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Abstract

In this work, we develop a norm-based generalization bound for a shallow Transformer model
trained using Gradient Descent. This is achieved in three major steps i.e., (a) Defining a class
of Transformer models whose weights stay close to their initialization during training. (b) Upper
bounding the Rademacher complexity of this class. (c) Upper bounding the empirical loss of all
transformer models belonging to the above-defined class for all training steps. We end up with an
upper bound on the true loss which tightens sublinearly with increasing number of training examples
N for all values of model dimension d,,,. We also perform experiments on MNIST dataset to support
our theoretical findings.

1 Introduction

The deep learning community has achieved outstanding performance on language and vision tasks which were once
considered very complex for neural network models. Transformers have played a central role in the development of
highly impressive conversational large language models (LLMs) like GPT-4 (Achiam et al., 2023), LLaMA (Touvron
et al., 2023) and Gemini (Team et al., 2023). Vision transformers (Dosovitskiy et al., 2020) have similarly achieved
outstanding results in image generation and classification. This tremendous success of transformer models has led to
anticipation of early Artificial General Intelligence (AGI). However, theoretical understanding of transformer models
is still limited. It is very crucial to develop mathematical theorems which give some guarantees on the generalization
abilities of transformers and other modern neural network architectures.

Various generalization bounds have been proposed for transformer models (Edelman et al., 2021; Trauger & Tewari,
2024; Fu et al., 2024). The researchers compute an upper bound on the difference between the true loss and the
empirical loss i.e., [Lp(f) — Ls(f)] for all f € F where F is some class of transformer models. With this kind
of bound, if we wish to analyze the model’s true loss Lp(f), we need to first perform training and obtain the final
empirical loss Lg(f). In another approach of presenting generalization bounds, researchers directly upper bound the
true loss Lp(f). With this type of bound, we can analyze the model’s true loss without having to first obtain the
empirical loss Lg(f) through training. Arora et al. (2019) and Cao & Gu (2019) presented an upper bound on the
true loss Lp(f) for a 2-layer fully connected ReLU neural network and a deep L-layer fully connected neural network
respectively. In this work, we extend this approach of directly upper bounding the true loss to transformer models.

We develop a generalization bound for a class of transformers whose weights remain very close to their initialization
during training. In other-words, we assume that the difference between the transformer’s weights at any training step
and the transformer’s weights at initialization is bounded. This is mostly true especially in modern networks which
are considered to be highly over-parameterized i.e., having significantly more number of parameters than number of
training examples required to generalize well. After defining this class of transformer models, we then proceed to
compute an upper bound on the Rademacher complexity for the above defined class of transformer models. Construct-
ing this upper bound on the Rademacher complexity involves employing the concept of covering numbers. Lastly we
utilize the convergence theorem proposed by Wu et al. (2024) to derive an upper bound on the empirical loss for all
transformer models belonging to the class defined above.

Specifically, our main contribution is developing an upper bound on the true loss for a class of transformer models
whose weights remain close to their initialization during training. We find that this bound tightens sublinearly with
increasing number of training examples N for all values of model dimension d,.
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2 Related Work

Researchers have developed several generalization bounds for neural networks (Bartlett et al., 2017; Neyshabur et al.,
2015; 2017; 2018; Pitas et al., 2018; Golowich et al., 2017; Li et al., 2018; Arora et al., 2018; Dziugaite & Roy,
2017; Zhou et al., 2018; Chen et al., 2019; Long & Sedghi, 2019). Norm-based generalization bounds have also been
developed for transformer models. Edelman et al. (2021) derived a norm-based generalization bound for transformers
which scales logarithmically with sequence length of the input. Trauger & Tewari (2024) also presented another bound
for transformers which is independent of the sequence length of the input. All these results involve computing an upper
bound on the difference between true loss and empirical loss i.e., [Lp(f)—Ls(f)] forall f € F. As mentioned earlier,
this means that in order to study the true loss of the neural network, training must first be completed to obtain the final

