challenge is that, once diversity is incorporated,
the tractable exact optimization available in classical MNL assortment problems is no longer ap-
plicable—the optimal assortment may require exhaustive search. Many combinatorial bandit ap-
proaches (Chen et al., 2013; Qin et al., 2014; Chen et al., 2016; Li et al., 2016; Hwang et al., 2023)
circumvent this dif culty by assuming access to a black-box combinatorial optimization oracle with

a prescribed approximation factor, an assumption that can be unrealistic in practice and that ob-
scures the source of approximation. Our goal, instead, is to design an algorithm that simultaneously
guarantees sublinear regret and a provable approximation factor without relying on such oracles. To
this end, we introduce the diversi ed multinomial logit (DMNL) contextual bandit together with an

ef cient learning algorithm and end-to-end guarantees.

We summarize our main contributions as follows:

» Novel assortment bandit model. We introduce a new sequential decision-making model,
which we call the diversi ed multinomial logit (DMNL) contextual bandit. In this model,
user choice follows the multinomial logit choice model augmented with a diversity func-
tion—assumed submodular in general—that scores the diversity of assortments (De ni-
tion 1). To our knowledge, existing MNL bandit work does not account for assortment
diversity. This is the rst model to incorporate diversity directly into the choice probabil-
ities. The model captures practical scenarios in which greater within-assortment diversity
increases the likelihood of selecting an individual item for a given level of relevance, while
the choice probabilities still depend on item relevance. Hence, the model addresses the
natural tension between relevance and diversity—a phenomenon commonly observed in
real-world recommender systems.

 Algorithmic design. We propose an upper condence bound (UCB) algorithm,
OFU-DMNL (Algorithm 1), for DMNL bandits. The salient feature of the algorithm is an
item-wise optimistic construction of an assortment: it incrementally adds the item that
yields the largest marginal increase in the optimistic reward estimate. This process is com-
putationally ef cient and comes with a provable guarantee on an approximatioh rate.

» Regret guarantee. We prove that our proposed algorithm is statistically ef cient. Under
a suf cient condition on the diversity function (De nition %) we prove that the algorithm
achieves at Ieasta(le%l)-approximate regretbound & d T=K (Theorem 3), where
d is the context feature dimension, K is the maximum assortment size, T is the total number

!Due to the augmented diversity function, exact assortment optimization is no longer tractable as in prior
work (Ou et al., 2018; Oh & lyengar, 2019; 2021; Perivier & Goyal, 2022; Lee & Oh, 2024; 2025); hence, we
must resort to approximation. Unlike existing work on combinatorial bandits, which assumes access to a black-
box optimization oracle returning a super-arm (a set of base arms) with a prescribed approximation factor, our
algorithm employs a transparent, white-box construction for which we directly prove the approximation rate.
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Figure 1: Behavioral differences between MNL bandit algorithms and the proposed DMNL bandit
algorithms (d = 3;K = 4). While MNL bandit algorithms select the top-K relevant items in

the uniform revenue setting, DMNL bandit algorithms consider both item relevance and assortment
diversity, resulting in more diverse selections whose degree depends on the DMNL environment.

of rounds, and8 suppresses logarithmic factors. This bound closely matches that of nearly
minimax-optimal algorithms for MNL bandits under uniform revenues (Lee & Oh, 2024),
despite additionally learning a diversity parameter.

» Approximation guarantee. We show that the item-wise greedy construction under the
DMNL model attains a stronger approximation rate (Theorem 1) than those established
in the submodular maximization literature (Nemhauser et al., 1978; Feige, 1998; Yue &
Guestrin, 2011). Unlike the prior literature on MNL bandits—where identifying the opti-
mal assortment can be done ef ciently— nding the optimal assortment in DMNL bandits
while accounting for diversity requires exhaustive search, making approximation guaran-
tees essential. By leveraging the MNL structure together with the submodularity of the
diversity function, we obtain an improved approximation rate of at lehst e%l , With-
out having to rely on black-box optimization oracles.

