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Abstract

While the capabilities of deep neural networks
based on state space models (SSMs) have been
primarily investigated through experimental com-
parisons, theoretical understanding is still limited.
In particular, there is a lack of statistical and quan-
titative evaluation of whether SSMs can replace
Transformers. In this paper, we theoretically ex-
plore in which tasks SSMs can be alternatives to
Transformers from the perspective of estimating
sequence-to-sequence functions. We consider the
setting where the target function has direction-
dependent smoothness, and prove that SSMs can
estimate such functions with the same conver-
gence rate as Transformers. Additionally, we
prove that SSMs can estimate the target function
as effectively as Transformers, even if the smooth-
ness changes depending on the input sequence.
Our results suggest that SSMs can replace Trans-
formers when estimating the functions in certain
classes that appear in practice.

1. Introduction

Foundation models based on Transformers have achieved
remarkable success in various sequence modeling tasks such
as natural language processing (Vaswani et al., 2017), com-
puter vision (Dosovitskiy et al.l [2020), and speech recog-
nition (Radford et al.,[2023). The superior performance of
Transformers is attributed to the self-attention mechanism,
which enables the model to aggregate the information from
the input sequence.

In contrast to its success, the self-attention mechanism has
a potential problem that it requires a large amount of com-
putation and memory. To deal with this issue, many studies
have attempted to develop efficient models that can replace
Transformers. Among them, Structured State Space Models
(SSMs) have garnered considerable interest recently. One
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Figure 1.1. Conceptual illustrations of the abilities of SSMs. A
classification task in which the existence of the token “A” or “B”
is important. We prove that SSMs can extract such tokens, even if
the position of the important token is different for each input.
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advantage of SSMs is that the output can be computed with
a significantly small time using convolution via FFT algo-
rithm or recursive computation. Based on the original SSMs,
many improvements have been proposed, such as HiPPO-
based intialization (Gu et al.,|2021) and architectures using
gated convolutions (Fu et al., [2022; |Poli et al., [2023).

Networks based on SSMs have accomplished high perfor-
mance in various applications such as gene analysis (Nguyen
et al.,[2024), audio generation (Goel et al.,2022) and speech
recognition (Saon et al., |2023). On the other hand, some
of the recent studies such as Merrill et al.| (2024)) pointed
out the limitations of SSMs, especially for their abilities to
solve tasks. Therefore, it is still unclear in what situation
we can replace Transformers with SSMs.

Recently, some studies have theoretically investigated the
abilities of SSMs. For instance, |[Wang and Xue| (2024)
show that SSMs are universal approximators for continuous
sequence-to-sequence functions. Additionally, Massaroli
et al.[(2024)) constructed the parameters of SSMs to solve the
task called associated recall. However, they mainly focus on
the expressive power of SSMs and do not provide statistical
understanding. Furthermore, quantitative evaluations to
compare SSMs and Transformers are limited.

Our contributions. In this paper, we explore the abilities
of SSMs with gated convolution to replace Transformers
from the perspective of statistical learning theory. More
specifically, we investigate the estimation ability of SSMs
for the function classes called y-smooth and piecewise -
smooth. For the function in these classes, [Takakura and
Suzuki| (2023)) showed that Transformers can estimate them
effectively. We prove that SSMs can also estimate those
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functions with the same convergence rate as Transform-
ers, and show that SSMs can replace Transformers when
estimating those functions.

The essential point of the two function classes above is
that they have smoothness structures. As for y-smooth
functions, the smoothness of the function is the same for
all input sequences, i.e., the important features to extract
are fixed. On the other hand, piecewise y-smooth functions
have different smoothness depending on the input. This
function class characterizes the ability of Transformers and
SSMs to extract important features dynamically.

Notations. Foraset S C Rand d € N, let §4x® =
{[...,s,g,s,l,so] | s; € Sd}. For F : Q — R let
|F||,, = supxeq ||[F(X)|. For the probability mea-
sure Px on Q and p > 0, the norm ||-||, » is defined by

1/p .
I£1l, Py = (fQ ||f(X)H§dPX) . For a matrix A, let
I All, = [{(i,5) | Aij # 0}]. For F': R¥X%° — RIX>° we
denote F' = (F})52_ with F}: [0,1]4*> — R.
2. Problem Settings

In this paper, we consider a non-parametric regression prob-
lem where the input is infinite-dimensional. More con-
cretely, we suppose that the input X = [a:i]?:_oo € Réxoe
is a sequence of d-dimensional tokens. Let Px be a prob-
ability measure on ([0, 1]9%°°, B([0, 1]9%>°)), and denote
Q = supp(Px). We assume that Px is shift-invariant,
i.e., for any i € Z and B € B([0,1]?*>), it holds that
Px(B) = Px({Zi(X) | X € B}) for any i € N, where
3, is the shift operator ¥;: R4 — RX° defined by
(E](X))Z =Tij—j for X = [xj]?:—oo S Réx0,

We also consider infinite-dimensional outputs. As same as
the usual nonparametric regression setting, suppose that we
observe n i.i.d. inputs X ~ Py (i = 1,...,n) and the
corresponding outputs Y () € R1*> generated by Y () =
Fo(X@) 4+ ¢@ where ¢ € R?* is the i.i.d. noise
generated from N'(0, 02) (o > 0). We further assume that
{¢@}" | is independent of the inputs { X }" |

Given the pairs of inputs and outputs { (X ), Y(i))}?=1
we obtain the estimator F' of the target function F' through
empirical risk minimization:

o arngnén = ZZ (Y( i) _ Fo( X(z))) )

where S is supposed to be the class of networks that we
define in the next section. To measure the statistical perfor-
mance of the estimator ﬁ‘, we utilize mean squared error
(MSE) defined by
2
x|, |
2,Px

L 1 " .
Rip(F,F°) = ”HZE[HFJ‘X -
j=l

where the expectation is taken for {5 (®) } . Note that we
consider the average error over the finite segment [l :7]
to avoid the technical difficulty of infinite-dimensionality.
However, the estimation error analysis in Section {]is inde-
pendent of the choice of [ and r.

