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Abstract

Predictive coding (PC) replaces global backpropagation with local optimization over weights
and activations. We show that linear PC networks admit a natural formulation as cellular
sheaves: the sheaf coboundary maps activations to edge-wise prediction errors, and PC
inference is diffusion under the sheaf Laplacian. Sheaf cohomology then characterizes irre-
ducible error patterns that inference cannot remove. We analyze recurrent topologies where
feedback loops create internal contradictions, introducing prediction errors unrelated to su-
pervision. Using a Hodge decomposition, we determine when these contradictions cause
learning to stall. The sheaf formalism provides both diagnostic tools for identifying prob-
lematic network configurations and design principles for effective weight initialization for
recurrent PC networks.

Keywords: predictive coding, cellular sheaf theory, cohomology, Hodge theory, applied
topology, deep linear networks

1. Introduction

Predictive coding (PC) recasts neural network training as an optimization problem over
weights and activations (Salvatori et al., 2025). This replaces a global loss with a series of
layer-local losses. Optimizing over activations (PC inference) enables one to handle arbitrary
recurrent topologies without unrolling the computational graph or relying on backpropaga-
tion through time (Salvatori et al., 2022a). But it creates a fundamental ambiguity that,
to our knowledge, has been overlooked: a node deep in a recurrent network receives error
signals from all its connections—some from supervision, others from contradictory feedback
loops—with no way to distinguish between them.

We formalize linear PC networks as cellular sheaves (Curry, 2014) to analyze this prob-
lem systematically. A predictive coding sheaf assigns vector spaces to vertices (neuron
activations) and edges (prediction errors) of the underlying computational graph, with re-
striction maps encoding the network weights. The sheaf coboundary operator 6° computes
all prediction errors simultaneously. Sheaf cohomology represents the network’s capacity to
resolve inconsistencies. At a high level, sheaf theory studies how local consistency patches
together into global coherence (Rosiak, 2022)—detecting when this local-to-global transfer
succeeds (captured by the zeroth cohomology H?) and when it fails (captured by H'). This
theme matches the predictive coding ambition: how can locally informed layers coordinate
to solve a global task, even amid feedback loops far from any supervision?

We illustrate the correspondence between predictive coding networks and sheaf theory
through simple examples (Sections 2 and 3). When input and output nodes are clamped
to data and supervision targets, a Hodge decomposition characterizes precisely how the
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Figure 1: Cellular sheaf over a graph. Vector spaces are assigned to nodes and edges,
linear restriction maps are assigned to vertex-to-edge pairs. Layers h; = W;h;—1
are encoded via a restriction pair (W;, I). This sheaf represents the deep linear
network y = WsWoWiz.

supervision signal distributes prediction errors across edges, and how it distributes neu-
ron activations across vertices (Section 4). This framework reveals why certain recurrent
networks fail to learn: feedback loops can create internal contradictions that dominate
supervision signals. Experiments demonstrate orders-of-magnitude differences in learning
convergence rates based on weight initialization (Section 5); importantly, the stark differ-
ence is not due to weight magnitude (all our initializations are orthonormal) but due to how
the orientations of the weights create tension or resonance when traced around feedback
loops within the network. We focus on linear networks (where sheaf cohomology and Hodge
decompositions can be readily computed), though what follows can be regarded as a linear
analysis of nonlinear PC networks evaluated at equilibria.

2. Deep Linear Networks as Constraints and Penalties
We will establish the connection between linear PC networks and cellular sheaves by way

of example.

2.1. A three-layer warm-up

Let x € R™ hy € R™, hy € R™2 and y € R™. A three-layer deep linear network optimizes

i [y = WaWa Wil (M)

Alternatively, we can write Equation (1) as a constrained optimization problem,

. 1 2
5 — Wsh b =W ho = Whh 2
W1,W2H,1V%/I;7h1,h2 2 Hy 3 2H2 i ! . ? 2 ( )

whereby the key feature is that now h; and hg are optimization variables. When constraints

are satisfied exactly, the problem is equivalent to Equation (1).

