Published as a conference paper at ICLR 2026

FEEDBACK-BASED LEARNING OF GROUND STATE
PROPERTIES USING TENSOR CROSS INTERPOLATION

Florian J. Kiwit ©® %% Bernhard Jobst ©®**, Andre Luckow © 1 & Carlos A. Riofrio © 2

"Ludwig Maximilian University, Munich, Germany

BMW Group, Munich, Germany

3Technical University of Munich, Garching, Germany

“Munich Center for Quantum Science and Technology (MCQST), Munich, Germany

ABSTRACT

The integration of machine learning with quantum computing is a vital pathway
for accelerating scientific discovery in many-body physics. However, mapping
out the properties of quantum materials over extended parameter regimes, such
as required for identifying phase transitions, remains computationally expensive
because individual evaluations, e.g., on a quantum computer, are expensive. We
propose an active learning loop to explore parameter spaces of quantum models
in a more sample-efficient way. We treat the quantum processor as a high-cost or-
acle and use tensor cross interpolation (TCI) as a classical agent to control it. TCI
efficiently reconstructs a surrogate model by adaptively querying the oracle at in-
formative parameter points and interpolating the remaining parameter space. We
benchmark this approach on the transverse-field XY model, focusing on learning
the energy gap across its phase diagram. Our results show that TCI autonomously
concentrates its sampling budget near critical phase boundaries, where the struc-
ture of ground state properties is most complex. In these regions, our framework
achieves higher accuracy than standard regression baselines with the same sam-
pling budget, providing a scalable strategy for Al-driven materials discovery in
the era of early fault-tolerant quantum computing.

1 INTRODUCTION

Quantum computers allow the computation of certain quantum-material properties that may be be-
yond the computational reach of classical hardware. While early milestones for demonstrating quan-
tum advantage primarily focused on sampling tasks (Arute et al., |2019), and were subsequently
challenged by refined tensor-network methods (Pan & Zhang, 2022)), recent advances shifted to
the computation of physical expectation values that are hard to obtain classically. For instance,
Kim et al.| (2023)) presented evidence for quantum utility in the pre-fault-tolerant era by computing
time-dependent observables in the 2D Ising model, though their results quickly faced scrutiny from
classical approaches using sophisticated tensor network techniques (Tindall et al., [2024; Begusic
et al., 2024). More recently, (Google Quantum Al and Collaborators| (2025) measured out-of-time-
ordered correlators that are sensitive to detailed features of the underlying dynamics, and currently
remain beyond the reach of classical methods.

While this advocates that quantum computers can offer an advantage in computing properties for a
given material configuration, one often faces the problem of needing to evaluate a property over a
whole range of parameters to identify regions of interest. This is not directly addressed by quantum
simulation algorithms, and mapping an entire parameter space remains a bottleneck. This motivates
the integration of quantum hardware with machine learning frameworks to predict properties across
broader parameter landscapes. Yet, many quantum processes exhibit a learning barrier where ex-
ponentially many samples would be required for any classical algorithm to learn them, such as the
period-finding routines in Shor’s algorithm (Shor, |1994). For these processes, the quantum advan-
tage cannot be bypassed by data-driven classical approximations (Huang et al. 2021afb). Fortu-
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Figure 1: The TCI agent learns a surrogate model of the function by identifying informative param-
eter coordinates @ where the current surrogate model is least accurate. It then requests a quantum
material configuration. The QC Solver computes the physical observables and reports the values
back to the agent. This process iteratively updates the surrogate model.

nately, this barrier does not extend to all physical systems. |Huang et al.| (2020; 2022) demonstrated
that for gapped Hamiltonians, the function f : @ — p mapping the parameters of a Hamiltonian
H(0) to its ground state properties p can be learned efficiently. This implies that a classical learner
can construct an accurate surrogate model from a limited number of quantum samples, thereby
avoiding the high cost of exhaustive parameter sweeps.

