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Abstract

In this work, we establish a norm-based generalization bound for a shallow Transformer model
trained via gradient descent under the bounded-drift (lazy training) regime, where model parameters
remain close to their initialization throughout training. Our analysis proceeds in three stages: (a)
we formally define a hypothesis class of Transformer models constrained to remain within a small
neighborhood of their initialization; (b) we derive an upper bound on the Rademacher complex-
ity of this class, quantifying its effective capacity; and (c) we establish an upper bound on the
empirical loss achieved by gradient descent under suitable assumptions on model width, learning
rate, and data structure. Combining these results, we obtain a high-probability bound on the true
loss that decays sublinearly with the number of training samples /N and depends explicitly on model
and data parameters. The resulting bound demonstrates that, in the lazy regime, wide and shallow
Transformers generalize similarly to their linearized (NTK) counterparts. Empirical evaluations on
both text and image datasets support the theoretical findings.

1 Introduction

The deep learning community has achieved outstanding performance on language and vision tasks which were once
considered very complex for neural network models. Transformers have played a central role in the development of
highly impressive conversational large language models (LLMs) like GPT-4 (Achiam et al., 2023), LLaMA (Touvron
et al., 2023) and Gemini (Team et al., 2023). Vision transformers (Dosovitskiy et al., 2020) have similarly achieved
outstanding results in image generation and classification. This tremendous success of transformer models has led to
anticipation of early Artificial General Intelligence (AGI). However, theoretical understanding of transformer models
is still limited. It is very crucial to develop mathematical theorems which give some guarantees on the generalization
abilities of transformers and other modern neural network architectures.

Various generalization bounds have been proposed for transformer models (Edelman et al., 2021; Trauger & Tewari,
2024; Fu et al., 2024). The researchers compute an upper bound on the difference between the true loss and the
empirical loss i.e., [Lp(f) — Ls(f)] for all f € F where F is some class of transformer models. With this kind
of bound, if we wish to analyze the model’s true loss Lp(f), we need to first perform training and obtain the final
empirical loss Lg(f). In another approach of presenting generalization bounds, researchers directly upper bound the
true loss Lp(f). With this type of bound, we can analyze the model’s true loss without having to first obtain the
empirical loss Lg(f) through training. Arora et al. (2019) and Cao & Gu (2019) presented an upper bound on the
true loss Lp(f) for a 2-layer fully connected ReLU neural network and a deep L-layer fully connected neural network
respectively. In this work, we extend this approach of directly upper bounding the true loss to transformer models.

We develop a generalization bound for a class of transformers whose weights remain very close to their initialization
during training. In other-words, we assume that the difference between the transformer’s weights at any training step
and the transformer’s weights at initialization is bounded. This is mostly true especially in modern networks which
are considered to be highly over-parameterized i.e., having significantly more number of parameters than number of
training examples required to generalize well. After defining this class of transformer models, we then proceed to
compute an upper bound on the Rademacher complexity for the above defined class of transformer models. Construct-
ing this upper bound on the Rademacher complexity involves employing the concept of covering numbers. Lastly we
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utilize the convergence theorem proposed by Wu et al. (2024) to derive an upper bound on the empirical loss for all
transformer models belonging to the class defined above.

Specifically, our main contribution is developing an upper bound on the true loss for a class of transformer models
whose weights remain close to their initialization during training. We find that this bound tightens sublinearly with
increasing number of training examples N for all values of model dimension d,,.

2 Related Work

Researchers have developed several generalization bounds for neural networks (Bartlett et al., 2017; Neyshabur et al.,
2015; 2017; 2018; Pitas et al., 2018; Golowich et al., 2017; Li et al., 2018; Arora et al., 2018; Dziugaite & Roy,
2017; Zhou et al., 2018a; Chen et al., 2019; Long & Sedghi, 2019). Norm-based generalization bounds have also been
developed for transformer models. Edelman et al. (2021) derived a norm-based generalization bound for transformers
which scales logarithmically with sequence length of the input. Trauger & Tewari (2024) also presented another bound
for transformers which is independent of the sequence length of the input. All these results involve computing an upper
bound on the difference between true loss and empirical loss i.e., [Cp(f) —Ls(f)] forall f € F. As mentioned earlier,
this means that in order to study the true loss of the neural network, training must first be completed to obtain the final

Ls(f)-

In another direction of computing generalization bounds, researchers directly upper-bound the true loss Lp(f) for
all f € F. This requires analysis of the convergence of the neural network optimization in order to obtain a bound
on empirical loss Lg(f) which is then used to get the final bound on Lp(f). Once we have the final bound us-
ing this approach, we can directly analyze the true loss of the neural network without the need to first obtain em-
pirical loss through training. Following this direction, Arora et al. (2019) presented a generalization bound for an
over-parameterized two-layer ReLU fully connected neural network trained using gradient descent. In the over-
parameterization regime, the infinite-width neural tangent kernel (NTK) matrix was crucial in developing the bound.
Cao & Gu (2019) also proposed a generalization bound for an over-parameterized deep L-layer fully connected neural
network. The authors utilize Neural Tangent Random Features (NTRF) to develop this generalization bound. This
second direction for computing generalization bounds by directly upper bounding the true loss Lp(f) for all f € F
has not been explored for transformer models. Our paper focuses on closing this gap. In order to incorporate the
training dynamics, we rely on the global convergence theorem of a shallow transformer presented by Wu et al. (2024).
Other results on the convergence of transformers have also been proposed (Kohler & Krzyzak, 2023; Huang et al.,
2024; Shen et al., 2024; Gurevych et al., 2022). It is important to note that our transformer generalization bound
can not be directly compared to to the transformer generalization bounds proposed by Edelman et al. (2021) and
Trauger & Tewari (2024). This is because their bound is on the difference between true loss and empirical loss i.e.,
[Lp(f) — Ls(f)] for all f € F while our bound is on the true loss i.e., Lp(f) forall f € F.

