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Abstract

In this paper, we consider the decentralized, stochastic nonconvex strongly-concave (NCSC)
minimax problem with nonsmooth regularization terms on both primal and dual variables,
wherein a network of m computing agents collaborate via peer-to-peer communications. We
consider when the coupling function is in expectation or finite-sum form and the double
regularizers are convex functions, applied separately to the primal and dual variables. Our
algorithmic framework introduces a Lagrangian multiplier to eliminate the consensus con-
straint on the dual variable. Coupling this with variance-reduction (VR) techniques, our
proposed method, entitled VRLM, by a single neighbor communication per iteration, is able
to achieve an O(κ3ε−3) sample complexity under the general stochastic setting, with either
a big-batch or small-batch VR option, where κ is the condition number of the problem and ε
is the desired solution accuracy. With a big-batch VR, we can additionally achieve O(κ2ε−2)
communication complexity. Under the special finite-sum setting, our method with a big-
batch VR can achieve an O(n+

√
nκ2ε−2) sample complexity and O(κ2ε−2) communication

complexity, where n is the number of components in the finite sum. All complexity results
match the best-known results achieved by a few existing methods for solving special cases
of the problem we consider. To the best of our knowledge, this is the first work which pro-
vides convergence guarantees for NCSC minimax problems with general convex nonsmooth
regularizers applied to both the primal and dual variables in the decentralized stochastic
setting. Numerical experiments are conducted on two machine learning problems.

1 Introduction

In this paper, we consider a multi-agent minimax-structured problem:

min
x∈Rd1

max
y∈Rd2

1
m

m∑
i=1

fi(x, y) + g(x) − h(y), with fi(x, y) := Eξ∼Di

[
f̃i(x, y; ξ)

]
, (1)

which are solved by m computing agents collaboratively over a decentralized communication network. Here,
fi is an L-smooth, nonconvex (µ-)strongly-concave (NCSC) function known only to agent i, and g, h are
closed, convex functions common to all agents, often serving as regularizers. We refer to (1) as a double-
regularized minimax problem which has received a lot of research attention recently due to its application
in many machine learning settings such as adversarial training (Goodfellow et al., 2014; Liu et al., 2020),
distributionally robust optimization (Namkoong & Duchi, 2016; Xian et al., 2021), and reinforcement learn-
ing (Zhang et al., 2021). It has also been used to study fairness in machine learning (Nouiehed et al., 2019)
and improving generalization error (Foret et al., 2021).

We are interested in the case where each fi is governed by a privately owned dataset Di and its objective
and (potentially stochastic) gradient information is only accessible by the i-th agent for all i = 1, . . . , m.
The datasets {Di}m

i=1 may be finite or infinite, corresponding to offline or online scenarios, respectively. In
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the special case where Di is a discrete uniform distribution, we recover the finite-sum problem setting, and
without lose of generality, we can assume each Di involves the same number of scenarios, i.e.,

fi(x, y) := 1
n

n∑
j=1

f̃i(x, y; ξij). (2)

The agents are connected over a communication network G = (V, E) where V = {1, . . . , m} denotes the set
of agents and E ⊆ V × V denotes the set of feasible communication links between the agents. We assume
the network G is connected. Such a problem scenario is close to a real-world setting where agents may not
have access to a global communication protocol (either due to privacy restrictions (Verbraeken et al., 2020)
or high communication overhead (Lian et al., 2017)), nor access to the entire local gradient (e.g., when data
arrives in a stream (Xu & Xu, 2023)).

For the m agents to collaboratively solve (1), each agent i ∈ V will maintain a local copy of the primal-dual
variable (x, y), denoted as (xi, yi). With the introduction of local variables {(xi, yi)}i∈V , we can reformulate
(1) equivalently into the following decentralized consensus minimax problem

min
x1,...,xm

max
y1,...,ym

1
m

m∑
i=1

(
fi(xi, yi) + g(xi) − h(yi)

)
, s.t. (xi, yi) = (xj , yj), ∀ i, j ∈ V. (3)

To ensure that the consensus constraint (xi, yi) = (xj , yj) is satisfied for all i, j ∈ V, agents exchange their
information with their 1-hop neighbors via the communication links in E . Mathematically, this communica-
tion is represented as multiplication with a mixing matrix, W ∈ Rm×m, which serves as an inexact averaging
operation among the agents. More details on W are provided in Assumption 3.

We are primarily interested in establishing the efficiency of a method to solve (3) by measuring the number
of (stochastic) gradient calls and neighbor communications required to acheive ε-stationarity based on the
primal function p(x) := maxy{ 1

m

∑
i∈V fi(x, y) − h(y)}. We refer to these quantities as sample and com-

munication complexities, respectively. In this work, we propose the Variance Reduced Lagrangian
Multiplier method, VRLM, which is a novel single-loop (i.e., no inner subroutine needed) frame-
work that leverages state-of-the-art variance-reduction (VR) techniques to achieve low sample
and communication complexities when solving (3). Our framework is based on a reformulation
of (3) which allows agents to take an aggressive step-size in the primal variable x, matching that
of centralized methods. We acheive this by exploiting the strong-concavity of fi(x, ·) to remove
the consensus constraint on the y-variable with the introduction of a per-agent Lagrangian
multiplier. We summarize our contributions below, followed by a brief literature review of relevant works.

1.1 Contributions

Our contributions are three-fold: the design of new algorithms, the establishment of improved complexity
results, and the demonstration of promising numerical performance.

• First, we leverage a reformulation of problem (3) outlined in Xu (2024) to present the Variance
Reduced Lagrangian Multiplier based framework, VRLM. VRLM is a single-loop (i.e., no inner subrou-
tine needed) framework which allows for different VR gradient estimators to be “swapped” in for
the local gradient estimators. While we leverage the probelm reformulation presented in the decen-
tralized GDMax method from Xu (2024), we note that GDMax equipped with an optimal stochastic
subroutine, will have worse complexity than our results, highlighting the contribution of our ap-
proach. Additionally, our framework allows for regularizers on both the primal and dual variables,
enabling it to be applied to a broader class of problems than other methods which solve (3); see the
related works in Section 1.2 for more details.

• Second, we provide rigorous convergence analysis of two VR options. One VR option uses large-
batch sampling, while the other needs only O(1) samples for each update per agent. We prove that
both versions of our method can achieve a sample complexity of O

(
κ3ε−3) in the general stochastic
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setting where κ is the problem’s condition number. The small-batch version attains a communication
complexity of O

(
κ3ε−3), while the large-batch one only needs O

(
κ2ε−2) communication rounds. In

addition, for the finite-sum structured problem (2), our method with the large-batch VR option can
achieve a sample complexity of O(n +

√
nκ2ε−2) and communication complexity of O(κ2ε−2) per

agent. These complexity results are optimal in terms of the dependence on ε (Arjevani et al., 2023;
Lu & De Sa, 2021) and match the best-known results of decentralized methods for solving special
cases of (1).

• Third, we verify the performance of our proposed method on two machine learning problems in a
real decentralized computing environment using NVIDIA Telsa V100 GPUs.

1.2 Related work

A few decentralized methods have been proposed for solving minimax problems. However, most of them
focus on deterministic or finite-sum structured problems. We provide additional related work in Appendix A.

The recent D-GDMax method (Xu, 2024) is very closely related to our proposed method, as both rely on a
reformulation of (3) by the introduction of a Lagrangian multiplier to facilitate convergence. A key difference
is that D-GDMax requires exact gradients. Thus it is not applicable to the general stochastic problem setting
that we consider. While D-GDMax could be equipped with an optimal stochastic subroutine, it will have
higher complexity than our results. In the special finite-sum case, D-GDMax’ complexity will be significantly
higher than ours if n is big and the desired accuracy ε is small. GT-DA (Tsaknakis et al., 2020) is also a
deterministic gradient method. It solves a variant of (3) by only enforcing consensus on either the {xi}i∈V
or {yi}i∈V variables, but not both simultaneously.

The PRECISION method in Liu et al. (2023) is designed for solving (3) under the finite-sum setting, and
in addition, it assumes h(·) = IY(·) for some convex set Y. Similar to one VR option of our method, it
utilizes the SPIDER-type (Fang et al., 2018) variance reduction. In order to produce an ε-stationary point,
it needs O(n +

√
nε−2) sample gradients and O(ε−2) communications rounds per agent without giving an

explicit dependence on the problem’s condition number κ; the dependence on ε and n is the best-known
for the finite-sum setting. A preceding method of PRECISION, called GT-SRVR in Zhang et al. (2021),
considers a more special case of (3) under the finite-sum setting. It assumes g ≡ 0 and h ≡ 0 and achieves
the same-order complexity results by the SPIDER-type variance reduction. DSGDA (Gao, 2022) solves the
same-structured problem as GT-SRVR and also enjoys the same-order complexity results. Different from
GT-SRVR, DSGDA uses a SAGA-type acceleration technique (Defazio et al., 2014). It does not need to
take large-batch samples for each update but requires a large memory to maintain n component gradients.

Like our method, DREAM (Chen et al., 2024) can be applied to both the stochastic and finite-sum settings
of (3). It employs a loopless version of the SPIDER-type VR method. However, it assumes g ≡ 0 and h = IY .
In addition, it performs multiple communications per update, and its convergence results rely on the multi-
communication trick. This is fundamentally different from our method. With a multi-communication trick,
our results can have a lower-order dependence on the spectral of the communication network; see Remark 4.1.
However, we can have guaranteed convergence with a single communication per update, while the analysis
of DREAM requires the multi-communication trick to prove convergence. The requirement of multiple
communications can be too restrictive and even impractical in a real computing setting, as it necessitates
more coordination between agents (Lian et al., 2017). All the aforementioned methods require either large-
batch samplings or a large number of maintained component gradients. In contrast, DM-HSGD (Xian et al.,
2021), by the STORM-type (Cutkosky & Orabona, 2019) VR technique, only needs O(1) samples per update
per agent, except for a possible large-batch sampling at the initial step. However, there is one critical error
with its convergence analysis. It turns out that Eqn. (28) in Xian et al. (2021) does not hold with the given
choice of θ. In fact, θ must be Θ(1/L) instead of the given Θ(1/µ), where L is the smoothness constant of
{fi} and µ the strong-concavity constant of {fi(x, ·)}. With the correct θ, it is unclear if its final claimed
convergence results will hold1.

1With θ = Θ(1/L), the coefficient for E
∥∥ūt
∥∥ becomes positive but it is required to be negative in the analysis for the

DM-HSGD method.
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1.3 Notation

We denote [m] as the set {1, . . . , m}. We let z := [x; y] ∈ Rd1+d2 and Z = dom(g) × dom(h) be the joint
variable and domain. For each i ∈ [m], let zi := [xi; yi] be a local copy of z on agent i. Then we denote

X =
[
x1, . . . , xm

]⊤
, Y =

[
y1, . . . , ym

]⊤
, Z =

[
z1, . . . , zm

]⊤
,

x̄ = 1
m

∑m
i=1 xi, X⊥ = X − 1

m 1x̄⊤,
(4a)

∇xF (Z) =
[
∇xf1(z1), . . . , ∇xfm(zm)

]⊤
,

∇yF (Z) =
[
∇yf1(z1), . . . , ∇yfm(zm)

]⊤
.

(4b)

We use the superscript (t) for the t-th iteration. For a set X ⊆ Rd, we denote its 0-∞ indicator function by
IX (·), i.e., IX (x) = 0 if x ∈ X and +∞ otherwise. For a closed convex function r, we define its proximal
mapping as proxr(x) := arg miny{r(y) + 1

2 ∥y − x∥2}. Finally, given a set of random samples B, we denote
mini-batch gradient estimators as

Gi(B) := 1
|B|
∑

ξ∈B ∇̃fi(xi, yi; ξ), G
(t)
i (B) := 1

|B|
∑

ξ∈B ∇̃fi(x(t)
i , y(t)

i ; ξ). (5)

1.4 Outline

The rest of this paper proceeds as follows. In Section 2 we state the reformulation of problem (3) and outline
our key assumptions. In Section 3 we introduce our proposed method, VRLM, for solving the reforumlated
problem. We provide convergence results in Section 4 and numerical experiments in Section 5. In Section 6
we make concluding remarks.

2 Assumptions and preliminaries

As stated in the introduction, our proposed method relies on a reformulation of (3) presented in Xu (2024)
which removes the consensus constraint on the y-variables by introducing a per-agent Langrangian multiplier,
λi for all i = 1, . . . , m. We define the following modified objective function

Φ(X, Λ, Y) := 1
m

∑m
i=1
(
fi(xi, yi) − h(yi)

)
− L

2
√

m

〈
Λ, (W − I)Y

〉
, (6)

where the i-th row of Λ is λ⊤
i . When dom(h) has nonempty relative interior, the problem (3) can be

reformulated equivalently into

min
X,Λ

max
Y

Φ(X, Λ, Y) + 1
m

∑m
i=1 gi(xi), s.t. xi = xj , ∀ i, j ∈ [m]. (7)

In Section 3, we present a novel single loop framework for solving (7). First, we state our key assumptions
and define a solution criteria for methods that solve (7). We define the following functions that will be used
throughout our analysis

P (x, Λ) := maxY Φ(1x⊤, Y, Λ), Q(X, Λ) := maxY Φ(X, Y, Λ),
SΦ(X, Λ) := arg maxY Φ(X, Λ, Y),

(8)

f(x, y) := 1
m

∑m
i=1 fi(x, y), p(x) := maxy f(x, y) − h(y), ϕ(x, Λ) := P (x, Λ) + g(x). (9)

We make the following assumptions on the objective function and communication network, which are stan-
dard in the minimax and decentralized optimization literature (Zhang et al., 2021; Shi et al., 2015).

Assumption 1 For each i ∈ [m], fi is L-smooth. In addition, in the stochastic case, ∇̃fi(x, y; ξ) satisfies (i)
Eξ[∇̃fi(x, y; ξ)] = ∇fi(x, y), (ii) there exists σ ≥ 0 such that Eξ

∥∥∇̃fi(x, y; ξ) − ∇fi(x, y)
∥∥2

2 ≤ σ2, and (iii)
for any (x, y), (x′, y′) ∈ Rd1+d2 , it holds Eξ

∥∥∇̃fi(x, y; ξ) − ∇̃fi(x′, y′; ξ)
∥∥2

2 ≤ L2
(

∥x − x′∥2
2 + ∥y − y′∥2

2

)
.
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Assumption 2 For each i ∈ [m], fi(x, ·) is µ-strongly concave with µ > 0; g and h are closed, convex
functions and dom(h) has a nonempty relative interior; there exists ϕ∗ ∈ R such that ϕ(x, Λ) ≥ ϕ∗ for all
x, Λ where ϕ is defined in (9).

We denote the problem’s condition number by

κ := L

µ
. (10)

As stated in the introduction, the communication network G is assumed to be connected; we enforce this by
making the following assumption on the mixing matrix W.

Assumption 3 The mixing matrix W ∈ Rm×m satisfies the conditions: (i) Null(W − I) = Span{1} and
W⊤1 = 1; (ii) ρ := ∥W − 1

m 11⊤∥2 < 1; (iii) ∥W − I∥2 ≤ 2.

To quantify the sample and communication complexities, we are interested in finding an ε-stationary point
of (7) for a given tolerance ε > 0, defined below.

Definition 2.1 For any ε > 0, a point (X, Λ) is called an ε-stationary point in expectation of (7) if there
is some ηx > 0 such that for the primal function P (x, Λ) := maxY Φ(1x⊤, Y, Λ), we have

E
∥∥∥∥ 1

ηx

(
x̄ − proxηxg (x̄ − ηx∇xP (x̄, Λ))

)∥∥∥∥2

2
+ L2

m
E ∥X⊥∥2

F ≤ ε2 and E ∥∇ΛP (x̄, Λ)∥2
F ≤ ε2. (11)

Based on Definition 2.1, we define the sample complexity and communication complexity respectively
as the number of sample gradients and the number of communication rounds required to produce
an ε-stationary point in expectation. We make the following remark regarding the relationship between
ε-stationarity for (7) and (3).

Remark 2.1 Notice that P is the objective function of the primal problem of (7). The stationarity measure
in Definition 2.1 is sometimes called optimization stationarity (Zheng et al., 2022). Another related notion
is the so-called game stationarity (Li et al., 2025), which also involves the dual variable y. In addition, Xu
(2024) shows that if (X, Λ) is an ε-stationary point of (7), then X is an O(ε)-stationary point of the original
decentralized formulation (3) when h is smooth. This claim can actually be extended to the case where the
function P (x, ·) defined in (8) satisfies a quadratic-growth condition (Drusvyatskiy & Lewis, 2018) for all
x ∈ dom(g). Hence, we adopt the notion in Definition 2.1.

3 Proposed method

It is not immedaiately obvious why stochastic objective functions would benefit from the problem reformu-
lation of (7). As stated in Xu (2024), problem (7) allows agents to take an aggressive step-size in the primal
x-variables through local maximization of the y-variables. Even in the less general finite-sum setting (2),
such an approach incurs an additional

√
κ gradient computations in the y-variables compared to the number

of required x-gradient computations (see Table 1 in Xu (2024) for more details). In this work, we address two
lingering questions from Xu (2024). First, we remove the need for agents to perform local y-variable max-
imization, which reduces the overall algorithm complexity, while still maintaining the benefit of aggressive
x-variable step-sizes; in particular, we only require agents to compute a single (potentially stochastic) gradi-
ent during each algorithm iteration, which can significantly reduce algorithm run-time in practice. Second,
our algorithm and corresponding analysis is applicable to more general expectation structured problems. We
now state our proposed framework for solving (7).