2.2. Predictive coding as a penalty method

One interpretation of predictive coding is that it is a soft relaxation of Equation (2) via
quadratic regularization terms, otherwise known as a penalty method.! The resulting loss

1. To our knowledge, PC as a penalty method is not standard pedagogy, though we find this perspective
instructive for what follows.
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function, called the total energy Epc, is the sum of squared residuals (or prediction errors):
Epc(h, ha, Wi, Wa, W3) = 5 (|lr1]13 + [lr2l13 + lIr3]3), (3)
r1=hy — Wiz, re=hs—Wahi, r3=y— Wsha. (4)

PC is a bilevel optimization problem: Inference fixes W;s and minimizes Epc over h;s;
learning then fixes h;s and updates W;s. In practice, inference amounts to multiple gradient
descent steps (w.r.t. h;s) and learning is a single gradient descent step (w.r.t. W;s) before
his are initialized again for the next minibatch; see Salvatori et al. (2022b) for other update
schedules.

3. Sheaf Preliminaries for Predictive Coding

We formalize a linear PC network as a cellular sheaf (Curry, 2014), establishing nomencla-
ture along the way.

From activations to cochains. Following the three-layer example, we organize (con-
catenate) activations into a 0-cochain:

s = (x,h1,ha,y) € CO:=R™ o R™ §R" @ R". (5)
The vector-concatenation of prediction errors forms a 1-cochain:
r=(r1,r2,73) € Ct := R™ @ R™ @ R"™, (6)

The coboundary operator. The coboundary 6° : C° — C! computes all prediction
errors simultaneously from the activations:

Wy I, 0 0 }“;”’ hy — Wiz
Os=| 0 Wy I, 0 hl = |hy — Wahy |, (7)
0 0 Wiz I, ; y — Wshy

where we note the per-edge sign convention.

PC Inference is sheaf diffusion. From Equation (7) it is clear that PC energy Equa-
tion (3) can be written compactly as Epc(s) = 3[6°s[|?. Minimizing the energy Epc with
respect to s via gradient descent yields the gradient flow § = —Ls (or its discrete-time
variant), where L = (6°)T6° is the sheaf Laplacian. The gradient flow is known as sheaf
diffusion, as it generalizes notions of graph diffusion to sheaves (Hansen and Ghrist, 2018).

Network sheaves. More generally, for an arbitrary graph G = (V| E), a network sheaf
F over G assigns vector spaces F(v) = R™ to vertices and F(e) = R™e to edges. Each edge
e = (u,v) carries linear restriction maps pec, : F(u) = F(e) and pecy : F(v) = F(e).

Generalizing the three-layer example from the previous section, we define a predictive
coding sheaf to be a network sheaf with the following convention: e = (u — v) denotes a
forward computation s, = W,s,, encoded via restrictions pe, = W, and pecry = I. The
coboundary then computes the prediction error at each edge:

(608)6 = PecvSv — Pet—uSu = Sv — WeSy. (8)
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This definition applies for a graph G with multiple edges between vertices. Formally, our
graph is undirected but where we use notation e = (u — v) to specify the placement of the
We and I restriction maps.

Cohomology. The sheaf coboundary induces two cohomology groups that characterize
network consistency:

H°(G,F) =keré® = {s € C°: 6% = 0}, (9)
HYG,F)=C"/imd° = ker(6%) . (10)

Here H? consists of activation patterns (on vertices) with zero prediction error everywhere,
while H' represents prediction error patterns (on edges) that cannot arise from any ac-
tivation choice. In finite dimensions with inner products we can represent H'(G,F) by
ker(6°)T. In our setting the predictive coding sheaf F depends on the current network
weights, so H° and H' should be understood as weight-dependent linear subspaces of C°
and C?, not as topological invariants of the underlying graph.

4. Relative Systems and Clamped Networks

In predictive coding, one typically does not work with the full unconstrained system. In-
stead, one clamps input = to data and output y to supervision targets during network
training. In sheaf terms, this corresponds to a relative system. Let V' = Viee U Vilamped
partition the vertices. The relative coboundary D extracts the columns of §° corresponding
to free vertices. In the three-layer network, we have:

In1 0 *Wl.T
D=|-Wy I, |, b= 0 . (11)
0 -Ws Yy

During inference, we optimize only over internal activations z = (hi, he) € R™ @ R"2. The
effect of clamping data nodes can be interpreted as creating a “target prediction error” b
as a 1-cochain.

