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Abstract

The stochastic heavy ball method (SHB), also known as stochastic gradient descent (SGD) with
Polyak’s momentum, is widely used in training neural networks. However, despite the remarkable
success of such algorithm in practice, its theoretical characterization remains limited. In this paper,
we focus on neural networks with two and three layers and provide a rigorous understanding of
the properties of the solutions found by SHB: (i) stability after dropping out part of the neurons,
(ii) connectivity along a low-loss path, and (iii) convergence to the global optimum. To achieve
this goal, we take a mean-field view and relate the SHB dynamics to a certain partial differential
equation in the limit of large network widths. This mean-field perspective has inspired a recent line
of work focusing on SGD while, in contrast, our paper considers an algorithm with momentum.
More specifically, after proving existence and uniqueness of the limit differential equations, we
show convergence to the global optimum and give a quantitative bound between the mean-field
limit and the SHB dynamics of a finite-width network. Armed with this last bound, we are able to
establish the dropout-stability and connectivity of SHB solutions.

1. Introduction

Despite the exceptional empirical success of gradient-based algorithms in the training of over-
parameterized neural networks, their convergence properties are still not well understood, given that
the optimization landscape is known to be highly non-convex and to contain spurious local minima
[5, 31, 45]. A popular line of work starting from [7, 25, 30, 36] has proposed a new methodology
to analyze the behavior of stochastic gradient descent (SGD), namely, the mean-field regime. The
idea is that, as the number of neurons of the network grows, the SGD training dynamics converges
to the solution of a certain Wasserstein gradient flow. This perspective has facilitated the study of
architectures with multiple layers [4, 13, 23, 27], and it has given a rigorous justification to a num-
ber of properties displayed by SGD solutions, including convergence towards a global optimum
[6,7, 17, 25, 28], dropout-stability and connectivity [34], and implicit bias [8, 33, 42].
Optimization with momentum, e.g., the heavy ball method [29] or Adam [18], is widely used in
practice [38]. However, all the aforementioned works consider the vanilla SGD algorithm and, in
general, the theoretical understanding of algorithms with momentum has lagged behind. To address
this gap, [20] defines a mean-field limit for the stochastic heavy ball (SHB) method — also known
as SGD with Polyak’s momentum — for a two-layer model. In particular, the convergence to the
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mean-field limit is proved, as well as that the solution of the mean-field equation approaches a
global optimum. However, [20] leaves as an open problem finding a quantitative bound between
the infinite-width limit and the finite-width network, and the analysis is restricted to two layers.

In this paper, we define a mean-field limit for the heavy ball method in two-layer and three-layer
networks. We show global convergence in the three-layer setting, and give quantitative bounds for
networks with finite widths. This last result opens the way to providing a rigorous understanding
of effects commonly observed in practice, such as the connectivity of solutions via low-loss paths
[10, 12, 14, 15]. Furthermore, we highlight that the explicit characterization of the SHB dynamics
via the mean-field limit could prove useful to analyze the robustness and reliability of the solution
found by the optimization algorithm. More specifically, our key technical contributions can be
summarized as follows:

1. We show existence and uniqueness of the mean-field equations capturing the SHB training.

2. We give non-asymptotic convergence results of the SHB dynamics of a finite-width neural
network towards the mean-field limit. Our bounds are tight in terms of the network width, and
they exhibit a mild dependence on the input dimension. As a consequence of these bounds,
we discuss how SHB solutions can be connected via a simple piece-wise linear path, along
which the increase in loss vanishes as the width of the network grows.

3. Finally, we prove a global convergence result for three-layer networks, under certain assump-
tions on the mode of convergence of the dynamics.

Related work. For two-layer networks, our approach extends the line of work [25, 26] to the
heavy ball method. Because of the presence of momentum, in this case the mean-field limit is
described by a second-order differential equation (instead of the first-order one capturing the SGD
dynamics). The mean-field limit for heavy ball methods was first considered in [20], which deals
with a setting regularized by noise and does not provide quantitative bounds. Various approaches
have been proposed to define a mean-field limit for neural networks with more than two layers
[4, 13, 36], and here we follow the “neuronal embedding” framework [27, 28]. Global optimality
for three-layer networks was shown in [28], under a convergence assumption in the same spirit of
[7]. Results for networks with more than three layers exploit a special initialization [27] or skip
connections [13, 23]. Another recent line of work has considered training neural networks in the
neural tangent kernel (NTK) regime (or lazy regime) [1, 9, 11, 16], and this type of analysis has
been adapted to the heavy ball method by [40] and to other adaptive methods by [43]. However,
we remark that, unlike in the mean-field regime, neural networks are unable to perform feature
learning in the NTK regime [44]. Beyond the training of neural networks, the continuous limit of
momentum-based stochastic gradient descent algorithms has been studied in [35, 37, 41], and such
dynamics are known to be closely related to sampling methods such as MCMC [24].

2. Problem setup

For space reasons, in the paper we focus on three-layer networks, and the results for two-layer
networks are deferred to Appendix B. The network has n; and ny neurons in the first and second
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hidden layer, respectively:

ni

1
Hy(z, ji; W) =wi(1) 2, Ha(z,jo; W) = - > waljr, 2)or (Hi(ji; W),
L m =1 0
fle; W) = P > w(Go)oa(Ha(jo; W)).
Jo=1

Here =, w1 (j1) € RP, wa(j1,2),ws(j2) € R, and we use W € R P+n2nitn2 (4 denote the
collection of all parameters. The training data z = (a,y) is generated i.i.d. from a distribu-
tion D, and the neural network (1) is trained to minimize the population risk function R(W') =
E.[R(y, f(x; W))] via the following one-pass stochastic heavy ball (SHB) method':

WSHB(E 4- 1) = WSHB(k) 4+ »(k),
r(k) = (1= 52) (W (k) = W () — 1)) — 2V yysm R(y(k), f (x(k); W (k))).
2

Here Vyysus R(y(k), f(x(k); WSHB) denotes the scaled gradient, and the choice of the scaling
factors ensures that each component of the gradients is of order 1 (i.e., independent of the layer
widths n1, ns), see Appendix A for the details. We make the following assumptions:

(A1) There exists a universal constant K > 0 such that ||o1]/cos ||0] |lcos [0 llcos [[02]l00s [|05]|cos
loY]lc < K. The data distribution D is such that |y|, ||x||2 < K almost surely. Furthermore,
oh(z) # 0forall z, |02 R(y, f(a; W))| is K-Lipschitz continuous with respect to the second
argument and K -bounded for any W'.

(A2) wy(0, 1), w2(0, j1, j2), ws(0, j2) have an i.i.d. initialization from p}x p2x p3, i.e. w1 (0, 1) &

L i \ did. . . N
P, w2(0, 41, 52) "X p3, w3 (0, j2) "X pg for j1 € [n1], j2 € [na). Furthermore, wy (0, j1) is
K?2-sub-Gaussian, |w2(0, j1, j2)|, |ws(0, j2)| < K almost surely, and 7(0) = 0.

The assumptions above hold e.g. for tanh or sigmoid activation functions, and logistic or Huber
loss. Even if 02 R(y, f(x; W)) is not K-bounded for the square loss, we still expect similar results
to hold, since it suffices that 2 R(y, f(x; W)) is bounded with high probability. Finally, we remark
that the boundedness of the initialization w2 (0, j1, j2), w3(0, j2) is purely to simplify the proof,
which could be generalized to a K ?-sub-Gaussian initialization.

3. Derivation of the mean-field limit

We start by defining the neuronal embedding. In [28, Proposition 7], it is proved that, for the i.i.d.
initialization (A2), there exists a product probability space (£2; x Qg, F1 X Fa, P1 xPy) and functions
'wl((), ) : Ql — RD, wQ(O, ° ) : Ql X QQ — R, ’UJ3(O, ) : QQ — R s.t. for any ni,ng > 0,

{wl(ovCl(j1>)vwQ(Ovcl(j1)702(j2))vw3(0502(j2))7 fOI‘jl € [nl}va € [712]}

d ) o ) ) .
= {w1(0, j1), w2(0, j1, j2), w3(0, j2), for ji € [n1],j2 € [n2]},

1. A similar formulation is common in the literature, see e.g. [35, Eq. 1.2].
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where < denotes equality in distribution, C4 (j1) ~ i Py, Ca(j2) - Py, for j; € [n41],j2 € [n2]
and we use the short-hand [n;] := {1 .,ni}. The neuronal embedding is { Q1 x Qo, F1 X Fa,
Py x Py),w1(0,-), w2(0, -, ), w3(0 } and the mean-field limit is the ODE tracks the functions
w1(0, ~), wQ(O, ° '), ’U}3(0, )Z

de(ta 62) = TB(t7 62) dta dT‘g(t, 62) = (—’7’/“3 (ta 62) - EZA};V(Z7 C2;3 W(t))) dt,
dws(t, c1,c0) = ro(t, c1,c2)dt, dra(t,ci,co) = (—yra(t,c1,c2) — EZAIQ/V(Z,Cl, co; W (t)))dt,
dwl(t, Cl) =T (t, Cl) dt, d’l"l (t, Cl) = (—’y’l"l (t, Cl) — EZA‘fV(z, C1; W(t))) dt,
3)

where ¢1 € 1, co € o are dummy variables. The output of the neural network under the mean-
field limit (3) is described via the following forward pass:

Hy(x,ci; W(t) = wi(t,e1) @, Hy(w,co; W (L)) = Egyup, walt, Cr,ca)o1 (Hi (@, Cr; W(t))),
f(x; W (1)) = Egyp,ws(t, C2)oa(Ha(z, C2; W (2))).
4)

Furthermore, the quantities AY', AV AW appearing in (3) are described via the backward pass:

A (2, ¢, W(1)) := B2 R(y; f(a; W (1)))oz(Ha(, c2; W (1)),
AY (z,c0; W (1)) := B2 R(y; f (a; W (1)) wsl(t, c2)op(Ha(w, c2; W (1)),
AV (z,e1,c0; W (1)) := Al (2, c0; W ()01 (Hy (x, ¢1; W (1)), 5)
Af (z,c1; W (1)) := Eq, A3 (, Co; W (1) )wa(t, e1, Ca)oy (Hi (=, e1; W (1)),
AW (z,c; W(t)) = Al (z,c1; W (t))x.

By analyzing a Picard type of iteration [39], we can show the existence and uniqueness of the
mean-field limit (see Appendix D.2 for the proof).

Theorem 1 Under Assumptions (Al)-(A2), there exists a unique solution of the mean-field ODE
(3).

4. Convergence to the mean-field limit

Let WSHB(k) = ((waB(k; ]1))]16[711] ( SHB(k7 jla j2))j1€[nﬂ,j2€[n2]v (ngB(ka j2))j2€[n2}) be ob-
tained via the SHB iteration (2). Before stating our result, let us discuss how to couple this SHB
dynamics to the mean field ODE (3) Flrst sample a finite neural network w.r.t. the neuronal embed-

dlng, 1.€., Cl(jl) N Py, CQ(]Q) N " Py, for jl S [nl] j2 € [??,2] and wl( ),WQ(O, ,'),wg(O, )
Given w; (0, -),w2(0, -, -),w3(0, -), let the mean-field ODE (3) evolve up to some ¢, thus obtaining
wi (t,-), wa(t,-, "), w3( -). Next, initialize the weights corresponding to the SHB evolution accord-
ing to the initiahzatlon of the mean-field ODE, i.e., wiB(0, j1) = w1 (0, C1(j1)), w3B(0, j1, jo) =

w2(0, C1(51), C2(j2)) and wilB(0, j2) = w3(0, Ca(j2)), and let them evolve according to SHB dy-
namics (2), thus obtaining wy8(k, j1), w3HB(k, j1, j2),w3B(k, ja) for k = [t/€]. Finally, define
the following distance metric that measures the difference between the mean-field and the SHB
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dynamics:
Dr(W, W) = max sup max{||wi(t,C1(j1)) — wi™([t/e], j1)|lo,
Jr€[nl.jz€na] tefo,1)
|wa(t, C1(j1), Calja)) — w3 P ([t/e], j1, d2) |, lwa(t, Calja)) — w3 ([t /€], j2)[}-
(6)

Theorem 2 Let Assumptions (Al)-(A2) hold. Consider the coupled SHB dynamics (2) and mean-
field ODE (3), and the distance metric (6). Then, with probability at least 1 — exp(—32),

1/ Mmin

where Nyax = max{ni,na}, Nmin = min{ny,na}, and K(v,T) is a constant depending only on
v, T

1 max
DT<W,WSHB)SK<%T)<(”°g” +5)+\/5(\/D+10gn1n2+5)>, ™

The proof of Theorem 2 is deferred to Appendix F. This result shows that the approximation
error between the SHB dynamics and the mean-field limit vanishes as ni,no grow large, with
Nmax = o(e™in) and ¢ = o(1/+/D +logninz). The bound (7) is dimension-free, in the sense
that n1,no do not need to scale with the input dimension D. The constant K (y,7T’) scales rather
poorly in T', i.e., K(v,T) = O(eeT), as common in existing mean-field results [25-28]. An inter-
esting open problem is to improve such dependence, e.g., by using ideas from [32].

An application of Theorem 2 consists in characterizing the dropout-stability and connectivity of
the solutions found by SHB. Given two non-empty sets A1 C [n1], Ay C [ng], we say that W is

ep-dropout stable if
’R(W) - RdrOp(W§ Ay, AQ)’ <ep, ()

where Rqyop(W'; A1, A2) is obtained by replacing the two-layer network f(a; W) defined in (1)
with the dropout network

\A | Z w3 (j2)o ]A | Z wa(j1, jo)or (wi(j1) ) | - &)

J2€A2 J1€AL

Furthermore, two solutions W and W' are ec-connected if there exists a continuous path in pa-
rameter space that starts at W, ends at W' and along which the risk R(-) is upper bounded by
max{R(W), R(W')} + ec. The connectivity of solutions obtained via gradient descent methods
has been empirically observed in [10, 14], and it has been related to dropout-stability in [21]. The
fact that SGD solutions enjoy dropout-stability and connectivity properties has been proved in [34]
and, by combining this analysis with Theorem 2, similarly strong guarantees can be obtained for
heavy ball methods. In particular, after k < | 7'/ steps of the iteration (2), the resulting parameters
are e p-dropout stable and e~-connected, where

ep = K(v,T) <( 10g A +9) + Ve(v/D + logning + 5)) ,

V Amin

(10)
\/1 max
ec—K(fy,T)<( 08 Timax +9) —i—ﬁ(\/D—Hognlnz—i—é)),

4/ Mmin
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with probability at least 1 — exp(—d2). Here, Amax = max{|A1], |Az2|}, Amin = min{|A;|,| A2},
Nmax = max{ni,na} and nyi, = min{n;,ny}. The path connecting the two solutions is piece-
wise linear, and it can be explicitly constructed as in [21, 34].