While [Huang et al.| (20205 2022)) established the theoretical learnability of these systems, the ac-
quisition of the dataset relied on random sampling. This raises the question: how can we select
specific parameter values that improve the model most effectively? In this work, we address this by
introducing a feedback-based learning routine. We treat the quantum processor as a high-cost oracle
within a feedback-based learning strategy based on tensor cross interpolation (TCI) (Oseledets &
Tyrtyshnikov, [2010; [Savostyanov, 2014). Our framework enables a classical agent to dynamically
target informative regions of the Hamiltonian parameter space. Beyond serving as an active learning
strategy, the function class TCI can learn is particularly well-suited for representing smooth func-
tions with local nonanalyticities, such as cusps and discontinuities (Ali & Nouyl, 2023} 2025} [Jobst
et al} [2024). This is crucial because the most interesting physics often concentrates near phase
boundaries where the ground state properties can change nonanalytically.

In this work, we use the one-dimensional transverse-field XY model as a benchmark and focus on
learning the map from Hamiltonian parameters to the spectral gap. We construct this surrogate
using TCI in a closed-loop, query-efficient manner, treating the solver as a costly oracle that is
evaluated only at adaptively selected parameter points. An overview of this workflow is provided in
Figure[I] As a widely used baseline, we compare against Gaussian process regression (GPR) under
the same sampling budget. We find that TCI concentrates evaluations in the physically relevant high-
curvature regions—most notably near the critical line—and achieves substantially lower error there
than active GPR modeling, highlighting the promise of feedback-based tensor-network methods for
data-efficient phase-diagram exploration, achieving accurate reconstruction with only 1.6% of the
full parameter grid.

2 METHOD

Our aim is to learn a multivariate function f : & — R that maps a vector of n Hamiltonian param-
eters @ = (0y,...,0,,) € R™ to a physical ground state property p, such as the ground state energy
or correlation functions. TCI learns this function on a finely discretized grid in the form of a ma-
trix product state (MPS) (Khoromskijl 201 1)—also called a tensor train in the literature (Oseledets,
2011). In the two-dimensional case, if we exponentially finely discretize each variable to 2 values,
we may think of a 2 x 2L matrix A = [f(x;, yj)]szl as a lookup table for a function f(x,y).
We can reshape this array into a tensor f,,, . ,,. with £ = n L indices. To bring this tensor into
the form of an MPS, one usually applies successive SVDs (Schollwockl, 2011). Diagrammatically,
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discretizing the function to a 8 x 8 matrix, the two steps look as follows:

8 8 Reshape SVD
20202222 2 2 2 2 2 2

A representation as an MPS can be very memory-efficient, if one requires high resolution on small
length scales while simultaneously defining the function over a large domain. Storing all 2* func-
tion values on this grid may be intractable, but if the function f possesses structure, the resulting
bond dimension x of the MPS often remains quite small and one only needs to store O(Lx?) pa-
rameters (Al & Nouy, 2023} 2025} Jobst et al., 2024)).

While the standard decomposition of a tensor into an MPS via successive SVDs is close to optimal,
it requires access to all tensor entries. This is practically infeasible because populating the entire
grid requires an exhaustive number of oracle evaluations, which is exactly the bottleneck we aim to
avoid. Instead, there are alternative techniques based on interpolative matrix decompositions, such
as the matrix cross interpolation (MCI). The MCI is given by

I )
A = Cc p! R 2)

where C' is a subset of columns, R is a subset of rows, and P is the matrix of pivots containing
the intersection of the chosen rows and columns. For a matrix A with rank r, the decomposition
is exact if we select r linearly independent rows and columns. For more general matrices that are
only approximately low-rank, the interpolation quality depends heavily on the selection of suitable
pivots. While finding the optimal set, defined by the maximum-volume submatrix (Goreinov et al.|
1997aib)), is NP-hard (Bartholdi, |1982), there exist practical heuristic algorithms to find good piv-
ots (Cortinovis et al., 2020).

I
—

The TCI generalizes the MCI from two-dimensional tensors (i.e., matrices) to multi-dimensional
tensors by making successive use of the MCI. Notably, the MCI decompositions only ever need
to be performed on slices of the high-dimensional tensor, instead of the full, exponentially large
tensor. In this way, it can reconstruct a tensor with 2% entries by evaluating only O(MisweepX>L)
entries of the tensor, where myyeep is a small integer typically around 10 which counts the number of
iterations in the algorithm until convergence. For a detailed discussion of TCI, see the recent review
by Nunez Fernandez et al.| (2025)).