Similar to [Takakura and Suzuki (2023)), we assume that the
target function is shift equivariant. That is, the target func-
tion F': R¥X%° — RIX° gatisfies F(X;(X)) = 5, (F (X))
for any j € N. This is a natural assumption in various appli-
cations such as language processing, audio processing, and
time-series analysis.

2.1. y-smooth function class

Here, we introduce the v-smooth function class, which was
first proposed by |Okumoto and Suzuki| (2021). First of all,

forr € Z3*>°, we define ¢, : [0,1] — R by
\/icos(2ﬂ|rij\x) (rij <0),
wrij (Q?) =41 (Tij = 0)7
\/§sin(27r|rij|x) (rij > 0),

and 1, @ [0,1]9xe°
Hi:l Hj:l @Z’w (Xij)-

complete orthonormal system of L2([0,1]?*°°), There-
fore, any f € L2([0,1]9%>) can be expanded as
;= Zrezgxf}o(f,l/}r)wr. For s € NI**° we define

5S(f) = Erezgxm,[2'*1‘:‘1J5mj<25ij <f» 1/%) . Then, we
define the y-smooth function class as follows.

— R by (X) =
Then, {wr}rengm forms a

Definition 2.1 (v-smooth function class). For a given  :
Ngxoo — R which is monotonically non-decreasing with
respect to each coordinate and p > 2,0 > 1, we define the
~-smooth function space as follows:

Fro0.1%) = { £ € L2(0.0%) [ |z, < o0}

1/0
= (Soengee 27NN py ) - We

also define the finite dimensional version of «y-smooth func-
tion space ) ([0, 1]9%1) for I € N in the same way.

where Hf”]_-w

Note that d5(f) can be seen as the frequency component
of f with frequency |r;;| ~ 2% toward each coordinate.
Therefore, we can interpret that ~ controls the amplitude
of each frequency component through weighting the term
[65(f)l,, py in the norm. In other words, if 7(s) is larger,
the norm of frequency component J,( f) is smaller.

As a special case of 7, we consider the following two types
of smoothness:

Definition 2.2 (Mixed and anisotropic smoothness). Let
a € Rdxoo be a smoothness parameter. Then, mixed
smoothness is defined by ~v(s) = (a,s). Addition-
ally, anisotropic smoothness is defined by ~(s) =
max {aijsij | 1€ [d],] S Z}
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For each ¢ € [d], j € Z, the parameter a;; can be viewed as
the smoothness for the coordinate X;;. When a;; is large,
~(s) with s;; # 0 increases and the frequency component
ds(f) with s;; # 0 becomes smaller. In contrast, small a,;
implies that the function is not smooth towards the coordi-
nate (7, j), which implies that X;; is an important feature.

The function class F) ([0, 1]4%°°) can be seen as extension
of some famous function spaces to the infinite-dimensional
setting. Indeed, if Px is uniform distribution on [0, 1]1*!
and p < oo, then ) ([0, 1]1*!) with mixed smoothness is
equivalent to the mixed-Besov space. Moreover, if Px is
uniform distribution, then the anisotropic Sobolev space in-
cluded in the unit ball of 77 , with anisotropic smoothness.

We also introduce some notation related to the smoothness
parameter a. Let a be the sequence obtained by sorting
a in ascending order. Thatis, @ = [ai, j,,- - @iy jps- - -]
satisfies a;, j, < @i, j.., for any k € N. Then, we
define weak [*-norm for a > 0 as |||, := sUp; j“d;l.
Additionally, we define a’ = @, for the mixed smoothness

Ciy -1 . :
and at = (3272, a;")  for the anisotropic smoothness.

2.2. Piecewise y-smooth function class

We now describe the piecewise y-smooth function class.
This was proposed by [Takakura and Suzuki| (2023) to clarify
the advantage of Transformers compared to CNNs. More
specifically, through the estimation abilities for the function
class, they showed that Transformers have ability to deter-
mine which features to extract depending on the input. The
rigourous definition is as follows.

Definition 2.3 (Piecewise y-smooth function class). For an
index set A, let {25}, -, be a disjoint partition of 2. That is,
{0} \eq satisfies @ = (Jycp Qn, Ny =0 (X #N).
For V' € Nand a set of bijections {7}, between [V +1]
and [~V : 0], define TT), : RX[=V:0l 5 RIX(VHD) apd
IT:Q — R>*VHD) py
H,\([l',v, ces ,.1‘0]) = [:L‘ﬂ.)\(l), ces ’:L.WA(V+1)]7

I(X) = I\(X[-V :0]) if X € Q.