Finally, let us highlight that our mean-field perspective can shed light on the thought-provoking
conjecture of [12], where it is empirically observed that, after a suitable permutation, the solutions
of the optimization algorithm enjoy linear connectivity. In fact, Theorem 2 shows that, by running
the SHB training algorithm (2) multiple times, all the resulting solutions satisfy (7). This readily
implies that, after a permutation of the neurons, the distance between such solutions can also be
upper bounded by the RHS of (7).

5. Global convergence of mean-field dynamics for three-layer network

In order to show the global convergence result, we first need to make some extra assumptions.

(B1) The activation o exhibits a universal approximation property, i.e., {o1((w,-)) : w € RP}
has dense span in L’z(Dm), where D, denotes the x-marginal of the data distribution D.

(B2) p} has full support.

(B3) The mean-field ODE (3) converges to the limit ('wl(oo, 1), wa(00, c1, c2), ws (oo, 02)) s.t.
Pr [w3 (o0, C2) # 0] > 0. Formally, we have that, as t — oo,

Ecy,0,[(1+ Jws (oo, Ca)|)ws (00, Ca)| [wa(oo, C1, Co)| [[wi (¢, C1) — wi(oo, C1)l2] — 0,
Ecy,0,[(1 + Jws (oo, Co))ws(o0, Co)| [wa(t, C1, C2) — wa(oo, C1, Co)|] — 0,
Ec, [(1 + |ws (o0, Co)|)|ws(t, C2) — ws(oo, C2)|] — 0,
esscsup ECQHEZAIQ/V(Z, Cy,Cy; W (t))|] — 0.
1

The universal approximation property is the key assumption to obtain a global convergence result.
This requirement is mild, since most activation functions used in practice are universal approxima-
tors. The assumption on full support is also mild, since widely used initialization schemes (e.g.,
He’s or LeCun’s initialization) employ a Gaussian distribution, which indeed has full support. The
assumption on the mode of convergence is purely technical, and it is an open question whether
it can be relaxed. We remark that these requirements also appear in [28], with the exception of
Pr [w3(c0, C2) # 0] > 0, which is needed to handle the heavy ball dynamics.

Theorem 3 Ler Assumptions (Al)-(A2) and (B1)-(B3) hold, and assume further that R(y, f(x; W))
is convex in f(x; W). Let W (t) be the solution of the mean-field ODE (3). Then, we have that

A B Ry, f@: WD) = inf E=R(y, j(@)). (1

The detailed proof is deferred to Appendix G and we provide here a sketch. First, we show
a degenerate property for the mean-field ODE, i.e., there exist deterministic functions wj(-,-) :
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R0 x RP — RP wj(-,-, ) : RZOx RP x R x R — R, w3(+,-) : RZ% x R — R such that

wi(t,Cr) = wi(t,wi(0,C)),
wa(t, C1, Ca) = wy(t,w1(0,C1), w2(0,Cr, Ca), w2(0,Ca)),
ws(t, C2) = wi(t, ws3(0,Cy)).

Next, we show that, for any finite ¢, w7 (-, ) is continuous in both arguments and w; (¢, C1) is full
support. Finally, the convergence to the global minimum is obtained by combining the argument
that w1 (¢, C7) is full support for all finite ¢ with the mode of convergence assumption.

Theorem 3 is rather different from the global convergence result for the heavy ball method pre-
sented in [20]. In fact, [20] consider noisy dynamics (i.e., with additive isotropic noise), and show
the convergence of the mean-field ODE to the global minimum of a certain free energy, which rep-
resents an entropic regularization of the loss function. In this setup, the convergence is guaranteed
by the noise term in the dynamics and by the regularization term in the free energy functional.
In contrast, we consider noiseless dynamics and do not prove its convergence. Instead, we show
that, when the mean-field ODE converges, it must do so towards the global minimum of the un-
regularized loss function. At the technical level, our proof strategy is an adaptation to the heavy ball
case of the argument for SGD in [28], which also crucially relies on the universal approximation
property of the activation function. A similar idea was first proposed in [23], and it also appears in
[13]. However, our contribution is the first to tackle the case of optimization with momentum.
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Organization of the appendix. Appendix A contains the details on the training dynamics missing
from Section 2. In Appendix B, we define the mean-field limit for two-layer networks, and state the
convergence of the corresponding SHB dynamics to it. In Appendix C, we provide some a-priori
estimates that will be useful in the following arguments. In Appendix D, we prove Theorem 1 and 4,
namely, the existence and uniqueness of the mean-field limit for two-layer and three-layer networks,
respectively. In Appendix E and F, we prove Theorems 5 and 2, which show the convergence of
the SHB dynamics to the corresponding mean-field limits for two-layer and three-layer networks.
Finally in Appendix G, we prove Theorem 3, which is the global convergence result in the three-
layer setup.

Appendix A. Details on training dynamics

We recall that the training data z = («,y) is generated i.i.d. from a distribution D. The neural
network is trained to minimize the population risk function R(W') = E,[R(y, f(x; W))] via the
following one-pass stochastic heavy ball (SHB) method:

W (k+1) = W(k) + BW (k) - W(k - 1)) —)VwR(y(k), f ((k); W (k). (12)

where we use %WR(y(k), f(x(k); W) to denote the scaled gradient, and the scaling factors for
each parameters are specified below. This is a one-pass method in the sense that, at each step, we
sample a new data point z(k) independent from the previous ones.

In order to define a continuous-time ODE for the heavy ball method, we pick 5 = (1 — ~¢) and
n = €2, so the one-pass SHB method can be equivalently written as follows:

W(k+1) = W (k) + r(k),

r(k) = (1—7e)(W (k) = W(k —1)) = *VwR(y(k), f(@(k); W (k). (13)
which is exactly the form in (2). The formulation in [35] is similar: in [35, Eq. 1.2], § = ;zz,
while here we let 5 = 1 — 7¢; hence, the two choices are basically the same when ¢ is small. The
corresponding continuous ODE, also studied in [20, Eq. 6], is given by

AW (t)=r(t),  Ohr(t)=—r(t) - VwR(W(t)). (14)

We remark that there are different ways to derive a continuous dynamics from (12), and (2) is ob-

tained by applying the Euler scheme based on the second-order Taylor expansion. The correspond-

ing ODE (14) is denoted as the low-resolution ODE in [35]. It is an interesting and challenging

task to analyze other types of ODEs associated to the SHB method, for example the high-resolution

ODE proposed in [35]. We leave this to future works. We also remark that similar formulation of

the continuous counterpart of heavy ball methods with fixed momentum are studied in [19, 22].
We conclude this part by discussing the scaling factors for the gradient in (2):

VwR(y, f(x; W)

= ((A‘I/V(mmha W))jlé[nl]? (A‘Q/V(majlaj% W))jle[nl],jQG[ng]’ (Agv(mvj% W))jze[nz])a
15)

11
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where
AY (@, j2; W) := 1900y o) R(y, [ (2 W) = 3Ry, f(m; W))oa(Ha(, j2; W),
A (@, jo; W) := 190, (. jo;w) Ry, [ (2; W) = B2 R(y, f(x; W))w3(j2)ob(Ha(, ja)),
AY (@, 1, j2; W) 1= 11020y (jy o) Ry, f(2; W) = A (, jio; W)o1(Hi (2, j1; W)),
Af(z,j1; W) = maHl z.guw) Ry, f(2; W)
anZIAz &, jo; W)wa(j1, j2) ot (Hi (2, j1; W),

A‘I/V(x7.]17 W) = nlvw1(]1)R(y7 f(mv W)) = A{I(wajlv W)w
(16)

In words, the scaling factor is ny for the third layer, n; X ng for the second layer, and n; for the first
layer. Hence, the SHB dynamics can be expressed in the following more explicit form:

wi™(k+1, ja) = w3"(0, ja) + (1 — ve) (w3 (k, ja) — w3™ (k — 1, ja))
— 203 (2(k), j2; W (k)),
wy P (k 41,41, 2) = w3 0 (0, 41, j2) + (1 —ve)(wy P (k, v, ja) — w3 (k — 1, j1, j2))
— 2 AY (2(k), j1, j2; WP (k)),
wi™ (k+1,j1) = wi™ (0, j1) + (1 —ve) (wy™ (k, j1) — wi™ (k — 1, 1))
- 52AI1/V(Z(]<?)>J'1; W (L)),
(17)

Notation. In the following sections, we will use w; (¢, j) or wi(k, j) to represent the weights at
time ¢ or time step k. The same notations also applies to ws, ws. For convenience, we will also use
the lighter notation

Hl(ta T, Cl)a H2(t7 Z, 62)7 Agv(ta Z, 02)7 Ag(ta zZ, 02)7 AIQ/V(ta z,C1, 02)7 Allq(ta Z, Cl)v All/v(tvz> Cl)

to denote the quantities defined in (5).

Appendix B. Results for two-layer networks

B.1. Derivation of the mean-field limit

We consider a two-layer neural network with n neurons and input € RP:

Hy(z,j; W) = wl(j)Tw, j € [nl,

18
ZWQ o(Hy(j; W)). (1%

Here, we use the short-hand [n] := {1,...,n} and, for j € [n], the parameters of the j-th neuron
are denoted by 0(j) = (w1(j), wa(5)), with wq(j) € R” and wy(j) € R. The parameters are
updated according to (2), with

VwR(y, f(z; W) = (AY (2,5 W) jepps (AY (2, 55 W) i) (19)

12
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where

AY (@, j; W) := 0y, ;) R(y, f(2; W)) = D2 R(y, f(z; W))o (H (, j; W),

W N . (20)
AV (2, §; W) i= 0V, )y Ry, f(2; W) = 02 R(y, f(x; W))wa(j)o' (Hi(z, j; W))z.

We make the following assumptions:

(C1) There exists a universal constant X > 0 such that ||o||ec, [|0”|lcc, [[0”||lcc < K. The data
distribution D is such that, almost surely, |y|, ||[x||2 < K. Furthermore, |02 R(y, f(x; W))|
is K -Lipschitz continuous in f(z; W) and K -bounded for any W.

(C2) Atinitialization, w1 (0, j), w2(0, j) i po, where py is such that w1 (0, j) is K ?-sub-Gaussian,
and |w2 (0, 7)| < K almost surely. Furthermore, r(0) = 0.

The idea of defining the mean-field limit in two-layer case is that the output of the network can
be viewed as an expectation over the empirical distribution of the weights, that is:

£ W) = =3 wa(ors(w1(§)) = By (36,
j=1

where o*(z;0(j)) = wa(j)o(wyi(j)Tx) and py = %Z?:l dg(j)- Thus, the evolution of the pa-
rameters 0(t) according to (14) can be viewed as the evolution of pg(t) according to a certain
distributional dynamics induced by (14). Since we assume i.i.d. initialization, as the number of
neurons n — 00, we expect that pg(0) — po. In this limit, the distributional dynamics induced by
(14), can be described by a certain PDE, with initial condition pg. Let

f(®;p) :=Eg po™(x;0),  R(z;p) :=R(y, [(x;p),  Rlp):=ER(y, f(w;p)),
~ SR(z, oR ~ 2D
W(=.0:0) = 20 10)  w(o:p) = M (g) iz, 0:).
p P
Then, we define the mean-field PDE associated to the heavy ball method as
do(t) = r(t)dt,  dr(t) = <—7r(t) — Vel(0(t); pe(t))) dt. 22)

The existence and uniqueness of the solution of (22) is given by the following result, which is
proved in Appendix D.1.

Theorem 4 Under Assumptions (C1)-(C2), there exists a unique solution of the mean-field PDE
(22).

B.2. Convergence to the mean-field limit

We recall that the mean-field PDE is defined in (22), and the SHB dynamics can be expressed as

O (k+1,7) = 0 (k, 5) + (1 — 7e) (0" (k, 5) — 65" (k — 1, 7))

- €2V9‘T’(Za 0558 (k, 5); plus(K)),
(23)

13
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where 8578 ([, 7) denotes the parameter associated to the j-th neuron at step k, U is defined in (21),
and p% (k) = 1 =1 0gsus y, ;) denotes the empirical distribution of the parameters {6578 (K, j)} jen)-

We couple the mean-field PDE (22) and the SHB dynamics (23), in the sense that they share the

same initialization: 8(0) ~ p®(0) and 8572(0, 5) i p?(0). Let us define the following distance
metric that measures the difference between the mean-field dynamics and the SHB dynamics:

Dr(0, GSHB) = max sup ||05HB(Lt/€J,j) —0(t)]|2- 24)
J€ln] tefo,1]

Theorem 5 Let Assumptions (C1)-(C2) holds. Consider the mean-field PDE (22), the SHB dynam-
ics (23) and the distance metric (24). Then, with probability at least 1 — exp(—62),

Dr(0,058) < K(~,T) <(W +ve(v/D +logn + 5)) : (25)

where K (v,T) is a constant depending only on v, T.

We remark that the RHS of (25) is also an upper bound on sup;c(g 7 Wa(p?(t), p8us(lt/e])),
which follows directly from the definition of the Wasserstein W, distance. The guarantees of The-
orem 5 are similar to those of Theorem 2, and considerations analogous to those at end of Section
4 can be done as concerns the dropout-stability and connectivity of the solutions found by SHB for
two-layer networks.

Appendix C. A-priori estimates

C.1. Two-layer networks

Lemma 6 Assume that (C1)-(C2) hold, and let f(x;p),V(0;p), VoV (0;p) be defined in (21).
Then, for any fixed T, there exist universal constants K, Ko(~y,T), where the latter depends only on
v, T, such that the following results hold.

1. (Boundedness) We have that, for any 0, p,
f(@; p) < KEp|wol,

(W (6; p)| < Klwsl, (26)
VoW (0;p)ll2 < K (1 + [wal).

2. (Boundedness for mean-field ODE) We have that, for any t < T, ws(t) as governed by (22)

satisfies

wa(t)] < Ka(v,T). @27)

3. (Lipschitz continuity):
[0(0;p) — W(O'; )| < K(1+ [wa) (Jwz — wh| + [[wr — whll2 + Wa(p, '),
(28)
IVo®(8;p) = Vo (0';0)ll2 < K(1+ |wa) (Jwz — wh| + [Jw1 — willz + Walp, p)) -
(29)

14
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Proof
1. By the definition and assumption (C1), we have that
|f (5 p)| = [Epwao (wi )| < KEy|wsl,
9(6; p)| < [E. [0:R(y, f(@: p))o(w]@)] | - Jws] < K]uws),
IV, (65 p)| = |Ez [0R(y, f(; p))o(wi @)] | < K,
IV, W(0; p)ll2 = B [02R(y, f (2 p) w20’ (wi )] [|2 < Klws|.