Ls(f)-

In another direction of computing generalization bounds, researchers directly upper-bound the true loss Lp(f) for
all f € F. This requires analysis of the convergence of the neural network optimization in order to obtain a bound
on empirical loss Lg(f) which is then used to get the final bound on Lp(f). Once we have the final bound us-
ing this approach, we can directly analyze the true loss of the neural network without the need to first obtain em-
pirical loss through training. Following this direction, Arora et al. (2019) presented a generalization bound for an
over-parameterized two-layer ReLU fully connected neural network trained using gradient descent. In the over-
parameterization regime, the infinite-width neural tangent kernel (NTK) matrix was crucial in developing the bound.
Cao & Gu (2019) also proposed a generalization bound for an over-parameterized deep L-layer fully connected neural
network. The authors utilize Neural Tangent Random Features (NTRF) to develop this generalization bound. This
second direction for computing generalization bounds by directly upper bounding the true loss Lp(f) for all f € F
has not been explored for transformer models. Our paper focuses on closing this gap. In order to incorporate the
training dynamics, we rely on the global convergence theorem of a shallow transformer presented by Wu et al. (2024).
Other results on the convergence of transformers have also been proposed (Kohler & Krzyzak, 2023; Huang et al.,
2024; Shen et al., 2024; Gurevych et al., 2022). It is important to note that our transformer generalization bound
can not be directly compared to to the transformer generalization bounds proposed by Edelman et al. (2021) and
Trauger & Tewari (2024). This is because their bound is on the difference between true loss and empirical loss i.e.,
[Lp(f) — Ls(f)] forall f € F while our bound is on the true loss i.e., Lp(f) forall f € F.

3 Preliminaries

3.1 Problem Setup

3.1.1 Training Examples

We are given N training examples S = {(X,,,yn)}2_, where {X,,}N_, € RV*dsxd gre the instances and y =
{yn}N_; € RY are the labels. d; is the sequence length of the inputs and d is the input dimension.

3.1.2 Model

The model used in this work is a popular transformer encoder which is also used by Wu et al. (2024). Given an input
X € R%*4 we define each of the transformer layers.

Self-attention layer
The self-attention layer is defined as follows;

a e, ((XW@(XW})T

) xXWi)

where o is the row-wise softmax, Wg, Wi, Wy, € R%m x4 are the query, key and value matrices in the self-attention
layer. d,, is the model dimension. We shall be interested in the effect of the self-attention layer on each row X (**) of
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the input X where i € [ds]. We therefore define j3; as the i-th row of the softmax output;

b —o X(i,:)WCTQWKXT T_a (XW}WQ(XU’:))T>
T Vi - Vi

We also define z; as the final output of the self-attention layer for each row X (%),

XWEW,(X@NT
Zi:(XW‘;)TBi:WVXTUS< K Q( ) )

Vi

Feed -forward ReLU layer
The layer with ReLU activation function is defined as follows;

Ay £ 0, (A W)

where o, is the ReLU activation function. For ease of calculations, Wy is set as Wy = I € R%mXdm Qpce again,
define k; as the final output of the Feed -forward ReLU layer for each row X (3);

XWIT(WQ(XW))T))

ki =0.(z;) =0, (WVXTUS < NG

Average Pooling layer
The pooling is applied column-wise to reduce sequence length dimension from d to 1. This is done to ensure a scalar
output from our transformer.

as = p(Ay)

where ¢ represents the column-wise average pooling. We can also define ag in terms of each k;;

ds ds .
1< 1O XWiEWo(X0)T

fore =7 ki=—> on (WVXTUS < o ))
ds i=1 ds i—1 dm

K2

Output layer
The final output layer is defined as follows;

F(X) & wh fyre

where wo € R%m is the weight vector in the output layer. We can as well define the final model output f(X) in terms
of each row X () of the input X;

d P
1 : XWEW(X6)T
f(X)= w5 ) o, (WVXTO'S< K ))
) =1 o;:l T

Define 6 as a vector representing the union of all parameters of the transformer model as shown below;