We propose the Variance Reduced Lagrangian Multiplier method, VRLM, for decentralized double-regularized
minimax problems. VRLM makes use of four key algorithmic components to solve (7). First, we incorporate
variance-reduction (VR) techniques to facilitate a better estimate of the true local gradients; namely we
utilize either the SPIDER (Fang et al., 2018; Nguyen et al., 2017) or STORM-type (Cutkosky & Orabona,
2019; Xu & Xu, 2023) VR technique. Second, we leverage gradient tracking in the x-variable to make the
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least restrictive assumptions on the data distribution among the agents (Tang et al., 2018), namely, hetero-
geneous data is allowed. Third, we communicate the y-variables through Lagrangian multiplier updates,
relaxing the need for exact consensus on these variables and allowing for large x-variable step-sizes. Finally,
VRLM is a single loop (i.e., no subroutine needed), single communication per update algorithm
which requires less computation than double loop algorithms (Luo et al., 2020) and less communication than
multi-communication algorithms (Chen et al., 2024).

The SPIDER and STORM-type VR gradient estimators represent large-batch and small-batch gradient
estimators, respectively. Fundamentally, VRLM is not limited to just these gradient estimators. Alternatives
such as ZeroSARAH (Li et al., 2021b) or PAGE (Li et al., 2021a) could also be utilized as gradient estimators.
We limit formal analysis of VRLM to the SPIDER and STORM-type gradient estimators to demonstrate the
flexibility of our approach and leave analytical extensions to other gradient estimators to interested readers.
Using equation (5), we denote the gradient estimator on the i-th agent as d(t)

i ≜ [d(t)
x,i; d(t)

y,i]; for the SPIDER-
type VR gradient estimator we have

d(t)
i =

G
(t)
i (B̃(t)

i ), if mod(t, q) = 0, with |B̃(t)
i | = S1,

G
(t)
i (B(t)

i ) − G
(t−1)
i (B(t)

i ) + d(t−1)
i , otherwise, with |B(t)

i | = S2,
(12)

while for the STORM-type VR gradient estimator we have

d(t)
i =G

(t)
i (B(t)

i ) + (1 − β)
(

d(t−1)
i − G

(t−1)
i (B(t)

i )
)

, with |B(t)
i | = St, for t ≥ 1. (13)

The SPIDER-type VR technique requires large-batch sampling, meaning that the number of samples to
compute a local gradient estimator at each iteration depends on a desired solution accuracy ε. As shown
in the next section, the large batches can lead to an improved communication complexity result, but may
lead to poor generalization on some machine learning tasks (Keskar et al., 2017). Furthermore, in scenarios
where the data arrives in a stream, it may be impractical to wait for enough samples to compute a large-
batch gradient estimator. Hence, we also analyze the STORM VR technique. By the STORM technique,
agents only need O (1) samples to compute a stochastic gradient estimator, except for a possible large-batch
sampling at the initial step. We find in practice (see Section 5) that the STORM estimator outperforms
the SPIDER estimator on more complex tasks. Nevertheless, we will provide convergence analysis for both
methods. Having presented (12) and (13), we give the pseudocode of VRLM in Algorithm 1.

Algorithm 1: Variance Reduced Lagrangian Multiplier (VRLM) method

Input: x(0)
i = x(0) ∈ dom(g), y(0)

i = y(0) ∈ dom(h), λ
(0)
i = 0 for all i ∈ [m]; step-sizes ηx, ηy, ηΛ > 0;

VR-tag ∈ {SPIDER, STORM}
1 Initial step: set v(0)

i = d(0)
i = G

(0)
i (B(0)

i ) where |B(0)
i | = S0 for all i ∈ [m]

2 for t = 1, . . . , T do
3 for agents i ∈ [m] in parallel do
4 if VR-tag == SPIDER then
5 Update d(t)

i by (12).
6 if VR-tag == STORM then
7 Update d(t)

i by (13).

8 Update the gradient tracking variables by v(t)
x,i =

∑m
j=1 wij

(
v(t−1)

x,j + d(t)
x,j − d(t−1)

x,j

)
and

v(t)
y,i = d(t)

y,i − L
√

m
2

(∑m
j=1 wjiλ

(t)
j − λ

(t)
i

)
.

9 Update the Lagrangian multiplier by λ
(t+1)
i = λ

(t)
i + LηΛ

2
√

m

(∑m
j=1 wijy(t)

j − y(t)
i

)
.

10 Let x(t+1)
i = proxηxg

(∑m
j=1 wijx(t)

j − ηxv(t)
x,i

)
and y(t+1)

i = proxηyh

(
y(t)

i + ηyv(t)
y,i

)
.
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Algorithm 1 provides the VRLM updates from an agent point of view. To facilitate ease of expression and
readability, we form Dx, Dy and re-write the last three lines of Algorithm 1 in the following matrix form

D(t)
x = [dx,1, . . . , dx,m]⊤, D(t)

y = [dy,1, . . . , dy,m]⊤, (14)

V(t)
x = W

(
V(t−1)

x + D(t)
x − D(t−1)

x

)
, V(t)

y = D(t)
y − L

√
m

2 (W − I)⊤ Λ(t), (15)

Λ(t+1) = Λ(t) + LηΛ
2

√
m

(W − I)Y(t), (16)

X(t+1) = proxηxg

(
X̃(t) − ηxV(t)

x

)
, X̃(t) = WX(t), Y(t+1) = proxηyh

(
Y(t) + ηyV(t)

y

)
, (17)

where the prox operator acts row-wisely on the input.

4 Convergence results

In this section, we give the convergence analysis of Algorithm 1 for both VR options. The primary challenges
with providing convergence guarantees are caused by the non-linearity of the proximal mapping associated
with the non-smooth terms g and h, the nonconvexity of {fi(·, y)}, and the stochasticity of gradient in-
formation. Our analysis carefully addresses each of these challenges. We defer details of the analysis to
Appendix B and present our main results and remarks below.

4.1 SPIDER variance reduction

Theorem 4.1 Under Assumptions 1,2, and 3, let {(X(t), Λ(t), Y(t))}t≥0 be generated from Algorithm 1 with
VR-tag = SPIDER and q = S2, ηy = 1

4L , and

ηx = min
{

(1 − ρ)2

180LP
,

1
20(L + 1)(12κ2 + 2κ + 5)

}
,

ηΛ = min
{

5LP (1 − ρ)2

24L2(12κ2 + κ + 1) ,
1

2LP + 128Lκ2 + (L+1)(20κ2+κ+1)
2 + 4L2(12κ2+κ+1)

30LP

}
.

For any integer T ≥ 1, select τ uniformly at random from {0, 1, . . . , T − 1}. Then

E
∥∥∥ 1

ηx

(
x̄(τ) − proxηxg

(
x̄(τ) − ηx∇xP (x̄(τ), Λ(τ))

))∥∥∥2

2
+ L2

m E
∥∥∥X(τ)

⊥

∥∥∥2

F

≤ L2(60κ+3)
mT

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+ (80κ2 + 10)Υ + (80κ2+10)Lδ̂0

T

+
(

C0
T +

(
1

30LP
+ 1

LP (1−ρ)2 + L+1
8L2

)
Υ
)

·
[
10L2

(
150ηxκ2(20κ2 + κ + 4)

+ 16ηΛκ2(20κ2 + κ + 3)
)

+ 20
ηx

+
(

3L2ηx(3 + 5κ2) + 7
ηx

)
+ 300LP

]
(18)

and

E
∥∥∥∇ΛP (x̄(τ), Λ(τ))

∥∥∥2

F
≤ 24κL2

mT

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+ 32κ2Υ + 32Lκ2δ̂0

T

+
(

C0
T +

(
1

30LP
+ 1

LP (1−ρ)2 + L+1
8L2

)
Υ
)

·
[
4L2

(
150ηxκ2(20κ2 + κ + 2)

+ 16ηΛκ2(20κ2 + κ + 1)
)

+ 4
ηΛ

+ 6L2κ2ηx

]
,

(19)

where Υ = σ2

S1
for the case of a general distribution and Υ = 0 for the finite-sum case in (2), LP = L

√
4κ2 + 1,

and C0 is a constant dependent on the initial point, defined in Theorem B.1.

By Theorem 4.1, we give the total sample and communication complexity result of Algorithm 1 as follows
with VR-tag == SPIDER. The proof is given in Appendix B.4.

7



Under review as submission to TMLR

Corollary 4.1 Let ε > 0 be given and assume L ≥ 1. Under the assumptions in Theorem 4.1, suppose∥∥∥V(0)
⊥,x

∥∥∥2

F
= O

(
mLP (1 − ρ)

)
,
∥∥∥Ỹ(0) − Y(0)

∥∥∥2

F
= O

(
min

{
mκ
L , mLP κ(1−ρ)2

L2

})
.

Then Algorithm 1 with VR-tag = SPIDER, S0 = S1 = Θ
(

σ2·max{κ2,(1−ρ)−4}
ε2

)
for the general stochastic case

and S0 = S1 = n for the special finite-sum case, and S2 = q =
⌈√

S1
⌉

can find an ε-stationary point in
expectation of (7) by Ts stochastic gradients and Tc local neighbor communications, where

Tc = Θ
(

Lκ2

ε2 · min{1, κ(1 − ρ)2}

(
ϕ(x̄(0), Λ(0)) − ϕ∗ + δ̂0

min{1, κ(1 − ρ)2}
+ 1
))

and Ts = n +
√

nTc for the finite-sum case and Ts = σ
ε · max{κ, (1 − ρ)−2}Tc for the general stochastic case.

Remark 4.1 The assumption on
∥∥∥V(0)

⊥,x

∥∥∥2

F
and

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
is mild and can easily hold if κ(1−ρ) is not

small. Otherwise, multiple communications can be performed at the initial step to satisfy the condition. In
addition, when κ(1 − ρ)2 ≥ 1, the complexity results will be independent of the graph topology. In this case,
our stepsize ηx and ηΛ in (52) are both in the order of 1

Lκ2 , matching to that used by a centralized method
for NCSC minimax problems, e.g., the GDA in (Lin et al., 2020a). This can be significantly larger than
the stepsize in the order of 1

Lκ3 taken by state-of-the-art decentralized methods for minimax problems, e.g.,
PRECISION (Liu et al., 2023) and DSGDA (Gao, 2022). When κ(1 − ρ)2 ≪ 1, then Tc linearly depends on
(1−ρ)−4, which is worse than existing results with a dependence of (1−ρ)−2 for decentralized methods with a
single communication per iteration on solving composite nonconvex problems; see (Scutari & Sun, 2019) for
example. To improve the dependence, we can again perform multiple communications in the initial step to
have δ̂0 = O(κ(1−ρ)2). Moreover, if the multi-communication trick, which needs more coordinations between
agents, is applied for every update, we can change the mixing matrix W in our analysis to a polynomial in
W, denoted by q(W). If W is symmetric, we can apply the Chebyshev polynomial (e.g., see (Mancino-Ball
et al., 2023b)) to have an accelerated averaging. This way, the sample complexity will be independent of ρ
and the communication complexity will linearly depend on (1 − ρ)− 1

2 .

4.2 STORM variance reduction

Theorem 4.2 Under Assumptions 1,2, and 3, let {(X(t), Λ(t), Y(t))}t≥0 be generated from Algorithm 1 with

VR-tag = STORM and β ∈ (0, 1), ηy =
√

β

4
√

2L
, and

ηx = min
{

κ(1 − ρ)2

40L(24κ2 + 8κ + 5) ,

√
β

48(L + 1)(24κ2 + 7κ + 4)

}
,

ηΛ = min
{

(1 − ρ)2

4L(20κ + 3) ,

√
β

4(L + 1)(52κ2 + κ + 1)

}
.

For any integer T ≥ 1, select τ uniformly at random from {0, . . . , T − 1}. Then it holds that

E
∥∥∥ 1

ηx

(
x̄(τ) − proxηxg

(
x̄(τ) − ηx∇P (x̄(τ), Λ(τ))

))∥∥∥2

2
+ L2

m E
∥∥∥X(τ)

⊥

∥∥∥2

F
(20)

≤
(

C0
T +

(
1

(1−ρ)2κL + (1+1/L)√
βL

)
β2∑T −1

t=0
Υt+1

T

)
·
[

20
ηx

+ 6ηx

(
2L2(3 + 5κ2) + 5

η2
x

)
+ 1600κ2L√

β
+ 80L√

β
+ 5(1−ρ)2

ηx

]
and

E
∥∥∥∇ΛP (x̄(τ), Λ(τ))

∥∥∥2

F

≤
(

C0
T +

(
1

(1−ρ)2κL + (1+1/L)√
βL

)
β2∑T −1

t=0
Υt+1

T

)
·
[

4
ηΛ

+ 24κ2L2ηx + 640κ2L√
β

]
,

(21)
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where Υt := σ2

St
for any t ≥ 0, and C0 depends on the initial points, defined in (77).

Below, we give the sample and communication complexity result of Algorithm 1 with VR-tag == STORM.
The proof is given in Appendix B.5.

Corollary 4.2 Let ε ∈
(

0, σ(1 − ρ)2
]

be given and assume L ≥ 1. Under the same conditions as in

Theorem 4.2, assume
∥∥∥V(0)

⊥,x

∥∥∥2

F
≤ 40m(1 − ρ)κL,

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
= O

(
mκ
L

)
, and E

∥∥R(0)
∥∥2

F
≤ mσ2

S0
with

S0 =
⌈(

1√
βL

+ 1
4(1−ρ)2κL

)
σ2
⌉

and St = O (1) for all t ≥ 1. Then, Algorithm 1 with VR-tag = STORM and

β = ε2

1440σ2(24κ2 + 7κ + 4) , (22)

can find an ε-stationary point in expectation of (7) by Ts = Θ
(

σκ3L
ε3 + σ3κ

εL

)
stochastic gradients and Tc =

Θ
(

σκ3L
ε3

)
local neighbor communications.

A few remarks are in order regarding the above corollary.

Remark 4.2 First, similar to other recent works (Xin et al., 2021b; Mancino-Ball et al., 2023a), our com-
plexity results are stated for the high-accuracy regime (i.e. small enough ε). Technically, this accuracy
requirement removes the final dependence of VRLM-STORM on the spectrum of the graph. Second, the ini-
tialization requirements in Corollary 4.2 are akin to those in (Mancino-Ball et al., 2023a). If necessary,
e.g., when 1 − ρ is much smaller than 1

κL , we can perform multiple communications at the initial step to

have
∥∥∥V(0)

⊥,x

∥∥∥2

F
≤ 40m(1 − ρ)κL. Third, the recent Acc-MDA (Huang et al., 2022) method can attain a

convergence rate of Õ(κ4.5ε−3), however, this is only in the single-agent setting where m = 1 and further,
this result only holds when g ≡ h ≡ 0. When m = 1, we have W = 1, which eliminates the variable Λ,
as well as the consensus constraint on {xi}i∈V . Hence, (7) is actually identical to (1) which indicates our
analysis provides a better dependence on κ, as well proves convergence on a broader class of problems (i.e.,
g ̸≡ 0 and/or h ̸≡ 0).

In addition, we make a remark regarding the dependence of our results on the number of agents, m.

Remark 4.3 Similar to existing works (Liu et al., 2023; Zhang et al., 2021), the complexity results presented
in Corollaries 4.1 and 4.2 are sub-optimal in terms of the dependence on the number of agents, m. Specifi-
cally, for the finite-sum setting using the SPIDER-type variance reduction, we should expect Ts = n+

√
n
m Tc

as is found in (Chen et al., 2024) and for the general stochastic setting using the STORM-type variance
reduction, we should expect to see a linear speed-up of Ts in m (Mancino-Ball et al., 2023a). This short-
coming is due to the coefficient on the stochastic gradient error term,

∥∥R(t)
∥∥2

F
, in Lemma B.5 being m

times too large. While we acknolwedge this shortcoming, we stress that (Chen et al., 2024) utilizes the multi-
communication trick in their analysis which pushes a method closer to its centralized counterpart. Without
using multi-communication, it is still an open question whether or not the optimal sample complexity can be
achieved for the decentralized minimax problem with or without a regularizer.

5 Numerical experiments

In this section, we empirically validate our proposed methods on two benchmark problems which fit (3).
We compare our methods to three methods: DPSOG (Liu et al., 2020), DM-HSGD (Xian et al., 2021), and
GT-SRVR (Zhang et al., 2021); since these methods are only presented for the case of (3) with g ≡ 0, we
simply wrap their xi updates with proxηxg(·). For our experiments, we use m = 8 agents, where each agent
is an NVIDIA Tesla V100 GPU. The agents are connected via a ring structured graph, where self-weighting
and neighbor weighting are 1

3 . This represents one of the worst-case connectivity patterns (in terms of ρ)

9
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which still fit Assumption 3 and hence serves as a good benchmark for comparing decentralized methods (Lu
& De Sa, 2021; Singh et al., 2021). We show results in both epoch and iteration number. We define one
epoch as one pass of the global dataset2 and one iteration as one update step of a method3.

5.1 Sparse distributionally robust optimization

We test our proposed method on the decentralized distributionally robust optimization problem (Xu, 2024)
using both the MNIST (Lecun et al., 1998) and Fashion-MNIST (Xiao et al., 2017) datasets. Each agent
maintains a local dataset, {aij , bij}n

j=1, where aij ∈ R28×28 is the j-th image on the i-th agent and bij ∈
{1, . . . , C} is the corresponding label among C classes. The total number of data points is given by N = mn
and we let Ji ⊆ {1, . . . , N} be an index set which contains the indices of data points on agent i. The agents’
local objective functions are given by

fi(xi, yi) = m
∑

j∈Ji
(yi,j)ℓ (Zxi

(aij), bij) − µ
2
∥∥yi − 1

N

∥∥2
2 , h(yi) ≡ I∆N

(yi), g(xi) ≡ λ ∥xi∥1 . (23)

Here, yi,j denotes the j-th component of yi, ℓ is the cross-entropy loss function taken over each class, Zxi

is a neural network governed by the parameter xi, and µ is a parameter controling the deviation from the
uniform distribution. The set ∆N := {y : y⊤1 = 1, y ≥ 0} is the standard probability simplex. The
regularizer g induces sparsity on the x variable. We choose Zxi to be a two-layer neural network with 200
hidden units and Tanh activation function. Further, we let µ = 10.0 and λ = 5 × 10−4.