» Numerical performance. Extensive numerical experiments show that our algorithm out-
performs benchmark methods across a wide range of scenarios. In particular, even relative
to exhaustive enumeration over all possible assortments, our algorithm achieves compa-
rable regret while offering a substantial reduction in running time. Hence, our proposed
method is both computationally and statistically ef cient.

2 PRELIMINARIES

2.1 NOTATIONS AND DEFINITIONS

P
We use kxk to denote thetnorm of a vector x 2 R and kxks := x> Ax to denote the

weighted norm of x induced by a positive de nite matrix A 29 . For a symmetric matrices V
and W of the same dimensions, V. W means thatV W is positive semi-de nite. For a positive

2.2 PROBLEM SETTING

Diversi ed Multinomial Logit (DMNL) Contextual Bandits. We consider a sequential assort-
ment selection problem where, in each round t 2 [T], the agent receives a set of feature vectors

ment of size of at most K, i.e.,S=fi 1;:::;110 2 S :=fS [N]:jSj Kg, wherel K.

After presenting the assortment,3he agent observes the user's decisipr2iS; [ fOg, where
0 represents the “outside option”, indicating that the user does not choose any item; fr@meS
user's selection;iis modeled by the MNL choice model (McFadden et al., 1978).

In the existing MNL bandit framework (Cheung & Simchi-Levi, 2017; Ou et al., 2018; Oh & lyen-
gar, 2019; 2021; Chen et al., 2020; Lee & Oh, 2024; 2025) the click probability that a user selects
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an item depends only on the relevance utility of the item and the other items in the assortment. We
instead consider an MNL choice model that incorporates the diversity of the assortment.

De nition 1 (Diversi ed multinomial logit choice model). For each roundt 2 [T], let;g S !

R be a given monotone submodular function, whe(&gquanti es the diversity of the items in
the assortment S in round t. Then, the probability of selecting an iteenh$; [ fOg in round t is
de ned as follows:

ic=ii . = o .. — exp(xg ) _
Ple=iiX aS)=puliSh & )= G e e ) (1)
Plit=0jX ;S)=pt(0jSs; ; ):= exp( 9(S))

exp( G(S))+ s, Xp(x; )’

where 2 R%and 2 R are unknown parameters that represent the degree of relevance and
diversity, respectively.

Remark 1. Inspired by the submodular bandit literature (Yue & Guestrin, 2011; Chen et al., 2017;
Hiranandani et al., 2020), our model captures diversity through monotone submodular functions
g: (De nition 3 and 4). Common notions of diversity—such as counting the number of distinct
categories, measuring coverage of item attributes (e.g., brands or genres), or quantifying dispersion
in an embedding space via pairwise distances or spectral properties of a Gram matrix—naturally
exhibit diminishing diversity returns: adding an item similar to those already selected contributes
less than adding one from a new category or a distant region in feature space. Such measures are
monotone and submodular by construction, so monotone submodular functions provide a unifying
and behaviorally plausible abstraction for a broad class of real-world diversity notions.

In DMNL bandit setting, the user choice follows the DMNL model. In other words, the choice

yt Multinomialfl;(p «(0jSy; 5 )iinpe(iijSe; 5 )9
P
where the parameter 1 indicates thaiya single-trial sample, i.eqy+ L:l Yk = 1.

When two assortments consist of items with identical utility values, the one with a higher diversity
score reduces the probability of the outside option being chosen. As a result, the probability of se-
lecting each item in the assortment increases, leading to a higher expected reward for the assortment.
Conversely, if an assortment with a lower diversity score is offered, the outside option becomes more
attractive, resulting in lower selection probabilities for the items in the assortment.

Remark 2. We note that the proposed DMNL model generalizes the existing MNL models (Cheung
& Simchi-Levi, 2017; Ou et al., 2018; Oh & lyengar, 2019; Chen et al., 2020; Oh & lyengar, 2021;

Lee & Oh, 2024; 2025). When the diversity functiS) is constant across all assortments, the
DMNL model reduces to the existing MNL model. In contrast, the existing MNL model does not
allow the outside option’s attraction to vary with the offered set, as DMNL does.

