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ABSTRACT

Conventional (contextual) MNL bandits model relevance-driven choice but
ignore the potential benefit of within-assortment diversity, while submodu-
lar/combinatorial bandits encode diversity in rewards but lack structured choice
probabilities. We bridge this gap with the diversified multinomial logit (DMNL)
contextual bandit, which augments MNL choice probabilities with a generally
submodular diversity function, formalizing the relevance–diversity relation in one
model. Embedding diversity renders exact MNL assortment optimization in-
tractable. We develop a white-box UCB-based algorithm, OFU-DMNL, that builds
assortments item-wise by maximizing optimistic marginal gains, avoids black-box
oracles, and provides end-to-end guarantees. We show that OFU-DMNL achieves at
least a (1− 1

e+1 )-approximate regret bound Õ
(√K(d+1)

K+1

√
T
)
, where d is the con-

text dimension,K the maximum assortment size, and T the horizon, and attains an
improved approximation factor over standard submodular baselines. Experiments
show consistent gains and, versus exhaustive enumeration, comparable regret with
substantially lower runtime. DMNL bandits serves as a principled and practical
basis for diversity-aware assortment optimization under uncertainty and our pro-
posed algorithm offers a both statistically and computationally efficient solution.

1 INTRODUCTION

Sequential assortment selection is ubiquitous: e-commerce platforms curate product slates, stream-
ing services recommend assortments of shows or movies, and app stores surface sets of apps. In each
round, a decision-maker offers an assortment (a set or list of items), and the user selects at most one
item. The multinomial logit (MNL) choice model has therefore become a standard backbone for as-
sortment bandits (Rusmevichientong et al., 2010; Sauré & Zeevi, 2013; Agrawal et al., 2017; 2019),
including its contextual variants that leverage user and item features (Cheung & Simchi-Levi, 2017;
Ou et al., 2018; Chen et al., 2020; Oh & Iyengar, 2019; 2021; Perivier & Goyal, 2022; Zhang &
Sugiyama, 2024; Lee & Oh, 2024; 2025).

However, diversity matters in practice. Users often prefer assortments that span complementary
attributes (e.g., varied genres, brands, or styles), whereas assortments composed of near-duplicates
can cannibalize one another, yielding little benefit over a single-item offer. At the same time, rel-
evance remains paramount: a diverse but irrelevant assortment still underperforms. This creates
an inherent relevance–diversity trade-off that classical (contextual) MNL bandits do not capture be-
cause they optimize relevance-driven utilities while treating choice probabilities as functions of item-
specific utilities alone. By contrast, strands of the submodular/combinatorial bandit literature (Yue
& Guestrin, 2011; Chen et al., 2013; Qin et al., 2014; Chen et al., 2016; 2017; Hiranandani et al.,
2020; Hwang et al., 2023) model rewards directly via a submodular set function and thus do not
account for choice probabilities generated by a structured choice model. Thus, there is a modeling
gap between diversity-aware assortment selection and choice-model-based assortment bandits.

We close this gap by introducing a practically motivated bandit model that embeds diversity directly
into the MNL choice probabilities. A key technical challenge is that, once diversity is incorpo-
rated, the tractable exact optimization used in classical MNL assortment problems is no longer
available—the optimal assortment may require exhaustive search. Many combinatorial bandit ap-
proaches (Chen et al., 2013; Qin et al., 2014; Chen et al., 2016; Li et al., 2016; Hwang et al., 2023)
circumvent this difficulty by assuming access to a black-box combinatorial optimization oracle with
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Table 1: Comparison with frameworks in relevant literature. “Diversity-aware” indicates whether
the framework accounts for the diversity of the selected set of items, while “Diversity parameter”
specifies whether the model includes an explicit parameter governing diversity. “Computation or-
acle” indicates whether the framework requires a combinatorial optimization oracle to determine
the item set. “Item-wise feedback” denotes whether the agent receives individual feedback for each
item in the offered set. Finally, “Intermediate feedback” indicates whether the framework requires
feedback at intermediate stages of the set-construction process.

Framework Assortment
selection

Diversity-
aware

Diversity
parameter

Computation
oracle

Item-wise
feedback

Intermediate
feedback

MNL bandit
(Oh & Iyengar, 2019) ✓ ✗ ✗ ✗ ✗ ✗

Combinatorial bandit
(Qin et al., 2014) ✗ ✓† ✗ ✓ ✓ ✗

Submodular bandit
(Chen et al., 2017) ✗ ✓ ✓ ✗ ✓ ✓

DMNL bandit (ours) ✓ ✓ ✓ ✗ ✗ ✗

† One can incorporate diversity when defining the reward of an item set, so that a combinatorial optimization
oracle indirectly accounts for diversity during selection. However, this mechanism does not learn how diversity
influences user choice through interaction with the environment. In contrast, our framework directly models
and learns the effect of diversity on choice probabilities, rather than relying on a computation oracle.

a prescribed approximation factor, an assumption that can be unrealistic in practice and obscures the
source of approximation. Our goal, instead, is to design an algorithm that simultaneously guarantees
sublinear regret and a provable approximation factor without relying on such oracles. To this end,
we introduce the diversified MNL (DMNL) contextual bandit together with an efficient learning
algorithm and end-to-end guarantees.

We summarize our main contributions as follows:

• Novel problem setting. We introduce a new sequential decision-making problem, which
we call the diversified multinomial logit (DMNL) contextual bandit. In this setting, user
choice follows the multinomial logit model augmented with a diversity function—assumed
submodular in general—that scores the diversity of assortments (Definition 1). To our
knowledge, all of the existing MNL bandit work (Ou et al., 2018; Oh & Iyengar, 2019;
2021; Perivier & Goyal, 2022; Lee & Oh, 2024; 2025) does not account for assortment
diversity. This is the first model to incorporate diversity directly into the choice probabil-
ities. The model captures practical scenarios in which greater within-assortment diversity
increases the likelihood of selecting an individual item for a given level of relevance, while
the choice probabilities still depend on item relevance. Hence, the model addresses the
natural tension between relevance and diversity—a phenomenon commonly observed in
real-world recommender systems.

• Algorithmic design. We propose a novel upper confidence bound (UCB) algorithm,
OFU-DMNL (Algorithm 1), for DMNL bandits. The salient feature of the algorithm is item-
wise optimistic construction of assortment where it incrementally adds the item that yields
the largest marginal increase in the optimistic reward estimate. This process is computa-
tionally efficient and comes with a provable guarantee on a favorable approximation rate.1

• Regret guarantee. We prove that the algorithm is statistically efficient. Under a sufficient
condition on the diversity function (Definition 2), we prove that the algorithm achieves at
least a (1 − 1

e+1 )-approximate regret bound of Õ
(√K(d+1)

K+1

√
T
)

(Theorem 3), where d is

1Due to the augmented diversity function, exact assortment optimization is no longer tractable as in prior
work (Ou et al., 2018; Oh & Iyengar, 2019; 2021; Perivier & Goyal, 2022; Lee & Oh, 2024; 2025); hence, we
must resort to approximation. Unlike the usual combinatorial bandit setting that assumes access to a black-box
optimization oracle returning a super-arm with a prescribed approximation factor, our algorithm employs a
transparent, white-box construction for which we directly prove the approximation rate.
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Figure 1: Behavioral differences between MNL bandit algorithms and the proposed DMNL bandit
algorithms (d = 3,K = 4). While MNL bandit algorithms select the top-K relevant items in
the uniform revenue setting, DMNL bandit algorithms consider both item relevance and assortment
diversity, resulting in more diverse selections whose degree depends on the DMNL environment.

the context feature dimension, K is the maximum assortment size, T is the total number of
rounds, and Õ suppresses logarithmic factors. This bound closely matches that of nearly
minimax-optimal algorithms for MNL bandits under uniform revenues (Lee & Oh, 2024),
despite additionally learning a diversity parameter.

• Approximation guarantee. We show that the item-wise greedy construction under the
DMNL model (Eq. (6)) attains a stronger approximation rate (Theorem 1) than those es-
tablished in the submodular maximization literature (Nemhauser et al., 1978; Feige, 1998;
Yue & Guestrin, 2011). Unlike the prior literature on the MNL bandits—where identifying
the optimal assortment can be done efficiently—finding the optimal assortment in DMNL
bandits considering diversity requires exhaustive search, making approximation guarantees
essential. By leveraging the MNL structure together with the submodularity of the diversity
function, we obtain an improved approximation rate of at least

(
1− 1

e+1

)
, without having

to rely on black-box optimization oracles.

• Numerical performance. Extensive numerical experiments show that our algorithm out-
performs benchmark methods across a wide range of scenarios. In particular, even relative
to exhaustive enumeration over all possible assortments, our algorithm achieves compa-
rable regret while offering a substantial reduction in running time. Hence, our proposed
method is both computationally and statistically efficient.

2 PRELIMINARIES

2.1 NOTATIONS AND DEFINITIONS

We use ∥x∥2 to denote the l2-norm of a vector x ∈ Rd and ∥x∥A :=
√
x⊤Ax to denote the

weighted norm of x induced by a positive definite matrix A ∈ Rd×d. For a symmetric matrices V
and W of the same dimensions, V ⪰W means that V−W is positive semi-definite. For a positive
integer n, we denote by [n] the set {1, . . . , n}. Refer to Appendix A for additional notation.

2.2 PROBLEM SETTING

Diversified Multinomial Logit (DMNL) Contextual Bandits. We consider a sequential assort-
ment selection problem where, in each round t ∈ [T ], the agent receives a set of feature vectors
Xt := {xt1, . . . ,xtN} ⊂ Rd, which may be chosen adversarially. The agent then offers an assort-
ment of size of at most K, i.e., St = {i1, . . . , il} ∈ S := {S ⊂ [N ] : |S| ≤ K}, where l ≤ K.
After presenting the assortment St, the agent observes the user’s decision it ∈ St ∪ {0}, where
0 represents the “outside option”, indicating that the user does not choose any item from St. The
user’s selection it is modeled by the MNL choice model (McFadden et al., 1978).

3
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In the existing MNL bandit framework (Cheung & Simchi-Levi, 2017; Ou et al., 2018; Oh & Iyen-
gar, 2019; 2021; Chen et al., 2020; Lee & Oh, 2024; 2025) the click probability that a user selects
an item depends only on the relevance utility of the item and the other items in the assortment. We
instead consider an MNL choice model that incorporates the diversity of the assortment.
Definition 1 (Diversified multinomial logit choice model). For each round t ∈ [T ], let gt : S →
R≥0 be a given monotone submodular function, where gt(S) quantifies the diversity of the items in
the assortment S in round t. Then, the probability of selecting an item it ∈ St ∪ {0} in round t is
defined as follows:

P(it = i | Xt, St) =: pt(i | St,θ∗, λ∗) :=
exp(x⊤

tiθ
∗)

exp(−λ∗gt(St)) +
∑
j∈St

exp(x⊤
tjθ

∗)
,

P(it = 0 | Xt, St) =: pt(0 | St,θ∗, λ∗) :=
exp(−λ∗g(St))

exp(−λ∗gt(St)) +
∑
j∈St

exp(x⊤
tjθ

∗)
,

(1)

where θ∗ ∈ Rd and λ∗ ∈ R are unknown parameters that represent the degree of relevance and
diversity, respectively.
Remark 1. Inspired by the submodular bandit literature (Yue & Guestrin, 2011; Chen et al., 2017;
Hiranandani et al., 2020), our model captures diversity through monotone submodular functions
gt (Definition 3 and 4). Common notions of diversity—such as counting the number of distinct
categories, measuring coverage of item attributes (e.g., brands or genres), or quantifying dispersion
in an embedding space via pairwise distances or spectral properties of a Gram matrix—naturally
exhibit diminishing diversity returns: adding an item similar to those already selected contributes
less than adding one from a new category or a distant region in feature space. Such measures are
monotone and submodular by construction, so monotone submodular functions provide a unifying
and behaviorally plausible abstraction for a broad class of real-world diversity notions.

In DMNL bandit setting, the user choice follows the DMNL model. In other words, the choice
feedback yt := (yt0, yt1, . . . , ytl) follows the following MNL distribution:

yt ∼ Multinomial{1, (pt(0 | St,θ∗, λ∗), . . . , pt(il | St,θ∗, λ∗))} ,
where the parameter 1 indicates that yt is a single-trial sample, i.e. yt0 +

∑l
k=1 ytk = 1.