The dataset is split uniformly at random among the agents, hence each agent receives n = 7,500 local
data points. We let the mini-batch size for all methods be 100 and tune ηy ∈ {0.1, 0.01, 0.001, 0.0001} and
ηx
ηy

∈ {1, 0.1, 0.01, 0.001}. For DM-HSGD, we tune βx = βy = 0.01 following the paper guidelines and set
the initial batch-size to 3000. For GT-SRVR, we tune q ∈ {100, 300} and the large mini-batch size from
{3000, 7500}. For VRLM-STORM we let β = 0.01, L = 2√

m
, and ηΛ = 0.001. For VRLM-SPIDER, we tune

q ∈ {100, 300} and the large mini-batch size from {3000, 7500} and let L = 2√
m

and ηΛ = 0.001. We run all
methods to 50,000 iterations and compare the training loss value (as if performing centralized training; note
this is not the objective value), testing accuracy, average number of non-zeros, and stationarity violation,
where the stationarity violation is computed as∥∥x̄ − proxg

(
x̄ − 1

m

∑m
i=1 ∇xfi(x̄, y(∗))

)∥∥2
2 + ∥X⊥∥2

F + ∥Y⊥∥2
F (24)

where y(∗) := arg maxy
1
m

∑m
i=1 fi(x̄, y) − h(y) for x̄ = 1

m

∑m
i=1 xi. We run each experiment with 5 different

initial seeds and report the average results across both iterations and epochs.

From Figure 1, we can see that VRLM (both variants) outperform all competing methods in terms of training
loss and testing accuracy, while VRLM-STORM can additionally find sparser solutions. For this problem,
DM-HSGD is not competitive when λ > 0. All methods appear to struggle with reducing (24) for both
datasets, but we remark that this does not appear to affect each method’s ability to minimize the training
loss and obtain reasonable testing accuracy.

5.2 Fair Classification

We also test our method on the Fair Classification problem (Mohri et al., 2019) using the CIFAR-
10 (Krizhevsky, 2009) dataset. Each agent maintains a local dataset, {aij , bij}n

j=1, where aij ∈ R32×32

is the j-th image on the i-th agent and bij ∈ {1, . . . , C} is the corresponding label. The agents’ local
objective functions are given by

fi(xi, yi) =
∑C

c=1(yi,c)ℓ
(
Zxi

({aij}bij=c), {bij}bij=c

)
− µ

2 ∥yi∥2
2 , h(yi) ≡ I∆C

(yi), g(xi) ≡ 0, (25)

where yi,c denotes the c-th component of yi, ℓ is the cross-entropy loss function which computes the average
loss over each class, Zxi

is a neural network governed by the parameter xi, µ is a parameter to tune, and
2In our experiments, the datasets are split evenly among the agents, hence one full local agent dataset pass will amount to

one full global dataset pass due to the synchronicity of the compared methods.
3Since each method may communicate a different number of variables at each iteration, we compare across iterations to keep

in line with the theory of each method.
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Figure 1: Experimental results for the sparse distributionally robust optimization problem (23) using the
MNIST and Fashion-MNIST datasets. The top two row depict results for the MNIST dataset in terms of
iteration number and epochs, respectively. The bottom two rows depict the same results for the Fashion-
MNIST dataset. Shaded regions represent 95% confidence intervals computed over 5 trials.

∆C is the standard probability simplex. We choose Zxi
to be the All-CNN network (Springenberg et al.,

2015) and let µ = 0.1.

The dataset is split uniformly at random among the agents, hence each agent receives n = 6,250 local
data points. We let the mini-batch size for all methods be 100 and tune ηy ∈ {0.1, 0.2, 0.3, 0.4, 0.5} and
ηx
ηy

∈ {1, 0.1, 0.01, 0.001}. For DM-HSGD, we tune βx = βy ∈ {0.01, 0.1, 0.5, 0.8, 0.9, 0.99} and set the initial
batch-size to 3000. For GT-SRVR, we tune q ∈ {100, 300} and the large mini-batch size from {2000, 3000}.
For VRLM-STORM, we tune β ∈ {0.01, 0.1, 0.5, 0.8, 0.9, 0.99} and let L = 2√

m
and ηΛ = 0.1. We found

VRLM-SPIDER noncompetitive on this instance, and the results are omitted. We run all methods to 20,000
iterations and compare the training loss value (as if performing centralized training; note this is not the
objective value), testing accuracy, and stationarity violation, where the stationarity violation is computed as

∥∥∥ 1
m

∑m
i=1 ∇xfi(x̄, y(∗)

i )
∥∥∥2

2
+ ∥X⊥∥2

F + ∥Y⊥∥2
F (26)
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where y(∗)
i := arg maxyi

fi(x̄, yi) − h(yi) for x̄ = 1
m

∑m
i=1 xi. We use (26) instead of (24) due to the memory

constraint of our computing environment which prohibits us from putting all the data on one machine. Again,
we run each experiment with 5 different initial seeds and report the average results across both iterations
and epochs.

Figure 2: Experimental results for the Fair Classification problem (25) using the All-CNN network with the
CIFAR-10 dataset. The top row depicts results in terms of iteration number, while the bottom is in terms
of epochs. Shaded regions represent 95% confidence intervals computed over 5 trials.

From Figure 2, we can see that DM-HSGD and our proposed method perform similarly in terms of stationarity
violation. However, our method can achieve higher testing accuracy and lower training loss. DPOSG yields
higher testing accuracy, but its convergence for the double-regularized problem (7) has not been studied.
The GT-SRVR method is not competitive on this problem, which could be due to the lack of theoretical
guarantees for the double-regularized problem (7), or due to the periodic large-batch stochastic gradient
computation. Overall, we find our proposed method to be competitive against other state-of-the-art methods,
while providing improved theoretical guarantees.

6 Conclusions

In this work, we have presented the Variance Reduced Lagrangian Multiplier (VRLM) based method for solving
the decentralized, double-regularized, stochastic nonconvex strongly-concave minimax problem. We analyzed
VRLM with both big-batch and small-batch variance-reduction techniques. Under mild assumptions, both
versions are able to achieve the best-known complexity results that are achieved by existing methods for
solving special cases of the problem we consider. Finally, we demonstrated the effectiveness of our proposed
methods in a real decentralized computing environment on two benchmark machine learning problems.
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A Additional related work

All the methods we mentioned in Section 1.2 assume strong concavity about the dual variable y and also
convexity of the regularization terms or constraint sets, if there are any. A few existing decentralized methods
for minimax problems make weaker or different assumptions. For example, DPOSG (Liu et al., 2020) is
designed to solve smooth stochastic nonconvex nonconcave decentralized minimax problems. Instead of
concavity structure, the Minty VI condition is assumed by DPOSG in order to have guaranteed convergence.
However, its complexity has a high-order dependence on a given accuracy, reaching O(ε−12) to produce an
ε-stationary solution. In addition, it cannot handle problems with nonsmooth regularization terms or a hard
constraint. This is another fundamental difference from our method.

Though our focus is on decentralized computation, our method is also applicable in the single-agent (or
non-distributed) setting, i.e., the problem (1) with m = 1. In this case, many methods have been proposed
under various settings of f . The GDA (Lin et al., 2020a) method can be applied to dual-constrained
smooth deterministic NCSC minimax problems, i.e., g ≡ 0 and h = IY in (1). To achieve an ε-accurate
solution, it requires O(κ2ε−2) gradient evaluations, which was later reduced to Õ(

√
κε−2) by the Minimax-

PPA (Lin et al., 2020b) method. When g ̸≡ 0 or h ̸≡ 0, proximal-AltGDAm (Chen et al., 2021) can achieve
a complexity result of O(κ 11

6 ε−2). In the stochastic setting, GDA utilizes large-batch sampling and can
achieve a sample complexity of O(κ3ε−4). SREDA (Luo et al., 2020) considers both stochastic and finite-
sum structured minimax problems. Similar to one choice of our method in the single-agent setting, it adopts
the SPIDER-type VR. However, different from our method, SREDA needs an inner loop to approximately
solve the dual maximization problem, and thus it is a double-loop method. It achieves a sample complexity
of Õ(n +

√
nκ2ε−2) for the finite-sum case and O(κ3ε−3) for the stochastic case. All aforementioned single-

agent methods require a large batch-size: either all samples in a deterministic/finite-sum setting or as many
as Θ(ε−2) in a stochastic setting where SPIDER-type VR is used. In contrast, Acc-MDA (Huang et al.,
2022) can achieve a complexity of Õ(κ 9

2 ε−3) by O(1) samples per update through the STORM-type variance
reduction. SAPD+ (Zhang et al., 2022) can also have convergence guarantees by small-batch sampling and
achieves a complexity of O(κε−4). When big-batch sampling is performed, SAPD+ can have a complexity of
O(κ2ε−3) by variance reduction. However, different from Acc-MDA and our method in a single-agent setting,
SAPD+ is a double-loop method. A comprehensive literature review for single-agent methods designed for
solving (1) is out of the scope of this work. The interested readers can refer to the references therein of
previously mentioned works for a more thorough treatment of this subject, including whether or not each
method can handle g ̸≡ 0 or h ̸≡ 0. For readers interested in works that handle the nonconvex concave or
nonconvex nonconcave settings, see e.g., (Ostrovskii et al., 2021; Thekumparampil et al., 2019; Zhang et al.,
2022; Jin et al., 2020; Lin et al., 2020a; Yang et al., 2022; Xu et al., 2023; Li et al., 2025; Khan & Xu, 2026)
and the references therein.
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B Convergence analysis

We adhere to the following logical exposition of our theoretical analysis; some longer proofs are deferred to
additional Appendix sections.

1. In Section B.1, we present necessary preparatory results which build key inequalities around the
functions defined in (8) and (9).

2. In Section B.2, we build a one-iteration progress of the VRLM method without specifying the VR
gradient estimator.

3. In Section B.3, we present bounds on consensus errors and local gradient estimator errors.

4. In Section B.4, we analyze Algorithm 1 with VR-tag == SPIDER, demonstrating the convergence
of the VRLM method in both the finite-sum and expectation structured cases.

5. In Section B.5, we analyze Algorithm 1 with VR-tag == STORM, demonstrating the convergence of
the VRLM method in the expectation structured case.

The following definitions are used throughout our analysis with Φ given in (6).

Ŷ(t) := arg max
Y

Φ(1x̄(t), Λ(t), Y), Ỹ(t) := arg max
Y

Φ(X(t), Λ(t), Y), (27)

R(t)
x := D(t)

x − ∇xF (Z(t)), R(t)
y := D(t)

y − ∇yF (Z(t)), R(t) := D(t) − ∇F (Z(t)), (28)

Γt(Y) := 1
m

∑m
i=1 fi(x(t)

i , yi) − L
2

√
m

〈
(W − I) Y, Λ(t)〉. (29)

By Danskin’s theorem (Danskin, 1966), with Y = SΦ(1x⊤, Λ), we have

∇P (x, Λ) =
(

1
m

∑m
i=1 ∇xfi(x, yi), − L

2
√

m
(W − I)Y

)
. (30)

B.1 Preparatory results

Under Assumption 3 and by the notation in (17), since W − I = (W − I)(I − 1
m 11⊤), it holds∥∥X(t+1) − X(t)

∥∥2
F

≤ 2
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
+ 2

∥∥∥(W − I) X(t)
⊥

∥∥∥2

F

≤ 2
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
+ 8

∥∥∥X(t)
⊥

∥∥∥2

F
.

(31)

We now present some preparatory propositions. The first one is directly from (Xu, 2024).

Proposition B.1 Let P and SΦ be defined in (8). Then with LP = L
√

4κ2 + 1, it holds

∥∇P (x, Λ) − ∇P (x̃, Λ̃)∥2
F ≤ L2

P

(
∥x − x̃∥2 + ∥Λ − Λ̃∥2

F

)
, ∀ x, x̃ ∈ dom(g); ∀ Λ, Λ̃, (32a)

∥SΦ(X, Λ) − SΦ(X̃, Λ)∥2
F ≤ κ2∥X − X̃∥2

F , ∀ xi, x̃i ∈ dom(g), ∀ i; ∀ Λ, (32b)
∥SΦ(X, Λ) − SΦ(X̃, Λ̃)∥2

F ≤ 2κ2∥X − X̃∥2
F + 2mκ2∥Λ − Λ̃∥2

F , ∀ xi, x̃i ∈ dom(g), ∀ i; ∀ Λ, Λ̃. (32c)

Based on Proposition B.1 and (27), we have∥∥∥Ŷ(t) − Ỹ(t)
∥∥∥2

F
≤ κ2

∥∥X̄(t) − X(t)
∥∥2

F
= κ2

∥∥∥X(t)
⊥

∥∥∥2

F
. (33)

Proposition B.2 Let Q be defined in (8). Then with LQ = L
√

4κ2 + 1, it holds

m
∥∥∇XQ(X, Λ) − ∇XQ(X̃, Λ̃)

∥∥2
F

+
∥∥∇ΛQ(X, Λ) − ∇ΛQ(X̃, Λ̃)

∥∥2
F

≤L2
Q

(
1
m ∥X − X̃∥2

F + ∥Λ̃ − Λ∥2
F

)
, ∀ xi, x̃i ∈ dom(g), ∀ i; ∀ Λ, Λ̃.

(34)
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Proof. By the notation in (4), let Y = SΦ(X, Λ) and Ỹ = SΦ(X̃, Λ̃). We have

∇Q(X, Λ) =
(

1
m ∇F (Z)⊤, − L

2
√

m
(W − I)Y

)
, ∇Q(X̃, Λ̃) =

(
1
m ∇F (Z̃)⊤, − L

2
√

m
(W − I)Ỹ

)
.

Hence, by the L-smoothness of each fi, it follows

m
∥∥∇XQ(X, Λ) − ∇XQ(X̃, Λ̃)

∥∥2
F

+
∥∥∇ΛQ(X, Λ) − ∇ΛQ(X̃, Λ̃)

∥∥2
F

= 1
m

∥∥∇F (Z) − ∇F (Z̃)
∥∥2

F
+ L2

4m

∥∥(W − I)(Y − Ỹ)
∥∥2

F

≤ L2

m

(
∥X − X̃∥2

F + ∥Y − Ỹ∥2
F

)
+ L2

m ∥Y − Ỹ∥2
F .

Now use (32c) in the inequality above to obtain the desired result. □

The inequality in (34) indicates the smoothness of Q under a weighted norm. By (Nesterov, 2013, Eqn. 2.12),
we have that for any X, X̃ with xi, x̃i ∈ dom(g), ∀ i ∈ [m] and any Λ, Λ̃,∣∣∣Q(X̃, Λ̃) − Q(X, Λ) −

〈
∇Q(X, Λ), (X̃, Λ̃) − (X, Λ)

〉∣∣∣ ≤ LQ

2

(
1
m ∥X − X̃∥2

F + ∥Λ̃ − Λ∥2
F

)
. (35)

The lemma below relates the stationarity violation of (7) to terms that appear in our analysis. This lemma
will be utilized to provide our final convergence rate results. Its proof is given in Appendix C.

Lemma B.1 Let {(X(t), Λ(t), Y(t))} be generated from Algorithm 1. For any t ≥ 0, it holds that

E
∥∥∥ 1

ηx

(
x̄(t) − proxηxg

(
x̄(t) − ηx∇xP (x̄(t), Λ(t))

))∥∥∥2

2
+ L2

m E
∥∥∥X(t)

⊥

∥∥∥2

F

≤ 5
mη2

x
E
∥∥X(t+1) − X̄(t)

∥∥2
F

+
(

2L2(3+5κ2)
m + 5

mη2
x

)
E
∥∥∥X(t)

⊥

∥∥∥2

F
+ 10L2

m E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
(36)

+ 5
m

∥∥R(t)
∥∥2

F
+ 5

mE
∥∥∥V(t)

⊥,x

∥∥∥2

F
,

E
∥∥∥∇ΛP (x̄(t), Λ(t))

∥∥∥2

F
≤ 2

η2
Λ
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
+ 4L2κ2

m E
∥∥∥X(t)

⊥

∥∥∥2

F
+ 4L2

m E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
, (37)

where P and R(t) are defined in (9) and (28).

B.2 One-iteration progress inequality

Our analysis relies on establishing a one-iteration progress inequality about ϕ based on the updates in
lines 8-10 in Algorithm 1. Its proof is deferred to Appendix D.

Lemma B.2 Let {(X(t), Λ(t), Y(t))} be generated from Algorithm 1. For all t ≥ 0, it holds that

ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

≤ − 1
2m

(
1

ηx
− L(κ + 1 + c1) − LP (1 + c3)

)∥∥X(t+1) − X̄(t)
∥∥2

F

−
(

1
ηΛ

− LP

2 − Lc2

)∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
− 1

2mηx

∥∥∥X(t+1) − X̃(t)
∥∥∥2

F

+ 1
2m

(
L(κ + 1) + κ2

c2
+ ρ2

ηx

)∥∥∥X(t)
⊥

∥∥∥2

F
+ 1

2m

(
L
c1

+ 1
c2

)∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F

+ 1
2mLP c3

∑m
i=1

∥∥∥ 1
m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − v(t)

x,i

∥∥∥2

2
,

(38)

where c1, c2, c3 > 0 are arbitrary constants, and ϕ, X̃(t) and Ỹ(t) are defined in (9), (17), and (27).

