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Abstract

It has been shown that the chain of thought (CoT) can enhance the power of large
language models (LLMs) to solve certain mathematical reasoning problems. How-
ever, the capacity of CoT is still not fully explored. As an important instance, the
following basic question has not yet been answered: Does CoT expand the capabil-
ity of transformers across all reasoning tasks? We demonstrate that reasoning with
transformers is essentially a memorization problem for reasoning datasets. Thus,
examining the power of CoT across all reasoning tasks amounts to analyzing the
memorization capabilities of CoT transformers. In this paper, we provide a com-
plete description of the memorization capabilities of fixed-precision transformers,
with or without CoT, and give a negative answer to the aforementioned question.
Precisely, we first provide necessary and sufficient conditions for fixed-precision
transformers with and without CoT to memorize a finite reasoning dataset and
show that these two conditions do not imply each other. Then, we provide lower
and upper bounds for the number of parameters needed for transformers, with or
without CoT, to memorize a finite reasoning dataset with N elements, which are
O(N) in all cases. This implies that there exist reasoning tasks for which CoT does
not enhance the reasoning power of transformers, leading to a negative answer to
the aforementioned question. Finally, we present the first results on memorizing
infinite reasoning datasets by CoT transformers and demonstrate that some simple
infinite datasets cannot be memorized by transformers, with or without CoT.

1 Introduction

Transformer-based LLMs [33]] are the most powerful models in natural language processing, and
autoregressive transformer-based models [27, 14, 28| 114, |42] are the predominantly used forms, which
can solve a huge number of tasks by turning them into a sequence generation problem.

It has been shown that CoT [36] allows LLMs to generate a step-by-step “thinking” process, thus
improving the mathematical reasoning power of LLMs. Theoretical studies reached the same
conclusion. Log-precision transformers without CoT can only solve problem class TC® [22], but
log-precision transformers with CoT can solve any P problem [21]. Transformers with CoT can
solve arithmetic problems and dynamic programming problems that cannot be solved by transformers
without CoT [8]. It was further shown that CoT also enhances the reasoning power of constant
precision transformers [[16} [7].

These findings clearly illustrate the advantages of CoT in boosting the capability of transformers to
simulate certain algorithms by constructing transformers step by step according to the algorithm.
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However, the capability of CoT is still not fully explored. First, many problems may not have
an explicit algorithm, such as the decision of whether an algebraic differential equation has a
rational solution [37]. Even if algorithms exist, they may be too complicated for constructing a
simulating transformer, such as symbolic integration [3]]. For these types of problems, the earlier
method of incrementally building transformers following the algorithm appears to be ineffective.
Whether CoT enhances the capability of transformers to solve such problems is not known. Second,
experimental studies indicate that CoT has limited scalability, even worse performance compared to
direct prompting in planning problems [31]] and pattern-based in-context learning problems [43]. So
we raise the following natural and basic question:

Question 1. Does CoT expand the capabilities of transformers across all reasoning tasks?

Since mathematical reasoning demands exact results, a key observation of this paper is that reasoning
with LLMs is essentially a memorization problem. Following previous work, we formulate a reasoning
task as a function or an algorithm: y = R(z). For a sample set S = {(z,y):y = R(2)}sep of R
over a given input domain D, the memorization problem asks whether there exists a transformer F
such that y = F(z) for every (z,y) € S. In the previous work on LLMs reasoning, memorizing
reasoning datasets permits the use of information from the algorithm R. For example, the arithmetic
problems considered in [8] can be viewed as the memorization of the reasoning dataset Z,, ,,.

As a capacity measure of neural networks, memorization has been widely studied [10} 9, 23] 141} 32].
Recently, optimal memorization capacities of transformers have been established for both the general
dataset [[19] and the dataset that satisfies a separability condition [12]. However, in these works,
the autoregressive transformers that can generate intermediate steps or CoT were not considered.
Furthermore, the precision of their model parameters depends on the input and/or model parameters,
and the more realistic case of fixed-precision parameters was not considered.

In light of the above observations on the interplay between reasoning and memorization, alongside
the limitations of existing research on memorization, we can rephrase Question 1 as follows:

Question 2. Does CoT expand the memorization capability of transformers for all reasoning datasets?

In this paper, we give a complete description of the memorization capabilities of fixed-precision
transformers with or without CoT for general datasets and give a negative answer to Questions 1 and
2. Our main conclusions and contributions are as follows:

1. Necessary and sufficient conditions for fixed-precision transformers with and without CoT
to memorize a finite reasoning dataset are given. It is shown that these two conditions do not
imply each other. We further show that by using position embedding (adding more basic symbols),
transformers without CoT (with CoT) can memorize all finite datasets.

2. Lower and upper bounds for the number of parameters needed for fixed-precision transform-
ers with or without CoT to memorize a finite reasoning dataset S are given. For a dataset S with
N elements, all these bounds are ©(N), when omitting some smaller quantities. This implies that
both CoT transformer and no-CoT transformer need exactly ©(N') parameters to memorize certain
reasoning datasets.

As a consequence of the above results, we know that although CoT can enhance performance on
some tasks, there exist reasoning tasks for which CoT does not enhance the reasoning power of
transformers, leading to a negative answer to Questions 1 and 2.

3. We give the first results on memorizing infinite datasets by CoT-transformers. We show
that both transformers with or without CoT cannot memorize some simple infinite datasets and
arithmetic tasks in Zj, cannot be memorized by any CoT-transformer with positive confidence (refer
to Proposition 5.7 for precise meaning).

In conclusion, our results provide not only new theoretical insights into the capabilities of CoT but
also practical guidance. The tight bound for the number of parameters of memorization transformers
and the effects of the position encoding and more symbols (Section.3)) may serve as useful guidance
for practitioners. Even the negative results, such as “CoT does not help general memorization” are
useful in practice: when solving difficult problems or problems with no explicit algorithms, CoT
probably has no effect, which is aligned with the experimental results in [31} 43|



2 Related work

Memorization. As a capacity measure of neural networks, memorization has been widely studied. It
was shown that feedforward neural networks (FNNs) with O(N) parameters and various activation
functions can memorize any dataset with N elements [10} 29, 9] 23] [41]], and O (V) parameters are
also necessary for memorization [30]. A neural network with O(N?/3) parameters can memorize a
dataset satisfying certain separation conditions [25]]. Furthermore, O(\/N ) parameters are enough
for memorization [32]. Since the VC dimension of FNNs with [V parameters and ReLU activation
function is at most O (N 2) [[L], the result of [32] is optimal. Robust memorization networks were
constructed in [[15 39], which require essentially more parameters than memorization. Sample
complexities for memorization FNNs were established [40] and it was shown that memorization
FNNs are not generalizable for certain data distributions [15,/40]. It has been shown that memorization
can enhance the generalization ability of large models by memorizing diversified features of the data
(17,1216 40].

For memorization of the general dataset using transformers, O (V) parameters are also sufficient and

optimal [[19} 20, [11]. O(v/N) parameters are also optimal for memorization with transformers for
datasets satisfying certain separation conditions [12} [13]].

Our results are new in that autoregressive transformers are used and the parameters have fixed
precision. For instance, in order to achieve O(v/N) parameters [12]], it inevitably leads to an
unbounded parameter precision.

Reasoning with CoT. CoT is a key method to enhance the reasoning capabilities of LLMs [36].
Recent studies have explored various aspects of CoT, including its theoretical foundation and practical
applications. For the theoretical foundation, transformers were shown to be Turing complete when
infinite precision parameters are allowed [26]. The log-precision transformer without CoT can only
solve problems within the complexity class TC? [22]. With CoT, the log-precision transformers can
solve any P problem [21]]. CoT also enhances the reasoning power of constant precision transformers
[16![7]. The mutual expression relationship between Turing machines and LLMs was further studied
in [24}15]]. CoT has proven to be highly effective in solving traditional mathematical problems such
as arithmetic and dynamic programming [8]]. For practical applications, a series of works have further
improved the inference accuracy of transformers using CoTs (34, 44} [18]]. However, some works
showed that CoT also has certain limitations [35] 38]].

It is important to note that these theoretical findings, such as [8, 21]], neither conflict with nor imply
our results. They showed that CoT can enhance the ability of transformers to solve polynomial-time
problems, by simulating a known algorithm. We show that there exist reasoning problems for which
CoT does not increase the power of transformers, by establishing memorization capabilities.

3 Prerequisite

In this paper, we use O(A) to mean a value not greater than cA for some constant ¢, and O to mean
that small quantities, such as logarithms, are omitted. We use §2(A) to mean a value not less than cA

for some constant ¢, and Q or O to mean that small quantities are omitted.

Data. LetI' = {7}, be a set of basic symbols or tokens. We call the sequence (v;,)}_, a

length-k sentence and use I'* to denote the set of all sentences with positive lengths. For a sentence
x, let len(x) be its length and typ(z) C T be the set of all the distinct symbols in 2. Moreover, let
~o be the stop symbol that does not appear in the sentence or label, which is only used to stop the
transformer. In this paper, we consider the following kind of data.

Definition 3.1. A subset S = {(x;, ;) }iea C I'" x T'is called a language based on symbols T, if
yi # y; implies z; # x;.

Here is a language used throughout the paper.
Example 3.2. Let Arith, be the arithmetic in Z,, where p is a given prime number. We have

I'={v}L,,where T =p+T7,andvy; =i—1fori € [p], Ypt1 to Ypi7 are =, +,—, %, /, (),
respectively. (z,y) is in Arith,, if and only if x is an arithmetic expression in Z,, and y is the result



of z. Further, let Arith, ,, = {(z,y) € Arith, :len(z) < n} be the set of arithmetic expressions
with length not greater than n. Clearly, Arith,, is an infinite set and Arith,, ,, is a finite set.
Remark 3.3. In Sections[dand[5] only finite languages are considered, which can clearly be described
by a Turing machine. The infinite languages considered in Section [6]are also computable by a Turing
machine. Thus, all languages considered in this paper can be computed by a Turing machine and,
therefore, are reasoning datasets.

Remark 3.4. As a first step in our study, only single-token labels are considered in this paper. Note
that the majority of theoretical work on transformer reasoning has focused on the setting with a single-
token label [26] 18, 22| 21]]. Also note that even the single-token label case includes many meaningful
tasks, such as language recognition and other single-token classification tasks, mathematical multiple-
choice questions and other multiple-choice questions, single-token mathematical computation and
other single-token generation problems.

Autoregressive Transformer. An autoregressive transformer F has three parts:

Part One: Embedding. The transformer first embeds each basic symbol ; into a vector v; € R?,
where v; serves as an adjustable parameter in the transformer based on different tasks, and d is called
the embedding dimension. Then the input sentence = = (7;,)7_; € I't is embedded into a matrix
with n-rows and d-columns. See appendix [A]for details. We will use z and its matrix representation
interchangeably whenever this does not lead to confusion.

Remark 3.5. We do not use position encoding in the embedding layer in most of our results. See
Appendix |Alfor details on the embedding layer.

Part Two: Hidden layer. Firstly, we define the feedforward layer and the attention layer. For
an input x € R™*?, the feedforward layer with width W is FNN(z) = Relu(zFE; @ b)E>, where
E; € RXW p ¢ RXW B, € RV*? are the parameters, and 2 F; @ b means adding the vector
b to each row of xE;. For an input z € R™*9, the attention-layer with width W and head H is
ATT(z) = Zil softmax(zQ; K;x! + M)xV;, where Q; € R™>*W K, € RW*d v, ¢ R4 are
the parameters. M € {—o0,0}"*™ is a causal mask defined as M; ; = —oc if and only if j > i. M
can ensure that the i-th row can only attend to the j-th row where j < i, which is commonly used in
autoregressive generation.

Let the transformer have D hidden layers or have depth D, () be the output of the i-th layer, and
(9 = 2 € R™*? the input. Then the i-th hidden layer of the transformer is

2 = 20D+ ATT; (20 D) + NN, (2 DWW, + ATT; (2 D)), i=1,...,D
i—1 1 1 i—1 ) 9 ) )

where ATT; and FNN; are the ¢-th feedforward and attention layers defined above, and W; € Radxd
is a residual matrix. It is easy to see that z(¥) € R"*% for all i. W and L are called the width and
depth of the transformer, respectively.

Remark 3.6. The residual matrix 1¥/; cannot improve the power of the transformer, which allows the
transformer to use fewer parameters to express the target. Details can be found in Appendix[A.2]

Part three: Output layer. The output layer performs a linear transformation for the last row of the

last hidden layer, that is, F(x) = xl(f:l)(m)Wo + b, € RX(THD where 171(51)(97

W, € R&X(T+1) ‘and b, € RI*(T+D),

) is the last row of z:(P),

Let j = arg max;¢c|p41)(F());. Then, the output of F(z), which is written as Fla), is ~; when
j < T and the output of F(x) is yo when j = T + 1.

Transformers with or without CoT. For any sentence z, its label can be predicted using a
transformer F by employing two methods:

~

1. No CoT Transformer. Just like FNN, use y = F(z) as the prediction label of x. For conve-
nience,we refer to this type of transformers as no-CoT-transformers.

2. CoT Transformer. The result is obtained as follows: Let cot = ().
(1) Let 2’ be the concatenation of x and cot, and let y = J’?(x/);
(2) If y # ~o, insert y as the last element of cot, and return to (1);



(3) If y = 7o, let the last element of cot be the prediction label of 2 and be denoted as Fiot(2) which
is said to be obtained with CoT-transformers.

Remark 3.7. For the CoT-transformer, we require that the transformer terminates in a finite number
of steps, and at termination, CoT is not empty.

Here is an illustrative example. If we input 3 4+ (2 — 1) x 5 into a no-CoT-transformer, it directly
gives the answer 8. If we input 3 + (2 — 1) x 5 into a CoT-transformer, it can obtain the answer step
by step, suchas =3+ 1 x 5 = 3 + 5 = 8vg, where g is the stop symbol.

Definition 3.8. Let Hyj, , ;; (H{y 7 o) be the hypothesis space of no-CoT (CoT) transformers
with width W, depth D, head H, and parameter precision q.

Parameter precision and the number of parameters. The transformer is said to have precision
q € Z if every parameter of the transformer is a g-digit decimal real number whose absolute value
is not more than 109. A transformer F in H, gv puH {fV D. H.cot) and based on the basic symbol set I'

contains para(W, D, H,T) = O(dT + DH(Wd + d?)) parameters.

4 Memorization expressive ability of transformers

In this section, we give necessary and sufficient conditions for CoT- and no-CoT-transformers to
memorize a finite language and give upper bounds for the number of parameters of the memorization
transformer. We further compare the expressive powers of CoT- and no-CoT-transformers. Proofs are
given in the Appendix.

4.1 Memorization using no-CoT-transformer

A no-CoT-transformer (CoT-transformer) F is said to be a memorization of a language S if F (x)=y
(Feot(x) = y) for any (x,y) € S. We have the following general memorization theorem for
no-CoT-transformers.

