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ABSTRACT

Large reasoning models have generated interest in complex tasks. However, they
often generate verbose, repetitive, or incorrect reasoning steps on challenging
problems. In this work, we introduce a new interpretability framework SLIDER
for evaluating the quality of the reasoning process, assessing consecutive steps in
terms of incorrectness and repetitiveness. SLIDER leverages an emerging body
of work from information theory called Partial Information Decomposition (PID)
to disentangle the information about the target between two consecutive reason-
ing steps into non-negative components: unique information in a reasoning step
S; or S;y1 that is not in the other, redundant information that is common be-
tween both steps, and synergistic information which is only meaningful when
the steps are considered jointly. Given the responses of a large reasoning model,
SLIDER moves across the steps in a sliding-window, projects them onto a mean-
ingful embedding space, and then computes a set of new per-token information-
decomposition measures that enables the identification of various failure modes.
We demonstrate application of SLIDER to analyze incorrectness and repetitive-
ness for several use-cases across arithmetic problems and GSMS8K word problems.

1 INTRODUCTION

The emergence of large reasoning models (LRMs) such as OpenAl’s ol (OpenAl.), Deepseek’s
R1 (Guo et al., 2025) and QwQ-32B (Team, |[2025)) have marked a significant leap in complex prob-
lem solving. However, LRMs often generate long, verbose, and repetitive chain-of-thought (CoT)
reasoning (Wei et al., [2022)), which increases computational cost. When the reasoning steps become
very long, it is also harder for humans to follow and judge whether those steps are correct or mean-
ingful. Thus, there is a pressing need for automated methods that can evaluate the quality of CoT
reasoning without human supervision.

To address this issue, this work proposes a novel unified interpretability framework for evaluat-
ing both correctness and repetitiveness of CoT reasoning that we call SLIDER (SLiding window
Information Decomposition Explainer for Reasoning). SLIDER is theoretically-grounded in an
information-theoretic technique called Partial Information Decomposition (PID) that disentangles
the structure of multivariate information.

Recent works (Ton et al.l 2024} |Yong et al., [2025) have analyzed CoT reasoning using classical
information-theoretic quantities such as mutual information and conditional mutual information.
Yet, the structural interactions between various steps, specifically, how consecutive steps jointly and
individually contribute to the final outcome, have received limited attention. Previous works aggre-
gate all prior steps together and attempt to quantify whether an additional step is informative or not
(Related Works in Appendix [B). Such an aggregation prevents a principled isolation of individual
step contributions, limiting step-level interpretability. Rethinking previous works, we move beyond
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aggregate information gain and instead characterize the structure of task-relevant information across
consecutive reasoning steps via a sliding window. Leveraging PID, our framework provides a strictly
more expressive characterization than classical information-theoretic metrics by decomposing the
information about the answer between consecutive reasoning steps into unique, redundant, and syn-
ergistic components. This shift in perspective enables us not only to determine whether a step is
informative, but to understand how it contributes: whether it introduces genuinely new information,
merely repeats prior content, or complements other steps to produce the final answer.

Contribution Summary: (i) We propose a principled interpretability framework called SLIDER to

analyze when and how individual chain-of-thought (CoT) steps contribute towards the final

answer. SLIDER is rooted in PID, which decomposes the Reasoning Steps PID Components
information about the final answer between two consec- " Prompt: “x = 2,y = 3, sy,.
. . . . Calculate 3x + 2y "

utive reasoning steps (.S;, S;+1) into unique, redundant, %
and synergistic components. (ii) Given the responses of a Step 1: 3x =6

. . R Expected PID Values
LRM, we move across the steps in a sliding-window fash-
ion and project them onto a meaningful embedding space. e I

; N B .