0 ={Wo, Wk, Wy, wo}

When we pass a single input X € R%*9 to the model, the output is given as f(X) € R. When we give all inputs to
the model as a batch { X}, € RV*dsXd_the output of the model will be f = {f(X,,)}»_; € RY and output of
the last hidden layer will be Fp,.e = {fpre(Xn) 2, € RYVXdm,
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3.1.3 |Initialization

Similar to Wu et al. (2024) we use the LeCun initialization described below. The parameters Wg, Wi, Wy, are
initialized as ng) ~ N(0, ), 1((”) ~ N(0, 1), ‘(/U) ~ N(0,%) fori € [dy] and j € [d] while wg) is

L) for i € [d,).

initialized as wly) ~ A(0, 5

3.1.4 Empirical Loss

We consider any loss function ¢( f(X,,), y,) which is 1-Lipschitz in the first argument;

1 N
Ls(f) = 5 2 U(Xn),um)

This empirical loss is to be optimized using Gradient Descent algorithm shown below;

Input: data (X,,,y,))_,, step size v
Initialize weights as follows: 8% := {Wg, W, W, wg, }
Jor t=01¢t t'—1 do

Wit = Wi —v - Vi, ((0")
wi = wh — 7 Vi, l(6")

Output: the model based on 6* .

3.1.5 True Loss

We are interested in upper bounding the true loss defined as follows;

Lo(f) =Ex y~pll(f(X),y)]

3.2 Rademacher complexity

The theorem of Rademacher complexity is widely used to compute generalization bounds for machine learning models.
As per Mohri et al. (2012) theorem 3.1 and Arora et al. (2019) theorem B.1, suppose that the loss function £(-, )
is bounded in [0, ¢] and is p-Lipschitz in the first argument. Then with probability at least 1 — § over the sample
S = {(Xn,yn)}N_; of size N:

sup{Lp(f) = Ls(f)} < 2pRs(F) + 3¢ %
feF

where Lp(f) is the true loss, Ls(f) is the empirical loss and Rg(F) is the empirical Rademacher complexity of a
function class F for samples S = {(X,,,yn)}2_, of size N defined as follows;

N
1
Rs(F) = NEmunif({Lq}) Lflelg E Enf(Xn)]
n=1

In order to construct our generalization bound, we shall upper bound both the Rademacher complexity R s (F) and the
training loss Ls(f) forall f € F.

3.3 Covering number bound

For a given class F, the covering number No. (F;€; { X} N 15 - ||2) is the smallest size of a collection (a cover)

~

C C FsuchthatVf € F,3f € C satistying max|| f(X,,) — f(X,)|2 < e.
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The Rademacher complexity of the class F with respect to samples S = {(X,,, ¥, )})_; can be upper bounded using
the covering number of F (Edelman et al., 2021);

A s N ..
Rs(F) < c- inf <5+/ \/IOgN”(f’E’{]f”}”—l’” ”2)d5>
0

- 5>0

for some constant ¢ > 0 and |f| < Aforall f € F.

4 Results

For ease of proof, and WLOG, let us set the input feature dimension d to be equal to the model dimension d,, i.e.,
d=dp.

4.1 Defining a class of Transformer models whose weights stay close to their initialization

Recall that we defined 0 as a vector representing the union of all parameters of the transformer model as shown below;
9 = {WQ, WK, VVV7 wo}

The squared /2-norm of the parameter vector can be expressed as the sum of the squared Frobenius norms (for matri-
ces) and squared ¢5-norms (for vectors);

10113 = Woll% + IWklE + Wy % + llwoll3
We can therefore say that for all training steps ¢ > 0;
19" — 0°15 = W5 — WollE + Wi — WiliE
HIWET = WollE + wg™ —wp 3
< R, + Rk + Ry + R

where [W5 — Wilr < Ro, [WiH = Wi|r < Ri, [W{T = WP|p < Ry, lwg™ — w2 < Ro for some
positive constants Ro, Ry, Rq, Rk

Setting R = \/Rg2 + R% + R?, + R, we end up with;
||9t+1 o 00”2 S R

Let us now define our hypothesis class .7-"]%0 comprised of the transformer models whose parameters 6 stay in a ball
close to 8° for all training steps ¢ > 0;

F& = {fo(X,): Vt>0,]6"" —6°|, < R}
4.2 Upper bounding the Rademacher complexity

The following lemma gives an upper bound on the Rademacher complexity of our class of transformer models i.e., an
upper bound on Rg(F9 ).