Theorem 4.1. Let S be a finite language of basic symbols T = {v;}L|, , L =
max, yesilen(x)}, and ¢ € Z,. Then S can be memorized by a no-CoT-transformer if and

only if (x1,y1), (w2,y2) € S and typ(x1) = typ(x2) = {W} for some k € [T] imply y1 = ya.

Furthermore, if the above condition is satisfied, then there exists a no-CoT memorization transformer

F for S in HO(T) O(NLT[L2 n?(NLT)/q]),0(T) and F can be computed in polynomial time about

N, T, L,q. This gives an upper bound para(F) = O(NLT?[L?In*(NLT)/q]) for the number of
parameters needed to memorize S.

Theorem [4.T] gives a necessary and sufficient condition for a language to be memorized by a no-
CoT-transformer and the required transformer size. It is clear that most commonly used languages
satisfy the condition in Theorem For example, the language Arith,, , satisfies this condition
and thus can be memorized by a non-CoT-transformer. This theorem indicates that even without CoT
and position embedding, transformers have the power to memorize most languages. If the sentence
lengths are uniform in the language, then the condition in Theorem[4.1]is inherently met. Thus, we
obtain:

Corollary 4.2. If a finite language S satisfies len(x) = L for all (x,y) € S, then there exists a

no-CoT memorization transformer F for S in HO(T) O(NLT[L2 n?(NLT)/q]),0(T)"

The following result gives the reason behind the condition in Theorem
Proposition 4.3. Given x1,x2 € I'" such that typ(z1) = typ(xe) = {v& } for a certain k € [T), it
follows that F (x1) = F(x2) for any no-CoT-transformer F.

4.2 Memorization using CoT-transformer

In this section, the memorization capacity of CoT-transformers will be discussed. We first introduce
several notations. For a sentence x, let x[i] be the i-th symbol of 2 and x[,,] be the sentence composed
of the first n symbols of . For example, if x = (71,72, 73), then 2[2] = v5 and 2[5 = (71, 72). For
any language S and (z,y) € S, we define a set S, C I'" as follows: z € S, if and only if



ey Zlen(z)] = X and z[len(z)} =y,
(2) |typ(z[len(1)+1])‘ > 1; and
(3) for any (z1,y1) € S, if len(x;) > len(x) and 2[jen (2, )] = 71, then y; = y.

Furthermore, let S. = {z[len(z) + 1]: z € S, }. We have the following result.

Theorem 4.4. Let S be a finite language of T symbols, N = |S|, L = max, y)es{len(x)}, and q €
Z.. Then S can be memorized by a CoT transformer if and only if (1): |Sz| > 0 for any (z,y) € S
and (2): ﬂ(%y)egjtyp(m):hj}S; # 0 for any j € [T satisfying {(x,y) € S:typ(x) = {v;}} # 0.
Furthermore, if the above condition is satisfied, then there exists a CoT memorization transformer F
for S'in 117(‘1)(T)7O(J\,L2NL2 1n2(NLT)/q]),0(T) cot’ which can ‘be computed in polynomial time about
N, T, L,q. This gives an upper bound para(F) = O(N L*T3[L? n*(NLT)/q)) for the number of
parameters needed to memorize S.

Theorem [4.4] gives a necessary and sufficient condition for a language to be memorized by a CoT
transformer and estimates the required transformer size. But the necessary and sufficient condition in
Theorem [4.4]is not intuitive, and we give several easy-to-check sufficient conditions below.

Proposition 4.5. Let S be a finite language of symbol set T'. Then each of the following conditions is
sufficient for S to be memorized by a CoT-transformer.

1. The set of the last elements of all sentences in S is a proper subset of T, that is,
{z[len(z)]: (z,y) € S} ; I.

2. All sentences in S have the same length, that is, len(z) = L for all (z,y) € S.

By Proposition [d.5] most commonly used languages representing algorithms satisfy this condition.
For example, by Condition 1 of Proposition the language Arith,,,, defined in Example

LR Y

satisfies this condition because the four arithmetic operators ‘+’°, *-’, *x’, /> cannot be the last symbol
of an arithmetic expression.

4.3 CoT and no-CoT-transformers: comparison and more results

This section will address the distinctions between the two types of transformers. In particular, we
will show that their memorization powers are different.

The memorization powers for no-CoT-transformer and CoT-transformer are different. From
Theorems [4.1] and f.4] the conditions for languages that can be memorized by no-CoT or CoT-
transformers are rather stringent. While the memorization powers of CoT- and no-CoT-transformers
are both strong enough to memorize most languages, the languages that can be memorized by CoT-
and no-CoT-transformers are different, as shown by Proposition 4.7} We first define a language.
Example 4.6. For any basic symbol set I' = {v;}7_,, we define the language of length calculation
problem LCP: (z,y) € LCP if and only if x is a sentence and the label of = is y = 7;(,), where
t(x) =len(x) mod T and mod is definedas (i + k7)) mod T =ifor0<i<Tandk € Z,.
In addition, let LCP,, = {(z,y) € LCP:len(z) < n}, LCP;! = {(x,y) € LCP,, : |typ(z)| = 1},
and LCP;! = {(x,y) € LCP,, : [typ(z)| > 1}.

This is a simple language that counts the length of sentences. We have the following result.
Proposition 4.7. For any symbol set T such that |T'| > 2 and n > 2, and precision q € Z, we have
(1) LCP,, cannot be memorized by any no-CoT or CoT-transformer.

(2) LCPTL1 can be memorized by a CoT-transformer, but cannot be memorized by any no-CoT-
transformer.

(3) LCP; L can be memorized by a no-CoT-transformer, but cannot be memorized by any CoT-
transformer.

From Proposition CoT- and no-CoT-transformers can solve different parts of LCP,,, which
confirms their different expressive abilities and demonstrates that using CoT can change the range



of languages that transformers can memorize, but it is not strictly superior to those without
CoT. But transformers with CoT or without CoT cannot memorize LCP,,. In fact, it is not hard
for transformers to memorize LCP,,. From Corollaries and given below, (CoT) no-CoT-
transformers can memorize LCP,, by (adding new symbols) using position embedding.

Position embedding is important for no-CoT-transformer, but not for CoT-transformer. Theo-
rem[4.T] shows that no-CoT-transformers without position embedding can memorize almost every
language but cannot memorize certain special languages. This limitation arises because the no-CoT-
transformer cannot completely leverage the length information, which leads to Proposition If
position encoding is added, then there will be no such limitation, as shown below.

Proposition 4.8. Let S be a finite language with N elements and T basic symbols, L =
max, yesilen(z)}, and ¢ € Z,. Then S can be memorized by a no-CoT-transformer F in

Hg)(THn(L)),O(NLT(L? 12(NLT)/q]),0(T) which uses position encoding for the first L positions.

As a consequence, we have

Corollary 4.9. For any given q € 7., every finite language can be memorized by a no-CoT-
transformer with precision q and position encoding.

On the other hand, position encoding is not as useful for CoT-transformers, as shown below.

Proposition 4.10. Let S be a finite language and |typ(z)| > 1 for any (z,y) € S. If S cannot
be memorized by a CoT-transformer, then it also cannot be memorized by a CoT-transformer with
position encoding.

Position embedding can help memorize sentences z satisfying [typ(x)| = 1, which is a weakness
for the no-CoT-transformer. But based on the conditions in Theorem .4 and Proposition [.5] the
CoT-transformer is capable of managing these types of sentences in the majority of cases; thus,
position embedding holds limited significance for CoT-transformers.

Remark 4.11. In most results in this paper, we do not use position encoding. Results just proved show
that position encoding is important for transformers without CoT, but has no effect for transformers
with CoT, which increases our understanding of positional encoding. See Appendix |A| for more
details.

More basic symbols are important for CoT-transformer, but not for no-CoT-transformer. By
condition 1 of Proposition[4.5] adding a few new symbols to I" enables CoT-transformers to memorize
all finite languages, as illustrated below.

Corollary 4.12. A finite language S can be memorized by a CoT-transformer if U, ,yestyp() is a
proper subset of T

Corollary is not applicable to non-CoT-transformers, highlighting the benefit of CoT’s ability to
exploit the basic symbols entirely. We will give additional clarification on this phenomenon. Let S
be a language based on T' = {v;}X4* and typ(z) C {v;}}¥, for any (z,y) € S. Then when we

classify S by a no-CoT-transformer, the symbols {~; ﬁ ]f,]il are useless; but when we classify S

by a CoT-transformer, {*yi}fvi j{,}_\il are useful because they can appear in the CoT. For example, in

mathematical proofs, logical symbols like ., ““ -, “—" are often used in the proof, but are not
commonly used in the problem description. So, if we do not use CoTs, such logical symbols are
useless for generating proofs; but if we use the CoTs, these symbols are useful in generating the

proofs, so adding more symbols to the basic symbols can better help the transformer generate a CoT.

5 Necessary conditions for memorization with transformers

In this section, we give some necessary conditions for memorization with CoT- and no-CoT-
transformers, and show that, from the perspective of necessary conditions, CoT may not provide
particularly significant assistance in some situations.



5.1 O(N) parameters are necessary and sufficient for memorization

In Section @ we show that O(N) parameters are sufficient for both no-CoT-transformer and CoT-

transformer to memorize any language with N elements. In this section, we will show that O(V)
parameters are also necessary for both kinds of transformers to memorize some languages.

Theorem 5.1. For any q, N,T > 3 and basic symbols {v}I_,, there exists a finite language S
that satisfies the condition in Theorem(Theorem and max(, ,)es len(z) < O(In(N)), such

that for any given W, D, H, if para(W, D, H,T) < O(%), then S cannot be memorized by any
transformer F € H3V7D7H(]: IS HgV,D,H,cot)'

This theorem establishes a lower bound for the number of parameters of a transformer to memorize
finite languages, even if T, L < N, Q(IN) parameters are required for some languages, and the lower
bounds for two kinds of transformers are essentially the same, which implies CoT cannot effectively
reduce the number of parameters required for memorization for some languages.

Remark 5.2. From Theorems and we see that there exists a gap between the lower
bound and the upper bound for the number of parameters for memorization transformers. But when
q,T are constants and N > L, as shown in the Theorems we can only consider N as in most
existing works. Then Q(V) parameters are necessary and sufficient for both CoT- and no-CoT-
transformers to memorize a language of size /V, giving the optimal memorization capacity for
both CoT- and no-CoT-transformers. Note that in most cases, we have N > L, and in the actual
situation, g and 7" are always constants, so the above discussion is meaningful.

5.2 The length of sentences affects memorization

In this section, we will show how the length of sentences affects memorization. Firstly, in Theorems
M.T]and d.4] the memorization transformer depends on the sentence length L, which is due to the
limitation on the parameter precision (i.e. ¢ € Z. ). Without limitation (i.e. ¢ = c0) on the parameter
precision, the structure of the transformer does not need to depend on L, as shown below; the proofs
are given in the Appendix for no-CoT-transformer and Appendix for CoT-transformer.

Proposition 5.3. Let S be a finite language with N elements and for T basic symbols, which
satisfies the condition in Theorem (Theorem [d.4). Then there exists a no-CoT-transformer
(CoT-transformer) F € HBO(T%O(N)’O(T) (F € Hg‘?T%O(NQ)’O(T)’Cot) which can memorize S.

But when the precision is limited, the increase in length will bring more difficulties to memorization
for transformers, and CoT cannot help to eliminate this difficulty. We can show that if the precision
of transformers is limited, the number of parameters of the memorization transformer must depend
on the length for some language, as shown below.

Theorem 5.4. For any P € Z and precision q € Z, there exists an € Z., a basic symbol set T’
such that |T'| < 5 and a sub-language S C LCP,, with |S| < 10, such that S satisfies the condition
in Theorem . 1|(Theorem , but S cannot be memorized by any F € Hp, p p (F € Hp p p o)-

The above theorem shows that as the length n increases, any fixed structure transformer is not
sufficient to memorize certain languages which just contain O(1) sentences and O(1) basic symbols.
Although we do not know how to accurately calculate the dependence of parameters on sentence
length, the above theorem actually implies that both types of transformers will face difficulties with
languages with unbounded sentence lengths.

6 Memorization of infinite language is hard

In the preceding sections, we only considered finite languages. This section will explore the challenges
transformers face in memorizing infinite languages, illustrated through two specific languages. If a
transformer can memorize an infinite language like Arith,, then we can say that transformers truly
have the ability to simulate an algorithm. For the expressive power of CoT-transformers, all results
are for finite languages. For instance, Arith,, ,, is considered in [8] and input with finite length is
considered in [26, [21]].

In this section, we discuss whether a transformer can memorize infinite languages , which is
an important open problem, and we provide some negative results related to this problem. We



demonstrate that neither the no-CoT-transformer nor the CoT-transformer is able to memorize certain
basic infinite languages, suggesting that CoT might not genuinely aid transformers in resolving these
issues.

Memorizing LCP with transformer. By Theorem [4.1(Theorem (.4)), for any S C LCP,, that
satisfies the condition in Theorem [4.1] (Theorem [{.4), there exists a no-CoT-transformer (CoT-
transformer) that memorizes S. But for the infinite language LCP, this is not true, as shown below,
which is a corollary of Theorem [5.4]

Proposition 6.1. There exists a basic symbol set I and an infinite sub-language S of LCP based on
T, such that S satisfies the condition in Theorem[|d.1|(Theorem[{.4), but S cannot be memorized by
any no-CoT-transformer (CoT-transformer) with any precision q € Z4 U 0.

This proposition shows that both types of transformers, even without precision limitations, cannot
memorize certain simple infinite languages, such as length counting.

Memorizing Arith, with transformer. Since Arith, is a very basic computation problem or
algorithm, it is an interesting open problem to show whether there exists a CoT-transformer that can
memorize Arith,. We will prove a negative answer to this problem under certain conditions.

We first define how to use transformers to solve problems in Arith,, ,, and Arith,. We say that a no-
CoT-transformer F can solve Arith,, , (Arith,)if 7 can memorize Arith,, ,, (Arith,). We say
that a CoT-transformer F can solve Arith,, ,, (Arith,,)if 7 can memorize Arith,, ,, (Arith,), and
for any (z,y) € Arith, ,(Arith,), F(z) outputs a CoT as follows: z = z1 = --- = Zar = Y70,
where z; is a sentence in Arith,, ,(Arith,) obtained from x;_; (z = z() by performing several
accurate arithmetic computations. We introduce a notion below.

Definition 6.2. For a transformer F and a sentence x, define the confidence of F(x) to be F;(z) —
max;-; F;(x) where i = arg max; F;(z). We say that a no-CoT-transformer F can solve Arith,, ,
(Arith,) with confidence ¢ € Ry, if the confidence of F(x) is not smaller than ¢ for all (x,y) €
Arith,, ,(Arith,). We say that a CoT-transformer F can solve Arith,, ,,(Arith,) with confidence
¢, if the confidence of each step in CoT is not smaller than c for all (z,y) € Arith,, , (Arith,).