Next, we introduce a new set of per-token information-
decomposition measures (Definition [2) that enables the
identification of various failure modes in CoT reason- Fjgyre 1: SLIDER in a simple arith-
ing (see Fig.[I). (iii) Our experiments demonstrate how petic problem: Demonstrates high syn-
SLIDER can be used to assess the quality of reasoning ergistic information between Step 1 (3x)
steps for different use-cases across arithmetic datasets 4nd Step 2 (2y) because they jointly pro-
and GSM8K word problems (Cobbe et al., 2021), iden-  yide complete information about the fi-

mRed mUniS1 mUni S2 mSyn

tifying incorrectness and repetitiveness. nal answer (3x+2y).
Background on PID: The classical measure of the total informa- 14 X) 14X, Y)IAY)
tion about a target variable A that is contained in two random vari- N A i

ables X and Y is given by mutual information I(A4; X,Y") (Cover &
Thomas, 2012). However, mutual information I(A; X,Y") does not
disentangle what is uniquely contributed by each or shared by both.
An emerging body of work called Partial Information Decomposition

(PID) goes beyond classical measures, and decomposes the joint in- Syn(4:X,Y)

formation about a target A shared among multiple random variables

X and Y into four non-negative measures (also see Fig. 2): Figure 2: PID of I(A4; X,Y")
I(A; X,Y) = Uni(A:Y|X) + Uni(A:X|Y) + Red(A:X,Y) + Syn(A: X, Y). (1)

Here, unique information Uni(A:X|Y") and Uni(A:Y|X) captures the information that is exclu-
sively provided by X or Y. Redundant information Red(A:X,Y") is the shared information about
Ain X and Y, and synergistic information Syn(A:X,Y’) emerges only when X and Y are both
present together (complementary). We now formally define these quantities.

Definition 1 (Unique information (Bertschinger et al., [2014)). Let A be the set of all joint distri-
butions on (A, X,Y) and Ap ={Qaxy€A: Qax = Pax and Qay = Pay } be the set of joint
distributions with same marginals on (A, X) and (A,Y) as the true distribution Paxy. Then,
Uni(A:X|Y) := mingea, Io(A; X|Y). Here, 1o(A; X|Y') is the conditional mutual information
under joint distribution Q o xy instead of Paxy .

Defining any one of the PID components is sufficient to derive the others, due to the fol-
lowing relationships: I(4;Y) = Uni(4:X|Y) + Red(A:X,Y). Intuitively, Red(A:X,Y") can
be interpreted as the overlapping portion between I(A;Y) and I(A; X) (see Fig. [2). Hence,
Red(A:X,Y) = I(A;Y) — Uni(A:X|Y). Finally, the synergy corresponds to the remaining in-
formation: Syn(A:X,Y) =I1(4; X,Y) —Uni(A:X|Y) — Uni(A:Y|X) —Red(A:X,Y"), which can
be computed once the unique and redundant information terms have been obtained.

Toy Example: Let Z=(Zy, Zo, Z3) with each Z;~ i.i.d. Bern(1/2). Let X = (Z1,Z2,Z3 ® N),
Y = (Z3,N), and N ~ Bern(1/2) which is independent of Z. Here, I(Z; X,Y) = 3 bits. The
unique information about Z only in X and not in Y is effectively in Z;. Thus, Uni(Z:X|Y) =
I(Z; Z,) = 1 bit. Redundant information about Z that is in both X and Y is effectively in Z5 and is
given by Red(Z:X,Y) = I(Z; Z2) = 1 bit. Synergistic information about Z that is not in either X
or Y alone, but is in both of them together is effectively in the tuple (Z3 & N, N), and is given by
Syn(Z:X,Y)=I(Z;(Z3 & N, N)) = 1 bit. This accounts for the 3 bits in I(Z; X, Y").
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2  PROPOSED INTERPRETABILITY FRAMEWORK: SLIDER

Notations: Given an input prompt Sy, we denote the LRM-generated reasoning trajectory by
S = {51,5,...,57}, where each S; represents an intermediate reasoning step. We segment
the reasoning path whenever a double newline token (“\n\n”) appears in the model’s output. Each
segment is considered a distinct reasoning step. The total number of tokens in a step .S; is denoted
by |:S;|. The final answer is denoted by A.

Proposition 1. The total information of two consecutive reasoning steps S; and S;y1 about the
ground-truth answer A can be decomposed into four non-negative components:

I(A, S, SiJr]) = Uni(A:SZ“SiJrl) + Uni(A:SiJrl |Sz) + Red(A:Si, Si+1) + Syn(A:Si, SZ'Jrl).

Our proposed per-token measures. Each reasoning step comprises a sequence of tokens whose
length can vary considerably across examples. As a result, two-step pairs, (51, S2) and (57, .55)
may have similar information decomposition with respect to the target A, yet differ significantly in
their token lengths. To further account for efficiency, we propose a set of unified per-token measures
that capture not only whether synergy/ redundancy/uniqueness exists, but also how efficiently task-
relevant information is encoded across the entire step.