In our setup, the TCI acts as an active learning agent that samples the function f(8) at specific points
0 to iteratively construct an MPS representation. This creates a feedback loop where the classical
learner controls the quantum computer: (i) The TCI algorithm identifies interesting points in the
parameter space where the current approximation has the largest error. (ii) The quantum oracle f(8)
is queried only at these specific coordinates. (iii) The MPS is updated, and the bond dimension grows
dynamically to capture the necessary complexity of the property surface. Once this representation
is constructed, we gain access to the extensive MPS toolbox, which includes efficient methods for
integration, optimization, and further analysis.

For comparison with our TCI-based approach, we also employ active GPR as a baseline method,
with implementation details provided in App.

3 RESULTS

We evaluate the proposed feedback-based learning framework on the task of learning the spec-
tral gap of parameterized quantum spin Hamiltonians. As a representative benchmark, we con-
sider the transverse-field XY model on a one- dimensional chain in the thermodynamic limit, de-
fined by the Hamiltonian H = — 3., [142'7 070714 o ofof | +ho? ] The Hamiltonian is
parameterized by the transverse field h € [0,2] and the anlsotropy parameter ~v € [0,2]. This
model is exactly solvable via a Jordan-Wigner transformation followed by a Bogoliubov trans-
formation (Lieb et al |1961), mapping the spin system to free fermions with dispersion relation
e, = 2¢/(h —cosk)? + (ysink)2. We choose the spectral gap A(h,~) = miny e, as the target
property f(0), with 9 (h,7). A more detailed review of the Hamiltonian is provided in App.
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Figure 2: (a) The exact spectral gap A(h,~y) for the transverse-field XY model. The critical line at
h = 1 is highlighted with a white dashed line. Another critical line for v = 0 and h € [0, 1] lies
at the boundary of the parameter regime, but is not highlighted. (b) TCI reconstruction of the gap
function. Red markers show the TCI 1060 sampling locations. (c) Mean absolute error of TCI and
active GPR predictors as a function of correlation length £. (d) Spatial distribution of approximation
error difference |Agpr — A| — |Arcr — Al. The color scale is symmetrically clipped at the 99th
percentile to avoid domination by extreme outliers. Red regions indicate where TCI outperforms
GPR, with improvements concentrated near the phase transition.

We evaluate our feedback-based learning framework on the task of constructing a surrogate model
for the spectral gap over a two-parameter Hamiltonian landscape under a fixed budget of expen-
sive evaluations. Concretely, we treat the solver that returns the target quantity f(h,~), here, the
XY-model spectral gap A(h,y), as a high-cost oracle. While in our benchmark this oracle is im-
plemented using the exact analytical solution, in practice this oracle could represent any expensive
computation, such as a quantum computer evaluation. We use TCI as described in Sec. 2] to learn
an efficient MPS representation from adaptively selected oracle queries (h, ). In this closed-loop
setting, TClI iteratively identifies informative regions of the parameter space and requests new oracle
evaluations only where needed. We discretize the parameter space using a quantics grid with L = 8
resulting in a resolution of 256 x 256 for the n = 2 parameters. We limit the budget to 1000 evalu-
ations, with TCI completing full sweeps until this budget is reached or exceeded, resulting in 1060
total queries. Details on TCI’s convergence behavior are provided in App.[A3] As baseline, we also
fit an active GPR model with a Matérn kernel (v = 1.5) using the same sampling
budget of 1060 evaluations.

Figure(a,b) shows the exact gap landscape A(h,~y) together with the reconstruction obtained from
TCI using 1060 oracle calls—only 1.6% of the total 256 x 256 grid points. While the critical line
h = 1 is captured efficiently with relatively few queries, sampling concentrates most heavily along
the nonanalytic boundary h = 1 — ~2. This targeted acquisition enables the MPS surrogate to
reproduce both the global structure of A(h,y) and the sharp features associated with criticality.
Figure 2[c) quantifies this behavior by relating predictive error to the correlation length {. An in-
creasing correlation length indicates closeness to a phase transition, where it diverges and ground
state properties can change most rapidly. As the correlation length increases, the active GPR base-
line exhibits a pronounced degradation in accuracy, consistent with the smoothness imposed by its
kernel. While both methods perform comparably at short correlation lengths, TCI maintains sub-
stantially lower error at high correlation lengths, demonstrating superior performance precisely in
the regime with most rapidly changing features. Figure 2(d) localizes where these improvements
occur by visualizing the signed error difference |Agpr — A| — |Arcr — Al. Positive (red) regions
identify parameter values where TCI outperforms the GPR baseline, revealing most improvements
in approximation quality are concentrated in a window around the phase transition. Notably, no
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extended blue regions are observed, indicating that TCI does not underperform GPR anywhere in
the vicinity of the transition. A light blue region is visible in the bottom-left area, bounded by the
line h = 1 — 2 along which the remaining light red region concentrates. Along this line the disper-
sion goes from having two degenerate minima to having a single minimum, which leads to another
nonanalytic feature but not a phase transition—see App. Separate depictions of the TCI and
GPR errors are provided in App.[A.4]