We explain the motivation behind the notion. In real computation on a computer, it is impossible to
achieve arbitrary precision. Therefore, to ensure that F produces an accurate output for the input
with positive certainty (the confidence level of the correct label should exceed the confidence level of
the incorrect labels), the confidence of F(x) must exceed a specific constant c. We will show that,
under such a confidence assumption, the transformer cannot solve Arith,,.

Proposition 6.3. For any c > 0 and precision ¢ € Z4 U oo,

(1) there exists a no-CoT-transformer or a CoT-transformer with precision q that can solve Arith,, ,
with confidence c for any fixed n € Z,;

(2) there does not exist a no-CoT-transformer or a Col-transformer with precision q that can solve
Arith,, with confidence c.

This theorem reveals that, despite the absence of precision constraints for transformer parameters,
under the realistic assumption of positive confidence, it is not feasible to tackle infinitely long
arithmetic problems. However, finite-length arithmetic problems can be addressed effectively. This
conclusion highlights the challenges that transformers face when tackling entire arithmetic problems.
In fact, we propose the following conjecture.

Conjecture 6.4. Arith,, cannot be memorized by any fixed-precision CoT- or no-CoT-transformers.

Remark 6.5. In [26| 21]], transformers have been shown to be Turing complete in the sense that a
transformer can simulate a Turing machine with finite inputs, and a set of transformers can simulate
an entire Turing machine. The main technical difficulty in limiting finite inputs is that the input
length is used to construct the position encoding of the transformer. Conjecture [6.4]implies that a
single transformer cannot simulate a Turing machine with an infinite number of inputs and thus is not
Turing complete in the rigorous sense.



7 Conclusion

In this work, from a memorization-capacity perspective, we theoretically analyze the impact of CoT
on autoregressive transformers. We have found and proven the necessary and sufficient conditions for
a finite language to be memorized by the CoT-transformer or no-CoT-transformer, and estimated the
number of parameters required for memorization from the perspective of upper and lower bounds.
Thus, the relationship between the CoT-transformer and the no-CoT-transformer was thoroughly
studied. Specifically, the languages that can be memorized by the no-CoT-transformer and CoT-
transformer are different, and the no-CoT-transformer requires position embedding to enhance
its expressive power, while the CoT-transformer needs only more basic symbols to enhance its
expressive power. Finally, we proved that CoT cannot help the transformer solve some problems
from the perspective of necessity, such as memorizing infinite languages. Although no experiments
are provided, our results have some practical implications that are explained in the last paragraph of
Section 1.

Limitation and Future Work. This paper only analyzes the power of CoT in memorization for data
with one token as the label and ignores LayerNorm to simplify the model for analysis. Positional
encoding is not considered in most results. Refer to Remark [4.TT]|for a detailed explanation of this
issue. Finally, several key aspects of the power of CoT are still not well understood, including those
connected to Conjecture
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: Yes, we have done.
Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes] .
Justification: In the Section[7l
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer:|Yes]
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Justification: In this Appendix.
Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

 All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: Our contributions are theoretical research.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: Our contributions are theoretical research.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.
* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

¢ The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA|
Justification: Our contributions are theoretical research.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA|
Justification: Our contributions are theoretical research.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA|
Justification:Our contributions are theoretical research.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [NA|
Justification: Our contributions are theoretical research.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there exists a special
consideration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: None of these.
Guidelines:

* The answer NA means that there exists no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there exists a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there exist negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our contributions are theoretical research.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: Our contributions are theoretical research.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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16.

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our contributions are theoretical research.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|
Justification: Our contributions are theoretical research.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer:
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Justification: The large model only helps polish the language.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Details about the structure of the transformer

A.1 Position Encoding

Embedding matrix. For a sentence z, the embedding matrix of x is z. = (v;,, vi,, ..., v;, )", which
will be the input to the first hidden layer in the transformer. We call n the input length. Unlike
feedforward neural networks, the input length of the transformer does not need to be fixed, and a
transformer can handle input sentences with any length.

About Position Encoding. With position encoding, the embedding of z is (v;, + E1,v;, +
Es,...,v;, + E,)7, where E; is the position encoding for the i-th position. The position en-
coding provides location information. However, the use of position encoding may limit the length of
the language that the transformer can process. In this paper, we aim for the transformer to handle
languages of arbitrary length and do not limit the length of CoT, so we do not employ position
encoding. For example, if we see position encoding as adjustable parameters, then encoding the first
N positions only will make the transformer able to process input with a length of no more than N. If
we take position encoding as n for the n-th position, then, at the later positions, the position encoding
may exceed the precision limitation.

A.2 The residual layer

In the definition of transformers, we use a transition matrix W;_; in the residual layer. In some other
works such as [8], W,;_1 = I is the identity matrix.

In fact, the functions that the transformer can express under these two definitions are the same, as
shown below. Firstly, we name the transformer defined by W;_; = I in each residual layer as F7.
Then we have the following result.

Proposition A.1. For any given basic symbol set ', we have

(1) For any transformer F, there exists a transformer F with transition matrices such that F (z) =
Fi(x)forany z € T'F.

(2) For any transformer J with transition matrices, there exists a transformer F such that Fi(x)

F(z) for any x € T'", and width(F;) < 2width(F), depth(F;) < 4depth(F) and head(F;) <
head(F).

Proof. (1) in the proposition is apparent: we just need to take the whole transition matrix in the
residual layer of F as I, and other parameters are the same as F.

We now prove (2). We will show the following at first: for any hidden layer in J, it can be expressed
by a combination of four hidden layers whose transition matrices in the residual layer are I.

Let a hidden layer L of F with width m and head H be written as L(x) = aW+ATT(z)+FNN(zW +
ATT(zx)), where ATT(z) = Zlel softmax(zQ; K;zt + M)xV; and FNN(z) = Relu(zw; @ b)ws.

Then we define four layers with width not more than 2m and head H whose transition matrix in the
residual layer is I as follows:

The first layer Lg also uses 2 € R™*™ to obtain (x,0) € R™*?™ which is similar to that in the proof
in Lemma

The second layer is L1 (t) = t + Relu(t(WT, = WT)T)V where Vj ;ntj = 1, Vintjmsj = —1 for
all j € [m] and the other weights are 0.

The third layer is Lo(t) =t + ATTa(t) + FNNo(t + ATTy(¢)).

The attention layer is calculated as ATTy(t) = S/ softmax(tQK/tT + M)tV/, where Q) €
R2m*2m ig defined as: the (j, k)-th weight is the same as the (j, k)-th weight of Q;, where j, k € [m)],
and other weights are 0. K| € R?™*2™ ig defined as: the (7, k)-th weight is the same as the (j, k)-th
weight of K; where j, k € [m], and other weights are 0. V; € R?™*2™ i defined as: the (j, k+m)-th
weight is the same as the (7, k)-th weight of V;, where j, k € [m], and other weights are 0.

The FNN layer is calculated as FNNy(¢) = Relu(tw] @ b')wh. w], w} are defined as: the (i +m, j +
m)-th weight is the same as the (i, j)-th weight of wy, where i, j € [m], and other weights are 0. b’

20



is defined as: the (j + m)-th weight is the same as the j-th weight of b but other weights are 0, where
j € [m].

Then we have that, for any x € R"*™, we can obtain 2’ = (z, ) € R™*2m by the first layer
Lo. Then by the definition of Ly, we can calculate: L (z') = (z, ) Hence in the Lo, it holds
ATTo((z,2W))) = Zfil softmax(zQ; K;xT + M) - (0,zV;) = (O TT(x)). In the FNN, we have
FNNy ((z, W) + AT T ((z, 2W))) = FNNy((z, xW—i—AT (x))) = (0,FNN(zW + ATT(z))). So
we get Lo(z') = (x, 2w + ATT(z) + FNN(zw + ATT(z)).

Let the last layer L; use (z, zw—+ ATT(x) +FNN(xw+ ATT(x)) to obtain xw+ ATT(x) +FNN(zw+
ATT(z).

So L(z) = aW + ATT(xz) + FNN(zW + ATT(x)) is equal to L;(L2(Ly(Lo(x)))) =
Li(La(L1((2,0))) = Li(La((x,2W))) = aW + ATT(x) + FNN(zW + ATT(z)). And it is
easy to see that the width, heads of Ly, Ly, L, and L; are not more than 2m and H, respectively.

So by the above result, for an F with width W7, depth D and head H, for each hidden layer in the
transformer, we can construct four hidden layers as above. Then use such layers and the output layer
which is the same as that in F to form a transformer 7, which has width 2173, depth 4D, head H,
and Fy(xz) = F(x) for any € I't. So we prove the result. O

B Preliminary results

We give two lemmas that will be used in the subsequent proofs.

Lemma B.1. For any sentences x and z, if the first n symbols in x and z are the same, then for any
transformer F and j € 7., the first n rows in the outputs of the j-th hidden layers of F (x) and F(z)
are the same.

Proof. Firstly, we prove that for the j-th hidden layers F- J of F, if x1 and z; satisfy that the first n
rows in x; and z; are the same, then the first rows n of 77 (z1) and F7(z;) are the same.

Assume that 7 can be written as: 77 (z) = xw—l—ZkH:l softmax(zQ Via” + M)z Kj,+FNN(zw+
ZkH:1 softmax(xQ Viz? + M)xK},).

In the residual layer, the calculations in this layer do not include the interactions between different
rows, just do the same transformation to each row. So when z; and z; satisfy that the first n rows in
x1 and z; are the same, z;w and z;w also satisfy that the first n symbols are the same.

In the attention layer, from the definition of M, for any ¢ € Z ., the i-th row of softmax(zQ ViexT +
M) can be written as (2;QxVix, 2;QiViad , 2;Q1Vial . .., 2;QiVixl 0,0, ...,0), where z; is
the ¢-th row of . So it is easy to see that, when = and z; satisfy that the first n rows in x; and z; are
the same, the first n rows of softmax(z1Qx VizT + M)z, and softmax(z Qg Vi 2T + M)z, are the
same. Hence, because the other parts in the attention layer do not include the interactions between
different rows, we have that the whole output of the attention also satisfies that the first n symbols are
the same when input z; and z;.

By the above result, we find that the first n rows of z;w + ZkH:1 softmax(z1 Qi Viz! + M)z, Ky,
and zyw + ZkH:1 softmax(z1 Qi Vi21 + M)z K}, are the same. Similarly to the residual layer, we
know that the first n rows of FNN(zjw + ZkH:1 softmax(z1QxViz! + M)z, K}) and FNN(z1w +
ZkHzl softmax(z1 Qg Vizi + M)z K}) are the same. Adding them, we can obtain the result.

Now, we can prove the lemma. We prove the result for the first layer. If the first n symbols in x and z
are the same, then the first n rows of their embedding matrix are also the same. According to the
above result, we see that the first n rows in the output of the first hidden layer are the same for input
z and z.

If the first n rows in the output of the i-th hidden layer are the same, according to the above result
and the fact that the output of the i-th hidden layer is the input of the (¢ + 1)-th hidden layer, then the
first n rows in the output of the (i + 1)-th hidden layer are also the same. When input 2 and z to the
transformer, we have proved that the result is valid for ¢ = 1, so the result is valid for any 7. We prove
the lemma.
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Lemma B.2. Let F : R1X™ — R be an FNN network with depth D and width W . Then we have

(1) If F has no output layer, then we can find a transformer JF1 without an output layer such that for
any k € Zy and x € R¥*™ it holds Fy(x) = (F¥(z1), F¥ (x2),...,FL(x1))T, where x; is the
i-th row of x. Hence, Fy has width O(W) and depth O(D), and has the same precision as F.

(2) We can find a transformer F; such that for any k € Z.y and x € R¥*", it holds F(z) = F(xy,),
where xy, is the last row of x. Hence, F1 has width O(W') and depth O(D), and has the same
precision as F.

Proof. It is easy to see that (2) can be obtained by (1), so we just need to prove (1). To prove (1), we
just need to show how to simulate an FNN layer by the transformer layer.

Let an FNN layer be written as Relu(zW + B) : R**™ — RY*™ where W € R"*™ and B € R1*™,
Then we can use three transformer layers with width m 4+ n to simulate it, which directly proves the
lemma.

The first layer 7. Use z € R**" to calculate the (2,0) € R¥*("+™)_ Just need to take the residual
layer in the transformer layer as zw, where w = (I,0) € R™*(+™) and [ is the identity matrix.
Other parameters in the attention layer and the FNN layer are all zero.

The second layer F2. Let the residual layer be 2 and the parameters in the attention layer be all 0.
Then the second layer can be written as: « + FNN(z) = z + Relu(zw; @ b)ws.

Then, we define w; € R +m)x(n+m) a5: the last m columns are w| = (W7,0)” and the first n
columns are 0. We define b € 1 x (n + m) as: the last m columns equal to B and the first n columns
are 0. Then wy € R(T™)%(n+m) 5 an identity matrix.

It is easy to check that the k-th row of Relu(F! (x)w; @ b)wy is (0, Relu(x, W + B)), where xy, is
the k-th row of x and k € [n]. So the k-th row of F2(F'(z)) is (zx,0) + (0, F(z1)) = (xk, F(z)).

The third layer 3. This layer satisfies 73((z, F(z))) = F(z}) for each k € [n]. We just need
to take the residual layer as zw where w = (0, 1)T € R("™)*™ and other parameters are 0.

We prove the lemma. O

C Proofs of results in Section [4.1]

In this section, we will give proofs for Theorem [4.1]and Proposition

C.1 Position value

For a given sequence s consisting of a and b, such as s = (a, a,b, a,b), let |s| be the length of s.
We define the position-a value of s as V.%(s, k) where @ € Z and k < |s|, which is calculated as
(similar for the position-b value of s as V,* (s, k)):

(1) Let ng(s, k) = Zle I(s; = a) be the number of a in the first k elements of s. Similarly, let
ny(s, k) = Zle I(s; = b), where s; is the i-th element of s.

a ng(s,k
(2) Let 4, (87 k) = e“nb(s,k()—b—n)a(s,k) :

(3) Let Vo (s, k) = L3 q2(s, ).

We call V. the position value. It is easy to see that if |s1| = |s2| = n, then V& (s1, k) = V¥ (s2, k)
for any k € [n] if and only if s; = so. So the position value can be used to distinguish the sequences
with the same length.

For the s, and s, with the different lengths, the position value can be used to distinguish them. We
have the following lemma.

Lemma C.1. Let o € Z. and s1, s2 be sequences satisfying |s1| # |sa|. If V. (s1, |s1]), V& (s2, |s2])
are not 0 and 1, then V*(s1, |s1]) # V2 (sa, |s2]).
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Proof. Without loss of generality, we assume that |s1| < |s2|. Assume that V*(s1,|s1]) and
V. (82, |s2|) are not 0 and 1, and V.*(s1, |s1]) = V.*(s2, |s2|). We derive contradictions to prove the
lemma in three steps.