Lemma 1. Suppose that we have ny = W3 || r + Ry, no = w2+ Ro,nx = [Wxllr + Rx,1nq = IW§llr +
Rq where Ro, Ry, Rk, Rq remain as defined above. Also assume that the inputs have full rank and are bounded as
| X7 < VdsRx foralln € [N] where Ry is some positive constant. The empirical Rademacher complexity of the
class of Transformer models F& = {fo(X,):Vt>0,]|0" —6°||, < R} given 0 = {Wq, W, Wy, wo} can

be upper bounded as follows,
0 1 /P N
o7y < = =2
Ro(FL) < 0 (N,/N <1+10g <A~/P)>)

where < hides logarithmic dependencies on quantities besides N and d,, A = nony(vVd;Rx) and P =

~

(VAR (V) + (Vmsngny) ) os(Nd,)
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Proof of lemma 1

Define the following quantities for simplicity nv = |W2 | r + Ry, no = [|[wd |2+ Ro,nk = |WX|r + Rk, ng =
[WallF + Rq where Ro, Ry, Ri, R¢ remain as defined above in section 4.1.

Our class of interest in section 4.1 was ]-"1‘%0 = {fo(X,) : [|6"" — 6°||]; < R} and we want to compute upper bound

on the Rademacher complexity R.s (fgo) which is given as follows;

sup

‘wo,W}T(WQ,Wv:
lwoll2<no
Wyl r<nv

wl w,
xWq <TK1Q

Vi | = Vam

N
ZnZI

1
N Eerunif(—1,1)

sumption that X, has full rank, the rows i € [d;]

X, Wi Wo (X )T

Nz the as-

Given

T \ds T
EnWG D o Op (van()'s (

)

of the input matrix X, are independent. Therefore, by linearity of

expectation and also noting that supremum is only with respect to the weight parameters and not the input data, we

can factor out the summation over the rows i € [d;] as follows;

sup
’w(),W;F(WQ,Wvl
lwoll2<no
Wy || F<nv

Wi wg < KTQ

Vim = Vdm

1 ds
Nd, Zi:l IEerwunif(—l,l)

F

X Wi Wo (X))
Vdm

N T T
Y et EnWHO (vanas (

)

For a fixed set of parameters, supremum will be same for each 7 € [d;] and since expectation is with respect to i.i.d.
Rademacher random variables will also be same for each 7. We can thus collapse the summation over ¢ as shown

below;

N
sup ZnZI
wo,WIT(WQ,Wv:

lwoll2<no
W || r<nv
WiWo || _nxng

Vidm -

F

ds
Nd, Eervunif(f 1,1)

dm

sup
wo,WEWqo, Wy
lwollz<no
Wy || F<nv
W};WQ nKNQ

<
po Vidm

_ 1
- ﬁEewunif(—l,l)

dm,

N
>t enwgar (WvX;{GS (

X Wi Wo (X))
Vdm

T T
EpWHO (WvXnO's (

))

X Wi Wo (X ()T
Vdm

)

This implies that RS(}'}%O) = RS(Q%O) where g}‘?f is defined as follows for any ¢ € [d;];

