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Abstract

We consider off-policy evaluation (OPE) in Partially Observable Markov Deci-
sion Processes (POMDPs) with unobserved confounding. Recent advances have
introduced bridge-function to circumvent unmeasured confounding and develop
estimators for the policy value, yet the statistical error bounds of them related
to the length of horizon T and the size of the state-action space |O||.A| remain
largely unexplored. In this paper, we systematically investigate the finite-sample
error bounds of OPE estimators in finite-horizon tabular confounded POMDPs.
Specifically, we show that under certain rank conditions, the estimation error for
policy value can achieve a rate of O(T"/\/n), excluding the cardinality of the ob-
servation space |O| and the action space |.A|. With an additional mild condition on
the concentrability coefficients in confounded POMDPs, the rate of estimation error
can be improved to O(T'/+/n). We also show that for a fully history-dependent
policy, the estimation error scales as O (T'//n(|O| |A|)Z ), highlighting the expo-
nential error dependence introduced by history-based proxies to infer hidden states.
Furthermore, when the target policy is memoryless policy, the error bound improves
to O(T/+/n+\/|O]|Al), which matches the optimal rate known for tabular MDPs.
To the best of our knowledge, this is the first work to provide a comprehensive
finite-sample analysis of OPE in confounded POMDPs.

1 Introduction

Partially Observable Markov Decision Processes (POMDPs) (Monahan, [1982) have become a practi-
cal framework for modeling decision-making under uncertainty across a wide range of applications
(Albright| |{1979; Monahan, 1982} [Singh et al.| [{1994; (Cassandral, [1998} 'Young et al., 2013} Bravo et al.}
2019). In POMDPs, the agent must make decisions based on partial observations rather than full
access to the underlying system state. Such partial observability often arises in real-world settings,
making standard Markov Decision Processes (MDPs) inadequate for modeling the underlying data-
generating processes. For example, in healthcare, clinical decision-making is frequently based on

*Corresponding authors: zhoufan@mail .shufe.edu.cn; qizhengling@email.gwu.edu

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



partial information, while important latent factors like disease progression or genetic predispositions
remain hidden or difficult to quantify.

A recent line of research has focused on off-policy evaluation (OPE) within the framework of
confounded POMDPs (Tennenholtz et al., 2020; Nair and Jiang) 2021} [Shi et al., 2022; Miao
et al.,|2022; Bennett and Kallus| 2024). Since confounded POMDPs inherently violate the Markov
assumption and meanwhile encounter unmeasured confounders, existing approaches draw inspiration
from proximal causal inference (Miao et al., 2018} |[Kallus et al., 2021} (Cui et al., 2024)), leveraging
partial observations as a proxy to infer the hidden state, which enables the identification of the policy
value. However, treating histories as proxy states poses fundamental hardness for POMDPs, as these
histories can entail an exponentially large number of possibilities, thereby demanding a potentially
exponential number of samples for accurate evaluation (Liu and Jin, |2022).

To avoid an explicit exponential dependence of the error on the cardinality of the observation space,
recent work (Tennenholtz et al., 2020; Nair and Jiang) 2021)) uses importance sampling (IS) but
introduces an exponential-in-horizon quantity due to using the cumulative importance weights. To
address the history-induced "curse of horizon"(Liu et al.;[2018), recent work (Shi et al.,|2022} Uehara
et al., 2023} [Zhang and Jiang| |2025a)) employ function approximation under realizability assumptions
and specific coverage assumptions. However, in tabular confounded POMDPs, despite the inevitable
dependence on the observation and action sizes, the explicit dependence on the cardinality |O||.4] for
history-dependent policies remains unspecified.

On the other hand, excluding the influence of cardinality, the optimal error rate achievable by OPE
estimators in confounded POMDPs remains unclear. Recent work (Zhang and Jiang, 2025alb)
demonstrate an error rate of O(T?/,/n), yet these pertain to unconfounded POMDPs, where the
behavior policy is solely dependent on observed variables. In contrast, it has been shown that OPE
estimators can achieve an error rate of O(T/+/n) in MDPs, which is known to be minimax optimal
in both sample size and horizon length. For instance, |Yin and Wang| (2020) shows that marginal
importance sampling (MIS) estimator can attain such error bounds for tabular setting, while Wang
et al.| (2024) further proves that nonparametric Fitted-Q Evaluation (FQE) estimators can achieve
similar sharp dependence under the realizability assumption on the ratio functions. Given these
insights, one naturally wonders if the successful analysis can be leveraged to better understand the
horizon dependence for the convergence rate of the OPE estimator in the presence of unobserved
confounding.

Specifically, drawing from the aforementioned literature, we seek to address three questions:

Q1: How does the history-dependent policy explicitly influence the dependency of error bounds in
confounded POMDPs? Q2: How does the error bound depend on the horizon T'? Can the sharp
linear rate, known for fully observable settings, be achieved in confounded POMDPs? Q3: What is
the role of the concentrability coefficients (the ratio functions defined in Assumption3)) in improving
the convergence rate of OPE estimators in confounded POMDPs?

In this paper, we investigate the problem of off-policy evaluation under the confounded POMDPs,
with a focus on addressing the three key questions. Compared to existing work on OPE in confounded
POMDPs, our contributions are as follows: Firstly, we establish a two-step model-based approach to
estimate the policy value, which relies on certain matrix invertibility conditions. We demonstrate
the estimation error for fully history-dependent policy scale as O(T"5 /\/n(|O||A|) 2 ), while the
higher-order terms of error bound exhibit a stronger dependence on the size of observation-action
space, scaling as (|O| |A\)% Secondly, excluding the influence of cardinality, as T' grows, the first-
order term of the error bound demonstrates a 7> dependence, while the higher-order terms show a
stronger T2 dependence. Thirdly, by assuming the boundedness of certain concentrability coefficients
in confounded POMDPs, without additionally estimating these probability ratio functions, we show
that the first-order term of the error bound can be improved to O(T'//n(|O]|.A|) ). Lastly, when
the target policy is reduced to a memoryless policy, the error bound improves to O(T'/+/n+/|O||A]),
matching the sharpest rate of convergence known in the tabular MDPs setting.

2 Related Work

OPE in confounded POMDPs. A growing line of work has studied OPE in confounded POMDPs
by leveraging proxy variables to identify policy value in the presence of unobserved confounders



(Zhang and Bareinboim), [2016; Shi et al., [2022; [Lu et al.| 2023} |Hong et al.,[2024bla). While these
methods have primarily focused on settings involving function approximation, theoretical analysis in
tabular settings remains relatively limited. Besides, a line of research investigates the unconfounded
setting (Uehara et al., 2023; Hu and Wager, 2023} Zhang and Jiang} 2025alb). Among these,|Zhang
and Jiang (2025b) demonstrates that history-dependent policies can achieve polynomial sample
complexity for OPE under certain coverage assumptions and further highlights the necessity of
model-based approaches in this context. However, the unconfounded setting is less challenging than
ours, as it fails to capture the complexities introduced by unobserved confounding. Crucially, none
of the above works investigate whether optimal convergence rates can be achieved in confounded
POMDPs.

OPE in MDPs. OPE in MDPs has been extensively studied, including importance sampling (IS)
approaches (Precupl 2000) and their doubly robust variants (Dudik et al.| 2011} Jiang and Li, [2016;
Thomas and Brunskill, 2016), as well as marginalized importance sampling (MIS) methods (Xie
et al.| 2019; Kallus and Ueharal 2020; Yin and Wang|, 2020). While IS-based estimators are broadly
applicable, they suffer from high variance, leading to exponential dependence on the horizon length.
Additionally, MIS-based estimators rely on the Markov property, which limits their direct application
to confounded POMDPs. |Yin and Wang|(2020) demonstrate that MIS methods can achieve a rate of
O(T/+/n). However, there has been no work investigating the potential for improving the dependence
on horizon length for OPE in confounded POMDPs.

3 Preliminaries

POMDP Setup. We consider a finite-horizon episodic POMDP denoted by M :=
(8,0, A, T,v1,{P Y AT}, {r:} ), where S, O and A denote the state space, the observa-
tion space, and the action space respectively. In this paper, all S, O and A are finite. The integer
T is the total length of the horizon. We use v; € A(S) to denote the distribution of the initial
state, where A(Q2) is a class of all probability distributions over the space 2. Denote { P}~ ; to
be the collection of state transition kernels over S x A to S, and {7;}{_; to be the collection of
observation emission kernels over S to O. We use {r;}_; denote the collection of reward functions,
ie.,r;: S x A — [—1,1] at each time step ¢. Finally, we let Oy denote the prior observation, which
provides prior information about the initial state .S;.

In a standard POMDP, at each time step ¢, given the current (hidden) state Sy, an observation
O; ~ Ti(-| St) is observed. The agent then selects an action A; according to a certain policy, receives
a reward R; with E[R; | St = s, A; = a] = 7¢(s¢, ar) for every (s¢, a:), and the environment
transitions to the next state Sy, according to P;(- | S, A¢).

Off-policy Evaluation (OPE) under Unmeasured Confounding. This paper aims to estimate
the value of a potentially history-dependent policy for POMDPs using offline data. Define the

observed history by H; := (O1, Ay, ...,O4, As) € Hy, where H; = H§:1 ((’) X .A) is the space
of observable history up to time ¢. The target policy to be evaluated is denoted by {ﬂtithl, where

w2 O X Hi—1 — A(A) is history-dependent, illustrated by the green arrows in Figure|l] Given the
target policy 7 := {m;}]_,, the policy value is defined as

V(r) :=Egymn, [Eﬂ [iRt \ Sl”a

where E™ is taken with respect to the distribution induced by the policy 7.

In the offline setting, an agent cannot interact with the environment but only has access to a pre-
collected dataset generated by some behavior policy {m?}L_,. We assume that the behavior policy
depends on the unobserved state S, i.e., wf : S — A(A) for each t. Unlike previous work (Uehara
et al.} 2023} [Zhang and Jiang], [2025alb)), which restricts the behavior policy to be memoryless and
dependent only on the current observation (i.e., a; ~ 7(-|o;)), our approach allows the behavior
policy to depend on the latent state, making it more aligned with real-world scenarios and thus
introducing additional complexity in the analysis. We use P to denote the offline data distribution
under the behavior policy and summarize the data as D := {0}, (o}, at,ri)I_,}™ ,, which consists
of n i.i.d. samples drawn from P. The full data generating process in so-called confounded POMDPs
is depicted in Figure



Notations. Throughout this paper, we assume that E is taken with respect to the offline distribution.
We use uppercase letters such as (S, Oy, Ay, Ry, Ht) to denote random variables and lowercase letters
such as (s, o, at, ¢, ht) to denote their realizations, unless stated otherwise. We use the notation
X U Y| Z when X and Y are conditionally independent given Z under the offline distribution.
For random variables X, Y and Z taking values on {z1,...,2m}, {y1,...,yn}, and {21, ..., 24},
respectively, P(X) denotes a n length vector with entries P;(X) := p(X = z;) and P(X | Y)
denotes a n x m matrix with entries P; ;(X | Y) := p(X = z; | Y = y;). Similarly, P(X =z | Y)
denotes the n length vector with entries P;(X | Y) :=p(X =z |Y = y;),and P(X,Z =2 |Y)
denotes a n x m matrix with entries P; ;(X,Z =z |Y) := p(X = x;,Z = 2| Y = y;). For brevity,
we sometimes abbreviate these as P(z | Y) and P(X, z | Y)). For any two sequences {a,}5° ,,
{bn}224, an < by, denotes a,, < Cb,, for some N,C' > 0 and every n > N. For a matrix A, we
denote its Moore-Penrose inverse by Af and its smallest singular value by o, (A4).

Figure 1: The directed acyclic graph of the data-generating process in confounded POMDPs, where
states S; are not observed. Red arrows indicate the generation of actions via the behavior policy,
while green arrows indicate the generation through a target history-dependent policy. Under the
offline distribution P, we have the conditional independency Oy 1L (Oy, Oty1, Ry) | St, Ay, Hy—q
forany ¢ € [T).

4 Methods

In this section, we introduce the proposed off-policy evaluation method for confounded POMDPs.
Before considering how to estimate V(7), we first consider the problem of identification.

4.1 Identification

In general, identification is not possible for OPE in the presence of unobserved confounders. The
fundamental challenge arises from two sources: (i) partial observability, which breaks the condi-
tional independence (Markov property) essential for classical OPE estimators; and (ii) unmeasured
confounding, which renders direct estimation of the policy value V(7) intractable. Crucially, failure
to account for such confounding leads to biased estimates of the policy value (Shi et al.|[2022), as the
hidden state simultaneously influences both the action and future rewards and transitions.

To address these issues, a natural strategy is to use the observed history to infer information about the
hidden state (Shi et al.} 2022} |[Hong et al., [2024a,b)). This approach is motivated by the insight that
the entire history contains rich information that can help reconstruct a proxy for the unobserved state.
To enable the observed history for identifying the policy value, we impose rank conditions.