Step one: We define two rational polynomials Fg s, () = |51| Z‘,:lll % and
Fas(T) = |92\ thll % then we have the following result:

Fa.sy (€) = Fy s, (2) forany z € R.

This is because F, g, (e*) = V. (s1) = V.*(s2) = Fi.s,(e%), and considering that e® is not an
algebraic number and F, s, () is a rational polynomial whose coefficients are rational numbers. We
thus have F, 5, () = F, 5, (x) forall z € R.

Step two: Assume that P < |sz| is the maximum prime number not more than |s3|. Then we have
the following result: The first P elements of s, are the same.
If not, we have ng(sz2, P) # 0 and ny(s2, P) # 0, so we consider the value of F s, (z) and F, s, ()

forz = —Z‘;gzg (1+e).

Because P is the maximum prime smaller than |sz|, so P > |s3|/2. So, there exist no Q € [|s2|] and

Q@ # P such that 72‘;528; = 72‘;8253 If not, there must be P|ng(s2,Q) + np(s2, Q), which

implies ) > 2P > |s2/|, a contradiction with @ € [|sz2]].

So, when z = — Z;‘Egzg (14 ¢) and € — 0, at most one sub-rational formula in F, , and F, s,
tends to oo (i.e. the mb(sﬁ‘;)()si’:)(s 77)-

. na(si, P
So if ng(s1, P) = ng(sz, P), then F, , (x)/(ﬁxnb(S“P()Jrna)(si’P)) tends to 1 when ¢ — 0 for

1 =1,2. Since
which is a contradiction to step one.

a,51 () < 7(1%(8510_5)6 < Fy5,(x) when e — 0,

If ng,(s1, P) # nq(sz, P), then F, ¢, (x) will not tend to oo when € — 0, which is also a contradiction
to step one. So we proved step two.

Step three: We now prove the lemma.

Because V,%(s1,|s1]) and V,%(s2, |s2|) are not 0 and 1, so there exists at least one a and at least one
b in the s; and so. By step two, without loss of generality, we assume that the first P elements in sq
are all a, and the position of the first b in s5 is at mg + 1. It is easy to see that mg > P.

Then, we consider the values of F, ,, (x) and F, s, (z) for z = 7%(1 +e).
Firstly, we show that no other Q@ # mgo + 1 and Q € [so] satisfy _Z:((:S; = _ZZEZZ(UJIB
Because mg > P > |s|/2 and ny(s2, mo + 1) = 1, so if —2255583 = —Z‘Z((::Zgﬁ; , there must be

na(527Q) Z 2na(525m0 + 1) 2 2m0 =

.. . — na(sa,mo+1)
Then, similar as before, we can prove that if z = —m(l +¢) and € — 0, then F, 5, (z) #
F,.s,(z), which is a contradiction to step one, so we prove the lemma. [

We have the following result for sequences of the same length.

Lemma C.2. Let o € Z,. For any such sequences s, and sy where len(s;) = len(sz) = n and
V. (s1,n) = V.*(s2,n). We have

(1) The number of k € [n] such that V*(s1,k) = 1 is equal to the number of k € [n] such that
Vaa(SQ,k) =1

(2) The number of k € [n] such that V*(s1,k) = 0 is equal to the number of k € [n] such that
V;;"‘(SQ7 k‘) =0.

Proof. We prove (1) first.
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If V*(s1,n) = V.*(s2,n) = 1, then we know that all elements in s; are all 1; if V,*(s1,n) =
V.*(s2,n) = 0, then we know that all elements in s; are all 0.

Assume V¥(s1,n) = V¥(sa,n) # 0and V.*(s1,n) = V*(s2,n) # 1. We define two rational poly-
. 1 [s1] ng(s1,k) 1 |sa] ng(s2,k)
nomials F, g, () = Torl Y ored m and Fg o, (z) = Toa] pIy ) W—inu(szlﬁ)
Then, similar to the proof of Lemma |C.1] we have the following result: F, ¢, (z) = F, s, () for any

xR
It is easy to see that when  — oo, % — 0 when ny(s1, k) # 0, and if ny(s1, k) = 0,
% = 1. So consider th(e Fas,(x) = Fy 5, (x) when z — oo, we know
na (81,4

that there must be the same number of 1 in {m}Je[n] and {W}Je

nq(81,1)

there must be

na(slaj) —
znp(s1,7)+na(s1,5) 1 equals znp(s1,i)+nq(s1,%)

$2. So the same number of 1 in {mbe and {;ms:,nj()%}je[n] implies there

exist the same number of k € [|s1]] such that V.*(sq, k:) V.&(s2, k) = 1. Hence, we directly get
(1) in the lemma.

It is easy to see that = 1 for any ¢ < j, similar for

For (2) in the lemma, just need to consider that ¢3 (sk,7) + ¢5'(sk,j) = 1 and V. (s, 7) +
Vi&(sg,j) = 1forany k € {0,1} and j < n. Similar to the proof of (1), we get the result. O

Then, we calculate the following value:

MiNg, o, len(s))<Llen(ss) <L,V (s1,]s1 )2V (s, s2]) | Ve (515 [51]) — Vi (52, [s2])]-
Firstly, we have the following lemma.

Lemma C.3. If f is a nonzero integral coefficient polynomial whose coefficients have absolute values
not more than A, then for any s € Z satisfying e® > A+ 1, we have |f(e®)] > 1.

s n is . pe™te—1 ns+s _
Proof. Because e® > A+ 1,50 " jAe” = AS——— <e 1.

So, letting L = deg(f), we have | f(e®)| > e —Zf:_ol Ae®s = et —Aff:ll >el—(est-1) =
1, this is what we want. O
Lemma C4. Ife* > L2124 1, then

1

min V*(s1,]|s1]) — V*(sa,|s > .
51,82,len(sl)SLJeH(Sz)SLVf(51,\51|)#Vf(82,|82\)| @ (51 [s1)) a (52, |s2[)] = e2al [2L+4

Proof. Firstly, without loss of generality, let V.%(s1) > V.%(s2), we have that:

Vaa(slv |81|) - Va(s% ‘SQD

| s1] s2]

- mZk 14q (817 |52‘ Ek 1qa(32a )

. Z\Gﬂ na(s1,k) 2\92| nq(s2,k)

- |51| k=1 e“ny(s1,k)+nq(s1,k) |52| k=1 e“ny(s2,k)+nq(s2,k)
_ 1 Fs () 1 Fay(e®)

= sl |HS1(6") T Ts2l Hay(e®)
|s |F%1(P )Heg(e )— ‘91‘Fa2(9 )qu(e )
[s1|ls2|Hsy (e*)Hs, (e™)

Here H;, (z) = Hlszl1 (np(si, k)x+n4 (s, k)) is an integral coefficient polynomial, whose coefficients
are not more than I'ILS:‘ll(nb(si7 k) + na(si k) < LY Fo (x) = lell M is an inte-

i=1 ny(si,k)z+ng(si,k

gral coefficient polynomial, whose coefficients are not more than Fj, (z) < Zlg’l Na(si, K)LE~1 <
LL+1 .

So, we have that |sa|Fs, (z)Hs,(x) and |s1|Fs,(z)Hs, (z) are two positive integral coefficient
polynomials, so |sa|Fs, (2)Hs, () — |s1|Fs, () Hs, (x) is an integral coefficient polynomial, where
the absolute values of coefficients are not more than L x LX+! x LT = L21+2_ Considering Lemma
[C.3]and e > L2142 4+ 1, we can prove that |so| Fy, (e%) Ha, (%) — |s1|Fs, (e%) Hy, (%) > 1.

Hence, we have that |sy||se|Hs, (€®)Hs, (e®) < L?(L x Lte*l)? = [2L+4e22L  We prove the
result. O
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C.2 A lemma for FNN classification

For FNN, we have the following result.

Lemma C.5. Let f(z) = Relu((Az + B)/10%) where A, B, C are integers. Then f(x) can be
expressed as a network with width 6 and depth O([In(max{|A|, |B|})/q] + [C/q]) and precision q.

Proof. Firstly, we define a function h;(m) for any integer m: when m > 0, hi(m) =
[m/10%] — 10¢[m/107*]); when m < 0, h;(m) = —h;(—m). Then we have that: m =
Zgi%w m/dl 10"h;(m). Hence, let H;(m) = Zglzoﬁggﬁ/ﬂ/q]fj 100 +i—llogiom/aap, (m) when
J < [logigm/q]. It is easy to see that Hjiog, m/q(m) = m. When j > [log;ym/q|, let

Hj(m) =m.
Then, we can calculate Relu(Ax + B) as follows:
The first layer has width 6:

Use = to calculate Relu(x), Relu(—z), Relu(Hy(A)z), Relu(—Hy(A)z), Relu(Hy(B)), and
Relu(—Hy(B)). Because Hy(A) and Hy(B) are g-precision, so such a layer just needs g-precision.

The n-th layer has width 6:

Assume n — 2 < [log;y A/q]. Since H, 1(A)x = 109H, 2(A)x + hjog, m/q—n+1(A)T
and H, o(A)x = Relu(H,_2(A)z) — Relu(—H,_2(A)z), * = Relu(z) — Relu(—x),
we can use a layer with g-precision to calculate Relu(H,_1(A)z),Relu(—H,_1(A)z) by
Relu(H,_2(A)z),Relu(—H,_2(A)z) and Relu(z),Relu(—z). If n — 2 > [log;y A/q], then we
just need to keep H,,—1(A) = H,—2(A). H,_1(B) can be calculated similarly.

So we can use
Relu(z),Relu(—xz),Relu(H,,_2(A)x),Relu(—H,,_2(A)zx),Relu(H,_2(B)),Relu(—H,_2(B))
to calculate the following values in the g precision:

Relu(x),Relu(—z),Relu(H,,_1(A)x),Relu(—H,,_1 (A)z),Relu(H,_1(B)),Relu(—H,_1(B)).

At the T' = [log,, max{A, B}/q] + 2 layer, calculate Relu(Az + B).
Because T' — 2 > [logy A/q] and T — 2 > [log, B/q], so Hr(A) = A and Hp(B) = B.
In this layer, we use

Relu(z),Relu(—x),Relu(Hr(A)zx),Relu(—Hr(A)x),Relu(Hr(B)), Relu(—Hr(B))

to calculate Relu(Ax + B), just use Hr(A) = A, Hpr(B) = B and Relu(Az + B) =
Relu(Relu(Az) — Relu(—Axz) + Relu(B) — Relu(—B)). We can obtain the result.

Finally, in the next [C'/q] layers, we just need to divide Relu(Ax + B) by 107 in each layer, and in the
last layer, divide it by 10¢~9[¢/4]. Then we obtain Relu((Axz + B)/10¢) and prove the lemma. []
Lemma C.6. Forany given 0 < x1 < 29 < --- < xn where x; < C and |z; — x| > ¢, any given
y; € [m], there exists a network f with precision q, width O(1), and depth O(N[%D that
satisfies | f(x;) —y;| < 0.2.

Proof. To begin with, we demonstrate the case for the scenario without precision limitations. In this
scenario, achieving these tasks requires a depth of O(N') and a width of O(1), as described below:

The first part: In this part, f! is used to calculate the label of z; and has three layers.

The first layer £+ (z) has width 2, with f;"! () = Relu([10% 23] — 109'z) and f,"* (x) = Relu(z),
where ¢; is the minimum integer such that 109"z, > 109'x; 4 2. Since x2 > x1 + ¢, we have
109 < O(1/¢).

The second layer f2(z) has width 3: f;"?(2) = Relu(1 + ;' (2)/10%), f3*(x) = Relu(10 x

(0.5 — £ (z))) and f3%(x) = Relu(f," (), where g is the minimum integer such that 1092~2 >
m. It is easy to see that g2 < O(logm).
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The third layer f13(x) is the output of the first part, which has width 2: fl(z) = f1*(z) =

Relu(y: (f1 () = f,%(x))) and f3 (2) = fo* () = Relu(f3*(x)).

So when i # 1, we have f}"' (2;) = 0,50 f}"* = 1and f,"®> = 5. Hence f} () = Relu(y,(1—5)) =
0. When ¢ = 1, using the definition of ¢;, we have 20 > 10725 — 1022y > Relu([107* 2] —
10721) = f'(z1) > Relu(10%zy — 1 — 10%2;) > 1,501 < f%(2) = 1+ £ (2)/10%2 <
140.2/m (use the value of g3) and f, % (1) = Relu(10x (0.5— f;"" (z))) < Relu(10—(0.5—1)) = 0.
Hence, we have f}(z;) = Relu(y; f’®) € [y1,41 + 0.2], using the |y;| < m. Finally, we have
fi(z;) € [y1,51 +0.2] if and only if i = 1 and f3(x;) = x; for any i € [N] which is apparent.
The i-th part, where ¢ < N: This part is used to calculate the label of x; and has five layers.

The input to i-th part is the output of (i — 1)-th part. If the (i — 1)-th part f¢~!(z) satisfies: the output

of f=!(z) has width 2, | i~ (z;) — y;| < 0.2when j <i—1, f{*(x;) = 0when j >i—1,and
+~!(x;) = x; for any j € [N], then we can make the output of the i-th part f*(z) to satisfy: f?(z)

has width 2, |f{(z;) — y;| < 0.2 when j < i, fi(x;) = 0 when j > 4, and fi(x;) = x; for any

j € [N].

To do this, the i-th part needs six layers:

The first layer and the second layer output f*2(x) satisfying:
f2(@) = (@), £ () = 2Relu([10% 2,1 /107 — f37" (2)) + 37" (x) and f3°(2) = 37" (@),

where ¢; is the minimum integer that satisfies [1092;]/10% < z; + ¢/3. Itis easy to see that
109 < O(1/c). Now we show that fy*(x,) — fa*(x;) > ¢/3 for any p # i.

We know that f°(z;) = x; when j > i, and f3”*(x}) = 2[109 2;]/109 — z}, when k < 4, so there
must be f3°(z,) — fo*(z:) > ming<;, ji{2[1092,]/107 — 5, 2, } — (2[109 2,1 /109" — ;) for
all p # . Based on the definition of ¢;, we know that z; — (2[109*2;]/10%* — ;) > ¢/3 for any
J > dand (2[10%2;] /109 — x) — (2[10%' 2; ] /109 — ;) > ¢ for any k < i, so we get the result.

Then let the next three layers follow the first part, and use f*2(z;) to obtain f*°(z) that satisfies:
@) = A7 @)1 177 (@) — wl < 02 f5%(x5) = 0 when j # i and f3°(2) = fi*(2) =

[y (@)

And the last layer is the output of the i-th part, where: fi(x) = Relu(f;’(x) + f3°(x)) and

fi(z) = f°(x), which is what we want.

The output part: Just output f7*(x), and this is what we want.