G% = { (XN 5 wlo, (WVX;EUS <

0. H”-UOH2§770
X, WEW(XSNT\\ Wy reny
V dm . ’ W\I}r‘::cg F_H\I/(JT?

The following lemma gives an upper bound on Rg(gﬁo). Its proof can be found in the appendix section;
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Lemma 2. For any fixed ¢ > 0 and X1,..., Xy € R%*? such that | X,||r < VdsRx for all n € [N], the
Rademacher complexity of gf{) satisfies the bound given below;

Rs(G8) < C\/f <1 +log (Aﬁ))

where < hides logarithmic dependencies on quantities besides N and ds;, A = nonv(\/@Rx) and P =
2 23\ 3
(\/@RX)2 ((V dnﬂ]‘/)3 + (\/ dmnKnQnV)3> log(Nds)

Finally, the upper bound on the Rademacher complexity Rs (}'I%O) can be given as;

Rs(F8) = Rs(G2)

s\/f<1+1og (Aﬁ))
()

4.3 Upper bounding the empirical loss

Define « as the minimum singular value of Fp?e, ie,a2 amin(Fge) and also define ®(0) as follows;

1
2(6) = 11£(6) - I}
‘We now state the following assumption about the input data matrix X;
Assumption 3. Assume that the input data has full row rank and is bounded as || X || < \/dsRx with some positive
constant Rx. Furthermore, For any data pair (X,,, Xp,/), withn # n' and n,n’ € [N|, then we assume that;
P(|(X 0 X, X Xor)| > 1) < exp(—t9)

with some constant ¢ > 0

The lemma below gives an upper bound on the empirical loss for all training steps ¢t > 0.

Lemma 4. Suppose that we have ny = ||[W | r + Ry, no = ||[wd]|2+ Ro,nx = |W2|r+ Ri,ng = ||W8HF +
Rq, &g = [Wil2 + R, éx = W2 + Rk, &v = [WP|l2 + Ry where Ro, Ry, Rk, Rq remain as defined
earlier. Under assumption 3, if d,, > Q(N?3), a2 > 8pM/28(89), a3 > (32p22+/28(0°)) /no and £(0) is any loss
function which is 1-Lipschitz in the first argument, then with probability at least 1 — 8e~%m/2 — § — exp(—Q((N —
1)=¢d;1)), for proper 6, when training using GD with small step size -y < 1/k where k is a constant depending on

(£o, €K, &v,n0, ©(6°), p, dfnl/z), the empirical loss can be bounded as follows for all t > 0,
2

! a?no
8pM/N' 32p42/N )
where Q) omits the logarithmic factor and the other quantities are defined as follows; p = N/ Qdi/ °R x, 2 =051+
(4/d) R BER (€3 + €2)), £ 2 md (1 + (4/d) R (n + 1)),

M = max(¢v Ry no Ry, (Q/M)RggdstfvnoRél, 2/Vdm)R% dsoévnoRy),

M = max(nv Ry noRy ", (2/Vdm) Ry dsnxnvioRg' s (2/Vdm) Ry dsngnvio Ri').

Proof of lemma 4
For the purpose of simplification, define the following quantities at initialization;

£ 2 IW5lla + Rg < IWollr + Ro £ g
Ex 2 ||[WEl2 + Rx < |W2||r + Rx £ ni
&v £ |WYll2 + Ry < |[Wyllp + Ry £y

no £ lwd |2 + Ro

Ls(fot) < min (

lI>
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where Rq, Rk, Ry, Ro are as defined before. As mentioned earlier, « is the minimum singular value of Fpre, €.,
@ = omin(Fy) and ®(0) is given as ®(6) = 3||£(0) — yl[3.