Then, the expected reward of an assortment S in round t is de ned as follows:

X - X exp(Xg )
R(S; ; )= S, ;)= p ;
t( ) . pe (i j ) e P GS)+ s exp(x; )

The goal of the agent is to maximize the total expected reward, or equivalently, to minimize the
cumulative regret over T rounds, de ned as total difference in expected reward between the of ine
optimal assortment,S= argmaxg,s Ri(S; ; ) and the assortment, ®ffered by the agent.

Remark 3. Previous works on MNL bandits (Oh & lyengar, 2019; Chen et al., 2020; Oh & lyen-
gar, 2021; Zhang & Luo, 2024; Lee & Oh, 2024; 2025) have also studied the non-uniform revenue
setting, where in each round, the agent observes the item-wise revequgds fr In this setting, the
optimal assortment is heavily in uenced by high-revenue items, making the diversity of the assort-
ment less critical to the reward. In other words, encouraging diversity in the selected assortment
may not align with the objective of reward maximization under non-uniform revenue. By contrast,
in the uniform revenue settingg(r= 1) we study, maximizing diversity directly contributes to in-
creasing the overall click probability and expected reward, making it a more appropriate objective
(Figure 1). We focus on the uniform revenue setting not only for analytical clarity but also because
it allows us to isolate and rigorously study the effect of assortment diversity on user choice behavior.
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-approximate Regret. In the case of uniform revenues in MNL bandit setting, maximizing the
expected reward of an assortment over all sets S 2 S reduces to selecting the K items with the
highest relevance utility. However, unlike in the existing MNL bandit literature, such a top-K se-
lection strategy is no longer suf cient in the DMNL model. Because the diversity of an assortment
in uences click probabilities, the expected reward depends not only on individual item relevance
utilities but also on the overall diversity of the selected set. Thus, nding the optimal assortment
requires evaluating aIIE subsets, which is computationally prohibitive even wherand are
known. In previous combinatorial bandit works (Chen et al., 2013; Qin et al., 2014; Chen et al.,
2016; Li et al., 2016; Hwang et al., 2023; Liu et al., 2024; 2025), such computational challenges
are typically addressed by assuming access to a -approximate oracle, and the performance of algo-
rithms is evaluated via cumulative -approximate regret rather than exact regret. The -approximate
regretatroundtisdenedasRt;St) = R «(S;; ; ) R «(St; ; ). Then, the alternative
objective of the agent is to minimize the cumulative -regret, de ned as

X X
R (T):= R (;Sy) = Ri«(Si; 5 ) R«(Se; )
t=1 t=1

We adopt this standard evaluation metric but do not rely on an oracle. Instead, in Section 3.1, we
explicitly construct a computationally ef cient assortment selection strategy that serves as an ap-
proximation oracle. Speci cally, we show that the item-wise greedy construction (Eq.(6)) achieves
a provable approximation ratio 1 ﬁ with respect to the of ine optimum, while requiring

only O(NK) computation per round. This result enables practical deployment without sacri cing
theoretical guarantees.

Following prior work on MNL contextual bandits, we make the following boundedness assumption.

Assumption 1 (Boundedness). We assume that k[ ko 1,kx 4k, 1and0 g(S ) 1
forallt 2 [T];i 2 [N], and there exists a constant | > 0 such that | <

The boundedness in Assumption 1 is standard in the MNL bandit literature (Oh & lyengar, 2019;
2021; Perivier & Goyal, 2022; Zhang & Sugiyama, 2024; Lee & Oh, 2024; 2025). Since we focus
on scenarios where the diversity of an assortment in uences user choice behavior, we assume that
the effect of diversity is strictly positive—i.e., the minimum effect of diversity is bounded below by

a positive constant |. We note that our proposed algorithm does not require the knowledge of I.