Beyond norm-based bounds: PAC-Bayes and stability perspectives. In addition to norm-based transformer bounds
(Edelman et al., 2021; Trauger & Tewari, 2024), recent work has leveraged PAC-Bayes/compression and algorithmic
stability frameworks to obtain guarantees that are directly relevant for Transformer and LLM settings. On the PAC-
Bayes side, compression-based analyses yield non-vacuous bounds for pretrained large language models by explicitly
relating generalization to compressibility under suitable priors/posteriors and prediction smoothing (Lotfi et al., 2023).
More broadly, PAC-Bayes methods have been refined to produce tight bounds at scale through model compression and
related parameterizations (Zhou et al., 2018b). On the stability side, Li et al. (2023) study in-context learning through
the lens of multitask algorithmic stability and derive generalization bounds for attention/transformer architectures;
complementary stability-style results for attention also appear in recent analyses of fine-tuning and self-attention dy-
namics (Yao et al., 2025; Deora, 2024; Deora et al., 2023). Conceptually, these frameworks bound the generalization
gap via posterior complexity or stability coefficients, whereas our analysis (Theorem 5) directly upper-bounds the
true loss by combining an empirical-loss bound (derived from an optimization convergence result for shallow Trans-
formers) with a capacity term, thus tying generalization to lazy-regime training dynamics and initialization-dependent
conditioning.
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3 Preliminaries

3.1 Problem Setup
3.1.1 Training Examples

We are given N training examples S = {(X,,,yn)}_; where {X,,}N_; € RV*dsxd yre the instances and y =

{yn}N_, € RY are the labels. d, is the sequence length of the inputs and d is the input dimension.

3.1.2 Model

The model used in this work is a popular transformer encoder which is also used by Wu et al. (2024). Given an input
X € R%*4 we define each of the transformer layers.

Self-attention layer
The self-attention layer is defined as follows;

e ((XWHXWLT
L Vdu
where o is the row-wise softmax, W, Wi, Wy € R% <4 are the query, key and value matrices in the self-attention

layer. d,, is the model dimension. We shall be interested in the effect of the self-attention layer on each row X (**) of
the input X where ¢ € [d,]. We therefore define 5; as the i-th row of the softmax output;

- T o
b —o XEIWIWEXT . (XWIEWQ(X(%-))T>
We also define z; as the final output of the self-attention layer for each row X (%),

XW]T(WQ(X(ZV’))T>
Vi,

) xXW)

zi = (XWy)' 8 = Wy X0, <

Feed -forward ReLU layer
The layer with ReLU activation function is defined as follows;

Ay £ 0. (A Wy)

where o, is the ReLU activation function. For ease of calculations, Wi is set as Wy = I € R%m>dm Qnce again,
define k; as the final output of the Feed -forward ReLU layer for each row X ();

XW[T(WQ(XW)T))
V dm

ki =0.(z;) = o, (VVVXTUS <

Average Pooling layer
The pooling is applied column-wise to reduce sequence length dimension from d; to 1. This is done to ensure a scalar
output from our transformer.

as £ ¢(Aj)

where ¢ represents the column-wise average pooling. We can also define ag in terms of each k;;

ds , .
1< 1O 1 XWEWo(XE)T
fpre:dis;ki:diszar (WVX Us( m

i=1
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Output layer
The final output layer is defined as follows;

F(X) 2 w5 fyre

where wo € R%m is the weight vector in the output layer. We can as well define the final model output f(X) in terms
of each row X () of the input X;

ds T (i,:)\T
£X) = JwbY o, (WVXTUS (XWK‘Z%X ) ))

=1

Define 0 as a vector representing the union of all parameters of the transformer model as shown below;
0 = {Wq, Wi, Wy, wo}

When we pass a single input X € R% %9 to the model, the output is given as f(X) € R. When we give all inputs to
the model as a batch { X}, € RV*dsXd the output of the model will be f = {f(X,,)})_; € RY and output of
the last hidden layer will be Fpy.e = {fore(Xn) 2, € RYVXdm,

3.1.3 Initialization

Similar to Wu et al. (2024) we use the LeCun initialization described below. The parameters Wg, Wi, Wy, are
initialized as Wg” ~ NO0,5), W ~ N(0,1), W ~ N(0,L) fori € [d] and j € [d] while w() is
initialized as wg) ~ N(0, 7~) fori € [dp,].