According to Wu et al. (2024) theorem 1, under assumption 3, if d,,, > Q(N 3, % > 8pM \/2®(0°) and o® >
(32p%21/2®(09)) /no, then with probability at least 1 — 8e~%m/2 — § — exp(—Q((N — 1)~¢d;!)) for proper §, GD
converges to a global minimum as follows for a sufficiently small step size v < 1/k with & as a constant depending

on (€0, Exc, Ev,m0, B(6°), p, di):
a2 t
d(0") < (1 - 72> ®(0°),vt >0

where M = max(§v Ry, noRy ', (2/Vdm) Ry dslkévnoRy', (2/Vdm) Ry dfoévnoRE') and p £
N2 R, 2 22 (14 (4/d) RY 4263 (62 + €R)-
We can observe that ®(6*) decays exponentially as training proceeds. This implies the following bound;

(0") < ®(6°), V>0

From the first condition i.e.,a® > 8pM /2®(0°), we can say that ®(6°) < a*/(128p?>M?). We therefore end up
with the bound below;

ot

PO) < 55, Vt>0
(6°) < 128,201 >
From the second condition i.e.,a® > (32p%2,/2®(0°))/no, we can say that ®(6°) < (abn2)/(2048p*z2). We
therefore end up with the bound below;

abp?
PO < —C - Vt>0
(07 = 2048p422’ -
Combining the two bounds on ®(6%), we obtain the final bound as;
4
o

3(0") < mi a1 vt > 0
min
- 128p2 M2’ 2048p22 )’ -

Our empirical loss i.e., Ls(for) = & Z 1 U(for(Xy), yn) for all t > 0 can be bounded as follows;

N
1
Lslfo) < 53 (€00 (X)) = £(ns ) )
v
< 1 Z Jor( — Yn| because £(-, -) is 1-Lipschitz in the first argument
=N P 2] ) p g
T\\f@f Yll2
_ /2%
N N

. Oz2 a“no
< min ,
8pM+/N' 32p*2/N
where M = max(§vRy', noRy ', (2/Vdm) Ry dslkévnoRy', (2/Vdm) R dloévnoRy') and p £
N2 R, 2 2 3 (1+ (4/d) RY d2€3. (€3 + €3)).

Upper bounding £o,&v, ¢k, &g using no,nv,nK,nq, the upper bound on the empirical loss for all training

steps can therefore be written as;
o? ol 770 )
E +) < min
where M = maX(anal,noR‘_/l, (2/\/alm)Rg(dsnKnvnoRZ2 , 2/ m)RXdSnannoRl_{l) and 2 £ n3(1 +
(4/dm)R4 dznv (77@ + WK))
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4.4 Main result

This is our main theorem which uses lemma 1 and 4 to obtain a final bound on the true loss for a class of transformer
models whose weights stay close to their initialization during training. For all model dimensions d,,, the bound
tightens with increasing number of training examples N as expected.

Theorem 5. Suppose that we have ny = WY || r+ Ry, no = |wdll2+Ro,nx = [|Wg|lr+ Ri,ng = [Wlllr+
Rq, &q = [[Wolla+Rq, Ex = [[Willa+Ri, v = [[WP |2+ Ry where Ro, Ry, Ric, Rq remain as defined earlier.
Under assumption 3, if dy, > Q(N3), a2 > 8pM /28(89), o3 > (32p%2+/28(6°)) /1o and £(6) is any loss function
which is 1-lipschitz in the first argument, then with probability at least 1 —8e~%m/2 —25 —exp(—Q((N —1)~¢d 1)), if
the transformer model is trained using Gradient Descent with small step size v < 1/k where k is a constant depending
on (£g,¢k,&v,no, €(0°), p, d;Ll/2), the true loss Lp(f) can be bounded as follows;

2

a a’no > | P N log &
L < min . , +0 — (1+1log| A/ = + 9
o) (SpM\/N 32p*2V/' N N s P N

where ) omits the logarithmic factor, < hides logarithmic dependencies on quantities besides N, ds and ¢ and the
other quantities are defined as follows; p = N1/ 2d§/ ’R X,

2 205 (1+ (4/dm) R5 d263 (63 + €%)), 2 2 nd (1 + (4/dpm) R d2n3 (03 + 0,

M = max(§vRo' 1o Ry, (2/Vdm) Ry dstxévno Ry’ (2/v/dm) Ry ds€oévio Ry ),

M = max(nvRg" noRy", (2/vVdm) Ry dnxnvno Ry, (2/vVdm) R dsngnvnoRi"),

A =nonv(VdsRx) and P = (v/d;Rx)? ((mnv)% + (@UKUQUV)%)SIOg(Nds)'