2. By writing down the integral form of the ODE, we have

Iw2(t)!S|w2(0)|+v/ (ws(s)] + [ws(0 ds+/ /\vwzw :p(u))| duds

< (K + KT+ KT?) +7/0 lwa(s)] ds
< (K4 KT + KT*eT.
By setting K»(v,T) := (K + KT + KT?)e", the proof of (27) is complete.
3. For the Lipschitz continuity argument, we have
U(6; p) = Bz [0:R(y, f(=; ))wza(wlTiv)] :

oy — Ry, f(x ))wa( )T
VO\IJ(Q,P) = ( [ 2[32%(?; f(i ”) 2 ] )

Thus,
[9(6: p) — U(8'; )] < Klwallwi — wh]| + K|ws — wh)
+ K|wa||Eg~po(z;0) — Egopo(x;0)]. 30)
We define the Bounded Lipschitz (BL) divergence as follows:
dpr(p, p') = sup{[Eg~,f(0) —Eo~p f(0)] : [fI <1, [If|lLip <1}

We have the following relationship between the BL-divergence and the Wasserstein distance
(see for example [7, Appendix A.1] for more details):

dgr(p. p') < Walp, p').
Hence,
[Epo(x;6) —Eyo(x;0)] < Kdpr(p, p') < KWa(p, p'),
which implies that the RHS of (30) is upper bounded by

Klws|(|lwy — will2 + Wa(p, o) + K |wa — ws]
< K(1+ |wal) (Jwe — wh| + [Jwr — will2 +Wa(p, p)) -

This concludes the proof of (28). The Lipschitz continuity of VgW¥(8; p) follows from the
same argument.
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C.2. Three-layer networks

Lemma 7 Assume that (Al)-(A2) hold, and let Hy, f, AV AW AW AI AI be defined in (4)
and (5). Then, for any fixed T, and given a neuronal embedding

{( x Qa, F1 x Fa,Py x Py),w;(0,-), w2(0,-,-),ws(0,-)}

, there exists a universal constant K and universal constants K3 (v, T'), K3 3(y,T') only depending
on vy, T such that the following results hold.

1. (Boundedness) We have that, for any W , z, for any t € [0,T] and for any ¢; € Q1, ¢y € Qo,
o |[(z; W ()| < Kesssup |ws(t, Co)|

2

o Ho(z,co; W ()| < Kesssup |wa(t, C1, C2)
C1,C2

* |AY (2,00, W (1) < K
o 1A (2.2 W (1))] < K esssup fus (1, Ca)|

2

|A¥V(z,cl,02; W) <K (ess sup |wa(t, Cl,Cg)\) esssup |ws(t, C2)|
C1,Cz 02

. |A{I(x,cl; W(t))| < K esssup |ws(t, C2)|esssup |wa(t, C1, Ca)|

2 C1,Co
AV @i WD) < K esssup fus (1, Co) esssupa(t, €1, Ca)
2 1,02

2. (Boundedness for mean-field ODE) We have that, for any t < T,

esssup |wz(t, Ca)| < K33(v,T), esssup|wa(t,C,Co)| < K32(v,T) (31)

02 01702
3. (Lipschitz continuity) We have that, for any t < T,

o |Hi(z,ci; W(t) — Hi(z, c;; W(t))| < K|lwi(t, 1) — wi(t, 1)l
|Hy(z, co; W (1)) — Ha(, co; W(2))|
S K ess sup (|w2(t,Cl,02)|||'w1(t, Cl) — 'Lbl(t,C’l)Hg + |w2(t,C’1,02) — ’LZ)Q(t, 01,02)‘)

C

s W) — W)
< K esssup(|ws(t,Co)| -

C1,Cs
+ |ws(t, c2)| - [wa(t, c1, c2) — wa(t, c1, c2)| + w3 (L, c2) — ws(t, c2)])
|AY (2,00 W (1)) — AY (2, s W (1))
< K (|Ha, e W (1)) — Ha(, 23 W ()| + | s W (1)) — f (2 W(2))])
A5 (2, c0; W (1)) — A (2, co; W (1))
< Klws(t, ca)| - |Ha(x, co; W (t)) — Ha(x, co; W (t))| + K|ws(t, ca) — ws(t, c2)|
+ Klws(t,c2)| - | f (s W (L) — f(a; W (1))l

”ll)g(t, 01702)| : ||'UJ1(t,Cl) - ’lZ)l(t, Cl)HQ
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o« |AY (z,c1,e W) — AY (2,1, ¢ W (1))
< K|AY (2, cs W (1) — AY (2, e W(2)))|
+ K|AY (2, e W ()] - lwi(t, ¢1) — i (¢, 1|2
s AV (z,c1; W (1) — AV (2,15 W (1)) |2
< K|Eg, [AY (2, Co; W (1)) wa(t, c1,Co)] | - lwi(t, c1) — wi(t, 1)l
+ K|Eg, [Agf(z,@;W(t))wg(t,cl,@) - Agf(z,cg;W(t))wg(t,cl,cg)] .
Proof

1. By the definition and assumption (A1), we have

o |f(z; W (1))| = [Ecy,ws(t, C2)o2(Ha(t, x, Ca))|
< K[Eg,ws(t, C2)| < esssup [ws(t, C2)|
c

2
o |Hy(z,co; W(t))| = |[Ec,wa(t, Cy, co)or (Hi(t, z,Ch))|
< esssup |wa(t, C1,Ca)o1(Hyi(x, Cr; W(t)))|

1,C2

< Kesssup |wa(t, Cq,Co)|

C1,02
o [AY (2, e W(1))| = |02 R(y; f(; W (1)))o2(Ha(a, c2; W (1)) < K
* [AF (@, co; W(1)| = |02R(y; f (25 W (1)) )ws(t, c2) o (Ha(x, c2; W (1)))]
< esscsup lws (¢, C2)oh(Ha(x, Co; W (1)))| < K esssup |ws(t, Ca)|

2 2
A (@, 1, e W ()| = |AF (=, c2; W (1)) o2 (Hi (=, c1; W (1))
< Kesssup |AY (x, Cy; W (t))| < K esssup |ws(t, Cy)|
CQ C2
A (@, c; W(t))] = [Ec, AY (a, Cos W (1)) wa(t, c1, Co)oy (Ha (@, c1; W(1)))]
< esssup |A (@, Co; W (1)) | esssup [wa(t, C1, Ca)| esssup o (H: (2, C1; W (t)))]

Co 1,02 1

< Kesssup |ws3(t, C2)| esssup [wa(t, C1, Ca)|

Co C1,C2

AV (@, c; W(H) 12 = |A] (=, c1; W (1)) |2 < esssup [A (z, O W (D)) [l

C1
< K esssup [ws(t, C2)| ess sup |wa(t, C1, C2)|
Co C1,C2
2. We have that, forany t < T,

ws(t, )| < [ws(0,c2)| + / (w3(0, ¢2)] + [ws(s, ¢2)]) ds

t s
+/ / IExAY (u, , ¢2)| duds
0o Jo

t
< K+ KAT + KT? —i—’y/ lws (s, c2)| ds
0

< (K 4+ KyT + KT?)e" = K33(7,T),
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which readily gives the first claim. Next, we write
t
[wa(t, 1, e2)] < |w2(0, c1, c2)) +’Y/ (lw2(0, c1, e2) + wa(s, c1, ¢2)]) ds
0
t s
—1—/ / |ELAY (x,c1, c0; W (u))| duds
0o Jo
¢
<K+ KT+ [ Junls,cr,en)] ds + Kaal, D)1
0

which by Gronwall’s lemma, implies that

€5s sup |w2(t7 Olv C2)| < (K + K’YT + K3,3(’7? T)T2)€KT = K3,2 (’77 T)
C1,C2

3. For the Lipschitz continuity argument, we have
* |Hi(z,ci; W(t) — Hi(z, ci; W(E))| = |27 (wi(t,e1) — it 1))
< Kllwi(t,¢1) — w1 (t, c1))2
o [Ho(x, c2; W (1)) — Ha(, co; W (1))]
= |Ec,wa(t, C1, c2)or (wy (t, C1)Tx) — Eg,tia(t, C1, co)oy (w1 (t, C1) )|
< Kesssup (|wa(t, C1, c2)| ||wi(t, C1) — w1 (t, Ch)||2 + |wa(t, C1, co) — wa(t, Cy, o))

1

o |fl@ W) - fla; W ()
< [Ec,ws(t, Co)oa(Ha(x, Co; W (1)) — Ec,tbs(t, Ca)oa(Ha(z, Co; W (1))
< KeSSSUp(‘?Ug(t CQ)‘ ”wg(t, Cl,CQ)‘ . le(t,Cl) — ’lI)l(t,Cl)”Q

C1,Co
+ |ws(t, Ca)| - [wa(t, C1, Ca) — a(t, O, Ca)| + |ws(t, Ca) — w3(t, Ca)|)
o |AY (2, 00 W (1) — AY (2, ¢2; W (1))
= |02R(y, f (=, W(t)))
~o9(Ha(x, co; W (
<K (yHQ(a; co; W (1)

1)) = Ry, f (@, W (1))oa(Ha(w, e W(1)))|
) = Ha(w, o3 W ()| + | (2 W (£)) = [ (s W (1))])

(A (z, e W (1) — A (2, e, W (1))
= |02 R(y, (=, W(t)))wz%(t c2)ay(Ha(x, ca; W (1))
— 0o R(y, f(z, W(1)))3(t, c2)oy( 2(3/‘70 W (1))l
< Klws(t, c2)| - !Hz(ﬁ'ﬁ c2; W (t)) — Ha(x, co; W (t))| + Klws(t, c2) — ws(t, c2)]|

+ Klws(t,c2)| - |[f(x; W () — f(z; W (1))
« |AY (201,00, W) — AY (2,01, c0; W (1))
= |85 (2, co; W () o (wi (¢, 1) @) — AF (2, co; W (1)1 (1 (8, 1) )|
< K|AS (, c0; W (1)) — A3 (2, c0; W (1))
+ K[AY (2, e, W ()] - lwi(t, 1) — i (¢, 1)l
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 JAY (2 e W(R) = AY (2, ¢, W () 2
< K|Ec, AE (2, Co; W (t))wa(t, c1, Ca)ol (wi (t, c1) )
— B, A (2, Co; W (t))wa(t, c1, Co)ol (i (t, c1) )]
< K|Eq, [Ag(z,Cg; W (t))wa(t, c1, Co)] | - |lwi(t, c1) — wi(t, c1)ll2
+ K|E¢, [Af(z, Co; W (t))a(t, c1, Cy) — AL (2, Cos W (1) )woa(t, ¢1,Ca) | |.

Appendix D. Existence and uniqueness of the mean-field limit

D.1. Two-layer networks

In this section, we prove the existence and uniqueness of the mean-field limit for two-layer networks.
We recall the mean-field ODE again here:

do(t) = r(t)dt,
dr(t) = (=7(t) = VoW (O(1): p°(1)) ) dt. (32)

The proof follows from constructing a Picard type of iteration, similarly to [36, Section 4], [17,
Theorem C.4]. Below is an adaptation of the strategy in [39, Theorem 1.1]. We first write the
integral form of the mean-field ODE:

8(t) = 6(0) — /0 (8(s) — 0(0)) ds /O /Osvaww(u);p”(u))duds, (33)
r(t) = 7(0) —~(8(t) — 6(0)) — /0 B(8(s): p(s)) ds, (34)

where p(t) is the law of (8(t),r(t)), and we use p?(t), p"(t) to denote the @ and r marginals,
respectively. We define the space P2 (R” x RP) to be the space of probability measures on R” x R”
equipped with Wasserstein metric W5, and we have p(t) € P(R” x RP). We define the space
C ([0,T], P2(RP x RP)) to be the space of continuous maps p(;T) : [0, T] — Po(RP x RP). We
omit 7" when there’s no confusion. The space is equipped with the following metric: dr(p1, p2) =
supyeqo,r) Wa(p1(t), p2(t)).

Note that the space (PQ(RD x RP), WQ) is a complete space [2, Theorem 8.7]. Thus for any
fixed 0 < T' < oo, the space (C ([0, T], P2(RP x RP)) x dr) is also complete.

Next, we define the operator Hr(+,0(0)) : C ([0, T], Po(RP x RP)) — C ([0, T], Po(RP x RP))
as follows:

Hr(p1;0(0)) := 5, p(t) = {Law(6(t), 7(t)) br<r

5(15):9(0)—7/0 (6(s) — ds—/ / VoU(6(w); pf(u)) duds, (35)

where 6(0) denotes the parameters of the mean-field ODE (33) at initialization, which means that
the stochastic process we defined in (35) is coupled with the mean-field ODE.
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Note that the p?(t) in (35) is no longer the law of 6(¢), but the input distribution. We use
Hr(p(t)) to denote Hr(p; 0(0))(t), that is the distribution of the solution (35) at time ¢. We omit
6(0) when there is no confusion. The definition of Hp can be interpreted as follows: it maps
p € C ([0,T], P2(RP x RP)) as input to output the law of (8(t), r(t)) which evolves according to
the stochastic process induced by the probability measure p(t).

It is easy to see that the fixed point of H is the solution of the non-linear dynamics (33). Thus,
our goal is to show that there exist a 7Tp such that Hr, has unique fixed point, or equivalently that
Hr, is a strict contraction.