Assumption 1 (Invertibility). For eacht € [T and a; € A, assume P(Oy | Ay = a4, S;) € RISIXIO|
has full row rank and P(O; | Ay = a4, Oy, Hi—1) € RIOIH:—11xIO1 has full column rank.

A necessary condition for the rank condition is that |O| > |S|. Invertibility of P(O; | A; = ay, St)
guaranties that sufficient information about the hidden states is encoded in the observations across
time steps. The invertibility of P(O; | A; = at, Oy, H;_1) further ensures the recovery of information
about the hidden states S; from the observable history {Og, H;_1 }. Notably, leveraging the entire
history as a proxy relaxes the standard rank condition that requires P(O; | A; = a;, O;—1), using
one-step observation as a proxy, to be invertible (Tennenholtz et al.||2020; Shi et al.| 2022). This is
particularly beneficial in real-world applications where the observation space is often larger than the
hidden state space.



Theorem 1. Under Assumptions! | V() is identified as

Zzzrt(]‘[m ai | 0ishi-1) )P(O0)P(O1|00)P'(O1 | Ay = a1, 0%)

t=1 7 h;

(HIP i41,0i = 0i | Ai = ai, 00, Hi 1)P1(Oi41 | Ai1 = ai+17007Hi)>
(Rt = rt70t = O¢ I At = ataOO7Ht—1)'

Theorem [I] states that the policy value can be expressed entirely in terms of observable variables. This
expression is derived by decomposing the marginal distribution p™ (r,) using the transition dynamics,
reward, and target policy, based on the identity V(7)) = E’T[Zg‘rzl Ry = Z;‘;l >y, TP (1)
Similar results were initially introduced by [Tennenholtz et al.|(2020). Specifically, the invertibility
of the action-conditioned probability matrices P(O;11 | A; = as, Op, Hy) allows us to algebraically
reconstruct the distribution of observations and rewards under the target policy using offline data
collected by the behavior policy. Intuitively, conditioning on the action blocks the confounding
path through the unobserved states, isolating the confounding effect of the action. Consequently,
these action-conditioned probabilities, as proxy functions, can effectively correct the confounding
influence, thus enabling us to identify the policy value. In addition, we extend the identification results
beyond the tabular setting (see Theorem [3]in the Appendix), showing that the completeness condition
(Assumption [5]in the Appendix), which is a generalization of the rank conditions in Assumption|[I] is
sufficient for the identification theorem to hold in more general settings.

4.2 Estimation via Value Functions

According to Theorem [T} we can directly perform OPE by estimating those conditional matrices
relying solely on the offline data. However, the presence of multiple matrix inverses in the product
is computationally expensive and may lead to instability in the estimation. To address this, we are
motivated by the structure of the identification in Theorem [I]and propose to solve a Bellman-type
equation to estimate the policy value as a more stable and computationally efficient approach.

Bellman-like recursions in confounded POMDPs. Under the invertibility assumptlons stated
in Assumption l 1] the proxy {Og, H;_1} is sufficient to construct a Bellman-like recursion based
entirely on observable variables (see Appendix [B.T]for further details). Specifically, we can formulate
a system of linear integral equatlons (T), whose solution defines a sequence of proxy value functions
{674 AX O X Hy 1 = R}

E[ Vi (Ae, O, Hy 1) ’ OO,Ath_l}

€]
= ]E[Rtﬁt(At ‘ Oy, Hy—1) + Z b7xr/,t+1(a/70t+17Ht)7Tt(At | O, Hy—1) ‘ Oo, At, Hi—1 |,

a’€A
where b7, 1, = 0. Note that the invertibility of P(O; | A¢ = ay, Og, Hy_1) ensures that the value

functions {b7, t}t , are uniquely defined solutions to this system. In the context of confounded
POMDPs, these proxy functions play an analogous role to the value functions in MDPs, enabling the
estimation of policy value through these functions. This naturally suggests a two-step procedure for
OPE in confounded POMDPs: (i) estimate the conditional probabilities, and (ii) compute the value
function from (T)) using the estimated probabilities.

To illustrate the model-based estimation in the tabular setting, we first define two key conditional
probability matrices for any given a; € A, r4, and 0441 € O,

P, :=P(O; | Op, Ay = ay, Hy_y) € RICIHealxI01,
O||He—1|x|O
Pat,rt,ot+1 ::]P)(OtJrl =041, Ry = 1, Oy \ Oo, Ay = at7Ht71) € RIOIH1lx|Of,
Then, we can rewrite the value recursion from equation (I]) in matrix form as:
P, B = Z Pa,ri001 [Tt - mi(atog, he—1) + Z b7xr/7t+1(a/7 0¢y1, he—1,a4,0¢) © 7Tt]7 2

Tt,0t41 a’€eA



where B = b7, (ar, 00, h1) € RIU Py, Pa, 0y, € RIOIH-1IXIOI gre conditional prob-
ability matrices defined earlier, ® denotes the element-wise product, and rym(a¢|os, hi—1) +
me(at|os, he1) © Y4 b’{,tﬂ(a’ 0t41,he—1,0as,0;) € RIC s a |O| length vector. To ensure a
unique solution of B, the matrix P,, must be full column rank, i.e. rank(P,,) = |O|. This is a
mild and typically reasonable assumption in practice, since |O] < |O||H;—1] as t increases. Then,
the solution to the linear system (2) is given by

s !/
E Pat,vt,ot+1 ¢ - me(aglog, he—1) + E bv,t+1(a,0t+1,ht—1,at,0t)®ﬂt],

'rt,ot+1 a’€A
—1 . . .
where P{ = (P! P,,) P} € RIOIXIONH:—1l i the Moore-Penrose inverse of P,,. Given
by 11 = 0, the value functions {b"}7t}tT:1 can be solved iteratively, starting from ¢ = 7" and

proceeding backward. Specifically, for any a; € A, 0, € O, hy_1 € H;, the update rule gives
th(at,Ot,ht 1) = me(atfor, he—1) %TP Z P, 7t,ot+1¢t Tt + Z th+1 a ,OI,ht)), 3
T¢,0 a’'€A

where ¢ (o;) € R/l is a one-hot encoding vector for the observation oy.

Two-stage estimation. To enable the estimation of value functions, we estimate the conditional

probability matrices f’at , f’at,n, from the dataset D at time step ¢. Each matrix is constructed
entry-wise as follows:

Ot41

" 1ol hi_, 08, at) = (04, he_1, 00, G
ﬁ(Ot | Oo,at,ht_l) _ El_l {( tr 't—1->%0> t) ( ty I0t—1, 00, t)}7
TNog,hi—1,a

" o1{(ot, 0l i 0h, hi_,,at) = (0441, 04,7, 00, Ri—1,a
ﬁ(Ot.{.l,Ot,T‘t|00,at,ht_1): 21,1 {( t+1s Yt Tty V0s Mlp—1> t) (t-‘rla ty Tty V0, It—1, t)}’
Nog,hi—1,a
@

where 1o, h, 100 = Doreq 1{(0h, hi_1,al) = (09, ht—1,a:)} denotes the number of the triplet
(00, ht—1, a;) being visited among n independent episodes.

Then, the sequence of estimated value functions {ZV +}2_ can be solved iteratively by

th(ataOtaht 1) —ﬂ't(at\Ot,ht 1 thP ZPat n,otﬂ% Tt + Z th+1 a’ 0 ht)) 5)

rt,0’ a’e€A
where b -0, Pl = (f’Tf’ )_1f’T € RIOXIOlHi-1l By L, th irical
vir41 = 0, Pl = (P, Py, a . By Lemma 12| these empirica
estimators are unbiased, i.e. E[p(o: | 0g,as, hi—1)] = p(o: | 00,at, ht—1), which implies that

]E[f’at} = P,,. Consequently, the recursion in (5] ultimately yields asymptotically unbiased estimates

of the true value functions. Moreover, the P,, must be invertible for the recursion to proceed, which
implicitly requires that each tuple (0g, hi—1, a;) must be observed sufficiently many times. To ensure
numerical stability and avoid division by zero, we assume each (o9, h+—1, a¢) in the data is sufficiently
sampled. If the triple (0o, ht—1, a¢) is not collected in the offline data, we set p(-|og, at, ht—1) = 0.

Policy value estimation. After computing the value functions via (3] for 7" iterations, we plug the
estimated value function by, ; into V(7) to obtain the empirical estimator as

) = 130 [ ¥ b))

i=1 a€cA
Algorithm [I] summarizes the proposed algorithm for OPE in confounded POMDPs.

5 Theoretical Results

In this section, we study the theoretical properties of our method under certain technical assumptions.
Our primary goal is to establish a finite-sample error upper bound for V() — 17(7) Specifically, this
upper bound will depend on several factors, including the sample size n, the horizon length 7', and
the size of the observation space |O| and action space |.A|. To begin with, we impose the following
key assumptions that are used in the theoretical analysis.



Algorithm 1 Tabular Off-Policy Evaluation for Confounded POMDPs

Input: Dataset D, the target policy {m;}7_,, and initialize BV,TH =0.
fort=1T,...,1do R R
Estimation of conditional probability: obtain P,, and P, ,, o,,, by @)
Estimation of value functions: obtain by, by (3)
end for . .
Output: obtain estimated policy value V(m) by by 1.

Assumption 2. The following conditions hold.

2
(a) (Coverage) For each t € [T, E[Hi,zl (%) } < Cro < 005

(b) (Invertibility) For each t € [T), a; € A, rank(P,,) = rank(P,,) = |O|, and the smallest

. . cpt
singular value 0., (P, ) satisfies 0min(Pa,) > W
t—1
(c)(Sufficient visitation of observations) For each t € [T, the samples used to construct each
entry of P, v, 0,01 SALSY Moo b 1,0, = M0 (00, he—1,a¢) (1 — 0445), where 0 < 0, ;5 < 1 with
>i; 0 =1, and we denote 0" := miny ; ; 0y ;5.

, where 0 < C'p < o is a constant;

Assumption (a) imposes a bounded second moment condition on the cumulative importance ratio
(concentrability coefficients), which is milder compared to directly bounding the importance weight
7e(atlos, hy—1) /7 (as|s¢), a common assumption in the OPE literature. The invertibility condition

(b) requires P,, and P,,, to be well-conditioned matrices, which is necessary for the uniqueness of
the solution to the iteration equations () and (3). Furthermore, we require the lower bound of the
smallest singular value of P, to decay in proportion to 1/+/|O||H;—1|. This is informed by random
matrix theory, where for an M x N random matrix (M fixed, N — o0), the smallest singular value
decays at a rate of O(1/+/N) (Rudelson and Vershyninl 2009). Assumption c) requires a sufficient
number of samples for each triple (0g, ht—1, a;), ensuring consistent estimation of the conditional
polylog(|O|™,|A|".T)

ming oq,ny_ 1,00 P (00,he—1,a1)
and further details can be found in Appendix[C] Assumption[2{c) is introduced to simplify the proof
and can be relaxed using a truncation argument, similar to the approach in|Yin and Wang| (2020).

probability matrices. Specifically, this requires the sample size n >

We now present the main theorem that provides the upper bound for [V(7) — ]7(7r) |
Theorem 2. Under Assumptions[Ijand[2] Then, with probability at least 1 — 6, it holds that

a TS a1 L T, T
[Vim) = V()| 5= (=07 2R CrlofF AL
L5 1 3 3
+ (-0 CLROIE A g0 AT ) ©
T3 3 1 5T 5T
+ (1= 67)2CLCRIOIF A7 1og(T(O[T AL /5).

In Theorem 2] the first term in (G) scales as O(T*-° /\/n), which we refer to as the first-order term. The
remaining terms, which are higher-order terms, exhibit a stronger dependence on 1" but converge more
quickly due to the faster rates of the sample size n. These results respond to Q2. For clarity, we omit
the detailed form of the higher-order terms here, and the full specifications are discussed in Appendix
Compared to the order of O(T?/,/n) obtained in both unconfounded POMDPs (Uehara et al.,
2023} Zhang and Jiang| [2025alb) and confounded POMDPs (Bennett and Kallus| [2024), we achieve a
sharper dependence on the horizon by leveraging the fact that the variance of the first-order term can
be decomposed into a sum of 7" individual expectations of the conditional variance. Moreover, the

first-order term in the upper bound () exhibits an exponential dependence of order (|O||.A|)Z on
the observation and action space, while the higher-order term shows a strong dependence of order

(10| |A|)% with 8 > 3. These results respond to Q1. The increased complexity arises from the fully
history-dependent policy, leading to challenges in evaluating policies as the effective policy domain
expands over time with the growth of the history space |#;|. This complexity highlights the inherent
statistical challenges of evaluating fully history-dependent policies in confounded POMDPs.



Corollary 1. Under the conditions in Theorem[2] for the memoryless policy dependent on the current
observation, i.e. 7 : O — A(A), with high probability, it holds that

@ - 9w = oS- a-o)icheniof Al ). ™

As shown in Corollary (1} when the target policy reduces to a memoryless policy, the exponential
dependence on the observation and action spaces is no longer present. The upper bound in
instead exhibits a polynomial dependence on the horizon 7', as well as on the cardinalities of the
observation-action space. We now turn to a refined analysis of the upper bound in (6). Before
proceeding, we assume the existence of the following sequence of ratio functions.