It is easy to check that such a network has O (V) nodes and has width O(1), where each parameter is
not greater than O(mC'/c). Now we just need to turn the parameters of the above network to be of
g-precision. By Lemma|C.5]and each layer defined before, if a node has parameters beyond precision,
we can use a network with O(1) width and [O(InmC/¢)] depth instead of it. So we obtain the
result. O

We have the following lemma which is used in the paper [25]].
Lemma C.7. Foranyv € R" and T > 1, let u € R™ be uniformly randomly sampled from the

[lv]]2 8 2
<o) <

Lemma C.8. For any given {z;}Y.; C R" where ||z;||cc < 1 and ||z; — xj||cc > ¢, any given

yi € [m], there exists a network f with width O(1) and depth O(Nf%]) that can satisfy
|f(@i) — il <0.2.

hypersphere S"~L. Then we have P(|{u,v)

So we can prove the following lemma.

Proof. Firstly, we can find a vector u € R™ that satisfies ||u||> = 1 and |uz; — ux;| > Q(F%;). just

using Lemma

Then, we can find a u, € R” such that: ||u, — u|[cc < O(5%,=) and each weight of .. is a finite
N2pn?
c

decimal with precision O(In(

)/q), so we have |u,z; — urx;| > Q(§%;) and |u,2;] < 2n.
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Then, we can use a layer to map x; to u,z; + 2n, and then use Lemma@] to find an FNN to
memorize {(u,x; + 2n,y;)} and obtain the result. O

C.3 Proof of Theorem [4.1]

Now we prove Theorem 1]

Proof. The proof has five parts.

For any given (z,y) € S, we define a sequence s, ; € 21t} a5 follows: S;,; has the same length as
x, and the j-th element of s, ; is a if and only if x[j] = ;.

Part One: The Embedding.

We will embed in the following way:

The basic symbols ; will embed in (vi, v3,...,v%) € {0,1}*7 where v¢ = (0,0,1,1) when j # i,
vl =(0,1,0,1).

Hence, the input sentence = whose len(z) = n will be embedded in a vector V,, € {0, 1}7*47.

Part Two: Use the O([In(L In L)/q]) layers to calculate the position value.
Let o be the minimum positive integer such that e'” > L3 Itis easy to see that o« < O(In(L1n L)).

Step one: Firstly, for any input x whose embedding matrix is V,, we use [%] hidden layer to make
all the (4 — 1)-th columns of V,, expand 10° times, where ¢ € [T7].

To do this, in the first [«/g] layers, we make the parameters in the FNN layer and attention layer
0, but the transition matrix in the residual layer is defined as: the (7, j)-th weight of the transition
matrix is 1 if j # 4¢ — 1 for any ¢ € [T]; the (4¢ — 1,4¢ — 1)-th weight is 107; other weights are 0.
Of course, to make the (47 — 1)-th columns expand 10¢ times, in the [«/¢] + 1-th layer, the transition
matrix in the residual layer is 10°~9%] at (4i — 1, 4i — 1)-th weights.

Step two: We use a hidden layer to calculate ¢'%” (s, ;, k).

Firstly, let the attention layer in this hidden layer have 7" heads and let the ¢-th head in this attention
layer be written as softmax(zQ; K;x7 + M)xV;, where Q; € {0,1}*7>4T the (4i,4i — 1)-th
weight of Q; is 1, others are 0; K; € {0,1}47>4T and K; is the identity matrix; V; € {0, 1}47>4T
where the (4i — 2,44 — 2)-th weights of V; are 1 and others are 0.

Now, we consider the output of the i-th head when input z into the transformer, assuming that the

output of the previous step is 2’. Firstly, by part one and the definition of Q;, K;, we know that the
k-th row of 2’ Q; K;2'T is

2, Qi K;z'"
= m%Qﬂ/T
= ((})ai(@))ai-1, (T )2i (T5)ai—1, - - -, (@) ai (23,)4i-1)
= (@11, (@2)ai-1,- -, (¥7,)2i-1)

= 10°(I(alt] # %), I(@f2) # ). . I (xln] # ).

Hence, considering the definition of M, the weight in k-th row and 4¢ — 2-th column of
10y 3. T ’s Sr I(=[]=)
softmax(z'Q; [;z" + M)z’ is = TIPS S Tr ==,

Then, it is easy to check that (4i — 2)-th column of softmax(z'Q; K;z'T)z'V; is
(q}zoa (SI,iv 1)7 q;o“ (Sa:,m 2)a Qioa (sryiv 3)’ R Qioa (va 1en(x)))T'

By the definition of Vj, it is easy to know that other columns of softmax(z'Q; K;2'" )2'V; are 0.

which is equal to ¢}°” (5.4, k).

Hence, let the residual layer use a matrix W € {0, 1}*7>4T which is defined as: for the i € [T,
(44 — 1,4i — 1)-th and (44, 49)-th weights of W; are 1, and the other weights are 0. The FNN layer is
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all 0. Then, assume that the whole layer will calculate a matrix M, (z) € R'*(@)>4T by inputting
to the transformer. It is easy to check that the (4¢ — 2)-th (i € [T']) column of M; (z) is

(Qéoa (Sw,iv 1)7 Qéou (SLi’ 2)’ Qiou (sI,i’ 3)5 R Qiou (SLi’ 1en(x)))T'
Other columns are the same as V.
Step three: Next, we use a hidden layer to calculate V' (s, ;, k).

In this layer, the input is the M; (x) gotten by the above layer, so we can calculate the position value
by My (.1?)

Let the attention layer in this layer have T heads, and in the i-th head (¢ € [T]), we have Q; = K; = 0,
V; € {0, 1}47>4T "and the (47 — 2,44 — 2)-th weights of V; are 1, while others are 0.

Because Q; = K; = 0, it is easy to check that in the ¢-th head, it holds
softmax (M (x)Q; K;M{ (z) + M)M, (x) = softmax (0 + M) M, () = I, M, (z),

where I, is an under-triangle semi-matrix, and the i-th row is (%, 4,...,1,0,0,...,0) (the first i

weights are 1/i, while others are 0). Considering that V1% (s, k) = + Zle q0% (s,1), based on the

definition of M; (), we know that the 4 — 2 columns of i-th head are

L((Mi(2) ) ai2)" = (Vi (505 1), V™ (52,002, Vi (50,0,3)s -+, Vi (s, len(2)) T
By the definition of V;, it is easy to know that other columns are 0.
Let the residual layer and the FNN layer in this layer be the same as in the layer in step two. So we
can easily check that when we input the x to the transformer, we can obtain the matrix Ms () in this
layer, whose (4i — 2)-th column (i € [T7) is

(V2 (52,6, 1), V2O (82,6, 2), VO (80,4, 3), -+, VIO (80,4, len(z))) L

Other columns are the same as M (), which implies other columns are the same as v,.
Part Three: Use FNNs.
Define the set V; = {V;" (54,1, 1)} x,y)es,icqr] Where j € [L] and V = Uje () V;.
We try to find an FNN f; such that:
(D) |f1(1)] < 0.2 and |f1(0)] < 0.2;

(2) If z € V;/{0,1}, then there exists a z, € [NT] such that |f1(2) — z,(NTL)¥ 72| < 0.2;
moreover, when z1, 2o € vj, there exists (21)q # (22)q-

Since there exist at most N'T" samples in V; and V; N V; C {0, 1} when ¢ # j by Lemma such a
network f; must exist. Hence, considering Lemma [C.4]and Lemma [C.6] we know that such an FNN
f1 just needs precision ¢ and O(NLT[L10%In LNT/q]) layers and O(1) width.

Based on the M5 (x) and the above f;, when input z to the transformer, we define the matrix M3 ()
which has the same size as Ms(z) as: the (4¢ — 1)-th columns of Ms are f1((Ma(z))4i—2), where
(My(x))4i—2 is the (4¢ — 2)-th column of M5 (z); other columns are the same as those of M(x).

Then by Lemma [B.2] we can use a transformer with width O(1) and depth
O(NLT[10*L1n LNT/q]) to obtain M3(x) by Ma(z).

Part Four. In this part, we use several hidden layers to obtain a vector that is different from x by

In the first layer, this attention layer has 7" heads, in the ¢-th head, @; = 0, K; = Oand V; €
{0, 1}47%4T guch that the (47 — 1, 4i — 1)-th weight of V; is 1; others are 0.

The residual layer uses W € {0, 1}*7*4T which is defined as: for the i € [T, (4i — 2,4 — 2)-th
weights of W are 1, others are 0. The FNN layer is all 0.

Finally, we use [%1 layers to reduce the (4¢ — 1)-th columns (i € [T]) of the output of the

first layer by (NT'L)?L times, in order to reduce the norm of the output for the above layer to no
more than 1.
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Let the last row for the output of the above layers be M;(z) when input z with length n to the
transformer. Then based on the definition of M3(z), we have that:

(1) The (4i — 2)-th weight of M;(z) is V,°" (s, ;,n) for any i € [n].

n 10% o
(2) The (4 — 1)-th weight is 2=t fEJ(VV;L)SL“J)) for any i € [n].

Firstly, by the definition of position value and f1, it is easy to see that || M;(x)||c < 1. Then we will
prove that: for all (z,y), (z,y.) € S that do not satlsfy typ(z) = typ(z) =, for some [ € [T], we
have HM[({E) - Ml( )||oo > mln{ (,2><10°‘LL2L+4) L(NTL)QL}

When typ(z) = typ(z) = 1, let v; = typ(x). Then it is easy to see that v; ¢ typ(z). Now we
consider the (4¢ — 2)-th weights of M;(x) and M;(z). It is easy to see that the (47 — 2)-th weight of
M, (z) is 1 but the (47 — 2)-th weight of M;(1) is 0. Which is what we want.

When typ(z) > 1, we consider two situations.

If len(z) # len(z), by typ(x) > 1, there must be an ¢ such that y; € typ(z) and typ(z) # {vi},
so we consider the (47 — 2)-th weights of M;(z) and M;(z). By Lemmas [C.1]and[C.4] for such an
i € [T, there must be |V,19% (5,4, len(x)) — V.10 (5,4, len(2))| > W

If len(z) = len(z), let i € [T] satisfy s, ; # s,,;. Such ¢ must exist, because s, ; = s, ; implies
that ~y; has the same position in x and z. Since it stands for any ¢ € [T], there must be z = z.
If V0% (s, len(z)) # V9% (s.,len(z)), then we have similar results as before. If not, then

n 10¢ P
we consider the (4¢ — 1)-th weights of M;(x) and M;(z), which are ZjT;?;()‘(/}lVTL()gf )
S AVA (52,0.0))

len(z)(NTL)?L

and

Assume k is the maximum one in [n] satisfying V%" (s, ;, k) # V,}°"(s,,, k). Based on the
definition of f; and Lemmal|C.2} we know that

|30 fl(Vm“ (sm i:0)) = 2=y (V2O (52,6,9))]
> (NTL)*2 - 02— (Y20 NT(NTL)»~2 +0.2)

_ k— (NTL)% 2—1

So we have
Zim AV i) T AR (e ) o 1
len(z)(NTL)L len(z)(NT L)L ~ L(NTL)*L
The case of typ(z) > 1 is similar, so we obtain the result.

Part Five.

If typ(z) = typ(z) = i, Proposition 4.3|shows that there must be F(z) = F(z). Considering the
conditions of the theorem, = and z have the same label, so let S; = {(x,y) € S : [typ(z)|=1} C S
and So = {(vi, v:) : Iz, y;) € S,typ(x) = 7;}. We just need a transformer to memorize Sy U.S/.S5.

In this part, we use an FNN to obtain the result. By Lemma and Part Four, since 10%* = O(LIn L),
there exists an FNN with depth O(N[L? In> NT'L/q]) and width O(1) which can classify M;(z)
to y for all (x,y) € Sp U S/S1. Hence, by Lemma we can use a transformer with depth
(O(NTL?In®> NTL/q]) and width O(1) to simulate that FNN network. Adding all the above four
parts, we can directly get the theorem. [

C.4 Proof of Proposition 4.3]

Proof. Assume that x satisfies typ(xz) = {7;}. To prove the proposition, we need only to show
F(z) = F(v,) for any given transformer F.

Firstly, we will show that, in each hidden layer F 7 of F,if the input of F- J ensures that each row is
the same, then the output of 7 ensures that each row is the same.

We just need to prove it for j = 1; other layers are similar. Let V,, be the embedding matrix of x and
easily see that the input of the first hidden layer is V,, whose rows are the same.
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Let the first layer be written as

FIV) =V + 7 softmax(VaQi KV + M)V, Vi
+ FNN(V,W; + 37 softmax(V,Q, K, Vi + M)V, V).

In the attention layer, because each row of V. is the same, we have softmax(V,,Q; K; Vzt + M)V, =
I,V, where I is a semimatrix under, and the i-th row is (1, 1,..., +,0,0,...,0) (the first weights
of ¢ are 1/i, others are 0). Then the first hidden layer is

H H
F'(Va) = VaWi + > LV, Vi + ENN(V, Wy + Y IV, V).
i=1 i=1
By the definition of I, we have that I} V,, = V/,, and by the definition of transformer, it is easy to
see that all other parameter matrices in the attention layer and FNN layer are all right multiplied for

V., which does the same transformation between all rows in the V,,. Thus all rows of F* (V) are the
same. Similar for the other layers.

To be convenient, let F have [ hidden layers and F(z) be the output of the last hidden layer of F(x).
By the above result, we know that the rows in the output of the first hidden layer are all the same;
hence we can obtain the output of the second hidden layer all the same, and so forth. Finally, we have
that the rows of F!(x) are all the same. Hence, by Lemma the first row of F!(z) is equal to the
first row, which is also the only row, of F'(;). So all the rows in the F'(z) are equal to F'(v;).

Now, we can prove the proposition. By the structure of the transformer, the output of the F(x) is a
linear transformation on the last row of F'(z). Because we have shown that each row of the F*(z) is
the same as F'(+;), so F(z) is also equal to the linear transformation on the F*(;), which is equal
to F(~;). So we get the result.

D Proofs of results in Section 4.2]

D.1 Proof of Theorem [4.4]

First, we prove the sufficient condition.

Proof. The proof of the sufficient condition for Theorem [5.1]needs three parts.
Part One: In this part, we construct a new set Sy as follows.

For each (z,y) € S, we select an x, € S, satisfying the following conditions to form a set
Sss = {xz : (m,y) € S}

(c1) for any k, the z,[len(z) + 1] are the same for all (z,y) € S satisfying typ(z) = {7}, and
(c2)len(z) < L +2.

By the conditions given in the theorem, (c1) must be satisfied. Based on the definition of S, z € .S,
only affects the first L + 1 symbols and the last symbol in z, and the subsequent symbols will not
affect the overall satisfaction of the conditions in the definition of S,. So, if z is longer than L + 2,
we just need to remove the L + 2 to the penultimate symbols in z, and it is still in the S,.. So, (c2)
can be satisfied.

Part Two: Define a new language.