When two assortments consist of items with identical utility values, the one with a higher diversity
score reduces the probability of the outside option being chosen. As a result, the probability of se-
lecting each item in the assortment increases, leading to a higher expected reward for the assortment.
Conversely, if an assortment with a lower diversity score is offered, the outside option becomes more
attractive, resulting in lower selection probabilities for the items in the assortment.
Remark 2. We note that the proposed DMNL model generalizes the existing MNL models (Cheung
& Simchi-Levi, 2017; Ou et al., 2018; Oh & Iyengar, 2019; Chen et al., 2020; Oh & Iyengar, 2021;
Lee & Oh, 2024; 2025). When the diversity function gt(S) is constant across all assortments, the
DMNL model reduces to the existing MNL model. In contrast, the existing MNL model does not
allow the outside option’s attraction to vary with the offered set, as DMNL does.

Then, the expected reward of an assortment S in round t is defined as follows:

Rt(S,θ
∗, λ∗) :=

∑
i∈S

pt(i | S,θ∗, λ∗) =
∑
i∈S

exp(x⊤
tiθ

∗)

exp(−λ∗gt(S)) +
∑
j∈S exp(x

⊤
tjθ

∗)
.

The goal of the agent is to maximize the total expected reward, or equivalently, to minimize the
cumulative regret over T rounds, defined as total difference in expected reward between the offline
optimal assortment S∗

t = argmaxS∈S Rt(S,θ
∗, λ∗) and the assortment St offered by the agent.

Remark 3. Previous works on MNL bandits (Oh & Iyengar, 2019; Chen et al., 2020; Oh & Iyengar,
2021; Lee & Oh, 2024; 2025) have also studied the non-uniform revenue setting, where in each
round, the agent observes the item-wise revenues {rti}Ni=1. In this setting, the optimal assortment
is heavily influenced by high-revenue items, making the diversity of the assortment less critical to
the reward. In other words, encouraging diversity in the selected assortment may not align with the
objective of reward maximization under non-uniform revenue. By contrast, in the uniform revenue
setting (rti = 1) we study, maximizing diversity directly contributes to increasing the overall click
probability and expected reward, making it a more appropriate objective (Figure 1). We focus on the
uniform revenue setting not only for analytical clarity but also because it allows us to isolate and
rigorously study the effect of assortment diversity on user choice behavior.
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γ-approximate Regret. In the case of uniform revenues in MNL bandit setting, maximizing the
expected reward of an assortment over all sets S ∈ S reduces to selecting the K items with the
highest relevance utility. However, unlike in the existing MNL bandit literature, such a top-K se-
lection strategy is no longer sufficient in the DMNL model. Because the diversity of an assortment
influences click probabilities, the expected reward depends not only on individual item relevance
utilities but also on the overall diversity of the selected set. Thus, finding the optimal assortment
requires evaluating all

(
N
K

)
subsets, which is computationally prohibitive even when θ∗ and λ∗ are

known. In previous combinatorial bandit works (Chen et al., 2013; Qin et al., 2014; Chen et al.,
2016; Li et al., 2016; Hwang et al., 2023), such computational challenges are typically addressed
by assuming access to a γ-approximate oracle, and the performance of algorithms is evaluated via
cumulative γ-approximate regret rather than exact regret. The γ-approximate regret at round t is
defined as Rγ(t, St) = γRt(S

∗
t ,θ

∗, λ∗) − Rt(St,θ
∗, λ∗). Then, the alternative objective of the

agent is to minimize the cumulative γ-regret, defined as

Rγ(T ) :=
T∑
t=1

Rγ(t, St) =
T∑
t=1

γRt(S
∗
t ,θ

∗, λ∗)−Rt(St,θ∗, λ∗) .

We adopt this standard evaluation metric but do not rely on an oracle. Instead, in Section 3.1, we
explicitly construct a computationally efficient assortment selection strategy that serves as an ap-
proximation oracle. Specifically, we show that the item-wise greedy construction (Eq. (6)) achieves
a provable approximation ratio γ ≥ 1 − 1

e+1 with respect to the offline optimum, while requiring
only O(NK) computation per round. This result enables practical deployment without sacrificing
theoretical guarantees.

Following prior work on MNL contextual bandits, we make the following boundedness assumption.
Assumption 1 (Boundedness). We assume that ∥[θ∗, λ∗]∥2 ≤ 1, ∥xti||2 ≤ 1 and 0 ≤ g(St) ≤ 1
for all t ∈ [T ], i ∈ [N ], and there exists a constant l > 0 such that l < λ∗.

The boundedness in Assumption 1 is standard in the MNL bandit literature (Oh & Iyengar, 2019;
2021; Perivier & Goyal, 2022; Zhang & Sugiyama, 2024; Lee & Oh, 2024; 2025). Since we focus
on scenarios where the diversity of an assortment influences user choice behavior, we assume that
the effect of diversity is strictly positive—i.e., the minimum effect of diversity is bounded below by
a positive constant l. We note that our proposed algorithm does not require the knowledge of l.

3 MAIN RESULTS

3.1 APPROXIMATION GUARANTEE OF ITEM-WISE GREEDY ASSORTMENT

In this section, as an instantiation of γ-approximate oracle, we show that the item-wise greedy
construction can approximate the offline optimal assortment reward Rt(S∗

t ,θ
∗, λ∗). The item-wise

greedy construction refers to a process that incrementally builds a solution by repeatedly adding the
item with the highest marginal gain. To be specific, for any k ∈ [K], the k-th element added during
the item-wise greedy construction is:

ak = argmax
a∈[N ]\{a1,...,ak−1}

Rt({a1, . . . , ak−1} ∪ {a},θ∗, λ∗) . (2)

It is well known that if the expected reward function Rt is a monotone submodular function with
respect to S ∈ S, the item-wise greedy construction in Eq. (2) can achieve a (1− 1

e )-approximation
rate (Nemhauser et al., 1978), and that obtaining an approximation rate better than (1 − 1

e ) is in-
tractable (Feige, 1998).

On the other hand, since Rt(S,θ∗, λ∗) increases as more items are added to S, it is a mono-
tone set function (Definition 3). Moreover, by the definition of submodular functions (Defini-
tion 4), the LogSumExp function of the form log

(∑
i∈S exp(x

⊤
tiθ

∗)
)

is submodular. The ex-
pected reward of an assortment S can be written as Rt(S,θ∗, λ∗) = exp(ft(S))

1+exp(ft(S))
, where ft(S) :=

log
(∑

i∈S exp(x
⊤
tiθ

∗ + λ∗gt(S))
)
= log

(∑
i∈S exp(x

⊤
tiθ

∗)
)
+ λ∗gt(S). Since ft(S) is a non-

negative sum of submodular functions, it remains submodular. Moreover, exp(x)
1+exp(x) is a non-

decreasing concave function for x > 0, and it is known that the composition of a submodular

5
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Algorithm 1 OFU-DMNL
1: Input: diversity function {gt}t≥1, regularization parameter Λ, confidence radius {αt}t≥1, step

size η, exploration parameter ν
2: Initialization: H1 = ΛId+1 and w1 at any point inW .
3: for t = 1, . . . , T do
4: if ∥[0d, 1]∥H−1

t
≥ ν λ̂t

αt
then

5: Randomly choose St ∼ Unif(S) with |St| = K
6: else
7: St ← ∅
8: for k = 1, . . . ,K do
9: at,k = argmaxa∈[N ]\St

R̃t({at,1, . . . , at,k−1} ∪ {a})
10: St ← St ∪ {at,k}
11: Offer St and observe yt
12: Update H̃t = Ht + η Gt(wt), wt+1, and Ht+1 = Ht + Gt(wt+1)

function with a non-decreasing concave function preserves submodularity (Proposition 2). There-
fore, Rt(S,θ∗, λ∗) is also a submodular function.

Consequently, the item-wise greedy construction in Eq. (2) achieves at least a (1− 1
e ) approximation

rate. This approximation guarantee holds for general monotone submodular functions under cardi-
nality constraints (|S| ≤ K). However, we further show that by leveraging the specific structure
of the MNL model, it is possible to obtain an approximation ratio that strictly improves upon the
standard (1− 1

e ) rate.

Theorem 1 (Improved approximation rate for MNL submodular function). Let Sgreedy
t be the solu-

tion computed by Eq. (2). For any t ≥ 1, if gt is monotone and submodular, then we have

Rt(S
greedy
t ,θ∗, λ∗) ≥ ψ0(1 + ψα0 )

ψα0 (1 + ψ0)
·Rt(S∗

t ,θ
∗, λ∗) ,

where ψ0 is a solution to the equation xα = αx+ α− 1, with α = e
e−1 .

Theorem 1 holds for any parameter configuration [θ, λ] ∈ Rd+1, provided that both the item-wise
greedy construction and the optimal assortment are evaluated under the same parameters. Moreover,
since a crude lower bound for ψ0(1+ψ

α
0 )

ψα
0 (1+ψ0)

is 1
e+1 , for simplicity, we may state that the item-wise

greedy construction in Eq. (2) achieves at least a (1 − 1
e+1 )-approximate rate. This surpasses the

existing (1− 1
e ) approximation rate attainable under general submodularity assumption alone. The

improvement arises from the structural properties of the MNL reward function, and is of standalone
theoretical interest. The detailed proof is provided in Appendix D.

3.2 ALGORITHM

In this section, we propose OFU-DMNL, an algorithm that leverages the optimism-in-the-face-of-
uncertainty (OFU) principle in estimating the unknown relevance utility and diversity parameters.
The complete process is described in Algorithm 1, consisting of three primary stages.

Diversity-augmented parameter estimation. Let zti(S) := [xti, gt(S)] ∈ Rd+1 be a diversity-
augmented feature vector, and w∗ := [θ∗, λ∗] ∈ Rd+1. Then, the DMNL probability in Eq. (1) can
be represented by

pt(i | S,θ∗, λ∗) =: pt(i | S,w∗) =
exp(zti(S)

⊤w∗)
1 +

∑
j∈St

exp(ztj(S)⊤w∗)
,

pt(0 | S,θ∗, λ∗) =: pt(0 | S,w∗) =
1

1 +
∑
j∈St

exp(ztj(S)⊤w∗)
.

Consequently, parameter estimation in the DMNL model—namely, (θ∗, λ∗)—can be reformu-
lated as estimating a single parameter vector w∗ using diversity-augmented feature vectors zti(S),

6
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similarly to the procedure used in existing MNL models. Adapting the computationally effi-
cient parameter estimation used in Lee & Oh (2024), we use the online mirror descent algorithm
to estimate the parameter w∗. Let us define the multinomial logit loss function at round t as
ℓt(w) := −

∑
i∈St

yti log pt(i | St,w), and estimate the true parameter w∗ as follows:

[θ̂t+1, λ̂t+1] = wt+1 = argmin
w∈W

{
⟨∇ℓt(wt),w⟩+

1

2η
∥w −wt∥2H̃t

}
, ∀t ≥ 1 , (3)

whereW := {w ∈ Rd+1 : ∥w∥2 ≤ 1}, η > 0 is the step-size parameter, and H̃t := Ht+η Gt(wt),
with Ht := ΛId+1 +

∑t−1
s=1 Gs(ws+1) and

Gt(w) =
∑
i∈St

pt(i | St,w)zti(St)zti(St)
⊤ −

∑
i∈St

∑
j∈St

pt(i | St,w)pt(j | St,w)zti(St)ztj(St)
⊤ .

Based on the estimated parameter wt and a suitably chosen confidence radius αt, we have with high
probability that ∥wt − w∗∥Ht ≤ αt (Lemma 1 in Lee & Oh (2024)). This concentration bound
enables us to construct an optimistic estimate of the diversity-augmented utility by evaluating it over
the diversity-augmented feature vector as:

ucb(zti(S)) := [xti, gt(S)]
⊤wt + αt∥[xti, gt(S)]∥H−1

t
. (4)

Based on the optimistic utility estimates ucb(zti(S)), we formulate the diversified optimistic ex-
pected reward for a given assortment S as:

R̃t(S) :=
∑
i∈S

exp(ucb(zti(S)))

1 +
∑
j∈S exp(ucb(ztj(S)))

. (5)

As discussed in Section 2.2, in the existing MNL bandits with uniform revenues, it is sufficient to
construct an assortment by selecting the top-K items with the highest optimistic utility estimates,
since such an assortment serves as an optimistic estimate of the offline optimal reward. However, in
the DMNL model, the diversity-augmented feature vector zti(S) depends on the entire assortment
S, which means that the optimistic reward R̃t(S) cannot be computed by evaluating each item in
isolation. As a result, identifying the assortment that maximizes R̃t(S) requires evaluating

(
N
K

)
combinations, which is computationally prohibitive for large N or K. In the following paragraph,
we introduce a computationally efficient method that approximates maxS R̃t(S) without exhaustive
enumeration.