More precisely, clamping induces the inhomogeneous least-squares system

Era(z) = %HDz + bHQ, z € Cforee. (12)

When D has full column rank (as in all our examples), the minimizer is unique: z* = —Dfb,
where of indicates the pseudoinverse. More generally, the solution set is the affine space
{z*+ zpull ¢ Znun € ker D}, and gradient descent from z = 0 converges to the minimum-norm
representative z*. At any minimizer, the residual satisfies

r*:=Dz"+beckerD', DTr* =0. (13)

Equivalently, the target b admits an orthogonal (Hodge) decomposition

b= (-Dz") + r* . (14)
T =~
€imD EkerDT

This decomposition makes explicit the part of the “target prediction error” b that can be
eliminated by inference (—Dz*) and the part that cannot ().
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Harmonic and diffusive operators. The orthogonal decomposition of b allows us to
precisely state how b influences edge patterns and activation patterns at optimal inference.
Define the harmonic projector H and diffusive operator G as

H:=I-DD', G:=L' D" =Dt (15)

rel

where L, = DT D is the relative sheaf Laplacian. Then the minimum-norm solution of
Equation (12) yields the compact form,

r*=Hb,  2*=-Gb,  Ea(z*) = || (16)

We can also think of b as an “excitation vector” for the network, or as boundary conditions.
The projector H distributes that excitation across edges into the harmonic subspace of C!,
ker DT. The operator G diffuses the same excitation to internal vertices, determining which
sources are actually active after inference/diffusion has converged.

Learning requires harmonic-diffusive overlap. For a trainable edge e = (u—v) with
weight W, and source activation s, the per-edge gradient is
8Erel
oW
Learning requires both a residual and a source. If either r. or s, vanishes, the update
at edge e is zero. At optimal inference, we can specify where in the network this occurs.
Define the full activation vector s* € CV with free vertices from z* and clamped vertices at
their fixed values: (5*)free = 2, (5*)clamped = (,%). Using Equation (16),

= (Wesy — sv)sI = —7r, SI. (17)

OFyc
o |, =~ () (7). (18)
When u is a free vertex, (s%), = —(Gb),, yielding
OFE el
Bal = gm @ (19)

harmonic (edge) diffusive (vertex)

4.1. Relative cohomology

To connect our clamped setting to sheaf theory more formally, we point the reader to
Hansen and Ghrist (2020, 2018). In brief: the clamped setting yields a relative cochain
complex (C*(G, Velamped; F), D) with target b defining a cohomology class [b] € H}, =
ker DT with * = #b its harmonic representation. In this language, PC inference solves
a discrete Dirichlet problem—harmonically extending boundary values to the interior with
Hl}el measuring obstructions to this extension.

4.2. A minimal recurrent example

Consider augmenting our three-layer network with a feedback edge ho — h1, creating a cycle.
The coboundary and relative coboundary gain an additional row. The relative system is

Inl 0 —Wlx
| =W I, B 0
D= 0 W | b= Y . (20)
I,, —WIB 0
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The cycle induces a monodromy ® = WIBW, : R™ — R™. During inference, hy receives
prediction errors from three sources: the forward path (hy —Wjx), the next layer (ho—Wah1),
and the feedback loop (h1 —W4Bhy). Consider two extreme cases of the weight initialization
of the system:

Resonance (¢ ~ ). In this case, the feedback loop reinforces itself—changes in hy return
unchanged. We show below that this may introduce slow modes during inference. But once
converged, the network has no internal contradictions to resolve.

Internal tension (® ~ —I). The feedback loop contradicts itself—changes in h; return
negated. During inference, h; compromises between forward predictions and contradictory
feedback. Learning thus requires resolving two tasks: match the supervision signal and
resolve the internal contradiction.