Definition 2 (Proposed Per-Token Measures). Let S; and S;11 denote two consecutive reasoning
steps from a given data distribution, and let A be the final answer. We define the normalized per-
token measures for redundancy, uniqueness, and synergy as: (i) Per-token redundancy Mp. The
shared task-relevant information between S; and S;+1 is: Mp = % (ii) Per-token
uniqueness M. The information uniquely contributed by each step are My (i) = w

and My (i+1) = Uni(A:Se41]S0) (iii) Per-token synergy Mgs. The complementary information that

[Siy1]
Syn(A:S;,Sit+1)

arises only from the joint consideration of both steps is defined as Mg = AR

SLIDER consists of several key steps: We generate multiple samples for each problem instance to
reliably estimate the joint distributions required for computing the PID-based measures. Next, we
use an encoder-only LLM (all-MiniLM-L6-v2 (Reimers & Gurevych,|2019)) to obtain embeddings
of consecutive steps S;, S;+1, and ground-truth answer A, respectively. We then discretize these
continuous embeddings via k-means clustering to obtain categorical variables. Using the resulting
cluster assignments, we estimate the joint distribution, P(S; = ¢;, S;+1 = ¢;y1, A = a). Finally,
based on Definition 2] we compute the per-token PID measures from the estimated joint distribution.

3 EXPERIMENTAL RESULTS

Identifying Incorrectness in CoT. We consider the following problem: Arithmetic problem: “x =
{x}, y = {y}. Please calculate the following: 1. 3z, 2. 2y, 3. 3z + 2y.” We sample two integers x
and y independently and uniformly from [1,10°). Using ChatGPT, we generate 500 samples in the
exact same format, each containing exactly three reasoning steps. The intermediate reasoning steps
are Sq = 3w, S = 2y, and S5 = 3x + 2y, and the final answer A = 3z + 2y (see Fig. [3).

Synergistic information arises when consecutive steps together provide complementary information
about the target that is not present in either step individually. For the arithmetic problem, indi-
vidually, neither S; = 3x nor Sy = 2y is sufficient to determine the target A. However, when
S1 and Ss are considered jointly, their combined information fully specifies A (considering no
error in the reasoning steps). This implies that the information about A is predominantly syner-
gistic/complementary across S7 and S;. Now, suppose that a step S; or S5 contains some errors.
Intuitively, the synergistic information between the steps about the final answer should decrease,
since the error limits the inference of the final answer, even when considering both steps together. In
this scenario, the unique information contributed by the correct step is expected to increase, while
that of the erroneous step should decrease. This is because the correct step now carries more task-
relevant information toward the final answer. Unique information in one reasoning step captures
information that can not be obtained from the other.

Consider the same problem with the last two reasoning steps, So = 2y and S35 = 3z + 2y, and the
final answer A = 3z + 2y. If S3 is computed correctly, it contains all the information needed to
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Figure 3: Interpretable trends of per-token PID measures under errors: (a,b) For this problem, per-
token synergy Mg is dominant when the steps are correct. Mg decreases as the error probability
p increases, indicating that synergistic/complementary information in consecutive steps diminishes
under erroneous computations. Under errors, per-token uniqueness My corresponding to a correct
step increases with p, reflecting that correct steps contribute increasingly distinct information relative
to their erroneous counterparts. Conversely, My associated with the erroneous step decreases as
error probability p increases. (¢c) When error is in S3, the per-token uniqueness in the erroneous
step My (3) decreases with higher error, demonstrating that errors in intermediate steps degrade the
unique information about the target. (d) Reference example for the reasoning steps.

determine A, and therefore provides more task-relevant information than S,. Intuitively, S5 should
then contribute more unique information about the target A than S;. However, if there is an error in
the calculation in S3, its uniqueness decreases, since some examples can no longer provide useful
information about A that is not already available from S5. These interpretations are consistent with
the trends that we observe for this problem, as shown in Fig. [3| Thus, SLIDER can help identify
incorrectness in reasoning. We can also use SLIDER to identify incorrectness for the GSM8K word
problem (Cobbe et al., [2021) (see details in Appendix [C.2)).