Assumption 3. We assume the existence of real-valued functions {b,, : A x O x H;—1 — R},
that satisfy the following conditional moment restrictions,

- o wt(StaHt—l)
E [0y, (s, Hio1,00) | Si, A Hyoa | = RN ®)
where wi(Sy, Hi—1) = pf(St,Ht,l)/pfb(S’t,Ht,l). We denote pi(oy, St,at, hi—1) =

E[b{},t(at, hi—1,00)7(as | 0ty hi—1)|ot, st, at, ht—l]- We further assume there exists a constant
0 < Cw < oo such that
sup  pi(or, 5, ae, he—1) < Cw. 9)

t,01,8¢,a¢,he—1

These types of weight functions {b;,,}7_, are also utilized in OPE for confounded POMDPs (Shi
et al.| [2022; Bennett and Kallus, 2024) which allows for the adjustment of the observed data
distribution to account for the influence of unobserved confounders. The ratio p, plays the role of a
concentrability coefficient in confounded POMDPs. Specifically, the following identity holds:

h T e he_
pt(Ot,St,at,ht 1) Dy (Of,Stﬂu t— 1) _ by (ii, t 1)7Tt(a1\ O, Nt 1)p(0t | St).
j (Otashat,htfl) y2 (Stahtfl)ﬁt (at | St)p(ot | 5¢)

In the MDPs, p; reduces to the ratio of the state-action marginal density, which quantifies the mismatch
between the marginal state-action distributions of the target and behavior policies. Analogous to
the fully observable case, we impose the bounded ratio in @]), which ensures that the offline data
distribution P can calibrate the distribution induced by the target policy 7.

Lemma 1. For the target policy m : O X Hi—1 — A(A), we have

T

SB[ Var| B+ 3 611(0, Oy Hy) | Or, Sty Av Hia ]| < var” [ET:RJ,
t=1

t=1 acA
where Var™ is taken with respect to the distribution induced by T.
Lemma I] establishes a variance decomposition bound that is analogous to Lemma 3.4 in[Yin and

‘Wang|(2020), which focuses on the OPE in MDPs. Notably, it shows that the sum of the conditional
variances across time steps is upper bounded by the variance of the cumulative reward, which is on

the order of T2, since Var™ [Zthl Ry] < T?. This result can be derived by iteratively applying the
law of total variance. The complete derivation is provided in Appendix [C.1.2]

Theorem 3. Under Assumptions[I} 2] and[3) we have the following results:
(a) for history-dependent policy, i.e. w; : O x Hy—1 — A(A), with high probability it holds that

V() - P =0 <f1o*)%cévcp(9|z|,42> (10)

(b) for memoryless policy, i.e. w : O — A(A), with high probability it holds that

V(x) - V(m)| = O ( 1_9*)—%Cévcp|0|z|A> (11)



Based on Lemma [I] we derive Theorem [3] We omit the higher-order terms here, as they remain
identical to those in Theorem [2} Notably, the constant of the coverage condition C.+ is replaced
by the constant of the bounded ratio C'yyy. Compared to the results in Theorem [2] the upper bound
in (TO) demonstrates an improvement in the dependence on the horizon length 7" in the first-order
term, reducing it from 7'*® to T', which is the sharpest known dependence of the horizon for tabular
POMDPs. The bounded ratio function in Assumption [3| here provides an enhanced method for
deriving the bound on the first-order term, thereby achieving faster convergence. These results answer
the question Q3. In the memoryless case, the upper bound in (TI) matches the optimal order of
O(T/+/n+/|0O]|A|) established for tabular MDPs (Yin and Wang, |2020). This finding highlights that
a linear sample complexity in 7" is sufficient for evaluating the memoryless policy in confounded
POMDPs under these conditions. In addition, it is crucial to emphasize that our approach does not
require the estimation of weight functions {b%t}tT:l, focusing solely on the estimation of value

functions { b7‘57t}75T:1. This distinguishes our approach from prior work such as|Shi et al.| (2022)), which
necessitates the estimation of both components.

6 Simulation Results

We conduct a simulation study to examine the behavior of the error |V(7) — V()| with respect
to sample size n and horizon T'. The primary objective is to provide empirical validation for our
theoretical results. To this end, we use a relatively simple simulation setup that ensures clarity
in demonstration. Specifically, we evaluate our approach in a simulated POMDP environment
characterized by a one-dimensional discrete state/observation space, a discrete reward space, and
binary actions. Concretely, we set A = {0,1},S = O = {0, 1, 2} for all ¢. The initial observation
is given by Og ~ Unif ({0, 1,2}) and S; ~ Unif ({0, 1, 2}), and the transition dynamic is given by
O; ~ Pi(+|St), where P;(O¢|S:) = 1{O; = S:}(1 — 3¢/2) + €/2. The immediate reward is set
tobe R, = 2/{1 + exp(—2S:A; — 3) — 1}. We collected offline data using a time-homogeneous
behavioral policy 7?(1]S;) = 1/{1 + exp(—0.65; + 1)} = 1 — 2(0|S;). For experimental details,

S

we set € = 0.2, initialize by, 741 = 0, estimate conditional probability matrices as described in @,
and iteratively compute the value function by over T steps according to (3).

We evaluate two target policies. (1) For the memoryless target policy m;(1]0;) = 1/{1 +
exp(—0.80; + 1)} = 1 — m(0|O;), the conditional probability P,, and Py, ;, o,,, are condi-
tioned on Oy. We evaluate its value using sample sizes n = 200, 400, .. ., 1000, and horizon lengths
T = 20,60, 100, 140. The results, shown in Figure[2{(a), reveal a nearly linear relationship between
[V(7) — V(x)| and T, which aligns with our theoretical results as shown in Theorem 3| (2) For
the fully history-dependent target policy setting, to simplify computation, we fix the action space
to a single action, A = {1}. In this case, m+(1|O;, H;—1) = 1 and the historical information H;_,
is only used to estimate the conditional probability matrices. We evaluate the policy value using
sample sizes n = 1000, 4000, 7000, 10000, and horizon lengths 7" = 2, 4, 6. Figure[2(b) presents the
logarithm of | V() — V()| versus T'. For n = 1000 setting, we observe noticeable fluctuations due
to the increased size of the conditional probability matrices as 7" grows, which requires more samples
to estimate each entry accurately. Nonetheless, across different n, we observe an approximately
linear relationship between the logarithmic error and the horizon 7". These experimental results are
consistent with the theoretical findings presented in Theorem 3]

7 Conclusion

In this paper, we study the problem of OPE in confounded POMDPs, where both partial observability
and unobserved confounding pose significant challenges to policy evaluation. To address these
challenges, we propose a model-based framework that leverages observable history as a proxy for
hidden states. Under suitable invertibility conditions, we establish identification results for history-
dependent policies. Our theoretical analysis demonstrates that the proposed method achieves a
convergence rate of O(% |O| 7| A|%). An important direction for future research is to investigate the

minimax-optimal rate for off-policy evaluation in confounded POMDPs and extend the framework to
continuous state and action spaces.
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Figure 2: (a) Results for [V(r) — V(r)| when the target policy is memoryless. (b) Results for
log(|]V () — V()|) when the target policy is fully history-dependent.
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The Appendix is organized as follows:

Section [A] presents the detailed statements for Theorem 2] Section [B] presents the detailed proof
of Theorem [I] Section [C] presents the detailed proof of Theorem Section |D| outlines the
technical lemmas essential for the proofs. The code to implement the simulation is available at
https://github.com/kuangqi927/Confoundedpomdp.

A Detailed Statements of Theorem

We begin by presenting the detailed statements for Theorem 2} We omit the full proof for Theorem 3]
which differs from Theorem 2]only in the first-order term.
Theorem 4. Under Assumptions[I)and 2] suppose the sample size n is sufficiently large, then, with
probability at least 1 — ¢, it holds that
=~ T o1 L T, T
V() = V()| £ (1= 6) L CPIOIF A

T1.5

+ ——(1—0) 7 ChCRIOIF |4 \log(12(O[7 AT /9)

T3 *\—1

+ (=07 CLCHO A g0 AT /) ()
T3

(1= 0 THCLORION T A log(1?(0[ A" /)

3
n2

+ % log(T?|A|/6).

The first four terms are related to sub-optimality terms. The proof of the first-order term is provided
in Appendix [C.I.1] and the proof of the higher-order terms is given in Appendix [C.1.5] The proof of
the last term related to the empirical process is presented in Appendix[C.2]

B Proof of Theorem ]]
For convenience, we omit the uppercase letters and abbreviate P(X,Z =z | Y) as P(X, z | ).

Proof. By the definition of policy value, we have

T
™) = Z Z rip™ (re)

t=1
T
:ZZ” Z p(re | 00,81,01,01, ..., 5t at,0)p(00, S1,01,01, - .., St, A, Of)
t=1 Tt 00,51,01,01,..,5¢,Gt,0¢
T
:ZZrt Z p(re | s¢,a1)p(00, 81,1, 01, ..., St, Qt, 01).
t=1 Tt 00,51,01,01,...,5¢,Gt,0¢
We now recursively decompose the joint probability p(og, s1,a1,01,. .., St, at, o) as follows,
(00, 81,01,01, ..., St,at, 0t)
= p(a¢ | 00, 81,01,01,...,8t,0t)p(00, $1,G1,01, ..., St, Ot)
= me(at | o¢, he—1)p(0t | 00, 81,01, 01, ... ,5t)p(00, $1,01,01,...,5¢t)
= m(a¢ | o, he—1)p(ot | s¢)p(0o, $1,a1,01, .., 5t)
=mi(ay | o, he—1)p(or | s¢)p(se | 00, $1,01,01,...,0i—1)p(00, S1,01,01,..,0¢_1)
= m(at | or, he—1)p(ot | 8¢)p(se | st—1,a:-1)p(00, $1,a1,01,...,0t-1).

Hence, by induction, we obtain that

p(00,51,a1,01,...,5¢, a1, 0¢) (H mi(ai | 0i, hi—1)p(o; | si ) (Hp (sit1 | &,m)) p(s1lo0)p(oo).
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Note that O; 1 Ay, Ay | S, we can rewrite as
p(re | st,a1)p(00, 51,01, 01, - -, 8¢, as,01)
t t—1
= p(re, o1 | 51, a¢) (H mi(ai | Oi;hi—1)> (Hp(5i+1a0i \ Su%‘)) p(s1]o0)p(00)-
i=1 i=1
We now rewrite the policy value in the vector form as

™) = ZZW Z (H mi(a; | Oiahi—1)>

t=1 7 a1,01,..., =1

(13)
( SllOO (HP i+1, 04 | ag, 1)) (rtaot | ataSt)'

Thus, the summation uses only observable variables.

We now aim to eliminate the hidden states in (]EI) We invoke Lemma 2 of [Tchetgen et al.| (2020),
and the difference lies in that we use the full history {Og, H;_1} as a proxy to infer hidden state S;
instead of one-step observation O;_;. This yields the following key causal structure.

P(St,Ot—l | at—last—l)P(St—i-hot | atvst)
=P(Os—1 | at—1,S:—1)PT(O4—1 | ar—1,00, H;—2)P(Oy4, 041 | ar—1,00, Hy—2) (14)
POy | ar, Og, Hi—1)P(Si41,0¢ | ar, Oo, Hy—1),

and
]P)(Styotfl | at—1, Stfl)]P(rtuOt ‘ at7st)
=P(O;_1 | ar—1,Si-1)PT(O4—1 | az—1,00, H;—2)P(O4—1 | ar—1,00, Hy—2) (15)
]PT(Ot \ atyOo,th)P(Tt,Ot | at,OO,th)y
and

P(S¢,0¢—1 | ar—1,00, Hi—2)P(Oy | ar, Sy) = P(O¢, 00—1 | az—1,00, Hi_2). (16)

Combining these three equations (T4), (T3], and (T6), we eliminate the latent states from (I3 and
yield

( 51‘00 (HP i+1, 04 | ag, L)) (Tt,Ot | ataSt)

=P(00)P(01]0)
PT(O1 | a1,00)P(O2, 01 | a1,00)P' (O3 | az, Oy, Hi)P(O3, 05 | ag, Oy, Hy)
PT(O3 | az, 0o, Ha)P(Oy, 03 | az, 0o, Hy)PT(Oy | as, Oy, H3)P(Os,04 | as, Op, Hs)

PT(O4-1 | ar—1,00, Hi—2)P(O4—1 | as—1,00, Hy—2)PT (O | ay, Og, Hy—1)P(r4, 04 | az, O, Hy—1)

t—1

=P(09)P(01|00)P"(O1 | a1, Oq) (H P(Oit1,0i | ai, Oo, Hi—1)PT (011 | ai+17OO,Hi)>

i=1
P(re, 00 | ar, Oo, Hy—1).

Here, we require P(O; | at, S;) to be invertible.