From Lemma B.2, we see that the change in ϕ(x̄, Λ) is increasing in∥∥∥X(t)
⊥

∥∥∥2

F
,
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
,
∑m

i=1

∥∥∥ 1
m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − v(t)

x,i

∥∥∥2

2
. (39)

Hence we need to ensure these terms can be well controlled to establish convergence. The next subsection is
devoted to providing upper bounds on each term in (39).
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B.3 Consensus and dual error bounds.

The proof of the following lemma can be found in Lemma C.7 of (Mancino-Ball et al., 2023a).

Lemma B.3 Let {(X(t), V(t))} be generated from Algorithm 1. For all t ≥ 0, it holds that∥∥∥X(t+1)
⊥

∥∥∥2

F
≤ ρ

∥∥∥X(t)
⊥

∥∥∥2

F
+ η2

x
1−ρ

∥∥∥V(t)
⊥,x

∥∥∥2

F
, (40)

where ρ is defined in Assumption 3.

Next, we provide an upper bound on the last term in (39). Its proof is given in Appendix E.

Lemma B.4 Let {(X(t), Y(t), V(t))} be generated from Algorithm 1 and R(t) defined in (28). Then∑m
i=1 E

∥∥∥ 1
m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − v(t)

x,i

∥∥∥2

2
≤ 2E

∥∥R(t)
∥∥2

F
+ 2E

∥∥∥V(t)
⊥,x

∥∥∥2

F
, ∀ t ≥ 0. (41)

Finally, we provide upper bounds to the dual errors. The proofs are given in Appendix E.

Lemma B.5 Let {(X(t), Λ(t), Y(t))} be generated from Algorithm 1. Then provided ηy ≤ 1
4L , it holds that

for any c4, c5 > 0,∥∥∥Y(t+1) − Y(t)
∥∥∥2

F
≤ 4mηy

(
δ̂t − δ̂t+1

)
+ 4η2

y
∥∥R(t)

∥∥2
F

+ 4ηy

(
L2

2c4
+ L

√
m

c5

)∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F

+ 4ηy

(
LQ+L

2 + c4
2

)∥∥X(t+1) − X(t)
∥∥2

F
+ 4ηy

(
mLQ

2 + c5L
√

m
4

)∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
,

(42)

where Ỹ(t) is defined in (27), R(t) is defined in (28), LQ = L
√

4κ2 + 1, and

δ̂t := Q(X(t), Λ(t)) −
(

Γt(Y(t)) − 1
m

∑m
i=1 h(y(t)

i )
)

, (43)

with Q(X, Λ) and Γt(·) defined in (8) and (29).

Lemma B.6 Let {(X(t), Λ(t), Y(t))} be generated from Algorithm 1 and R(t) defined in (28). Suppose
ηy ≤ 1

4L . Then it holds that∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F

≤ (1 − ηyµ)
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
+ 4ηy

µ

∥∥R(t)
∥∥2

F
+ 4κ2

ηyµ

∥∥X(t+1) − X(t)
∥∥2

F
+ 4κ2m

ηyµ

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

(44)

B.4 Convergence results by SPIDER-type variance reduction

In this subsection, we set VR-tag = SPIDER in Algorithm 1, and we consider both the general stochastic case
and the special finite-sum setting. The proofs of all the lemmas are given in Appendix F. We first bound
the consensus error of the tracked gradient and the error of the gradient estimator.

Lemma B.7 Let {(X(t), Y(t), V(t))} be generated from Algorithm 1 and R(t) defined in (28). When (2)
holds, we set S0 = S1 = n and take all data samples. Define nt ∈ Z+ as the unique integer such that
ntq ≤ t < (nt + 1)q for all t ≥ 0. Then it holds that

E
∥∥∥V(t+1)

⊥,x

∥∥∥2

F
≤ ρE

∥∥∥V(t)
⊥,x

∥∥∥2

F
+ 6mΥ

1 − ρ
(45)

+ 3L2

1 − ρ
E

(∥∥∥Z(t+1) − Z(t)
∥∥∥2

F
+ 2

S2

t∑
r=ntq

∥∥∥Z(r+1) − Z(r)
∥∥∥2

F

)
,

E
∥∥∥R(t)

∥∥∥2

F
≤ L2

S2

t−1∑
r=ntq

E
∥∥∥Z(r+1) − Z(r)

∥∥∥2

F
+ mΥ, (46)
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where Z(t) = (X(t), Y(t)) by the notation in (4a), and

Υ := σ2

S1
, for general distributions {Di}; Υ = 0, for the special finite-sum setting in (2). (47)

Remark B.1 Notice that for any t ≥ 0, we have ntq ≤ t ≤ (nt + 1)q − 1. Therefore

T −1∑
t=0

t∑
r=ntq

E
∥∥∥Z(r+1) − Z(r)

∥∥∥2

F
≤ q

T −1∑
t=0

E
∥∥∥Z(t+1) − Z(t)

∥∥∥2

F
. (48)

The relation in (48) is standard in the analysis of SPIDER-type methods; e.g., see (Xin et al., 2021a,
Eqn. (85)).

In the rest of this subsection, we set

q = S2, c1 = c2 = 32κ2, c3 = 60, c4 = 16κ2L, c5 = 32
√

mκ2, ηy = 1
4L . (49)

Lemma B.8 Let {(X(t), Λ(t), Y(t))} be generated from Algorithm 1, Ỹ(t) defined in (27), and δ̂t be defined
in (43). Then for any integer T ≥ 1, it holds that

∑T −1
t=0 E

∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F
≤ 16κ2(20κ2 + κ + 2)

∑T −1
t=0 E

(∥∥∥X(t+1) − X̃(t)
∥∥∥2

F
+ 4

∥∥∥X(t)
⊥

∥∥∥2

F

)
(50)

+ (6κ − 3
2 )
∥∥∥Ỹ(0) − Y(0)

∥∥∥2

F
+ 8mκ2

L δ̂0 + 8mT Υ
µ2 + 8mκ2(20κ2 + κ + 1)

∑T −1
t=0 E

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F

and ∑T −1
t=0 E

∥∥Y(t+1) − Y(t)
∥∥2

F
≤ 2(24κ2 + 2κ + 3)

∑T −1
t=0 E

(∥∥∥X(t+1) − X̃(t)
∥∥∥2

F
+ 4

∥∥∥X(t)
⊥

∥∥∥2

F

)
(51)

+ 1
2κ

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+ 2m

L δ̂0 + mT Υ
L2 + 2m(12κ2 + κ + 1)

∑T −1
t=0 E

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

Below we show the square summability of the generated sequence, which is crucial to obtain our convergence
and complexity results.

Theorem B.1 Under Assumptions 1 and 2, let {(X(t), X̃(t), Λ(t), Y(t), V(t))}t≥0 be generated from Algo-
rithm 1 with VR-tag == SPIDER, q = S2, ηy = 1

4L , and ηx and ηΛ set to

ηx = min
{

(1 − ρ)2

180LP
,

1
20(L + 1)(12κ2 + 2κ + 5)

}
, (52a)

ηΛ = min
{

5LP (1 − ρ)2

24L2(12κ2 + κ + 1) ,
1

2LP + 128Lκ2 + (L+1)(20κ2+κ+1)
2 + 4L2(12κ2+κ+1)

30LP

}
, (52b)

where LP = L
√

4κ2 + 1 is given in Proposition B.1. Then it holds for any T ≥ 1,

1
4mηx

∑T −1
t=0 E

∥∥X(t+1) − X̄(t)
∥∥2

F
+ 1

2ηΛ

∑T −1
t=0 E

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F

+ 1
4mηx

∑T −1
t=0 E

∥∥∥X(t+1) − X̃(t)
∥∥∥2

F
+ 3

4mηx

∑T −1
t=0 E

∥∥∥X(t)
⊥

∥∥∥2

F
+ 1

60mLP

∑T −1
t=0 E

∥∥∥V(t)
⊥,x

∥∥∥2

F

≤C0 + T
(

1
30LP

+ 1
LP (1−ρ)2 + L+1

8L2

)
Υ, (53)

where Υ is defined in (47), and

C0 :=ϕ(x̄(0), Λ(0)) − ϕ∗ +
(

1
20mLP

+ ρ
15mLP (1−ρ)

)
E
∥∥∥V(0)

⊥,x

∥∥∥2

+
(

6(L+1)
64mκ + L2

120mLP κ + 3L2

10mLP κ(1−ρ)2

)∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+
(

1+1/L
8 + L

30LP
+ 6L

5LP (1−ρ)2

)
δ̂0.
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Proof. We first take the expectation of (38), apply (41), and plug in the values of c1, c2 and c3 to have

E
[
ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

]
≤ − 1

4mηx
E
∥∥X(t+1) − X̄(t)

∥∥2
F

− 1
2mηx

E
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F

−
(

1
ηΛ

− LP

2 − 32Lκ2
)
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
+ 1

2m

(
L(κ + 1) + 1

32 + ρ2

ηx

)
E
∥∥∥X(t)

⊥

∥∥∥2

F

+ L+1
64mκ2 E

∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F
+ 1

60mLP
E
(∥∥R(t)

∥∥2
F

+
∥∥∥V(t)

⊥,x

∥∥∥2

F

)
,

(54)

where the coefficient of E
∥∥X(t+1) − X̄(t)

∥∥2
F

is obtained by the arguments

L(κ + 1 + c1) + LP (1 + c3)

= L(κ + 1 + 32κ2) + 61L
√

4κ2 + 1 ≤ L(κ+1)+1+20(L+1)(5+κ+12κ2)
2 ≤ 1

2ηx
.

Next, for any γ1 > 0 and γ2 > 0, we add γ1E
∥∥∥X(t+1)

⊥

∥∥∥2

F
, γ2E

∥∥∥V(t+1)
⊥,x

∥∥∥2

F
to both sides of (54) and use the

results of Lemmas B.3 and B.7 to obtain

E
[
ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

]
+ γ1E

∥∥∥X(t+1)
⊥

∥∥∥2

F
+ γ2E

∥∥∥V(t+1)
⊥,x

∥∥∥2

F
(55)

≤ − 1
4mηx

E
∥∥X(t+1) − X̄(t)

∥∥2
F

− 1
2mηx

E
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F

−
(

1
ηΛ

− LP

2 − 32Lκ2
)
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

+ 1
2m

(
L(κ + 1) + 1

32 + ρ2

ηx

)
E
∥∥∥X(t)

⊥

∥∥∥2

F
+ L+1

64mκ2 E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
+ γ1ρ

∥∥∥X(t)
⊥

∥∥∥2

F

+ 1
60mLP

E
(

L2

S2

∑t−1
r=ntq E

∥∥Z(r+1) − Z(r)
∥∥2

F
+ mΥ +

∥∥∥V(t)
⊥,x

∥∥∥2

F

)
+ γ1η2

x
1−ρ

∥∥∥V(t)
⊥,x

∥∥∥2

F

+ γ2

(
ρE
∥∥∥V(t)

⊥,x

∥∥∥2

F
+ 6mΥ

1−ρ + 3L2

1−ρE

[∥∥Z(t+1) − Z(t)
∥∥2

F
+ 2

S2

∑t
r=ntq

∥∥Z(r+1) − Z(r)
∥∥2

F

])
.

Sum up (55) over t = 0 to T − 1, utilize (48), and recall S2 = q to have

E
[
ϕ(x̄(T ), Λ(T )) − ϕ(x̄(0), Λ(0))

]
+
∑T −1

t=0 E
(

γ1

∥∥∥X(t+1)
⊥

∥∥∥2

F
+ γ2

∥∥∥V(t+1)
⊥,x

∥∥∥2

F

)
≤
∑T −1

t=0 E
[

− 1
4mηx

E
∥∥X(t+1) − X̄(t)

∥∥2
F

− 1
2mηx

E
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
(56)

−
(

1
ηΛ

− LP

2 − 32Lκ2
)
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
+ L+1

64mκ2 E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F

]
+ 1

2m

(
L(κ + 1) + 1

32 + ρ2

ηx
+ 2mγ1ρ

)∑T −1
t=0 E

∥∥∥X(t)
⊥

∥∥∥2

F

+
(

L2

60mLP
+ 9γ2L2

1−ρ

)∑T −1
t=0 E

∥∥Z(t+1) − Z(t)
∥∥2

F

+
(

1
60mLP

+ γ1η2
x

1−ρ + γ2ρ
)∑T −1

t=0 E
∥∥∥V(t)

⊥,x

∥∥∥2

F
+ T

(
1

60LP
+ 6mγ2

1−ρ

)
Υ.
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Now plug (50) and (51) into (56) and also bound ∥X(t+1) − X(t)∥2
F by (31) to have

E
[
ϕ(x̄(T ), Λ(T )) − ϕ(x̄(0), Λ(0))

]
+

T −1∑
t=0

E
(

γ1

∥∥∥X(t+1)
⊥

∥∥∥2

F
+ γ2

∥∥∥V(t+1)
⊥,x

∥∥∥2

F
+ 1

4mηx
E
∥∥X(t+1) − X̄(t)

∥∥2
F

)
(57)

≤ −
T −1∑
t=0

E

[
1

2m

(
1

ηx
− (L+1)(20κ2+κ+2)

2 − 2(24κ2 + 2κ + 4)
(

L2

30LP
+ 18mγ2L2

1−ρ

))
E
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F

+
(

1
ηΛ

− LP

2 − 32Lκ2 − (L+1)(20κ2+κ+1)
8 − (12κ2 + κ + 1)

(
L2

30LP
+ 18mγ2L2

1−ρ

))
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

]

+ 1
2m

(
L(κ + 1) + 1

32 + ρ2

ηx
+ 2mγ1ρ + 2(L + 1)(20κ2 + κ + 2)

+ 8(24κ2 + 2κ + 4)
(

L2

30LP
+ 18mγ2L2

1−ρ

))∑T −1
t=0 E

∥∥∥X(t)
⊥

∥∥∥2

F

+
(

1
60mLP

+ γ1η2
x

1−ρ + γ2ρ
)∑T −1

t=0 E
∥∥∥V(t)

⊥,x

∥∥∥2

F
+ T

(
1

30LP
+ 15mγ2

1−ρ + L+1
8L2

)
Υ.

+
(

6(L+1)
64mκ + L2

120mLP κ + 9γ2L2

2κ(1−ρ)

)∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+
(

L+1
8m + L2

30mLP
+ 18γ2L2

1−ρ

)
m
L δ̂0.

Set γ1 and γ2 to

γ1 = 3
2m(1−ρ)

(
L(κ + 1) + 1

32 + 1
ηx

+ 2(L + 1)(20κ2 + κ + 2)

+8(24κ2 + 2κ + 4)
(

L2

30LP
+ 3L2

5LP (1−ρ)2

))
,

(58)

γ2 = 2
1−ρ

(
1

60mLP
+ γ1η2

x
1−ρ

)
. (59)

By ηx ≤ (1−ρ)2

180LP
and LP = L

√
4κ2 + 1, it is straightforward to have 144η2

xL2(24κ2+2κ+4)
(1−ρ)3 ≤ 1−ρ

6 . Then we have
from (58) and (59) that

1
2m

(
L(κ + 1) + 1

32 + ρ2

ηx
+ 2(L + 1)(20κ2 + κ + 2) + 8(24κ2 + 2κ + 4)

(
L2

30LP
+ 18mγ2L2

1−ρ

))
≤ 1

2m

(
L(κ + 1) + 1

32 + 1
ηx

+ 2(L + 1)(20κ2 + κ + 2) + 8(24κ2 + 2κ + 4)
(

L2

30LP
+ 3L2

10LP (1−ρ)2

)
+ 8(24κ2 + 2κ + 4) 36mγ1η2

xL2

(1−ρ)3

)
≤ (1−ρ)γ1

3 + (1−ρ)γ1
6 = (1−ρ)γ1

2 . (60)

In addition, by the choice of γ2 in (59), it follows

γ2 −
(

1
60mLP

+ γ1η2
x

1−ρ + γ2ρ
)

≥ (1−ρ)γ2
2 . (61)

By the choice of γ1 and ηx ≤ (1−ρ)2

180LP
, it follows that

mγ1η2
x

1−ρ ≤ ηx
120LP

(
L(κ + 1) + 1

32 + 1
ηx

+ 2(L + 1)(20κ2 + κ + 2)

+8(24κ2 + 2κ + 4)
(

L2

30LP
+ 3L2

5LP (1−ρ)2

))
.