Identifying Repetitiveness in CoT: We use two word problems from GSMS8K (Cobbe et al., [2021)
to examine how increasing the number of reasoning steps affects model reasoning. GSM8K word
problems: (1) Easy: “Anthony had {x} pencils. He gave % of his pencils to Brandon, and then gave

% of the remaining pencils to Charlie. He kept the rest. How many pencils did Anthony keep?” (2)
Hard: “Jen decides to travel to 3 different countries. He has to pay $x for the supplies he needs, in
total. The tickets for travel cost, in total, 50% more than the supplies. How much does travel cost?”

Redundant information arises when step .S; and S; share information about the target answer A.
Consider the first word problem, which asks how many pencils remain. The corresponding reasoning
steps are illustrated in Fig. f(c). For a simplified interpretation, assume the first two reasoning steps
are: S; =5 and Sp = 3 X % and the final answer A = x — 5 — § X % = £. In this example,
both S; and S involve the term %, meaning they contain overlapping information about the target
answer, meaning that part of their contribution is redundant. This redundancy reflects that both steps
partially convey the same component of the calculation, rather than providing entirely independent

contributions toward determining the final answer.

-0.0021 0.0018 ,
Let's . 720 divided by 2 is 360 ... gives “
515, IRl 00012 00010 R (51,5,)- 0.0014 |0,0018| 0.0009 |0.0006 360 .... to Brandon ... 360 remaining. J

-0.0018 -0.0016 ~z
.....he gives 3/5 ... to Charlie..... 3/5 of 360 “

... Charlie gets 216 pencils.
00014 (S2:53)-0.0011 |0.0013 00008 0.0006 0013 ¥

(S2,53)- 0.0017 0.0018 0.0005 0.0004 560276 Letme . Subvacton H
-00010 (5, 5,)-0.0008 [0.0018 0.0007 0.0011 -0.0011 ....144. .... Wait 360 minus 216.....

Iy

So, Anthony kept 144 pencils. Let me just “

-0.0006 -0.0008 verify each step again ......
(5, 54) (CCISIREREY 00009 BERE (S4,55)-0.0006 0.0010 0.0012 | 0.0016 : g@
Moo M) Mli+1) Ms Mo Mgy M) My 0% e Ve o e
(a) Four-step CoT (b) Five-step CoT (c) Reasoning Steps

Figure 4: Interpretable trends of per-token PID measures under repetitiveness: (a,b) For this prob-
lem, per-token redundancy M keeps decreasing while per-token synergy Mg keeps increasing for
both four-step and five-step reasoning trajectories. (c) Reference example for the reasoning steps.

For (57, 52) in Fig. Eka), we observe a high per-token redundancy Mz and a moderate per-token
uniqueness Mg in S7 and S5. This is because beyond contributing unique task-relevant informa-
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tion, the early steps also share overlapping content. The first step computes half of the pencils and
determines the remaining quantity, while the second step uses this remaining amount to compute %
of it. From (51, 52) to (S5, S4), we observe that My decreases while the per token synergy Mg
increases. In Fig. Ekb) per-token synergy becomes prominent in (S, S5). This is because the final
step often reconstructs the solution again using an alternative formulation and increases confidence
in the calculation: contributes additional complementary task-relevant information. Observing these
patterns allows us to identify instances of repetitive reasoning, where steps reiterate previously de-
rived information rather than introducing new insights. Additional results on second word problem
are in Appendix [C.2]along with discussion and future work, sensitivity analysis, and comparisons to
standard PID measures in Appendix [A] [D] and [E] respectively.
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A DISCUSSION AND FUTURE WORK

This work introduces SLIDER a novel interpretability framework for evaluating the quality of rea-
soning processes using Partial Information Decomposition (PID). Empirical analysis on arithmetic
and GSMS8K word problems demonstrates that SLIDER effectively identifies failure modes across
consecutive reasoning steps. However, the PID estimation in this work depends on dimensionality
reduction and discretization, which can lead to information loss; future work will explore continuous
PID estimation methods to address this limitation. Additionally, evaluating the quality of reasoning
steps with per-token PID measures, whether for correctness or efficiency, requires prior knowledge
of the problem structure or an approximate mapping to ground-truth reasoning steps. Developing
approaches that reduce these dependencies will enhance the applicability and robustness of SLIDER.