Proposition 8 Under Assumptions (C1)-(C2), there exists a Ty only depending on K,y and a
C(To) € (0,1) such that, for all p1,p2 € C ([0, Tp], Po(RP x RP)) with the same initialization
(01(0),71(0)) = (02(0),72(0)), we have:

dr, (Hr, (p1) s Hry (p2)) < C(To)dr, (p1, p2)-

Proof We first fix any 0 < 700, and the space C ([0, 7], Po(R” x RP)). Given p1,ps €
C ([0, T], P2(RP x RP)), we define two dynamics as follows:

01(t) = 6:(0) — /O (81(s) — 0:(0)) ds — /0 /0 Vo0 (u); o2 () duds,

t t s
02(t) = 62(0) 7 [ (62(s) ~ 00 s~ [ [ Vou(Ba(u)s fu)) duds.
0 0o Jo
— (D (D) I N ) I C)) .
where 01(t) = (w; ',w, ' ) and O2(t) = (w,”",ws" ). We want to upper bound the difference
between these two dynamics, which will give us an upper bound on

dr(Hr (p1) , Hr (p2))-
For all t € [0, 77, we have

161(t) — 05(0)]]2 < 7/0 161(5) — B (s)][2 ds
+/O /0 Vel (81 (w); p2 (1)) — Vol (s (w); p&(w))||2 du ds

Now, by Lemma 6, we have that
IVe W (81(1); o1 (1) — VU (6a(t); o5 (1)) 2
<K(1+ [l @) (Jul(0) - v (0] + @) - w )2 + Wa(ed 1), 55(1)))

<21+ Kol ) (1010) — 0a(0) + max Wl (s). 8(6)) )

where 0;(t) = (wgi) (t),wy) (t),i€e1,2
Thus we have that:

161(t) — 02(t)[|2 < 2K (1 + Ka(y,T))T> e Wa(pf(t), P8 (t +7/ 161(s) — O2(s)||2 ds
FOK(1 4 Ko(y, T // 161 (u W)l|a du ds

20



MEAN-FIELD ANALYSIS FOR HEAVY BALL METHODS

Similarly for ||71(t) — ra(t)

9, we have that:

[71(t) = r2(t)]l2 < 7/0 [71(s) = ra(s)l2 d8+/0 19(61(s); 7 (5)) — W (B2(s); p5(5)) |2 ds

< 2K (1 + Ko, DT e Walof (0. 80) 7 [ Ima(s) =) s

F 21+ K1) [ 101(6) — 6a(o)a ds
Putting these two results together we have:
1(20) = (o), = 1010 = 020+ hra) = el
< 4K(1+ Koy, T)T” max Wa(pf (1), 75 (1))
+ v/ (101(s) = B2(s)l2 + [[r1(s) — 72(s)l[2) ds

FAK(1 4 Ko(y, T // 101(w) — O3 (u)|o du ds

ds

< AK(1+ Ka(y, T))T? max Wa(p?(t), p8(1)) + 24 /0
2

tE[OT
G -G

(i) - ()

+A4K(1+ Ko(y,T

2

By Corollary 27, we have that:
|(20) - o).
<AK(1+ Ko(y, T))T? (1 + exp (
(i) = (60)
which implies that

o, Wa(Hr(p1(t)), Hr(pa(t))) < T*K (v, T) max, Wa(p? (1), P53 (1)),

492 + 4K (1 + Ka(r, T))T>>

> max Wa(p?(t), p9(t))

t€[0,T]

Thus, we have that

< T2K(’Y’ T) max WQ(ﬂ?@)? pg(t)),
9 t€[0,T]

4y
Let C(T) = T?K (v, T). Then, we could always find a T such that C(Tp) < 1 since C'(0) = 0
and C(T') is continuous in 7", which finishes our proof. |

where we set K (v,T) = 4K (1 + Ka(v,T)) (1 + exp 4y +4K (14 K5 (v, T))T)

By Banach’s fixed point theorem, there exist a 7, > 0 such that the mean-field ODE has a
unique solution in time interval [0, 7p]. Now, we show the existence and uniqueness of the solution
of the mean-field ODE for any time period [0, 7).
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Theorem 9 Under Assumptions (C1)-(C2), for any T' > 0, there exists a unique solution for the
mean-field ODE (22) in the interval [0,T].

Proof The idea is to separate the time interval [0, 7'] into subintervals of length Tj, that is, we con-
sider the intervals [0, Tp], [T, 270, .-, [LT%J To, T . Note that the contraction property we proved in
Proposition 8 only depends on the length of the time interval, so the proof can be done recursively.
That is:

1. In the interval [0, Tp], (22) with initialization (¢(0),7(0)) has a unique solution {p(t) }+c[o,7]-

2. In the interval [Tp, 27p], we consider (22) with initial distribution p(7}), and it has a unique
solution {p(t) }te[To,2To]-

3. Recursively do the above steps until the interval [LTlOJ To, T).

Thus we have that, for any 7" > 0, there exists a unique solution for (22) in the interval [0,7]. B

D.2. Three-layer networks

In this section, we prove the existence and the uniqueness of the mean-field ODE (3). The integral
form of the mean-field ODE is given by

t t s
ws(t, c2) = w3(0,c2) — *y/ (ws(s,c2) —ws(0,c2))ds —/ / EZA};V(’LL,$,CQ) duds,
0 0 JO
(36)

t
wg(t761762) - 'U)Q(O, 61762) - 7/ ('IUQ(S,Cl,CQ) - w2(07cl7c2)) dS
0
t s
_/ / EZA‘Q/V(ua'zaClaCQ) du dsa (37)
0 0

t t S
wi(t,c1) = wi(0,¢1) — 'y/ (wi(s,c1) —wi(0,¢1)) ds — / / EzAIfV(u,z,cl) duds.
0 0 Jo
(38)

In order to prove the existence and the uniqueness, we follow the same Picard’s iteration arguments
as for the two-layers case. Given a neuronal embedding

{(Ql X QQ, fl X fg, Pl X Pg), wl(O, '), wg(O, ° '), ’LU3(0, )}
, we first define the following norm:

|W{|r = maxesssup sup {|wa(t,C1,C2)|, |ws(t,Ca)|} 39)
C1,C2 t€[0,T)

where Cl Z.fz\;d ]P)l, 02 Z.fz\;d ]P)Q
Next, we define the following metric for two sets of mean-field parameters:

Dr(W, W) = maxesssup sup {llwi(t, C1) — wi(t, C1)ll2, (40)
C1,C2 t€[0,T)
[Wa(t, Ch, Ca) — wa(t,Cr, Ca)l, |ws(t, Ca) — ws(t,Ca)|}. (41)
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Note that the metric we define above is not the metric induced by the norm, since in the definition
of the norm we only require the boundedness of ws and ws.
We define the following functional space of the mean-field parameters:

Wr(W(0)) = {W () }iefor) - Wiz < 00, W(0) = W(0)}, (42)

which means that all the W € Wy (W (0)) have the same initialization W (0). By Lemma 7,
we know that:

ess sup lwa(t, C1,Co)| < K32(7,T), eS8 Sup lws(t, Ca)| < K33(7,T). (43)
1,02 2

It is easy to see that the space W1 (W (0)) is complete w.r.t. the metric D (W, ﬁv/) Let us define
the operator: Hy : Wp(W(0)) — Wr(W(0)) as follows:

Input: {W (t) }1ejo,1)

Output: {W(t)}te[O,T]’ such that:

ws(t, ca) = w3 (0, ) — ’y/o (w3(s, c2) —ws3(0,c2)) ds — /0 /Os E.AY (z, c2; W (u)) du ds,

(44)
t
ot 1, 02) = wa(0, 1, ¢0) — 7 / (w35, c1, c2) — wa (0, c1, ¢2)) ds 45)
0
t S
- / / E.AY (2,1, 00, W () duds, (46)
0 0

t t s

wi(t,c1) = wi(0,¢1) — 7/ (wi(s,c1) —wi(0,¢1))ds — / / EZA‘{V(z,cl; W (u))duds.
0 0 JO

47)

We aim to show the following proposition.

Proposition 10 Under Assumptions (Al)-(A2), there exists a Ty only depending on K,~ and
C(Tp) € (0,1), such that, for all W', W?2 € Wpr(W (0)), we have:

DTO (HTO(Wl)a HTO(WQ)) < C(TO)DTO (Wla W2)' (48)

Proof For simplicity of notation, we denote the output of Hy (W) to be W, which is composed
of wi, w3, wi. The output of Hy(W?) is denoted similarly.
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By the definition of the mean-field ODE, we have that, for any t < T,
(t.c2) = Tt <7 [ s ca) — w0l s
/ / E. ]Ag T CQ,Wl( ))—A?(w,cz;WQ(u))\duds
\w2(t c1,C2) — w2(t c1,09)] < fy/ \wz s,c1,C2) — w%(s c1,c2)|ds
//E ]AQ (x,c1, co; 1(u))—Agv(a:,cl,CQ;WQ(u))]duds
()~ @l < 7 [ ol e0) = (s, o) s

t s
+/ / E. |AY (2, c; W) — AV (2, c1; W2 (w))||2 duds
0o Jo

By Lemma 7, we have that:

max{E;|AY (@, co; W (u) — A (z, c2; W(w))],
E-|AY (z,c1, 0 W (w)) — AY (@, c1, c2s WP ()]
E-|AY (2, c1; W(u) — ALY (2, c1; W2 (w)) |2} < K (7, T)Du(W, W?).

Thus, we have:

D,(W', W?) §fy/tDs(W1,W2)ds+K(’y,T) /t / D (W', W?) duds
< (’yt0+ t2)K (v, T)Dy(W', W?), s
which implies that
Dr(W',W2) < (4T + T K (v, T)Dr (W', W?2). (49)

Since (vT' + T?)K (v, T) = 0 when T = 0, and (T + T?)K (v, T) is continuous in 7', we can
pick a Ty such that (yTp + T¢) K (v, Tp) < 1, which finishes the proof. [ |

Since Wr(W (0)) is complete, by the Banach fixed point Theorem, there exists a unique fixed
point for the operator Hr,, which implies that the mean-field ODE (3) has a unique solution in
[0, Tp]. By following the same argument of the proof of Theorem 9 (separate the interval [0, 7] into
sub-intervals of length T and successively apply Proposition 10 to each of them), we readily obtain
our main result concerning the existence and uniqueness of (3) in [0, 7.

Appendix E. Convergence to the mean-field limit — Two-layer networks

In this section, we prove the convergence to the mean-field limit for two-layer neural networks
(Theorem 5). Our proof’s structure is inspired from [26]. Before going into the arguments, we first
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recall the definition of the mean-field ODE and the stochastic heavy ball method (SHB) for two-
layer networks. Then, we define two auxiliary dynamics: the particle dynamics (PD) and the heavy
ball dynamics (HB).

First, recall the mean-field ODE as follows:

d(t) = r(t)dt,
dr(t) = (—yr(t) = VoW (0(): 1°(1))) dt, (50)

and the corresponding integral form

6(t) = 0(0) — 7 /O (60(s) — 0(0) ds /0 t /0 VoU(0(u) (1) duds. 1)
The SHB dynamics is as follows:
0% (k+1,5) = 05 (k, j) + (1 — 12) (6 (k. j) — 6 (k — 1,5))
—e*VoW(z, 0% (k. 1); plup(K), Wi€nl,  (52)
where p¥y (k) = 1 >_7_106(kj) is the empirical measure.
In order to describe the convergence to mean-field limit, we define the following particle dy-
namics (PD):
do"P(t, ) = r*P(t,5)dt
dr™(t,5) = (=97 (1, )~ VoW (0™ (1, 1): pfp(1))) db, Vj € [n], (53)

where p§,(t) = % Z?Zl dgrp (1,5 1s the empirical distribution at time ¢. Furthermore, the heavy ball
(HB) dynamics is defined as

0HB<k + 17]) = OHB(kaj) + (1 - 7€>(0H3(k7j> - gHB(k - 17]))
— 2VoW(0" (k, j); piip(k)), Vi € [n]. (54)

We remark that (52), (53) and (54) have the same initialization, that is :
0™(0,5) = 0"(0,5) = 657(0, ), Vj € [n].

Define the following distance metrics:

Dr(6,0"7) := max sup |07(t,5) - 6(t,5)|,, (55)
J€mn] tefo,T]
Dr (6", 6"°) := max sup |0%8([t/e],j) — 6™ (t. )], (56)
J€ln] tefo, 1]
D1 (078 05H8) .= max max [|07B(k,j) — 05B(k, j)|.. (57)
jEn] ke|T/e]
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E.1. Bound between mean-field ODE and particle dynamics

In this section, we bound the difference between the mean-field ODE defined in (51) and the particle
dynamics defined in (53), whose integral form is as follows:

0™(t, 7) = 6"°(0, j) — /O (672(s, j) — 07P(0, j))ds — /0 /O VoW (0" (u, j): ol (u))duds.

Proposition 11 Under Assumptions (C1) - (C2), we have that, with probability at least 1 —exp(—d2),

5+ \/logn)

NG (58)

D(6.6") < K0, 7)

where K (v, T) is a constant depending only on 7y, T.

Before proving Proposition 11, we first prove the following lemma, which characterizes the
Lipschitz continuity of the mean-field ODE and the particle dynamics.

Lemma 12 Under Assumptions (C1) - (C2), there exists a universal constant K (v, T) depending
only on v, T such that, for any t, 7 > 0 such that t,t + 1 < T,

16t +7) = 0(D)]l2 < K(v, T),

0 0 59)
Wald (¢ +7),0°(8)) < K (7, T)r.
The same holds for the particle dynamics OFP(t, §),Vj € [n].

Proof We only prove the results for the mean-field ODE, and the proof for the particle dynamics
follows from the same arguments.

We first try to bound the increments ||@(¢) — 6(0)||2. By the definition of the mean-field dynam-
ics, we have that:

16(t) — 0(0)]2 <~ /0 16(s) — (0)]2ds + /0 /0 IV ou(B(u): ()2 du ds
<~ /0 10(s) — 0(0) 2 ds + K1 (7. T),

where in the last step we use that || VoW (8(u); p°(u))||2 < Ki(v,T), which follows from Lemma
6. By Gronwall’s lemma, this implies that, for any ¢t < 7T,

10(t) — 0(0)|l2 < Ki1(7, T) exp(WT) := Ka(v,T).

Next, by definition of the mean-field ODE, we have that:

t+71 t+71 S
16(t+7) — 6(1)]]> <~ / 16(s) — 6(0)2 ds + / /0 VoW (8(u); o (w)) |2 du ds.

Thus,

10t +7) —60(t)|l2 < Ky, T),
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where we use that fact that
16(s) —0(0)[|]2 < K3(v,T)

/0 Vo, W(B(u); p () 2 du < K. T).

For the Lipschitz continuity of p®, we just note that by definition of the W, distance, we have:

Wa(p®(t +7),0°() <E [0t +7) - 8(1)13] /2.

Now we are ready to prove Proposition 11.
Proof In order to bound the difference, we first define n i.i.d mean-field dynamics:

8(t.j) = 0(0, ) — /0 (8(s.7) — 0(0, ) ds /0 /0 VoW (0(u, ); p° (u, ) duds,

where p9(t, j) is the law of (¢, j), and we coupled the 7 i.i.d dynamics with the particle dynamics
at initialization, that is, we let:

6(0,4) = 6"°(0,5), Vj € [n].