Then, for p > 2,0 > 1 and 7 : Ngxoo — R, we define
piecewise 7-smooth function class P, ,(€2) as the set of
functions g == foll that satisfying f € F ([0, 1]4*(V*+1)
and ||g||p;9 < 00, where the norm ||g||73;9 is defined by

s ) 1/6
(Saangrt-var 2708, 0TI )

For g € ’P;I,G(Q) and X € Q>\1 Y € Q)\z with A1 # Ao,
the smoothness parameter of g at X and Y are different.
This means that the coordinates of important features can
change depending on the input. |Takakura and Suzuki| (2023))
gives the convergence rate of the estimation error, and show
that it almost coincides the rate for y-smooth functions.

lglley , =

To express how the disjoint partitions {25}, ., are deter-
mined, the importance function is defined as follows.

Definition 2.4 (importance function). A function p : Q —
R is called an importance function for {0\ } ., if p sat-
isfies 2, = {X e | ,u(X)M(l) > > M(X)vrk(vqtl)}-

In simple terms, the paritions {Q\},., are determined
to sort the inputs in descending order of the importance
function. As same as [Takakura and Suzuki (2023), we
assume that an importance function p is well-separated,
i.e., for some constant ¢, 3 > 0, p satisfies (X)), ;) >
(X )ry(i41) + ci”P for any X € Qy. This implies the
probability that (X ); ~ p(X); (i # j) is zero.

3. The Definition of State Space Models with
Gated Convolution

(Discretized) state space models with input [u:]?__;, the la-
tent vectors [z¢]9__; and the output [y]?__; (u; € R,z¢ €
R, y: € R) is represented as follows:

ZTi41 = Azy + Buy, ye = Cxy +Duy (t=—-L,...,—1),
where A,B,C,D € R are the (learnable) parameters.
Then, the output y; can be written explicitly as y; =
S (CA™"B + D3;_,) un. By setting h; = CA'B +
Dd; and h = [h¢]L_,, we can rewrite the output as y; =
(h*u); = Zi:g hi—nuy,. If the filter [hy]E_ is precom-
puted, the output can be computed with O(L log L) time
complexity using FFT algorithm, which is much faster than
the computation cost of Transformers, O(L?).

We consider the state space models with gated convolution
like H3 (Fu et al.||2022) and Hyena (Poli et al.| |2023)). State
space model with gated convolution is an architecture that
consists of the three components: (i) FNN layers, (ii) gated
convolution layers, and (iii) an embedding layer.

(i) FNN layer An FNN with depth L and width W is
defined as f(x) = (Arn(-) +br)o--- o (A1z + by),
where 7 = ReLU, and 4; € R%+1xdi p, ¢ Rdi+1
with max; d; < W. Then, we define (L, W, S, B) as
the class of FNNs f with depth L, width W satisfying
max; {40, b} < By S0y [Adlly + liilly < -

Note that S and B represent the sparsity and the norm con-
straint of the parameters, respectively.

(ii) Gated convolution layer Next, we define gated con-
volution, which was firstly proposed by |Dauphin et al.
(2017). Let Wy, Wg € RP*P be learnable weights, and
D be the embedding dimension. Then, the gated con-
volution layer g: RIXI — RIXI with window size U is
defined as g(X) = (W9X) ® (H * (WY X)), where

27j- . (2nj- .
H = |cypcos | ZL2Lk ) 4 ¢y posin [ 22220 is a
5 U s U kj

filter controlled by learnable parameters ci,co,a1,a2 €
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RP. Note that ®: RP? x RP? — RP is the element-
wise product, and X * Y = [X;x Yi]?:l for X =
(X)L, € RX®Y = [V;]L, € R, Then, we de-
fine C(U, D, B) as the class of gated convolution layer g
with window size U, embedding dimension D satisfying
max {[|[We|__, WV . lerlloes lle2ll o } < B. This set-
ting is basically inspired Hyena, in which neural networks
with sin activation is used as a convolution filter. However,
this can be easily extended to the SSMs with gated convolu-
tion with ordenary filter h; = CA!B + D§;. See Appendix
for the details. Note that we assume the finite window
size U, as in(Takakura and Suzuki| (2023]).

(iii) Embedding layer Finally, we define the embedding
layer. For embedding dimension D, an embedding layer
is defined as Emb(X) = [Er1 X; + Eq]2_ ., where E; €

RP*d and Fy € RP are learnable parameters.

Then, the output of the whole network for input X is
computed by fas o gar 0 --- 0 f1 0 g3 o Emb(X). Due
to the technical convenience to analyze the estimation er-
ror, we consider the setting where the output of the net-
work is bounded. For this purpose, we assume that the
output above is fed into the function clip, defined by
clipgp(x) = max{—R,min{z, R}}. Since clipy can be
implemented by the FNN with depth 1 and width 2, such
assumption does not far from the practical setting.

Summarizing above, we define S(M,U, D, L, W, S, B) as
the class of data-controlled SSMs F' given by

F =clipgo farogmo---ofiogioEmb,

with f; € W(L,W, S, B), g; € C(U,D, B) (i € [M]), and
[Erlloe < B, [[Ezlloc < B.

4. Estimation Ability of SSMs with Gated
Convolution

First, we show the result for the y-smooth function class.

Assumption 4.1. The true function F° is shift-equivariant

and satisfies Fj € f;y g» Where vy is mixed or anisotropic

smoothness. Suppose that it holds ||F|| , < land
p,

|F5 o < R, where R > 0 is a constant. Additionally, we
assume the smoothness parameter o satisfies ||a||, ;. < 1
forsome 0 < a < oo and a;; = Q(log(|j]| + 1)). Moreover,
if v is mixed smoothness, we assume a1 < Gs.

isfies Assumption Let ' be an ERM estimator in
S(M,U,D,L,W, S, B), with M,U, D, L,W, S, B defined

as 1i forT = Then, for any l,r € Z, it holds

Theorem 4.2. Suiiose that the target function F° sat-

2a(?+1 .
~ _ al
Ry (B, F°) < n” 2t (logn)o+5/e.