Item-wise optimistic construction. As discussed in Section 3.1, the item-wise greedy construc-
tion using the true parameters [θ∗, λ∗] achieves at least (1 − 1

e+1 )-approximation to the optimal
assortment. However, since the true model parameters are unknown to the agent, we replace them
with their estimates. In particular, we use an optimistic estimate of the expected reward to guide as-
sortment construction, which encourages exploration over uncertain items while preserving compu-
tational efficiency. Using the diversified optimistic reward defined in Eq. (5), we apply an item-wise
optimistic construction: for each k ∈ [K],

ak = argmax
a∈[N ]\{a1,...,ak−1}

R̃t({a1, . . . , ak−1} ∪ {a}) . (6)

This procedure mirrors the ideal greedy construction under the true model, but substitutes the un-
known parameters with optimistic estimates—hence the name item-wise optimistic construction.
The agent then offers the assortment St obtained via Eq. (6). We note that the computation com-
plexity of the item-wise optimistic construction in Eq. (6) is O(NK) for each round.

Adaptive exploration. As the two parameters θ and λ are estimated jointly via the diversity-
augmented feature vector, their individual uncertainties cannot be disentangled. However, since the
contribution of λ to the combined parameter vector w is relatively small compared to that of θ (e.g.,
in a d:1 ratio), the joint confidence width may not provide a sufficiently tight uncertainty estimate for
λ∗ alone. This looseness in the confidence interval may result in a failure to ensure the optimism of
the item-wise optimistic construction in Eq. (6). To address this, we employ an adaptive exploration
that triggers when the confidence on the diversity parameter estimate is deemed insufficient. We
show that the number of such rounds is at most O(

√
d log T ) (Lemma 4).
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3.3 REGRET BOUND

In this section, we establish an upper bound on the cumulative γ-approximate regret incurred by
the proposed algorithm. To facilitate the theoretical analysis, we first present a set of technical
assumptions under which the regret bound is derived.

Assumption 2 (Non-degeneracy). The feature set Xt = {xt1, . . . ,xtN} spans Rd for all t ∈ [T ],
gt is not a constant over SK := {S ⊂ [N ] : |S| = K}, i.e., ∃S, S′ ∈ SK such that gt(S) ̸= gt(S

′).

Definition 2 (ω-strict submodular function). For ω ∈ (0, 1), a submodular function f is said to be
ω-strict submodular if and only if for every S ⊆ S′ with f(S) ̸= f(S′) and every e /∈ S′, f satisfies

f(S′ ∪ {e})− f(S′) ≤ (1− ω) (f(S ∪ {e})− f(S)) .

Assumption 3 (Strict submodularity). The diversity score function gt is monotone and ω-strict
submodular for some ω > 0.

Discussions of assumptions. Assumption 2 is used to ensure the diversity-augmented feature
set {[xti, gt(S)]}i∈[N ],S∈SK

spans Rd+1. Under Assumption 2, there exist S1, S2 ∈ SK such
that S1 ∩ S2 ̸= ∅ and gt(S1) ̸= gt(S2). Let i0 ∈ S1 ∩ S2. Then we have [0d, 1] =

1
gt(S1)−gt(S2)

([xti0 , gt(S1)]− [xti0 , gt(S2)]). This shows that the (d + 1)-th unit vector [0d, 1] ∈
Rd+1 can be expresses as a linear combination of diversity-augmented features. Moreover, the
first d-dimensional components of Rd+1 can be spanned by the set {[xti, 0]}i∈[N ] due to Assump-
tion 2. Therefore, the diversity-augmented feature set {[xti, gt(S)]}i∈[N ],S∈SK

spans Rd+1. With
the diversity-augmented feature set spanning Rd+1, we can define a constant σ0 > 0 such that for
all t ∈ [T ],

1

|SK | ·K
∑
S∈SK

∑
i∈S

[xti, gt(S)][xti, gt(S)]
⊤ ⪰ σ0Id+1 . (7)

We note that this type of non-degeneracy condition is also commonly used in prior works on GLM
and MNL bandits (Li et al., 2017; Chen et al., 2020; Oh & Iyengar, 2021).

The strict submodularity in Assumption 3 implies that for any S ⊊ S′ and any element e /∈ S,
the marginal gain of gt from adding e to S′ is strictly smaller than that from adding e to S. This
condition more explicitly captures the law of diminishing returns than the standard definition of sub-
modularity (Definition 4). Unlike prior submodular bandit works (Yue & Guestrin, 2011; Chen et al.,
2017; Hiranandani et al., 2020), the DMNL bandit setting assumes that the agent does not receive
intermediate feedback on the diversity score during the construction of the assortment. Moreover,
the agent does not observe the marginal gain in reward for each item in the assortment, which signif-
icantly increases the difficulty of learning. On the other hand, Yue & Guestrin (2011) assume access
to the marginal contribution of each item after the assortment is offered, while Chen et al. (2017)
receive interactive feedback on the gain of each added item during the assortment construction pro-
cess. Similarly, Hiranandani et al. (2020) assume that in a cascading setting, the agent receives
feedback corresponding to the utility gain of adding new items to a previously selected subset. In
contrast, in the DMNL bandit setting, the agent only observes the final reward associated with the
offered assortment St, making the problem significantly more challenging. However, under the strict
submodularity assumption we show that it is possible to recover submodularity of R̃t(S) after suf-
ficient exploration, even without intermediate feedback. Please refer to Appendix C for a detailed
discussion on strict submodularity.

We first present a lower bound for the worst-case expected regret in our DMNL bandit setting.

Theorem 2 (Regret lower bound). Let Assumption 1, 2, and 3 hold. Suppose d is divisible by 4 and
T ≥ C · d4(1+K)2/K for some constant C > 0. Then, in the DMNL bandit setting, for any policy
π, there exists a worst-case problem instance such that the expected regret of π is lower bounded as

sup
θ,λ

Eπθ,λ

[
T∑
t=1

Rt(S
∗
t ,θ, λ)−Rt(St,θ, λ)

]
≥ Ω

(
d
√
T√
K

)
.

Discussion of Theorem 2. The theorem shows that the regret lower bound of our DMNL bandit
setting matches that of MNL bandits under uniform revenues (Lee & Oh, 2024). In our setting,
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the choice probabilities depend on the value of the assortment’s diversity function, and therefore
the existing lower-bound arguments for MNL bandits cannot be applied directly. Specifically, we
consider a non-constant, strict submodular gt and derive an inequality for the instantaneous regret
lower bound, even though the optimal assortment includes an item that is not individually optimal
in terms of their relevance scores. The detailed proof is provided in Appendix F.

We now present our main result: the cumulative γ-approximate regret bound for Algorithm 1.

Theorem 3 (Regret upper bound of OFU-DMNL). Suppose that Assumptions 1, 2, and 3 hold.
For any δ ∈ (0, 1), if we set the algorithmic parameters in Algorithm 1 as follows: αt =

O(
√
d+ 1 log t logK), η = 1

2 log(K +1)+ 2, Λ = 84
√
(d+ 1)η, ν = ω

2 , then with probability at

least 1− δ − (d+ 1)T−O(
σ0

√
d log K

κlωK ), the cumulative γ-regret of OFU-DMNL is upper-bounded by

Rγ(T ) = Õ

(√
K(d+ 1)

K + 1
·
√
T +

1

κ

(
(d+ 1)2 +

√
d

lω

))
,

where κ := mint∈[T ],S∈S,i∈S,∥θ∥2≤1,0≤λ≤1 pt(i|S,θ, λ)pt(0|S,θ, λ) > 0 is a problem-dependent
instance, and γ ≥ (1− 1

1+e ).

Discussion of Theorem 3. The theorem establishes that the regret upper bound of Algorithm 1 is
nearly minimax-optimal, as it matches the lower bound for our problem setting in its dependence on
d,K, and T , up to the effects introduced by γ-approximation. Furthermore, our regret bound closely
matches that of nearly minimax-optimal algorithms for MNL bandits under uniform revenues (Lee
& Oh, 2024). The difference lies in the dimensionality: in our DMNL setting, the agent must learn
both the relevance parameter θ∗ and the diversity parameter λ∗, whereas existing MNL bandits only
require estimation of θ∗. Despite this additional complexity, the matching regret bound implies that
the proposed algorithm remains statistically efficient while explicitly accounting for diversity.

Unlike prior works in combinatorial bandits that model diversity through an explicit balance between
a submodular diversity function and an additive reward function (Chen et al., 2013; Qin et al., 2014;
Chen et al., 2016), our DMNL framework jointly learns both the relevance parameter θ∗ and the
diversity parameter λ∗. As a result, our method does not require manually tuning hyperparameters to
balance relevance and diversity. Furthermore, the proposed algorithm leverages item-wise optimistic
construction based on the submodularity of the reward function, achieving computational efficiency
(with O(NK) cost per round) and provably improved approximation ratio—without relying on a
black-box optimization oracle often assumed in combinatorial bandit literature. From a technical
perspective, even though the agent does not receive intermediate feedback on the marginal reward
gain for individual items, we show that the strict submodularity of the diversity score function is
sufficient to guarantee the submodularity of the overall optimistic reward function R̃t(S). This
allows us to maintain provable performance guarantees without requiring marginal gain feedback,
which is typically assumed in prior submodular bandit settings (Yue & Guestrin, 2011; Chen et al.,
2017; Hiranandani et al., 2020). The detailed proof is provided in Appendix E.

4 NUMERICAL EXPERIMENTS

We evaluate the empirical performance of our proposed algorithm against several baselines in the
DMNL bandit setting. These include existing MNL bandit algorithms: UCB-MNL (Oh & Iyengar,
2021), TS-MNL (Oh & Iyengar, 2019), and OFU-MNL+ (Lee & Oh, 2024), as well as two additional
variants of OFU-MNL+ adapted to incorporate diversity.

First, we consider OFU-MNL-DR (Algorithm 2), which follows the existing MNL choice model but

uses a submodular reward function of the form R′
t(S,θ

∗, λ) :=
∑

j∈S exp(x⊤
tjθ

∗)

1+
∑

j∈S exp(x⊤
tjθ

∗)
+ λg(S), where

g(S) is the diversity score and λ is a predefined balancing parameter. Note that OFU-MNL-DR requires
tuning λ manually, unlike our approach which learns diversity directly.

Second, we include OFU-DMNL-FULL (Algorithm 3), which exactly implements the DMNL model
via exhaustive search. It computes R̃t(S) for all

(
N
K

)
subsets at each round, incurring a computa-

tional cost of roughlyO
(
( eNK )K

)
per round. These two variants help illustrate the benefit of learning
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Figure 2: Performance comparison between algorithms. The top row shows cumulative regret (left
two, N = 10, 20) and total runtime (rightmost, T = 10000), and the bottom row shows the cumula-
tive regret of the top 3 algorithms under various parameter settings.

diversity directly (vs. tuning it manually) and the computational trade-off of our efficient item-wise
optimistic construction relative to exhaustive search. Details on the implementation of these two
variants are provided in Appendix G.1.

For each round, the context features are independently drawn from a Gaussian distributionN (0d, Id)

and clipped to the range [−1/
√
d, , 1/

√
d]d. Each item is also assigned a category, ans the diversity

function on an assortment S is then defined as the exponential decaying categorical function (Ex-
ample 1). To assess how effectively the proposed algorithm adapts to relevance–diversity trade-offs,
we fix the diversity parameter λ∗ at several values. We then sample the relevance parameter θ∗ from
a uniform distribution over [−1/

√
d, 1/
√
d]d and scale it to satisfy ∥θ∗∥2 + λ∗ = 1. We conducted

10 independent runs for each configuration,, and all reported results are averaged over these runs.