We also define the empirical distribution of @(t, j), that is: p?(t)

mean-field dynamics are i.i.d, we have that p®(t, j) = p9(t), ¥j € [n], thus we use the notation of
p?(t) to denote the the law of (¢, 5) for each j € [n]. By Lemma 6 and Lemma 12, we know that:

i > j—100(t,j)- Since the n

sup max ||wa(t, )||2 < K(v,T),
te[T] J€n]

sup max ||0(t + 7,j) — 6(, j)[l2 < K(v, T).
te[T] JE(n]

We have that
t
1072 (t, ) — 6(t, j)ll2 <(1+~1)[67°(0,5) — 6(0,5)]l2 +7/0 1672 (s,5) — (s, j) 2 ds

t s
+ [ ] 1906 s i) = V(O )s ) du s,
and our goal is to bound:

sup max ||07P(t,5) — 0(t, )2
tefo,T] J€[n]

Now we aim to bound the quantity

sup max ||VeW (07 (u, j); php(u, 5)) — Vo (0(u,5); p° (w))]|2-
te[o,T) €[]
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An application of the triangle inequality gives

VoW (8(u, ); p° () — Vo (0™ (u, j); ppp(u, 4)) 2
< IVo¥(6(u, j); p°(u)) — Vo (O(u, ); p°())]|2 (60)
+[Vol(8(u, j); 5% (u)) — Vo (0P (u, 1); php(u)) 2. (61)

Recall by definition that

Vo W(0(u,9); 9 (1)) = Bz [02R(y, f(: 0 () wa(u, )0 (w1 (u, ) )]
Vs W(8(u, ): p° (1)) = Bz |02R(y, f(@; p° (w)))er(wr (u, ) )|

Similarly,

Vo, (0(, 1); 7° () = Bx (05 R(y, /(3 7° (), )0 (wn . ) )]

7’ 7’
VWO, 1) 7% (w) = Ex [02R(y, f(@:5° (W) (wi (u.)T@)]

For the term in (60) , we use concentration inequalities to give an upper bound. By the Lipschitz
continuity of 0> R in Assumption (C1), we have

Hveql(e(uvj)aﬁe( )) VG\II( (’U,,]), G(U) H2

= (1 J)>Tac P

< K (7, )1 f (; 0% (w)) = f (a5 7% (w).

For the term | f(x; p(u)) — f(x; p%(u))|, we have

2

(@i () — fla:5” szw (w1 (1, ) @) — Euywa(u)o(wi (u) )] .

Note that, by Lemma 6, we know that

|wa(u, j)o (wy (u, )" &) — B ywa(w)o(w (u) )| < Ka(y,T).

By Lemma 24, we have that, with probability at least 1 — exp(—n(5)?),

< Ks(v,T) <\}ﬁ + 5’> .

% Z w2 (U, j)O’(’lUl(’LL, ])Tm) - Ep(u)wQ (U)U(wl(u)Tm)
=1

By Lemma 12, we know that

sz u, j)o(wi(u, )" @) — Eyuywa(u)o(w (u)" )
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is K (v, T)-Lipschitz continuous in u. Thus, by taking a union bound over j € [n] and ¢ €
{0, My ey {%Jn}, we have that, with probability at least 1 — % exp(—n(8")?),

max Ssup wo(u, j)o(wy (u, j)Tx) — E ywa(u)o(w (u) x)
j€] tefo T] Z ole)
1
< K3y, T) | —=+9 .
3
6241 2T
Take n = T’ § = %. Then, with probability at least 1 — exp(—42),
1 " T . AT
max sup *ZEp(u)U&(U)U(’wl(U) x) — wa(u, j)o(wi(u,j) x)
i€l tefo,r] | ™
0+ logn
< Ka(y, 1) =52,
vn
which implies that, for term (60),

mas sy [VoW(O(u,5); 7 (1)) ~ VoW (O, () < Ks(a, 1) YE",
J€n] tefo,1) NG

with probability 1 — exp(—42).
For the term in (61), we use the Lipschitz continuity of VgW. By Lemma 6, we have that, for
each j € [n],
IVe W (B(t. 7); 2°(1)) — Vol (8™ (t,1); pfp (D)2 < Ko(v,T)(De(8,6"7) + Wa(p®(t), o2 (1)))-
Note that p9(t), p%,(t) are discrete measures, thus we have:
1/2

Wa®(0),ip(t) < | 3 D l6(t5) — 07w IE| < Di(6.6™)

Hence,
VoW (B(t,5); 2°(t)) — Vo (6™ (t, 1); p2n(t))ll2 < Kr(v, T)Di(6,6™).

Combining the above results, we have that, with probability 1 — exp(—d2),
S 1 t t s
Dy(8,67P) < Kg(%T)ij vosh —|—’y/ D,(0,07D)ds + KS(%T)/ / Do (8, 07P)duds.
n 0 0 Jo

An application of Corollary 27 concludes the proof. |
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E.2. Bound between particle dynamics and heavy ball dynamics

In this section, we bound the difference between the particle dynamics defined in (53) and the heavy
ball dynamics defined in (54). We recall that the distance we aim to bound is defined in (56). Note
that the heavy ball dynamics is a discretization of the particle dynamics. Thus we aim to bound the
difference at time point ke.

Proposition 13 Under Assumptions (C1)-(C2), there exist a universal constant K (v, T) depending
only on ~,T, such that

Dr(6™,0"%) < K(v,T)e. (62)
Proof By the Taylor expansion, we have the following approximation for the particle dynamics:
072 (s + 1)z, j) = 0P (ke, §) + v (ke, j)e + %@TPD(k:E, N2+ 0ER.  (63)
Also by Taylor expansion we have:
" (ke, j)e = 0" (ke, j) — 0" ((k = 1)z, j) + %@r”(lse,j)e? +0(%). (64
By plugging (61) into (63), we have that
0" ((k +1)e, j) = 0™ (ke, j) + 0P (ke, j) — 0P ((k — 1)e, j) + 8" (ke, j)e? + O(<?)
= 0" (ke, j) + 0™ (ke, j) — 0" ((k — 1)e, 5)
+ (= arthe. ) - Otk i folhe) )+ O
= 0" (ke, j) + (1= 7e) (0™ (ke, j) — 0"°((k — 1)e, )
— VoW (6 (ke, 5); ppp(ke))e” + O(®).

Now we get a discrete iteration equation for the particle dynamics, with an approximation error of
at most O(e?). By accumulating the VoW (872 (le, 5); pop(l€)) term from | = 1, ..., k, we have

k-1
0™ (ke, j) = 67P(0, 5) ch VoW (07P(ls, 7); pop(le)) + O(e)), (65)
1=0
wherecl _EQZ’“ =] — ye)i = 21-009)F

Ve
The heavy ball dynamlcs can be written in a 51mlla.r fashion:

??‘
»—\

078 (ke, j) = 678(0, j) — cl( VoW (08 1z, j); pos(lc)). (66)

N
Il
=)

Thus, we have that

H9PD(/<>E 7) — 0" (ke, )2

k—
3 (VMO 3% 1)) — Vo6, o)) + O6)).
=0
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By Lemma 6, we have that

VoW (6™ (le, §); ppp(le)) — VoW (872 (Ie, ); piip(le)) |2
< Kl(VvT)(HOPD(l‘Svj) - GHB(lgaj)HQ + WQ(IOIBJD(ZE)7PIB-IB(ZE)))

Since p%,(le), p%(le)) are discrete distributions, we have that
1/2

1 & . ‘
Wa(p8p(le), phsle))) < - Z 107 (le, §) — 6" (le, j) I3 < Di.(6"P,0"7),
j=1

which implies that
VoW (67 (e, 5); ppp(le)) — VoW (8™ (lz, j); phip(le))ll2 < Ka(v, T)Dic(6", 67).

As a result, we have

ol

-1
(D1 (677, 6"8) + O(e)) .
1

Dy=(0"7,0"%) < K»(,T)

270

l

Finally, an application of the discrete Gronwall’s lemma concludes the proof. |

E.3. Bound between heavy ball dynamics and stochastic heavy ball dynamics

In this section, we bound the difference between the heavy ball dynamics defined in (54) and the
stochastic heavy ball dynamics defined in (52). We recall that the distance we aim to bound is
defined in (57). The manipulations of the previous section imply that the heavy ball dynamics can
be written as
k—1
078 (k, j) = 6"5(0,7) — > Ve U(OM (1, 5): pfs(1). 67)
=1

Similarly, the stochastic heavy ball dynamics can be written as

N
—

O (k, j) = 0572(0,5) — 3 eV VoW (2(1), 05B(1, §); s (1)) (68)
l

I
=)

Proposition 14 Under Assumptions (C1)-(C2), there exists a universal constant K (v, T) depend-
ing only on ~y, T, such that, with probability 1 — exp(—d2),

Do (67°,6°"%) < K(v,T)v/e(\/D +logn +6). (69)
Proof By using (67) and (68), we have
1675 (k, ) — 057 (k. j),

k—1
> (VoW (O™ (L, 1): pfis (1) = Vo (2(1), 6 (1, ): s (1))
=0

<

2
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By triangle inequality, we have that

ZC V v GHB(Z ]) pHB(l)) - VBCI}(z(l)aOSHB(laj>§ngB(l)))

k—

< § VT (2(1), 0578(1, §); pus(l)) — Vol (2(1),075(1, 1); pis (D))l (70)
=0

2

k—
Z )(VoU(2(1),078(1, 5): pp (1) — VU (67 (1, 1); pp(D))

2
(71)

For the term in (70), by the Lipschitz continuity of Vg \Tl, we obtain
IVoU(2(0), 85" (1, j); plp (1) — Vol (2(1), 0" (L, 3); pfis(D))l2
< Ki(7,T)(Dic o (6", 67%) +- Wapfip (1), pSp(1))).
Since pr, ngB are discrete distributions, we have that
Wa(pfip(1), P3up(1)) < Dic (677, 6%).
Thus,
IV (2(0), 0531, 5); o5 1)) — Vo (2(1), 87 (1, 3): (D)2 < Koly, T)Dic o (67, 65).

For the term in (71), note that, since the z(1)’s are sampled i.i.d. at each step by definition, we
have

E.q) [Ve‘f’(z(l),OHB(l,j);P;gB(Z))} = VoU(0"5(1,7); piis(1))-
Thus,
VoU(=(1), 0" (1,5): pfis(1) — VoW (6™ (1, 5): pfis(1))
is a martingale difference. By Lemma 6, we have that, foralll € {1, ..., |T/e]},
IVe W (2(1), 0" (1, 5); pfis(1)) — VoW (62 (L, 5); (D)2 < Ks(~,T).
Hence, an application of Lemma 25 gives that, with probability at least 1 — exp(—§2),

ey VoW (=(1), 07 (1, ); pfip(1) — Vo ¥ (672 (1, 5); pfs(D)ll2 < Ka(v, T)VE(VD + ).

By taking a union bounds on j € [n], we have that, with probability at least 1 — exp(—42),
max  max HVG‘T’(Z(Z), 0" (1, 5); ps(1) — VoW (8™ (1, 3); pi(D) |12

]E[n} l6{17 7\_T/
< K4(v, T)Ve(\/D +logn + 6).

By combining the above result, we conclude that

L£)

T)
7. (0178, 05HB) < Ky (v, T)Ve(\/D +logn + 6) + K, eZDl€ ("B _gSHB)  (72)
gl
=0
Finally, an application of the discrete Gronwall’s lemma concludes the proof. |
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E.4. Proof of Theorem 5

Proof The proof follows from combining Proposition 11, 13, 14, and the fact that:

DT(@, OSHB) < DT(O, BPD) + DT(OPD, OHB) + DT,E(OHBv OSHB).

Appendix F. Convergence to the mean-field limit — Three-layer networks

In this section, we prove the convergence of the training dynamics to the mean-field limit for a
three-layer neural network. Our proof’s structure is inspired from [28].

Before going into the proofs, let’s first recall the definition of the mean-field ODE and the
SHB dynamics, and then define two auxiliary dynamics, namely the HB dynamics and the particle
dynamics. For the convenience of further computation, we define these continuous dynamics in
integral form. We define the random variable corresponding to the stochastic heavy ball dynamics,
the heavy ball dynamics, the particle dynamics, and the mean-field ODE as W5HB WHE W FD W
respectively.

The mean-field ODE (3) in integral form is the following:

t t s
ws(t, c2) = w3z(0, c2) —’y/ (w3(s, c2) —ws3(0,c2)) ds —/ / E.AY (2, co; W (u)) duds,

0 0 JO
t

ws(t, c1, c2) = w2 (0, ¢1, c2) — 7/ (wa(s, c1,c2) — w2(0, ¢1,¢2)) ds
0

t s
—/ / E.AY (z,c1,co; W (u)) duds,
0 JO

t t s

wi(t,c1) = wi(0,¢1) — ’y/ (wi(s,c1) —wi(0,¢1)) ds — / / E.AY (2, ¢1; W (u)) duds.
0 0 JO

(73)

The SHB dynamics is as follows:

wi™ (k +1,j2) = w3 (k, j2) + (1 = &) (w3 (k, j2) — w3 (k — 1, ja))
— A (2(k), jo; WP (k)),
w3 (k + 1,41, j2) = w3 P (k, g1, j2) + (1 = &) (ws™ (k, j1, j2) — wi P (k — 1,1, j2)),
— 2NV (2(k), j1, jo; WP (k)
SHB(k+ 1 ]1> SHB(k _71) (1 —'}/5)( SHB(k ]1) SHB(k' _ 1’]1))
— AV (z(k), j1i; W (),
(74)
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where z (k) is the data point sampled at time step k. We define the particle dynamics as a continuous
dynamics without mean-field interaction:

P 2) = wfP0.5) 7 [ P s.32) — w00, ) ds
— /Ot /OS EzAgV(z,jg; WPD(u)) duds,
wiP(t, j1, j2) = whP(0, ji, j2) — /O t(wé”)(s,jhﬁ) — w?(0, 41, j2)) ds
-/ t [ Bl g WP ) s,
w?(t,50) = w?(0.30) = [ (P30~ w(0.30) ds
- /Ot /0 E. AV (2, j1; WP (u)) du ds.

(75)

We define the HB dynamics by replacing the stochastic gradient in the SHB dynamics by the
true gradient. That is:

wy® (k +1,j2) = wi(k, ja) + (1 — ye) (W (k, j2) — wi® (k — 1, j2))
— 2B AY (2, jo; WHE(K)),
50(k + 1,41, 52) = wh® (k, j1, j2) + (1 — ve) (wh® (k, j1, j2) — wyP(k — 1, j1, j2))
— 2B, AY (2, 71, jo; WHB(K)),
wi®(k+1,51) = wi®(k, j1) + (1 = ve) (wi® (k, j1) — wi®(k — 1, 51))
— 2B AW (2, j1; WHE(k)).

(76)

Note that the HB dynamics can be viewed as the discrete version of the PD dynamics. In order
to present our theoretical results, we define the following distance metrics to quantify the level of
correspondence of these dynamics:

Dr(W,WFP) = max sup {Hw (t,j1) — wl(t,Cl(jl))‘2

t€[0,T
’wgD(tijjQ) - w?(t7 Cl(jl)ch(j2)) 3 (77)
[wEP (L, j2) — ws(t, Ca(j2))| : j1 € [na], j2 € [na]}
Dp(W"P, W) = max sup { ||wi([t/e], 1) —wiP(t,51)],,
t€[0,7)
(78)

‘wgB(U/ngjlan) - wgD(tvjla.jQ) )
(wiP([t/e], j2) — whP(t, j2)| : j1 € [na], j2 € [n2]}
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Dr (W W) = max max {{|wi(k, j1) — wi™ (k, j1)|2,
ke|T/e]

’wng(kvj].?jZ) - ngB(kvjhjZ)L (79)
(B (K, jo) — wiFB(k, §2)| : j1 € [n1], ja € [na]}

We acknowledge the abuse in notation from reusing D for multiple metrics, which is done to
avoid proliferation of notation. It is clear that:

Dr(W, W3 < Dr (W, WFP) 4 Dp (WP WHE) 4 Dy (WHE WSHE) - (80)

where D (W, WSHB) is defined in (24).
In the following subsections, we bound the terms Dy (W, WD), D (WP WHB) and finally
DT,E (‘/‘/*HB7 WSHB) .