From this, we see that SSMs avoid the curse of dimension-
ality, and achieve the convergence rate with respect to the

sample size that is independent to the dimension of input
and output. Additionally, this rate is identical to that of
Transformers (Takakura and Suzukil, 2023) up to poly-log
factor. Moreover, for the case of anisotropic smoothness
with finite dimensional input and output, the convergence
rate matches the minimax optimal rate given by Suzuki and
Nitandal (2021)) up to poly-log factor.

Next, we evaluate the estimation ability of SSMs for piece-
wise y-smooth functions.

Assumption 4.3. The true function F° is shift-equivariant

and satisfies Fj € 77; g Where v is mixed or anisotropic

smoothness. Additionally, we suppose that | Fg||,n <1
p,0

and ||F§||., < R, where R > 0 is a constant. We also
assume a;; = Q(j*) and ||a|| ;o < 1 for some 0 < a < 0.
Moreover, there exists a importance function p of ’P;ﬁ that
belongs to ~y-smooth function class. For case (i), we further

assume that i satisfies Assumption

Theorem 4.4. Suppose that the target function F° sat-
isfies Assumption Let F' be an ERM estimator in
S(M,U,D,L,W,S,B), with M,U,D,L,W,S, B defined

as 1i for T = 557 Then, for any I, € Z, it holds

~ _ aT
Ry (F,F°) $n”5i5 - polylog(n, V).

As well as the case of y-smooth functions, this convergence
rate with respect to n matches that of Transformers. This
indicates that SSMs have ability to select important tokens
depending on the inputs, similary to Transformers. More-
over, since the estimation error bound depends on V' with
only poly-log factor, if V' = poly(n), the estimation error
rate does not change up to poly-log factor. This aspect also
matches the result of Transformers.

In addition to the setting above, we consider the functions
whose smoothness structure also changes depending on the
output token. This setting is inspired by the ability of Trans-
formers to solve the task called associative recall (Ba et al.,
2016). We show that SSMs can also replace Transformers
in this setting. See Appendix [B]for the detailed results.

We conclude that SSMs are comparable to Transformers in
terms of estimation ability, when (i) the target function has
a smoothness structure and (ii) the positions of important
tokens depend on the input.

5. Conclusion

We theoretically explored the possibility of SSMs as an al-
ternative to Transformers, and showed the approximation
and estimation ability of SSMs for certain classes. Con-
sequently, we proved that SSMs have the same estimation
ability as Transformers for those function classes.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Other Related Works

Estimation abilities of deep neural networks. Leaving aside SSMs, many studies have investigated the abilities of
deep neural networks to estimate functions. Some of them analyze the estimation abilities of fully connected neural
networks (FNNs) with the assumption that the target function is in certain function classes (Schmidt-Hieber, [2020; [Suzuki,
2018) or have a specific smoothness structure (Suzuki and Nitanda, |2021). Moreover, Nakada and Imaizumi| (2020) and
Chen et al.[(2022) consider the setting that the data distribution has a low-dimensional structure. Additionally, Okumoto
and Suzuki| (2021) studied convolutional neural networks (CNNs) and showed that CNNs can estimate the functions that
have smoothness structures with the minimax optimal rate even if the input is infinite-dimensional. As for the Transformers,
Takakura and Suzuki| (2023) showed that Transformers can estimate the functions with infinite-dimensional input as well
as CNNs. Additionally, they showed that Transformers can estimate the functions whose smoothness structure changes
depending on the input.

The function classes with piecewise smoothness are also considered in Petersen and Voigtlaender| (2018) and (Imaizumi and
Fukumizul [2019). They do not consider anisotropic smoothness or the sequence-to-sequence functions, while we consider
such situations.

Abilities of state space models. Some studies have showed the limitations of state space models. For example, Merrill et al.
(2024) show that SSMs cannot solve sequential problems from the view of computational complexity theory. Additionally,
Gu and Dao| (2023) pointed out that SSMs are less effective for the tasks to handle discrete and information-dense data such
as language processing.

There are some other directions to investigate the abilities of SSMs. For example, |Alonso et al.|(2024) summaried the
features of the existing SSM-based architectures. Instead of focusing on the statistical aspect, they mainly provide a
comprehensive understanding of existing SSMs. Moreover, (Cirone et al.|(2024)) studied the abilities of SSMs using rough
path theory. This study discuss the limtations of SSMs, but they did not give comparison between Transformers and SSMs.

Other architectures with SSMs. |Gu and Dao|(2023) proposed an SSM-based architecture called Mamba, whose filter is
controlled by the input. While convolution with FFT algorithms cannot be used for Mamba, they proposed a hardware-aware
efficient implementation. In this paper, we do not focus on the setting that filters are controlled by the input, and we consider
SSMs with gated convolution with data-independent filters.