4 DISCUSSION AND CONCLUSION

Our results on the transverse-field XY model demonstrate that TCI achieves superior accuracy com-
pared to active GPR using the same sampling budget. This performance required evaluating only
1.6% of the full parameter grid. Apart from providing a more accurate surrogate model, TCI is
also computationally cheaper. Active GPR is limited by an O(N*) cost with respect to the num-
ber of samples N, which comes from the O(NN?3) kernel matrix inversion after drawing each new
sample. The computational cost of the TCI scales as O(msweeanx3), where n is the number
of variables with discretization level 2” and y being the bond dimension. Since the TCI requests
N = O(msweeanXQ) samples and the bond dimension typically does not need to increase with
more samples, the computational cost is roughly linear in the number of samples. We observe this
computational advantage significantly in practice. In our experimental setup (see App.[A.5)), per-
formed on a standard laptop, the TCI learning completes in just 0.1 seconds. In contrast, the passive
GPR requires 14 seconds, while the active GPR takes approximately 42 minutes to complete the
same sampling budget.

Another key distinction between TCI and GPR lies in how they select sample points. Active GPR
maximizes predictive uncertainty through posterior variance, which assumes the target function is
sampled from a Gaussian probability distribution and requires well-matched kernels with consistent
smoothness assumptions. Near quantum critical points, however, standard stationary kernels may
become overconfident despite large local errors. In contrast, TCI employs error-driven adaptivity
and new samples are selected where the current MPS representation fails to interpolate existing
data.

As quantum hardware transitions toward fault tolerance, automated parameter space exploration be-
comes increasingly important for materials discovery. The TCI-based approach can address systems
where exhaustive sampling is computationally prohibitive. Future work will extend this approach to
other properties such as conductivities and correlation functions, and address interacting quantum
systems where analytical solutions are unavailable. Another interesting direction would be investi-
gating the framework’s performance in higher-dimensional parameter spaces.
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A APPENDIX

A.1 GAUSSIAN PROCESS REGRESSION.

Gaussian Processes (GPs) are a standard tool for Bayesian active learning (Rasmussen, [2003;|Shahri-
ari et al., 2015)). In GP regression, the predictive distribution at a test point & given training data D
follows

f@) | D~ N (u(), 0% (x)), 3)
where yi(x) is the posterior mean and o2 () is the posterior variance. In uncertainty sampling active
learning, the next evaluation point is chosen as

x* = argmax o?(x), 4)
x

selecting locations where the model is most uncertain. This principled uncertainty quantification
enables acquisition strategies that balance exploration and exploitation. However, exact GP regres-
sion scales cubically with the number of observations, O(N?), and requires O(N?) memory. Active
learning compounds this cost, as each of the N acquisition steps requires a full GP update, resulting
in overall O(IN*) scaling. While sparse and variational GP approximations (Titsias, 2009} [Hensman
et al.| [2013) mitigate this issue, these methods introduce their own approximation errors and require
careful parameter tuning that depends on the complexity of the target function.
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Figure 3:  (a) Passive GPR sampling of the parameter space (h,~y) using a uniform or low-
discrepancy design. (b) Active GPR sampling driven by variance-based acquisition. (c) Mean
absolute error (MAE) as a function of active learning iterations. The active GPR (solid blue line)
achieves lower error than the passive GPR baseline (dashed red line) for the same total sampling
budget. (d) Evaluation of the GPR surrogate performance across different correlation lengths £. The
plot compares the actual interpolation error against the predictive standard deviation.