How tension and resonance enter the harmonic and diffusion operators follows from
their effect on the linear dependence of the block rows of D. While the algebraic story is
tractable, we pursue empirical demonstration in the next section, using a 10-node network
to concretely show how monodromy shapes these operators and ultimately learning itself.
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Figure 2: Harmonic-diffusive separation in a 10-node network for three initializations. Top:
sample-averaged harmonic load per edge. Middle: sample-averaged diffusive ac-
tivation per vertex. Bottom: weight update magnitude. See Section 5 for details.
For § = 0 (resonant), harmonic load and diffusion overlap broadly. For 6§ = =
(contradictory), harmonic load concentrates on internal edges where diffusion
does not reach, starving the corresponding updates.
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5. A Canonical Knotted Network

Consider the network in Figure 2: a 10-layer deep linear network with feedback cycles
between each layer. We initialize forward weights W; as random 2 x 2 orthonormal matrices.
Feedback weights WP are initialized so the monodromy ®;(6) = W¥BW; induces a net
rotation of #. Thus 6 = 0 sets WFB = W, (resonance) and 0 = 7 yields ®;(0) = —1
(strong internal tension).

We run PC to disentangle the network and recover the identity mapping. We draw
samples z € R? from a standard normal and set y = = (optionally with small i.i.d. Gaussian
noise). Let B = [bM),... b(N)] denote a batch of N = 128 target vectors. We plot:
(i) harmonic load per edge: + SN I(HDD)l2; (ii) diffusive activation per vertex:
% ZZ]L |(z*®),||2; (iii) weight gradient magnitude: H% Zfil rg)(sq(f))THF.

For 6 = 0 initialization (Figure 2, left column), harmonic load distributes evenly across
all edges. Sheaf diffusion/inference near-uniformly spreads activations across vertices, yield-
ing strong weight updates everywhere. For § = 7w (Figure 2, right column), harmonic load
concentrates only on internal edges to/from nodes hy and hig. But diffusion is blocked
at hy and hyg, starving updates on the adjacent edges because hy and hg remain inactive:
contradictory feedback induces resistance to the diffusion flow.

: Convergence speed Forward edges, 8 = 0.33 Feedback edges, 6 = 0.33

0.00
0.17
-1 0.33
— 050
—— 066
~ — 083
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— 248
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0 200 400 600 800 100 200 300 400 500 100 200 300 400 500

step step step

val MSE
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Figure 3: Left: validation MSE of the 10-node network under different weight initializations
parametrized by 6 on a single validation batch By, (from the same distribution
as training batch B). Validation MSE is computed with the y node unclamped
(i.e., treated as a free vertex, updated during inference rather than fixed to target
values). Networks with contradictory feedback (0 > 0.4) exhibit extremely slow
convergence. Right: Temporal evolution of harmonic load during training shows
progressive “unknotting” dynamics for an intermediate 6 = 0.33.

To visualize training dynamics, we train for 1000 steps at a fixed learning rate n = 0.1.
For each step, we solve for the optimal (and unique) z* to study the effects of weight initial-
ization purely on learning dynamics instead of inference dynamics. For learning dynamics,
only networks with 6 < 0.4 achieve < 0.001 validation MSE after 1000 steps. Figure 3
shows harmonic load evolution for an intermediate § = 0.33. The choice of orthonormal
initialization ensures identical per-weight norms across layers, emphasizing that learnability
depends on the global wiring of the feedback loops rather than local weight scales.
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Figure 4: Spectrum of L = DT D vs. feedback angle §. Resonant feedback can slow inference
(large £ = Amax/AL. ) but still allows learning once converged (see Figure 3).

Different learning rates 1 can enable convergence for larger 6 values, but the stark
difference in convergence rates in Figure 3 demonstrates marked sensitivity to the properties
of D despite identical network architecture. In the appendix, we show similar analysis and
results for an all-to-all predictive coding network (Appendix C).

6. Discussion

Our main contribution is to show that linear predictive coding networks fit naturally within
a cellular sheaf framework, recasting intuitions about prediction errors in recurrent PC
networks as precise questions in the linear algebra and geometry of cellular sheaves.

From linear to nonlinear. The present development can be reinterpreted by replacing
each occurrence of W with the Jacobian of a nonlinear layer f evaluated at an equilibrium of
the inference dynamics. Alternatively, introducing edgewise nonlinearities yields a nonlinear
sheaf Laplacian (Zaghen et al., 2024; Zaghen, 2024; Hanks et al., 2025).