(62)

Also, ηx·8(24κ2+2κ+4)·3L2

5LP (1−ρ)2 ≤ 8(24κ2+2κ+4)·3L2

5·180L2
P

= 8(24κ2+2κ+4)·3L2

5·180L2(4κ2+1) ≤ 1
5 , and by LP ≥ 2Lκ, it holds

L(κ + 1) + 1
32 + 2(L + 1)(20κ2 + κ + 2) + 8(24κ2+2κ+4)L2

30LP

≤ L(κ + 1) + 1 + 2(L + 1)(20κ2 + κ + 2) + 8(24κ2+2κ+4)L2

60Lκ ≤ 16(L + 1)(12κ2 + 2κ + 5).
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Hence from (62), we have γ1η2
x

1−ρ ≤ 1
60mLP

. Thus mγ2 ≤ 1
15LP (1−ρ) follows from (59), and we have

1
ηx

− (L+1)(20κ2+κ+2)
2 − 2(24κ2 + 2κ + 4)

(
L2

30LP
+ 18mγ2L2

1−ρ

)
≥ 1

ηx
− (L+1)(20κ2+κ+2)

2 − 2L2(24κ2+2κ+4)
30LP

(
1 + 36

(1−ρ)2

)
≥ 1

2ηx
, (63)

where the last inequality can be verified by plugging the value of ηx given in (52a). Similarly, by the choice
of ηΛ in (52b), it is straightforward to have

1
ηΛ

− LP

2 − 32Lκ2 − (L+1)(20κ2+κ+1)
8 − (12κ2 + κ + 1)

(
L2

30LP
+ 18mγ2L2

1−ρ

)
≥ 1

2ηΛ
. (64)

Moreover, by mγ2 ≤ 1
15LP (1−ρ) , it holds(

L+1
8m + L2

30mLP
+ 18γ2L2

1−ρ

)
m
L δ̂0 ≤

(
1+1/L

8 + L
30LP

+ 6L
5LP (1−ρ)2

)
δ̂0. (65)

Therefore, we obtain (53) from (57) by using (60)-(65), the lower bounds (1−ρ)γ1
2 ≥ 3

4mηx
and (1−ρ)γ2

2 ≥
1

60mLP
, the upper bounds γ1η2

x
1−ρ ≤ 1

60mLP
and γ2 ≤ 1

15mLP (1−ρ) , and ϕ(x̄(T ), Λ(T )) ≥ ϕ∗. □

By Theorem B.1, we first show a last-iterate convergence in probability for the finite-sum case.

Theorem B.2 (Convergence in probability for finite-sum case) Under Assumptions 1,2, and 3, let
{(X(t), Λ(t), Y(t))}t≥0 be generated from Algorithm 1 with VR-tag = SPIDER and ηx, ηΛ, ηy chosen as in
(52) and (49). If (2) holds and S0 = S1 = n in Algorithm 1, then for any ε > 0,

lim
t→∞

Prob
{∥∥∥ 1

ηx

(
x̄(t) − proxηxg

(
x̄(t) − ηx∇xP (x̄(t), Λ(t))

))∥∥∥2

2
+ L2

m

∥∥∥X(t)
⊥

∥∥∥2

F
≥ ε

}
= 0, (66a)

lim
t→∞

Prob
{∥∥∥∇ΛP (x̄(t), Λ(t))

∥∥∥2

F
≥ ε

}
= 0. (66b)

Proof.Recall that Υ = 0 when (2) holds and S0 = S1 = n. Hence, Theorem B.1 indicates∑∞
t=0 E

[∥∥X(t+1) − X̄(t)
∥∥2

F
+
∥∥Λ(t+1) − Λ(t)

∥∥2
F

+
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
+
∥∥∥X(t)

⊥

∥∥∥2

F
+
∥∥∥V(t)

⊥,x

∥∥∥2

F

]
< ∞,

which together with (50) further implies
∑∞

t=0 E
∥∥∥Ỹ(t+1) − Y(t+1)

∥∥∥2

F
< ∞. Therefore, each of the terms∥∥X(t+1) − X̄(t)

∥∥2
F

,
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
,
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
,
∥∥∥X(t)

⊥

∥∥∥2

F
,
∥∥∥V(t)

⊥,x

∥∥∥2

F
, and

∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F
ap-

proaches 0 in expectation as t → ∞. Now the desired results follow immediately from Lemma B.1 and the
Markov inequality. □

Remark B.2 In order to show the last-iterate convergence in probability for the general stochastic case,
we need to increase S1 periodically such that the cumulated variance is finite. This requires us to make
S1 dependent on the number of periods, which will cause confusion on the notation. We do not extend
the analysis here. In addition, Theorem B.2 together with Remark 2.1 implies that {X(t)}t≥0 satisfies the
convergence in probability for (3) when (2) holds and S0 = S1 = n in Algorithm 1, i.e.,

lim
t→∞

Prob
{∥∥∥ 1

ηx

(
x̄(t) − proxηxg

(
x̄(t) − ηx∇p(x̄(t))

))∥∥∥2

2
+ L2

m

∥∥∥X(t)
⊥

∥∥∥2

F
≥ ε

}
= 0,

where p(·) is defined in (9).

Moreover, by Theorem B.1, we are ready to prove the expected convergence rate result, stated in Theorem 4.1,
and furthermore the complexity result, stated in Corollary 4.1.
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Proof of Theorem 4.1 By the selection of τ , we have E
∥∥∥Ỹ(τ) − Y(τ)

∥∥∥2

F
= 1

T

∑T −1
t=0 E

∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F
.

Hence, it follows from (50) and (53) that

E
∥∥∥Ỹ(τ) − Y(τ)

∥∥∥2

F
≤ 6κ

T

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+ 8mΥ

µ2 + 8mκ2δ̂0
T L (67)

+
(

C0
T +

(
1

30LP
+ 1

LP (1−ρ)2 + L+1
8L2

)
Υ
)

·
(
150mηxκ2(20κ2 + κ + 2) + 16mηΛκ2(20κ2 + κ + 1)

)
.

Similarly, we have from (51) and (53) that

E
∥∥Y(τ+1) − Y(τ)

∥∥2
F

= 1
T

∑T −1
t=0 E

∥∥Y(t+1) − Y(t)
∥∥2

F
≤ 2m

T L δ̂0 + 1
2κT

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+ mΥ

L2

+
(

C0
T +

(
1

30LP
+ 1

LP (1−ρ)2 + L+1
8L2

)
Υ
)

·
(
20mηx(24κ2 + 2κ + 3) + 4mηΛ(12κ2 + κ + 1)

)
.

(68)

In addition, summing up (46) over t = 0, . . . , T − 1 and using (48) gives∑T −1
t=0 E

∥∥R(t)
∥∥2

F
≤ L2∑T −1

t=0

(
E
∥∥X(t+1) − X(t)

∥∥2
F

+ E
∥∥Y(t+1) − Y(t)

∥∥2
F

)
+ TmΥ. (69)

Hence, by the choice of τ and (31), we obtain

E
∥∥R(τ)

∥∥2
F

≤ L2

T

∑T −1
t=0 E

(
2
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
+ 8

∥∥∥X(t)
⊥

∥∥∥2

F
+
∥∥Y(t+1) − Y(t)

∥∥2
F

)
+ mΥ

(53),(68)
≤ 2mL

T δ̂0 + L2

2κT

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+ 2mΥ (70)

+ L2
(

C0
T +

(
1

30LP
+ 1

LP (1−ρ)2 + L+1
8L2

)
Υ
)

·
(
20mηx(24κ2 + 2κ + 4) + 4mηΛ(12κ2 + κ + 1)

)
.

Therefore, plugging (67) and (70) into (36) and (37) with t = τ , we obtain the desired results from (53) and
by combining like terms. □

Proof of Corollary 4.1 By the choice of initialization and the definition of C0 from Theorem B.1, we have

L2(6κ+3)
mT

∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
= O

(
Lκ2

T

)
, C0 = O

(
ϕ(x̄(0), Λ(0)) − ϕ∗ + Lδ̂0

LP (1−ρ)2 + 1
)

.

Additionally by (52) and LP = L
√

4κ2 + 1, the stepsizes in (52) are ηx = Θ
(

min{1,κ(1−ρ)2}
Lκ2

)
and ηΛ =

Θ
(

min{1,κ(1−ρ)2}
κ2L

)
. Thus we have from (18) that

E
∥∥∥∥ 1

ηx

(
x̄(τ) − proxηxg

(
x̄(τ) − ηx∇xP (x̄(τ), Λ(τ))

))∥∥∥∥2

2
+ L2

m
E
∥∥∥X(τ)

⊥

∥∥∥2

F

=O
(

κ2Υ + Lκ2δ̂0
T +

(
1
T

(
ϕ(x̄(0), Λ(0)) − ϕ∗ + Lδ̂0

LP (1−ρ)2 + 1
)

+ Υ
L·min{1,κ(1−ρ)2}

)
· Lκ2

min{1,κ(1−ρ)2}

)
=O

((
1
T

(
ϕ(x̄(0), Λ(0)) − ϕ∗ + δ̂0

min{1,κ(1−ρ)2} + 1
)

+ Υ
L · min{1, κ(1 − ρ)2}

)
· Lκ2

min{1, κ(1 − ρ)2}

)
and similarly

E
∥∥∥∇ΛP (x̄(τ), Λ(τ))

∥∥∥2

F

=O
((

1
T

(
ϕ(x̄(0), Λ(0)) − ϕ∗ + δ̂0

min{1,κ(1−ρ)2} + 1
)

+ Υ
L · min{1, κ(1 − ρ)2}

)
· Lκ2

min{1, κ(1 − ρ)2}

)
.

Thus for the finite-sum setting, since Υ = 0, we can produce an ε-stationary point as defined in Definition 2.1
by T iterations, with

T = Θ
(

Lκ2

ε2 · min{1, κ(1 − ρ)2}

(
ϕ(x̄(0), Λ(0)) − ϕ∗ + δ̂0

min{1, κ(1 − ρ)2}
+ 1
))

. (71)

24



Under review as submission to TMLR

For the general case, Υ = σ2

S1
, and an ε-stationary point can be produced with S1 =

Θ
(

σ2

ε2 · max{κ2, (1 − ρ)−4}
)

and T in the same order as that in (71). For both general case and finite-
sum case, we set S2 = q =

⌈√
S1
⌉
. Noticing the total number of communication is Tc = T and the total

number of sample gradients Ts = (T − ⌊ T
q ⌋)S2 + ⌈ T

q ⌉S1, we complete the proof. □

B.5 Convergence results by STORM-type variance reduction

In this subsection, we analyze Algorithm 1 with VR-tag = STORM . The general proof structure mimics that
of Section B.4. The proofs of all lemmas are given in Appendix G.

Lemma B.9 Let {(X(t), Y(t), V(t))} be generated from Algorithm 1 and R(t) defined in (28). Then

E
∥∥∥V(t+1)

⊥,x

∥∥∥2

F
≤ ρE

∥∥∥V(t)
⊥,x

∥∥∥2

F
+ 1

1−ρ

(
3L2E

∥∥Z(t+1) − Z(t)
∥∥2

F
+ 3β2E

∥∥R(t)
∥∥2

F
+ 3mβ2Υt+1

)
, (72)

E
∥∥∥R(t+1)

∥∥∥2

F
≤ 2(1 − β)2L2E

∥∥∥Z(t+1) − Z(t)
∥∥∥2

F
+ (1 − β)2E

∥∥∥R(t)
∥∥∥2

F
+ 2mβ2Υt+1, (73)

where Z(t) = (X(t), Y(t)) by the notation in (4a) and Υt := σ2

St
for any t ≥ 0.

In the rest of this subsection, we set

c1 = c2 = 32κ2√
β

, c3 = 60√
β

, c4 = 30
√

2κ2L√
β

, c5 = 60
√

2mκ2√
β

, ηy =
√

β

4
√

2L
. (74)

With Lemma B.9, we can use (38) to show a result similar to Theorem B.1.

Lemma B.10 Under Assumptions 1 and 2, let {(X(t), X̃(t), Λ(t), Y(t), V(t))}t≥0 be generated from Algo-

rithm 1 with VR-tag = STORM, β ∈ (0, 1), ηy =
√

β

4
√

2L
, and ηx and ηΛ set to

ηx = min
{

κ(1 − ρ)2

40L(24κ2 + 8κ + 5) ,

√
β

48(L + 1)(24κ2 + 7κ + 4)

}
, (75a)

ηΛ = min
{

(1 − ρ)2

4L(20κ + 3) ,

√
β

4(L + 1)(52κ2 + κ + 1)

}
. (75b)

Then it holds for any integer T ≥ 1,

1
4mηx

∑T −1
t=0 E

∥∥X(t+1) − X̄(t)
∥∥2

F
+ 1

6mηx

∑T −1
t=0 E

∥∥∥X(t)
⊥

∥∥∥2

F
+ 1

2ηΛ

∑T −1
t=0 E

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F

+
√

β(L+1)
160mκ2

∑T −1
t=0 E

∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F
+ ηx

m(1−ρ)2

∑T −1
t=0 E

∥∥∥V(t)
⊥,x

∥∥∥2

F
+

√
β

16mL

∑T −1
t=0 E

∥∥R(t)
∥∥2

F

≤C0 +
(

1
(1−ρ)2κL + (1+1/L)√

βL

)
β2∑T −1

t=0 Υt+1,

(76)

where R(t) is defined in (28), Υt is defined in Lemma B.9, and

C0 :=ϕ(x̄(0), Λ(0)) − ϕ∗ + 1
40m(1−ρ)κL

∥∥∥V(0)
⊥,x

∥∥∥2

F
+
(

(1+1/L)
2
√

βmL
+ 1

4mκL(1−ρ)2

)∥∥R(0)
∥∥2

F

+
(

L+1
5mκ +

√
βL

10mκ2(1−ρ)2

)∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+

√
β√
2

(
1

(1−ρ)2κ + (1+1/L)√
β

)
δ̂0.

(77)

By Lemma B.10, we are ready to prove the convergence rate and complexity results in Theorem 4.2 and
Corollary 4.2.

Proof of Theorem 4.2 The results in Theorem 4.2 follow directly from taking 1
T times of (76) and

utilizing (36) and (37) with t = τ . □
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Proof of Corollary 4.2 By the choice of β in (22) and the upper bound of ε ≤ σ(1 − ρ)2, it holds that√
β ≤ (1 − ρ)2. Thus a straight-forward comparison of the two fractions in (75a) and (75b) yields

ηx = Θ
(√

β

κ2L

)
= Θ

( ε

σκ3L

)
, ηΛ = Θ

( ε

σκ3L

)
.

Next we upper bound the right-hand side of (20). First, by the initialization assumption and
√

β ≤ (1 − ρ)2,
we have

1
40m(1−ρ)κLE

∥∥∥V(0)
⊥,x

∥∥∥2

F
≤ 1,

(
L+1
5mκ +

√
βL

10mκ2(1−ρ)2

)∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
= O(1)

and (
1√

βmL
+ 1

4m(1 − ρ)2κL

)
E
∥∥∥R(0)

∥∥∥2

F
≤
(

1√
βmL

+ 1
4m(1 − ρ)2κL

)
mσ2

S0
≤ 1,

where we have used the definition of S0. Second, by
√

β ≤ (1−ρ)2

8
√

6 and L ≥ 1, it holds that C0 =

Θ
(

ϕ(x̄(0), Λ(0)) − ϕ∗ − δ̂0 + 1
)

. Also by the choice of St = O (1) for all t ≥ 1, it holds that Υt = O
(
σ2) for

all t ≥ 1. Hence by (20), we have

E
∥∥∥∥ 1

ηx

(
x̄(τ) − proxηxg

(
x̄(τ) − ηx∇P (x̄(τ), Λ(τ))

))∥∥∥∥2

2
+ L2

m
E
∥∥∥X(τ)

⊥

∥∥∥2

F

=O
([

ϕ(x̄(0),Λ(0))−ϕ∗−δ̂0+1
T + 1√

βL
β2σ2

]
· σκ3L

ε

)
,

(78)

and similarly

E
∥∥∥∇ΛP (x̄(τ), Λ(τ))

∥∥∥2

F
= O

([
ϕ(x̄(0),Λ(0))−ϕ∗+δ̂0+1

T + 1√
βL

β2σ2
]

· σκ3L

ε

)
. (79)

Now by β = Θ
(

ε2

σ2κ2

)
, we have β2σ2√

βL
· σκ3L

ε = Θ(ε2), and the right-hand sides in (78) and (79) become

O(T −1ε−1σκ3L + ε2). Hence (X(τ), Λ(τ)) is an ε-stationary point when T = Θ
(

σκ3L
ε3

)
. This completes the

proof by noticing Tc = T and Ts = Θ(T + S0). □

C Proof of Lemma B.1

By the definition of Ŷ(t) in (27) and (30), we have

E
∥∥∥x̄(t) − proxηxg

(
x̄(t) − ηx∇xP (x̄(t), Λ(t))

)∥∥∥
2

=E
∥∥∥x̄(t) − proxηxg

(
x̄(t) − ηx

m

∑m
j=1 ∇xfj(x̄(t), ŷ(t)

j )
)∥∥∥

2

≤E
∥∥∥x̄(t) − proxηxg

(
x̃(t)

i − ηxv(t)
x,i

)∥∥∥
2

+ E
∥∥∥x̄(t) − ηx

m

∑m
j=1 ∇xfj(x̄(t), ŷ(t)

j ) −
(

x̃(t)
i − ηxv(t)

x,i

)∥∥∥
2

≤E
∥∥∥x̄(t) − x(t+1)

i

∥∥∥
2

+ E
∥∥∥x̄(t) − x̃(t)

i

∥∥∥
2

+ E
∥∥∥ηx

m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − ηx

m

∑m
j=1 ∇xfj(x̄(t), ŷ(t)

j )
∥∥∥

2

+
∥∥∥ηx

m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − ηxv(t)

x,i

∥∥∥
2

≤E
∥∥∥x̄(t) − x(t+1)

i

∥∥∥
2

+ E
∥∥∥x̄(t) − x̃(t)

i

∥∥∥
2

(80)

+ E
∥∥∥ηx

m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − ηx

m

∑m
j=1 ∇xfj(x̄(t), ŷ(t)

j )
∥∥∥

2

+
∥∥∥ηx

m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − ηxd̄(t)

x

∥∥∥
2

+
∥∥∥ηxv̄(t)

x − ηxv(t)
x,i

∥∥∥
2

,
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where the first inequality follows from the triangle inequality and the nonexpansiveness of proxηxg, the second
inequality uses the update of x(t+1)

i and the triangle inequality, and the last inequality holds by d̄(t)
x = v̄(t)

x
for all t ≥ 0. Squaring both sides of (80), using Young’s inequality, and summing over i = 1, . . . , m with the
definition of Rx in (28) yields

mE
∥∥∥x̄(t) − proxηxg

(
x̄(t) − ηx∇xP (x̄(t), Λ(t))

)∥∥∥2

2

≤5E
∥∥∥X(t+1) − X̄(t)

∥∥∥2

F
+ 5E

∥∥∥X̄(t) − X̃(t)
∥∥∥2

F
+ 5η2

xL2
(
E
∥∥∥X(t)

⊥

∥∥∥2

F
+ E

∥∥∥Ŷ(t) − Y(t)
∥∥∥2

F

)
+ 5η2

x

∥∥∥R(t)
x

∥∥∥2

F
+ 5η2

xE
∥∥∥V(t)

⊥,x

∥∥∥2

F

(33)
≤ 5E

∥∥∥X(t+1) − X̄(t)
∥∥∥2

F
+
(
5η2

xL2 + 5 + 10η2
xL2κ2)E ∥∥∥X(t)

⊥

∥∥∥2

F
+ 10η2

xL2E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F

+ 5η2
x

∥∥∥R(t)
x

∥∥∥2

F
+ 5η2

xE
∥∥∥V(t)

⊥,x

∥∥∥2

F
,

(81)

where we have used W − 1
m 11⊤ = (W − 1

m 11⊤)(I − 1
m 11⊤) to have

∥∥∥X̄(t) − X̃(t)
∥∥∥2

F
≤
∥∥∥X(t)

⊥

∥∥∥2

F
. By

multiplying 1
mη2

x
to (81), adding L2

m E
∥∥∥X(t)

⊥

∥∥∥2

F
, and using

∥∥∥R(t)
x

∥∥∥2

F
≤
∥∥R(t)

∥∥2
F

, we obtain

E
∥∥∥ 1

ηx

(
x̄(t) − proxηxg

(
x̄(t) − ηx∇xP (x̄(t), Λ(t))

))∥∥∥2

2
+ L2

m E
∥∥∥X(t)

⊥

∥∥∥2

F

≤ 5
mη2

x
E
∥∥X(t+1) − X̄(t)

∥∥2
F

+
(

2L2(3+5κ2)
m + 5

mη2
x

)
E
∥∥∥X(t)

⊥

∥∥∥2

F
+ 10L2

m E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F

+ 5
m

∥∥R(t)
∥∥2

F
+ 5

mE
∥∥∥V(t)

⊥,x

∥∥∥2

F
.