In our experimental setup, we implement active GP regression using a Matérn kernel
with v = 1.5. The Matérn kernel controls the smoothness of function samples: functions drawn from
a GP with Matérn kernel are || times differentiable, where | - | denotes the floor function. Thus,
v = 1.5 produces once-differentiable functions, providing a balance between the overly smooth RBF
kernel (which corresponds to v — oc0) and the non-differentiable exponential kernel (v = 0.5). We
sample a candidate pool of 5000 points at each iteration and select only the single point with highest
predictive variance. This conservative batch size ensures each acquisition is maximally informative
but results in slower exploration compared to TCI’s adaptive tensor decomposition. In the context of
learning the spectral gap over discretized parameter grids, GP-based approaches face two practical
limitations. First, the cost of updating the surrogate model increases rapidly as more samples are
acquired, making dense sampling regimes prohibitively expensive. Second, standard kernels impose
smoothness assumptions that may be violated near phase boundaries or critical regions, where sharp
variations occur. While specialized kernels can partially address this issue, their design typically
requires problem-specific insight.

As shown in Fig.[3] active GPR (b) distributes samples more spread out than passive random sam-
pling (a), achieving lower prediction error with the same sampling budget (Fig.[3|c)). However, the
variance-based acquisition strategy tends to spread samples across regions of high uncertainty rather
than concentrating on regions where the surrogate model makes the largest error, which tend to be
the most physically relevant, critical parameter regimes.

A.2 THE TRANSVERSE-FIELD XY MODEL

The transverse-field XY model can be solved by a Jordan-Wigner transformation to noninteracting
fermions. For each site j, we can introduce two Majorana operators 7o, Y241 that square to identity
7,% = 1 and satisfy the anti-commutation relation {~y, ¢} = 20y ¢ for all k, £ € Z. After the Jordan-
Wigner transform, the Hamiltonian then becomes

H= Z Y iygj 172542 + 152 192541725 —2 — hivejt172), (5)
jez
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which describes a one-dimensional superconducting chain. This fermionic Hamiltonian can be di-
agonalized with a Bogoliubov transformation.

In our case it is more convenient to realize that this Hamiltonian belongs to a special class of free-
fermion Hamiltonians (the BDI class, i.e., spinless fermions with time-reversal symmetry) for which
a number of exact results have been derived (Verresen et al.| 2018} Jones & Verresen, [2019). Any
Hamiltonian in this class can be constructed as a linear combination

1
H=3Y taHq 6)
a€Z
from terms of the form
H, = Zi72j+1'72j+20w (N
JEL

To get a local Hamiltonian with a finite coupling range all ¢,, with o above or below some threshold
are zero. The information about the coupling strengths in the Hamiltonian can be equivalently
encoded in a Laurent polynomial

f(z) = Z taz®. (8)
Q€

It has been shown that much information about the physical properties can be obtained from the
function f(z). The single-particle excitation spectrum is given by ¢, = | f(e?*)|, i.e., the magnitude
on the unit circle. The ground state is given by the absence of single-particle excitations, and thus the
energy gap is simply the minimum of the single-particle spectrum A = miny €x. If we denote the
roots of f(z) by (;, the correlation length of the state is given by £ = max; 1/|1In(|(;|)|. Note that
f(2) has a pole at z = 0 if there are nonzero couplings with negative «, with the order of the pole
N, given by the most negative o with a nonzero coupling ¢, but if we factor out the contribution
1/2™» from the pole, we are left with finding the roots of a polynomial.

In our case for the transverse-field XY model, the corresponding Laurent polynomial is given by

1 1

fR)=0+7)z+1=7); —2h= ;((1+’y)22 —2hz+(1-7)). 9)

Thus, for the single-particle excitation spectrum we find
e = f(e®) =1 +7) e + (1 —7)e™ —2h]

= /[(1 +7)cosk + (1 —)cosk — 2h]2 + [(1 4 7)sink — (1 — 7) sin k]2 (10)

= /(2cosk — 2h)2 4 (2ysink)2 = 2y/(h — cos k)2 + (ysink)2,
which is the dispersion given in the main text. The quantum phase transitions occur at those points
where there are zero-energy excitations, which we can see happens either at zero momentum if
h = 1, which is the line shown in Fig. in the main text, at 7 momentum if h = —1, orif Y = 0 and
h € [-1,1] at momentum k& = + arccos(h). Away from the phase transitions, we can obtain the

spectral gap A by finding the minimum of the excitation spectrum. To find the extrema, we consider
its derivative