3 MAIN RESULTS

3.1 APPROXIMATION GUARANTEE OF ITEM-WISE GREEDY ASSORTMENT

In this section, as an instantiation of -approximate oracle, we show that the item-wise greedy
construction can approximate the of ine optimal assortment rewa(®R ; ). The item-wise
greedy construction refers to a process that incrementally builds a solution by repeatedly adding the
item with the highest marginal gain. To be speci c, for any k 2 [K], the k-th element added during
the item-wise greedy construction is:

ax = argmax Re(faq; ;a1 glfag, ;5 ) 2

a2[N]nfa 1;:5ak1 9

It is well known that if the expected reward function B a monotone submodular function with
respectto S 2 S, the item-wise greedy construction in Eq.(2) can achieve z%olapproximation
rate (Nemhauser et al., 1978), and that obtaining an approximation rate better thaéq) (% in-
tractable (Feige, 1998).

On the other hand, since{E5; ; ) increases as more items are added to S, it is a mono-
tone set function (De nition 3). Moreover, by the de nition of submodular functions (De ni-
tion 4), the LogSumExp function of the form log ;,5 exp(x; ) is submodular. The ex-

pected reward of an assortment S can be writen SR ; )= % where £(S) =

log 5 exp(Xg + G(S)) =log 5 expx;s ) + a(S). Since f(S) is a non-
negative sum of submodular functions, it remains submodular. Moreqs?ﬂj’&—) is a non-
decreasing concave function for x > 0, and it is known that the composition of a submodular
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Algorithm 1 OFU-DMNL

1: Input: diversity function fg;g:1 , regularization parameter , con dence radius fg:1 , step
size , exploration parameter
2: Initialization: H 1 = | 4+1 and wy at any point in W.

4. ifkOgillky st then

5 Randomly choose;S Unif(S) with jS j =K

6: else

7: S

8: fork=1;:::;K do

9 Sk = argmaxagonins Ri(fayi;:::;aa g[fag)
10: S S t[fa tk 9

11: Offer § and observey
12: Updatéqt =H:+ G 1(Wt), Wi ,and Hgp =H ¢ + Gt(WH]_ )

function with a non-decreasing concave function preserves submodularity (Proposition 2). There-
fore, R(S; ; )is alsoa submodular function.

Consequently, the item-wise greedy construction in Eq.(2) achieves at Ieastée) @pproximation

rate. This approximation guarantee holds for general monotone submodular functions under cardi-
nality constraints (jSj K). However, we further show that by leveraging the speci c structure

of the MNL model, it is possible to obtain an approximation ratio that strictly improves upon the
standard (1 1) rate.

Theorem 1 (Improved approximation rate for MNL submodular function). L¥8%"be the solu-
tion computed by Eq.(2). Forany t 1, if gis monotone and submodular, then we have

1+ ,)
R Sgreedy; : 0( 0 R, (S : : :
t( t ) 0(l+ 0) t( t )
where g is a solution to the equation x= x+ 1, with = %

Theorem 1 holds for any parameter con guration [ ; ] 2 8", provided that both the item-wise
greedy construction and the optimal assortment are evaluated under the same parameters. Moreover,

since a crude lower bound fer‘;((lliiﬁ is ﬁ for simplicity, we may state that the item-wise

greedy construction in Eq.(2) achieves at least a (gjq)—approximate rate. This surpasses the
existing (1 %) approximation rate attainable under general submodularity assumption alone. The
improvement arises from the structural properties of the MNL reward function, and is of standalone
theoretical interest. The detailed proof is provided in Appendix D.

3.2 ALGORITHM

In this section, we propose OFU-DMNL, an algorithm that leverages the optimism-in-the-face-of-
uncertainty (OFU) principle in estimating the unknown relevance utility and diversity parameters.
The complete process is described in Algorithm 1, consisting of three primary stages.