B RELATED WORKS

Classical information theoretic measures offer a lens to theoretically analyze and evaluate different
aspects of LLMs (Farquhar et al., [2024; |Kossen et al., [2024; |Ali et al., 2025} (Ton et al., [2024} |Gan
et al.| [2025; Yong et al.|[2025). Recent works |Gan et al.|(2025); Ton et al.|(2024); |Gan et al.|(2025));
Yong et al.[(2025) use information-theoretic measures to evaluate LLM reasoning. |Gan et al.| (2025])
explore slow-thinking in the multi-step reasoning of large language models (LLMs) using infor-
mation theory. (Ton et al.| (2024) formalize chain-of-thought reasoning using mutual information.
Specifically, they quantify the information gain at each reasoning step using conditional mutual
information, enabling the identification of failure modes in CoT reasoning. However, in practice,
their method concatenates all prior reasoning steps S<; with S;41 and evaluates the difference in
next-token likelihood using a language model. Another previous work |Yong et al.| (2025)) also in-
troduce two metrics, namely “InfoGain” and “InfoBias”, to quantify stepwise information gain and
divergence from the original reasoning path, respectively, utilizing classical information-theoretic
measures. Even though their framework accounts for step-level token length, the aggregation of
previous reasoning steps fundamentally limits interpretability, as individual step contributions re-
main entangled with the broader reasoning context.

Partial Information Decomposition (PID) (Williams & Beer, 2010;|Venkatesh et al.,|2024; |(Goswami
et al.|[2023} |Pakman et al.,[2021; |Lyu et al.,2024) is an emerging area of research of information the-
ory, with growing applications across diverse domains, including representation analysis, fairness,
and multimodal learning, (Tax et al., 2017} |Dutta et al., |2020; Hamman & Dutta, 2023} |[Ehrlich
et al.| [2022; Liang et al., 2023} |Wollstadt et al., 2023; [Mohamadi et al., 2023; |Dewan et al., 2024;
Dissanayake et al., [2024; [Halder et al.l 2025)). For instance, |[Liang et al.|(2023)) employ PID to ana-
lyze multimodal interactions, while Dewan et al.|(2024) leverage PID to interpret diffusion models.

Despite these advances, the application of PID to reasoning processes, particularly to analyze the
informational structure of intermediate reasoning steps, remains largely unexplored. In this work,
we extend PID to the study of structured reasoning, introducing a principled framework to quantify
the quality and efficiency of chain-of-thought reasoning through the decomposition of information
across consecutive reasoning steps.

C APPENDIX TO EXPERIMENTS

C.1 SETUP

We sample x multiple times to create our data distributions required for computing the PID-based
measures. For both word problems, we prompt the QwQ-32B reasoning model and collect 5000
responses. For the easier GSM8K word problem, z is sampled randomly from multiples of 10 in the
range [10, 10'Y), whereas for the harder problem, z is sampled uniformly from [10, 10®). Then, we
segment each model’s response (generated before the </think> token) at every occurrence of a
double newline token (“\n\n") to obtain individual reasoning steps.

Initially, the reasoning steps(.S;) and the final answer(A) are lists of strings, e.g.,51 = ["3x = 3’, ’3x
=06,..], So=[2y=2,"2y=4,...], S5 =['3x+2y = 5°, "3x+2y = 10’,...], and A = [‘5’, ‘10’,...].
For the subsequent calculations in SLIDER , we use an encoder-only LLM (all-MiniLM-L6-v2)
to obtain embedding representation of consecutive steps S;, S;+1, and ground-truth answer A,
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respectively. We then discretize these continuous embeddings via k-means clustering to obtain
categorical variables. Using the resulting cluster assignments, we estimate the joint distribution,
P(S; = ¢;,Si+1 = ¢i+1, A = a). Finally, based on Deﬁnition we compute our proposed per-
token PID measures from the estimated joint distribution.

C.2 ADDITIONAL WORD PROBLEMS

We now consider a challenging problem from the GSMS8K dataset to evaluate the effectiveness of
our proposed framework, SLIDER , in identifying incorrect and repetitive reasoning: “Jen decides
to travel to 3 different countries. He has to pay $x for the supplies he needs, in total. The tickets for
travel cost, in total, 50% more than the supplies. How much does travel cost?”