As shown in Figure 2, our algorithm exhibits superior performance compared to the baseline algo-
rithms. Notably, it achieves competitive regret performance relative to the exhaustive-search algo-
rithm, OFU-DMNL-FULL, while demonstrating a dramatic advantage in runtime efficiency. Moreover,
our proposed algorithm outperforms both OFU-MNL+ and OFU-MNL-DR across various problem sizes
and under various configurations that control the balance between relevance and diversity (controlled
by λ, refer to Figure 5). These results highlight the robustness of our method in handling different
trade-off regimes between item relevance and assortment diversity. Detailed experimental settings
and additional results under various configurations are provided in Appendix G.

5 CONCLUSION

In this paper, we propose the diversified multinomial logit contextual bandit, a new model that
captures the trade-off between item relevance and assortment diversity. To solve this problem, we
design a UCB-based algorithm that incrementally constructs assortment via item-wise optimistic
utility estimates. Unlike prior works relying on black-box optimization oracles, our approach em-
ploys a white-box, item-wise construction strategy with a provable approximation guarantee of at
least (1 − 1

e+1 ). We further show that the algorithm achieves a (1 − 1
e+1 )-approximate cumulative

regret bound of Õ(
√
K(d+1)
K

√
T ), matching the nearly minimax regret of MNL bandits despite the

added challenge of jointly learning a diversity parameter—highlighting both statistical efficiency
and modeling generality. Empirical results demonstrate superior performance across a wide range
of scenarios with significantly lower computational cost. Overall, our work offers a practical and
theoretically grounded solution for diversity-aware sequential decision-making.
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A DEFINITIONS AND NOTATIONS

Recall that we define N as the total number of items and S as the set of candidate assortments with
a size constraint of at most K, i.e., S = {S ⊂ [N ] : |S| ≤ K}.
Definition 3 (Monotone increasing set function). The set function f mapping sets S ∈ S to a real-
valued number is monotone if and only if for every S, S′ ∈ S with S ⊆ S′, f satisfies f(S) ≤ f(S′),
Definition 4 (Submodular function). The set function f mapping sets S ∈ S to a real-valued number
is submodular if and only if for every S ⊆ S′ and e /∈ S′, f satisfies

f(S′ ∪ {e})− f(S′) ≤ f(S ∪ {e})− f(S) .

Or, equivalently, for e1, e2 /∈ S, we have

f(S ∪ {e1})− f(S) ≥ f(S ∪ {e1, e2})− f(S ∪ {e2}) .

For convenience, we provide a table summarizing the notations.

Table 2: Notations

N total number of items
K maximum size of assortmens
d dimension of feature vectors
T number of total rounds
gt diversity score function in round t
xti feature vector for item i in round t
zti(S) := [xti, gt(S)], diversity-augmented feature vector for item i in round t
0 outside option in MNL choice model
κ := mint∈[T ],S∈S,i∈S,∥θ∥2≤1,0≤λ≤1 pt(i|S,θ, λ)pt(0|S,θ, λ) > 0
St selected assortment in round t
S∗
t optimal assortment in round t
yti user’s choice for item i ∈ St ∪ {0} in round t
Rt(S,θ

∗, λ∗) :=
∑
i∈S pt(i | S,θ

∗, λ∗), reward of the assortment S in round t
ℓt(w) := −

∑
i∈St

yti log pt(i | St,w), loss function in round t
Gt(w) := ∇2ℓt(w)

=
∑

i∈St
pt(i | St,w)zti(St)zti(St)

⊤ −
∑

i∈St

∑
j∈St

pt(i | St,w)pt(j | St,w)zti(St)ztj(St)
⊤

Λ regularization parameter
Ht := ΛId+1 +

∑t−1
s=1 Gs(ws+1)

H̃t := Ht + η Gt(wt)

Vt := ΛId+1 +
∑t
s=1

∑
i∈Ss

zsi(Ss)zsi(Ss)
⊤, gram matrix

αt confidence radius
ucb(zti(S)) := zti(S)

⊤wt + αt∥zti(S)∥H−1
t
.

R̃t(S) :=
∑
i∈S

exp(ucb(zti(S)))
1+

∑
j∈S exp(ucb(ztj(S)))

ft(S) := log
(∑

i∈S exp(x
⊤
tiθ

∗ + λ∗gt(S))
)

f̃t(S) := log
(∑

i∈S exp
(
zti(S)

⊤wt + αt∥zti(S)∥H−1
t

))
.

B RELATED WORK

Contextual MNL bandits. The MNL bandit framework—which applies the MNL choice model
to dynamic assortment optimization—has led to significant progress in sequential decision-
making (Rusmevichientong et al., 2010; Sauré & Zeevi, 2013; Agrawal et al., 2017; Cheung &
Simchi-Levi, 2017; Ou et al., 2018; Agrawal et al., 2019; Oh & Iyengar, 2019; Chen et al., 2020;
Oh & Iyengar, 2021; Perivier & Goyal, 2022; Lee & Oh, 2024; Zhang & Sugiyama, 2024; Lee &
Oh, 2025). Early results established the statistical efficiency of UCB-type (Agrawal et al., 2017)
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and Thompson Sampling (TS)-type (Agrawal et al., 2019) algorithms, while Chen & Wang (2017)
derived lower bounds for the MNL bandit problem. The contextual MNL bandit was introduced
by Oh & Iyengar (2019), who proposed a TS-type algorithm with provable guarantees, followed by
a UCB-type algorithm (Oh & Iyengar, 2021) achieving Õ(

√
dT/κ) regret, where κ = O(1/K2)

is an instance-dependent parameter. Subsequent works refined the theoretical analysis: Perivier &
Goyal (2022) derived tighter regret bounds, and Lee & Oh (2024; 2025) proposed computationally
efficient algorithms with nearly minimax guarantees. However, despite these advances, no prior
work has incorporated diversity into the MNL bandit model to better reflect user preferences for
varied assortments.

Submodular bandits and combinatorial bandits. Handling the computational problem via the
submodular reward function in bandit setting is first explored by Yue & Guestrin (2011). They
introduced the linear submodular bandit framework, in which the reward of a set of items is assumed
by a linear combination of submodular set functions. Built on the fact that by using submodular
reward functions, item-wise selection (iteratively adding one item at a time in a greedy manner)
for set construction guarantees the approximation rate (1− 1

e ) for submodular rewards (Nemhauser
et al., 1978), they suggest an algorithm that item-wisely selects items during set optimization and
proved a theoretical bound for their algorithm with (1− 1

e )-approximate regret.

In the submodular bandit framework (Yue & Guestrin, 2011; Chen et al., 2017; Hiranandani et al.,
2020), the set of items is either ranked or presented sequentially to the user, and the probability
of an item being selected depends on its marginal gain relative to the previously presented items.
Especially, Hiranandani et al. (2020) proposed a cascade variant of the model suggested by Yue &
Guestrin (2011). It is notable that these settings are fundamentally different from the assortment
bandit problem we study, since the feedback is determined by a user choice at the end. While we
aim to exploit submodularity to design computationally tractable algorithms, unlike in submodular
bandits, we cannot leverage information about the marginal gain obtained when items are added
individually. Therefore, whether the optimization advantages of submodular diversity functions can
be applied to the MNL framework remains an open direction.

In the combinatorial bandit framework (Chen et al., 2013; Qin et al., 2014; Chen et al., 2016; Li
et al., 2016; Hwang et al., 2023), the reward of a set of items is defined as a function of the rewards
of the individual arms, which allows optimization to exploit properties of the set such as diversity.
However, the key difference from the assortment bandit is that the expected reward of each individual
item is unaffected by the other items in the set; consequently, the properties of the set influence only
the reward, not the choice model. In particular, when modeling diversity within the combinatorial
bandit framework, the diversity parameter must be given in advance as a hyperparameter. This
is fundamentally different from our setting, in which diversity is embedded into the MNL choice
probability model and the algorithm must estimate the corresponding parameters.

C STRICT SUBMODULARITY

C.1 CHALLENGES IN ITEM-WISE OPTIMISTIC CONSTRUCTION

Lack of intermediate feedback. In the item-wise optimistic construction process in Eq. (6), when
selecting the k-th item at,k (for k ∈ [K]), the current partial assortment consists of the previ-
ously selected items at,1, . . . , at,k−1 (Line 9 in Algorithm 1). Therefore, the optimistic diversity-
augmented utility in Eq. (4) is computed using only the diversity score of the partial assortment,
g({at,1, . . . , at,k−1}). However, the agent does not receive any feedback about the diversity score
at the time of item addition, nor does it observe the marginal gain in reward for each individual
item—even after offering the full assortment. Instead, it only observes the total reward associated
with the final constructed set St = {at,1, . . . , at,K}. This lack of intermediate feedback complicates
the analysis of regret, particularly in submodular bandit settings that rely on item-wise optimistic
construction.

On the other hand, prior works on submodular bandits (Yue & Guestrin, 2011; Chen et al., 2017;
Hiranandani et al., 2020) assume access to intermediate feedback on the marginal gain of each item
during or after the construction of an assortment. For example, Yue & Guestrin (2011) receives
slot-level feedback after offering an assortment (i.e., a list of articles), which enables the agent to
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estimate the marginal utility contribution of each item. Similarly, in the cascading bandit model
of Hiranandani et al. (2020), items are presented in a ranked list and examined sequentially by the
user. This naturally reveals the marginal utility of each item conditioned on the items already shown.
In Chen et al. (2017), the agent receives explicit “interactive feedback” on the marginal gain of each
newly added item during the construction process, making the feedback even more granular. We
also emphasize that this challenge does not arise in the combinatorial bandit literature (Chen et al.,
2013; Qin et al., 2014; Chen et al., 2018; Hwang et al., 2023), where the diversity of selected arms
is incorporated solely through the reward function. Since diversity is not parameterized in those
models, there is no need to estimate any diversity-related parameters during learning.

Beyond submodular diversity. One way to overcome the intermediate feedback problem is to
exploit the submodularity of the diversified optimistic expectd reward in Eq. (5). For an assortment
S, let us define f̃t(S) as follows:

f̃t(S) := log

(∑
i∈S

exp
(
zti(S)

⊤wt + αt∥zti(S)∥H−1
t

))
. (8)

We note that if f̃t(S) is submodular, then we show that the assortment St constructed by the item-
wise optimistic construction can approximate the true optimal assortment of f̃t, making it possible
to establish bounds without relying on feedback on marginal gain. However, unfortunately, while
the submodularity of gt guarantees that ft is submodular (Section 3.1), it does not ensure the sub-
modularity of f̃t.

To check whether f̃t is submodular or not, for any S ∈ S, and e1, e2 /∈ S, define S1 := S ∪
{e1}, S2 := S ∪ {e2}, S3 := S ∪ {e1, e2}. Then,

f̃t(S1)− f̃t(S)−
(
f̃t(S3)− f̃t(S2)

)
= log

∑i∈S1
exp

(
x⊤
ti θ̂t + λ̂tgt(S1) + αt ∥[xti, gt(S1)]∥H−1

t

)
∑
i∈S exp

(
x⊤
ti θ̂t + λ̂tgt(S) + αt ∥[xti, gt(S)]∥H−1

t

)
×

∑
i∈S2

exp
(
x⊤
ti θ̂t + λ̂tgt(S2) + αt ∥[xti, gt(S2)]∥H−1

t

)
∑
i∈S3

exp
(
x⊤
ti θ̂t + λ̂tgt(S3) + αt ∥[xti, gt(S3)]∥H−1

t

)


= log

∑i∈S,j∈S3
exp

(
x⊤
ti θ̂t + x⊤

tj θ̂t + λ̂tgt(S1) + λ̂tgt(S2) + αt

(
∥[xti, gt(S1)]∥H−1

t
+ ∥[xtj , gt(S2)]∥H−1

t

))
∑
i∈S,j∈S3

exp
(
x⊤
ti θ̂t + x⊤

tj θ̂t + λ̂tgt(S) + λ̂tgt(S3) + αt

(
∥[xti, gt(S)]∥H−1

t
+ ∥[xtj , gt(S3)]∥H−1

t

))
+

exp
(
x⊤
t,e1 θ̂t + x⊤

t,e2 θ̂t + λ̂tgt(S1) + λ̂tgt(S2) + αt

(
∥[xt,e1 , gt(S1)]∥H−1

t
+ ∥[xt,e2 , gt(S2)]∥H−1

t

))
∑
i∈S,j∈S3

exp
(
x⊤
ti θ̂t + x⊤

tj θ̂t + λ̂tgt(S) + λ̂tgt(S3) + αt

(
∥[xti, gt(S)]∥H−1

t
+ ∥[xtj , gt(S3)]∥H−1

t

))
 .