Putting all together gives the conclusion, which expresses the policy value entirely in terms of
observable variables. O

B.1 Identification via value function

In this section, we present a complete proof of the identification results beyond the tabular setting.
Theorem 5 (Identification). Under Assumptionsdand 3] the policy value for 7 can be identified as

- E[ 3 b;l(a,ol)}. (17)

acA
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Proof.
T

V(n) =E™ [Z Rt} (by definition of policy value)

t=1

T
=Es, 0, D E [Rt

t=1

S 1] (by the law of total expectation)

T
B,y Y E [R,

S1, Ho} (by Hy = 0)

t=1
=Es,~v, |E Zb’&,l(a,Ol,Ho) ‘ Sl,HOH (by Lemma2))
:Eslel E ZbT\;,l(ChOl) ‘ Sl‘|‘| (by HO = @)

=E lz by (a, O1)

Consequently, we complete the proof. O

Assumption[I|= Assumption[d}[5| In tabular settings, the rank conditions are sufficient conditions
for the completeness condition to hold. P(O; | a;, S;) being invertible means different states map
to distinguishable observation distributions. Similarly, invertibility of P(O; | at, Oy, H;—1) ensures
the history can span the full observation space. These together imply that the observable history
{Oy, H;_1} contains enough information to separate functions of the hidden state Sy, which is exactly
what completeness requires. Besides, the invertibility of P(O; | a¢, Og, H;_1) ensures the existence
of value functions in Assumption 4]

Assumption 4. There exist real-valued functions {bf;, : A x O x Hy—1 — R}T | that satisfy the
following conditional moment restrictions:

E |:b7\;,t (Ata Ot7 Htfl) ’ 007 At, Ht71:|

= E[Rtﬂt(At | O, Hy—1) + Zb?‘ﬂt_i,_l (a/,Op1, Hy) mi(Ay | Oy, Hy—y) | Oo, A, Hy—1|.

Beyond the tabular setting, the existence of these value functions is justified by some mild regularity
conditions utilizing tools from singular value decomposition in functional analysis (Kress et al.|
1989).

Assumption 5 (Completeness). For any measurable function g, : S X A x H;_1 — R and any
1<t <T,

E[g¢(Se, Ar, Hi—1) | Ay, Hi—1,00] =0
almost surely if and only if g;(St, Ay, Hi—1) = 0 almost surely.
The completeness assumption is widely used in statistics and econometrics. For example, it plays a

crucial role in instrumental variable estimation, where the identification of structural functions often
depends on the completeness (Newey and Powell, 2003}, [Hu and Shiul 2018)).

Under Assumptions 4 and[5] we obtain another sequence of conditional moment restrictions (I8) that
are projected onto (S, A¢, Hy—1).

E[bg,t(AtaHt—l»Ot) ‘ Atht—lvst} = E{Rtﬂ't(At ‘ Ot;Ht—l)

. (18)
+ Z b7y y1(a’ Hy, Opyr)mi(Ay | O, Hy—y) | At»HtflaSt]
a’'€A
Lemma 2. Under Assumptions@dand[3] for allt =1, ..., T, it holds that
T
E[ > 000000 Hit) | St Hior| = Y B[Ry | St Hoa (19)
a j=t
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B.2 Proof of Lemmal2l

Proof. We prove it by induction. At the step t = T, we have

E™ l:RT ‘ STyHT—1:|

—E [IE” [IE [RT ‘ ST,HT_l,oT,AT} ) ST,HT_l,OT] ‘ ST,HT_l}

(by law of total expectation)

:ETK‘

E{ZE [Re | St,Hr-1,07, Ar = o 7r(a | Or, Hr 1) | ST,HT_l,OT] | ST,HT_ll
_E lZE [Re | St,Hr1,07, Ar = a| 7r(a | Or, Hr 1) | ST,HT_ll

=K [ZE [RT ‘ ST,HTfl,AT = a:| 7TT(a | OT,HTfl) ST,HT1]

(by Ry 1L Or | Sr, Ap, Hy_1)
:ZE _RT ‘ Sr,Hr_1,Ar = a] E [WT(G | Op, Hr—_1) ST7HT—1}

ZZE :RT ‘ ST,HT_l,AT = a:| E |:7TT(CL ‘ OT,HT_l) ST,HT_1,AT = CL}

(by Op AL Ag | Sy, Hr—1)
= E|[Rrnr(a| Or, Hr-) | Sr.Hr-1, Ar = a| by Or 1L Ry | Sr, Ar. Hr-)

= Z E >b7‘},T(OT, HT—l, Cl) ST, HT—17 AT = Cl:| (by Equation@[)

:Z]E [ v (Or, Hr 1, a) ST7HT71} (by Or AL A | Sy, Hr—1)

=E lz by r(a,Or, Hr—1) | St, HT;|

According to the above derivation, we have shown E[Y", by, (a,05,Hj1) | S; Hj—1] =
E™ [Zth ;R | S;, H j—l] when j = T. We proceed with the derivation by induction. Assume
that E[ Y2, b7, (a, 05, Hj_1) | Sj, Hj—1] = E[Y/_, Ry | Sj, H,_1] holds for j = k + 1, we
will show that it also holds for j = k.

For j = k, we first notice that

T

D R

t=k

]ETI'

SkaHk1‘| =E" {Rk | Sk>Hk—1} +E™

T
> R sk,H“] .

t=k+1
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Next, we analyze these two terms separately. Analyzing the first term is the same as
E™[Rr | S7, Hr—1] by replacing T' with k.

E™ [Rk ‘ Sinlc—l]

=E {EW {E [Rk ‘ SkaHk17OkaAk:| ‘ Sk7Hk:1,Ok::| ‘ SlmHkl]
(by law of total expectation)

=E" [E{ZE[RIC ‘ Sk, Hy—1,0p, A, = a] (e | Ok, Hy—1) ’ SkaHk—laOk] ’ SkaHk—l}
:]E|:ZE|:R]€ ‘ Sks Hy—1, Ok, A = a} Ti(a | Ok, Hi—1) ’ Skka1:|

:]E|:ZE|:RI€ ‘ Sk, H—1, Ay = a|m(a | Ok, Hi—1) Skka—l]
(by Ry 1L Oy | Sk, Ak, Hi—1)

:ZE Ry, ‘ Sk, Hy—1, A = CL}E mi(a | Og, Hy—1) SlmHk—l]

=> E|Ry ‘ Sk Hi—1, A = G}E m(a | O, Hy—1) | Sk, Hy—1, Ay = a}

(by O AL A | Sk, Hi—1)
= E|Rpmi(a| Ok, Hi1) ‘ Sy Hi—1, A = a]
(by Ok L Ry | Sk, A, He—1)

:ZE Rymi(a| Ok, Hy—1) ‘ Sk, Hi—1, A, = a]

(20)
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For the second term, we have
r T

E"| > R

Lt=k+1

SkaHk—1‘|

r T
=E" |E™ l Z Ry | Spy1, Hi, Sy,
L t=k+1

‘ Sk, H k_ll (by law of total expectation)

B T
=E™ |E™ l Z Ry ’ Sk+1, H
L t=k+1

’ SkaHk—1] (by {Re}_py1 AL Sk | Sk, Hi)

=E" |E

Zbe’,k—&-l(alvokJrl»Hk) ‘ Sk+1»Hk‘| ‘ Sk»Hk1]

=E" |E

Zbg,k—&-l(aIkaJrl»Hk) ‘ Sk+1»Hkask1 ‘ Sk,Hk1] (Og41 1L Sk | Skt1, Hy)

=k~ Z b@7k+1(a’, Og+1, Hi) ‘ Sk, Hkl] (by law of total expectation)
a/

=E" |E

[
=E [ZE

a

Z by ki1 (', Ongr, Hy) ‘ Sk, Hy—1, Ok, Ag
a/

‘ Sk, H kl] (by law of total expectation)

Zb&kﬂ(a/,OkHka) ‘ Sk, Hi—1, O, Ay, = a] mi(a | Ok, Hi—1) ‘ Skka1‘|
a/

ZbT‘;’,kJrl(a/aOkJrlaHk)Wk(a | Ok, Hy.—1) ‘ Sk, Hy—1,0k, A = a
a/

‘Skakll

:ZE E

ZbTxr/,kH(a/aOkJthk)?Tk(a | Ok, Hi—1) ’ Sk, Hi—1, O, Ay, = a] ‘ Sk,Hk1]

a’

:ZE E

> 0741 (d, Opgr, Hi)m(a | Op, Hy—1) ‘ Sk Hy—1, Ok, A = a] ‘ Sy Hi—1, A = a]
a/

(by Ok AL Ak | Sk)

:ZE Z b§7k+1(a’, Og+1, Hy)mi(a | O, Hi—1) ‘ Sp, Hy_1, A = a] (by law of total expectation)

a’

2
Combining Equations (20) and 1)), we have

T
> R, ‘ Sk,Hk1]

t=k

Eﬂ'

—E" [Rk ‘ Sk,Hk_l] FE

T
Z R, ’ SkaHk—1]
t=k-+1

:ZE Rymi(a| Ok, Hiy—1) ‘ Sk, Hy—1, A = a}

+D B b0, Okgr, Hy)mi(a | Ok, He 1) ‘ Sk Hy—1, A = a]
(by Equations (20) and 21))

:Z]E Rymi(a| O, Hi—1) + Zb@,k+1(a/70k+1,Hk)7Tk(a | Ok, Hi—1) ‘ Sk, Hy—1, Ay = a]

a L a
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:ZE [b@ﬁk(a,Oka,l) Sk, Hy_1, Ay = a} (by Equation [T8)

=) E {b?/,k(a, Ok, Hi-1) SkaHk—l} (by Oy AL Ay ‘ Sy Hi—1)

=E lz ka(a, Ok, H—1) | Sk, Hk—1‘|

Therefore, E™ [zfzk R, ‘ S, Hk_l] _E [b’{,’k(Ok, Hy 1) ’ S, Hk_l} also holds for j = K, if it
holds for ;7 = k£ + 1. By the induction argument, the proof is completed. [

B.3 Identification via weight functions

We provide an alternative identification formula with weight functions {b’{v)t}le.

Theorem 6 (Identification with weight functions). Under AssumptionsHd|and [ the policy value can
be identified by weight functions as

T
V(r) = E[ZRtﬂ't(At | OtaHtfl)bTer’t(AtaHtflaOO)}~

t=1

Proof.

V(m) = ZE” [R¢(St, At)]

t=1

T
= E"[E7 [Re(Sk, Ar) | Or, S, Hin]]
=1

ETF

I
[M]=

Z Ry(St, a)mi(a | Oy, Htl)}

~
Il
-

E™ |E™

I
[M]=

ZRt(St7a)7Tt(a|OtaHt71) ’ St Htl‘H

~
Il
-

Wt(st,th) -E”

I
ng

ZRt(Staa)ﬂ—t(a | O, Hy—1) ’ St,Ht1H

\*
Il
_

Wt(St;Ht—l) Z Rt(Staa)ﬂt(a|Ot,Ht—1)
L acA

_w b (alg) (@O Hi1)
(St Hir) Y Re(Si, ) (al Sy) 77 (alSy) ]

L acA

I
bgq

o~
Il
—

I
Pgﬂ

~
I
—

A Oy, Hy—
mi(Ae O, Hi1) ’ St,Ht1,OtH (by Ay ~ 72(|S)))

I
ng

E |:Wt(St,Ht1)Rt(StaAt)

> TP (A¢ | Sh)
T

wi(St, Hy—1)

-3 AT A | O Hi ) =50 rg

> _Rt(Stv ) (Ar | O, Hea) W?(AHSt)}

o~
Il
—

Il
M=

E [Rt(St, At)ﬂt(At ‘ Ota Ht—l)]E I:b7{./rV7t(At7 Ht—h Oo) | St; Ht—l, At]] (by Equation@)

o~
Il
=

Il
] =

E [E [Rt(StaAt)Trt(At | O, Hy—1)byy  (At, Hi—1, Oo) ’ StaHt—hAt”

~
Il
-
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(OU J-I- (Ot7Rt ‘ StaAthfl)

T
Z Rt StyAt 7T::(At|0t7Ht 1)bWt(At7Ht 1,00)]

C Proof of Theorem 2] and

In this section, we provide the proof for Theorems [2]and [3]in the main text. We only show the proof
for the fully history-dependent policy, as the memoryless case can be derived straightforwardly by
excluding the history H; 1 from the conditional probabilities P,, and Py, 0, . Before proceeding
with the analysis, we first recall and introduce some notations.

Additional Notations. Fort = 1,...,T, let D; represent the collection of historical data up to
time step ¢, i.e., Dy = {0}, (0L, al,,ri)t _, 3 with Dy = {of }}_,. For simplicity, we omit the su-
perscript 7” when referring to the expectation, variance, or probability under the distribution induced
by 7. To distinguish between different sources of randomness, we use £ to denote expectations over
random variables (capital letters) and E to represent expectations over offline data, when both £ and
E appear simultaneously. We use I to represent the identity matrix, with its dimension being clear
from the context. If a non-negative random variable X satisfies P(X < ¢=(n,T)) — 0 as ¢ — 0 for
any n, T, we write X = Op(E(n,T)) with high probability.