To analyze both errors and repetitive patterns in the reasoning trajectories, we segment each model
response into two parts: the text generated before the </think> token, which we refer to as think-
ing_steps, and the text generated after the </t hink> token, which we denote as the final_summary.
The final_summary typically summarizes the logical flow developed in the thinking_steps. We seg-
ment each of them independently at every occurrence of a double newline token (“\n\n") to obtain
individual reasoning steps. We calculate the per-token PID measures on the final_summary to easily
identify errors and the thinking_steps to see the effect of larger reasoning steps.

p 0.0075 The total cost for supplies is $832. The
travel tickets cost 50% more than the

(51,52)-0.0006 0.0026 0.0025 0.0031 0.0006 0.0023 0.0025 0.0032 supplies. To find the ticket cost
-0.0057
[ 1. Calculate 50% of $832: \n \\( 0.5 \\times ]
(S2,53)-0.0004 0.0027 0.0023 0.0017 0.0004 | 0.0027 0.0017 0.0018  -0.0040 (832=416V).
| 2. Add this to the original supply cost: \n
0.0022 | 832 + 416 = 1248 ).
(53,54)- 0.0011 0.0015 0.0031 0.0008 0.0014 0.0059 0.0037
1 b ; 1 1 i, : 1 -0.0004 Thus, the travel cost is \(\\boxed{1248}\\)
Mg My(i) My(i +1) Ms Mg My(i) My(i+1) Ms ' )
(a) wlo error (b) w/ error (c) Reasoning Steps

Figure 5: (a,b) Comparison of per-token PID measures for erroneous (w/) and non-erroneous(w/o):
per-token uniqueness My (i41) decreases for the step pairs (S, S3) and (S3,.S4) when error occurs.
(c) Reference example for the reasoning steps in final_summary (erroneous case).

Identifying Incorrectness in CoT: We can summarize the reasoning flow for the word problem as
follows: S7: compute 50% of the supply cost, x; So: compute 0.5z + x to obtain the ticket cost; Ss:
compute 1.5z + x to determine the total travel cost. However, as shown in Fig. [5]c), the final step
fails to correctly combine the ticket and supply costs. The model misunderstands the objective of
the question, computing only the ticket cost rather than the overall travel cost. Notably, Fig.[5{(a,b)
shows that when this error occurs, the per-token uniqueness My (i 4+ 1) decreases for the step pairs
(S2,S3) and (S3, S4), indicating the presence of erroneous reasoning step.

) 0.0054 (S_1) Okay, let's see here. The problem. . .|
need to find out . . the travel (tickets) costs.

(51,52)70.0019ﬂ 0.0030 ' 0.0014 (Ss,Se)- 0.0009 0.0032 0.0018 | 0.0008
-0.0045

[ (S_2) First, let me make sure | understand the.. ]

(52,53)- 0.0014 0.0031 0.0031 0.0015 (Se,S7)- 0.0008 0.0019 0.0022  0.0011 -0.0036

(S_5) So plugging in the value of S, we get T =
1.5 * 832. Let me compute that.
(S3,54)- 0.0014 00028 0.0026 00016 (S7,S55)- 0.0010 00024 00028 00013  -0.0027 JT
(S_6) Calculating 1.5 times 800 is 1200, and ]
-0.0017 1.5 times 32 is 48. ..1200 + 48 = 1248 .. .

-0.0008 | (S_9) So the final answer should be 1248.... |

(S4,55)- 0.0013 0.0028 0.0033 | 0.0011 (Ss,So)- 0.0010 0.0025 0.0016 0.0012

My M) MyGi+1) Ms M Myli) MyGi+1) Ms

(a) Nine-step CoT (b) Reasoning Steps

Figure 6: (a) Change in Per-token PID measures over number of reasoning steps (b) Reference
example for the reasoning steps in thinking_steps (erroneous case).

Identifying Repetitiveness in CoT: For this challenging problem, the thinking_steps are lengthy and
predominantly repetitive in nature. As illustrated in Fig. [6b), the first two steps focus on interpret-
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ing and structuring the problem. In contrast, subsequent steps first determine what to compute and
then carry out the calculations. This behavior is reflected in the per-token uniqueness M;; shown in
Fig.[6((a). For example, at S5 the model outlines the plan to compute 1.5 x z, while at S it performs
the actual calculation using additional tokens. Although both steps contain unique information, the
per-token normalization highlights the efficiency difference between them (see Fig. @a) (Ss, S6)).
The following step again revisits or reformulates the same computation. Such patterns lead to alter-
nating dominance in per-token uniqueness My and indicate repetitive reasoning rather than a steady
introduction of new task-relevant information.