B. Additional Results

As for the importance function y,|Takakura and Suzuki| (2023)) assume that it belongs to v-smooth function class. Conse-

quently, the value of importance of a token is unique in the input sequence, and does not change depending on the position

of the output token. In order to consider the setting where the importance of tokens can change depending on the output

token, in addition to the case where p is (i) y-smooth, we consider the following case:

(ii) similarity of features: Let (i, ...,(w € F 4, and v; = [Ci(EjX)]f':l € R? (j € N). Suppose that ||v; |, < 1 for any
0 or u(X) = [v(—)rvj]q .
j=—00 Jj=—00

In this setting, v; intuitively represents the features of the token at the position j, and we assume that the importance of a
token is controlled by the similarity between the target token and the current token.

j € N. Then, the importance function 1 is can be represented by (X) = [—|lvo — v;][,]

The setting (ii) makes it possible for us to consider additional synthetic task. Specifically, the functions in setting (ii) includes
the task called associative recall Ba et al.|(2016)). In this task, the query token has appeared in the past, and the model is
required to output the same token that followed it in the previous occurrence, e.g., if the inputis“a 2 ¢ 4 b 3 d 1 e
7 ¢”, the model should output “4”. Additionally, (ii) includes in-context learning with k-nearest neighbors algorithm.

Note that the setting (i) includes some important settings such as induction head and selective copying |Gu and Dao| (2023)).
Indeed, in those tasks, the absolute position of the important token is fixed.

For the setting (ii), we have the following theorem, whose convergence rate is the same as Theorem [4.4]
Theorem B.1. Suppose that the target function F* satisfies Assumption[d.3| Additionally, the importance function i given
by (ii) similarity of features. Let F' be an ERM estimator in S(M,U, D, L,W, S, B), with M,U, D, L, W, S, B defined as

7
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Figure B.1. Conceptual illustrations for piecewise «y-smooth function class with similarity-based importance. This illustrate the task to
predict the next token in the sequence. In this task, models have to output the token associated with the last token. We also prove that
SSMs can solve such tasks, i.e., SSMs can extract appropriate tokens even if the position of essential tokens are different for each token in
the same sequence.

1| forT = ﬁ Then, for any l,r € 7Z, it holds

2af

RZ’T(F, F°) <n 2t+1 - polylog(n, V).

This fact reveals that, even in situations where the positions of important tokens differ for each output token, it is possible
for SSMs to identify them.

C. Numerical Experiments

To demonstrate that our theory is compatible with the real-world tasks, we conducted two numerical experiments. We utilize
the pretrained model of Hyena provided by Nguyen et al.|(2024)), which is trained via the next token prediction task with the
nucleic acid base sequences. We fine-tune the model using Genomic Benchmark dataset (Gresova et al.,|2023). Additional
description on the experimental setting can be found in Appendix [K]

First, we verify that SSMs can select important tokens depending on the input. We fine-tune the model with the binary
classification task. Then, we choose one sequence in the test data and plot the transition of the probability of correct
classification when we repeatedly mask the input tokens that do not affect the classification result. Additionally, we observe
how the correctness for other sequences changes when we mask the same tokens as the chosen sequence.

The result is shown on the left of Figure[C.I] We can see that SSMs can classify the sequences even if we mask most of the
tokens. This indicates that the number of important tokens to classify the sequence is small. Moreover, the accuracies for
other sequences decrease when there are a few tokens left, which means that the important tokens of other sequences differ
from the chosen sequence.

Second, we demonstrate the ability of SSMs to extract important tokens depending on the output token. We consider
the task to predict the masked token at the last of sequence. Then, we choose one token for each sequence and plot the
transition of the probability of correct prediction when we repeatedly mask the tokens whose impact on the prediction is
small. Additionally, we plot the transition of the correctness for other tokens when we mask the the tokens at the same
positions.

We show the result in the right part of Figure We can notice that the accuracy for the chosen token decreases slower
than the other tokens. This reveals that the important tokens to pay attention to are different depending on the position of the
output token, and SSMs can adaptively extract the important tokens depending on the output token.

D. Extension to ordinary SSM filter

In this section, we describe how to extend our setting to the ordinary SSM filter. More specifically, our setting with
embedding dimension D can be extended to the ordinary SSM filter with embedding dimension 4D.

For simplicity, we consider the case D = 1. We constuct the parameters A, B, C,D € R?*? to make the filter h; =
CA!B + DJ,_,, same as the filter defined in Section Letusset D = 0, and

27\'0.111 . 27\'0‘1,1

cos | == —sin (—U ) 0 0

. (2 2
sin ( = cos (%) 0 0
A —
- 2may 2 . 2may 2
0 0 cos T) —sin (T)
- 2may 2 L[ 2ma12

0 0 sin | == ) cos (7[] )
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Figure C.1. The experimental results. Left: We choose one target sequence from the test data, and repeatedly mask the tokens with less
importance. Then, the probability of correct classification decreases slowly, which means the essential tokens for the classification are
limited. On the other hand, if we mask tokens at the same position for other sequences, the accuracy decreases faster. This indicates that
the model can select the important tokens depending on the input. Right: We fix one target token for each sequence, and repeatedly mask
the input tokens with less importance. Then, the probability of correct prediction decreases slower for the chosen token than the other
tokens. This reveals that the important tokens to pay attention is different depending on the output token.

Then, we have

cos (L?}’lt —sin (L‘;}’lt) 0 0
. Sin(LaUl’lt cos<72wci}‘lt) 0 0
0 0 cos L?}‘Qt> —sin (L(E’Qt)
0 0 sin L‘;}’zt> cos (L(E‘Qt)
Therefore, if we set
1 0 0 O cicy 0 0 0
0 0 0 O 0 0 0 0
B= 0O 01 o) C= 0 0 0 0}’
0 0 0 O cip 0 00
then we have
€11 COS <2m;]1’1t> 0 00
0 0 0 O
he = 0 00 0
crasin (Zg2t) 0 0 0

Then, if we appropriately set " and W, this filter can realize the same output with our setting.