3.1.4 Empirical Loss

We consider any loss function £(f(X,,), ¥, ) which is 1-Lipschitz in the first argument;

N
1
Ls(f) =+ ;mxn),yn)
This empirical loss is to be optimized using Gradient Descent algorithm shown below;

Input: data (X,,,y,))_,, step size v

Initialize weights as follows: 680 := {Wg, W, W, wg, }
Jor t=01¢to t'—1 do

WET = W — - Vi, (8"

Wi = Wi — - Vo, ((60))

Wyt = Wi — vV, ((6")
wo ! = wh =5 Vao (6
end for

Output: the model based on 6"

3.1.5 True Loss

We are interested in upper bounding the true loss defined as follows;

3.2 Rademacher complexity

The theorem of Rademacher complexity is widely used to compute generalization bounds for machine learning models.
As per Mohri et al. (2012) theorem 3.1 and Arora et al. (2019) theorem B.1, suppose that the loss function £(-,-)
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is bounded in [0, ¢] and is p-Lipschitz in the first argument. Then with probability at least 1 — § over the sample
S = {(Xn; yn)},,]y:l of size N:

?gg{ﬁp(f) — Ls(f)} < 20Rs(F) + 36\/@

where Lp(f) is the true loss, Lg(f) is the empirical loss and Rs(F) is the empirical Rademacher complexity of a
function class F for samples S = {(X,,,yn)})\_, of size N defined as follows;

N
1
Rs(F) = NEeNunif({l,—l}) Lsclell; E Enf(Xn)]
n=1

In order to construct our generalization bound, we shall upper bound both the Rademacher complexity R s (F) and the
training loss Lg(f) forall f € F.

3.3 Covering number bound

For a given class F, the covering number Mo, (F;€; {X,}N 15 - ||2) is the smallest size of a collection (a cover)

C C FsuchthatVf € F, Elf € C satisfying max|| f(X,) — f(X,)]|2 < e

The Rademacher complexity of the class F with respect to samples S = {(X,,,y,)}2_; can be upper bounded using
the covering number of F (Edelman et al., 2021);

A
. log Noo (Fi & {Xn g3 | - [12)
Rs(}-)§6~§1§) <5+/6 \/ N de

for some constant ¢ > 0 and |f| < Aforall f € F.

4 Results

In this section, we develop a theoretical framework to analyze the generalization properties of Transformer models
whose parameters remain close to their initialization during training. We begin by formally defining a class of models
that satisfy this bounded-drift property, which corresponds to the lazy training regime. We then derive an upper bound
on the Rademacher complexity of this class, followed by an upper bound on the empirical loss using convergence
guarantees under gradient descent. Combining these results, we present our main theorem that establishes a high-
probability bound on the true loss. Finally, we discuss the scope and limitations of our findings in light of existing
results, and conclude with key insights and directions for future work.

For ease of proof, and without loss of generality, let us set the input feature dimension d to be equal to the model
dimension d,,, i.e., d = d,,.

4.1 Defining a class of Transformer models whose weights stay close to their initialization

To rigorously analyze the generalization behavior of Transformers, we first need to formalize the notion of models
whose parameters remain close to their initialization throughout training. This assumption (often referred to as the
bounded-drift assumption) characterizes the lazy training regime, where model updates are small, and the network
operates in a nearly linear regime around initialization. In this subsection, we define the parameter space and construct
a hypothesis class of Transformer models confined within a ball of radius R centered at the initialization point. This
setup enables the derivation of subsequent complexity and loss bounds under analytically tractable conditions.

Recall that we defined 0 as a vector representing the union of all parameters of the transformer model as shown below;
0 = {Wqo, Wi, Wy, wo}

The squared ¢5-norm of the parameter vector can be expressed as the sum of the squared Frobenius norms (for matri-
ces) and squared ¢5-norms (for vectors);

1613 = IWal % + [Wkll% + Wy |[% + [lwoll3
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We can therefore say that for all training steps ¢ > 0;

107 — 0°15 = W5 — W% + Wi — WiliE
HIWE = Wk + wg™ — wo 3

< R, + Rk + Ry + Rp

where WS — Wil < Rg, Wi = Wi|r < Rk, [W{H = WP |r < Ry, [w™ —wd |2 < Ro for some
positive constants Ro, Ry, Rg, Rx

Setting R = \/R% + R% + R} + R%, we end up with;
67+ — 6%, < R

Let us now define our hypothesis class ]-'go comprised of the transformer models whose parameters 6 stay in a ball
close to 8V for all training steps ¢ > 0;

F& = {fo(Xn): vt > 0,6 — 6%, < R}

4.2 Upper bounding the Rademacher complexity

To establish a generalization bound, we must first control the capacity of the hypothesis class of models under con-
sideration. The Rademacher complexity provides a data-dependent measure of this capacity, quantifying how well the
model class can fit random noise. In this subsection, we derive an upper bound on the Rademacher complexity of the
bounded-drift Transformer class defined above. Our result shows that under reasonable assumptions on the input fea-
tures and parameter norms, the Rademacher complexity scales as O (1 / % log(A,/ %)) , indicating that generalization

improves with an increasing number of samples and controlled parameter magnitudes. This bound parallels similar
results for shallow transformer and provides the foundation for our overall generalization analysis.

The following lemma gig/es an upper bound on the Rademacher complexity of our class of transformer models i.e., an
upper bound on Rs(F% ).