Note that we assume a sufficiently large n in Assumption[2)c), where we require a sufficient number
of samples for each triple (0g, h¢—1, a; ), ensuring consistent estimation of the conditional probability
matrices. Specifically, we require 1oy n, ;.a; > npfb (00, hi—1,a:) (1 — 0y ;;), where nog b, _;.a,
represents the count of the triple (oo, hi—1,a¢) in the data, and pJ i (00, ht—1, ay) is the probability
den31ty under the behavior policy 7%, Define the event E := = {3t,00, hi—1, a1 St Moy by 100 >

npy (007 hi—1,a¢) (1 — 04 ,;)}. Then, combining the multiplicative Chernoff bound and a union
bound over each ¢, 0y, hs_1, and a;, we have

ZZ Z ZP [noo heo1,ar < MPY (00>ht 1,a:) (1 — 9t,ij>}

00 hi_1 a¢

9*2n1nint/)00‘ht711at p}' (0g:ht—_1,a¢)
2

<T|O|"|A e~ .
To ensure the number of samples is sufficiently large, the P[E¢] should be sufficiently small. This
polylog(|0|",|A|".T)

A 5 .
Ming og,hy_y,ay P7 (00,ht—1,a¢)

requires the sample size satisfying n >

Then, we consider the following decomposition of the error

V() - [Zb (a,00)] = B[ Y bva(a,0)]

a

- E[Zb%(a, 01)] - E[Zﬁm(a, 01)]

a

+E[ D brala,00)] ~E[ Y brala, 01)].

We begin by analyzing the sub-optimality term E[>_, b7, (a, O1)] —E[>_, 3\/71 (@, O1)]. The second

term E[> Zvyl(a, 01)] — E[Za 3V71(a, 01)] can be upper bounded by the uniform law of large
numbers according to the empirical processes.

C.1 Bounding E[Y", b7 (a, 01)] — E[Y, by,1(a, O1)]

We first decompose the sub-optimality term into three parts. Note that

E Z b1 (a,01) — ng,l(aa 01)
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=£ |\Zb7‘r/’1(a1701 Z’frl al\Ol ’(/Jl (Ol Z Pal r1, 021/11(01 (7'1 + vaz GQ,OQ, (Ol,al)))l

71,02 az

=£

> b7(a1,01) Z“l a1]01)e] (01)P], > Pa, ry0,%1(01) <7“1 + ) b a2702,(01,a1)))

71,02 az

+ > m(a]00)Y] (01)Ph Y Py, ry0,11(01) (vag as, 03, (01, a1)) —ng,2(a2,02,(01,a1))>]

71,02 az az

=£ Zb?/,l(alvOl) - Zﬂl(al\()l)% (01)P}, Z Payr1,0,%1(01) (7“1 + vaz az, oz, (01,01)))

71,02

+ > mi(a1|01)e] (01)P], D" Pa, iy 0,%1(01) (vaz az,09,(01,a1)) = Y ma(a2]02, (01, a1))

ai 71,02 az az

¢2 (02) PT Z Pa2,72,03¢2(02 (7‘2 + vas as, 03, (017a1702,a2))))]
72,03

=E(E1) + E(B2) + E(E3).

We replace the data dependent terms PJr , and P! with their population counterparts P:flt

Qt,Tt,0t41

and P}, 0,+1» Tespectively. This error decomposition is then the sum of £(E1), £(E>) and E(E3),
where
El Zﬂ'“/}IPT Z Pﬂlﬂ"l 0211[}1|:sz1 a1701) (7’1+Zb7‘22(02,02,(01,a1))):|
71,02 az
+ Z 7T1¢1T Z Pa1 1, 0271}1 Z 7T2¢2T Z Paz,r2,03w2
71,02 72,03
|:Z b7\22 (a27 02, (017 al)) - (T2 + Z b7\;'73 (a37 03, (017 a1, 02, a’Q))):|
as az
+ e
+ Y MY PL Y Pay oot Z Tty Pl Y " Payrpostbor Y mrdb PLY " Poytir
al 71,02 72,03 ar rT
{Z b3 1 (ar,or, (O1,a1,09, -+ ;ar_1)) — 7’Tj|7
ar
Es :<Z7Tl'(/};r Z Pa1,7‘1,02¢1 27177[];— Z Pal,r1,02w1>
aq 71,02 71,02

|:Zb7\r/,1(a1701) - (7“1 + 257\5,2(02,02, (01,01))>],
+ (Z’]Tld];rPT Z Pa1 1, 02/¢1 27(-21/]TPT Z f)aQ,rg,o_ng

71,02 72,03
T T D
- E 71-17/} PT E Palﬂ"l 0211[}1 E 71-21/) PLQ E Pa277“2»0377[}2>
71,02 72,03

{Z b7 5 (a2, 02, (01,a1)) — (7“2 + 257\23(637037 (Ol7a1,02,a2))>}

az

+(Z7T1¢1TP ZPal,n,@wlZwJP > Pugrpostha ZWNP' > Porstir
al rT

71,02 72,03
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- Z 7T1¢1TP Z Pa1,T1702w1 Z 71—21#2T Z Pa27T2,03w2 T Z WT(/JZT"PLT Z f)aT,TT'(/)T>
ay ar rT

71,02 72,03

ar
Es :Zb@,l(al, Zﬂﬂl);Pal Z P, oz¢1ZbVl a1, 0

al 71,02

N o) §jmmm%b)) ~ Sy B §:mmmw§y:
ai 71,02 az 72,03

+ “e.

+ z 7T11/)1TPI,1 Z P(ll,ﬁ-,OQq/}l e Z WT¢;—1PZT,1 Z P(lT—ly"‘T—laOTwT—l
ai 71,02 ar—1 TrT—1,0T

DILAED DR 8 e S S
art aT rT art

Note that these terms ultimately decompose into a sum over all possible observable history trajectories.
Simplifying these terms, we have

T
El :Z (Zﬂ'l’tﬂ;—Pll PN Z f)at,rt,owrl/wt) [ZbT‘r/’t — (Tt + Z b@,t+1):|

Tt,0t+1 at A1

Z(ZWIQ/JTPT . Z Pat,Tt,Ot+1¢t Zﬂ-lePT Z f)at,rt,ot+1’(/}t>

Tt,0t+1 Tt,0t+1

{Z by — (Tt + Z bT\r/,t-s-l)}
. t+1
z(zmwﬂl

t=1 ai

It is straightforward to show E5 =0 by notlcmg that

> milaslos, he-1) ey (00PL, D" Py, o, ti(or wa ag, 0y, hy—1)

at Tt’otﬁ»l

=" milarlor, hi-1)/] (00)PL,Pa, (o) D b7, (ar, 00, ha1)

at at

=/ (00)ve(00) Y b4 (as, 01, he-1)

at

= Zb?},t(ataotaht—l)-

at

Throughout the proof we use the trick that

Zb’{/’t(at,ot,ht,l) - Zﬂt(aﬂot»htﬂ)d);fit > L (P > b7 (a1, 0041, he)

Tt,0t+1 At41

Z P!lf 1,7t— 10f’¢)t 1|:2th Zﬂ—thPT Z Pafﬂ“f 0f+1thth]>'

Tt—1,0¢ Tt,0t+1

—Zﬁt Gt|0t7 hi—1 wt Z Pat,rt,otﬂl/it [Zth ag, 0, hy— 1) (Tt + Z bT\r/’t+1(at+1>0t+17 ht))]
Tt70t+l at+41

Thus, it suffices to bound £(F4 ) and £(Es) separately.

C.1.1 Bounding £(E1)

Note that £(E;) = Zt 1 (1) as the sum of T terms where

5(11) —g{zm (a1|51 ’(/)1 lel Z Pal 1, 021/)1|:Zb\/1 a1,01) (m+Zb€,2(a2,02,(017a1)))}},

71,02 a2
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e AR TP X Pt [ S tat0000 - (4 Shat )] |

71,02 a2

_ m1(a1|01) & i m2(az|o2, O1,a1) 4
E(12) —5{ ; To(arsn) ™ T (a1]S1)U Pl Y Payryonthn Z; T (@l T2 (az2|S2)

71,02

’(/);F Z Pa2 ro, 031/12|:va2 az,Oz,(Ol,al)) — (TQ +Eb&p,(CLs,OS,(01,a1,027a2))):|>}

72,03

{ bwTPf PAMZH( TPT Z PA2 ro, 03¢2 |:va2 GQ,OQ,Hl) - (7’2 +Zb7\;’,3(a3,03,H2)):|)}

72,03 az

_o) m(A1]01)m2(A2]02, H) 7 _ .
_g{ b (A1]S1)mh(A2|Ss) Vs Pl D Pasrsonts Zb” (a2, 0z, ) (’””Z”V’S(“"’Od’Hz)) :

72,03 as

T
ctr)=¢{ (I155) #7Ply SR e e,

t=1
Here, we simplify the expression by rewriting the summation over a., o; as the expectation of A;, O,
and use the fact that A; 1l O; | S;.

First, we need to verify that the expectation E[£(E)] =

For £(I), it suffices to show E[ﬁal,npz] = Py, .r1.0,- Note that for each entry of f’al,rl’(,z, the
empirical transition probability is an unbiased estimator of its population transition probability

(Lemmal(T2).
Z?:1 ]].{(0%,0%,7”%,06,0&) = (02701aT1700aa1)}
E n P i
>ic1 ]l{ 0y, ay) = (007a1)}
> i 1]1{ 0b, 04,71, 0h,ay) = (09,01,71,00,a1) } ){O(i) a(i)}n
P 11{ (0h,a}) = (oo,al)} 0ot

n00,alp(02,01,7’1 | 00,a1) ‘ {Oéi) a(li)}n 1]
) 1=

=E|E

=E

Nog,a1

Zp(02701,7“1 \ 007(11)-

Thus, I[-E[lga1 r1,00] = Pay.r1.00» Which yields

E{ ( TPT ZPAl,nog?/fl[meahOl <r1+zb7&,2(a2,02,H1))]>}

71,02
= { TPT E:PA1 1, 02¢1|:Zb‘/1 a1,01 (r1+Zb7‘}’2(a2,027H1))}}
71,02 az
:E{Zﬂl a1]01) wl Z Pal,r1’02w1[ZbV1 a,01) — (7'1+Zb7‘;’2(a2,02,a1,01)):|}
71,02 az

:E{ZbV1 ar,01) 259,1(%701)}:

For E(I;),t > 1, we can show the similar results that]ET[Pat,,.t,OHl] =Pu, r 00, Thus, E[€(E)] =
Then, it suffices to derive the bound for the variance of £(E). By applying the law of total variance
(Lemma[3), we have

Var {E(El)}
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T
Var{ ZE( H Wz/ U, P]:h Z PA, e, 01+1wt|:zbvf (re + Z bV 141 })}

t=1 t'=1 Tt,0¢41 a1
t
ZE{Var 8<H ™ tTPT Z PA, e, o,+1¢t[zbvf Tt+Zb7\;,t+1):|> ’Dt‘|}.
t=1 t'=1 T¢,0¢41 at41

Next we consider bounding Var [5 (El)} under different conditions.

(1) Bounding Var [8 (El)] without considering weight function Note that

Var[E(El)]
T t .
:ZE{V&]‘ E( H t TPT Z PAt;Tt;0t+1wt |:Zth T't + Z bT‘r/’t+1):|> ‘ D;| }
t=1 t’:l T¢,0441 Ayt
T t .
<T? ZE{Var 5( I1 qut DY PAt,Tt,Olept) }Dt]}
t=1 t'= 1 Tt70t+1
T t T 2 R
_T2ZE{E<H (T) Var | ¢ Pl > PAt,,t,omwt‘DtD}
t=1 t'=1 ﬂ-t/ Tt,0¢41
() T t .
gZZE{ﬁ(H( t) WP, DT Cov[Parionitn | D[ (P )%)}
t=1 t'=1 Tt,0t41
T t .
=T22E{€<H ( t) Gl Ph, > diag(1{Eo e, OOV [Py oatn | D[ (P )%)}
t=1 t'=1 71' 74,0041
@) L toor
< 225< 11 (FZ ) tTPixtE[diag(l{Eoo,htfl}/noo,At,ht,l)diag(PAtwt)} (P,) T )}
t=1 =1 "t

o Pl diag(Pa,v0) (P) Ty

ooy e TG

}

t=1 7Tt’
T2 *\—1 a 2 + 2 .
< (=077 o Y LAl [P I [l diag (Pa, )|
t=1
(442) T2 T
<--a —0")7'CCR Y A Hy |
t=1
T2 T
:;(1 _0*)710123071_1) Z|O|t ‘.A|t
t=1
T73 _p\—1 2 T T
S (1 =07) T CpC O] Al

The inequality (¢) follows from the independence of each P Ag,re,0041 SINCE {rt , ogl ™, partitions
the n episodes into disjoint sets according to all combinations of r; and 0;11. We define E,, ,, , =

(Moo, Ayhy_y > npf (1 — 0:,i;)}, and 1{E,, n,_,} is a vector of length |O||H;_1|, where each
element corresponds to E,, p,, ,. The inequality (4¢) utilizes the fact that for any a; € A

Cov Pat’Tt10t+1wt |Dti|

. TpT 22
< dlag(Pat7Tt70t+1wt/nao,at,htfl) - at Tt, 0t+1¢t¢ Pat re, Ot+1/n00,at7ht71 (22)
j diag(PamT’mOt-H wt/n007at7ht—1)'
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The inequality (¢i¢) follows from that

|[diag(Pa, 1), < 1, and |[P

1
bl < 5 —p < O VIO

Therefore, we obtain the upper bound of £(E})

£(my) = m(fﬁ"

n

a —e*>-1/20pc§b0|?|A|5)

(2) Bounding £(E ) with the weight function
Var [5 (E1 )}

= ZE{Var
SC’V[/*C",Q:,(l - 9*)_1
n
E’T{Var
(by Equation (24))

_CwCR(A -0 TN
= p |07 A ZE Var

t=1

( H T TPT Z PA“n oo Ut [wa ’I"t + Z b7\r/,t+1)}> ‘ Dt] }

t'= 1 Tt,0t41 at41

> 1Ol[Hi-]IA|
t=1

> b(ar, O, Hy ) — <Rt +) b7\r/7t+1(at+150t+1aHt)) ‘ Ot>St7AtaHt—1] }

At41

Rt+Zth+1 a, Ot+13Ht ‘OhSt;Atht 1]}

Cw O3 (1 — 6*)~1 e
< 0|7 | AT Var {ZRJ (by Lemma[l)

t=1
22 21 _ p\=1{)T| AT
S—CwCpE(1-0") O] |A]".