As in prior approaches to ensure the submodularity of the LogSumExp function, one would need to
show that the numerator of the first term inside the logarithm is larger than its denominator. However,
this does not hold in general. In general, even though g is submodular, the following inequality does
not hold:

∥[xj1 , gt(S1)]∥H−1
t

+ ∥[xj2 , gt(S2)]∥H−1
t
≥ ∥[xj1 , gt(S)]∥H−1

t
+ ∥[xj2 , gt(S3)]∥H−1

t
. (9)

Specifically when j1 = j2 = j, we can prove that the left hand side is negative, since the weighted
norm has convex structure. This means that the item-wise optimistic construction cannot, in gen-
eral, guarantee (1 − 1

e )-approximate optimality with respect to f̃t. However, we show that the
submodularity of f̃t can be recovered if the diversity function gt satisfies ω-strict submodularity, as
established in Lemma 1.

C.2 EXAMPLES OF STRICT SUBMODULAR DIVERSITY FUNCTIONS

In this section, we present several examples of strictly submodular set functions that are applicable
to a wide range of practical settings.
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Example 1 (Categorical functions). For a given item set S, let nS denote the number of categories
that can be covered by S, i.e., the size of the set of categories to which the items in S belong.

(i) Exponential decaying case. Consider the case when an item from the m-th new category
is added, the value of gρ(S) increases by ρm−1 for ρ ∈ (0, 1). Then, the diversity function
is defined by gρ(S) := 1 + ρ+ ρ2 + · · ·+ ρnS−1 and is (1− ρ)-strict submodular.

(ii) Polynomial decaying case. If the diversity function is defined by gα(S) := (nS)
α for

α ∈ (0, 1), then, gα(S) is
(
1−

(
2M

2M+1

)1−α)
-strict submodular, where M is the maximum

number of categories.

Proof of Example 1. We define M as the number of categories, c(i) ∈ [M ] the category that the
item i ∈ [N ] belongs to, and c(S) := {c(i) | i ∈ S} (|c(S)| = ns). Let S′ = S ∪ {e′}, e /∈ S′. To
show ω-strict submodularity of the set function g, it is enough to show that if g(S) ̸= g(S′), then
the following holds.

g(S′ ∪ {e})− g(S′) ≤ (1− ω)[g(S ∪ {e})− g(S)] (10)

We first show that for any ρ ∈ (0, 1), the exponential decaying categorical function gρ is (1 − ρ)-
strict submodular. Suppose that S and S′ satisfy gρ(S) ̸= gρ(S

′). Then, by the definition of gρ,
c(e′) /∈ c(S). Thus,

gρ(S) = 1 + ρ+ . . .+ ρnS−1

gρ(S
′) = 1 + ρ+ . . .+ ρnS .

If c(e) ∈ c(S), then gρ(S ∪ {e})− gρ(S) = 0 = gρ(S
′ ∪ {e})− gρ(S′). Else if c(e) ∈ c(S′)\c(S),

i.e. c(e) = c(e′), then gρ(S ∪ {e})− gρ(S) = ρnS and gρ(S′ ∪ {e})− gρ(S′) = 0, and hence the
inequality (*) holds for all ω ∈ (0, 1). Otherwise, if c(e) /∈ c(S′), then

gρ(S ∪ {e})− gρ(S) = ρnS

gρ(S
′ ∪ {e})− gρ(S′) = ρnS+1,

and so, gρ(S′ ∪ {e})− gρ(S′) = ρ[gρ(S ∪ {e})− gρ(S) holds for ω = 1− ρ.

For all cases, the function gρ satisfies condition in Eq. (10) for ω = 1 − ρ, and therefore it is
(1− ρ)-strict submodular.

Secondly, we will show that for any α ∈ (0, 1), the polynomial decaying categorical function gα is(
1 −

(
2M

2M+1

)1−α)
-strict submodular. By the same reasoning as in the exponential decaying case,

it suffices that condition (∗) holds for ω =
(
1 − 2M

2M+1

)1−α
only when c(e′) ∈ c(S′)\c(S) and

c(e) /∈ c(S′). If c(e′) ∈ c(S′)\c(S) and c(e) /∈ c(S′), then

gα(S ∪ {e})− gα(S) = (nS + 1)α − (nS)
α

gα(S
′ ∪ {e})− gα(S′) = (nS + 2)α − (nS + 1)α.

Let h(x) = xα for α ∈ (0, 1). Since h is a increasing concave function, h′(x + 1) < h(x + 1) −
h(x) < h′(x + 1

2 ) holds. Thus, (nS + 1)α − (nS)
α > α

(nS+1)1−α and (nS + 2)α − (nS + 1)α <
α

(nS+ 3
2 )

1−α hold, and hence,

gα(S
′ ∪ {e})− gα(S′)

gα(S ∪ {e})− gα(S)
=

(nS + 2)α − (nS + 1)α

(nS + 1)α − (nS)α

<
(nS + 1)1−α

(nS + 3
2 )

1−α =
1(

1 + 1
2(nS+1)

)1−α
≤
(

2M

2M + 1

)1−α
.

Therefore, the function gα satisfies condition in Eq. (10) for ω = 1−
(

2M
2M+1

)1−α
, and therefore it

is (1−
(

2M
2M+1

)1−α
)-strict submodular.
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Example 2 (Categorical level functions). For each item i ∈ [N ], let c(i) ∈ RM be the categorical
feature vector of item i. Each category m ∈ [M ] has nm levels, and the m-th entry of c(i) has a
value of cm(i) ∈ {0, 1

nm
, 2
nm
, . . . , nm

nm
= 1}. Define c(S) :=

∑
m∈[M ] maxi∈S cm(i) be a sum of

categorical level-coverage of items in S, and for ρ ∈ (0, 1) and k > 0, gρ,k(S) = k
(
1 − ρc(S)

)
be

a categorical function on S ∈ S.

Proposition 1. For any ρ ∈ (0, 1) and k > 0, gρ,k is (1 − ρ∆)-strict submodular, where ∆ :=
minm∈[M ]

1
nm

= 1
maxm∈[M] nm

.

Proof of Proposition 1. Let S′ = S ∪{e′} and e /∈ S′. To show strict submodularity, it is enough to
show that if gρ,k(S) ̸= gρ,k(S

′), then the following holds.

gρ,k(S
′ ∪ {e})− gρ,k(S′) ≤ ρ∆[gρ,k(S ∪ {e})− gρ,k(S)] (11)

Suppose that S and S′ satisfy gρ,k(S) ̸= gρ,k(S
′). Since h(x) = k(1−ρx) is a one-to-one function,

we have c(S) ̸= c(S′). Then, by the definition of ∆, it holds that c(S′)− c(S) ≥ ∆.

By the (level-coverage) definition of the function c, c is submodular, and hence,

c(S′ ∪ {e′})− c(S′) ≤ c(S ∪ {e})− c(S).

Then,

g(S′ ∪ {e})− g(S′)

= k
(
1− ρc(S

′∪{e})
)
− k

(
1− ρc(S

′)
)

= k
(
ρc(S

′) − ρc(S
′∪{e})

)
≤ k

(
ρc(S

′) − ρc(S∪{e})+c(S′)−c(S)
)

(∵ ρ < 1 and c(S′ ∪ {e}) ≤ c(S ∪ {e}) + c(S′)− c(S))

≤ kρc(S
′)
(
1− ρc(S∪{e})−c(S)

)
≤ kρc(S)+∆

(
1− ρc(S∪{e})−c(S)

)
(∵ ρ < 1 and c(S′) ≥ c(S) + ∆)

= kρ∆
(
ρc(S) − ρc(S∪{e})

)
= kρ∆

[(
1− ρc(S∪{e}

)
−
(
1− ρc(S)

)]
= ρ∆[g(S′ ∪ {e})− g(S′)] ,

which results in that g is (1− ρ∆)-strict submodular.

Remark 4. In Example 2, we simply use c(S) :=
∑
m∈[M ] maxi∈S cm(i) and gρ,k(S) = h(c(S))

where h(x) := k(1− ρx). However, if c is of a form with minimum increase (e.g., max or sum) and
h is chosen as a strictly concave function, then g = h(c(S)) becomes ω-strict submodular for some
ω ∈ (0, 1).

D PROOF OF THEOREM 1

Proof of Theorem 1. For an assortment S ∈ S, let us define ft(S) as follows:

ft(S) = log

∑
j∈S

exp(x⊤
tjθ

∗ + λ∗gt(S))

 = log

∑
j∈S

exp(x⊤
tjθ

∗)

+ λ∗gt(S) . (12)

Also, we abbreviateRt(S,θ∗, λ∗) asRt(S). If we let ψt := exp(ft(S
greedy
t )), then, by the definition

of ft,

Rt(S
greedy
t ) =

ψt
1 + ψt

.
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By the additivity of submodular functions, ft is monotone and submodular, and hence the greedy
solution for maximizing ft can achieve (1− 1

e )-approximation rate (Nemhauser et al., 1978), which
means

ft(S
greedy
t ) ≥

(
1− 1

e

)
ft(S

∗
t ) .

Therefore, we have

Rt(S
∗
t ) =

exp(ft(S
∗
t ))

1 + exp(ft(S∗
t ))
≤

exp
(

e
e−1 · ft(S

greedy
t )

)
1 + exp

(
e
e−1 · ft(S

greedy
t )

) =
ψαt

1 + ψαt
,

where we denote α = e
e−1 .

To get the approximation rate, we want to bound the below function

h(ψ) :=

(
ψα

1 + ψα

)
/

(
ψ

1 + ψ

)
=
ψα(1 + ψ)

ψ(1 + ψα)
.

Since h′(ψ) = 1
(ψ+ψα+1)2 × ψα (−ψα + αψ + (α− 1)), the equation h′(ψ) = 0 has a unique

solution ψ0 > 0, which is the maximum point in R+. Since h has the maximum at ψ0 in R+,
Rt(S

∗
t )

Rt(S
greedy
t )

≤
(

ψαt
1 + ψαt

)
/

(
ψt

1 + ψt

)
= h(ψt) ≤ h(ψ0) ,

which implies that

Rt(S
greedy
t ) ≥ 1

h(ψ0)
Rt(S

∗
t ) =

ψ0(1 + ψα0 )

ψα0 (1 + ψ0)
Rt(S

∗
t ) .

Since ψ0 satisfies ψα0 = αψ0 + (α− 1), we have ψ0 > 1, and hence,

h(ψ0) =
ψα0 + ψα+1

0

ψ0 + ψα+1
0

=
αψ0 + (α− 1) + αψ2

0 + (α− 1)ψ0

ψ0 + αψ2
0 + (α− 1)ψ0

=
αψ2

0 + (2α− 1)ψ0 + (α− 1)

αψ2
0 + αψ0

=
(α− 1)(ψ0 + 1)

αψ0 + αψ0
= 1 +

α− 1

αψ0

< 1 +
1

e
.

Therefore, the approximation rate 1
h(ψ0)

is greater than e
e+1 , which results in(

1− 1

e+ 1

)
Rt(S

∗
t ) ≤

1

h(ψ0)
Rt(S

∗
t ) ≤ Rt(S

greedy
t ) .

E REGRET BOUND OF ALGORITHM 1 (OFU-DMNL)

E.1 TECHNICAL LEMMAS

In this section, we introduce technical lemmas used to derive the regret bound of Algorithm 1.
Lemma 1. Suppose Assumptions 1 and 3 hold, and set ν = ω

2 in Algorithm 1. Let us define the
event T e as the set of rounds corresponding to adaptive exploration, as follows:

T e :=

{
t ∈ [T ] : ∥[0d, 1]∥H−1

t
>
ωλ̂t
2αt

}
. (13)

Then, for t /∈ T e, f̃t is monotone and submodular where f̃t is defined as follows:

f̃t(S) := log

(∑
i∈S

exp
(
zti(S)

⊤wt + αt∥zti(S)∥H−1
t

))
= log

(∑
i∈S

exp (ucb(zti(S))

)
.