Lemma 1. Suppose that we have ny = |W||F + Ry, no = [|[wd |2 + Ro, nx = |[WX|F + Ri,ng = ||W5HF +
Rq where Ro, Ry, Rk, Rq remain as defined above. Also assume that the inputs have full rank and are bounded as
I Xnllr < VdsRx foralln € [N] where Ry is some positive constant. The empirical Rademacher complexity of the

class of Transformer models fg] = {fo(Xy) : Vt > 0,]|0"Tt — 6°||; < R} given 0 = {Wq, Wi, Wy, wo} can

be upper bounded as follows;
R 0%y < i1 - A /g
s(Fr )50 <N N 1+ log P

where < hides logarithmic dependencies on quantities besides N and ds, A = nony(v/dsRx) and P =

VAR (V) + (Vamsengny) ) log(Nd,)

Proof of lemma 1
Define the following quantities for simplicity ny = |WQ||r + Ry, no = [|[wd |2 + Ro,nx = [Wilr+ Rk, ng =
[WallF + Rq where Ro, Ry, Ri, R¢ remain as defined above in section 4.1.

Our class of interest in section 4.1 was ]-"1‘%0 = {fo(X,) : [|6"" — 6°||]; < R} and we want to compute upper bound
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on the empirical Rademacher complexity Rg (}'go) which is given as follows;

N ds (i’:) T
Ro(FOy = L 1 X WEW, (X,
s(Fg) Eeunit(~1,1) sup E 6"?“’5 E o (WV XTo, ( n K\/di( ) ))
s i=1 m

N wo,W;(WQ,in n=1
lwoll2<no
(IWv | F<nv

’ WE(W <IK"Q

vl |

ba dm,

S ’wo,W;(WQ,sz n=1
lwoll2<no
Wy l|r<nv

H Wi Wgo <IKNQ

Vidm T Vdm
F

Applying subadditivity of the supremum:

ds N
< E
RS (]:R ) —_ ng Z € Sup

i=1 llwoll2<no e
IWv [l r<nv
I

‘ WrWao

Vidm

NKNQ

P T Vdm

N
= d\s . W E€ sup
s lwoll2<no
Wyl r<nv
‘ Wi Wo < NKNQ

Vam .S

F dm

n=

N

Z €n wg oy (WvX;LrO’S (
1

N ds (4T
1 2 : X, WIW, (X,
WEeNUnif(fl,l) sup enw}; ;:1 oy (WV X;{O'S < K j( ) ))

X, WIWy(XS T
Vdm

Z €n wg oy (WvXIO'S (
1

X, WIWg(XSNT
Vi,

= —E, sup E €n 'wg oy W\/XJO'S
lwoll2<no n=1

W || r<nv
‘ Wi Wo

Vidm

X, WIWo(X")T
V d7n

= Rs(69)

for any fixed i € [d,]. Hence,

Rs(F8) < Rs(G2)

where Rg (Q%O) is defined as follows

X, Wx Wo (X )T
Vdm

QZO = {(X(i’:))T — w—orar(WVX,jas(

) ¢ lwolle <m0, [Wlle < nv, || 2

W W,

F

The following lemma gives an upper bound on Rs(g?;). Its proof can be found in the appendix section;
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Lemma 2. For any fixed ¢ > 0 and X1,..., Xy € R%*? such that | X,||r < VdsRx for all n € [N], the
Rademacher complexity of gf.f satisfies the bound given below;

Rs(G89) < C\/f (1 +log (Aﬁ))

where < hides logarithmic dependencies on quantities besides N and ds;, A = nonv(\/@Rx) and P =
2 233
WERx)? (Vi) ® + (Vnicngny)* ) log(Nd).

Finally, the upper bound on the Rademacher complexity Rs (}'I%O) can be given as;

Rs(F8 )<RS ;‘;

)
(/)

4.3 Upper bounding the empirical loss

Having bounded the complexity of our hypothesis class, we next analyze the empirical loss achieved by gradient de-
scent under the bounded-drift condition. This subsection establishes that, given suitable conditions on model width,
learning rate, and data structure, the empirical loss decays exponentially during training. Using results from con-
vergence analyses of Transformers in the lazy regime, we derive an explicit upper bound on the empirical loss as a
function of key quantities such as «, p, and no. This provides a quantitative connection between network conditioning,
data complexity, and training behavior, ensuring that even under restricted parameter updates, the model achieves low
empirical loss with high probability.

Define a as the minimum singular value of Fy, i.e., o = Omin(Fyy,) and also define ®(0) as follows;

2(6) = 31 7(6) ~ yl3

We now state the following assumption about the input data matrix X;

Assumption 3. Assume that the input data has full row rank and is bounded as || X || < v/dsRx with some positive
constant Rx. Furthermore, For any data pair (X,,, X,,/), withn # n' and n,n' € [N], then we assume that;

P((XIX,, X!, X,/)| >t) < exp(—t%)
with some constant ¢ > 0

The lemma below gives an upper bound on the empirical loss for all training steps ¢t > 0.