For the first inequality, we examine the cases for ¢ = 1, 2 separately in the following. The result for
t > 2 follows by a similar argument. Thus, incorporating the ratio function, we obtain

T 1 1 T T
E(E1) =O0p (\/ﬁcﬁvcp(l - 9*)_2|02|A2>

e Fort =1, we have

E{Var
=K { Var

PN Purat {Z by (a1,01) — (7‘1 +Zb7&72(a2,027H1))}> ‘91]}

71,02
=K { Var

wlTPT Z P01 {Z bya(ai,01) — (7“1 + ZbT\r/,z(%,Oz’Hﬁ)}) ‘ 911 }

71,02

A1|Oq)
g(mwr ZPAl,n 021#1{21"/1 (r1+zb7&,2)]> ‘,DI]}

71,02

g(g( 1 (41,00) | A1, 81)mi(41]00)

€ (bg[/,l(Alv Op)m1(A1]04)
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(by OO uin 01 ’ Sl,Al)

2
SE{5 (( w1 (A1, Oo)m (A1|01))

2
IPT Z Cov {PA1 S ‘ Dl} [Zb‘“ (a1,01) — (Tl + Zbaz(az,omHﬁ)} (PLI)TZ/H)}

1,02

(1) . 2
35{ (bW,l(Ala OO)W1(A1 |01)>

1{E007ht71}

Y] P, E [diag(
Moy, A¢hi—1

)diag(Ps, ¥1)| (PL4,) wl[zbmal,ol) (Rl+2b’&,2<az,02ﬂ1))r}

asz

_px\—1 2
g%IAl E{ (¥4 (A1, 00)m1(41]01) )

2
vy P diag (P, 1) ¢1[ZbV1 a1, 0 (Rl + Y bTa( 02,02,H1)>} }

as

@) C3(1— 67)!
LU o))

2
E{b%l(Al,Oo)m(AﬂOl) {Z b7, (a1,01) — (R1 + Zb%(ag,oz,m))] }

ai az

_C=8) o)
n

E{Var

The inequality () holds by applying the same argument as in the prev1ous part that bounding
Var[€(E1)] without using the weight function. The inequality (i) holds since that, for any ¢ € [T7,

2 2| 4.
< [[well,|[PL, I, ldiag (Pa, ) I,
< CH|O||Hp-1].

The last equality follows from the zero mean property that

biy1 (A1, Op)m1(A1|O1) [Zb%(ahol) - (Rl + ZbT\},Q(G%OQle))] ‘ 01,51, A1

}

L Pl diag(Pa,:) (PL) Ty

(23)

E{b%}t(At, Oo, Hy_1)m(A¢|Oy, Hy—1) [Z bTxr/’l(at, Oy, Hy 1) — (Rt + Z bT‘r/’t+1(at+17 Ot1, Ht))] }

at at4+1

=E bTVrV,t(AtaOOaHt—l)E<7Tt(At|Ot7Ht—1)

va1 at, O, Hi—1) — (Rt +> 57\275+1(at+170t+1,Ht))} ‘ OO7AtaHt1> }

at41

E{bgv,t (At, 0o, Hi—1)E <7Tt(At|Ot7Ht—1) > bia(as, O, Hyy) = b7 (Ay, Oy, Hy 1) ‘ OOaAt;Ht—1>}

at

(by Assumption [4)

Eq 03y (As, Oo, Hy— 1)<7Tt(At|Ot7Ht 1)) b7 (ar, O, Hy—1) = by (Ar, Oy, Hy 1))}

{ at
E{Wt St»-Ht 1

B 2 o, O Hio) 4O Hir) — 1Y (A, O, i) | S1, A, O, Hy
7Tt At‘St
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(by Assumption [3)

wy (S, H,
—E{ Zﬂ't a|St tﬂ_ ta|5f)1 {va1 at,Ot,Ht 1)7Tt(a|0t,Ht 1) —bVl(a Ot,Ht 1)
t t

’ S, Ay = avOtaHtl}}

E{wt(st,Ht—l)E{ 25671(%,():&,]{15—1) - Zb&l(aa Oy, Hi ) | St, Ay = a;OtaHt—l}}

at

=0.

For the last equation, we further have

E { Var
=E { Var

[Zb;l(al,ol) (R + Zb’(/’z(ag,Og,Hl)ﬂ 01,51, 44

}

biy,1 (A1, Oo)m1(A1|On) [Z by,1(a1,01) — (Rl + Zb@,z(amOQ,Hl))] ‘ Oy, S1, Ay

a1

E(b’va,l(Al,Oo)m(Al\Ol) ‘ Ol,Sl,Al)

} (by Oo 1L Oy | 51, Ay)
(i i}
<Cw E{E(bw71(A1,Oo)7r1(A101) ’ 01751,141)

Var

} (by Assumption [3))

ZbT\;’,l(ahOl) - (Rl +Zb7\22(a2702,H1)) ‘ Ol,Sl,Al

—Cuw E pT (S1)m1(A1|O1)p 01|S1
pT"(S1)m8 (A1 |S1)p( 01|51

}

ar| S 05a(a1,00) = (Ri+ Y balaz, 0, 1)) | O, 81, 4y

al

<byE LR pfb(at,Ot,Suht—O _ i (527 ht—1>77t(atb|0t7ht—1)p(0tSt))
T (at, 06, 5¢, hi—1) PF (¢, hi—1)mg (ar|se)p(oe]s¢)
:CW E”{Var Z bT‘r/J((Il, 01) — (Rl + Zbr‘}a(ag, 027 Hl)) ‘ 017 ShAl }

where the inequality () follows from the Assumptlonl 3l which states the ratio function satisfies

sup E[bg[/,t(at?htthO)ﬂ—t(at | ¢, hi—1) ’ 0t73t>at>ht71} < Cw.

t,ot,st,at,ht—1

Thus, we have

A1]101)
E{Var 5(2,((1415111/}; Z Payri001 {va1 a,0q) — (7“1 + %:57\;,2(@2702,5[1))]) ‘ Dl] }

L CwCh(1L—0)! }
n

|O]]A| E“{Var

Zb7\r/71(a1701) - (Rl + Zb@jg(ag,Og,Hﬁ) ‘ Ol,Sl,Al

ai

» For t = 2, by applying the similar arguments, we have

E{Var

}

5(:1 T2 ¢2TPJL‘2 Z PA2,T2703¢2 |:va2 a2702,H1) (TQ + Zb?/,Q(GIS’OS’H2)):|> ‘ D?

17 72,03 az as
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Z@ a2|O27H1 1/)TPT Z Pa2 ro, 037/12

T (S1)m1(A1]01)
pT (S1)mh(Aq]S1)

ag 72,03

as

wTPT f)A e 1/)2
T ARTREA R LS ) DR SR

Zb&g(az,OmHﬂ - (7“2 + Zb’{,’z(ag,o‘g, (Og,@,Hﬂ))}) ‘ Dzl }

<P§(52» Hy)ma(A2|Oq, Hy)

72,03

T g<b‘§V,2(A27Oole)ﬂ-Q(AﬂOQaHl) ;—Pj42 Z ﬁAQ,T2,03w2

72,03

Zbﬁ’g(ag,OQ,Hl) — (7"2 + Zb&ﬂa;;,o;;,Hﬂ)]) ‘ Dg] }

OCH(1L—6%)!
n

[Zb%(amomfh) - (7“2 + 257&,2(@3703, (02,A27H1))>D ’ Dz] } (by Lemma)

|O[Ha || Al

Var{bcvg(AQ,oo,Hl)m(AQ02,H1> [Z B2 02,00, H) — (Ra + Zb’&,2<a3,03,H2))] }

as as

2 1—6* —1
_Cp1 =007 |02 A2 E{Var
n

E [b:2(A2, O, H1)ma(A2|02, Hy) | Oz, S, Aa. H)|

(1) Cyy C3(1 — %)~ 1
<= P(n ) O] A? E{E[ 7&/,2(142700,H1)7T2(A2|02,H1)’02752,A2,H1}

|:Zb6’2(a2,027H1) - (R2 + ZbT‘r/,Q(a;;,Og,Hg))] ‘ 04,53, Ag, Hy

Var vag a2,027H1 T2—|—va2 as, 03, Ho ) ‘OQ,SQ,A27H1 }
~WCLZ O o4 g
n 527H1 772(142 | 52)

(
{p (So, Hy)ma( Az | Oa, Hy)
(

Var vaz a/2,027H1 R2+va2 a37037H2 ) ‘02;S27A27H1 }
CwC%(1 —6%)~
== P(n ) |O|2|A2E’T{Var > Wa(a, 02, 1) = (B2 + > bia(as, 03, H2) ) | O, 85, Ao, Hy }

The inequality (¢) is derived using the same arguments as in the proof for the case ¢ = 1 and equation
(23). The inequality (i7) is a consequence of Assumptlon' as utilized in the proof for the case ¢t = 1.

28



Therefore, for any ¢ € [T, by the same reasoning, we have

t
E{Var 5( H il tTPT Z P, m+1¢t[zbw (re + Z b%ﬂ)}) ’ Dt‘| }

t’:1 T¢,0¢t41 aty1
Cw C(1 — 9*)*
<
n

E™ {Var

C.1.2 Proof of Lemmal[]

017|147

> 6, On Hi) = (Re+ 2 b (arsn, Oy, H)) | ODSt,At,HH] }
at at41

(24)

Proof. let’s suppress the target policy 7 for simplicity. Denote 5t = {01, S1:t, A1:t, R1.4—1 }. First,
note that

Eﬂ'

R + Z bT\r/,t+1(a/, Oty1, Hy) ’ Ot, S, At Ht1‘|
:ZE
:ZE

=E Elza:]E

Rt + Z bT‘;,t+1(a’/7 Ot+1, Ht)
a/

Oy, S, Ay = aaHt1‘| 7Tt(a | Otath)

(Rt + ZbT\r/’t+1(a/,Ot+17Ht))7Tt(a | O, H—1) ’ O, Sp, Ay = G,Htll

(Rt + Zb&m(a’,OtH,Ht))m(a ‘ OtaHtfl)‘OtastyAt =a,H;

Se, Ay = a, Htl‘H

-E| E (Rt+Zb;m(a/,om,ﬂt))m(a|ot7Ht1)’st,At=a7H“H

(by the law of total expectation)

=E| Y "E|b],(a, 0, Hy_y) ‘ Sy, Ay = a, HHH (by Equation (T8))

= Z by,i(a, O, He—1)

(25)
Then, by iteratively applying the law of total variance, we have

ZRt + Zth+1 a Oh+17Hh)‘|

t=1

Var

—E | Var ZRerZthHaOhH,Hh’Dh + Var|E

Lt=1

h
Z Rt + Z b@,h—&-l(aa Oh+17 Hh) ‘ Dh
t=1 a

=E|Var| R, + Zb€7h+1(a,0h+1,Hh) ’ Oh,Sh,Ah,Hh_l‘H

rh—1
+ Var ZRt—FE

L t=1

Rh+Zth+1 (a,On1, Hp) ‘Ohysh,AhaHh 1H

|

+ Var Z R, + Z by n(a, Op, Hh_l)] (by Equation (23))

=E | Var| Ry + Y b7 j41(a, Onr, Ha) ‘ Shy A, Hp—1
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=K | Var