(82)

This completes the proof of (36). Again, by the definition of Ŷ(t) in (27), in conjunction with (30) and
Young’s inequality, we have

E
∥∥∥∇ΛP (x̄(t), Λ(t))

∥∥∥2

F
≤2E

∥∥∥ L
2

√
m

(I − W)Y(t)
∥∥∥2

F
+ L2

2mE
∥∥∥(I − W)(Ŷ(t) − Y(t))

∥∥∥2

F

≤ 2
η2

Λ
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
+ 2L2

m E
∥∥∥Ŷ(t) − Y(t)

∥∥∥2

F

≤ 2
η2

Λ
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
+ 4L2κ2

m E
∥∥∥X(t)

⊥

∥∥∥2

F
+ 4L2

m E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
,

(83)

where we have used (16), ∥I − W∥2
2 ≤ 4 by Assumption 3, and (33). This completes the proof.

D Proof of Lemma B.2

To prove Lemma B.2, we first state a few supporting lemmas. The following lemma can be proved in the
same way as the proof of (Mancino-Ball et al., 2023a, Lemma C.3).

Lemma D.1 For all t ≥ 0 and for all i = 1, . . . , m,

g(x(t+1)
i ) − g(x̄(t))

≤ − 1
2ηx

(∥∥∥x(t+1)
i − x̄(t)

∥∥∥2

2
+
∥∥∥x(t+1)

i − x̃(t)
∥∥∥2

2
−
∥∥x̄(t) − x̃(t)

∥∥2
2

)
−
〈

x(t+1)
i − x̄(t), v(t)

x,i

〉
.

(84)
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Lemma D.2 For all t ≥ 0 and arbitrary constants c1, c2 > 0, the following inequality holds

ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

≤ 1
m

m∑
i=1

〈
∇xfi(x(t)

i , y(t)
i ), x̄(t+1) − x̄(t)

〉
− 1

m

m∑
i=1

〈
x(t+1)

i − x̄(t), v(t)
x,i

〉
− 1

2mηx

(∥∥∥X(t+1) − X̄(t)
∥∥∥2

F
+
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
−
∥∥∥X̃(t) − X̄(t)

∥∥∥2

F

)
+
(

L(κ + 1)
2m

+ κ2

2mc2

)∥∥∥X(t)
⊥

∥∥∥2

F
+ L(κ + 1 + c1) + LP

2

∥∥∥x̄(t+1) − x̄(t)
∥∥∥2

2

+
(

L

2mc1
+ 1

2mc2

)∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F

+ Lc2

4

∥∥∥(W − I)⊤
(

Λ(t+1) − Λ(t)
)∥∥∥2

F
−
(

1
ηΛ

− LP

2

)∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

(85)

Proof. By the LP -smoothness of P defined in (8), it holds that

ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

≤LP

2

(∥∥∥x̄(t+1) − x̄(t)
∥∥∥2

2
+
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

)
+
〈

∇P (x̄(t), Λ(t)),
(
x̄(t+1) − x̄(t), Λ(t+1) − Λ(t))〉

+ g(x̄(t+1)) − g(x̄(t))

≤LP

2

(∥∥∥x̄(t+1) − x̄(t)
∥∥∥2

2
+
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

)
(86)

+
〈

∇P (x̄(t), Λ(t)),
(
x̄(t+1) − x̄(t), Λ(t+1) − Λ(t))〉− 1

m

m∑
i=1

〈
x(t+1)

i − x̄(t), v(t)
x,i

〉
− 1

2mηx

(∥∥∥X(t+1) − X̄(t)
∥∥∥2

F
+
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
−
∥∥∥X̃(t) − X̄(t)

∥∥∥2

F

)
,

where the second inequality uses the convexity of g to have g(x̄(t+1)) ≤ 1
m

∑m
i=1 g(x(t+1)

i ) and (84). By the
definition of ∇P (x̄(t), Λ(t)) in (30) and the definition of Ŷ(t) in (27), we have

〈
∇P (x̄(t), Λ(t)), (x̄(t+1) − x̄(t), Λ(t+1) − Λ(t))

〉
= 1

m

m∑
i=1

〈
∇xfi(x̄(t), ŷ(t)

i ), x̄(t+1) − x̄(t)
〉

− L

2
√

m

〈
(W − I)Ŷ(t), Λ(t+1) − Λ(t)

〉
.

(87)
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By the L-smoothness of {fi} and the Peter-Paul inequality, we further have

1
m

m∑
i=1

〈
∇xfi(x̄(t), ŷ(t)

i ), x̄(t+1) − x̄(t)
〉

= 1
m

m∑
i=1

(〈
∇xfi(x(t)

i , y(t)
i ), x̄(t+1) − x̄(t)

〉
+
〈

∇xfi(x̄(t), ŷ(t)
i ) − ∇xfi(x(t)

i , ŷ(t)
i ), x̄(t+1) − x̄(t)

〉)
+ 1

m

m∑
i=1

(〈
∇xfi(x(t)

i , ŷ(t)
i ) − ∇xfi(x(t)

i , ỹ(t)
i ), x̄(t+1) − x̄(t)

〉
+
〈

∇xfi(x(t)
i , ỹ(t)

i ) − ∇xfi(x(t)
i , y(t)

i ), x̄(t+1) − x̄(t)
〉)

≤ 1
m

m∑
i=1

〈
∇xfi(x(t)

i , y(t)
i ), x̄(t+1) − x̄(t)

〉
+ L

2m

m∑
i=1

(∥∥∥x̄(t) − x(t)
i

∥∥∥2

2
+
∥∥∥x̄(t+1) − x̄(t)

∥∥∥2

2

)

+ L

2m

m∑
i=1

(
1
κ

∥∥∥ŷ(t) − ỹ(t)
∥∥∥2

2
+ κ

∥∥∥x̄(t+1) − x̄(t)
∥∥∥2

2

)

+ L

2m

m∑
i=1

(
1
c1

∥∥∥ỹ(t) − y(t)
i

∥∥∥2

2
+ c1

∥∥∥x̄(t+1) − x̄(t)
∥∥∥2

2

)

≤ 1
m

m∑
i=1

〈
∇xfi(x(t)

i , y(t)
i ), x̄(t+1) − x̄(t)

〉
+ L(κ + 1)

2m

∥∥∥X(t)
⊥

∥∥∥2

F
(88)

+ L(κ + 1 + c1)
2m

∥∥∥X̄(t+1) − X̄(t)
∥∥∥2

F
+ L

2mc1

∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F
,

where the last inequality uses (32b). Additionally, by the Peter-Paul inequality,

− L

2
√

m

〈
(W − I)Ŷ(t), Λ(t+1) − Λ(t)

〉
= − L

2
√

m

〈
(W − I)(Ŷ(t) − Y(t)) + (W − I)Y(t), Λ(t+1) − Λ(t)

〉
(16)= − L

2
√

m

〈
Ŷ(t) − Y(t), (W − I)⊤(Λ(t+1) − Λ(t))

〉
− 1

ηΛ

∥∥Λ(t+1) − Λ(t)∥∥2

F

≤ L

4mc2

∥∥∥Ŷ(t) − Y(t)
∥∥∥2

F
+ Lc2

4
∥∥(W − I)⊤ (Λ(t+1) − Λ(t))∥∥2

F
− 1

ηΛ

∥∥Λ(t+1) − Λ(t)∥∥2

F

≤ 1
2mc2

(∥∥∥Ŷ(t) − Ỹ(t)
∥∥∥2

F
+
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F

)
+ Lc2

4
∥∥(W − I)⊤ (Λ(t+1) − Λ(t))∥∥2

F
− 1

ηΛ

∥∥Λ(t+1) − Λ(t)∥∥2

F

≤ 1
2mc2

(
κ2
∥∥∥X(t)

⊥

∥∥∥2

F
+
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F

)
+ Lc2

4
∥∥(W − I)⊤ (Λ(t+1) − Λ(t))∥∥2

F
(89)

− 1
ηΛ

∥∥Λ(t+1) − Λ(t)∥∥2

F
,

where the last inequality uses (32b). Plugging (88) and (89) into (87) results in〈
∇P (x̄(t), Λ(t)),

(
x̄(t+1) − x̄(t), Λ(t+1) − Λ(t)

)〉
≤ 1

m

m∑
i=1

〈
∇xfi(x(t)

i , y(t)
i ), x̄(t+1) − x̄(t)

〉
+
(

L(κ + 1)
2m

+ κ2

2mc2

)∥∥∥X(t)
⊥

∥∥∥2

F

+ L(κ + 1 + c1)
2m

∥∥∥X̄(t+1) − X̄(t)
∥∥∥2

F
+
(

L

2mc1
+ 1

2mc2

)∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F

+ Lc2

4

∥∥∥(W − I)⊤
(

Λ(t+1) − Λ(t)
)∥∥∥2

F
− 1

ηΛ

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

(90)
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Utilizing (90) in (86) and noting 1
m

∥∥X̄(t+1) − X̄(t)
∥∥2

F
=
∥∥x̄(t+1) − x̄(t)

∥∥2
2 completes the proof. □

Lemma D.3 For all t ≥ 0, it holds that

1
m

m∑
i=1

〈
∇xfi(x(t)

i , y(t)
i ), x̄(t+1) − x̄(t)

〉
− 1

m

m∑
i=1

〈
x(t+1)

i − x̄(t), v(t)
x,i

〉

≤ 1
2m

m∑
i=1

LP c3

∥∥∥x(t+1)
i − x̄(t)

∥∥∥2

2
+ 1

LP c3

∥∥∥∥∥∥ 1
m

m∑
j=1

∇xfj(x(t)
j , y(t)

j ) − v(t)
x,i

∥∥∥∥∥∥
2

2

 ,

(91)

where c3 > 0 is an arbitrary constant.

Proof. Notice 〈
1
m

m∑
i=1

∇xfi(x(t)
i , y(t)

i ), x̄(t+1) − x̄(t)

〉
− 1

m

m∑
i=1

〈
x(t+1)

i − x̄(t), v(t)
x,i

〉
= 1

m

m∑
i=1

〈
1
m

m∑
j=1

∇xfj(x(t)
j , y(t)

j ), x(t+1)
i − x̄(t)

〉
− 1

m

m∑
i=1

〈
x(t+1)

i − x̄(t), v(t)
x,i

〉

= 1
m

m∑
i=1

〈
1
m

m∑
j=1

∇xfj(x(t)
j , y(t)

j ) − v(t)
x,i, x(t+1)

i − x̄(t)

〉
.

Then the desired result follows from the Peter-Paul inequality. □

Proof. (Of Lemma B.2) The proof follows from applying (91) to (85) to have

ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

≤ 1
2m

m∑
i=1

LP c3

∥∥∥x(t+1)
i − x̄(t)

∥∥∥2

2
+ 1

LP c3

∥∥∥∥∥ 1
m

m∑
j=1

∇xfj(x(t)
j , y(t)

j ) − v(t)
x,i

∥∥∥∥∥
2

2


− 1

2mηx

(∥∥X(t+1) − X̄(t)∥∥2

F
+
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
−
∥∥∥X̃(t) − X̄(t)

∥∥∥2

F

)
+
(

L(κ + 1)
2m

+ κ2

2mc2

)∥∥∥X(t)
⊥

∥∥∥2

F

+ L(κ + 1 + c1) + LP

2
∥∥x̄(t+1) − x̄(t)∥∥2

2
+
(

L

2mc1
+ 1

2mc2

)∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F

+ Lc2

4
∥∥(W − I)⊤ (Λ(t+1) − Λ(t))∥∥2

F
−
(

1
ηΛ

− LP

2

)∥∥Λ(t+1) − Λ(t)∥∥2

F

(92)

and using the inequalities
∥∥∥X̃(t) − X̄(t)

∥∥∥2

F
=
∥∥∥(W − 1

m 11⊤)X(t)
⊥

∥∥∥2

F
≤ ρ2

∥∥∥X(t)
⊥

∥∥∥2

F
, ∥W − I∥2

2 ≤ 4, and∥∥x̄(t+1) − x̄(t)
∥∥2

2 ≤ 1
m

∥∥X(t+1) − X̄(t)
∥∥2

F
, to further upper bound the right-hand side of (92). □

E Proofs of Lemmas in Section B.3

Proof of Lemma B.4 By Young’s inequality, it holds that∑m
i=1

∥∥∥ 1
m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − v(t)

x,i

∥∥∥2

2

≤2
∑m

i=1

(∥∥∥ 1
m

∑m
j=1 ∇xfj(x(t)

j , y(t)
j ) − d̄(t)

x

∥∥∥2

2
+
∥∥∥d̄(t)

x − v(t)
x,i

∥∥∥2

2

)
≤2
∥∥∥∇xF (X(t), Y(t)) − D(t)

x

∥∥∥2

F
+ 2

∥∥∥V(t)
⊥,x

∥∥∥2

F
≤ 2

∥∥∥∇F (X(t), Y(t)) − D(t)
∥∥∥2

F
+ 2

∥∥∥V(t)
⊥,x

∥∥∥2

F
,

30



Under review as submission to TMLR

where the second inequality follows from Jensen’s inequality and d̄(t)
x = v̄(t)

x , ∀ t ≥ 0. Taking the expectation
yields (41). □

Proof of Lemma B.5 By the Y update defined in (17), it holds for all i = 1, . . . , m that

0 ∈ ∂h(y(t+1)
i ) + 1

ηy

(
y(t+1)

i −
(

y(t)
i + ηyv(t)

y,i

))
, (93)

and hence for some ∇̃h(y(t+1)
i ) ∈ ∂h(y(t+1)

i ) and any yi ∈ dom(h), it holds that

0 =
〈

y(t+1)
i − yi, ∇̃h(y(t+1)

i ) + 1
ηy

(
y(t+1)

i −
(
y(t)

i + ηyv(t)
y,i

))〉
. (94)

By the convexity of h, we further have

h(yi) ≥h(y(t+1)
i ) +

〈
yi − y(t+1)

i , ∇̃h(y(t+1)
i )

〉
(94)= h(y(t+1)

i ) +
〈

y(t+1)
i − yi,

1
ηy

(
y(t+1)

i −
(
y(t)

i + ηyv(t)
y,i

))〉
.