Lemma 4. Suppose that we have ny = W || r + Ry, 1o = |[wd |2+ Ro,nx = [Wllr + Rx,nq = IW§llr +
Rq, & = [Wil2 + R, éx = W2 + Rk, &v = [WP|l2 + Ry where Ro, Ry, Rk, Rq remain as defined
earlier. Under assumption 3, if d,, > Q(N3), a2 > 8pM/28(89), o > (32p22+/28(0°)) /no and £(0) is any loss
function which is 1-Lipschitz in the first argument, then with probability at least 1 — 8¢~ %m/2 — § — exp(—Q((N —
1)=¢d;1)), for proper §, when training using GD with small step size v < 1/k where k is a constant depending on

(o, ¢k, &v,no, ©(6°), p, d,}lm), the empirical loss can be bounded as follows for all t > 0;

E(f)<min( o C“?O)
SUen = 8,0M\/> 32p22V/N
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where S omits the logarithmic factor and the other quantities are defined as follows; p = N/ Qdi/ ’Rx, z & ng (1 +
(4/dm) R} d263 (€3 + €%)), 2 = (1 4 (4/dm) R A3 (0 + 1),

M =max(§y Rg' noRy', (2/Vdm) R dsék&vno Ry, 2/vVdm) R dséqévno Ry,

M = max(nv R5" noRy", (2/Vdm) Ry dnxnvnoRg', (2/Vdm) R dsngnvno Ry").

Proof of lemma 4
For the purpose of simplification, define the following quantities at initialization;

&o 2 [Wil2 4+ Rg < [Willr + Ro £ 10
Ex 2 ||We|l2 + R < |Wi||r + Rk £ 0k
&v 2 |[Wylla+ Ry < [Wyllr + Ry £y
no £ |wgllz + Ro

where Rq, Rk, Ry, Ro are as defined before. As mentioned earlier, o is the minimum singular value of FpO ie.,

a £ opin(Fy,) and ©(0) is given as ®(0) = 3| £(0) — y|[3.
According to Wu et al. (2024) theorem 1, under assumption 3, if d,,, > Q(N 3), a? > 8pM+/2®(0°) and o3 >
(32p%2+/20(09)) /10, then with probability at least 1 — 8e~9m/2 — § — exp(—Q((N — 1)~¢d;!)) for proper &, GD
converges to a global minimum as follows for a sufficiently small step size v < 1/k with k as a constant depending

on (£0,¢k,&v,no, ©(0°), p, d;nl/2):

2\t
3(0") < (1 - 70;) D(6°),5t > 0

where M = max(§vRy' noRy', (2/Vdm) Ry dslxévnoRy', (2/Vdm) R dfoévnoR') and p £
NY2d5% R, 2 2 0 (1+ (4/dyn) RE 4263 (3 + €650)).
We can observe that ®(6*) decays exponentially as training proceeds. This implies the following bound;

(6" < ®(0°), Vt>0

From the first condition i.e.,a® > 8pM/2®(0°), we can say that ®(6°) < a*/(128p?>M?). We therefore end up
with the bound below;

a4

PO < —2 >0
( )—128p2M2’ =

From the second condition i.e.,a® > (32p%2,/2®(0°))/no, we can say that ®(6°) < (abn2)/(2048p*22). We
therefore end up with the bound below;

b2
PO < —9 _ vE>0
0 = 2048p*22’ -

Combining the two bounds on ®(6"), we obtain the final bound as;

0[4 a6n2
®(6") < mi O t >
(6%) < min (128,02M2’ 2048/)42'2) V20



Under review as submission to TMLR

Our empirical loss i.e., Ls(for) = & Z 1 U(fot(Xn),yn) for all t > 0 can be bounded as follows;

N
1
Es(fgt) < N (E(fef (Xn)ayn) - é(ynayn)>
n=1
LN
< — Z |fot (X0n) — ynl because (-, ) is 1-Lipschitz in the first argument
N —~
< || fgt —
< —lfor ~ ol
20(07)

N

2
gmin< o’ i )
8pMV/ N’ 32p22v/N
where M = max(§v Ry noRy', (2/Vdm) Ry d&xévnoRy", (2/Vdm) Ry doévnoRE') and p £
NV2d32 R, 2 2 n3 (1 + (4/dm) RY 263 (63 + €%)).

Upper bounding £o0,&v,Ek,&q using no,nv,NK,Ng. the upper bound on the empirical loss for all training
steps can therefore be written as;

Ls(for) < min ( o o*1jo )

8pM+/ N’ 32p22V/N
where M = max(nv Ry, no Ry, (2/\/dm)R§(dsnKnvnoRé . (2/Vdm)R3dsnonvnoRy') and 2 2 n2(1 +

(4/dm) R d2n3, (nd + i) O
4.4 Main result

With both the Rademacher complexity and empirical loss bounds in place, we now combine these results to obtain our
main theorem i.e., a high-probability upper bound on the true loss (expected generalization error) of shallow Trans-
former models under bounded parameter drift. The theorem demonstrates that the true loss decreases with the number
of training samples N and depends explicitly on the initialization scale, data structure, and model dimension d,,,. The
bound captures the essence of lazy training: when model parameters remain near initialization, generalization behav-
ior aligns with that of linearized models governed by the neural tangent kernel (NTK). While this result establishes a
rigorous theoretical foundation for shallow Transformers, it also highlights the need for further analysis to extend such
guarantees to deeper and more expressive models.