Ry + Zb€7h+1(a70h+1aHh) ‘ OhvshaAhath‘H

h—1
+ E | Var ZRt—i_Zbah(a’Oh’Hﬁ*l) ‘ Dh1‘|‘|
t=1 a
h—1 B
+Var |E| SR+ > 6 (a, On, Hyoa) ’ Dh_1H
t=1 a
=E | Var Rh +Zb7‘}7h+1(a70h+1,Hh) ‘ O;“Sh,Ah,thH
E | Var|Rp_; +Zb7\r/,h(aaoh7Hh—1) ’ Oh—lash—laAh—laHh—Q]]
+ Var ZRt+E Rp,— 1+Zth (a, On, Hp—1) ‘Oh 15 Sh—1, An—1, Hp— 2H
=1
=E | Var| Rj, + Zb&hﬂ(%OhH,Hh) ‘ Oh75h7Ah,Hh1H
+E|Var|Ru_1 + Y _ b7, (a, On, Hyoy) ‘ Oh175h17Ah1,Hh2H
a
h—
+ Var ZRt+Zth 1(a,Op_1, Hp— 2)] (by Equation (23))
=1

h
2 ZEW {Var {Rt + Z bv.i41(a, Oryr, Hy) | O, Sty Ay, Ht—l” )
t=1 a

Then, letting & = T" and noting that bf, ;. ; = 0, we get the desired result. O

C.1.3 Proof of Lemma[3

Lemma 3. The variance of E(E1) can be decomposed as follows,

Var{Zg( 11 WZ% .Y P omwt[zbm (re + Z”%H)D}

t'=1 Tt,0t41 Q41
T t
Z {Var[ < H ﬂ—z wt Z Pat Tt, Ot+11/]t [Zth Tt + Z b?},t{»l)}) ’ Dt‘| }
t=1 t'=1 Tt,0t4+1 at+1

Proof. By iteratively applying the law of total variance, we have

wul e TT %0l 3 Pt [Sh= s S )] )|

=1 T Tt,0641 atq1
T
_E{Var ZS(H ﬂ't/ TPT Z PAt Tt 0f+1wt|:Zth T’t+ Zb;r/’t-'»l)]) ‘DT:|}
t=1 t'=1 f/ Tt,0441 aty1
T t u
+Var{E ZS< [T 5wl Pl > Pan, omwt[zbm (rn+ > b@,m)]) | DT] }
t=1 t'=1 Ty T,0441 ap41

—]E{Var

T
Z(‘:( H ﬂ-tb/ 1/% ng Z PAt Tt, 0f+1¢t[2bvt Tt + Z b7\r/7t+1):|> ‘ DT:| }

t=1 v T Tt,0¢41 a1
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T—1
+Var{ ZE( H Wz,wt PLt Z PA, re, ot+1wt|:zbvt Tt + Z bT\;,tH)])}

t

t=1 t'=1 Tt,0t41 at41
T
:E{Var Zg( I1 mb/ i P, S Pan, oHlth[Zth —(re+ ) thH)D ‘DT]}
t=1 t'=1 T+,0¢ 41 apy1
T-1
—|—E{Var Z g( H ﬂi/ (& PTA,: Z PAt Tt, of+1¢t [Zth T’t + Z b7\r/,t+1)]> ’ DT—1:| }
t=1 t'=1 My Tt,0441 ap41
T-1
+Var{E Z S( H Trzl 1/% PJ.»réf Z PAt Tt 0f+1wt [vat T’t + Z b7\r/,t+1)i|> ‘ DT1:| }
t=1 t'=1 Ty 0441 aty1

:iE{Var[E( ﬁ Teul Pl D Pas, omq/)t[z:bw (re+ > b;tﬂ)]) | Dt} }

oz T 7,04 41 a1

C.1.4 Proof of Lemmal

Lemma 4. For any function f; : A x O x Hy_1 — R% the following holds:

{ pf(St,Ht,l)
™ (Sy, Hy—1)ml (A | )

Pi-1(Si—1, Hi2)mi 1 (Ai -1 | O 1,Ht 2) Zf (a,0p, Hy_1)
t ty L1t—1 .
pt—1<St*17Ht72)7Tt_1(At71 |St 1

ft(At,ot,Ht_l)}

=E

Proof. For the left-hand side of the equation, we have

[ : pr (St Hi1)

Ay, O, Hy
b St,Htfl)’/T?(At‘St)ft( 1 t t 1):|

T (st, hi— x
:/ |: " pt ( t tbl) ft (at,ot,ht_l)} ptb (at,ot,st,ht_l)datdotdstdht_l
Pr (st 1) m (ax | s¢)

T (s ,h — b
:/ { s i (& tbl) It (at70taht1):| Wf (ar | se)p (ot | st)py (St hi—1) dagdoidsidhy s
pi (st,he—1) ) (ar | s¢)

byOtJJ_At|St

T (s ,h — T
:/ Z - Py (st e bl) fi(a,o0, hi—1) 7‘[‘5 (a|st)p (o | st)ptb (8¢, hi—1) dordsidhs—q
ot,5t,he—1 4 2 (St; htfl) U (a’ | St)

=/ th a,0t, he—1)p (ot | s¢) py (st he—1) dogdsedhy—1.

t:St.he—1 ¢
The third equality holds by taking expectation with respect to A;.
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Now we analyze the right-hand side term.

E i 1(St 1, Hi o) me1 (Ai—1 | O 17Ht 2)
2 1(St717Ht72)7Tt 1(At71 | Sy 1

_/ pt 1(5t 1 hi—2) T (a1 | 04— 1,ht 2) Zf a.onh
= t(a,0¢,he—1)

Pry (i1, hu—2) Th_y (ai—1 | s1-1)

> fi(a, 0 Hiy)

a

p (Ot,at 1,0t—1,St—1, hy— 2)d0tdat 1dog_1ds;_1dhi_o

i 1(8t 1, he— 2)7Tt 1(at 1|0t 17ht 2
b th CL 0, hy— 1
pt_l (St—laht—Q)Trt—l (a1 ] si-1)

p
j2i 1(5t 1, h—2) m—1 (@r—1 | 01—1, hi—2) Zf a.00h
¢ ¢ he1)

Piy (Se—1, hi—2) Th_y (ai—1 | s1-1)

b
/ " (0ty Sty Qt—1,01—1, St—1, hi—2) dsydordas_1doy_1ds;—1dh,—o  (marginalization over .Sy)

b
us
p (OtystaatflaOtflvstflaht72) dsydogdas_1doi_1dsi_1dhi_3

/pt 1 (8t—1,he—2) m—1 (ar—1 | 0p—1, hi—2 th a,0,hi—1)
p(or | se)p(se | ag—1,5.-1)p (01| Stfl)dotdstdatfldotfldstfldhth

Z/ th (a, 01, he—1)p (ot | s¢) Py (st he—1) dogdsedhy_1.
o

ot,st hg_1

The last equality is by noticing that

pf(St’ht—l) =p($t | St—laat—l)ﬂ't(at—l | Ot—lvht—Q)p(Ot—l | St—1)pf_1($t—1, ht—2)-

Then the proof is completed by comparing these two terms. O

C.1.5 Bounding £(E5)

Similar as before, we treat £(E») = Zthl E(1;) as the sum of T terms where

&) = {(Zm a1]00)1 (OV)PL, 3" Payir0nt1(01) = Y mi(ar|O0)e1 (O0)Ph, > Payry 02¢1(01))

ay 71,02 al 71,02

[aZb’&,l(al,ol) - (rl + aZb’&,z(aQ,OQ, (Ol,al)))} }

E(I2) = {(Zm a1|01)yy (01)P Z Puy,ry00%1(01) - ZW2(G2|027 (O1,a1)) 43 P, Z Pas,ry,05t2

71,02 a2 72,03

— Zﬂj a1|01 1[)1 01 Pll Z Pa, i, 02'9[11(01) ZW2(02|027(01:G1))'¢JP22 Z f)az,Tz,Ost)

71,02 a2 72,03

[Zb%(@,@, (O1,a1)) — (r2 + 3675 (as, o, (ol,al,@,az)))] }

az as

:5{ (Z WlwlT Z Payri0091 Z 7T2¢2 Z f’ag,ﬁ"g,ong xx Z 7TT¢]T“P2T Z f’aT,rT¢T
al ar T

71,02 72,03

- Z?HMT Z Payri00P1 ZWQw;PaQ Z Payra03t2 - Zﬂ'Tw;szT Zf)ar,rT"/}T>
ay ar T

71,02 72,03

{Zb’&,T(aT,oT,(ol,al,.-- Lar_1)) ﬂaT] }

ar
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Next, we aim to derive the bound of Var[€(E2)]. We first split £(Es) into two parts:

T
g Z (Zﬂ'lwl ay Z Pat Tt, ot+1wt Eﬂ'lwl ay; " Z ﬁat,rt,ot_uwt)

t=1 Tt,0441 Tt,0t41

Zb&t(at,ot, (O1,A1,...,0i-1,a¢-1)) — (Tt + Z bV t+1(ats1, 0041, (O1, A, . . .,ouat)))} }

t at4+1

!
Tt,0441 t/=1"1 Tt,0¢41

Zb@yt(at,ot, (01,1417 e ,Ot_1,At_1)) — (7‘15 =+ Z bT‘;’t+1(at+1,Ot+1, (Ol,Al, .. .,Ot,At))):| }

t aty1

T t
=£ Z ( H :: )¢1TPLI e Z PAtththOtht*l (thf’Lt - 'l/]fTPTAt) Z f)At,’"t»Ot+1¢t

t=1 ¢/=1"1 Tt—1,0¢t Tt,0441

T t t
_5{2((1‘[ Zg)wf:;l... 3 mmhwwt_(n:t/)wjpgl 3 fnt,”,omwt)
t'=1

Zb&t(at,ot, (01,A17 .. ,Ot—l,At—l)) — (Tt =+ Z b7&7t+1(at+1,ot+1, (Ol,Al, .. .,Ot,At))):| }

at at41
T t - t T
+ g{ Z (( H 71'2 )’l/}irplll e Z PAtflﬂ"tflvotwt_l — ( H t )¢IPT41 Z PAt7177~t71,0t1/)t_1>
t=1 t/=1"t' T{—1,0t t/=1 i Tt—1,0t
wt—r:/P\Lt Z :/P\At,rt,oH,l'l/}t|:Zb7\;7t(at70ty(OI,Aly---70t—17At—1))_ (Tt+ Zb7\r/,t+1(at+170t+17(OlvAla"'70t7At))>:|}
Tt,0t+1 at Aty
=Fs1+ Ezp

(1) Bounding £(E2 1) We first verify that E[€(E2;1)] = 0. For each ¢t € [T, it holds that

T t
E{E{g{ Zl ( H Zt,>wIPJ.rAl Z PAt—l,Tt—l,Otwt—l<w;riS:r4t - thsz,) Z lSAt,T’t70t+1wt

t= t'=1 Tt—1,0¢t Tt,0t+1

Zbg’t(ah O¢, (017 A17 ceey OtflvAtfl)) - (Tt + Z b7\r/’t+1(at+17 Ot+17 (017 A17 cooy Oty At))):| }‘Dt}}

at at41

T t
E{g{ Z ( H v )¢IPLI Z PAt—l,’H—l,Otwtfl (%Tlgk - w;ert) Z PAt’T'tyotJrlwt

t=1 t'= 1 Tt—1,0t Tt,0t+1

> b5 (ar, 06, (01, Av, .01, Ay 1)) — (Tt + > b (ary, 0041, (01, As, -,Ot’At)))] }}

at at41

=E

) IPLI Z PAt—l;Tt—hOtwtfl (z/}tTPLt - Q—P;t) Z PAt77't7Ot+1,(/]t

/
t Tt—1,0¢ Tt,0t41

(
T
£ Z(
va,t(at, O, (Ol,Al, ey Ot—17At—1)) - (’I“t + Z b7&7t+1(at+1, Ot41, (Ol,Al, N ) At))>:| }}
at At41

=0.
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With probability at least 1 — T'|.A|d, we have the upper bound such that
Var {5(E2,1)}

T
“:)ZE{V
t=1

[Z by,(ae, 00, (01, Ax, ..o 001, Ar1)) — (Tt + > 00 pa(aei1, 0011, (01, Ay, ﬁtu‘h)))}) ’ Dt] }

at at41

<1074 Z
L 2
E{g (( H Ty >¢1 Z PAr 1,7t — 1,0twt 1 (%TPT thPT ) Z dlag (PAt,rt7ot+1¢t)> }

t
Tt -~ ~
((H PPl Y PAtl,T,l,otw_l(wZ Pl — o/ PL,,) 5" Paron b

ﬂ't/
Tt—1,0¢ Tt,0t4+1

%

t’:1 Tt—1,0¢ Tt,0t41
2
T2 / ~
== |A|ZE{ (( H Tt )wir P et (Pi‘t — PLt)diag(PAtwt)> }
t'=1 t
2
T2 / _ ,
S |A|Z]E{ (( H U )ql,t (Pgt PLt>dlag(PAt1/)t>> }
=1
T2 12 .
<L -0y 8| T %] e, - L (P |
tr=1""t
(i) T3 ~ ~ .
< ;(1 —0") " AIC, Z?Sﬁ HPltquPat — PatHEHPLtHz (by Assumption [%(a))
t=1""
e *\—1 4112 2 a B |12 ;
S — (=07 CCLlOP M| Zg}gﬁ”f’at ~P,|; (by Equation (26))
t=1"
T2 log(|O|[H:-11/9)

< (1-07)" YO OB APIOP Hr—1|? - |O)[Hr—1] Z (by Lemmal3)

n(l—6%)
T3
S5 (L= 07) 2 CrCplOPTIAPT Hog (IO T]A/9)
The equality (¢) holds by recursively applying the law of total variance (same as Lemma and
E[£(1;) | D;] = 0. The inequality (ii) uses the factthat A™' —B~! = A=Y (B—A)B~ 1, [[¢y]l2 = 1,
and Hdiag (Pa, ) ||2 < 1. For inequality (4i), by Lemma , for any a; € A, we have

Umin(Pat) > a'min(Paf,) - ”]/-5(11, - Pat HQ
Thus, for any a; € A, we have

=~ 1
1P ll2 =——=—

Omin X a, )

< L

Omin(Pa,) = [|[Pa, = Pa,|l2 (26)
B

Omin (Pat)

<Cp+/|O|[Hi-1|  (by Assumption [Z)).