Proof of Lemma 1. Suppose ∥[0d, 1]∥H−1
t
≤ ωλ̂t

2αt
holds.
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Monotonicity. Recall that the diversity-augmented feature vector is defined zti(S) :=

[xti, gt(S)]. Then, f̃t(S ∪ {i})− f̃t(S) can be written as follows:

f̃t(S∪{i})−f̃t(S) = log

[∑
j∈S exp (ucb([xtj , gt(S ∪ {i})])) + exp (ucb([xti, gt(S ∪ {i})]))∑

j∈S exp (ucb([xtj , gt(S)]))

]
.

Then, for each j ∈ S we have

ucb([xtj , gt(S ∪ {i})])− ucb(xtj , gt(S))

= λ̂t(gt(S ∪ {i})− gt(S)) + αt

(
∥[xtj , gt(S ∪ {i}])∥H−1

t
− ∥[xtj , gt(S)]∥H−1

t

)
≥ λ̂t(gt(S ∪ {i})− gt(S))− αt ∥[0d, gt(S ∪ {i})− gt(S)]∥H−1

t

=
(
λ̂t − αt ∥[0d, 1]∥H−1

t

)
(gt(S ∪ {i})− gt(S))

≥
(
1− ω

2

)
λ̂t(gt(S ∪ {i})− gt(S)) ≥ 0,

where the last inequality holds since ∥[0d, 1]∥H−1
t

≤ wλ̂t

2αt
. Therefore, we conclude

f̃t(S ∪ {i})− f̃t(S) > 0.

Submodularity. To show submodularity of f̃t, it is enough to show that the inequality in Eq. 9
holds. If gt(S) = gt(S2), then gt(S1) − gt(S) ≥ gt(S3) − gt(S2) by submodularity of gt, and so
gt(S1) ≤ gt(S3). By the monotonicity of gt, we have gt(S1) = gt(S3). Therefore, the inequality in
Eq. 9 holds.

Now, suppose gt(S) < gt(S2). Then, for all j1 ∈ S and j2 ∈ S3, we have

λ̂t (gt(S1) + gt(S2)− gt(S)− gt(S3))

+ αt

(
∥[xt,j1 , gt(S1)]∥H−1

t
+ ∥[xt,j2 , gt(S2)]∥H−1

t
− ∥[xt,j1 , gt(S))∥H−1

t
− ∥[xt,j2 , gt(S))∥H−1

t

)
≥ λ̂t (gt(S1)− gt(S)− (gt(S3)− gt(S2)))− αt(gt(S1)− gt(S)) · ∥[0d, 1]∥H−1

t

− αt(gt(S3)− gt(S2)) · ∥[0d, 1]∥H−1
t

≥ λ̂tω(gt(S1)− gt(S))− 2αt(gt(S1)− gt(S)) · ∥[0d, 1]∥H−1
t

>

(
λ̂tω − 2αt

λ̂tω

2αt

)
(gt(S1)− gt(S)) ≥ 0 .

Lemma 2. Suppose that Assumptions 1 and 3 hold. If λmin(Ht) ≥ αT

l

(
1 + 2

ω

)
, we have t /∈ T e.

Proof of Lemma 2. Suppose that λmin(Ht) ≥ αT (δ)
l

(
1 + 2

ω

)
. To show t /∈ T e, we have to prove

that ∥[0, 1]∥Ht
−1 ≤ ωλ̂t

2αt(δ)
. By the properties of eigenvalues,

∥[0d, 1]∥H−1
t
≤ λmax(H

−1
t ) =

1

λmin(Ht)
≤ l ω

(2 + ω)αT (δ)
≤ λ∗ ω

(2 + ω)αt(δ)
.

Since λ∗ = [0d, 1]
⊤[θ∗, λ∗] ≤ [0d, 1]

⊤(θ̂t, λ̂t) + αt∥[0d, 1]∥H−1
t
≤ λ̂t + αt∥[0d, 1]∥H−1

t
by

Lemma 7, then we have

∥[0d, 1]∥H−1
t
≤
(
λ̂t + αt∥(0, 1)∥H−1

t

)
· ω

(2 + ω)αt

=
ω

(2 + ω)αt
λ̂t +

ω

2 + ω
∥[0d, 1]∥H−1

t
.

20



1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133

Under review as a conference paper at ICLR 2026

By subtracting ω
2+ω∥[0d, 1]∥H−1

t
on the both side, it follows that(

1− ω

2 + ω

)
∥[0d, 1]∥H−1

t
≤ ω

(2 + ω)αt(δ)
λt,

and consequently,

∥[0d, 1]∥H−1
t
≤ ωλt

2αt
.

Lemma 3. Suppose Assumptions 1 and 2 hold. Let τ := |T e ∩ [t]| denote the number of adaptive
exploration rounds up to round t. Then, with probability at least 1− (d+ 1) exp

(
− τσ0

10

)
, we have:

λmin

 t∑
t′=1

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤

 ≥ τKσ0
2

,

where σ0 is defined in Eq. (7).

Proof of Lemma 3. Let Ht be the history {{Xt′}t′∈[t], {St′}t′∈[t], {yt′}t′∈[t]} until round t. By
Assumption 2, for any adaptive exploration round t′ ∈ T e ∩ [t], we have

λmin

E

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤|Ht′−1

 = λmin

E

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤


= λmin

(
1

|S|
∑
S∈S

[∑
i∈S

zt′i(St′)zt′i(St′)
⊤
])

≥ Kσ0 .

Then, by the subadditivity of minimum eigenvalues,

λmin

 t∑
t′=1

E

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤|Ht′−1

 ≥ λmin

 t∑
t′∈T e∩[t]

E

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤|Ht′−1


≥

t∑
t′∈T e∩[t]

λmin

E

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤|Ht′−1


≥ |T e ∩ [t]| ·Kσ0
= τKσ0

In other words, P
[
λmin

(∑t
t′=1 E

[∑
i∈St′

zt′i(St′)zt′i(St′)
⊤|Ht′−1

])
≥ τKσ0)

]
= 1 holds.

By applying Lemma 8 and λmax

(∑
i∈St′

zt′i(St′)zt′i(St′)
⊤) ≤ K for all t′ ∈ [t] to compute the

lower bound of the minimum eigenvalue of the Gram matrix after t rounds, we have

P

λmin

 t∑
t′=1

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤

 ≤ τKσ0
2

 ≤ (d+1)

(
e0.5

0.50.5

)− τKσ0
K

≤ (d+1)e−
τσ0
10 ,

using the fact that −0.5− 0.5 log(0.5) ≤ −0.1.

Lemma 4. Suppose that Assumptions 1, 2, and 3 hold. If we set ν = ω
2 in Algorithm 1, then for

δ ∈ (0, 1) with probability 1− δ− (d+1)T
−O(

σ0
√

d log K
κKlλω ), the total number of adaptive exploration

rounds is bounded as follows:

|T e| = O

(√
d log T logK

κKσ0ωl

)
.
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Proof of Lemma 4. We will show that the number of adaptive exploration rounds can not exceed
2αT

κlKσ0

(
1 + 2

ω

)
rounds by contradiction. Suppose Algorithm 1 induces 2αT

κlKσ0

(
1 + 2

ω

)
adaptive

exploration rounds. Then, by Lemma 3, with probability at least 1− (d+1) exp

(
− 2αT (1+ 2

ω )
10κlK

)
=

1− (d+ 1)T−O(
σ0

√
d log K

κKωl ), we have

λmin(Vt+1) ≥
1

κ

αT
l

(
1 +

2

ω

)
,

where Vt :=
∑t−1
t′=1

∑
i∈St′

zt′i(St′)zt′i(St′)
⊤. Note that for any xi,xj ∈ Rd, (xi − xj)(xi −

xj)
⊤ = xix

⊤
i + xjx

⊤
j − xix

⊤
j − xjx

⊤
i ⪰ 0d×d, which implies xix⊤

i + xjx
⊤
j ⪰ xix

⊤
j + xjx

⊤
i .

To simplify, for i ∈ St, if we abbreviate pt(i | St,wt) by pti(wt) and zti(St) by zti, then for all
s ∈ [t− 1], we have

Gs(ws+1) =
∑
i∈Ss

psi(ws+1)zsiz
⊤
si −

∑
i∈Ss

∑
j∈Ss

psi(ws+1)psj(ws+1)zsiz
⊤
sj

=
∑
i∈Ss

psi(ws+1)zsiz
⊤
si − 1

2

∑
i∈Ss

∑
j∈Ss

psi(ws+1)psj(ws+1)
(
zsiz

⊤
sj + zsjz

⊤
si

)
⪰
∑
i∈Ss

psi(ws+1)zsiz
⊤
si − 1

2

∑
i∈Ss

∑
j∈Ss

psi(ws+1)psj(ws+1)
(
zsiz

⊤
si + zsjz

⊤
sj

)
=
∑
i∈Ss

psi(ws+1)zsiz
⊤
si −

∑
i∈Ss

∑
j∈Ss

psi(ws+1)psj(ws+1)
(
zsiz

⊤
si

)

=
∑
i∈Ss

psi(ws+1)

1−
∑
j∈Ss

psj(ws+1)

 zsiz
⊤
si

=
∑
i∈Ss

psi(ws+1)ps0(ws+1)zsiz
⊤
si

⪰ κ
∑
i∈Ss

zsiz
⊤
si ,

where κ := mint∈[T ],S∈S,i∈S,∥θ∥2≤1,0≤λ≤1 pt(i|S,θ, λ)pt(0|S,θ, λ) > 0. Hence, we have

Ht+1 = ΛId+1 +

t−1∑
s=1

Gs(ws+1) ⪰ ΛId+1 + κ

t−1∑
s=1

∑
i∈Ss

zsiz
⊤
si ⪰ κVt+1 .

Thus, it holds that

λmin(Ht+1) ≥ κλmin(Vt+1) ≥
α

l

(
1 +

2

ω

)
.

By Lemma 2, this implies t + 1 /∈ T e. Therefore, with probability at least 1 − δ − (d +

1)T−O(
σ0

√
d log K

κKωl ), the number of adaptive exploration rounds is bounded by

|T e| ≤ 2αT
κlKσ0

(
1 +

2

ω

)
= O

(√
d log T logK

κKσ0ωl

)
.

E.2 PROOF OF THEOREM 3

Proof of Theorem 3. We define the event T e as the set of rounds corresponding to adaptive explo-
ration, formally defined in Equation 13.
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For t /∈ T e, by Lemma 1 since f̃t in Eq. (8) is monotone and submodular, we have

R(S∗
t ,θ

∗, λ∗) =
exp(ft(S

∗
t ))

1 + exp(ft(S∗
t ))

≤ exp(f̃t(S
∗
t ))

1 + exp(f̃t(S∗
t ))

≤
exp

(
( e
e−1 )f̃t(St))

)
1 + exp

(
( e
e−1 )f̃t(St))

)
}

(∵ f̃t is submodular)

=

[
exp f̃t(St))

]( e
e−1 )

1 +
[
exp f̃t(St))

]( e
e−1 )

≤
(
e+ 1

e

)
R̃t(St) ,

where the last inequality holds because h(ψ) :=
(

ψα

1+ψα

)
/
(

ψ
1+ψ

)
< 1 + 1

e holds for ψ =

exp(f̃t(St)) and α = e
e−1 (refer to the proof of Theorem 1).

Therefore, with probability 1− δ − (d+ 1)T−O(
σ0

√
d log K

κKlω ),

Rγ(T ) =
T∑
t=1

E[γRt(S∗
t ,θ

∗, λ∗)−Rt(St,θ∗, λ∗)

≤
∑
t/∈T e

E[γRt(S∗
t ,θ

∗, λ∗)−Rt(St,θ∗, λ∗) + |T e|

≤
∑
t/∈T e

E[R̃t(St)−Rt(St,θ∗, λ∗)] + |T e|

= Õ

(√
K(d+ 1)

K + 1
·
√
T +

1

κ
(d+ 1)2

)
+O

(√
d log T logK

κKσ0ωl

)
(14)

= Õ

(√
K(d+ 1)

K + 1
·
√
T +

1

κ
(d+ 1)2 +

√
d

κKσ0ωl

)
,

where for Eq. (14), we invoke the regret bound of OFU-MNL+ under uniform revenue setting from Lee
& Oh (2024), as our diversified optimistic expected reward R̃(St) serves as an optimistic estimate
of Rt(St,θ∗, λ∗). The subsequent analysis closely follows the proof of Theorem 2 in Lee & Oh
(2024).