(95)

Summing (95) over i = 1, . . . , m and taking yi = y(t)
i for all i = 1, . . . , m gives

1
ηy

∥∥Y(t+1) − Y(t)
∥∥2

F
−
〈

Y(t+1) − Y(t), V(t)
y

〉
≤
∑m

i=1

(
h(y(t)

i ) − h(y(t+1)
i )

)
. (96)

Now by the definition of Γt(Y) from (29) and the update for Vy from (15), it holds that

m∇Γt(Y(t)) − V(t)
y = ∇yF (X(t), Y(t)) − D(t)

y . (97)

By Assumption 1, −Γt(·) is L
m -smooth for all t ≥ 0 and hence

−
〈

Y(t+1) − Y(t), V(t)
y

〉
= − m

〈
Y(t+1) − Y(t), ∇Γt(Y(t))

〉
−
〈

Y(t+1) − Y(t), D(t)
y − ∇yF (X(t), Y(t))

〉
≥m

(
Γt(Y(t)) − Γt(Y(t+1))

)
− L

2

∥∥∥Y(t+1) − Y(t)
∥∥∥2

F
−
〈

Y(t+1) − Y(t), R(t)
y

〉
, (98)

where we have used the definition of Ry from (28). Next, we compute

− Γt(Y(t+1)) + Γt+1(Y(t+1))

= − 1
m

m∑
i=1

fi(x(t)
i , y(t+1)

i ) + L

2
√

m

〈
(W − I)Y(t+1), Λ(t)〉

+ 1
m

m∑
i=1

fi(x(t+1)
i , y(t+1)

i ) − L

2
√

m

〈
(W − I)Y(t+1), Λ(t+1)〉

≥ 1
m

m∑
i=1

(〈
∇xfi(x(t+1)

i , y(t+1)
i ), x(t+1)

i − x(t)
i

〉
− L

2

∥∥∥x(t+1)
i − x(t)

i

∥∥∥2

2

)
+ L

2
√

m

〈
(W − I)Y(t+1), Λ(t) − Λ(t+1)〉

= 1
m

m∑
i=1

(〈
∇xfi(x(t+1)

i , ỹ(t+1)
i ), x(t+1)

i − x(t)
i

〉
− L

2

∥∥∥x(t+1)
i − x(t)

i

∥∥∥2

2

)
(99)

+ 1
m

〈
∇xF (X(t+1), Y(t+1)) − ∇xF (X(t+1), Ỹ(t+1)), X(t+1) − X(t)

〉
+ L

2
√

m

〈
(W − I)Ỹ(t+1), Λ(t) − Λ(t+1)

〉
+ L

2
√

m

〈
(W − I)(Y(t+1) − Ỹ(t+1)), Λ(t) − Λ(t+1)

〉
,
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where the inequality uses Assumption 1 and Ỹ(t) is defined in (27) for all t ≥ 0. By

∇Q(X(t+1), Λ(t+1)) =
(

1
m ∇F (X(t+1), Ỹ(t+1))⊤, − L

2
√

m
(W − I)Ỹ(t+1)

)
,

we obtain from (35) that

1
m

m∑
i=1

〈
∇xfi(x(t+1)

i , ỹ(t+1)
i ), x(t+1)

i − x(t)
i

〉
+ L

2
√

m

〈
(W − I)Ỹ(t+1), Λ(t) − Λ(t+1)

〉
≥ − Q(X(t), Λ(t)) + Q(X(t+1), Λ(t+1)) − LQ

2m

∥∥∥X(t+1) − X(t)
∥∥∥2

F
− LQ

2

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

(100)

Applying (100) to (99) and rearranging results in

− Γt(Y(t+1)) + Q(X(t), Λ(t)) + Γt+1(Y(t+1)) − Q(X(t+1), Λ(t+1))

≥ 1
m

〈
∇xF (X(t+1), Y(t+1)) − ∇xF (X(t+1), Ỹ(t+1)), X(t+1) − X(t)

〉
+ L

2
√

m

〈
(W − I)(Y(t+1) − Ỹ(t+1)), Λ(t) − Λ(t+1)

〉
− LQ + L

2m

∥∥∥X(t+1) − X(t)
∥∥∥2

F
− LQ

2

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

(101)

Adding m times of (101) to (98) results in

−
〈
Y(t+1) − Y(t), V(t)

y
〉

+ m
(
Γt+1(Y(t+1)) − Q(X(t+1), Λ(t+1)) − Γt(Y(t)) + Q(X(t), Λ(t))

)
≥ − L

2
∥∥Y(t+1) − Y(t)∥∥2

F
−
〈
Y(t+1) − Y(t), R(t)

y
〉

+
〈

∇xF (X(t+1), Y(t+1)) − ∇xF (X(t+1), Ỹ(t+1)), X(t+1) − X(t)
〉

+ L
√

m

2

〈
(W − I)(Y(t+1) − Ỹ(t+1)), Λ(t) − Λ(t+1)

〉
− LQ + L

2
∥∥X(t+1) − X(t)∥∥2

F

− mLQ

2
∥∥Λ(t+1) − Λ(t)∥∥2

F
.

(102)

Applying (102) to (96), using the definition of δ̂t from (43), and rearranging terms results in

m
(
δ̂t − δ̂t+1

)
(103)

≥
(

1
ηy

− L
2

)∥∥Y(t+1) − Y(t)
∥∥2

F
−
〈

Y(t+1) − Y(t), R(t)
y

〉
+
〈

∇xF (X(t+1), Y(t+1)) − ∇xF (X(t+1), Ỹ(t+1)), X(t+1) − X(t)
〉

+ L
√

m

2

〈
(W − I)(Y(t+1) − Ỹ(t+1)), Λ(t) − Λ(t+1)

〉
− LQ + L

2

∥∥∥X(t+1) − X(t)
∥∥∥2

F

− mLQ

2

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

By the Peter-Paul inequality, we have that for any c4, c5 > 0,〈
Y(t) − Y(t+1), R(t)

y

〉
≤ 1

4ηy

∥∥Y(t+1) − Y(t)
∥∥2

F
+ ηy

∥∥∥R(t)
y

∥∥∥2

F
, (104)〈

∇xF (X(t+1), Y(t+1)) − ∇xF (X(t+1), Ỹ(t+1)), X(t) − X(t+1)
〉

(105)

≤ L2

2c4

∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F
+ c4

2
∥∥X(t+1) − X(t)

∥∥2
F

,

L
√

m
2

〈
(W − I)(Y(t+1) − Ỹ(t+1)), Λ(t+1) − Λ(t)

〉
(106)

≤ L
√

m
c5

∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F
+ c5L

√
m

4

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
,
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where we have used Assumption 1 in (105) and Assumption 3 in (106). Applying (104)-(106) to (103) results
in (

1
ηy

− L
2 − 1

4ηy

)∥∥Y(t+1) − Y(t)
∥∥2

F

≤m
(
δ̂t − δ̂t+1

)
+ ηy

∥∥∥R(t)
y

∥∥∥2

F
+
(

L2

2c4
+ L

√
m

c5

)∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F

+
(

LQ+L
2 + c4

2

)∥∥X(t+1) − X(t)
∥∥2

F
+
(

mLQ

2 + c5L
√

m
4

)∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

(107)

By ηy ≤ 1
4L , it holds that 1

4ηy
≤ 1

ηy
− L

2 − 1
4ηy

and hence

∥∥Y(t+1) − Y(t)
∥∥2

F

≤4mηy
(
δ̂t − δ̂t+1

)
+ 4η2

y

∥∥∥R(t)
y

∥∥∥2

F
+ 4ηy

(
L2

2c4
+ L

√
m

c5

)∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F

+ 4ηy

(
LQ+L

2 + c4
2

)∥∥X(t+1) − X(t)
∥∥2

F
+ 4ηy

(
mLQ

2 + c5L
√

m
4

)∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F
.

(108)

Applying
∥∥∥R(t)

y

∥∥∥2

F
≤
∥∥R(t)

∥∥2
F

completes the proof. □

Proof of Lemma B.6 By the definition of Ỹ(t) in (27), it holds that

0 ∈ 1
m

[
∇yf1(x(t)

1 , ỹ(t)
1 ) − ∂h(ỹ(t)

1 ), . . . , ∇yfm(x(t)
m , ỹ(t)

m ) − ∂h(ỹ(t)
m )
]⊤

− L

2
√

m
(W − I)⊤ Λ(t). (109)

Defining Λ̃(t) := (W − I)⊤ Λ(t), we have for all i = 1, . . . , m,

ỹ(t)
i = arg max

yi

{〈
yi, ∇yfi(x(t)

i , ỹ(t)
i ) − L

√
m

2 λ̃
(t)
i

〉
− 1

2ηy

∥∥∥yi − ỹ(t)
i

∥∥∥2

2
− h(yi)

}
(110)

where (λ̃(t)
i )⊤ denotes the i-th row of Λ̃(t). Hence,

ỹ(t)
i = proxηyh

(
ỹ(t)

i + ηy

(
∇yfi(x(t)

i , ỹ(t)
i ) − L

√
m

2 λ̃
(t)
i

))
. (111)

By the non-expansiveness of the proximal operator,

∥∥∥ỹ(t)
i − y(t+1)

i

∥∥∥2

2

=
∥∥∥∥proxηyh

(
ỹ(t)

i + ηy

(
∇yfi(x(t)

i , ỹ(t)
i ) − L

√
m

2 λ̃
(t)
i

))
− proxηyh

(
y(t)

i + ηyv(t)
y,i

)∥∥∥∥2

2

≤
∥∥∥∥ỹ(t)

i + ηy

(
∇yfi(x(t)

i , ỹ(t)
i ) − L

√
m

2 λ̃
(t)
i

)
− y(t)

i − ηyv(t)
y,i

∥∥∥∥2

2
. (112)

Utilizing the Vy-update (15) in (112) and the Peter-Paul inequality we obtain

∥∥∥ỹ(t)
i − y(t+1)

i

∥∥∥2

F
≤(1 + b)

∥∥∥ỹ(t)
i − y(t)

i + ηy

(
∇yfi(x(t)

i , ỹ(t)
i ) − ∇yfi(x(t)

i , y(t)
i )
)∥∥∥2

2

+ (1 + 1
b )η2

y

∥∥∥∇yfi(x(t)
i , y(t)

i ) − d(t)
y,i

∥∥∥2

2
,

(113)
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where b > 0 is an arbitrary constant. By the L-smoothness and µ-strong convexity of −fi(x, ·), it holds for
all i ∈ [m] that

∥∥∥ỹ(t)
i − y(t)

i + ηy

(
∇yfi(x(t)

i , ỹ(t)
i ) − ∇yfi(x(t)

i , y(t)
i )
)∥∥∥2

2

=
∥∥∥ỹ(t)

i − y(t)
i

∥∥∥2

2
+ 2ηy

〈
ỹ(t)

i − y(t)
i , ∇yfi(x(t)

i , ỹ(t)
i ) − ∇yfi(x(t)

i , y(t)
i )
〉

+ η2
y

∥∥∥∇yfi(x(t)
i , ỹ(t)

i ) − ∇yfi(x(t)
i , y(t)

i )
∥∥∥2

2

≤
∥∥∥ỹ(t)

i − y(t)
i

∥∥∥2

2
+
(
2ηy − η2

yL
) 〈

ỹ(t)
i − y(t)

i , ∇yfi(x(t)
i , ỹ(t)

i ) − ∇yfi(x(t)
i , y(t)

i )
〉

≤
(
1 − 2ηyµ + η2

yµL
) ∥∥∥ỹ(t)

i − y(t)
i

∥∥∥2

2
≤
(

1 − 7
4ηyµ

)∥∥∥ỹ(t)
i − y(t)

i

∥∥∥2

2
, (114)

where the second to last inequality uses the strong concavity of fi(x, ·) and the last uses ηy ≤ 1
4L to have

1 − 2ηyµ + η2
yµL ≤ 1 − 7

4 ηyµ. Hence, by the Peter-Paul inequality and utilizing (114) within (113), we have

∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F

≤(1 + a)
∥∥∥Ỹ(t) − Y(t+1)

∥∥∥2

F
+ (1 + 1

a )
∥∥∥Ỹ(t+1) − Ỹ(t)

∥∥∥2

F

≤(1 + a)(1 + b)
(
1 − 7

4 ηyµ
) ∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
+ (1 + a)(1 + 1

b )η2
y

∥∥∥R(t)
y

∥∥∥2

F

+ (1 + 1
a

)
∥∥∥Ỹ(t+1) − Ỹ(t)

∥∥∥2

F

(32c)
≤ (1 + a)(1 + b)

(
1 − 7

4 ηyµ
) ∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
+ (1 + a)(1 + 1

b )η2
y

∥∥∥R(t)
y

∥∥∥2

F
(115)

+ 2(1 + 1
a )κ2

(∥∥X(t+1) − X(t)
∥∥2

F
+ m

∥∥∥Λ(t+1) − Λ(t)
∥∥∥2

F

)
,

where a > 0 is an arbitrary constant. Setting a = ηyµ
2−3ηyµ = 1−ηyµ

1− 3
2 ηyµ

− 1 and b =
1
4 ηyµ

1− 7
4 ηyµ

= 1− 3
2 ηyµ

1− 7
4 ηyµ

− 1
in (115) and utilizing ηy ≤ 1

4L , it holds that

(1 + a)(1 + b)
(

1 − 7
4ηyµ

)
= 1 − ηyµ, (116)

(1 + a)(1 + 1
b

)η2
y =

(
1 − ηyµ

1 − 3
2 ηyµ

)(1 − 3
2 ηyµ

1
4 ηyµ

)
η2

y =
4ηy − 4η2

yµ

µ
≤ 4ηy

µ
, (117)

1 + 1
a

= 2(1 − ηyµ)
ηyµ

≤ 2
ηyµ

. (118)

Applying the bounds in (116)-(118) to (115) and utilizing
∥∥∥R(t)

y

∥∥∥2

F
≤
∥∥R(t)

∥∥2
F

completes the proof. □

F Proofs of Lemmas in Section B.4

Proof of Lemma B.7 We first prove (46), for which we break the proof into two cases. For the first case,
we assume t = ntq, i.e., t is divisible by q. Then for all i ∈ [m], we have by the definition of Υ that

E
∥∥∥r(t)

i

∥∥∥2

2
= E

∥∥∥∇fi(x(t)
i , y(t)

i ) − d(t)
i

∥∥∥2

2

(12)= E
[
EB̃(t)

i

∥∥∥∇fi(x(t)
i , y(t)

i ) − G
(t)
i (B̃(t)

i )
∥∥∥2

2

]
≤ Υ, (119)

34



Under review as submission to TMLR

where the second equality uses the law of total expectation and the inequality uses Assumption 1(ii) and
|B̃(t)

i | = S1. Next, we assume ntq < t < (nt + 1)q and compute

E
∥∥∥r(t)

i

∥∥∥2

2
=E

∥∥∥∇fi(x(t)
i , y(t)

i ) − d(t)
i

∥∥∥2

2

(12)= E
∥∥∥∇fi(x(t)

i , y(t)
i ) − G

(t)
i (B(t)

i ) + G
(t−1)
i (B(t)

i ) − d(t−1)
i

∥∥∥2

2

≤L2

S2

(
E
∥∥∥x(t)

i − x(t−1)
i

∥∥∥2

2
+ E

∥∥∥y(t)
i − y(t−1)

i

∥∥∥2

2

)
+ E

∥∥∥r(t−1)
i

∥∥∥2

2
,

(120)

where the inequality comes from Eqn. (A.4) in Fang et al. (2018). Recursively utilizing (120) for ntq < t <
(nt + 1)q and using (119) with t = ntq yields

E
∥∥∥r(t)

i

∥∥∥2

2
≤L2

S2

t−1∑
r=ntq

(
E
∥∥∥x(r+1)

i − x(r)
i

∥∥∥2

2
+ E

∥∥∥y(r+1)
i − y(r)

i

∥∥∥2

2

)
+ Υ. (121)

Summing up (121) over i = 1, . . . , m proves (46).

For (45), we utilize the technique from Lemma C.7 in Mancino-Ball et al. (2023a) to have

∥∥∥V(t+1)
⊥,x

∥∥∥2

F
≤ ρ

∥∥∥V(t)
⊥,x

∥∥∥2

F
+ 1

1 − ρ

∥∥∥D(t+1)
x − D(t)

x

∥∥∥2

F
. (122)

By
∥∥∥d(t+1)

x,i − d(t)
x,i

∥∥∥2

2
≤
∥∥∥d(t+1)

i − d(t)
i

∥∥∥2

2
, ∀ i ∈ [m], we use Young’s inequality to have

∥∥∥D(t+1)
x − D(t)

x

∥∥∥2

F
≤
∥∥∥D(t+1) − D(t)

∥∥∥2

F

≤3
∥∥∥D(t+1) − ∇F (Z(t+1))

∥∥∥2

F
+ 3

∥∥∥∇F (Z(t+1)) − ∇F (Z(t))
∥∥∥2

F
+ 3

∥∥∥∇F (Z(t)) − D(t)
∥∥∥2

F

≤3
∥∥∥R(t+1)

∥∥∥2

F
+ 3L2

∥∥∥Z(t+1) − Z(t)
∥∥∥2

F
+ 3

∥∥∥R(t)
∥∥∥2

F
, (123)

where the last inequality further uses Assumption 1. Take the expectation of (123) and utilize (46) to have

E
∥∥∥D(t+1)

x − D(t)
x

∥∥∥2

F

≤3L2E
∥∥∥Z(t+1) − Z(t)

∥∥∥2

F
+ 3L2

S2

t∑
r=(nt+1)q

E
∥∥∥Z(r+1) − Z(r)

∥∥∥2

F
+ 3mΥ

+ 3L2

S2

t−1∑
r=ntq

E
∥∥∥Z(r+1) − Z(r)

∥∥∥2

F
+ 3mΥ.