First, we will use S, to define a new language S,,.
For any given (z,y) € S and x, € S, we define 7j* = w.[j] if and only if j < len(x.) and
k

'712;(%”1 = 7. Based on that, we define the sentence x> = (x, fyff;(%)ﬂ, ...,7;7), and let it have

the label y;* = 7.7, where k € {len(x), ... len(x)}.

Now we construct a set S,,:

S = {(a},y7)l|z= € Ses,k € {len(@),len(z) + 1, len(z2)}}.
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We make the following operation on S, until it stops: If there exists a
(o), ™). (@), 9™7) € Su such that (z2)t = ()% but ylroh £ ysk for
some k and len(z,) < len(z), then remove ((x,)¥, y,gw“)z) from S,,.

Second, we show that .S, will be a language. It suffices to show that after doing such an operation,
we can ensure that for any (21, y1), (22, y2) € S, y1 7 Yo implies 1 # xo.

We just need to show that, if (z;,y;) € S, where i = 1,2 satisfy y; # ys but 1 = x4, the

operation will not stop. To show that, we just need to prove that if (z,)% = (23)¥ is valid but

y(r“ * £ y(T”)z for some x, # xp and k, then there must be len(z,) # len(xy). If not, we have

Tq = (1) [len(za)] = (1) [len(zy)] = Tb Where 1 = (x4)%, which is a contradiction with ., # 3.
Finally, we show S, is a language that can be memorized by a no-CoT-transformer.

To prove this, we need only to show that .S, satlsﬁes the condition in Theorem[4.1] For any given

i, if there exists a (z%,y7*) € S, such that typ(z¥) = {7;}, by the definition of S, there must be
k = len(x). Hence, we have 2% = 2. Then considering (c1) of the definition of S, we have that
these v, are the same for any x* satisfied typ(z¥) = ~;. This result implies that .S,, satisfies the

condition in Theorem E.1]

Moreover, since \S;, contains at most O(L|S|) samples and each sentence in it has length L + 2, such
a transformer has width O(T), depth O(N L?[In*(NTL)L?/q)), and heads O(T).

Part Three: Prove the result.

Assume that F is a no-CoT-transformer that can memorize S,,. We will show that 7 can memorize S
as a CoT-transformer, which can directly prove Theorem §.4]

Step One:

For any (z,y) € S satisfying the fact that any (2%, y}*) does not removed from S,,, where k €
{len(x),...,len(z,)}, we show that F.o(z) = y.

Because we do not remove any (2%, y7*) from S,, (k € {len(z),...,len(x,)}) from S,,, there must

k+1

be ﬁ(x’;) = y7*, and consider that sentence (z%,y7*) = and ylen(w ) = 70, so the CoT of

F when input x is (v} )Tnl(:;();gil,

meaning stop. Then by the definition of vf =, we know that the symbol before v is y, so ﬁwt(m) =1.
We get the result.

and 7§ = . [j] if and only if j < len(z), and 'yl"f;(xz)ﬂ =7

Step Two:

For any (z,y) € S satisfying the fact that some (z*,y?) is removed from S,,, we show that
ﬁcot (z) =y.

If not, let (x, y) € S be the sentence of maximum length such that Foot (z) #y.

Let k,,, be the minimum value such that (z%m Yy’ ) has been removed from S,,. Then let (z1,y1) €
be the maximum length sentence such that (a:l)k m = ghm Because (z¥m, Y.~ ) has been removed
from S,,, so there exists at least one (g, o) € S such that %m = (x)%= and dlen(zo) > len(z), so
we have 21 # x and len(z1) > len(z). Now we will show that Fcot (x1) = Fcot( )and y = y1, SO
we have ﬁcot(xl) # y1, which is a contradiction to the maximum of len(x).

Firstly, we show that there must be y = y;. Considering that (. ){jen(s,)] = 21 and len(x1) > len(z),
by the definition of S, we know that y = y;.

Secondly, by the minimum of k,,, similar to step one, we know that the first k,,, — len(z) step

CoT of F when input z is (yi;(x),yﬁ;(m)ﬂ, YR ) = (fyfi;(x)ﬂ,’yi;(m)w, - »Yz). Con-
sidering that k,, > len(x;) and (x1)* = 2% for any k < k,,, so by the minimum of k,,, we know
that the first k,,, — len(z;) step CoT of F when input z; is (yl(enl();l), yl(:nl();l) T ,y,iilh) =

Mem(zr)+17 Nen(an) 422 - - Vi )-
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It is easy to see that

(1‘7 ’leen(w)-‘rl’ 'ylzen(w)+2’ e ’,Y'Z?n) = (1‘1, 'Yfgn(g;l).:,_p 712‘3“(301)""2’ T ”ygm)’
which implies that  adding the first k,,, — len(z) steps of CoT is equal to 7 adding the first

km — len(zq) steps CoT, according to the definition of CoT-transformer, there must be ﬁcot (x1) =
Fcot (LU) . D

Second, we prove the necessity of the condition.

Proof. We will show that if the conditions are not satisfied, then such a language cannot be memorized
by any CoT-transformer.

Part One.

Firstly, we show that when S, = ¢ for some (z,y) € S, S cannot be memorized by any CoT-
transformer.

If not, let S be memorized by a CoT-transformer F. Then we can obtain a CoT for such an x and
write the CoT as (Z, Vi, , Yigy - -« s Vins Y Y0)-

Then we prove that (z, Y, , Vig, - - - » Vin» ¥) € Sy, Which is in contradiction to S, = ¢ and thus prove
the result.

We just need to verify that (1), (2), (3) in the definition of S, are correct.

First, it is easy to see that (1) in the definition of .S, is correct.

For (2), if (2) is not correct, then [typ(z,~vi,)] = 1. By Proposition we know that
F((z,v,)) = F(x) = 7, 80 Vi, = 7;,. Similar to any ;, where k& € [n]. So we have

Yy =" = f((xafyiufyiza s 7717”)) = .F((.’I/',’)/il,’)/iz, s >’Yin7y)) = "o, but based on the defi-
nition of =y, there must be g # y, which is contradictory.

For (3), if for some (z1,y1) € S such that 1 = (z,%4,, Via, - - - »Vi,, ) fOr some m > 1, then by the
definition of CoT-transformer, we have F(x1) = F(x), so there must be y; = y. So we prove the
result.

Part two.

We show that if N, y)eS:typ(z)={ve} Se = ¢ for some 7, € T which satisfies {(z,y) € S : typ(z) =
{Vk}} # ¢, Then S cannot be memorized by a CoT-transformer.

By Proposition we know that for any sentences (z1,y1), (x2,y2) € S such that typ(z1) =
typ(z2) = {v}, the output of F(z1) and F(z2) are the same, which implies that if S can be
memorized by a CoT-transformer, the first symbol in CoT is the same for / when input z; or xs.
Considering the arbitrariness of z; and z2, the above result implies that N, ;)¢ Sztyp(x)z{%}S; # 0,
so we can obtain the result. O

D.2 Proof of Proposition

Proof. We first prove (1) in the proposition. We show that if the set of the last elements of all
sentences in S is a proper subset of I, that is, {z[len(x)]: (z,y) € S} G T, then S satisfies the
conditions in Theorem [4.4]

Part 1.1. We need a simple result: Let v, € S/{z[len(z)]:(z,y) € S}, and v,(L) =
(i, Vi, Vi - - - »7i) be a sentence with length L and all symbols in it are 7;. Then for any (z,y) € S
and z € T'", there must be =, = (z,7v;(L), z,y) € Sq.

To prove the above result, we just need to verify the three conditions in the definition of .S,
Condition (1) in the definition of .S, is clearly valid.
For condition (2) in the definition of S, because v; ¢ {x[len(z)]: (x,y) € S}, 50 (22)gen(a)+1] > 1-

For condition (3) in the definition of S,. If len(x1) > len(x), considering that len(z1) < L, the last
symbol in (. ){ien(z, )] is v; Which must not be the last symbol in 1. S0 (2 ) len(=,)] 7 21 for any
len(z1) > len(z), implying condition (3).
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Part 1.2. Now we can prove (1) in the proposition. We just need to verify the conditions in Theorem

4.4
Firstly, by the result in Part 1.1, we know that S, # ¢ for any (z,y) € S.

Secondly, for any ; such that {(z,y) € S:typ(z) = v;} # 0, we have v; € {z[len(z)]: (z,y) €
S}, 50 j # i where i is defined in Part 1.1. Then we know that v; € Ny )5 typ(z)=-, S by Part
1.1. This proves (1).

We now prove (2) in the proposition. We show that if len(z) = L for all (x,y) € S, then S satisfies
the conditions in Theorem [£.4]

Part 2.1. We need a simple result: for any (z,y) € S, if v; # x[len(z)], then for any z € I'", there
must be z, = (z, i, 2,y) € S;. In fact, by definition of S, this is obvious.

Part 2.2. Now we can prove (2) in the proposition. We just need to verify the conditions in Theorem

Firstly, by the result in Part 2.1, we know that S, # ¢ for any (z,y) € S.
Secondly, for any +; such that {(z,y) € S:typ(z) = ~,} # 0, we just need to take i # j, then we
know that 7; € Nz )8 typ(x)=r; S Dy Part 2.1. This proves (2). O

=TT
E Proofs of results in Section 4.3

E.1 Proof for Proposition 4.7

We just need to verify the conditions in Theorems4.1| and .4 for language LCP.

Proof. It is easy to see that (2) and (3) in Proposition4.7]can directly lead to (1), so we just need to
prove (2) and (3) of Proposition[4.7]

For no-CoT-transformer.

For LCP; !, we consider the sentence ; = (71,71, ...,71) Where len(z;) = i. It is easy to see
that ; and x; 4 have different labels by the definition of LCP, but typ(z;) = typ(ziy+1) = {11}
So LCP;, ! does not satisfy the conditions in Theorem and cannot be memorized by no-CoT-
transformers.

For LCP;!. Tt is easy to see that (z,y) € LCP.! implies |typ(z)| > 2, so LCP.! satisfies the
conditions in Theorem[.1] and can be memorized by no-CoT-transformers.

For CoT-transformer.

For LCP;! and (z,y) € LCP:', let typ(z) = 7,. It is easy to check that (z,v;, Zcot, ) € S
for any v; # v, and T, € I'". So LCPTL1 satisfies the conditions in Theorem and can be
memorized by CoT-transformers.

For LCP;! and (z,y) € LCP.! such that len(z) < n. If . = (2,7, Tcot,y) € S, for some
7i € T and zcor € I'T, then by the fact ((x,7;),y1) € LCPy,, we have (2. )ien(z)]+1 = (2,7:) but

y1 # v, which is contradictory with the definition of S,.. So LCP; " does not satisfy the conditions
in Theorem [4.4] and cannot be memorized by the CoT-transformer. O

E.2 Proof of Proposition [4.8]

This proof also follows the proof of Theorem[4.1]

Proof. The proof has five parts. And we still define s, ; as that in the proof of Theorem 4.1}
Part One: The Embedding.
We will embed in the following way:

The basic symbols ~; will embed in (v}, v5, ..., v%,0) € {0, 1}47 182 LT where v! = (0,0,1,1)
when j # i, and v! = (0,1,0,1).
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The position embedding for n-th position is (0,0,...,0,n) € {0,1}47+g2 L1 where ny €
{0, 1}M°82 L1 i the binary representation of 72, such as when n = 11, the ny = (0,0,...,0,1,0,1,1).

Hence, the input sentence z satisfying len(z) = n will be embedded in a vector V,, €
{07 1}71><(4T+ [log, LD

Parts Two, Three, Four.

In these three parts, we perform the operation on the first 47" columns in V,, the same way as that
in the proof of Theorem keeping the value of the last [log, L] columns unchanged throughout
these parts.

Similar to that in Part Four of the proof of Theorem4.1| we show that for any (z, y,), (2, y.), we can
obtain a different vector for z and z.

If z and z do not satisfy typ(z) = typ(z) = {v:} for some [ € [T, then we consider the first 4T
columns and follow the proof in part four in the proof of Theorem[4.1]

If  and z satisfy typ(x) = typ(z) = {v:} for some | € [T, then there must be len(xz) # len(z), so
we consider the last [log, L]-th columns. Based on the definition of the position embedding, we
know that the [log, L]-th columns in the last row of the embedding matrix of x and z are different,
and the L, norm of the difference between them is at least 1. Since the last [log, L]-th columns are
unchanged throughout these parts, we obtain the result.

Part Five.
Quite similar to Part Five in the proof of Theorem O

E.3 Proof for Proposition 4.10|

Proof. We will show that, if [typ(z)| > 1 for any (z,y) € S and the conditions in Theorem
are not satisfied, then such a language cannot be memorized by any CoT-transformer with position
encoding.

Because [typ(z)| > 1 for any (x,y) € S, we need only to show that if S, = ¢ for some (z,y) € S,
then S cannot be memorized by any CoT-transformer with position encoding.

If not, assume that S can be memorized by a CoT-transformer F with position encoding. Then we
can obtain a CoT for such x, written as (2, Vi, , Yigs - - - s Yin s Y5 Y0)-

Then we prove that (&, Vi, , Vigs - - -5 Vi, Y) € Sz, Which is a contradiction to S, = ¢, and we
establish the result.

We just need to verify (1), (2), (3) in the definition of S, are true.
First, it is easy to see that (1) in the definition of S, is true.
For (2), because |typ(x)| > 1, it obviously stands.

For (3), for some (z1,y1) € S such that x1 = (2,7, Vis, - - -»7Vi,,) for some n > m > 1, even
with position encoding, we have F (xl) F((z,%y, Yig»- - -+, ))- Therefore, by the definition of

CoT-transformer, we have F(z;) = F(z). Thus, there must be y; = 7. So we prove the result. [

F Proofs of results in Section 8

F.1 Proof for Theorem 3.1]

Proof. Let Ly = [logy N]+1. Then T~ > N, since N, T > 3. Therefore, [log; N]+1 < 2In N.
We can arbitrarily select the IV sentences with length L. By Corollary [4.2]and Propositiond.5] we
know that the language composed of these sentences with arbitrary labels must meet the conditions
of Theorem (4. 1] - and Theorem 4.4 - It is easy to see that, for these N sentences, there exist 7V
different situations to assign labels to them. Hence, TV different languages can be created by these
N sentences. We will show that at least one of these languages requires a no-CoT-transformer
(CoT-transformer) with at least 2L 1“ L parameters to memorize it, which is what we want.
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It is easy to see that for a transformer with no more than P parameters, its width, head, and depth
are all smaller than P. Therefore, for any 7' > 3, there exist at most pP3 pairs of W, D, H such that
para(W, D, H,T) < P. Hence, for any W, D, H such that para(W, D, H,T) < P, considering that
each parameter has precision ¢, we have that each parameter has at most 10?4 different choices. So,
there exist at most (1027)% different transformers in H. {fv, pp (or H %,7 D.H.cot for CoT transformer).

So, there exist at most P3(1029)% situations for a no-CoT transformer (or CoT transformer) with P
parameters and precision q.