While we do not show the estimation ability for the filter above, we can easily extend our proof to derive the almost same
estimation error bound for it.

E. Key Insight on SSMs with Gated Convolution
Before starting the proof, we show the key insight on SSMs with gated convolution.

Suppose f: R4 — R?" 7+ {gbgl) (). Ef) (x), g) (@), ...y g)(z)] is a fully connected neural network. Addition-
ally, let g € C(U, D, B) with D = 2n. Recall that g is defined as

g(X> = (WQX) ® (H* (WVX)) (X c RQ?ono)7

9
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where H € R?"%2" g a filter defined by

2mq - 2mq -

Let us set the parameters W&, WV € R2"*2" ¢; ¢, € R*™in g as

O O O o)
o1 = [og - Is(1) an - Is(n)] -,
T
ca = [an -T5(1) an -I5(n)] -,
where S C [n] and a1, ..., a;, € R. Then, for any input X = [xt]?zfoo € R2"X° e have

(30 an O/ (24) W (20) ]

(g0 F(X))o = | Zt=mv - %U) ) (2,) 6% (o)

where

(8 (g) cos(2mar i -s) (keSs),
VL) {Sin(27ra2’k -s) (k¢5S).

Therefore, we can see that, for any function K : R?**1 — R that can be approximated by the form of

K(t,z,y) =Y ar-o® (¢/0)64) (@)% (y),

k=1

one FNN and one SSM with gated convolution can approximate its summation over
(tv Zz, y) = (07 Zo, IO)) (71, L—1, I0)7 R (7U7 T-U, l’o),

ie.,

0
Z K(t,x¢, ).

t=—U

In the following proof, we use this fact for sevaral times as described below.

Extracting a token at a specific position We can extract one token from xg,x_1,...,z_y by setting K to satisfy

L) (t=
K(t,x,y)N{O (t 4 1o),

for some ¢y € [-U : 0].

Extracting a feature of the token with high similarity Let p: R” x R™ — R be a kernel function that measures the
similarity between two vectors. Suppose that p can be approximated by a finite sum as follows:

p(z,y) = > ai me(@)mk(y).
k=1

10
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Let us set K to satisfy
K(t,z,y) ~ Y @m-mi(@) - (),
k=1

for some m € [n]. Then we can extract the m-th coordinate of the token that has the highest similarity with 2o among
Z_y,-.., o, if the similarities between other tokens and z are significantly lower. Note that = — x,, - nx(z) can be
approximated by a FNN.

F. Approximation Ability of SSMs with Gated Convolution

To establish the estimation abilities of SSMs, we first show the results on the approximation abilities of SSMs for y-smooth
functions and piecewise y-smooth functions.

F.1. Approximation of ~-smooth functions

Now, we establish the approximation ability of «y-smooth functions via SSMs. First, we state the detailed assumptions on the
target function.

Remark. The assumption ||al,,« < 1 implies that the j-th smallest element of smoothness parameter a increases
polynomially with respect to j, which indicates the sparsity of the important features. Moreover, the assuption a;; =
Q(log(|j| + 1)) means that the token distant from the current token is less important. Thus, those two assumptions are
natural in various applications.

Then, we have the following theorem which shows that the SSM can approximate y-smooth functions.
Theorem F.1. Suppose that target function F° satisfies Assumption Then, for any T > 0, there exists an SSM
FeSM,U,D,LW,S, B) with

M=1, logU~T, D~TY® L~T, W~TYe,

(E1)
W' ~ T/ agT/a’ SNTZ/amaX{TQ/a,TQ}f/a*, log B ~ TV,

such that ||F' — F°[|y p < 2-T,

~

The proof can be found in Appendix |H| We can see that, the number of parameters to achieve certain error does not suffer
from the infinite dimensionality. This is due to the fact the SSMs use same convolution filter for each tokens, as well as
self-attention of Transformers.

F.2. Approximation of piecewise y-smooth functions
Next, we show that the SSMs can approximate the piecewise y-smooth functions. To this end, we first state the detailed

assumptions on the target function.

Remark. The assumptions on the norm of the smoothness parameter a and the function Fjy are same as Assumption[4.1]
The interpretion for the conditions on the importance function is described in Appendix [B| The condition a;; = Q(;5%)
indicates that the function is smoother with respect to the token with small importance the tokens are sorted in order of
decreasing importance by the map II. Note that, unlike the case of Assumptionf4.1| the condition a;; = Q(j*) is imposed
on the smoothness of permuted tokens, and j can be different from the original position.

Then, we have the following theorem on the approximation ability of SSMs for piecewise v-smooth functions.

Theorem F.2. Let F° be a function satisfying Assumption Then, for any T > 0, there exists a SSM F e
S(M,U,D,L,W,S, B) with

M<TYY U=V, D<T%log?V, L <TClogV,

(F2)
W < 2T/ peaslog?V, § < 27/a'Teaslog? V, log B < T log? V,

such that HFO — FH < 27T Here, c, s is a constant depending on o and 3 such that co 5 < 4+ 2/a + 3/ a.
2

11
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The proof can be found in Appendix This result reveals that the number of parameters to attain the error 27 is same as
the case of y-smoothness, which implies SSMs have the ability to extract tokens depending on the input sequence and the
token at the output position.

G. Auxiliary Lemmas

In the following discusstion, to simplify the notation, we define the function class ¥'(D, B) by

V'(D, B) = {t > [e1x cos (2may kt) + ca g sin (2ma k)2, | el < B, Jlall,, < B.}.