Here, we assume a sufficiently large sample size n, ensuring ||P,, — Py, ||2 converge to 0.

Therefore, with probability at least 1 — T'|.4|J, we obtain

T15 1
E(B21) & ——(1=07)" okNeAlells

5 log (10T A1 /5) @7)
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(2) Bounding £(E22)  Next, we derive the bound for E(E3 ).

For ease of expression, we denote

Py = tTPer;f Z PAt,Tt70t+1wt’

Tt,0t+1

Pt :w;ert Z PAt,”‘t;OtJrlwt‘

Tt,0t+1

Notice that, for each ¢ € [T, with probability at least 1 — |.A|6, |P; — 73t| can be bounded by

— Py =[] Pl Py — [Pl Paiy

[Pl P — 0 Pl Py + 0 Pl P ay — ¢ Pl Py
=‘th (PL —f’Lt)PAtwt + P (PAt —ﬁAt)wt’
<[[eell5P, = Bl [Pl + 051 P, [P a, — s,
<[Pl [, a, =P, + [Ph,[,[Pa; —Pa, |

(28)

<2 max ||132,,||2||13a,, - Pat||2

<Cp|AV|O[|Hi-1| ¢|0||Ht 1[v/10g(|O][H-1]/9)

(by Equation (26) and LemmaE[)

:<j;>cp|0| A" \/log (|0 A1 /6)

::ft,n,é
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Notice that, for each ¢ € [T'], with probability at least 1 — |.A|d, we have

;FP;, Z PAta”taotJrlwt |:2th (Tt + Z b7‘r/,t+1):| ‘

Tt,0t41

Qt41

= '(/];r PAtPTA Z PAt,Tt,Ot«}»lwt |:Z th (rt + Z bT‘r/,t+1):| ‘

Tt,0t+1 at+41

S {Ilrtlg'ﬁ ’lp:PltPatPT Z Pat Tt, 0t+11/)t |:Z th (Tt + Z bT‘;,t+1):| ‘

Tt,0t+1 at41
) § E E y
S (Engﬁ th:g,t Pat Pat,Tt,OtJrl ’(/}t |: th (Tt + bV,t+1):|
t
7"1,01+1 at+41 2

(@) St
<max [P} P, || —
at€A t

fuf 0*)~2Cp\/|O[[He—1]A]
(i1) R
< max |1+ P}, (Pu, - at)H (1 6%)"2Cp\/[O][He 1] A]

T 1
< max (1], + [P, |1, ]|Pa, —Pa| )ﬁufa*rfcpwonm_nw
<(1+cpw|oum AN o[0T 11/8)) = (1 — 6~ Cp 1O Ha 1 1A
= D NG
(by Equation (26) and Lemma5)

:(1+(1ji)c O A Tog(TOTTAT1/5))

:T(l + &,n,s)é‘t,w

(1-67)"2Cp|O|2| A2

Bl

(29
Here, we denote

1-6%)"2
Com = (\f)cpa A%

For (4), by using the similar argument in the proof of bounding £(E} ), we have

P Z Patrtot+1/(/)t|:zb\/t (TH‘ZthH)]

Tt,0t+1 Qi1

max
a€A

<0P(

%(1—9*)—%(1}» Ol 1 ]IAT)-

The inequality (ii) uses the fact that A='B =T+ A=1(B — A).
Then, for £(E; 2), we have

E(E2,2)
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The inequality (4) holds since (1 + ftm_,(;)t S téen,s With & 5, s < 1, which is ensured by assuming
a sufficiently large sample size n. Therefore, with the probability at least 1 — |.A| T4, we obtain

1
S(EQ,Z) ,STgcﬁb (1 + gT,n,(S)gT,n,(SCT,n

T =13 2 Lo 2L T AIT—1
——(1-6") ' CLCHOIF|AIF \flog O[T 1A /) (30)
T3 v 3 L 5T . 5T _
+ -0 202,03|01 | A% log (|07 AT /6)

Combining with and (B0)), with the probability of at least 1 — |.A|(T? + T4, the upper bound of
g(EQ) is

T1.5 1 3T
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+ (1= )1 CLCHOIE AT F | flog (|01 A1 /5)
T3 P R 5T 5T —
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C.1.6 Proof of Lemmal[3

Lemma 5. Let P be the di X do matrix whose rows each sum to one. Let P denote its entry-wise
estimated counterpart, where each entry p;; € (0, 1) is an unbiased estimator of p;; € (0,1) based

on n;; independent samples satisfying 2?2:1 ng; = N foreachi =1,...,dy. With probability at
least 1 — 0, the spectral norm bound holds that

~ dylog(dy/9)
B P, 5/ 2oBDLD),

Proof. Without loss of generality, we assume d; > ds.
We begin by expressing P — P asasum of independent random matrices
1
| (B
2 _ _ . (i) _ x ()
P7P7NZE,€, Ey, = : , BY =x" P,
k=1 d1
(BT
Here, ]3Z = % Z]kvzl X ,ii) is an empirical average of [V independent multinomial trials, P; denotes

the ¢-th row of P, and X ,EZ) € R? is a one-hot vector drawn independently from a multinomial
distribution with mean P;.

Then, we apply the matrix Bernstein inequality to the sum ZkN:1 Ey/N. Note that E[E;] = 0,
|| Ex|l < 2v/dy, thus it is easy to check that 0% = dﬁl . By applying Lemma@ for any ¢ > 0, we have

N 2
p(||P - Pll, > 1) = B(| ;Ek/NHQ > 1) < (d + da) exp (%) .

Setting t = C'y/ %(dl/é) for a constant, with probability at least 1 — 4, the spectral norm of the
deviation

~ dy log(dy/9)
HP_PHQS %
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C.2 Bounding E[Y", by.1(a,01)] — E[Y, by.1(a, O1)]
We first introduce the concept of Rademacher complexity, which is used to measure the size of

function classes. Given any real-valued function class G defined over a random variable X and any
radius § > 0, the population Rademacher complexity is defined as

1 n
S — i X; y
gl ot

where { X}, are i.i.d. copies of X and {¢;}"_, are i.i.d. Rademacher random variables taking
values in {—1, +1} with equal probability. The empirical Rademacher complexity is given by

R(g) = EG,X

i=1

R, (G) = E. [21618 % qu(Xi)‘] .

If the function class G is bounded by 7', by applying Lemma([I0} the empirical Rademacher complexity
can be bounded by

2log g

Ra(G)<T .

€1y

Note that we can separate ]E[Za/b\VJ (a,01)] — H/i[za/b\‘/J (a, O1)] into two parts,

‘E[;wa,og] ~EB[Xhaw.0n)]
:‘E[;Bm(a, 01) — za:bal(a,ol)} - @[;zww,ol) - za:b%(a,ol)}
+]E[Zb’(/1 0,01)] - @[me . ol)H

‘ [me CARDILACEY )] - [me a,01) Ea:b%(mol)]‘
+M;%@@yq;%@w]

=(a) + (b)-

For (a), note that ) _ ZV 1= 2,07, € [-T,T]. By applying Lemma , with probability at least
1 — 4, we have

‘E[Zﬁm(a,ol) = > Wl 00)] = B[ braa,00) - Zb;l(a,ol)“
< sup (]E{Z (a,01) Zb‘“aOl}— [Z (a,01) va1a01 }) o)

beB; a
log(2/6
Rn(B1) + T %
I
<2cyT M (by Equation (B1))

where cg and c¢; are constants independent of n, T'.

For (b), note that ), b, € [0,7. By using Hoeffding’s inequality, with probability at least 1 — 4,

we have
- /
- [B[ S ttat0.00] - B[S ttate.00]| < oy AL
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where cg and c; are constants independent of n, T'.
Combining (32)) and (33)), with probability at least 1 — 24, it holds that

‘E[ZBV,l(a, 01)} . E[sz,l(a, 01)} ‘ <7 1ognl/§-

D Additional Lemmas

Lemma 6 (Matrix Bernstein inequality, [Tropp|(2012)). Suppose X1, ..., X,, are mean-zero, dy X ds
random matrices such that | X;|| < C almost surely for all i € {1,...,n}. Then for anyt > 0,

< >t> d1+d2)eXp{02__:26/,§/3}

where o® = max {|| 37, E[Xin]IL 1325 BT

Lemma 7 (McDiarmid’s inequality). Suppose Xi,--- ,X,, € X are independent random variables
and the function f : X™ — R is a mapping. Foralli € {1,--- ,n}, and forall x1,--- ,x,,2; € X,
the function f satisfies

\f(xlw" y Lj—15 Ly Lig1,y """ 733n) —f(3317"' ,xi—17$27$i+17"' ,$n)| < ¢,

>t) <2 —2¢°
= )- exp S

1=1"1

then, we have

P(’f(Xh... X)) —EBf(Xy, -, Xn)

Lemma 8. Suppose F is a finite function class with || f||co < M, with probability at least 1 — 6, we

have
log(2/9)
on

137X = BIAX)] < 2R,(F) 4 M

i=1

Proof. Using the symmetrization technique and McDiarmid’s inequality (Lemma[7)), for any § > 0,
we have

2ne?
> 2R, (F <2 — .
(;gg Zf >}\ a >+e> < 2exp(—575)
Setting 2 exp ( 2"62) = § and solving € completes this probability inequality. O
Lemma 9 (Hoeffding’s inequality). Suppose X1, Xo, ..., X,, are independent random variables

where a < X; < b almost surely. For any t > 0, we have

( ZX —E[- ZX >t><2exp{ (b2nt2)}.

Lemma 10 (Massart’s finite class lemma). Let G be a finite set of functions. Suppose that all functions
in G are bounded, i.e., sup ;g H gHoo < B. Then, the empirical Rademacher complexity is bounded

by
R (G) < BM”%'Q‘.

Lemma 11 (Theorem 4.11 in|Stewart and Sun|(1990)). Let A, B € R™*" be the same-dimensional
matrix with singular value

Then for any unitarily invariant norm || - ||,

diag(o,(A) — 0,(B)) < || A - B.
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Lemma 12 (Unbiased empirical transition probability). The empirical transition probability es-
timator P(s'|s,a) = % is unbiased, that E[P(s'|s,a)] = P(s'|s,a), where N(s,a,s') =

Zivzl 1{s; = s,a;, = a,8;41 = s’} and N(s,a) = Zi\il 1{s; = s,a; = a}.
Proof. Given N (s,a), N(s,a,s’) is a binomial variable such that

N(s,a,s")|N(s,a) ~ Binomial (N (s,a), P(s'|s,a)).

Thus, the expectation of this binomial variable is

N !/
’ { z§'<>) ‘N(S’ “)} = Pelea)
By applying the law of total expectation, we have

i) <l

N(s,a)” = P(s']s,a).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We explicitly introduce our contributions in both the abstract and introduction.
The introduction raises existing unexplored questions that we aim to address in this work.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations in the Section [
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide complete proof for each theoretical result, and the assumptions
and detailed proof are provided in the Appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide a detailed description of experimental details in the simulation
section and explain the results to substantiate our claims.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: Our work primarily focuses on theoretical analysis. Therefore, we only conduct
simulation study.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide detailed simulation settings in the main text, including the structure
of confounded POMDPs, the behavior policy used to collect data, and the two target policies
to be evaluated.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Our simulation studies justify our theoretical results.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: All simulations were performed on an Intel(R) Xeon(R) Gold 6240 CPU @
2.60GHz.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We conform with the NeurIPS Code of Ethics in every respect.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: We discuss the potential of confounded POMDPs to accurately model real-
world decision-making tasks, such as precise medical applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:
e The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We will release our code if this manuscript is acceptable.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: This research does not involve LLMs as any important, original, or non-
standard components

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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