D SENSITIVITY ANALYSIS

Encoder-Only vs Decoder-Only Representations: One key step of SLIDER is to convert the tex-
tual reasoning steps and final answer into vector representations. To this end, we experimented
with input embeddings from both decoder-only (Llama-2-7b (Touvron et al.| 2023) and encoder-
only (all-MiniLM-L6-v2(Reimers & Gurevych, |2019)) LLMs. Interestingly, embeddings from the
decoder-only LLM produced counterintuitive PID values (see Table[T). For example, with increas-
ing errors in the reasoning step So of the arithmetic data where S; = 3z, S; = 2y, and the final
answer A = 3x + 2y, the observed synergy increases, whereas intuitively it should decrease, as dis-
cussed earlier. A possible explanation is that encoder-only LLMs are trained to produce embeddings
that are particularly suitable for classification tasks, making them more cluster-efficient and better
aligned for PID estimation.

Table 1: PID components using decoder-only and encoder-only LLMs as embedders.

Decoder-only Encoder-only
Erroneous S
w/ prob. p Red  UniS1  Uni_S2 Syn | Red  UniSI UniS2 Syn
p=20 0.0194 0.0544 0.0748 0.7100 | 0.0978 0.1557 0.0817 0.7500
p=0.25 0.0253  0.0485 0.0561 0.7467 | 0.0692 0.1844 0.0620 0.6872
p=0.5 0.0260  0.0478 0.0649 0.7519 | 0.0591 0.1945 0.0453  0.6928

Number of clusters: To assess the sensitivity of PID estimation to the number of clusters, we
compute PID values using 10 and 20 clusters (see Table[2). We observe that increasing the number of
clusters to 20 leads to higher PID values, although the rate of increase varies across the components.
Importantly, overall trends remain consistent: redundancy, uniqueness, and synergy patterns are
largely preserved, and components that dominate with 10 clusters also dominate with 20 clusters.

Table 2: PID components between consecutive reasoning steps for different numbers of clusters.

(Si, S¢+1) Necluster Red(AtSi, Si+1) Uni(A:Si‘SiJrl) Uni(AZS¢+1 ‘SZ) Syn(A:Si7 Si+1)

(51, 5) 10 0.5496 0.2709 0.0993 0.2045
1) 02 20 0.8462 0.4914 0.3134 0.3449
(S5, 55) 10 0.4205 0.2298 0.0890 0.1805
208 20 0.7081 0.4522 0.2335 0.3779
(S5, 54) 10 0.1746 0.3351 0.0501 0.2385
35104 20 0.4230 0.5193 0.1803 0.6169
(84, 55) 10 0.1328 0.0919 0.1427 0.3408
4,25 20 0.3326 0.2689 0.3088 0.8131
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E STANDARD PID-MEASURES VS OUR MEASURES

Fig. [7] demonstrates the effectiveness of our proposed per-token measures. When computing stan-
dard PID measures, redundant (Red) information dominates significantly over the other components;
however, based on our earlier analysis of the easy word problem, we also expect substantial unique
information. In contrast, the proposed per-token formulation captures the prominence of per-token
redundancy My without overshadowing the contributions of per-token uniqueness, resulting in a
more efficient quantification across reasoning steps.

g 14112 g 00021
(51,52) - 0.3843 0.3451 0.1818 0.0012 0.0010 /0.0003
-0.9928 -0.0015
(S,,S53)-1.1307 0.6262 0.1560 0.2676 0.0017 0.0018 0.0005 0.0004
-0.5744 -0.0009
(S3,S4)-0.8241 0.4654 0.2806 0.3600 0.0013 0.0015 0.0009 0.0006
i i l i -0.1560 | . | | -0.0003
Mg My(i)My(i+1) Ms Mg My(YMy(i+1) Ms
Standard PID measures Our measures

Figure 7: Comparison of PID and per-token measures on the easy GSM8K problem.
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