Theorem 5. Suppose that we have ny = W ||r+ Ry, no = |wdll2+Ro,nx = [|Wgllr+ Rx,ng = [Wlllr+
Rq, &q = [[Wolla+Rq, Ex = Wi 2+ Ri, v = [[WP 2+ Ry where Ro, Ry, Ric, Rq remain as defined earlier.
Under assumption 3, if dy, > QU(N3), a2 > 8pM /28(89), a3 > (32p%2+/28(6°)) /1o and £(0) is any loss function
which is 1-lipschitz in the first argument, then with probability at least 1 —8e~%m/2 —25 —exp(—Q((N —1)~¢d; 1)), if
the transformer model is trained using Gradient Descent with small step size v < 1/k where k is a constant depending
on (£g,¢k,&v,no, 0(0°), p, d;ll/g), the true loss Lp(f) can be bounded as follows;

(2w ) o [P ) et
Lp(f) £ <8pM\F 32,2 Z\/7>+(9 N<1+log<A P>>+ N

where ) omits the logarithmic factor, hides logarithmic dependencies on quantities besides N, ds and § and the
3/2

other quantities are defined as follows; p = N 1243
2 205 (14 (4/dn) R} d3E5 (€3 + €5)). 2 £ nd (1 + (4/dm)R4 a3 (03 + %)),

M = max(¢v RgY, no Ry, (2/ V) B duExcévno Ry (2/Vdm) R duto€vno Rid)
M = max(nv R, no Ry, (2/v/dm) Ry dsnknvno Ry, (2/V/dm) R dsnonvno R,

A =nony(Vd;Rx) and P = (\/d,Rx)? ((\/@?W)% + (Vdmnxngnv) 3)3 log(Ndy).
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Proof of Theorem 5
Recall that we defined our hypothesis class as follows;

_ {f@ |0t+1 00”2 < R}

Letusset R; = i fori € {1,2,..., R}. This means that we can define a class of models whose parameter norm is
bounded as ||0'F! — 6°||y < R, fori € {1,2,..., R} as follows;

]:R = {fo(Xn): 16" — 0%l < Ry}

From Rademacher complexity and a union bound over a finite set of R;’s, for any random initialization (6°), with
probability at least 1 — § over the sample S = {(X,,, y,)}._; of size N, we have that;

log %

sup {Lo(f) = Ls(/)} < 2Rs(FR) + || =

0
ferz,

foralli € {1,2,3,..., R}. Note that R; < R forall i € {1,2,..., R} which implies that Rs(Fg ) < Rs(F§ ) for
any ¢ € {1,2,..., R}. This gives us the following bound on Rg(fgj) foralli € {1,2,...,R};

Rs(Ff) £ 0 (\/ﬁ <1 e (A\/@))

2 2\ 3
where P = (v/d,Rx)? ((\/dmnv)g + (Vdmngngnv) “) log(Nds) and A = nonv(v/dsRx). From lemma 4,

with probability at least 1 — 8e~%m/2 — § —exp(—Q((N —1)~¢d;')), the training loss for our transformer model can
be bounded as follows for all ¢ > 0;

Ls(f )<Inin< of oo )
sier) = 8pM\F 322 2VN

where p 2 N'2d3* R, 2 2 9% (1 + (4/dyn) Ry 4202 (n + 1)) and

M = max(nv R noRy', (2/Vdm) Ry dsninvio Rg' s (2/v/dm) R dsngnvio Ry
Putting everything together, with probability atleast 1 — 8e~%m/2 — 2§ — exp(—Q((N — 1)~¢d;')), we have that;

min ’ @ Mo \/? \/ﬁ logg
Lp(f) S (spr 2,7 zf) +0 /5 <1+10g (A P)) v

where < hides logarithmic dependencies on quantities besides IV, ds and 0. O

4.5 Discussion

Our main theorem provides a generalization bound for a class of Transformer models whose weights remain close to
their initialization during training. This bounded-drift assumption effectively constrains the training dynamics to what
is commonly referred to as the lazy training regime. In this setting, the model behaves similarly to its linearized form
around initialization, which has been extensively studied in the context of neural tangent kernels (NTK).

The implication of this assumption is that the results derived here apply most accurately to wide and shallow Trans-
formers trained with sufficiently small learning rates that prevent the parameters from deviating significantly from
their initial values. Such a setting captures the early or near-linear training phase of overparameterized models, where
the NTK remains nearly constant and generalization can be controlled through classical complexity measures such as
the Rademacher complexity.

Compared to prior results on generalization bounds for neural networks under the lazy regime (e.g., for two-layer
networks and linearized models), our bound maintains a similar dependence on the sample size N and model width d,,.

11
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Specifically, the O (, / % log( A,/ %)) term scales analogously to existing NTK-based results, while the dependence

on « and p in the empirical loss component reflects the conditioning of the pre-activation features and the interaction
between model width and sequence length. However, unlike the more general results that extend to deep networks or
non-lazy regimes through complex stability analyses or overparameterization assumptions, our result explicitly applies
to single-layer (shallow) Transformer architectures only.

We also note that relaxing the bounded-drift assumption to capture non-lazy or feature-learning regimes remains an
open problem. In such regimes, weights undergo significant changes during training, resulting in evolving representa-
tions and coupling across layers. Extending our analysis to this setting would require novel techniques to handle the
dynamic evolution of the NTK or an equivalent representation matrix. Similarly, extending the bound to deeper multi-
layer architectures would require careful control of layerwise dependencies, possibly through hierarchical complexity
bounds or layerwise Lipschitz control arguments.

Overall, our results contribute to the growing theoretical understanding of Transformers under simplified but analyti-
cally tractable conditions. They highlight the relationship between network width, data complexity, and generalization
under bounded parameter drift, reinforcing the intuition that in the lazy regime, wide and shallow Transformers behave
as near-linear models governed by their initialization structure.