So to memorize all these TV languages created by such N sentences, at least TV different trans-
formers are required. So, if each of these languages can be memorized by a no-CoT-transformer
(CoT-transformer) with no more than P parameters, there must be ™ < p3 (102‘1)13 , which implies
NInT <3InP +2qP1In10 < 6¢P (q > 3is used here). The theorem is proved.

F.2 Proof of Proposition[5.3|

F.2.1 Proof of Proposition 5.3/ for no-CoT transformers

In this section, we provide the proof of Proposition [5.3]for no-CoT transformers.
We present an easy lemma first.

Lemma F.1. If {a;}}, {b;}]—; C Ry satisfy that:

b; —bj| > 1 and

(2) for any i,j € [n], we have |b; — a;| > 1 when a; # b;.

(1) for any i # j, we have |a; — a;| > 1,

. 1 _ 1
Then it holds | s < — o | 2 (e e, @

Proof. Just need to prove that ), e% — Y"1 eb > 1. Without loss of generality, let a; > a; 11
and b; > b;;1. Assume k € [n] is the minimum such that aj, # by, and let a;, > b. Then we have

that: Y, €% — >0 el > e — 31 ebi > etn — eb’“*"JrkHene__# > et (1—1/(e—1)) >
e —e/(e — 1) > 1, which is what we want. O

We now prove Proposition 5.3 for no-CoT transformers.
Proof. We follow the proof of Theorem 4.1} And we still define s, ; as that in the proof of Theorem
41l

Part One: Embedding
This is the same as Part One in the proof of Theorem 4.1}
Part Two: Use the three layers to calculate the position value.

This is the same as Part two in the proof of Theorem £.I] But because there exists no precision
limitation for the transformer, we just need three layers.

Part Three.

Define the set V; = {V1%" (s4.i,5) }(xy)es,icim) Where j € [L] and V = U;je(r)V;. Let A € Ry
satisfy |[Azx — Az| > 1 forany 2,z € V.

In this proof, we define matrix M3 (z) which has the same size as My (x) as: the (4i — 3)-th column
of M3 is A(Mz(x))4i—2, where (Ma(x))4;—2 is the (4i — 2)-th column of Ms(z); other columns
are the same as Mo (). It is easy to see that a hidden layer with width O(1) is enough to calculate
M;s(x) by Ma(x).

Next, we use an FNN f; : R — R to map 0 and 1 to 1, but other values in V to 0. It is easy to see
that such a network f; need only the O(1) layers and O(1) width.

Based on such FNN f; and Mj3(z), we define a matrix M, (x) which has the same size as M3(x)
as: the (47 — 1)-th column of My(x) is f1((M3)4:—2), where (Ms)4;—2 is the (4 — 2)-th column of
M3 (x); other columns are the same as M3(z).
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Then by Lemma|[B.2] we can use a transformer with width O(1) and depth O(1) to obtain My(z) by

M. 3 (.’,E ) .
Part Four.
In this part, we use two hidden layers to obtain a vector by M4 (x), which is different from z.

In this layer, this attention layer has 7" heads, and in the i-th head, Q; € RAT*4T and the (4i,4i — 3)-
th weight of Q; is 1, and others are 0; K; = I and V; € {0, 1}*7*4T and the (4i — 1,4i — 1)-th
weights of V; are 1 and others are 0.

The residual layer uses W € {0, 1}*7*4T which is defined as: for i € [T, (4i — 2, 4i — 2)-th weights
of W is 1, others are 0. The FNN layer is 0.

Let the last row for the output of this layer be M;(z) when input z with length n to the transformer,
then based on the definition of My(z), we have that:

(1) The (4i — 2)-th weight of M;(z) is V%" (s, ,7n).

AVIOT (s i o .
Yoy etVar Coid) f (V0% (s,0,9))
S, eAVa® (ayind)

i

(2) The (4i — 1)-th weight of M;(z) is

We will prove that for all (z,y), (z,y.) € S that do not satisfy typ(z) = typ(z) = 7 for some
[ € [T], we have || M;(x) — Mi(2)]|oc > 0.

When typ(z) = typ(z), the proof is similar to the proof of Theorem [4.1]

When len(z) # len(z) and typ(z) > 2, the proof is similar to the proof of Theorem

When len(z) = len(z) and typ(z) > 2, let i € [T satisfy s,; # s.4. If V10 (s, len(z)) #
V.10% (s, ;,len(2)), then we have the same result as before; if not, by Lemma we know that

there exist the same number of 1 or 0 in {10 (sgg,i,j)}?gz) and {V10° (sz,i,j)};ilf). Based on
the definition of f7, we know that

i 10¢ o o . i 10% P o .
D etVal Gend) VI (s,5,5)) = Y eAVar =D (VIO (s.4,5)) # 0.
j=1 j=1
Hence, based on Lemmas E]Fj] and [C.2] and considering the definition of A, we know that

1 —
|En AV D 3 AV D | > 0, so we prove the result.
i= i=

Part Five. Quite similar to Part Five in the proof of Theorem But because there exists no
precision limit on the transformer, we just need O(N) layers as shown in Lemma O

F.2.2 Proof of Proposition[5.3|for CoT transformers

In this section, we give the proof of Proposition[5.3]for CoT transformers.

Proof. The proof is based on the proof of Theorem 4.4}
Part One.
We need only to change the definition of Sis.

For each (z,y) € S, we put an z, € S, satisfying the following conditions into set S;s = {z, :
(z,y) € S}

(c1) for any k, the symbols z[len(z) + 1] are the same for all (z,y) € S such that typ(z) = {y&};
(c2) len(z,) — len(z) < N + 1.

We just need to consider (c2).

For a (z,y) € S such that [typ(x)| > 1. Let z, € S, and len(z,) be the minimum. If len(z,) —
len(z) > N, then there exists a len(z) < [ < len(z) such that there exists no (z,y.) € S such that
Y. # yand len(z) = L.

So we consider a sentence x; = (();;—1], ). Itis easy to check that z; € S, and len(x;) < len(z.)
which are contradictory to the minimum of len(z,). So len(x,) — len(x) < N.
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For a (z,y) € S such that typ(z) = {v;}. By the condition of Theorem let v; €
N e typ(e)={r:} So-

Then we let z, € S, satisfy that x,[len(x) + 1] = ; and len(x,) be the minimum. Similar to the
above, we can show that len(z,) — (len(z) + 1) < N. So we get the result.

Parts two and three. These two parts are similar to the proof of Theorem@ Con51der1ng that the
S,, constructed by S, defined in Part One has at most O(N?) samples in it, and using the result in
Section[F2.1] we prove the result. O

F.3 Proof of Theorem[5.4]
F.3.1 Proof of Theorem [5.4l for no-CoT-transformers

Firstly, we define the following language.

Let ' = {71,72}, and S; be a sub-language of LCP with 2 samples («%, %) where j € {1,2} in it.
We define that xﬁ is a sentence with length ¢ + 1, and the i-th element of xll is 2, the other elements
are 1 ; the x5 only contains ~; with length ¢; the labels are decided by LCP.

Now we can prove Theorem for no-CoT-transformers, we show that for any ¢ and P, there exists
an i such that S; cannot be memorized by any transformer in H}, p, p.

Proof. Assuming that for a pair of P, ¢, each i € Z, S; can be memorized by a non-CoT transformer
in H}, » p, we can derive contradictions.

First, let 7(z); be the i-th weight of F (), thenlet minpe g [1(F(v1)1 = F(v1)2)+(F (1)1 —
F(v1)2)| = e. Following the proof of Theorem [5.1} we know that there exist finite varieties of
different transformers in H j’g, p.p» SO €> 0.

If S; is memorized by F € H} p p, then by Proposition we have F(z4) = F(v) for any
i € Zy,s0 |F(ah)1 — F(zh)o| = |F(m)1 — F(m)z| > e

We will prove that for any given transformer 7 € H}, ; p, it holds ||F(z]) — F(zb)|[; — 0
when ¢ — oo.

If | F(x7) — F(ab)[l1 — 0 when i — oo for any given F € H}, p p, then because there exist finite

varieties of different transformers in H% » . So there exists an i satisfying that || F(z%) — F(2%)[|; <
€/3 forany F € H}, p, p, which implies

F(xy)1 = Flxp)2 2F (25 — [F(ah)1 — Flzph| = (F(h)2 + [ F(@h)2 — F(ah)a])
>F(xh)1 — F(ah)s — 2¢/3.

Similarly, it holds f(:vé)l — F(xh)2 + 2¢/3 > ]:(xl)l — F(z%)2. Since |]—'(x2)1 — F(zb)2] > ¢,
any F € H} p.p,p Will give the same label of x% and x}. Considering that % and x¢ have different
lengths, by the definition of LCP language, they have different labels. This is contradictory to the

assumption and directly gets the result we want.
To show that, we need three parts, assume F is a transformer in H, p, p. Let || ||1,00 be the maximum
L1 norm of the row in a matrix.

Part One: For any j, in the j-th hidden layer 7; of 7, the first i — 1 rows of 7;(z}) and F;(z%)
are equal to that j-th hidden layer in F(v;).

This can be proved by using Lemma [B.T]and Proposition4.3]

Part Two: For any ¢, j and = € S;, in the j-th hidden layer F; of 7, ||F (@)|]1,00 < Mp,g.5
where Mp , ; is a value that does not rely on 7 but only depends on P, g, j.

In the j-th hidden layer, if the input z of the j-th hidden layer, which is also the output of the (i — 1)-th
hidden layer, satisfies that each row has the L; norm not more than A, then we can show that the
output norm of the j-th hidden layer also depends only on A and P, q. To show that, we just need to
consider the attention layer, FNN and the residual layer respectively.
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In the attention layer ATT(z) = Zil softmax(2Q;V;2T + M)z K;, since the L; norm of each row
of softmax(2Q;V;zT 4+ M) is 1, and we limited the precision of the transformer, it holds that each

parameter in /&; is not more than 107. So we can show that each row of ATT(z) will have a L1 norm
no more than P(A x P% x 109).

Upon the residual layer zw, similar to before, each row has a L.; norm of not more than A x P2 x109.

In the FNN layer FNN(z+ ATT(z)), each row of Z + ATT(z) goes through two transformer matrices,
so the L norm of each row has at most O((P?104)?||z4+ATT(2)|]1,00)- ||-|/1,00 means the maximum
L1 norm of the row in a matrix.

Adding them, the L; norm for each row of the output of the j-th hidden layer is at most
O(P(107P?)3A).

If we take A = Mp 4 ;_1, then we know that Mp, ; < O(P(109P?)3Mp, ;_1). Considering that
the input of the first hidden layer is only bound by P and ¢, we have the result.

Part Three: For any j, in the j-th hidden layer 77 of F, ||(F7(z%))i+1 — F7(2%):]| — 0 when
1 — oo. This directly leads to our result.

To be convenient, we write F7 (%) as f(j,1,4) and F/ (x%) as f(j,2,4), and f*(,*, ) means the
ferow of f(x.2.5). Andlet |G 1 1.3) - (7~ 12,8y = 07 - 1.1

For convenience, we define the input of the first hidden layer as the output of the O-th hidden layer
(i.e., 7 = 0) here. Consider that for any i € Z, the i + 1 row of x} and the i row of 27 are the same,
so 1(0,7) = 0 for the first hidden layer. We will prove that, if (j — 1,7) satisfies n(j — 1,4) =0
when ¢ — oo, then 7)(4, ) also tends to 0 when i — oco.

Note that f(j, 1,4) can be calculated as: f(j —1,1,9)W;_1 + ATT(f(j — 1,1,7)) + FNN(f(j —
]-7 1ai)Wj*1 +ATT(f(] - ]-a LZ)))

Firstly, for the residual layer, we have || ("™ (j—1,1,4)— f'(j—1,2,4))W;_1]||1 < 107P?||f*1(j—
1,1,i) — fi(j —1,2,4)||1 = 109P?n(j — 1,). Based on the assumption of 7(j — 1,4), when i — oo,
it holds H(fZJrl(j - ]-7 1a2) - fl(] - 1727i))Wj*1H1 — 0.

Secondly, by part one and Proposition the first ¢ — 1 rows of f(j — 1,1,4) and all rows
of f(j — 1,2,7) are the same as F/~!(77). So in a head of attention layer in F, written as
softmax(XQV XT) X K, we have that:

(softmax(f(j -1, 1,i)QVf(j -1, 1,i)f +M)f(5—1,1,4))i41
(i—De’f*(=1.24) | "f'(j=1.1:i) e fH(-1,1,0)

(i—1)es+ev+ev (i—1)es+e?+ew (i—1)es+ev+ew
Where s = fi+1(j - 13 1; Z)Qv(flil(] - ]-7 ]-a i))Tﬂ v = fi+1(j - 1, ]-7 Z)QV(fl(j - ]-7 ]-7 i))Ta w =
fl_‘—l(j - 1a 17 Z)Qv(f“rl(] - 1) 172))T
Considering that (softmax(f(j — 1,2,4)Q;Vif(j
—(softmax(f(j — 1,2,)QV f(j — 1,2,9)") f(j
1,1,0)T)f(5 — 1,1,4))s41 = c(i), we have that:

—1,2,)T)f(j — 1,2,4)); = fi(j — 1,2,9), let
= 1,2,4))i + (softmax(f(j — 1,1,1)QV f(j -

N (i=De fi(i—1,2,0) e’ f(i—1,1,4) e S G=119) e .
(i) = Thererer t iDererer T mhererer 4 U —1,2,9)
—(e"+e?) 1 (i=1.20) | 'S (j=L.1:i) e’ fI (i —1,1,4)
(i—1)es+ev+ew (i—1)es+ev+ev (i—1)es+ev+ew

Consider that the transformer has precision ¢ and part two, so we have (171;’;5% <

e?

(i—1)es+ev4ew "

21024 ps2
P210%4 M .
e 0 P,q,j—1

2 21029
9eMP,q,j—1P210

and
2 2 _ 2
P210 q+(i—1)e M3 i

similar to

e'l)
2o ME i1 PZ10%7 > (i—Des e tev Hence, by

part two, we have that ||c(¢)||1 < O(Mp,q,j-1

26P2102qM]2°:‘2=j*1+(i71)efp2102qM}2°=‘1»j—1 ), which tends
to 0 when ¢ — oo. And for the whole attention layer with P heads and matrix K, we have
(ATT(f(j —1,1,4)))iz1 — (ATT((5 — 1,2,4))); < 109P3||c(i)||1, which is a value that tends to 0

when i — oo.

Finally, about the FNN layer, similar to Part two, for any given two vectors 1 and x2, we have that
FNN(z1) — FNN(x3) < O((109p?)?||z1 — 2]|1). Consider that we have proved that || f*1(j —
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L1, )W — fi(j—1,2,0)W;_1|ly — 0and (ATT(f(j—1,1,1)))i1 — (ATT((j — 1,2,1))); = 0
when i — 00, 50 it holds ENN( fi+1(j —1,1,i)W;_y + (ATT(f(j — 1,1,4)))i1) — FNN(f(j —
1,2,i)W;_1 + (ATT(f(j — 1,2,4)));) — 0 wheni — oo.