Diversity-augmented parameter estimation. Let g (S) := [X ¢ ; :(S)] 2 R%*! be a diversity-
augmented feature vector, andw= [ ; ]2 R%1. Then, the DMNL probability in Eq.(1) can
be represented by

£EXP(Zi (S)” W )
1+ o5, €Xp(z4 (S)>w )’

1
0jSi ¢ )=piO0jSiw )= P |
Pt (0] )=1pt(0] ) 1+ s, exp(zg (S)>w )

pe(jS;, 5 )=piijSw )=

Consequently, parameter estimation in the DMNL model—namely; ( )—can be reformu-
lated as estimating a single parameter vectorusing diversity-augmented feature vectofg2),
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similarly to the procedure used in existing MNL models. Adapting the computationally ef -
cient parameter estimation used in Lee & Oh (2024), we use the online mirror descent algorithm
to estimatepthe parameter w Let us de ne the multinomial logit loss function at round t as

“e(w) = i2s . Yi logp (i ] St;w), and estimate the true parameter as follows:
A on . 1 , 0
[t1: w1 ]=wWeua =argmin hr ¢(we);wi+ ——kw w kg ; 8t 1; 3
w2w 2 R

where W :=fw 2 R ‘I’:’;l :kwk, 1g, > Oisthe step-size parameter,an; :=H {+ G ((Wy),
withHy == | g4q + tsil Gs(ws+p ) and

X X X
G(w) = pe(ij Se; W)z (St)zi (St)” Pe(ij S WP ]S ;wW)zii (St)zg (St)” -

25 | i2S ¢ j2S |
Based on the estimated parameteramd a suitably chosen con dence radius we have with high
probability that kw w  ky, t (Lemma 1 in Lee & Oh (2024)). This concentration bound
enables us to construct an optimistic estimate of the diversity-augmented utility by evaluating it over
the diversity-augmented feature vector as:

uch(zq (S)) =[x ;G (SN” Wi+ tkXa; G (S)lky 2 (4)

Based on the optimistic utility estimates uch(&)), we formulate the diversi ed optimistic ex-
pected reward for a given assortment S as:

R(S) =« ez (S))

25 1+ j2s €xp(uch(z; (S))) : (5)

As discussed in Section 2.2, in the existing MNL bandits with uniform revenues, it is suf cient to
construct an assortment by selecting the top-K items with the highest optimistic utility estimates,
since such an assortment serves as an optimistic estimate of the of ine optimal reward. However,
in the DMNL model, the diversity-augmented feature vectp(S) depends on the entire assort-

ment S, which means that the optimistic rewd®gS) cannot be computed by evaluating each
item in isolation. As a result, identifying the assortment that maximRgS) requires evaluat-

ing Y combinations, which is computationally prohibitive for large N or K. In the following
paragraph, we introduce a computationally ef cient method—serving as the main component of our

algorithm—for approximating maxR; (S) without exhaustive enumeration.

Item-wise optimistic construction. As discussed in Section 3.1, the item-wise greedy construc-
tion using the true parameters [ ] achieves at least (1 ﬁ)-approximation to the optimal
assortment. However, since the true model parameters are unknown to the agent, we replace them
with their estimates. In particular, we use an optimistic estimate of the expected reward to guide as-
sortment construction, which encourages exploration over uncertain items while preserving compu-
tational ef ciency. Using the diversi ed optimistic reward de ned in Eq.(5), we apply an item-wise

optimistic construction: for each k 2 [K],

a = argmax Ri(faq;:::;ak1 g[fag): (6)
a2[N]nfa 1;:5ak1 9
This procedure mirrors the ideal greedy construction under the true model, but substitutes the un-
known parameters with optimistic estimates—hence the name item-wise optimistic construction.
The agent then offers the assortmepbBtained via Eq.(6). We note that the computation complex-
ity of the item-wise optimistic construction in Eq.(6) is O(NK) for each round.