Inference dynamics. Our current focus is on learnability given converged or optimal
inference. In practice, and with nonlinear systems, one takes multiple gradient descent
steps, where the conditioning of the inference dynamics plays a more important role. See
Appendix A for a preconditioned sheaf diffusion that preserves the minimizer set while
improving conditioning.

Predictive coding variations. There exist multiple formulations of PC networks in
the literature, which differ in how prediction errors are aggregated. Classical formulations
typically associate a single prediction-error unit to each neuron or layer: all incoming pre-
dictions are combined and compared to the current state, yielding a neuron-wise squared
error term in the energy (Friston, 2005; Whittington and Bogacz, 2017; Millidge et al.,
2021). By contrast, our formulation uses an edge-wise factorized energy: each incident con-
nection contributes its own squared prediction error term ||s, — Wesy||?, so a neuron state
is constrained simultaneously by independent consistency conditions along all of its edges.
Architectures with multiple error channels per unit or auxiliary local losses in deep PC net-
works are empirically close in spirit to this edge-wise view (Han et al., 2018; Tschantz et al.,
2023; Oliviers et al., 2025). Extending our analysis to the neuron-wise setting amounts to
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working with a sheaf over a hypergraph, which still supports sheaf diffusion, Laplacians, and
cohomology (Anton et al., 2025). Finally, many PC models introduce precision (inverse-
variance) weights on prediction errors (Friston, 2005; Millidge et al., 2021); in our sheaf view
these correspond to modifying the inner products on edge and vertex stalks, a direction we
leave open.

7. Related Work

The difficulty in inference and learning in predictive coding has been well-studied (Qi et al.,
2025; Frieder and Lukasiewicz, 2022), including in the case of deep linear networks (Inno-
centi et al., 2024). To improve learning in PC networks, recent methods have focused on
depth-wise scaling (Ishikawa et al., 2024; Innocenti et al., 2025) for feedforward networks,
showing that an appropriate scaling of the weight initialization can enable stable learning in
feedforward PC networks with over 100 layers. PC networks with recurrent topologies have
been studied in Oliviers et al. (2025); Ororbia et al. (2025); Han et al. (2018). Standard
deep linear networks have proven informative for understanding learning dynamics (Saxe
et al., 2013; Nam et al., 2025) with observations that extend to nonlinear networks.

Cellular sheaves have been used to model opinion dynamics on social networks and
other distributed systems (Hansen and Ghrist, 2020, 2019; Hanks et al., 2025). Structural
measures of internal tension in sheaves, such as effective resistance, have been studied in this
context (Hansen and Ghrist, 2018), and a connection between 1-cochains and predictive-
coding error units has been noted in Schmid (2025).

Sheaf neural networks generalize graph neural networks by using sheaf diffusion as the
basic message-passing primitive (Hansen and Gebhart, 2020; Bodnar et al., 2022; Bar-
bero et al., 2022a,b). These models operate on data sheaves over graphs (social networks,
molecules, recommender graphs), and use the sheaf Laplacian to mitigate oversmoothing
and to handle heterophily. By contrast, we apply sheaf theory to the computational graph
of a predictive coding network, with no particular input graph structure.
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Appendix A. Laplacian preconditioner

Following Hansen and Ghrist (2018), for the relative least-squares problem Eyei(2) = £||Dz+
b||? with L.q = DT D, use the block-Jacobi preconditioner

M := blkdiag(Lye) (vertex blocks). (21)
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Run preconditioned gradient descent
A = O _ppi1pT (Dz(t) +b). (22)

Fixed points satisfy M~'DT(Dz 4+ b) =0 <= D' (Dz+b) = 0, so the minimizer set
is unchanged. If L, is nonsingular, the unique optimizer remains z* = —L;&DTb. If
ker D # {0}, the affine solution set is the same and the iteration selects the M-minimum-
norm representative within it.