F.1. Bound between mean-field ODE and particle dynamics

In this section, we bound the difference between the mean-field ODE defined in (73) and the particle
dynamics defined in (75). We recall that the distance we aim to bound is defined in (77).

Proposition 15 Under Assumptions (Al)-(A2), we have that, with probability at least 1—exp(—42),

K7, T
Dr(W, W) < \/(;T) (V108 T + 9 81
where K (v, T) is a universal constant depending only on v, T, npin = min{ny, na} and nymax =
max{ni,na}.

In order to prove Proposition 15, we need the following auxiliary lemma, which characterizes
the Lipschitz continuity of the mean-field ODE and of the particle dynamics.

Lemma 16 Under Assumptions (Al)-(A2), there exists a universal constant K(v,T) depending
only on ~,T such that, forany t,7 > Owitht,t + 7 < T,

esssup |ws(t + 7, c2) — ws(t, c2)| < K(v,T)T,

c2

esssup |wa(t + 7,¢1,c2) — wa(t, c1,c2)| < K(v,T)T, (82)

c1,e2
esssup |w (t + 7,¢1) —wi(t,c1)lle < K(v,T)T.
C1

The same holds for the particle dynamics wiP(t, j1), wiP(t, j1, ja), wiP (¢, jo).

Proof We do the proof for w; (¢, c1), and the same argument applies to ws(t, c1, c2), w3(t, c2).
First, we derive a bound on the increments up to time ¢, ||w1 (¢, ¢c1) — w1(0, ¢1)||2. By the definition
of the mean-field ODE (73), we have that

wi(t,c1) —wi(0,¢1) = —7/0 (wi(s,c1) —wi(0,c1))ds —/0 /08 E.AVY (2, c1; W(u)) duds,
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which implies that

t
lwi(t, c1) — wi(0,c1)l[2 = 7/ lwi(s,c1) — wi(0,c1)|2ds
0

t S
4 / / IELAY (2, c1: W (u)) o du ds
0 0

t
< ’7/ ||’w1(5,61) — ’11)1(0,61)||2 ds + T2K1(’7,T),
0

where in the last step we use that, for some constant K (v, 7T") depending only on v, T,

IE: esssup sup AV (2, c1; W (u))ll2 < Ki(v,T),
1 uel0,T)

which holds by Lemma 7. Thus, by Gronwall’s lemma, we have that

sup ||wi(t,c1) — wi(0,¢1)||e < QTT?Ky (7, T) := Ka(v,T). (83)
te[0,7)

Now, by using again the definition of the mean-field ODE (73), we have that:

H'wl t+ T, 61 wl(t 01)”2

t+T t+r
H (wi(s,c1) — wi(0,c1) ds—/ / E. AV (z,c1; W (u)) duds

2

<7 sup le(tacl)—w1(0701)1\2T+K1(% )T
te[0,7

< KQ(’Y’ T)T + Kl (/yv T)TTu

where in the second line we use that ||E ess sup,, sup,cjo,r AV (z,e1; W (u))|l2 < Ki(v,T) by
Lemma 7, and in the last passage we use (83). By setting K (v,T') = Ka(y,T) + Ki(v,T)T, we
obtain the desired result and the proof is complete. |

By the above Lemma 16 and Lemma 7, we immediately get the following corollary.

Corollary 17 Under Assumptions (Al)-(A2), there exists a universal constant K (v, T) depending
only on v, T such that, for any t, 7 > 0 witht,t + 17 < T, the following functions

f($§W(t))7 HQ(m7CQ§W(t))7 ECQ [Ag(Z,CQ;W(t)>'U)2(t, 01702)]

are K (v, T')-Lipschitz continuous in t. The same holds for the particle dynamics, i.e., the functions

fl@;W(t), Ha(w,jsz W p Z A3 (2, j2; W (t))walt, j1, jo)
J2=1

are K (v, T)-Lipschitz continuous in t.
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Proof We do the proof for f(x; W (t)), and the same argument applies to the other cases. By
Lemma 7, we have that

[f (@ W (t+ 7)) = f2 W(1))|
< K esssup(|wz(t + 7, c2)| - |wa(t + 7, ¢1,¢2)| - [|lwi(t + 7, ¢1) — wi(t, c1)||2

c1,c2
+ |ws(t + 7, c2)| - |walt + 7, c1,c2) — wal(t,c1,c2)| + |ws(t + 7, c2) — ws(t, c2)]).
By Lemma 16, we have that
max(||wi(t + 7,c1) —wi(t, c1)||2, [wa(t + 7,1, c2) —walt, c1,c2)l, |ws(t + 7, c2) — ws(t, c2)|)
< K(y,T)r.
Furthermore, by Lemma 7, we have that:

esssup |ws(t + 7, c2)| < sup esssup|ws(t,c2)| < K3 3(v,T),
c2 tel0,7] c2

esssup |wa(t + 7, c1, c2)| < sup esssup |wa(t, c1,c2)| < K32(7,T).
C1,C2 te[0,T] c1,c2

Thus, we conclude
[f@;W(t+7)) = fla; W(t)| < K(v,T)r,
which gives the desired result. |
Now we are ready to prove Proposition 15.

Proof Let us recall that the quantity A},:V is defined in (5). We start with computing the difference
in the term AY:

[E=A3" (2, Ca(52); W (1) — B2 A7 (2, jos WP(1))]
<E:|AY (2, Ca(j2); W (1) — A (2,j2s WP (1))
=Ez|0:R(y, f(z; W (t)))o2(Ha(, C2(j2); W(t))) (84)
— O R(y, f(@; WP(t)))oa(Ha(, j2; W(1)))]
<SKE:|f(z; W(t) = fla; WP(0)| + K| Ha(, Ca(j2); W (1)) — Ha(a, jo; WP(1))],
where in the last inequality we use the boundedness and Lipschitz continuity of 02 R and o2 obtained

from Lemma 7.
Similarly, for AV Al we have that

[E-AY (2,C1(j1), Ca(f2); W (L) — E2AY (2, 41, j2; WHP(1)))]
<E.|AY (z,C1(j1), Calja); W (1) — AY (2, j1, j2; WHP(1))]
<E.K|ws(t, Ca(j2))| - (If(z; W () — fa; WFP(1)))]
+ [Ha(x, Ca(ja2); W (1)) — Ha(, jo; W(1))])
+ |ws(t, Ca(ja))| - wi(t, C1(j1)) — wiP(t, 1) |2 + K|ws(t, Ca(ja)) — whP (¢, ja)]
<E.K33(7,T)(|f (2 W(t)) — fx; WFP(t))]
+ [Ha(z, Ca(j2); W () — Ha(x, jo; WP(1))])
+ K33(7, T)|wi(t, Ci(51)) — wiP(t, 1) |2 + Klws(t, Ca(j2)) — wiP (¢, ja),

(85)
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and that
E-AY (z,Cr(j1); W (1) — Ez ALY (2,51 WP (1))

SK'EZ|:

Ec, [AY (2, Co; W () wa(t, C1 (1), C2)]

1 n2 . . .
T > AL (=, 2 WPD(t))wgD(t,sz)H
jo=1

+ K -E, [[Ec, AY (2, Cos W (£))wa(t, C1(j1), Ca2)|] - [lwi(t,C1(j1)) — wiP (. j1)ll2 (86)

SK'EZ[

Ec, [AY (2, Co; W () wa(t, C1 (1), C2)]

1 n2 . . .
" DAY (z, g WPD(t))wgD(t,sz)H
jo=1

+ K(T,5) - [[wi(t, C1(j1)) — wiP(t, j1)ll2-

Here, we remark that the expectation E¢, [AY (-, Cy; -)wsa(+, -, C2)] for the mean-field ODE corre-

sponds to the average n% S A (- jo; )wa(-, -, j2) for the particle dynamics. Now, our goal is

to upper bound the following quantities:

(@ W(t) = fla W),
|[Ha(x, Co(j2); W (1)) — Ha(a, jo; WHP(1)],

. 1 & . o
Ec, [AY (2, Co; W (t))wa(t, C1(j1), C2)] — s Z A (z, jos WP () whP (¢, j1, j2)

Jo=1

To do so, we follow [28, Appendix C.2, Proof of Theorem 14, Claim 2]. Then, we have that, for
any 01, 02, 03 > 0,

i { @ W) — s W),

max |Ha (@, Ca(j2); W (¢)) — Ha(z, j2; WP (2))],

J2

. 1 . .
Ec, [A (2, Co; W (1) wa(t, C1(j1), C2)] — s > A (z, 4o WP (£)whP (¢, i, ja)
Jo=1

max
J1

< K1(7,T) (Dr(W,W*P) 4 61 + 62 + 03)

}

with probability at least

ng nléf } 1 { 7125% } ni { n25§ })
l—| —expy———F—= ¢+ —€Xpy—5—"F— ¢+ —€xXps ¢ | -
(51 Y { K1) ) 6P UKD T8 T U K T)
By Corollary 17, we know that f(; W (t)), Ha(x, c2; W (t)), Ec, [A (2, Co; W (£))wa(t, c1, C2)]
are K (-, T)-Lipschitz continuous, and the corresponding quantities for the particle dynamics are
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also K (v, T)-Lipschitz continuous. Thus, by taking a union bound on t € {0,7, ..., |T/n]}, we
have

max sup {|f(w;W(t)) — flas W),

te[0,7)
max | Ha(a, Ca(j2); W (1)) — Ha(, jos WP (1))],

max
Ji

Ec, [AY (2, Co; W (t))wa(t, C1(j1), Ca)]

- n— Z A3 (2, 2 WP (1)) wiP (¢, ji1, j2)
2j2 1
< Ks(7,T) (Dr(W,W*P) + 61 + 62+ 85 +1)

with probability at least

T (ngy n163 } 1 { no63 } ni { na03 })
l——(=expd———F——p+—€eXpPy -+ —exps———F— ¢ |.
" (51 Xp{ Be.Df % U K6D ] 5 T U K0.)

In particular, we pick

— 1 _K3(77T) . K3f)/’
n= — 51—\/71—1(\/@-1-5), Jy =03 = ——1—~ N <m+5)

Then,

te[0,7)

max | Ha(, Ca(j2); W (1)) — Ha(z, j2s WP (1)),

max sup {|f(ac7 W (1)) — f(z; WPP(1))],

Ec, [A (2, Co; W (1) wa(t, C1(j1), C2)] — ES 22: A (2, j2; WP () wsP (¢, i, )

}

87)

max
n na ?
J2=1
Ko,
< K1) (D (W W)+ 20D (iogin +9) )

with probability at least 1 — exp(—d2).

Next, we combine (87) with (84), (85) and (86) to provide high-probability bounds on AW,
Agv, AI{V. By recalling the definition of the mean-field ODE (73) and the analogous definition of the
particle dynamics (75), we finally obtain that, for all ¢ < T', with probability at least 1 — exp(—6?),

DWW, WFP) < (x/lognmax +5 —l—’y/ Dy(W, WPP) ds

N'min
+/ / D (W, WP duds.
0 JO

An application of Corollary 27 gives the desired result (81) and concludes the proof. |
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F.2. Bound between particle dynamics and heavy ball dynamics

In this part we bound the difference between the particle dynamics defined in (75) and the heavy
ball dynamics defined in (76). We recall that the distance we aim to bound is defined in (78).

Proposition 18 Under Assumptions (Al)-(A2), there exists a universal constant K (v, T) depend-
ing only on ~v,T' such that

Dr(WFP WHBY < K(,T)e. (88)

Proof Note that the heavy ball dynamics is just a discretization of the particle dynamics, so we first
bound the difference at each time point kc. By a second order Taylor expansion, we have the fol-
lowing approximation for the particle dynamics. We do the computation for w3 as a representative,
and the proofs for w;, wy are the same.

We have that

(k4 1)e, jo) = whP (ke, jo) + OpwhP (ke, ja)e + %8,521051)(1{5,]'2)52 + O(?). (89)
Also by Taylor expansion, we have that
OwiP (ke, jo)e = whP (ke, ja) — whP((k — 1)e, ja) + 82 whP (ke, jo)e + O(£). (90)
By plugging (90) into (89), we obtain

wiP((k + 1)e, jo) = wiP (ke, j2) + whP (ke, o) — wiP((k — 1)e, jo) + Fwi ke, j2)e* + O(e?)
= wi? (ke, ja) +wiP (ke, ja) — wi ((k — 1)e, ja) + (—10uwiP (e, j2)

—E.AY (2, jo; WP (ke)))e? + O(?)
= wiP(ke, j2) + (1 — ye) (wiP (ke, j2) — wiP((k = 1)e, ja))

—E,AY (2, jo; WFP(ke))e? + O(£3),

where in the last step we use again (90). By unrolling the recursion, we can write the particle
dynamics in the following form:

k—1
wiP (ke, j2) = whP(0,55) = Y e VELAY (=, jo; WP (le)) + O(e),
1=0
where 1
—1- 1 k=l
&2 Z (1—ye)i = 1—(1—1e) gzéf_
i=0 e v
Similarly for ws, w1, we have:
k—1
wy? (ke, j1, j2) = wh?(0, j1, j2) — Cz(k)E AY (z, g1, j2s WFP(le)) + O(e),
1=0
k—
wiP(ke, j1) = wiP(0, j1) Z 'E.AY (2, j1; WTP(le)) + O(e).
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We can write analogous expressions for the heavy ball dynamics:

k—1
. k .
Wi (k, o) = wi(0, j2) = Y e "B AY (2, 5o; W (1)),
=0
k—1
Wi (k, j1, j2) = wg®(0, j1, j2) ch(k E=AY (2,41, j2s WD), oD
=0
k—1 ”
wiB(k, j1) = wiB(0,71) — Y VELAY (2, ji; WHE(D)).
1=0

Let us define the following notation, for k € {1, ..., {%J },

Dp(WP, W k) = max{||w{®(k, j1) — wi®(ke, j1) |2,
|w2 (k, 71, J2) —w2 (kf J1,32)1;
(wB(k, jo) — wP (ke, j2)| : j1 € [na], jo € [n2]}}.