Adding the results of such three parts in the j-th hidden layer, we can obtain the result. O

F.3.2 Proof of Theorem 5.4l for CoT-transformers

For the CoT-transformer, we consider the following example.

Let I' = {71,72,73,74}, and S] a sub-language of LCP with 10 samples (2},") where j € [10] in
it. We define that:

(1) x% is a sentence with length i and all elements in x} are 7;;

2) xz (j = 2,3,4) is a sentence of length i + 1 and the first i elements of ¢ are ;, the last one is
Yi—-15

3) x; (7 = 5,6,7)is a sentence of length ¢ 4+ 2 and the first ¢ elements of x’l are 1, the (7 + 1)-th
element is 74, and the last is y;_3;

4) x; (j = 8,9,10) is a sentence with length 7 + 3 and the first 7 elements of x} are 1, the (i + 1)-th
element is -4, the (7 4+ 2)-th element is 71, and the last one is {~y1, 2, V4 }, respectively.

Their labels are decided by LCP. Then we can prove Theorem 5.4 for CoT-transformers. We show
that for any ¢ and P, there exists an ¢ such that S/ cannot be memorized by any transformer in
H;’.P P,cot*

Proof. Assume that for a pair of P, ¢, such thatany i € Z, S/ can be memorized by F € H} p p oops
we can derive contradictions.

Firstly, if S} can be memorized by an F € H}, p p ;> We can show that the CoT created by F (z})
is (y4,71,73,...) forany i € Z.

Let the first symbol of the CoT created by F(z7) be ;. If j € [3], then it holds (x},7;) = 2%, ,,
which implies F((z7,7;)) = F(x%,,), so that F will give the same label to 2} and 2, ;. Because
a:zl and xz 41 have different lengths, based on the definition of LCP, they must have different labels.

This is contradictory to F memorizes S;. So, we have proved that the first symbol of CoT created
by F(x7) is not v1,72,73. Thus, the first symbol of the CoT created by F(x}) is 4. For the
second and third symbols in CoT, in a similar way, we can show that the CoT created by F(z}) is

(ry47715737 s )

Secondly, by the definition of CoT-transformers and such CoT, we know that F (1) = v4 and
F((z,44,71)) = 3. Moreover, because 2 is a sentence with length i and all elements in ', are
71, s0 by the Proposition we have F((zi, 7)) = F (x%) = ~4, which implies F can memorize
{((x%, 1) 74), (2%, v4,71),7v3) } as a no-CoT-transformer.

Therefore, based on the assumption, we can deduce that for any i, the language
{((@5,7),74), ((23,74,71),73) } can be memorized by a F € H}, p p ..;- S0, similar to the proof
of no-CoT-transformers, we prove the result. O

F.4 Proof of Corollary|[6.1]

Let S; be defined as in Section|F.3.1} and S, = U;cz, So; C LCP. Let S} be defined as in Section
F.3.20 and S), = Uiz, S); C LCP. Ttis easy to check that S,(S},) satisfies the conditions in Theorem

FIR3).

Proof. 1. For no-CoT-transformer. If a no-CoT-transformer F can memorize S,, then we can
prove that the result within two parts, which is similar to the proof of Theorem[5.4]

Part One: For any z3° € S,, there exists an € > 0 such that |F(23%); — F(23%)s| > € for any
ieZ,.

39



By Lemmafd.3] | F(23"); — F(23)s| = |F(v1)1 — F(n)2| forany i € Z,. If F(11)1 = F(71)e,
then F cannot memorize 3, which is a contradiction with F can memorize S,. So there exists an
e € Ry suchthate = |F(v1)1 — F(y1)2| = | F(23%)1 — F(23%)| forany i € Z,.

Part Two: We have || F(23%) — F(23)||; — 0 when i — oo, which leads to our result. Consider
that the value of parameters in J has an upper bound and a lower bound, so the proof of this part is
similar to that in the proof of Theorem[5.4] and we omit it.

2. For CoT—transformer If a CoT-transformer F can memorize S/, similar to that in the proof of
Theorem |[5.4] for any x¢ € S’, we know that the CoT created by F(x1) is (v4,71,73, - - - ) for any
1 €2y, which implies that F can memorize {((z3,71),74), (21, 74,71),73)} for any i € Z as
a no-CoT-transformer. So, similar to before, we can obtain the result. O

E.5 Proof of Proposition[6.3]

By Theorems@.T|and .4} (1) in the proposition is apparent. So, we just need to find a sentence in
Arith,, such that no-CoT- or CoT-transformers can solve it with confidence c.

Note that for Arith,, v; =i when i € [p], y,+1 is the symbol =

F.5.1 Proof of Proposition [6.3|for no-CoT transformers

Proof. Let C; be the sentence ‘1 + 1+ 1+ --- 4 1" in Arith,, ,,, where there exist ¢ Is in it. It is
easy to see that C; has label ¢ mod p. We will show that, for any no-CoT-transformer F, F cannot
memorize some of these sentences with confidence c.

Let F be a no-CoT-transformer and F' be the [-th hidden layer of F.
Firstly, we show that there exists a vector C such that || F(C;) — C||2 — 0 when i — <.

Assume that the output of F* when input C; to the transformer can be written as (i), and 1% (i)
means the j-th row of [*(4).

Assume that F* can be written as

H
Flz) = zw® + Z softmax(mQ?ija:T + M)ijk
j=1
H
+ FNN(zw® + )~ softmax(zQfVFa" + M)z K}).
j=1

We first consider 1. Let v, be the embedding vector of symbol + and let v; be the em-

S ti
bedding vector of symbol 1. We have that: 1}, ,(i) = viw® + Zflzl %K} +
FNN (v w + Ef: %Kl) where s; = v Q;V}'v] and t; = U+Q1V1 T’ And we have

1 16) = viw+ 7, —’ Desvg tie'iu K; + FNN(vjw + Z —Z DeSug ie'in K;), where
o = (i—1)e® itiets (i—-1)e’ J+ze i

sh = 01QjVwl and t) = v, Q; Vjul .
It is easy to see that 11, ,(i) does not depend on i, and I3, (i) satisfies I3, ;(i) — viw +

J J J J .
> %Kl + FNN(vjw + 3 %Kl) when i — co.
e e di+ted

By the above result, we can see that the last two rows of [1(i) converge to a vector separately when
i — co. Then we will show that if 15;~% (i) and 15;"}, (i) satisfy that converge to a vector separately
when i — oo, it also stands for I§, ,(i) and 15, | (7).

H 221 2, (])lﬁfl(i)
221 265%’(]') Kjk +FNN(l§z 12( )wk +

H 221 2 bp(J)lk 1(5) ) L
T S K, where 53() = B, QI VAT

For F*, we have that: 1§, ,(i) = I57% (i)w® + >i=

40



We will show that 15, (i) will converge to a vector, similar for I5, (i), so we can prove our
conclusion.

Firstly, without loss of generality, assume that lim;_, . l’;; 12(2') = vecy and lim;_, o l’;; L (i) = vec,.
k=105 _  gk—1/[p+2 . +2
Secondly, by Lemma we have [;7'(i) = y ([B=]) when i > [B=],
P Do e R QR HoOXSESZe D ((2f2)) g (
SO S — 4 K = o = O K? and & =
Ej—l Z;;—lz ) J Z]fl Ei;—f & p () J P(j)

Lima(QEVF ()T = By (QF VG (552D
Note that s},(j) = 15, (1)Q;V; (15 (p+1))7 tends to ] = vec1Q;V;(vec1)” whenp,i — oo and
shor1 (7) = i 5@)Q; Vi (15,1 (p+ 1))7 tends to ) = vec1Q;V;(vecy)” when i,p — oo. Using

. 222712 65;‘7(].)1]07]([177“]) et{ vec +et£vec : k :
Lemma|[F.2, we have that lim; o, =*=——; 1’3;.)(],) = ez So lim; o015, _5(i) =
. v Ypmr e ettez
J J J J
vecywh 4+ YOI | veerietvees fek | ENN(vecywh + YOI, €lveeite®vees foky and we get the
1w =1 et j 1w =1 Aot il g
€ € € €

result.

Finally, considering that the output of the transformer is only dependent on the the last row in the last
hidden layer (i.e. I%;_, (i) when input C; to the transformer), which has a limitation when i — oo.
So, we know that F(C;) has a limitation when ¢ — oco.

Secondly, we prove the result.

Let C[k] be the k-th weight of C'. Then if C'[k] > C[j] for some k, j € [p], then by the above result
F(C;) = C when ¢ — oo, there exists an ig such that for any ¢ > i, it holds (F'(C;))r > (F'(Cy));.
We take an ¢; such that i3 mod p = j and i1 > ip. Then we have that F will not give C;, the
correct label j, because (F(C;,))r > (F(Cj,));, which implies F cannot memorize the Arith,, .

If C[1] = C[2] = C[3] = ...C[P], then there exists an iy such that when i > iy, we have
|(F(Ci)x — Clk]| < ¢/2, which implies that |(F(C;))x — (F(C;));| < cfor any i > ig and k # j,
so F cannot memorize Arith,, ,, with confidence c. O

The above proof needs the following lemma.

Lemma F.2. If a sequence of positive real numbers {x;} satisfies that lim,,_, . x2, = a > 0 and
limy, o0 op+1 = b > 0, and a sequence of vectors {z;} satisfies that lim,_, o 2op = v, and

P P
limy, o0 22p+1 = Vg, then lim,_, o Zi%f;f] = (av. + bvg)/(a + b).
1T

Proof. Assume that i(¢) satisfies thatif p > i(e), then |xo, —a| < €, |22p+1—b] < €, ||y2p—vcl|2 < €
and ||y2p+1 — 'UdHQ < €.
Shamy _ D9 wyy | S i Wi Dhmin T

Then we have that: = + .
:;:1 Tj ;'7:1 Tj Z?:i(g) Tj Z?:l Tj

i)=1
Firstly, it is easy to see that for any given €, when p — oo, we have 21257;‘% — 0, because

p j=1Tj
iji(e) Tj

a,b> 0, and ST " 1 also because the a,b> 0.
j=1%j

Secondly, we show that Zji(i)gﬁ;% — (ave + bvg)/(a + b) when e — 0 and p — i(e) — oo, which
j=i(e) T
can directly prove our result.

at first. We have that:

X 21.777, o TiYj Ve Z’Li o a0 i vg 21‘771 o oy T
We consider the <51—~ — izi(e).lz=0 "3 _ j=ite).g12=1
i=i(e) I j=i(e) Ti j=i(e) T

41



1S v onse® M oun ),

i ® Zm] 2o i
= | Zimie).dl2= O"LJ(!/J ve)+3 7 i) jip=1 ¥ (Ui —va)
> imite) T
< i mie)l2=0 T T i), 51221 i€
- g=i(e) I

- €.

P Lay. p . P .
Zj;i(e) LY e 2 =i(e).g12=0 %5 + Va D) _i(e).jl2=1 %

So when ¢ — 0.
i=ite) T Lji(e) T it @
Zpﬂ'(e) jl2=0 i
Hence, we show that we have =*=3=-2=2— = —4- when € — 0 and p — i(€) — o©.
j=i(e) Ti
Uf(a*f) ZJ =i(e), 3\2 o < Uf(aJFf) PPy 3
Because T+ d0Fa = ST @ < P9t EG=a where v7 (v5) is the number of even

vy (a—¢)
v¥ (a+e)+vh (b+e)

a/(a+b) and % — a/(a + b). By the squeeze theorem, we get the result.

(odd) in [i(e), p]. It is easy to see that When e — 0and p — i(e) — oo, we have —

Similarly, ZJZ’(# = 25 when e — O and p — i(e) — oc.
j=i(e)

Combining the above results, we have

i Ei( ®aYs
Me_50,p—i(e)—o0 SP
i= 1() »

- I Ve 20 i(e),412=0 * Va5 i) 412=1 %

MMe_50,p—i(e)—o0 4 T 4 T

j=i(e) TI j=i(e) I
_ av.+bvy
a+b
So we get the result. O

F.5.2 Proof of Proposition [6.3|for CoT-transformers

Proof. Let Cij be the sentence 1 +1+ 1+ --- + 1+ j in Arith,, ,,, where there exist ¢ 1s in it and

j € [p]. Itis easy to see that, C’g has label (i+j) mod p. We will show that, for any CoT-transformer
F, F cannot give some of such sentences a correct CoT with confidence c.

Assume that F is a CoT-transformer and can solve the Arith,, with confidence c.

First, similar to the above subsection, we know that for such transformers F and j, when i — oo, it
holds F(C7) — C(j) for a vector C(j).

So, if F can solve Arith, with confidence ¢, there must be (C(j))[p + 1] > (C(j))[t] for any
t#£p+ 1. If(CYH))p+ 1] (C(4))[t] for some ¢ # p + 1, then the symbol = will not appear at

the start of the CoT with confidence ¢ for the F(CY).
Second, we consider the CoT of F(C;), where C; is defined in Sectlonm

From the definition of transformers, we know that if 7 can solve Arith,, then F(C;) must output
= at the beginning of CoT. Now we consider the output of F((C;,=)). Similarly to the preceding
subsection, we know that there exists a vector C' such that 7((C;,=)) — C when i — oc.

Because F can solve Arith, with confidence c, so as to meet the basic expression of the four
arithmetic operations, the symbol ’ =" must be followed by a number in [p], so we know there exists a
t € [p] such that C[t] > C[j] when j # t and j € [p+ 7]. If not, similar to the above section, we can
show that F cannot get the correct CoT for C; with confidence ¢, which contradicts the assumption.

Then there exists an 4o such that when ¢ > i, .7?((C’i7 =)) =t

Third, we consider 7(C?) and F((C;,=,t)). These are two sequences whose lengths are the same,
which only differ at the penultimate symbols, one being + and the other one being =. Then, because
the parameters of F have the upper bound and lower bound, similar to that shown in Section [F.3]
there must be || F((C})) — F((Ci,=,t))||2 — 0 when i — oo. In part one, we showed that when
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i — 0o, we have (F(C!))pr1 > (F(CY)), for any j # p + 1. So by the above results, there must
be (F((Ci,=,1)))p+1 > (F((Ci,=,t))); for any j # p + 1 when i — oo, which implies that

F((C;,=,t)) will output the symbol = and create CoT (=,t,=,...) for C;.

Now we know that the CoT of C; must have the form (=,¢,=,...) when i — oo. If ¢ satisfies that 4
mod p # t, then it is not a correct CoT to solve C};, which is a contradiction to the fact that F can
solve Arith,,. So we prove the result. O

G Impact Statement

We have theoretically demonstrated the power of CoT in the memorization capabilities of transformers.
Our research does not include conclusions that have negative effects on the community.
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