Comparison with other norm-based Transformer bounds. Our result differs substantively from norm-based
bounds tailored to Transformers. Edelman et al. (2021) obtain a gap bound that scales only logarithmically with se-
quence length by analyzing bounded-norm self-attention and the sparse variable creation inductive bias, while Trauger
& Tewari (2024) strengthen this line by proving sequence-length-independent gap bounds via a covering-number anal-
ysis that upper-bounds the Rademacher complexity of Transformer classes and applies also to masked-token training
objectives. In contrast, our theorem provides a frue-loss bound that explicitly couples a data-dependent optimization
guarantee (lazy-regime convergence for a shallow Transformer) with a capacity term. Practically, this means (i) norm-
based results (Edelman et al., 2021; Trauger & Tewari, 2024) can be evaluated after training completes by plugging in
norms to bound |Lp(f) — Ls(f)|, and they cleanly characterize how sequence length enters (logarithmically or not
at all), whereas (ii) our bound ties generalization to optimization-side quantities such as «, p, and (ng, 7k, nv, 10)
under bounded drift and thus characterizes when low true risk is guaranteed without first computing Lg(f). Concep-
tually, the results are complementary: norm-based bounds offer architecture-wide, training-regime-agnostic control of
the generalization gap (with refined sequence-length dependence), while our analysis isolates the lazy, shallow regime
and provides optimization-aware control of the level of the true loss.

Relation to PAC-Bayes and stability-based bounds. Compared to PAC-Bayes/compression bounds for LLMs
(Lotfi et al., 2023; Zhou et al., 2018b), our result targets a different regime and objective: we operate under a bounded-
drift (lazy) assumption and obtain a frue-loss bound for a single-layer Transformer trained by gradient descent, with
explicit dependence on quantities like v, p, and (ng, nx,nv,no). PAC-Bayes bounds, in contrast, typically control
|Lp(f)—Ls(f)| via a data-informed posterior and compression, and have been instantiated for large, deep, pretrained
language models without requiring lazy dynamics. Stability-based results for Transformers (e.g., in-context learning)
quantify sensitivity to sample perturbations through stability coefficients (Li et al., 2023), again bounding the gen-
eralization gap rather than the true loss. Thus, our contribution is complementary: it connects optimization-driven
lazy training (bounded drift + shallow width assumptions) to generalization, while PAC-Bayes and stability provide
depth-agnostic, training-regime-agnostic controls on the gap. Extending our approach to remove the lazy assump-
tion or to handle deeper stacks could help bridge these viewpoints, potentially yielding hybrid bounds that combine
optimization-aware true-loss control with posterior- or stability-based gap terms (cf. Yao et al., 2025; Deora, 2024).

5 Conclusion

In summary, we established a generalization bound for shallow Transformer models trained in the bounded-drift
(lazy) regime, where the model parameters remain close to their initialization throughout training. By combining
Rademacher complexity analysis with an upper bound on the empirical loss, we obtained a probabilistic bound on the
true loss that decreases with the number of samples N and depends explicitly on model and data parameters.

Our theoretical results align with existing findings for wide, overparameterized models analyzed under the NTK frame-
work, but they are specific to single-layer Transformers. This limitation ensures that our claims remain within the the-
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oretical scope supported by the bounded-drift assumption. Extending the analysis to deeper architectures or non-lazy
training regimes (where substantial feature learning occurs) remains an important direction for future research.

Through this work, we provide a rigorous foundation for understanding how bounded-drift dynamics influence gen-
eralization in Transformer models and set the stage for future extensions that aim to capture the richer behavior of
modern, deeper architectures trained beyond the lazy regime.
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A Proof of lemma 2

‘We want to obtain an upper bound on Rs(g?{’) where ggo is defined as follows;

i lwoll2<no

0 X, WEW, (X)) Wyl ez
Q% = (X( ’-))T — 'wgar (WvX;l;O's < K\/di : ’ W;(Wg [ <"‘7/KT/Q
m i || o= Vam

Let’s begin by defining the following bounds on the matrices;

Wy llz < [WPll2 +by < v

[Wyll21 < [[WPll21 + By < Vdmnv
HWIT{WQ < (IW) 12 + Bxk) (||W5||2,1 + Bg) < dmngng o
— = - m!|K
N Vo Nz~ Q

|X2lls.00 < Bx < | Xullr < VdRx  ¥n € [N]

where by, By, Bx, Bg, Bx are some positive constants and Ro, Ry, Rk, Rg, Rx remain as defined earlier. The
norm || - ||2,1 interpreted as first taking the ¢2-norm for each column of a matrix and then summing these column norms.