Recall that, by construction, wiP (0, j2) = wiB(0, j2), whP(0,41,52) = wiB(0, j1,j2) and

(0 jl) HB(0, 51) for all 51, jo. Thus, by computing the difference between w!? wh? wiP
and whiB iiB, wng , we have that Dy (WP WHB: k) satisfies the following induction inequality:
k—
Dr(WFP, WHE: ) Z VKL (y, T)Dr(WPP, WHB 1) 4+ O(e), 92)
=0

where we have used the Lipschitz continuity of AY AV and A obtained via Lemma 7. Thus,
by the discrete Gronwall’s lemma, we obtain that, for any k € {1, ey L%J },

Dr (WP WHB k) < Ky(y,T)e

Finally, an application of Lemma 16 gives that w{? wfP, wP are K3(v, T)-Lipschitz continuous

in time. Thus, for any ¢t < T,

wiP (¢, j2) — wiP([t/e], j2)| < [wiP(t, j2) — wEP([t/e]e, j2)
+[wiP([t/e)e, j2) — wiP([t/e], j2)]
< [wiP([t/ele, j2) — wi®([t/e], j2)| + K3(v, T)e.

Similar results hold also for |wh? (¢, j1, j2) —wkB (|t /€], j1, jo)| and [wtP (¢, 51) — wHB(|t /€], j1)|.
As a result, we conclude that

Dr (WP whB) < ke{{nax J}DT(WPD,WHB;k) + K3(7,T)e < K(v,T)e,

which gives the desired result. n
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F.3. Bound between heavy ball dynamics and stochastic heavy ball dynamics

In this part we bound the difference between the heavy ball dynamics defined in (76) and the stochas-
tic heavy ball dynamics defined in (74). We recall that the distance we aim to bound is defined in
(79).

Proposition 19 Under Assumptions (Al)-(A2), we have that, with probability at least 1—exp(—42),
Dy (WHE WSHEY < K (v, T)\/2(\/D + log(ning) + ), (93)
where K (v,T) is a universal constant depending only on ~y,T.

Before proving Proposition 19, we state and prove a result concerning the boundedness of the
SHB dynamics.

Lemma 20 Under Assumptions (Al)-(A2), we have that, for any k € {1,.. ., L%J 1,

1
w3 (k, j2)| < K (1 + 7) T,

SHB .. 1 T2
lwy " (k, 41, J2)| < K 1+; 1+7 ’

where K is a universal constant.

Proof By following passages analogous to those leading to (91), we have that the SHB dynamics
can be written as

k—1
(M) A
SHB(k ]2) SHB 0 ]2 ZC jQ,WSHB(l)),
=0
- i 94)
w§B (ke 1, j2) = wiB(0, 1, j2) — > e AW (2(1), g, jos WHE(1)).
=0

Recall that
AY (2(1), j2; W (D)) = 02 R(y (1), f (= (1); WP(D))) - oo (Ha (2 (1), j2; WHH(1)),
which implies that
|AY (2(1), j2; WP ()| = |82 R(y (1), f ((1); WP (D)) - 0o (Ha(2(1), jo; WHE(1)))| < K.
Thus, we have

k—1
k 1
|wsHB (k, jo)| < |wiHB(0, jo)| + ch(k)K <K+"K<K (1 + ) T,
=0

where in the last step we use that ke < 7T
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SHB (

For [w3"®(k, j1, j2)|.
ALY (2(D), ju, 2 W (1))

=|02R(y(1), f(@(); WP (D)) - w3 (1, ja) - o4 (Ha(x(1), jo; WP (1)) o1 ((wi™ (1, 1)) 2 (1))

<Kw3B(1, j5)|.

Thus, we have

w3 (k. g1, j2)| < [w3™(0, ju, j2) !+ZCZ w3 (L, j2)|
=0

<K+K( ) e
)y

1 T?
§K<1+> (1+>,
Y Y
which gives the desired result. |

At this point, we are ready to prove Proposition 19.
Proof Throughout this argument, we fix € and consider k£ € L%J Recall that the HB and SHB
dynamics can be written as in (91) and (94), respectively. Furthermore,

k-1
w™ (k. i) = wi™(0.51) = Y ¢V AV (2(0).5;: WP (1)), (95)
1=0
Recall that, by construction, w8(0,j2) = w3HB(0, j2), whB(0,j1,72) = wSHB(0, 1, j2) and

wiB(0, j1) = wi¥B(0, j1) for all j1, jo. Thus, by computing the difference between the expres-
sions in (91) and (94)-(95), we have

[wi® (k, j2) — w3 (k, ch E=[AY (2, 52s WH(1))] — A?(Z(l),jz;WSHB(Z)))‘

ch’“’ EL[AY (2.2 WP (0)] = B[ (2,5 W (1))

(96)
k—
Z E-[AY (2, j2; WHE(D))) —A:)V,V(Z(l)an;WSHB(l)))',

o7
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|w§® (k Ji.d2) — wy P (k, 1, j2)| (98)

chk) E=[AY (2, j1, jos WHE(1))] — Agv(z(l)yjhj%WSHB(l)))‘

< Zcﬁ) E=[AY (2, j1,42s WHE(1))] —Ez[ASV(z,jl,jz;WSHBa))D‘ (99)
k—1
+ 1" (B AY (2,1, o WEHB (1)) — AY (z(l),jl,jQ;WSHB(l)))‘, (100)
=0
k—
1wl (k, j1) — wi (k, j1)|2 = Z E.[AY (2, 1; WHE ()] — AV (2(1), j1; WSHB(1)))
k—
< cl(’“’ (E=[AY (2, j1; W ()] — Eo[AY (2, j1; W (1)) |
=0
(1012)
k—1
2 (BalAY (2,0 W )] — AV (2(0), j1; W (1))
=0
(10;)

To bound (96), (99) and (101), we use the Lipschitz continuity of Agv, AY and AW, together with
the fact that cl(k) < ¢/~. In particular,

(E- AY (z, jo; WHE(1)) —EZA?/(Z’]'Q;WSHB(Z)))'

kol
—_

< |(B2[AY (2, j2; WHP(1)] = E[AY (2, j2; W D)])| - (103)

2o
Il
o

k—1
13
< K(v, T)§ Z Dy . (WHE WSHE),

Similarly, we have

k) E=[AY (2, 1, jo; WHE(1))] —Ez[AgV(Zvjl,Jé;WSHB(Z))])‘

k: 1
S K ZDZEE WHB WSHB)
. 7 1=0 (104)

Z 1 (BAY (2,5 WD) — EAY (2, 51 W (1))

= 2
c k—1
<K T) > Dic (WHE, WHHE),
=0
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To bound (102),(100) and (97), we first define the filtration F3(k) as the sigma-algebra generated by
({w3(0, j2) }joelna)> 2(0), --s 2(k)). We define the filtration F2(k), F1 (k) in the same way. Recall
that, in a one-pass algorithm, we take i.i.d. samples at each step and, hence, we can write, for all

Le{l,..., L]},
E.q) [AY (2(1), j2; WHB (1)) | F3(l = 1)] = E2AY (2, jo; WP (1)),
E.q) [AY (z(1), 1, j2; W (1)) Fa(l = 1)] = E2AY (2, 41, ja; WP (1)),
E.q) [AY (z(1), j1; W) | F1(1 — 1)] = E.AY (2, j1; WHE(1)).

Clearly, we have that { AY (z(1), jo; WS#B(1)),1 € {1,...,[£ ]} } are mutually independent, which
implies that

AY (2(1), jo; WHB (1)) — B, AY (2, jo; WSHB(1))

is a martingale difference with respect to the filtration F3(l). Thus,

k—1
{ S e A (2(1), o WHB 1)) — E.AY (2, jo; WHE(1)) | k € {1, o LZJ}}

=0

is a martingale (same for A} and AY). Next, we show that the martingale differences are bounded,
so that we can use martingale convergence results to bound these terms.
Combining Lemma 20 with the same strategy of the a-priori estimations of Lemma 7, we have
the following upper bounds:
(B2 A3 (2,2 W (R)) — A (2(k), jos W (R))| < K,
B2 A3 (2, 1, jo; WP (k) — AY (2(K), j1, jo; WP (K)| < Ki(+, T),
AT (

E-ALY (2, j1; W (k) — AV (2(k), j1; WSB(k))| < K1(v, T).

Thus, an application of Lemma 25 gives

e Zc"‘” EL A (z,jo: WD) = AY (2(0), jos WD) | 2 KVTe(1 + &)
S exp(—(532,),
Pr kg[l%;(J chk) E Aw(z ]17]27WSHB(Z)) _Ag/(z(l)vjbj?;WSHB(l)))‘
> K (v, T)VTe(1 + &) | < exp(—03),
k—1 .
Pr Lgﬂgf | S e (B AY (2,51 WE Q) — AL (2(1), j1; WS (1))
2

> K(v,T)VTe(V'D + &)

< exp(—67).
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By taking a union bound over j1, j2, we have that, with probability at least 1 — exp(—§2),

k—
Z (E=AY (2o WP (1) = A (2(0), 2 WP (1))
=0

)

Ji.2 ke|T/e|

max max {

k—1
>t (BaAY (21, s W) = AY (2(0), o, s WD)

=0
2}
< K(y,T \/Dlog ning) + 0).

Combining the results, we conclude that, with probability at least 1 — exp(—42),

)

k—1
> P (B AY (2,50 WD) — AV (2(0), 1 W (1)
=0

Dr(WHE, W) < K (v, T)VTe(\/Dlog(ning) + 6) + K (v, T - ZDM (WHE wSHB),
=0

An application of the discrete Gronwall’s lemma gives the desired result (93) and concludes the
proof. |

F.4. Proof of Theorem 2

Proof The proof follows from combining Proposition 15, 18, 19 and the fact that:

DT(W, WSHB) < DT(W, WPD) 4 DT(WPD, WHB) 4 DT,E(WHBy WSHB)‘

Appendix G. Global convergence of the mean-field ODE
In this section, we aim to prove the global convergence result through the recipe below:

1. We show the following degenerate property for the mean-field ODE: there exist deterministic

functions wi(-,-) : RZ0 x RP? — RP wi(-,-,-,-) : RZOx RP x R x R — R, wi(-,) :
R=0 x R — R such that
wi(t,C1) = wi(t, wi(0,Ch)),

wa(t, C1, Ca) = wy(t, w1 (0,C1), w2 (0, C1, Ca), w3(0,Ca)), (105)
wg(t, CQ) = w;(t, w3(0, CQ))

2. We show that (i) wj(-,-) is continuous in both arguments for any finite ¢, and that (i) if
w1 (0, Cy) is full support, then w1 (¢, C1) is full support for any finite ¢.

3. Combining the argument that w (¢, C1) is full support for all finite ¢ and the mode of conver-
gence assumption, we show that the mean-field ODE must convergence to the global mini-
mum.
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We first show the degenerate property of the mean-field ODE in the following lemma:

Lemma 21 Under Assumptions (Al)-(A2), there exist deterministic functions wj(-,-) : R0 x
RP — RP wi(-,,+,) i REOX R x R x R — R, w3(+,+) : RZ% x R — R such that
wl(t, Cl) = w}‘(t, w1 (0, Cl)),
wa(t, C1, Co) = ws(t,w1(0,C1),w2(0,C1, C2),w3(0,C2)),
wg(t, CQ) = w;(t, w3(0, CQ))

Proof We follow the proof in [28, Appendix D.2]. To shorten the notations, we make the following
definition: we define the sigma-algebras generated by

w1 (0, Cl)), (wl(O, Cl), wg(O, Cl, 02), w3(0, 02)) ,UJ3(0, CQ)

as S1, S123, S5 respectively. The lemma is equivalent to prove that w1 (¢, C1), wa(t, C1, Ca), ws(t, Ca)
are S1, S123, S3-measurable, respectively.
In order to prove the measurability result, we define a reduced dynamics as follows:

wl?(t,c) = wlP(0.2) = [ (WlP(5.02) — wP(0.c2)) ds
/ / A3 z,0y W (u ))\53] duds,
wP(t, c1,c0) = wkP(0, ¢1, ¢2) — 7/ (whP (s, c1,c0) — whP(0, ¢1, ¢2)) ds

/ / E [A) (2,C1,Cos W (1)) |S125] duds,
tP(t,c1) = wiP(0,¢1) _’Y/ (whP (s, c1) — whP(0,¢1)) ds
_ /t /OSE (AL (2,01 W (w))]S1] duds.

Note that the reduced dynamics wkP w&P wkP is clearly Sy, S123, S3-measurable. Furthermore,
the reduced dynamics is not self-contained, namely, the gradient terms E [Agv (z,C9; W(t))]S3],
E [AY (z,C1,Co; W (t))]S123] and E [A} (2, C1; W (t))]S1] are induced by the mean-field ODE
W(t).
In order to state the next result, we define the following metric :
D (W, W') = max{ sup esssup ||wi(t,C1) — wi(t,C1)l2,
tefo,7] C1

sup esssup |wa(t, Cy, Co) — wh(t, Cq, Cs)],
te[0,7] C1,C2

sup esssup [ws(t, Ca) — wh(t, Co)|}.
tejo, 7] C2

Next, we aim to show that the reduced dynamics is equivalent to the mean-field ODE, i.e., for any
T >0,

Dr (W, WEP) = .
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The key step is to prove that

esssup sup [ [AY (z, Co; W (1))[S5] — ELAY (=, Cos W (1))| < K (3, T)Dr(W, W),

te[0,7

(106)

esssup sup |E [Ag"(z,ol,c2;W(t))|5123] —EZA‘Q/V(z,Cl,Cg;W(t))]

t€[0,T

< K(y, T)Dr(W,W*P), (107)

esssup sup |E[A} (2, C1; W(1))[S1] — E-AY (2, C1; W())||2 < K (v, T)Dr (W, WEP),
te[0,7

(108)

where K (v, T) is a universal constant depending only on T, . Here, [E [AY (z, Co; W (1))|S5] —
E.AY (2, C9; W (t))| is a random variable, and the ess sup in (106) is taken with respect to it. The
same remark applies to the ess sup in (107) and in (108), which are intended to be taken with respect
to the corresponding random variables.

We now prove that (106) holds. Note that

|E [Agv(z,CQ, !53} EzAgv (z,Co; W(1))|
< |E[AY (2, CQ, (1)]S95] — E [AY (2, 0o WP (1)) 5] |
+ [E [AY (2, Co; WHRP(1))[S5] — E2AY (2, Co; WP (1))

(109)
)
+ [EAY (z,Co; WEP (1)) — E,AY (2, Co; W(1))].
Using the Lipschitz-continuity of AY, we have that:

E[AY (2, Co W(1))[S5] — E [AY (=, Cos W (1))[S3] | < K (7. T)Dr(W, W*P),

110
AW (2, Cos WRP(8)) — AW (2, Cos W(1))| < K (7. T)Dr(W, W),

By following the argument in [28, Appendix D.2] (which does not depend on the dynamics, but
only on the structure of the gradient), we have that E,AY (z, Co; WRP(t)) is S3-measurable, i.e.,

B [AY (2, Co; WRP(1))|S5] — E-AY (2, Co; WRP(2))] = 0. (111)

By combining (109), (110) and (111), we obtain that (106) holds. The arguments giving (107) and
(108) are analogous.