Equivalently, endow the vertices with the inner product (u, v)3; = v Mv and keep the
standard inner product on edges. Then the adjoint of the coboundary is D%, = M~!DT,
so the preconditioned iteration is steepest descent for the same objective in the M-metric.
The diffusion operator becomes M ! L., and under the change of variables y = M1/2z this
takes the normalized form M~/ 2Lea M -1/2,

Appendix B. Gauss—Newton per-edge learning rates

At the inference optimum, the residual on edge e = (u — v) and source activation at u
depend linearly on the boundary b:

ry = (RH) b, sy = —(S.G) 0, (23)

where R, S, extract edge and vertex blocks respectively.
For b ~ N(0,%) on C!, the Gauss-Newton method requires the source covariance

Sy, = E{SZ(SZ)T} = S.G%GTST. (24)
When ¥, = 021,
S5, = 02 S, LT ST (25)

since GG = Lt

rel”

Per-edge update rule. For mini-batch gradient G, := Zfil réi)(sgf))T at edge e = (u—

v), the update is
We = We —=1Ge (S5, +eI) ', 0<y<2, >0, (26)
This uses only source statistics, omitting residual-side normalization.

Scalar fallback. If a matrix preconditioner is impractical, use a per-source scalar rate:

W= sy Wee Wen G (27)

Estimating ¥, without explicit G,7{. Hutchinson probes: draw &, ~ N(0,%;) in C!
and solve

Leeiyr = D& (or (Lyel + M)y = D& if Ly is singular), (28)

then accumulate

. 1
o~ D (Su)(Supn) (29)
k=1

12



SHEAF COHOMOLOGY OF LINEAR PC

Network size N =5 Network size N = 6 Network size N =7

: I...I..I.I...l Ll.L.u..i‘ LLLLLl

0.3

Harmonic

0.2

: ‘_JI ‘__II | =

0.10

Activation

0.05

0.00 __|:|_==|:|_|:|_|:D:[[| _—__n_n___n__J]]]:ﬂ I

Weight update

;\\/ & /\\\ /‘\\ /(\" /\\\ /“\Z /g /Q;@, }\\ /‘\\ /‘\\ }o\ ;\\ b/;\ ‘(/QQ, ;\\ ;\(\ /‘\\ ;\\\ ;\'\ }o\ Q%
& & o & &€ V' @ @ ¢ @@ N AN SN N I PR
AN A RSEEENZIRN ¢ F & I & ¢ E QR

Convergence speed Laplacian spectra Condition number

Il'!ﬂﬂﬂﬂﬂﬂ@u!

val MSE
3, 3
u-b_owz
oo oo
8888
Ai=a?
N ow A
8 8 &
K
o v &~ o o B

0 200 400 600 800 0 10 20 30 40 50 60
step mode i

Figure 5: All-to-all variant: harmonic load concentrates on edges incident to the penulti-
mate node hy, while activations are weaker elsewhere, diminishing updates on
h; — hy edges.

Spectral analysis. The selection operator S, groups all edges from source vertex u under
the same covariance ¥g,. With eigendecomposition L., = U AUT,

Y, = SUUALIUTSI (whitened case), (30)

where small eigenvalues of L,¢ inflate X5, and reduce the effective step size through (X5, +
eI)~!. Poorly conditioned modes thus enforce conservative updates. The operator G de-
termines vertex reachability under diffusion: vertices with small s}, yield weak gradients.
The harmonic projector H filters the gradient through r} = (R.H)b; when H concentrates
residuals on edges from weakly activated sources, learning can stall despite preconditioning.

Appendix C. All-to-all network

We observe similar behavior in an all-to-all network. In Figure 5, we show training dynamics
of an all-to-all network, where one z and y nodes connect to one of the h; nodes each, and
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every h; node connects to every other node (bidirectionally) with orthonormally initialized
weights, with each h; 4-dimensional and x and y 2-dimensional. Harmonic load concentrates
primarily on edges connected to the penultimate node (that which is connected to y, call
it hy), while activations are weaker on non-penultimate nodes, resulting in weaker updates
on h; — hy edges. For network sizes ranging from 2 to 15 only networks of size 5 or less
achieve < 0.001 validation MSE after 1000 steps, again highlighting the effect of “internal
tension” on convergence rates.
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