Adaptive exploration. As the two parameters and are estimated jointly via the diversity-
augmented feature vector, their individual uncertainties cannot be disentangled. However, the joint
con dence width may not provide a suf ciently tight uncertainty estimate fomalone. This loose-

ness in the con dence interval may result in a failure to ensure the optimism of the item-wise opti-
mistic construction in Eq.(6). To address this, we employ an adaptive exploration that triggers when
the con dence on the diversity parameter estimate is deemed insuf cient. We show that the number

of such rounds is at most O(dlog T) (Lemma 6).
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3.3 REGRET BOUND

In this section, we establish an upper bound on the cumulative -approximate regret incurred by
the proposed algorithm. To facilitate the theoretical analysis, we rst present a set of technical
assumptions under which the regret bound is derived.

a: is not a constant over,§ :=fS [N]:jSj=Kg,i.e.,9S;S 092 Sk such that gS) 6= g(S9.

De nition 2 (I-strict submodular function). For! 2 (0; 1), a submodular function f is said to be
I-strict submodular if and only if for every S SPwith f(S) 6= f(S% and every e 2 § f satis es

f(s°[feg) f(S 9 (1 H(f(Sifeg) f(S)):

Assumption 3 (Strict submodularity). The diversity score functigniggmonotone and !-strict
submodular for some ! > 0.

Discussions of assumptions. Assumption 2 is used to ensure the diversity-augmented feature
set f[x4;0:(S)lgizngs2s « spans R . Under Assumption 2, there exist S5, 2 Sk such
that S \S, 6= ; and g(S1) 6= @(S2). Letip 2 S;\S,. Then we have [ 1] =

m (Xt 45 0:(S1)] [X tig:0t(S2)]). This shows that the (d + 1)-th unit vector [91] 2

R%1 can be expresses as a linear combination of diversity-augmented features. Moreover, the
rst d-dimensional components of f! can be spanned by the set f(xOlgzn; due to Assump-

tion 2. Therefore, the diversity-augmented feature sef o (S)]9izng;s2s « Spans R*1 . With

the diversity-augmented feature set spanniffitRwe can de ne a constanty > 0 such that for
allt2[T],

1 X X
Sl K X4 ; & (S)X1 ;6 (S)]” olg+ : (7)
S T
We note that this type of non-degeneracy condition is also commonly used in prior works on GLM
and MNL bandits (Li et al., 2017; Chen et al., 2020; Oh & lyengar, 2021).

The strict submodularity in Assumption 3 implies that for any S € 8nd any elemente 2 S,

the marginal gain of gfrom adding e to $is strictly smaller than that from adding e to S. This
condition more explicitly captures the law of diminishing returns than the standard de nition of sub-
modularity (De nition 4). Unlike prior submodular bandit works (Yue & Guestrin, 2011; Chenetal.,
2017; Hiranandani et al., 2020), the DMNL bandit setting assumes that the agent does not receive
intermediate feedback on the diversity score during the construction of the assortment. Moreover,
the agent does not observe the marginal gain in reward for each item in the assortment, which signif-
icantly increases the dif culty of learning. On the other hand, Yue & Guestrin (2011) assume access
to the marginal contribution of each item after the assortment is offered, while Chen et al. (2017)
receive interactive feedback on the gain of each added item during the assortment construction pro-
cess. Similarly, Hiranandani et al. (2020) assume that in a cascading setting, the agent receives
feedback corresponding to the utility gain of adding new items to a previously selected subset. In
contrast, in the DMNL bandit setting, the agent only observes the nal reward associated with the
offered assortment;Smaking the problem signi cantly more challenging. However, under the strict
submodularity assumption we show that it is possible to recover submodulafy($j§ after suf-

cient exploration, even without intermediate feedback. Please refer to Appendix C for a detailed
discussion on strict submodularity.

We rst present a lower bound for the worst-case expected regret in our DMNL bandit setting.

Theorem 2 (Regret lower bound). Let Assumption 1, 2, and 3 hold. Suppose d is divisible by 4 and
T C d #K+1) 2=K for some constant C > 0. Then, in the DMNL bandit setting, for any policy
, there exists a worst-case problem instance such that the expected regret of is lower bounded as

" # ro_!
X T
supE; Ri(Si; ;) R (St :) d K
' t=1

Discussion of Theorem 2. The theorem shows that the regret lower bound of our DMNL bandit
setting matches that of MNL bandits under uniform revenues (Lee & Oh, 2024). In our setting,
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the choice probabilities depend on the value of the assortment's diversity function, and therefore
the existing lower-bound arguments for MNL bandits cannot be applied directly. Speci cally, we
consider a non-constant, strict submodulaagd derive an inequality for the instantaneous regret
lower bound, even though the optimal assortment includes an item that is not individually optimal
in terms of their relevance scores. The detailed proof is provided in Appendix E.