F LOWER BOUND

F.1 PROOF OF THEOREM 2

The proof closely follows the lower-bound arguments developed for the MNL bandit setting (Chen
et al., 2020; Lee & Oh, 2024). However, unlike the standard MNL setting—where the diversity
function g can be treated as a constant—our framework imposes Assumption 2, which prevents g
from being a constant function. Consequently, we derive a lower bound where g is non-constant and
strict submodular.

Proof of Theorem 2. Let λ = 1
2 and ϵ ∈

(
0, 1/d3/2

)
that will be specified later. For every subset

V ⊂ [d], we define θV ∈ Rd as [θV ]j = ϵ for j ∈ V , and [θV ]j = 0 for j /∈ V , and Θ := {θV :
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V ⊂ Vd/4} where Vd′ = {V ⊂ [d], |V | = d′} for d′ ≤ d. Then, for V ∈ Vd/4, ∥θV ∥2 ≤
√

dϵ2

4 ≤
1
2d ≤

1
2 .

We consider the K × |Vd/4| context vectors invariant across rounds t. For each U ∈ Vd/4, there are
identical K context vectors with feature xU , where [xU ]j = 1/

√
d for j ∈ U and [xU ]j = 0 for

j /∈ U . Then, for U ∈ Vd/4, ∥xU∥2 ≤
√

d
4 ·

1
d = 1

2 .

Let U0 = [d/4] ∈ Vd/4 and x0 := xU0 = ( 1√
d
, 1√

d
, . . . , 1√

d
, 0, . . . , 0

)
. We define g(S) := 1 only if

there exists U ̸= U0 such that xU ∈ S, and otherwise (i.e. S contains only x0’s), we set g(S) := 0.
Then g satisfies 0 ≤ g(S) ≤ 1 (Assumption 1). Since g(S0) = 0 for S0 = {x0, . . . , x0} and
g(S) = 1 for all S ̸= S0 with size k, g satisfies Assumption 2. Furthermore, g is monotone and
strict submodular for all ω ∈ (0, 1).

Since the worst-case regret in the worst-case problem instances is bounded below by the average of
the worst-case expected regret of parameter instances in Θ, we obtain

sup
θ,λ

Eπθ,λ [R(T |θ, λ)] = sup
θ,λ

Eπθ,λ

[
T∑
t=1

Rt(S
∗
t ,θ, λ)−Rt(St,θ, λ)

]

≥ 1

|Vd/4|
∑

V ∈Vd/4

Eπθ,λ

[
T∑
t=1

Rt(S
∗
t ,θ, λ)−Rt(St,θ, λ)

]
.

Let {St}Tt=1 be a sequence of assortments generated by π. For a fixed V , we define S̃t :=
{xŨt

, . . . , xŨt
} as the assortment that contains an identical feature vector xŨt

, where xŨt
:=

argmaxxU∈St
x⊤UθV . Furthermore, we simplify notation by EV := EπθV ,λ

and PV := PπθV ,λ
.

By Lemma 5, for any V ∈ Vd/4, we have
∑
i∈S∗ pt(i|S∗,θV , λ) −

∑
i∈St pt(i|St,θV , λ) ≥

e−1/2(K−1)
(e−1/2+Ke)2

δϵ
2
√
d

, where δ := d/4− |Ũt ∩ V |. Thus, we have that

1

|Vd/4|
∑

V ∈Vd/4

EV

[
T∑
t=1

Rt(S
∗
t ,θ, λ)−Rt(St,θ, λ)

]

=
1

|Vd/4|
∑

V ∈Vd/4

EV

[
T∑
t=1

[∑
i∈S∗

pt(i|St,θV , λ)−
∑
i∈St

pt(i|St,θV , λ)

]]

≥ 1

|Vd/4|
e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

∑
V ∈Vd/4

EV

[
T∑
t=1

(d/4− |Ũt ∩ V |)

]

≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
4
− 1

|Vd/4|
∑

V ∈Vd/4

∑
j∈V

[
EV

[
T∑
t=1

1{j ∈ Ũt}

]]
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For j ∈ V , we define the random variables M̃j :=
∑T
t=1 1{j ∈ Ũt}. Then, the right hand side is

equal to

e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
4
− 1

|Vd/4|
∑

V ∈Vd/4

∑
j∈V

EV
[
M̃j

]
=

e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
4
− 1

|Vd/4|
∑

V ∈Vd/4−1

∑
j /∈V

EV ∪{j}
[
M̃j

]
≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
4
−
|Vd/4−1|
|Vd/4|

max
V ∈Vd/4−1

∑
j /∈V

EV ∪{j}
[
M̃j

]
=

e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
4
−
|Vd/4−1|
|Vd/4|

max
V ∈Vd/4−1

∑
j /∈V

EV
[
M̃j

]
+ EV ∪{j}

[
M̃j

]
− EV

[
M̃j

]
≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
4
− 1

3
· dT
4
− 1

3
max

V ∈Vd/4−1

∑
j /∈V

∣∣∣EV ∪{j}
[
M̃j

]
− EV

[
M̃j

]∣∣∣


=
e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
6
− 1

3
max

V ∈Vd/4−1

∑
j /∈V

∣∣∣EV ∪{j}
[
M̃j

]
− EV

[
M̃j

]∣∣∣


≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
6
− 1

3
max

V ∈Vd/4−1

d∑
j=1

∣∣∣EV ∪{j}
[
M̃j

]
− EV

[
M̃j

]∣∣∣


=
e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
6
− 1

3

d∑
j=1

max
V ∈Vd/4−1

∣∣∣EV ∪{j}
[
M̃j

]
− EV

[
M̃j

]∣∣∣
 .

We bound maxV ∈Vd/4−1

∑
j /∈V |EV ∪{j}

[
M̃j

]
−EV

[
M̃j

]
| using KL divergence. By the definition

of M̃j , we can bound

∣∣∣EV ∪{j}
[
M̃j

]
− EV

[
M̃j

]∣∣∣ ≤ T∑
t=0

t ·
∣∣∣PV [M̃j = t

]
− PV ∪{j}

[
M̃j = t

]∣∣∣
≤ T ·

T∑
t=0

∣∣∣PV [M̃j = t
]
− PV ∪{j}

[
M̃j = t

]∣∣∣
≤ T · sup

A
|PV (A)− PV ∪{j}(A)|

≤ T ·
√

1

2
KL(PV ||PV ∪{j}),

where the last inequality holds by Pinsker’s inequality.
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By Lemma 6, we have KL(PV ||PV ∪{j}) ≤ C · K
(1+K)2 ·

EV [M̃j]ϵ2

d , for some C > 0. Therefore,

e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
6
− 1

3

d∑
j=1

max
V ∈Vd/4−1

∣∣∣EV ∪{j}
[
M̃j

]
− EV

[
M̃j

]∣∣∣


≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
6
− 1

3

d∑
j=1

T ·
√

1

2
KL(PV ||PV ∪{j})


≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT
6
− T
√
d

3
·

√√√√ d∑
j=1

1

2
KL(PV ||PV ∪{j})



≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

dT6 − T
√
d

3
·

√√√√√ d∑
j=1

1

2
C · K

(1 +K)2
·
EV
[
M̃j

]
ϵ2

d


≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

(
dT

6
− T
√
d

3
·

√
C

8
· K

(1 +K)2
· Tϵ2

)
(∵

d∑
j=1

EV
[
M̃j

]
≤ dT

4
).

By setting ϵ =
√

d
2CT ·

(1+K)2

K , we finally have that

sup
θ,λ

Eπθ,λ [R(T |θ, λ)] = sup
θ,λ

Eπθ,λ

[
T∑
t=1

Rt(S
∗
t ,θ, λ)−Rt(St,θ, λ)

]

≥ e−1/2(K − 1)

(e−1/2 +Ke)2
ϵ

2
√
d

(
dT

6
− T
√
d

3
·

√
C

8
· K

(1 +K)2
· Tϵ2

)

≥ e−1/2(K − 1)

(e−1/2 +Ke)2

√
1

8CT
· (1 +K)2

K

(
dT

6
− dT

12

)
= Ω

(
d
√
T√
K

)
.

F.2 TECHNICAL LEMMAS FOR THEOREM 2

Lemma 5. Fix ϵ ∈ (0, 1/d3/2), λ = 1
2 , and V ∈ Vd/4, and define δ := d/4− |Ũt ∩ V |. Then,

∑
i∈S∗

pt(i|S∗,θV , λ)−
∑
i∈St

pt(i|St,θV , λ) ≥
e−1/2(K − 1)

(e−1/2 +Ke)2
δϵ

2
√
d
.

Proof of Lemma 5. Case 1. V ̸= [d/4].

We recall xŨt
:= argmaxxU∈St

x⊤UθV . If δ = 0, i.e. Ũt = V , then the lemma holds trivially, thus
we suppose that δ ̸= 0.
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If V ̸= [d/4], it is obvious that S∗ = {xV , . . . , xV } with g(S∗) = 1, and so we have∑
i∈S∗

pt(i|S∗,θV , λ)−
∑
i∈St

pt(i|St,θV , λ)

≥ K exp(x⊤V θV )

e−1/2 +K exp(x⊤V θV )
−

K exp(x⊤
Ũt
θV )

exp−λg(St) +K exp(x⊤
Ũt
θV )

≥ K exp(x⊤V θV )

e−1/2 +K exp(x⊤V θV )
−

K exp(x⊤
Ũt
θV )

exp−1/2 +K exp(x⊤
Ũt
θV )

(∵ g(St) ≤ 1)

=
e−1/2K(exp(x⊤V θV )− exp(x⊤

Ũt
θV ))

(e−1/2 +K exp(x⊤V θV ))(exp
−1/2 +K exp(x⊤

Ũt
θV ))

=
e−1/2K(exp(x⊤V θV )− exp(x⊤

Ũt
θV ))

(e−1/2 +Ke)2
(∵ exp(x⊤UθV ) ≤ e,∀U ∈ Vd/4)

≥
e−1/2K((xV −XŨt

)⊤θV − (x⊤
Ũt
θV )

2/2)

(e−1/2 +Ke)2
(∵ 1 + a ≤ ea ≤ 1 + a+ a2/2, ∀a ∈ [0, 1])

≥ e−1/2K(δϵ/
√
d− (

√
dϵ)2/2)

(e−1/2 +Ke)2

≥ e−1/2Kδϵ

2
√
d(e−1/2 +Ke)2

(∵ (
√
dϵ)2 ≤ ϵ/

√
d ≤ δϵ/

√
d)

>
e−1/2(K − 1)δϵ

2
√
d(e−1/2 +Ke)2

.

Case 2. V = [d/4].

We recall that g(S) = 0 if S contains only xU0
’s, and otherwise g(S) = 1. For V = [d/4] = U0,

since g({x0, . . . x0}) = 0, we have to compare whether it is better to fill only x0’s in S∗ or add
another xU ′ in S∗, because g(S∗) becomes 1 in the second case. Specifically, since the following
inequality holds:

eλg(S0)K exp(x⊤0 θU0
) = K exp(x⊤0 θU0

)

< e1/2(K − 1) exp(x⊤0 θU0)

< eλg({xU0
,...,xU0

,xU′}) ((K − 1) exp(x⊤0 θU0
) + exp(x⊤U ′θU0

)
)
,

we obtain that S∗ = {xU0
, . . . , xU0

, xU ′} for |U ′ ∩ [d/4] | = d/4− 1, and g(S∗) = 1.