(124)

Applying (124) to the expectation of (122) and further using the non-negativity of the 2-norm completes
the proof. □
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Proof of Lemma B.8 With constants in (49) and LQ = L
√

4κ2 + 1 ≤ L(2κ + 1), (42) implies

T −1∑
t=0

E
∥∥∥Y(t+1) − Y(t)

∥∥∥2

F

≤E
[m

L
(δ̂0 − δ̂T )

]
+ 1

4L2

T −1∑
t=0

E
∥∥∥R(t)

∥∥∥2

F
+ 1

16κ2

T −1∑
t=0

E
∥∥∥Ỹ(t+1) − Y(t+1)

∥∥∥2

F

+ (8κ2 + κ + 1)
T −1∑
t=0

E
∥∥∥X(t+1) − X(t)

∥∥∥2

F
+ m(8κ2 + κ + 1)

T −1∑
t=0

E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

(46),(48)
≤ m

L
δ̂0 + 1

16κ2

T −1∑
t=0

E
∥∥∥Ỹ(t+1) − Y(t+1)

∥∥∥2

F
+ (8κ2 + κ + 1)

T −1∑
t=0

E
∥∥∥X(t+1) − X(t)

∥∥∥2

F

+ m(8κ2 + κ + 1)
T −1∑
t=0

E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
+ 1

4

T −1∑
t=0

E
∥∥∥Z(t+1) − Z(t)

∥∥∥2

F
+ mΥT

4L2 ,

where we have used the fact δ̂T ≥ 0. Since Z(t) = (X(t), Y(t)), the inequality above clearly indicates

T −1∑
t=0

E
∥∥Y(t+1) − Y(t)∥∥2

F
≤
(4

3(8κ2 + κ + 1) + 1
3

) T −1∑
t=0

E
∥∥X(t+1) − X(t)∥∥2

F
(125)

+ 1
12κ2

T −1∑
t=0

E
∥∥∥Ỹ(t+1) − Y(t+1)

∥∥∥2

F
+ 4

3m(8κ2 + κ + 1)
T −1∑
t=0

E
∥∥Λ(t+1) − Λ(t)∥∥2

F
+ 4m

3L
δ̂0 + mΥT

3L2 .

On the other hand, summing up (44) and using (46) and (48), we have

1
4κ

T −1∑
t=0

E
∥∥∥Ỹ(t+1) − Y(t+1)

∥∥∥2

F

≤
(

1 − 1
4κ

)∥∥∥Ỹ(0) − Y(0)
∥∥∥2

F
+ TmΥ

Lµ
(126)

+ (16κ3 + κ)
T −1∑
t=0

E
∥∥∥X(t+1) − X(t)

∥∥∥2

F
+ 16mκ3

T −1∑
t=0

E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

+ κ

T −1∑
t=0

E
∥∥∥Y(t+1) − Y(t)

∥∥∥2

F
.

Utilize (125) within (126), solve it for
∑T −1

t=0 E∥Ỹ(t+1) − Y(t+1)∥2
F , and bound ∥X(t+1) − X(t)∥2

F by (31).
We obtain (50). Now substitute (50) into (125), use (31) again, and combine like terms to have (51) and
complete the proof. □

G Proofs of Lemmas in Section B.5

Proof of Lemma B.9 For (72), we use (122). When VR-tag == STORM in Algorithm 1, it holds∥∥∥d(t+1)
x,i − d(t)

x,i

∥∥∥2

2
≤
∥∥∥d(t+1)

i − d(t)
i

∥∥∥2

2

=
∥∥∥Gt+1

i (B(t+1)
i ) + (1 − β)

(
d(t)

i − G
(t)
i (B(t+1)

i )
)

− d(t)
i

∥∥∥2

2

=
∥∥∥Gt+1

i (B(t+1)
i ) − G

(t)
i (B(t+1)

i ) + β
(

G
(t)
i (B(t+1)

i ) − ∇fi(x(t)
i , y(t)

i )
)

+ β
(

∇fi(x(t)
i , y(t)

i ) − d(t)
i

)∥∥∥2

2
.

(127)
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Using Young’s inequality and taking the expectation with respect to the samples B(t+1)
i and then the full

expectation yields

E
∥∥∥d(t+1)

x,i − d(t)
x,i

∥∥∥2

2
≤ 3L2E

∥∥∥x(t+1)
i − x(t)

i

∥∥∥2

2
+ 3L2E

∥∥∥y(t+1)
i − y(t)

i

∥∥∥2

2
+ 3β2Υt+1 + 3β2E

∥∥∥r(t)
i

∥∥∥2

2
, (128)

where (r(t)
i )⊤ is defined as the i-th row of R(t) for all t ≥ 0 and we have used Assumption 1(ii). Taking the

full expectation of (122) and applying (127) with (128) summed over i = 1, . . . , m yields (72). The proof
of (73) follows from the same arguments of the proof of (Mancino-Ball et al., 2023a, Lemma C.9). □

Proof of Lemma B.10 We first take the expectation of (38), apply (41), and plug in the values of c1, c2,
and c3 specified in (74) to have

E
[
ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

]
≤ − 1

4mηx
E
∥∥∥X(t+1) − X̄(t)

∥∥∥2

F
− 1

2mηx
E
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F

−
(

1
ηΛ

− LP

2 − 32κ2L√
β

)
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F
+ 1

2m

(
L(κ + 1) +

√
β

32 + ρ2

ηx

)
E
∥∥∥X(t)

⊥

∥∥∥2

F

+
√

β(L + 1)
64mκ2 E

∥∥∥Ỹ(t) − Y(t)
∥∥∥2

F
+

√
β

60mLP
E
(∥∥∥R(t)

∥∥∥2

F
+
∥∥∥V(t)

⊥,x

∥∥∥2

F

)
,

(129)

where the coefficient of E
∥∥X(t+1) − X̄(t)

∥∥2
F

is obtained by using LP = L
√

4κ2 + 1 ≤ L(2κ + 1) and
√

β < 1
to have

L

(
κ + 1 + 32κ2

√
β

)
+ LP

(
1 + 60√

β

)
≤ 32κ2L + 123κL + 62L√

β
≤ 1

2ηx
.

Next, for any positive γ1, γ2, γ3, and γ4, we add γ1E
∥∥∥X(t+1)

⊥

∥∥∥2

F
, γ2E

∥∥∥V(t+1)
⊥,x

∥∥∥2

F
, γ3E

∥∥R(t+1)
∥∥2

F
, and

γ4E
∥∥∥Ỹ(t+1) − Y(t+1)

∥∥∥2

F
to both sides of (129) and upper bound the right-hand side using Lemmas B.3, B.6,

and B.9 to obtain

E
[
ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

]
+ γ1E

∥∥∥X(t+1)
⊥

∥∥∥2

F
+ γ2E

∥∥∥V(t+1)
⊥,x

∥∥∥2

F

+ γ3E
∥∥∥R(t+1)

∥∥∥2

F
+ γ4E

∥∥∥Ỹ(t+1) − Y(t+1)
∥∥∥2

F

≤ − 1
4mηx

E
∥∥∥X(t+1) − X̄(t)

∥∥∥2

F
− 1

2mηx
E
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
+
(

3γ2

1 − ρ
+ 2γ3

)
mβ2Υt+1 (130)

−
(

1
ηΛ

− LP

2 − 32κ2L√
β

− 16
√

2κ3mγ4√
β

)
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

+ 1
2m

(
L(κ + 1) +

√
β

32 + ρ2

ηx
+ 2mργ1

)
E
∥∥∥X(t)

⊥

∥∥∥2

F
+
(

ργ2 + γ1η2
x

1 − ρ
+

√
β

60mLP

)
E
∥∥∥V(t)

⊥,x

∥∥∥2

F

+
(

γ4
(
1 −

√
β

4
√

2κ

)
+

√
β(L + 1)
64mκ2

)
E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
+ 16

√
2κ3γ4√
β

E
∥∥∥X(t+1) − X(t)

∥∥∥2

F

+
(

3L2γ2

1 − ρ
+ 2L2(1 − β)2γ3

)
E
∥∥∥Z(t+1) − Z(t)

∥∥∥2

F

+
(

γ3(1 − β)2 + 3β2γ2

1 − ρ
+

√
β

60mLP
+

√
βγ4√
2Lµ

)
E
∥∥∥R(t)

∥∥∥2

F
.
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We apply
∥∥Z(t+1) − Z(t)

∥∥2
F

=
∥∥X(t+1) − X(t)

∥∥2
F

+
∥∥Y(t+1) − Y(t)

∥∥2
F

and (42) to (130) to have

E
[
ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

]
+ γ1E

∥∥∥X(t+1)
⊥

∥∥∥2

F
+ γ2E

∥∥∥V(t+1)
⊥,x

∥∥∥2

F

+ γ3E
∥∥R(t+1)

∥∥2
F

+
(

γ4 − β
60κ2

(
3L2γ2
1−ρ + 2L2(1 − β)2γ3

))
E
∥∥∥Ỹ(t+1) − Y(t+1)

∥∥∥2

F

≤ − 1
4mηx

E
∥∥X(t+1) − X̄(t)

∥∥2
F

− 1
2mηx

E
∥∥∥X(t+1) − X̃(t)

∥∥∥2

F
+
(

3γ2
1−ρ + 2γ3

)
mβ2Υt+1 (131)

−

(
1

ηΛ
− LP

2 − 32κ2L√
β

− 16
√

2κ3mγ4√
β

− m
2

(√
β√
2

√
4κ2 + 1 + 30κ2

)(
3L2γ2
1−ρ + 2L2(1 − β)2γ3

))
E
∥∥∥Λ(t+1) − Λ(t)

∥∥∥2

F

+ 1
2m

(
L(κ + 1) +

√
β

32 + ρ2

ηx
+ 2mργ1

)
E
∥∥∥X(t)

⊥

∥∥∥2

F
+
(

ργ2 + γ1η2
x

1−ρ +
√

β

60mLP

)
E
∥∥∥V(t)

⊥,x

∥∥∥2

F

+
(

γ4
(
1 −

√
β

4
√

2κ

)
+

√
β(L+1)

64mκ2

)
E
∥∥∥Ỹ(t) − Y(t)

∥∥∥2

F
+ m

√
β√

2L

(
3L2γ2
1−ρ + 2L2(1 − β)2γ3

)
E
[
δ̂t − δ̂t+1

]
+
(

16
√

2κ3γ4√
β

+
(√

β

2
√

2 (
√

4κ2 + 1 + 1) + 15κ2 + 1
)(

3L2γ2
1−ρ + 2L2(1 − β)2γ3

))
E
∥∥X(t+1) − X(t)

∥∥2
F

+
(

γ3(1 − β)2 + 3β2γ2
1−ρ +

√
β

60mLP
+

√
βγ4√
2Lµ

+ β
8L2

(
3L2γ2
1−ρ + 2L2(1 − β)2γ3

))
E
∥∥R(t)

∥∥2
F

.

Next, we utilize (31) to bound E
∥∥X(t+1) − X(t)

∥∥2
F

. Then we subtract γ1E
∥∥∥X(t)

⊥

∥∥∥2

F
, γ2E

∥∥∥V(t)
⊥,x

∥∥∥2

F
,

γ3E
∥∥R(t)

∥∥2
F

from both sides of (131) with

cx := 16
√

2κ3γ4√
β

+
( √

β

2
√

2
(
√

4κ2 + 1 + 1) + 15κ2 + 1
)(

3L2γ2

1 − ρ
+ 2L2(1 − β)2γ3

)
(132)

to have

E
[
ϕ(x̄(t+1), Λ(t+1)) − ϕ(x̄(t), Λ(t))

]
+ γ1E

∥∥∥X(t+1)
⊥

∥∥∥2

F
− γ1E

∥∥∥X(t)
⊥

∥∥∥2

F

+ γ2E
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∥∥∥2

F
− γ2E
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F
+ γ3E
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∥∥∥2

F
− γ3E

∥∥∥R(t)
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F
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(
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∥∥X(t+1) − X̄(t)

∥∥2
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−
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ηΛ
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4κ2 + 1 + 30κ2

)(
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+
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√
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)
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3L2γ2
1−ρ + 2L2(1 − β)2γ3

)
E
[
δ̂t − δ̂t+1

]
−
(

(1 − (1 − β)2)γ3 − 3β2γ2
1−ρ −

√
β

60mLP
−

√
βγ4√
2Lµ

− β
8L2

(
3L2γ2
1−ρ + 2L2(1 − β)2γ3

))
E
∥∥R(t)

∥∥2
F

.

(133)
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Set

γ1 = 2
m(1 − ρ)

(
(24κ2 + 7κ + 4)

(
16(L + 1)√

β
+ 8L

κ(1 − ρ)2

)
+ L(κ + 1) +

√
β

32 + 1
ηx

)
, (134a)

γ2 = 2
1 − ρ

( √
β

60mLP
+ γ1η2

x
1 − ρ

)
, (134b)

γ3 = 2
β

( √
β

60mLP
+

√
βγ4√
2Lµ

+ 3γ2β(β + 1/8)
1 − ρ

)
, (134c)

γ4 =
√

2(L + 1)
8mκ

+ 4L2√
β

15
√

2κ

(
9γ2

2(1 − ρ) + 12γ2β

1 − ρ
+ 1

15
√

βmLP

)
. (134d)

By the definition of ηx and β < 1, we can easily have (24κ2+7κ+4)
(

16(L+1)√
β

+ 8L
κ(1−ρ)2

)
+L(κ+1)+

√
β

32 ≤ 1
ηx

and thus γ1 ≤ 4
m(1−ρ)ηx

. Then by the choice of γ2, LP ≥ 2κL, and β < 1, it follows that

γ2 ≤ 1
60m(1 − ρ)κL

+ 8ηx
m(1 − ρ)3 ≤ 1

40m(1 − ρ)κL
, (135)

where the last inequality uses ηx ≤ (1−ρ)2

960κL . Hence by the choice of γ4, LP ≥ 2κL, β < 1, and (135), we
additionally have

γ4 ≤ L + 1
5mκ

+
√

βL

10mκ2(1 − ρ)2 . (136)

Moreover, applying β < 1, LP ≥ 2κL, (135), and (136) to (134c) yields γ3 ≤ 1+1/L

2
√

βmL
+ 2

5mκL(1−ρ)2 . Thus by
the upper bounds of γ2 and γ3 together with 1 − β < 1 yields

3L2γ2

1 − ρ
+ 2L2(1 − β)2γ3 ≤ L

m(1 − ρ)2κ
+ L + 1√

βm
. (137)

Hence, from the definition of cx in (132) and (136), (137), it follows

cx ≤ 16
√

2κ3√
β

(
L+1
5mκ +

√
βL

10mκ2(1−ρ)2

)
+
(√

β

2
√

2 (
√

4κ2 + 1 + 1) + 15κ2 + 1
)(

L
m(1−ρ)2κ + L+1√

βm

)
≤ L+1

m
√

β

(
16

√
2κ2

5 + 15κ2 + 1 + κ+1√
2

)
+ L

m(1−ρ)2κ

(
16

√
2κ2

10 + 15κ2 + 1 + κ+1√
2

)
≤ 1

8mηx
, (138)

where the last inequality follows from the definition of ηx. In addition, by β < 1,
√

4κ2 + 1 ≤ 2κ + 1, (136),
and (137), we have

16
√

2κ3mγ4√
β

+ m
2

(√
β√
2

√
4κ2 + 1 + 30κ2

)(
3L2γ2
1−ρ + 2L2(1 − β)2γ3

)
≤ 16

√
2κ2(L+1)
5
√

β
+ 8

√
2κL

5(1−ρ)2 + (15κ2 + κ + 1)
(

L
(1−ρ)2κ + L+1√

β

)
≤ (L+1)(20κ2+κ+1)√

β
+ L(18κ+2)

(1−ρ)2 .

By the above equation and the choice of ηΛ, we have

1
ηΛ

− LP

2 − 32κ2L√
β

− 16
√

2κ3mγ4√
β

− m

2

(√
β√
2

√
4κ2 + 1 + 30κ2

)(
3L2γ2

1 − ρ
+ 2L2(1 − β)2γ3

)
≥ 1

2ηΛ
. (139)

On the other hand, from (138) and the definition of γ1, it follows

1
2m

(
2m(1 − ρ)γ1 − L(κ + 1) −

√
β

32 − ρ2

ηx
− 16mcx

)
≥ 1

2m

(
2m(1 − ρ)γ1 − m(1 − ρ)γ1

2 − 2
ηx

)
≥ 1

6mηx
.

(140)
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Additionally, by the definition of γ2 and β < 1, (61) holds, and thus

(1 − ρ)γ2

2 ≥ γ1η2
x

1 − ρ
≥ ηx

m(1 − ρ)2 . (141)

Also, by the choice of γ3 and γ4 and (1 − β)2 ≤ 1, it holds that

γ4 − β

60κ2

(
3L2γ2

1 − ρ
+ 2L2(1 − β)2γ3

)
− γ4

(
1 −

√
β

4
√

2κ

)
−

√
β(L + 1)
64mκ2

≥
√

β

4
√

2κ
γ4 − 2βL2

60κ2
2
β

( √
β

60mLP
+

√
βγ4√
2Lµ

+ 3γ2β(β + 1/8)
1 − ρ

)
− 3βL2γ2

60κ2(1 − ρ) −
√

β(L + 1)
64mκ2

= 11
√

β

60
√

2κ

(√
2(L + 1)
8mκ

+ 4L2√
β

15
√

2κ

(
9γ2

2(1 − ρ) + 12γ2β

1 − ρ
+ 1

15
√

βmLP

))
− 2βL2

60κ2
2
β

( √
β

60mLP
+ 3γ2β(β + 1/8)

1 − ρ

)
− 3βL2γ2

60κ2(1 − ρ) −
√

β(L + 1)
64mκ2

≥
√

β(L + 1)
160mκ2 . (142)

Furthermore, from 1 − (1 − β)2 ≥ β and the formula of γ3, it holds that

(1 − (1 − β)2)γ3 − 3β2γ2

1 − ρ
−

√
β

60mLP
−

√
βγ4√
2Lµ

− β

8L2

(
3L2γ2

1 − ρ
+ 2L2(1 − β)2γ3

)
≥

√
β

60mLP
+

√
βγ4√
2Lµ

+ 6γ2β(β + 1/8)
1 − ρ

− βγ3

4 − 3γ2β(β + 1/8)
1 − ρ

=βγ3

4 ≥
√

βγ4

2
√

2Lµ
≥

√
β(L + 1)

16mκLµ
≥

√
β

16mL
. (143)

Applying (139)-(143) to (133), summing over t = 0 to T − 1, and finally using δ̂T ≥ 0 and the upper bounds
on γ2, γ3, γ4 completes the proof. □
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