2 4
Over = — [2(h — cosk)sink + 29 sink cos k] = — [hsink + (y* — 1) sink cos k] (11)
€k €L

and set it to zero. Since we consider the gapped phases where ¢, > 0, we need to solve
hsink + (y* —1)sinkcosk = 0, (12)
which has solutions k = 0, k = 7 and—if |h| < |1 — v?|—two additional solutions at

k=kiL =+ 13
1 arccos =2 (13)
that coincide with either k = 0 or k =  on the line |h| = |1 — ~2|. This gives the extremal values
eo0=2lh—1latk =0,e, =2|h+ 1] atk = 7, and
h o\ ho\ hy? 2 hy \
/2= ,||h—|— 211 - = 2—
i/ [ (1 —WQH o (1 —72> ] \/<1 —v2> o (1 —72>
(14

o\, (h)? h?
— 1 2 — a2 - N7 1—
\/(1_72) (42— 1) 47 \/7 )~ by f1-
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Figure 4: Correlation length £(h, ) of the transverse-field XY model across the two-dimensional
parameter space spanned by the transverse field h and the anisotropy . The correlation length
diverges along the critical line i = 1, signaling the quantum phase transition between the paramag-
netic and ferromagnetic phases.

at k = k%. If we focus on the parameter regime h,y > 0 considered in the main text, then we
have ¢y < €,. In the regime h > |1 — 72 , there are no other extrema and this the minimum. For
h < |1—=~?|, we compare €y with €+ to find when the minimum is at k7. Defining s = sign(1—~?),
we have

G =497 (1-255) < 4(h—1)*=¢

= sy (1 =92 = h%) < s(1—~%)(h* —2h+1) (15)
= 0 < s(h?=2(1—-72)h+(1-+%3)
= O<s(h7(1—72))2.

This is only fulfilled if the sign s is positive, i.e.,if 1 — 72 > 0 ory < 1.
Taken together, the gap function for A,y > 0 is thus

11— B2 _ A2
A(h, ) = 2|y]4 /1 = ify<landh <1-77, (16)
2|h — 1| otherwise.

Note that the parabola h = 1—~2 where the two function definitions meet is the second line in Fig.
where the TCI outperforms the GPR apart from the phase transition. Note that in both cases the gap
function becomes nonanalytic. Around the critical line h = 1 the gap function is ~ |h — 1| which
is nondifferentiable. To see that also along h = 1 — «? the gap function is nonanalytic, consider the
h-derivative. Approaching the line from below, the h-derivative is

2|y|h —2l7|(1 — 4?2
nA(h,7)| - 2k e A O
h " 1—~2 1— h2 1_ (1—~2)2
1—~2 |h S 1—42 T—2
whereas when approaching from above it is
nA(h, )] - 2. (18)

AN 1—72

These two results agree only for v = 0, so the gap function is nondifferentiable along h =1 —
forO <y <1.

2

Finally, we can also compute the correlation length £(h, ) as a function of the Hamiltonian param-
eters. For this, we need to find the roots of the function in Equation ‘We obtain

C2hE AR —4(1+)(1—7) hEVR2+92 -1 (19
- 2(1+7) B 1+7 ’

C+

10
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The correlation length can then be computed as £ = max;—+ 1/|In(|¢;|)|, which is shown as a color
plot in Figure[d] Note that along the critical line 4 = 1 the roots are (. = (1=£|7|)/(14~), and along
the critical line v = 0 with 0 < h < 1 the roots are (x = h 4= 4v/1 — h2. In both cases at least one
of the absolute values satisfies |(;| = 1 and the correlation length diverges & = 1/|In(|¢;|)| = oo,
as expected from a critical point and visible in the plot. A second feature is visible in the plot along
the circle h? + 2 = 1, where the roots change from being real to complex. Within the circle, the

roots are the complex conjugate pair
h+iy/1—h?—~2
: - (20)

(+ = T
which have the absolute value
h2 +1— h2 _ A2 1— 2 1—
)=V ?_V ”¢ T, 1)
147 147 1+~

Notably, the absolute value of the roots is independent of &, and therefore so is the correlation length
in that regime. Conversely, outside the circle the roots are real and depend on h. Thus, the circle
h? 4+ ~? = 1 defines a line where the correlation length is nonanalytic but finite.