First, we prove the following lemma, which states the properties of the Softmax and multi-variate Swish function.

Lemma G.1 (Properties of Softmax and Multi-variate Swish function). Fix 6 € RY. Assume that there exists an index
i* € [d] and § > 0 such that 0;= > 0; + & for all i # i*. Then, the following two statements hold:

1. (Lemma C.1 of |lakakura and Suzuki|(2023)) It holds
d
Z |Softmax(0); — 6; | < 2d exp(—0).
i=1
2. Forany x € [0,1]4, it holds

< 2d? exp(—9).

d
Z Softmax(); - ©; — max{z1,..., 24}
i=1

Proof. We prove the second one. Using the first argument, we have

d
Z Softmax(0); - x; — max{x1,...,zq}

i=1

< Z Softmax(6); - x; + (Softmax(6);+ - x;« — max{x1,...,z4})
i

= Z Softmax(0); - x; + (Softmax ()« - &+ — 0; 4+ x4+)
il
> Softmax(6); - x; + |Softmax () — 6 ;-
i

IN

© Tjx

d

< Z |Softmax(6); — ;| - @
i=1

S 2d2 eXp(—(S)a

which completes the proof. O

The following lemma shows the approximation ability of FNN for some elementary functions.

Lemma G.2 (Lemma F.6, Lemma F.7, Lemma F.12 of |Oko et al.| (2023)), Corollary 4.2 of Perekrestenko et al.[(2018)). The
following statements hold:

1. Letd > 2,C > 1, €ervor € (0,1]. For any € > 0, there exists a neural network fuue € Y(L, W, S, B) with
L < (loge ™ +dlogC)-logd, W <d, S<dloge! +dlogC, log B < dlogC,

12
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such that, for any x € [0, C]? and x € R with ||z — 2’|, < €ervor, it holds

d

fmult (xl) - H X

i=1

S €+d'Cd * €error-

2. Forany ¢ € (0,1), there exists frec € V(L, W, S, B) with
L<log?et, W<log®e!, S<log’e™, logB <loge?,
such that, for any = € [e,e '] and 2’ € R, it holds

|2 — x|

1
frec(x/) - x’ <e+

€

3. Forany € > 0, there exists foxp € U(L, W, S, B) with
L<log?e¢t, W <loge!, S<log’e!, logB <log?e !,
such that, for any x,x’ > 0, it holds
|fexp (') — exp(a)] < €+ [a" — .
4. Foranye > 0,a > 0,b € R,C > 1, there exists feos € V(L, W, S, B) with

L<log?e¢ ! +log(aD +b), W <1,
S <log®e ! +log(aD +b), logB < max{1,log|b/al},

such that, for any x € [—D, D], it holds

| feos(z) — cos(ax + b)| < e.

The following is a famous fact that there exists a neural network that realize the clipping function.

Lemma G.3. Let a,b € R. There exists a neural neural network fep, € W(L, W, S, B) with
Ls1, WgZ1, S351, BZla[+ b,

such that, for any x € R, it holds

a ifr <a,
faip(z) =S @ ifa <x<b,
b ifb <.

Lastly, we state the following lemma, which shows that the dirac delta function can be approximated by a neural network.
Lemma G.4. There exists N € N and FNNs ¢,,, ¢, ¢ € U1 1(L, W, S, B), ¥, ¢, € ¥ (1,B) (n=1,...,N) with

N <loge !,
L<log’e llog’r, W <log?e¢™!, S <log'ec'log’k, logB <loge 'logk,
L'=1, W' <log?ec™!, 8 <loge !,

such that,

e foranyt,x € R, it holds

Se

exp(—/f - sin? (g(t — x))) — i Ui () o ()

13
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e forany x,y € R, it holds

<e

b

exp(—r-sin® (T —y)) ) - 5 0)e)

o foranyt € [—1,1), it holds

<e

exp <—m - sin’ (g)) _ i W (1)

Proof. The first part of the proof is inspired by Lemma F.12 of |Oko et al|(2023)). Let us set A = log 3¢ . The Taylor
expansion of exp shows that, for any = € [0, A], it holds

AN
< —.
- N!

N-1 n
exp(—x) — Z (;Ll') "
n=0 :

Additionally, we can evaluate the right-hand side as A* /k! < (eA/k)". Therefore, if we set N = max {2¢A, [log, 3¢ 11},
the error can be bounded by €¢/3. Moreover, for x > A, we have

N-1 (—1)" N-1 (—1)"
exp(—x) — —a”| < [exp(—) — exp(—A)| + |exp(—A4) — Z —a”
n=0 n' n=0 "
S
-3 3
N-1 (k) .
Next, let us approximate Z ' sin®" (— (t— x)) We use the fact that
= n 2
el — giw\ 2" 1 & /20 :
SiIlQn(CC) _ < 5 > _ ﬁ Z < L ) (71)kez(2k72n)m
k=0
(-1 (2n (—=1)F /2n
= 2 \ + Z a1\ & cos ((2k — 2n)zx),
k>n+1
where ¢,, = 1 if n is even and ¢,, = 0 if n is odd. Thus, we have
N-1 n
Z (_:') sin?" (g(t - x))
n=0
N-1 N-1
K" (2n (—r)™ 1 [2n
_ m?n(n) I i) PR <k>cos(7r(k‘—n)(t—x))
n=0 n=0 k>n+1
N-1 N-1
mo(2 —r)" 1 2
= ng% ( :) + ( :') a1 ( Z) <cos (m(k —n)t) cos (m(k — n)x)
n=0 n=0 k>n+1