If x0 ∈ St, then Ũt = U0 = V . In this case δ = 0, and the lemma holds trivially. Thus, we suppose
that x0 /∈ St. Then, g(St) = 1, and we have that∑

i∈S∗

pt(i|S∗,θV , λ)−
∑
i∈St

pt(i|St,θV , λ)

≥
(
1− e−1/2

e−1/2 + (K − 1) exp(x⊤0 θV ) + exp(x⊤U ′θV )

)
−

(
1− e−1/2

e−1/2 +K exp(x⊤
Ũt
θV )

)

= e−1/2
(K − 1) exp(x⊤0 θV ) + exp(x⊤U ′θV )−K exp(x⊤

Ũt
θV ))

(e−1/2 + (K − 1) exp(x⊤0 θV ) + exp(x⊤U ′θV ))(exp−1/2 +K exp(x⊤
Ũt
θV ))

= e−1/2
(K − 1)(exp(x⊤0 θV )− exp(x⊤

Ũt
θV )) + (exp(x⊤U ′θV )− exp(x⊤

Ũt
θV ))

(e−1/2 +Ke)2
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Since Ũt ̸= V and U ′ satisfies |U ′ ∩ V | = d/4− 1, we have that exp(x⊤U ′θV )− exp(x⊤
Ũt
θV ) ≥ 0.

Thus the right handside is bounded by

e−1/2(K − 1)(exp(x⊤V θV )− exp(x⊤
Ũt
θV ))

(e−1/2 +Ke)2

≥
v0(K − 1)((xV −XŨt

)⊤θV − (x⊤
Ũt
θV )

2/2)

(e−1/2 +Ke)2
(∵ 1 + a ≤ ea ≤ 1 + a+ a2/2, ∀a ∈ [0, 1])

≥ v0(K − 1)(δϵ/
√
d− (

√
dϵ)2/2)

(e−1/2 +Ke)2

≥ v0(K − 1)δϵ

2
√
d(e−1/2 +Ke)2

(∵ (
√
dϵ)2 ≤ ϵ/

√
d ≤ δϵ/

√
d).

Lemma 6 (Bound on KL divergence, Lemma D.2 of Lee and Oh(2024)). For any V ∈ Vd/4−1 and
j ∈ [d], there exists a positive constant C > 0 such that

KL(PV ||PV ∪{j}) ≤ C ·
K

(1 +K)2
·
EV
[
M̃j

]
ϵ2

d

Proof of Lemma 6. In the proof of Lemma D.2 of Lee and Oh(2024), the following holds for some
positive constant C > 0.

KL(PV (· | S̃t) ∥ PV ∪{j}(· | S̃t)) ≤ C ·
v0K

(v0 +K)2
· mj(S̃t)ϵ

2

d
,

where mj(S̃t) := 1{j ∈ Ũt}, and v0 is a outside option parameter, defined as exp(−λg(S̃t)) in our
setting. Since g(S̃t) has a value of 0 or 1, we have that

KL(PV (· | S̃t) ∥ PV ∪{j}(· | S̃t)) ≤ C ·
K

(1 +K)2
· mj(S̃t)ϵ

2

d
,

Therefore, by the chain rule of relative entropy, we have that

KL(PV ||PV ∪{j}) =
T∑
t=1

EV
[
KL(PV (· | S̃t) ∥ PV ∪{j}(· | S̃t))

]

≤
T∑
t=1

C · K

(1 +K)2
·
EV
[
mj(S̃t)

]
ϵ2

d

= C · K

(1 +K)2
·
EV
[
M̃j

]
ϵ2

d
.

G EXPERIMENTAL DETAILS

G.1 EXPERIMENTAL SETUP

For each instances and rounds, the context features are independently drawn from a Gaussian dis-
tribution N (0d, Id) and clipped to the range [−1/

√
d, 1/
√
d]d. For each item, we also assign a

category, with the total number of distinct categories set to K, the size of the maximum assortment.
To evaluate how well the proposed algorithm adapts to different balances between relevance and di-
versity, we fix the diversity parameter λ∗ to various values. We then sample the relevance parameter
θ∗ from a uniform distribution over [−1/

√
d, 1/
√
d]d and scale it such that ∥θ∗∥2 + λ∗ = 1. For

each configuration, we conducted 10 independent runs, and all reported results are averaged over
these runs.
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Algorithm for MNL bandits with submodular rewards. We consider the item-wise optimistic
construction algorithm OFU-MNL-DR (Algorithm 2) for the original MNL choice model with a
submodular reward function as a baseline. Inspired by Qin et al. (2014), diversity in the orig-
inal MNL bandit can be promoted by modifying only the reward function as R′

t(S,θ
∗, λ) :=∑

j∈S exp(x
⊤
tjθ

∗)

1 +
∑
j∈S exp(x

⊤
tjθ

∗)
+ λg(S), where g(S) is the diversity score function, and λ is a known

balancing parameter between relevance and diversity. We adapt OFU-MNL+ with greedy assortment
construction to maximize R′

t. Notably, OFU-MNL+ requires the value of λ to be specified as a hyper-
parameter.

Algorithm 2 OFU-MNL-DR (OFU-MNL-Diversity integrated Reward)
1: Input: diversity function {gt}t≥1, regularization parameter Λ, confidence radius {αt}t≥1, step

size η, balancing diversity parameter λ
2: Initialization: H1 = ΛId and θ1 at any point in {θ ∈ Rd : ∥θ∥2 ≤ 1}
3: for t = 1, . . . , T do
4: Compute ut,i = x⊤

t,iθt + αt∥xt,i∥H−1
t

5: St ← ∅
6: for k = 1, . . . ,K do
7: at,k ← argmaxe∈[N ]\St

[ ∑
i∈St∪{e} exp(ut,i)

1+
∑

i∈St∪{e} exp(ut,i)
+ λg(St ∪ {e})

]
8: St ← St ∪ {at,k}
9: Offer St and observe yt

10: Update H̃t = Ht + η Gt(θt+1), and update the estimator θt+1

11: Update Ht+1 = Ht + Gt(wt+1)

Exhaustive-Search Algorithm for DMNL bandits. We also consider the exhaustive-search algo-
rithm, referred to as OFU-DMNL-FULL (Algorithm 3), for the DMNL bandit model. This algorithm
evaluates all

(
N
K

)
possible assortments in each round and thus requires approximately O

((
eN
K

)K)
reward estimations per round.

Algorithm 3 OFU-DMNL-FULL (OFU-DMNL with exhaustive-search)
1: Input: diversity function {gt}t≥1, regularization parameter Λ, confidence radius {αt}t≥1, step

size η, exploration parameter ν
2: Initialization: H1 = ΛId+1 and w1 at any point inW .
3: for t = 1, . . . , T do
4: Offer St ← argmax

S∈S
R̃t(S), and observe yt

5: Update H̃t = Ht + η Gt(wt), wt+1, and Ht+1 = Ht + Gt(wt+1)

G.2 EXPERIMENTAL RESULTS IN DIVERSE ENVIRONMENTS
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Figure 3: Cumulative runtime of algorithms under N = 10, 20, 30 and T = 1000
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Figure 4: Performance of algorithms under various (N,K, λ∗) configurations
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Figure 5: Performance of algorithms under different balances between relevance and diversity

The results in Figure 3 shows that our algorithm operates very efficiently by leveraging online mir-
ror descent. In particular, compared to the exhaustive-search algorithm, which requires per-round
O((eN/K)K) computation, our algorithm runs in O(NK) time and thus achieves incomparably
better performance in large-N settings. Although it is slower than other OMD-based MNL algo-
rithms due to the cost of item-wise construction, it is still faster than MLE-based methods such as
UCB-MNL and TS-MNL. This demonstrates that, despite incorporating the estimation of the diversity
parameter, our algorithm remains computationally efficient.

Among the baselines, OFU-MNL+ outperforms UCB-MNL and TS-MNL, while OFU-DMNL-FULL is en-
tirely impractical from a runtime perspective. Therefore, in the subsequent experiments we focus
on comparing the performance of the three algorithms OFU-MNL+, OFU-MNL-DR, and OFU-DMNL. As
shown in Figure 4, our algorithm demonstrates strong performance even when N and K are large.
Furthermore, Figure 5 shows that as the balance between ∥θ∗∥2 and λ∗ varies across 0.6 : 0.4,
0.5 : 0.5, 0.4 : 0.6, and 0.3 : 0.7, the relative ranking of OFU-MNL and OFU-MNL-DR fluctuates,
whereas our proposed algorithm consistently adapts and learns robustly across all balance settings.
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G.3 EXPERIMENT BASED ON REAL-WORLD DATA

We additionally designed a semi-synthetic experiment based on a real-world dataset, which pro-
vides the most practical and feasible alternative in the absence of access to online field de-
ployment. We used the Massive Rotten Tomatoes Movie & Review dataset provided in Kaggle
(https://www.kaggle.com), which contains over 1.4M+ reviews on 140K+ unique movies, each la-
beled as positive or negative, along with rich movie-level metadata. We first converted each review
text into a vector representation using TF-IDF (via TfidfVectorizer from scikit-learn), followed by
dimensionality reduction using truncated SVD to obtain d-dimensional context vectors. This pro-
cess resulted in a context–label dataset suitable for downstream modeling. From this dataset, we
trained a linear model to classify the binary labels, which was then used to approximate the true
relevance utility of each movie from its context features. This constructed an online assortment se-
lection environment in which we evaluated the performance of standard MNL bandit baselines, their
variants, and our proposed method.

In each round of the online experiment, we N randomly sampled movies , and asked the algorithm
to choose an assortment of size K. We use exponential decaying categorical function defined as
g(S) := 1 + ρ+ . . .+ ρnS−1, where nS is the number of categories covered by the assortment S.
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Figure 6: Performance of algorithms with synthetic data

As shown in Figure 6, our algorithm performs robustly in the synthetic-data experiments and con-
sistently outperforms the baseline algorithms. These results suggest that our method is also likely to
perform well on real-world data.

H AUXILIARY LEMMAS

Proposition 2 (Proposition B.6 in Bach (2013)). Let f be a monotone submodular function and ϕ
a non-decreasing concave function. Then, the composition function ϕ(f(S)) is submodular.

Proof of Proposition 2. Define h(S) := ϕ(f(S)). By submodularity of f , for any S1 ⊆ S2 and
e /∈ S2, we have

f(S1 ∪ {e})− f(S1) ≥ f(S2 ∪ {e})− f(S2) .

Also, concavity and non-decreasing property of ϕ imply that the difference ψ(x, δ) = ϕ(x + δ) −
ϕ(x) is non-increasing in the x and non-decreasing in δ. That is, if x1 ≤ x2, then ψ(x1, δ) ≥
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ψ(x2, δ), and if δ1 ≤ δ2, then ψ(x, δ1) ≤ ψ(x, δ2). Using this, we obtain the following:

ϕ(f(S1 ∪ {e}))− ϕ(f(S1)) = ϕ(f(S1) + f(S1 ∪ {e})− f(S1))− ϕ(f(S1))

= ψ(f(S1), f(S1 ∪ {e})− f(S1))

≥ ψ(f(S2), f(S1 ∪ {e})− f(S1)) (∵ f(S1) ≤ f(S2))
≥ ψ(f(S2), f(S2 ∪ {e})− f(S2))

(∵ f(S1 ∪ {e})− f(S1) ≥ f(S2 ∪ {e})− f(S2))
= ϕ(f(S2) + f(S2 ∪ {e})− f(S2))− ϕ(f(S2))

= ϕ(f(S2 ∪ {e}))− ϕ(f(S2)) .

This inequality is exactly

h(S1 ∪ {e})− h(S1) ≥ h(S2 ∪ {e})− h(S2) ,

which shows that h is also submodular.

Lemma 7 (Lemma 1 in Lee & Oh (2024)). Suppose that Assumption 1 hold. For any δ ∈ (0, 1], if
we set η = 1

2 log(K + 1) + 2,Λ = 84
√
2(d+ 1)η, and αt = O(

√
d+ 1 log t logK), then we have

P (∀t ≥ 1, ∥wt −w∗∥Ht ≤ αt) ,

where the estimated parameter updated by the rule in Eq. (3).
Lemma 8 (Theorem 3.1 in Tropp (2011)). Let H1 ⊂ H2 · · · be a filtration and consider a finite
sequence {Xk} of positive semi-definite matrices with dimension d adapted to this filtration. Sup-
pose that λmax(Xk) ≤ R almost surely. Define the series Y ≡

∑
kXk and W ≡

∑
k E[Xk|Hk−1].

Then for all µ ≥ 0, γ ∈ [0, 1) we have

P[λmin(Y ) ≤ (1− γ)µ and λmin(W ) ≥ µ] ≤ d( e−γ

(1− γ)1−γ
)µ/R .
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