From this, we can compute the difference between the reduced dynamics and the mean-field
ODE as

T T s
DrW. W) <o [ DWW ds+ KG.T) [ [ DUW W) dvds,
0 0 0

which, after applying Corollary 27, gives that Dp(W, WRP) = 0. This implies that W = WP
and, hence, w1 (t, C1), wa(t, C1, Co), ws(t, Cy) are S1, S123, S3-measurable, respectively. [ |

Next, we show the continuity of the function w3 (-, -) : RZ% x RP — R¥ in both arguments.
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Lemma 22 Under Assumptions (Al)-(A2), we have that, for all t € [0, T] and for all uy,u} € R,

|wi (t,w1) — wi(t',ui)lla < K(y,T)|t -t (112)
|wi (¢, w1) — wi(t,u))|2 < K(v,T)|lur — ullfs. (113)

Proof In order to prove the lemma, we first need to derive the dynamics that characterize the
evolution of the functions w (¢, w1 ), w3(t, w1, ug, uz), w;(t, uz). This dynamics is induced by the
mean-field ODE, whose form we recall below:

t t s
ws(t, c2) = w3(0,c2) — ’y/ (w3(s, c2) —ws3(0,c2)) ds —/ / E.AY (2, co; W (v)) dv ds,
0 0 JO
(114)
t
’LUQ(t,Cl,CQ) == 'U}Q(O, 61702) - 7/ (?,UQ(S,Cl,CQ) - U)Q(O,CI,CQ)) dS
0

t s
—/ / E.AY (2, c1,c0; W(v)) dv ds,

0o Jo
(115)

t t s

wi(t,c1) = wi(0,¢1) — 7/ (wi(s,c1) —wi(0,¢1)) ds — / / E.AY (z,¢1; W (v)) dv ds.
0 0 JO

(116)

Recall also that w3 (t, c2) = w3 (t, w3(0,cz)). Thus, in order to get the dynamics of w3 (¢, ug), we
replace w3 (0, c2) by ug, wa(0, c1,c2) by ug, and w1 (0, ¢1) by u; into (114). By doing the same
replacements into (115) and (116) for wa(t, c¢1, c2) and w (¢, ¢1), respectively, we obtain

t
w3 (t, ug) :Ug—’}// (w3 (s, us2) ds—/ / E.AY (v, z,u3) dv ds,
0
t
w; (¢, w1, ug, uz) =U2—7/ (w§(57u1,uz,u3)—u2)d3—/ / E=AY (v, 2, w1, ug, ug)duds,
0

¢
w{(t,ul):uly/('wl(s u) ds/ / E.AY (v, z,u;) dv ds,
0
where we have the following modified forward and backward paths:

Hl(t,iﬂ,’llq) = (w (tvul))Tma
Hg(t,w,u?)) = u1~p0,u2~p

E 2w2(t ’U,l,UQ,Ug)O'l(Hl(t xTr ul))
f(@; W(t) =K, pws(t,us)Ha(t, T, usz),

AY (t, z,u3) = Ry, f(@; W (t)))oa(Ha(t, @, u3)),
AY (t, 2, w1, uz,uz) = 2 R(y, f(@; W (t)))ws(t, us)oh(Ha(t, @, us))or (Hi(t, @, u1)),
A )

1 (t 2,u1) = Buy g [02R(y, f (@ W (1))ws(t, us)o (Ha(t, 2, us))
'wz(t,’u,l,UQ,U3)J/1(H1(t,:B,U1)):IB].
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Thus, we have that
t
lwi (,w1) — wi(t, uy)ll2 < (14 7)lur — i +7/0 [wi (s, u1) — wi(s, uy)ll2ds
t s
+/ / IELAY (v, z,u1) — E.AY (v, z,u})|2dvds.  (117)
0o Jo

An application of Lemma 7 gives that

||EZA¥V(’U,Z,’U,1) - EZA‘I/V(U’Z7U‘/1)H2 < K1(7,T)(|w§(v,u1,u2,u;3) - w;(vvullvu%ui%)’
+ [Jw] (v, u1) — wi (v, uy)ll2).
(118)

Similarly for w3, we have that
t
|w§(tvu17u2au3) - w;(t¢u,17u27u3)| < 7/ |w§(57u1>u2>u3) - w;(saullau27u3)| ds
0
t s
—I—/ / IE.AY (v, z, w1, ug, uz) — B AY (v, z,u), uz, u3)||2 dvds, (119)
0o Jo

and another application of Lemma 7 gives that

HEZA;/V(Uv Z,U1, U2, U3) - EZA‘Q/V(Uv Z, ulla Uz, U3)H2

< KQ(’}/,T)(|1U2(’U,U1,U,2,U3) - w2(v,u'1,u2,u?,)| + ||UJ1(’U,’U,1) - wl(vvull)HQ)'
By combining (117), (118), (119) and (120), we obtain

w3 (t, w1, uz, ug) — wi(t, ul, ug, us)| + [Jwi(t, ur) — wi(t, ul)ll2
< (L yt)llur — w2

t
+’Y/ (‘w§(37u17u27u3) - w;(sau/hu??u?))‘ + Hwi(svul) - ’wT(S?ull)HQ) ds
0
t s
+K3(%T)/ / (lws (v, w1, uz, uz) — w3 (v, wy, ug, us)| + [Jwi (v, ur) — wi (v, ui)l2) dv ds.
0 0

Thus, by Corollary 27, we have that:
w3 (£, w1, ug, us) — w3 (t, wy, ug, us)| + wi(t ur) — wi(t,wy)llz < Ka(y, T)llur — will2,

which implies that ||w} (¢, u1) — wi(t,u))|l2 < K4(v,T)|ur — uf|, and concludes the proof of
(113). The Lipschitz continuity (112) of wj (¢, u) is already proved in Lemma 16. |

At this point, we show that, if w;(0,¢1) : Q — RP has full support, then wi (¢, u1) has full
support.

Lemma 23 Under Assumptions (Al)-(A2) and (BI)-(B3), we have that wi (t,w1) has full support
foranyt < oo.
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Proof By the continuity argument in Lemma 22, we have that

lwi(t, w1) — wllz = [Jwi(f,u1) — wi(0,u1)lls < K(v, T, (121)
[w7 (t, u1) — wi(t, ul)ll2 < K(v, T)fur — wifo. (122)
We want to show that, for any x € RP, there exist a v such that w?(¢,v) = x. For any = € R,

define a map g, (t,v) = x — (wi(t,v) — v). Itis easy to see that if v a fixed point of ¢(, -), then
wi(t,v) = x as

9z (t,v) =v <=z — (wi(t,v) —v) = v <= wi(t,v) = x.

By (121), we have that g, (t,-) : RP — B(x, K (v, T)t), where B(zx, K (v, T)t) is the closed ball
centered at  with radius K (-, T')t. Now, if we restrict g (¢, v) on B(x, K(v,T)t), we have that it
is a map from B(x, K (v, T)t), which is a compact set, to itself. Furthermore, g (¢, v) is continuous
in v, since w7 (¢, v) is continuous in v by (122). Thus, by the Brouwer fixed point theorem, we have
that there exist a fixed point v € B(x, K (v, T)t), which finishes the argument. |

Finally, we are ready to prove Theorem 3. Our proof follows similar steps as that of [28, Proof
of Theorem 8§].
Proof By Assumption (B3), we have that

lim esssup Eq,[[E.AY (2, C1,Co; W (t))|] = 0.
t—>ro0 C1

By the definition of AY (¢, z, C1, C3), we have

hm esssup Eq, [|[E. AL (2, Co; W (t))a1 (w1 (¢, C1) T x)|] = 0.
C

Recall from Lemma 23 that, for all finite ¢, w (¢, C ) has full support. Hence, we have that, for u;
in a dense subset of R?,

tli)rgo ECEHEZA%LI(Z> Co; W(t))o1 (U{IB)H =0.

Our aim is to conclude that, for almost all &, we have that E, [0, R(y, f(x; W (c0)))|x] = 0. By
definition of the backward path, we have that

IEC2HIEZA£{(Z,C2;W( ))01(u1 | ‘IE AH (z Cg7 (oo))al(ul )H
§ECZH(EZA§I(z,CQ;W( ) —E.A(z,Co; W 00))) o1 ( ul'z )]
<KEq,[E. [|AY (2,00 W (1) — A (2, Cs; W( ))H]
<KEc, 0, [(1+ ws(00,C)]) - (lws(oo, Ca) — ws(t, Ca)]

+ |ws (00, C3)| - Jwa (oo, C1, Co) — we(t, Cy, Cs)]
+ [ws(o0, C2)| - [wa (oo, C1, Ca)| - [[wi (o0, C1) — wi(t, Ch)|l2)]-

(123)

By Assumption (B3), the RHS of (123) converges to 0 as ¢ — co. Hence, by taking the limit on
both sides, we have that, for ©; in a dense subset of R,

Ec, [[E=A5' (2, Cos W (00)or (uy o)) = lim Ec, [[E=A7 (2, Co; W (t)or (ug z)]] = 0,
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which implies that, for almost all ca,
‘EzAg(z, C; W(oo))al(uipw)‘ =0.
By definition of Al (z, Cq; W (00)) we have that, for almost all g,
E. [82R(y,f(:n;W(oo)))wg(oo,CQ)UQ(HQ(:IJ,CQ;W(oo)))al(ulTa:)] =0. (124)

Note that Assumption (A1) gives that o, # 0, and Assumption (B3) that w3(co, c2) # 0 with
probability > 0 (where the probability is intended over c3). Hence, we have that, with probability
> 0 (over c3),

E- [0:R(y, f(a; W (c0))) oy (Ha(, c3; W (00))) oy (u] )] = 0. (125)

Recall that o1 (u? ) is a function of x, but 2 R(y, f(x; W (00))) depends on both y and . Thus,
we can re-write (125) as

Ez[Ey[02R(y, f(z; W (0)))|z] o) (Ha(z, ca; W (0)))o1 (uf )] = 0. (126)

Now, we want to use the universal approximation property of o; to conclude that, for almost every
Zz,
Ey [02R(y, f(z; W (00))) || o5 (Ha(, c2; W (0))) = 0. (127)

The idea is that linear combinations of o1 (u! ) can approximate any function in £5(D,). Thus,

if Ey [02R(y, f(x; W (00)))|z] b (Ha(, co; W (00))) is in L2(Dj), we have that there exist a se-
quence of index sets {/ }xen, such that:

kli_)nrloo Ez | |Ey[02R(y, f(z; W (00))) || o5 (Ha (2, c2; W (0))) — Z aikal(ug;a:) =0.
i€l

To simplify the notation, we define:
9(x) = Ey[02R(y, f (23 W (00))) @] 0 (Ha (2, c2; W (0))),
hi(x) = Z a;, 01 (uz;ac)

ikEIk

From (126) and by linearity of expectation, we have that, for all &,
Ee [g(z)hi(x)] = 0.
Thus we have
T _ 2
0= lim Ey [Jg@) — hy(@)’]
= lim Eq [lg(@)” + b (@) — 2g(2) (@)

= lim E, ||g(@)” + ()]
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which implies that

E, [lg(@)f’] = 0.
Hence, we have that
Eg [|Ey [02R(y, f(; W (00))) || oy (Ha (2, c2; W(oo)))\2] =0,

which implies that (127) holds. Furthermore, to see that E,, [02 R(y, f (x; W (00)))|®] 04 (Ha (w2, c2; W (c0)))
is indeed in L£4(Dy), it suffices to note that, by Assumption (A1),

Ey [02R(y, f(a; W (c0))) 2] 05 (Ha(, c2; W (00))) < K2

By Assumption (A1), we also have that o} (z) # 0 for all x. Hence, (127) implies that, for almost
every x,

Ey [02R(y, f(; W (c0)))|z] = 0. (128)

Since the loss is convex in f(x; W (c0)), we have

> By [E, [02R(y, f(a; W (o)) |2] (f(@) - f(z; W(0)))] =0,

where the last passage follows from (128). Thus, we conclude that

E2R(y, f(x; W(0))) = ir%sz [R(y, f(z))]. (129)

Finally, we want to show that
Jim B2 R(y, f2; W (1)) = E=R(y, f(2; W(00))). (130)
To see this, we write

[E2R(y, f(z; W(1))) — EzR(y, f(z; W(00)))|
<KE;|f(z; W (t)) — f(z; W(c0))|
<KE¢, c, Uwg(oo, Cy) — ws(t, Co)| + |ws (0o, C2)| - |wa (oo, C1, Co) — wa(t, C1, Ca)|
+ Jwz(00, )| - [wa(oo, C1, Ca)| - [Jwi (o0, C1) — wi(t, Ch)|2],

and use again Assumption (B3). By combining (129) and (130), we obtain the desired result.
|

Appendix H. Technical lemmas

Lemma 24 (Corollary of McDiarmid inequality) /26, Lemma 30]
Let {X;}ie[n) € R? be a sequence of i.i.d random variable, with || X;||s < K ans E[X;] = 0,

then we have:
Pr (

1 n
w2 i

> K( 1/n—|—z)> < exp (—nz?)
2
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Lemma 25 (Azuma-Hoeffding bound) /26, Lemma 31] Let (X},)>0 is a martingale taking value
in RP with respect to the filtration (Fr), with Xo = 0. Assume that the martingale difference at
time k is Ly,-subgaussian, which means the following holds almost surely for all A € RP:

LEIN?
E [exp{(\, X — Xp—1) HFr-1] < exp 9 (-

Then, we have

Pr | mas | X > 2 S (\/D+6> < exp{—02}.
€n
k=1

Note that, if Ly, < L for all k, then
Pr [inaﬁ | Xk|| > 2vnL? (\/5—1— 5)} < exp{—6%}.
€ln

Lemma 26 (Pachpatte’s inequality) /3, Chapter 1, Theorem 1.7.1]
Let u, f and g be non-negative continuous functions defined on [0, T'), for which the inequality

t t S
u(t) < wug +/0 f(s)u(s) ds—l—/o f(s) </0 g(r)u(r) dr) ds
holds, where ug is a non-negative constant. Then we have:
t s
u(t) < wug [1 +/0 f(s)exp </0 (g(r)+ f(r)) d7‘> ds} .

Corollary 27 (Pachpatte’s inequality for constants) Ler u be a non-negative continuous function
defined on [0, T, and v, K be positive real numbers. Assume the following inequality holds:

u(®) §uo+v/otu(s)ds—i—K/Ot/osu(r)drds.

Then, we have

2 2 2
Y v+ K v+ K
u(t §u0(1+ exp( t>)§u0<1+exp< t)>
(t) 2+ K ¥ Y
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