As a final comment, note that the free-fermion picture only allows to treat states that do not spon-
taneously break the Z, symmetry, which is what would happen in the spin-model in the thermo-
dynamic limit. If one allows superpositions that break the Zs symmetry of the two degenerate
symmetric ground states, another peculiarity exists along the line h? + 72 = 1. There, one can
find a suitable superposition such that the ground state is a product state with correlation length
& = 0 (Miiller & Shrock,|1985}; |Franchini et al., 2007).

A.3 TCI CONVERGENCE AND ADAPTIVE COMPLEXITY

Figure[5|a) shows the decay of the relative in-sample error as a function of the TCI rank for three grid
resolution In all cases the error drops rapidly and reaches the target tolerance of 10~ at a rank
of approximately 13—15, largely independent of the grid resolution. This resolution-independence
indicates that the rank required by TCI is governed by the intrinsic complexity of the spectral gap
function rather than by the size of the discretization grid. Figure[5(b) shows the internal structure of
the learned model by plotting the virtual bond dimensions D, against the tensor site index ¢. Rather
than growing monotonically, the bond dimension peaks at intermediate scales before stabilizing or
even decreasing at finer resolutions. This adaptive behavior demonstrates that TCI automatically dis-
covers the intrinsic complexity of the underlying function—higher resolutions require larger bond
dimensions to capture fine-scale features, but the algorithm avoids over-parameterization by adapt-
ing x to the actual structure of the spectral gap landscape rather than the worst-case scenario of the
discretization grid.

A.4 SPATIAL ERROR DISTRIBUTION

Fig[6]reveals differences in how approximation errors are distributed across the parameter space for
TCI and GPR methods. Figure [6[a) shows that TCI concentrates errors in narrow regions in the
parabolic boundary h = 1 — 2. In contrast, Fig. Ekb,c) demonstrates that GPR develops correlated
error ridges that propagate across extended regions of the parameter space, creating interpolation
corridors that connect the sampled training points (red markers). These filamentary patterns arise
from the kernel’s smoothness constraints, which create systematic interpolation bias when the un-
derlying function violates the GP’s regularity assumptions. The logarithmic color scale reveals that
TCI achieves several orders of magnitude better accuracy in smooth regions, while both methods
struggle near critical points where the physics is inherently nonsmooth. The logarithmic color scale
reveals that TCI achieves several orders of magnitude better accuracy in smooth regions. Notably,
TCI accurately resolves the quantum critical line (h = 1). The remaining localized errors (seen
in the bottom left) are concentrated along the parabolic boundary h = 1 — «2. As presented in
App.[A.2] the gap function is nonanalytic in this area.

!The steep decline at the final rank is an artifact of the error tracking mechanism in xfac. While the algo-
rithm records the maximum error encountered across all iterations for earlier ranks, it terminates immediately
upon reaching the target tolerance. As a result, this highest rank is evaluated over far fewer sample points than
the previous ranks, which may lead to an underestimated global error.
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Figure 5: (a) Convergence of the relative in-sample error as a function of the TCI rank for three
grid resolutions. (b) Profile of the virtual bond dimensions D, across the tensor train sites ¢ =
1,...,nL for the final converged model. The sites ¢ correspond to decreasing length scales 27¢ in
the parameter space.

(c) GPR (active) absolute error
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Figure 6: Spatial distribution of the absolute approximation error for the XY-model spectral gap
A(h, ) using (a) TCI and (b) passive and (c) active GPR under the same fixed sampling budget.
Errors are shown on a logarithmic color scale to resolve variations across several orders of mag-
nitude. To ensure numerical stability for the logarithmic visualization a small constant with value
10710 was added to the absolute error values before plotting. Red markers indicate the locations
of oracle evaluations used to construct the respective surrogate models. While TCI exhibits highly
localized error concentrated near regions of nonanalytic behavior, the GPR baseline develops ex-
tended filamentary error structures across the parameter space. These correlation ridges arise from
kernel-induced interpolation bias and reflect the global smoothness assumptions imposed by the GP
prior, which are violated near critical regions of the phase diagram.

A.5 EXPERIMENTAL SETUP

TCI was performed using the Python bindings of the xfac library, which provides efficient im-
plementations of Quantics tensor trains. For the experiments involving GPR, we employed the
GaussianProcessRegressor from the sklearn library.
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