Proof of Theorem 5
Recall that we defined our hypothesis class as follows;

F& = {fo(X,): 6" — 62 < R}

Let us set R; = ¢ for¢ € {1,2,..., R}. This means that we can define a class of models whose parameter norm is
bounded as ||0'F! — 6°||y < R; fori € {1,2,..., R} as follows;

FO = {fo(Xu): 0" — 6°]2 < Ri}

From Rademacher complexity and a union bound over a finite set of R;’s, for any random initialization (00), with
probability at least 1 — § over the sample S = {(X,,,yn)}._; of size N, we have that;

log %
2N

sup {Lo(f) — Ls(f)} < 2Rs(F8) +
fer;‘z

foralli € {1,2,3,..., R}. Note that R; < R forall i € {1,2,..., R} which implies that Rs(Fg ) < Rs(F§ ) for
any i € {1,2,..., R}. This gives us the following bound on RS(FI%(;) foralli € {1,2,...,R};

Rs(Ff) S O (\/ﬁ <1 *loe (Aﬁ»)

3
where P = (v/dsRx)? ((\/dmﬁv)% + (\/dmﬁKUQUV)%> log(Nds) and A = nonv(v/dsRx). From lemma 4,

with probability at least 1 — 8e~%m/2 — § —exp(—Q((N —1)~¢d; ")), the training loss for our transformer model can
be bounded as follows for all ¢t > 0;

2

o a’no )
8pM+/N' 32p42V/N

Es(fgt) < min (
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where p £ N'/2d3* Ry, 2 2 13 (1 + (4/dyn) Ry 0% (13, + n%)) and
M = max(nv R noRy', (2/Vdm) Ry dsninvio Rg' s (2/v/dm) R dsngnvio Ry
Putting everything together, with probability atleast 1 — 8e~%/2 — 2§ — exp(—Q((N — 1)~¢d;')), we have that;

a? a*no > P N log &
L < min ~ , + 0 [ 14log| A4/ = Y i
o) (SpM\/N 32012/ N VN & P N

where < hides logarithmic dependencies on quantities besides IV, ds and 0.

5 Conclusion

In this paper we present an upper bound on the true loss of a class of transformer models whose weights stay close to
their initialization during training. We believe that this bound plays a crucial role in the theoretical understanding of
transformer models. This bound can also be extended to transformer models with many layers and multiple attention
heads.
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A Proof of lemma 2

‘We want to obtain an upper bound on Rs(ggo) where ggo is defined as follows;

- lwoll2<n0

) X, WIWq(X))T Wyl r<n
g% p— (X( 7-))T — wggr (WVX;{US ( K dQ : ’ W};W; [ <':J/K7/Q
Vim Vi SV

Let’s begin by defining the following bounds on the matrices;

Wy lla < [WPl2 + by <nv
Wy 21 < [W2l2.1 + By < Vdmnv

HW};WQ < (IWE) 1.2 + Bx) (W21 + Bg) < dmnrng _ N
Vam Nan = NG = Vi, e

X ll2,00 < Bx < || Xpllr < VdsRx  Vn € [N]

where by, By, Bx, Bg, Bx are some positive constants and Ro, Ry, Rk, Rg, Rx remain as defined earlier. The
norm || - ||2,1 interpreted as first taking the ¢2-norm for each column of a matrix and then summing these column norms.