Define another class Q%O as shown below;

lwoll2<no
. Wy |2<[ WP ll2+by
. - 0
G% = L (XN — who, (vagas (XnWIT(WQ(X;;»J)T)) : W ll21 <[ WP |20+ By
‘ wlwe (w2 4Bk ) (1WEl2,1+Bq)
Vim |y, ™ Vedm

The following lemma gives an upper bound on the log covering number of the class gg“;

Lemma 6. ((Edelman et al., 2021) Corollary 4.5). For any fixed e > 0 and X1,..., Xy € R%*9 such that
| X |l2.00 < Bx foralln € [N), the covering number of G% satisfies the bound given below;

1og Noo (G2 s 6 {X 1, | - )

2 w1 2+B wi +B
<(||W8||2,1+BV)3 + <((|( w) 11,2 fd%fl\ oll2,1 Q)> (||W‘9||2—|—bv)

2

o

>3
5 B?{ ! 'log(Nds)

€
where < hides logarithmic dependencies on quantities besides N and d.
Upper bounding the norms || - 2,1 and || - ||2,0c using the Frobenius norm, || - || 7, we end up with;

((Vam) + (Vamicnom) )

2

10g Noo (6% 56 {Xn 1, |- ll2) S (VdoRx)? - -log(Nd,)

€

This can also be written as;

(0]
log Noo (G816 { X010 |- [12) S
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2 2\ 3
where P = (Vd,Rx)? ((\/dmﬁv) 34 (\/dmnKnan) 3) log(Nd,).

We can now write the bound on the Rademacher complexity R s (gf?f) as follows for some constant ¢ > 0 and |f| < A
0
forall f € gg ;

. A 9o, . N ..
Rs(Gh ) <c- inf 5+/ \/logN”(gR’e’{X"}”—l’” 12) g
> §

N
Sc-ggfo <5+/6A\/62TNde>
:c~}r21% <5+\/§/5A1d6>
(/i (5))
:0\/§ (l—i-log (A\/i))

Note that | f| < Aforall f € Qg). A can be obtained as follows;

X, WIW, (XNt
'wgar WVXTTLUS K Q( )
Vdm

X, WEWo (X))
< llwolls ||ov Wy XTo, xWo(Xn')
Nz

T (4,)\T
= wollz ||ov <WVXZJS (XnWK\VX%SXn ) ))

X, WEWo(X )T

< Jwolls || Wy XTo, [ XeWixWo(Xn")
d’ﬂl 2

er [ XaWEWo(x)T
me Nz )
. X, WEWq (X5t

Nz~ )
< woll2 Wy, | Xnll,  (because [los(2)]l2 < [los(2)]l1 = 1)
< lwollz [Wv | g | Xall

< (|wd 2 + Ro)IW |7 + Rv)(v/ds Rx)
= nonv (v/dsRx)

This means that A = nony (vdsRx). O

2

2

(because [|o,(2)]l2 < ||2]|2)

< [lwoll2 [Wvlly

< Jwoll2 [[Wv Iy [ Xnll,

B Experiments

B.1 Image Classification

We use the transformer model defined in section 3.1.2 to perform classification of images. From MNIST dataset, we
extract the images belonging to classes 0 and 1 and create our new dataset. Each image of size 28 x 28 is broken into
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tokens each of dimension d = 64. The main goal of the experiments is to demonstrate that the test loss of the trained
transformer model decreases with increasing number of of samples i.e., N = 400, N = 1200 and N = 10000. This
trend holds for all the values of model dimension which we tested i.e., d,,, = 64,d,, = 1024 and d,,, = 4096. The
learning rate used is 0.1, the optimization algorithm is batch gradient descent and the loss function is the cross-entropy
loss. The results for the experiments are presented below. Each figure 1-3 shows the training loss and test loss of the
transformer model as training proceeds.

0.7
— N=400

0.6 1 —— N=1200
—— N=10000
§ 0.5 1
- 0'4.
o

f=
Z 0.3

Tra

0.2 1

0.1

0.0 1

0 200 400 600 800 1000
Epochs

Test Loss

0 200 400 600 800 1000
Epochs

Figure 1: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =
64.

Table 1: Lowest test loss and the epoch at which it was achieved for different values of d,, and V.

dm N Lowest Test Loss | Epoch
64 400 0.1048 147
64 1200 0.0668 165
64 | 10000 0.0263 546
1024 | 400 0.1839 95
1024 | 1200 0.0760 271
1024 | 10000 0.0045 251
4096 | 400 0.1269 139
4096 | 1200 0.0899 169
4096 | 10000 0.0123 312

B.2 Text Classification

We also perform similar experiments for text classification using the 20 Newsgroups dataset restricted to the categories
sci.med and sci.space. Each text document is represented as a sequence of 40 tokens (d; = 40), where each token
corresponds to a 50-dimensional GloVe embedding (d = 50). This forms the input sequence for our shallow Trans-
former model. The main goal of these experiments is to demonstrate that the test loss of the trained Transformer model
decreases as the number of training samples increases, i.e., for N = 400, N = 1200, and N = 10000. This decreas-
ing trend in test loss is observed consistently across all model dimensions tested, namely d,,, = 64, d,,, = 1024, and
d., = 4096. The learning rate used in the experiments is 0.01, the optimization algorithm is batch gradient descent,
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Figure 2: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =
1024.
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Figure 3: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =
4096.

and the loss function employed is the mean squared error (MSE) loss. The results are presented below, where each
figure 4-6 shows the training loss and test loss trajectories of the Transformer model as training progresses over 2000
epochs.
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Training Loss over Epochs for Different Sample Sizes
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Figure 4: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =
64.

Training Loss over Epachs for Different Sample Sizes
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Figure 5: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =
1024.
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Training Loss over Epochs for Different Sample Sizes
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Figure 6: Evolution of training loss (top) and test loss(bottom) for each epoch of training for model dimension d,,, =
4096.

20