We now present our main result: the cumulative -approximate regret bound for Algorithm 1.

Theorem 3 (Regret upper bound of OFU-DMNL). Suppose that Assumptionspliz, and 3 hold. For any
2 (0; 1), if we set the aIgorithnB'c parameters in Algorithm 1 as follows: = O(  dlogtlogK),
= %Iogp(K +1)+2, =84 ~ (d+1), = 4, then with probability at least1  (d +

o dlogK

1T ©C = ), the cumulative -regret of OFU-DMNL is upper-bounded by

P p_t
Kd+1) P 1 ,, d
TRe1 o v @FDTH g

R (T)= ®

where = min prys2sioskk 510 1 p:(ijS; ; )p t(0jS; ; ) > 0 is a problem-dependent

i 1
instance, and (1 %)

Discussion of Theorem 3. The theorem establishes that the regret upper bound of Algorithm 1 is
nearly minimax-optimal, as it matches the lower bound for our problem setting in its dependence on
d, K, and T, up to the effects introduced by -approximation. Furthermore, our regret bound closely
matches that of nearly minimax-optimal algorithms for MNL bandits under uniform revenues (Lee
& Oh, 2024). The difference lies in the dimensionality: in our DMNL setting, the agent must learn
both the relevance parameterand the diversity parameter, whereas existing MNL bandits only
require estimation of . Despite this additional complexity, the matching regret bound implies that
the proposed algorithm remains statistically ef cient while explicitly accounting for diversity.

Unlike prior works in combinatorial bandits that model diversity through an explicit balance between

a submodular diversity function and an additive reward function (Chen et al., 2013; Qin et al., 2014;
Chen et al., 2016), our DMNL framework jointly learns both the relevance parametand the
diversity parameter . As a result, our method does not require manually tuning hyperparameters to
balance relevance and diversity. Furthermore, the proposed algorithm leverages item-wise optimistic
construction based on the submodularity of the reward function, achieving computational ef ciency
(with O(NK) cost per round) and provably improved approximation ratio—without relying on a
black-box optimization oracle often assumed in combinatorial bandit literature. From a technical
perspective, even though the agent does not receive intermediate feedback on the marginal reward
gain for individual items, we show that the strict submodularity of the diversity score function is
suf cient to guarantee the submodularity of the overall optimistic reward fundRe8). This

allows us to maintain provable performance guarantees without requiring marginal gain feedback,
which is typically assumed in prior submodular bandit settings (Yue & Guestrin, 2011; Chen et al.,
2017; Hiranandani et al., 2020). The detailed proof is provided in Appendix F.

4 NUMERICAL EXPERIMENTS

We evaluate the empirical performance of our proposed algorithm against several baselines in the
DMNL bandit setting. These include existing MNL bandit algorithms: UCB-MNL (Oh & lyengar,
2021), TS-MNL (Oh & lyengar, 2019), and OFU-MNL+ (Lee & Oh, 2024), as well as two additional
variants of OFU-MNL+ adapted to incorporate diversity.

First, we consider OFU-MNL-DR (Algorithm 2), which foIIo%s the existing MNL choice model but
uses a submodular reward function of the forf{® ;) := F’% + g(S), where

i2s tj
g(S) is the diversity score and is a prede ned balancing parameter. Note that OFU-MNL-DR requires
tuning manually, unlike our approach which learns diversity directly.

Second, we include OFU-DMNL-FULL (Algorithm 3), which exactly implements the DMNL model

via exhaustive search. It computRg(S) for all ,Z‘ subsets at each round, incurring a computa-

tional cost of roughly O(%)K per round. These two variants help illustrate the bene t of learning
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