Define another class Q%O as shown below;

lwoll2<no
. W |2 Wy [l2+by
- . ¥
G% = (XN — who, (WVXgas (XnWIT(WQ(X,(L“))T)) : W 12,1 <[ WY 2,1+ By
wiwg || (1w 2 +8r) (IWG 121 +50)
\'% d”'L 2v1_ V d?n

The following lemma gives an upper bound on the log covering number of the class gg";

Lemma 6. ((Edelman et al., 2021) Corollary 4.5). For any fixed ¢ > 0 and X1,..., Xy € R% > such that
| XT|l2.00 < Bx forall n € [N], the covering number of G% satisfies the bound given below;

IOgNoo(g%O;e; {Xn}nN:17 [+ 1l2)

2 W) |1,2+B W2, 1+B
<(||W\9||2,1+BV)3 + (((H w) 12+ \/Kdlm(l\ oll2,1+ Q)) (||W\9||2+bv)

2

o

)g
-log(Nds)

< B%-

€
where < hides logarithmic dependencies on quantities besides N and d.
Upper bounding the norms || - ||2,1 and || - ||2,00 using the Frobenius norm, || - || z, we end up with;
2 2

(Vdmnv)® + (Vdmnxnonv)®

2

3
log Noo (G5, 3 6 { X101 - 12) S (Vi Bx)? - ( ) ~log(Ndy)

€

This can also be written as;

0
log Noo (6% s 6 {Xntn=1, [l - [l2) S 2

Wl

where P = (VL Bx 2 (V) + (Vilmiengny) ) log(NdL).
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We can now write the bound on the Rademacher complexity R g (g;%“) as follows for some constant ¢ > O and |f| < A
0°.
forall f € G% ;

A ] 0. . IX IN ..
Rs(G%) <c- inf 6+/ \/OgNOO(gR ’E,Z{V nhnyi | H2)de
é

§>0

AP
Sc-ggf)(H/é \/;de>
=c-§r>1%<5+\/£/614id6>
e (5T e (3))
= C\/ﬁ (1 + log (A\/i))

Note that | f| < Aforall f € Q%O. A can be obtained as follows;

X, WEWo(X )T
wgar (WvX;.l;O'S ( &Wol )

Vim

X, WEWo(X{ )T
< Jwolz o (vazas< xWo(Xn ")

Vim

X, WEWo (X))
= |wollz |or (vazo—s< it ’))
Vdm

X, WEWo (X))
< Wy X0, | S
= H'l,l]o||2 VApO ( \/CE ,

1 [ XaWEW (X))
Xna'x"‘
Vdm )
. X, WEWq (X5t
S /dm ,
< lwol2 [[Wvlly | Xall,  (because [los(2)[|2 < [los(2)[|1 = 1)
< flwol2 Wyl g | Xall
< ([[wdll2 + Ro) (Wi llr + Ryv)(V/dsRx)
= nonv (v dsRx)
This means that A = nony (vVdsRx).

2

2

(because ||o-(2)]l2 < |1z]|2)

< [lwoll2 [Wv

< woll2 [[Wvly [ Xnll,

B Experiments

We use the transformer model defined in section 3.1.2 to perform classification of images. From MNIST dataset, we
extract the images belonging to classes 0 and 1 and create our new dataset. Each image of size 28 x 28 is broken into
tokens each of dimension d = 64. The main goal of the experiments is to demonstrate that the test loss of the trained
transformer model decreases with increasing number of of samples i.e., N = 400, N = 1200 and N = 10000. This
trend holds for all the values of model dimension which we tested i.e., d,,, = 64,d,, = 1024 and d,,, = 4096. The
learning rate used is 0.1, the optimization algorithm is batch gradient descent and the loss function is the cross-entropy
loss. The results for the experiments are presented below. Each figure shows the training loss and test loss of the
transformer model as training proceeds.
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Figure 1: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =

64.
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Figure 2: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =

1024.
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Figure 3: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =
4096.

Table 1: Lowest test loss and the epoch at which it was achieved for different values of d,,, and V.

dm N Lowest Test Loss | Epoch
64 400 0.1048 147
64 1200 0.0668 165
64 | 10000 0.0263 546
1024 | 400 0.1839 95
1024 | 1200 0.0760 271
1024 | 10000 0.0045 251
4096 | 400 0.1269 139
4096 | 1200 0.0899 169
4096 | 10000 0.0123 312
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