+ sin (7(k — n)t) sin (7(k — n)x)),

which is decomposed into the sum of products of functions of ¢ and z. Since

’(—fi)" 1 (2n>’< R @)t K" 27 (n))? K2

= <
n! 22n=1\ k J| ~ nl27 kl(2n — k)! — n!27 (max(k,2n —k))!  nl2n nl T "o
we can see that, there exists Cy, C, 1, (n € [N],k € [0: n/2]) with
Co < kN, Cpp <w,

14
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such that

2
L

Z (- n2n ( (t—= ) Co + Z Z C’n,k (cos (w(k — n)t) cos (w(k — n)x)

=0 ’ n=0 k>(n+1)/

3

+ sin (7(k — n)t) sin (7(k — n)x)).

The second equation to be proved is already obtained setting = = 0.

Finally, we approximate each term using neural networks. Lemma|G.2]implies that, for any n, k and € > 0, there exists a
neural network ¢1 ,, i, d2.n.1x € V1 1(L, W, S, B) with

L<N?log’k+loge™, W<1, S<N?log?k+logZe™!, logB <1,
such that

cos(m(k = n)z) — Gri(@)] < e/ (%), [sin(m(k — n)z) — do,(@)] < ¢/ (N?Y).

Then, if we approximate exp(—« - cos(2m(t — z))) by

N-1
Cot Y. Y. Cuglcos(m(k = n)t)g1n (@) +sin (m(k — n)t)pan i (@),

n=0 k>(n-+1)/2

the error can be bounded by

2 2
Y Y G et <
n=0 k>(n+1)/2

which completes the proof. O

H. Proof of Theorem [F.1]

Given a smoothness function ~: Ngxoo — R, we define

I(T,~) ={(i,5) | Is € Ngm such that s;; # 0,v(s) < T'},
dmax = [I(T,7)]-

The feature extraction map T': R¥¥>° — Rmax is defined as

IX) = [Xil,jl AR Xidmax ’jdlnax}.

The following lemma shows that, if FNN receives finite number of "important" features, it can approximate y-smooth
functions and piecewise y-smooth functions. This is mainly due to the condition ||a||,,;« < 1, which induces sparsity of
important features.

Lemma H.1 (Theorem D.3 in|Takakura and Suzuki (2023)). Suppose that the target functions f € F , and g € P , satisfy
1flloo £ Rand ||g|l,, < R, where R > 0 and ~ is the mixed or anisotropic smoothness and the smoothness parameter q

satisfies ||al| o < 1. Forany T > 0, there exist FNNs fr.gr € W(L,W, S, B) such that
<277,
g7 0T 0Tl = gl p S2°7
where

L ~ max {TQ/“,TZ},W ~ T/ agT/al

S ~ T max {12/, 72 }27/%! log B ~ TV,
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From this lemma, we can see that, if the the convolution layer can approximate I", the SSM can give important features to
the FNN, and the FNN can approximate the target function.

Now, we prove Theorem [FT]

Proof of Theorem Firstly, we construct the embedding layer Emb: R%*> — RP*>_ Set the embedding dimension D
as max{d, dyax } + 1. We set 1 € RP*? to satisfy

Ell':[xl, o, xg, 0, 0,...,0 ]T,
N——

D—d—1 elements
for x = [x1,..., 74 € R%. Additionally, we set By € RP to satisfy

Fy=10,...,0,1, 0,...,0 ]".

d elements D—d—1 elements

Note that | E1 || ., = || E2||, = 1. Then, the constructed embedding layer Emb is represented as follows:

Emb(X)= | 0 | eRPx>,

Secondly, we construct the gated convolution layer. The role of this layer is to approximate the feature extractor I'. The

weight matrix WV € RP*IXI s set to extract the important “dimensions” (i1, . . .,iq4_. ). More precisely, we set Wy to
satisfy
% D
WYy =Y Yig» 0,...,0 JER
—_——
D —dax elements
fory = [y1,...,yp] € RP. Then, the resulted projection is represented as follows:
- X -
X,
WY (Emb(X)) = bbdmax € RPxe,
L 0 -

Next, we construct the convolution filter. From the assumption a;; = Q(log(|j| + 1)), we can choose the window size
U € N such that

logU ~T and a;; <T = j <U.
Lemrnashows that, for each j,, (m =1, ..., dmnax), for any € > 0, k > 0, there exists k,, € ¥'(W’, B) with

W' <log’e!, B<loge llogk

v km<[jj) exp(;»vsin2 <72T<[j] — ][7}1>)>' <e.
Now, if |j — jm| > 1, it holds

o (st (5 (5 32))) <o (25 5) ) =onl-55)

such that

“max
7=0,...,
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wfor (5(3-4)-

, we have

and, if j = j,,,, it holds

Therefore, if we set k = U2 loge™ !

2 5, ()] <
]:Ig,a){,U ‘km<U) 6]777, (])' ~ 267

. 1 iijjl7
5]"(]):{

0 otherwise.

where 0,/ is the function defined by

This inequality show that the filter k can approximately extract the important tokens.

Finally, we set the weight matrix W by

e _ {1 ifj=d+1
©J 0 otherwise,
which results in W@ (Emb(X)) = [1,...,1]" and
g1 0 Emb(X) = WP (Emb(X)) © (81 « W@ (Emb(X)))
=W « WO (Emb(X))
2 ERDPX®

= [Zt] —0c0

U-1 D
=D k() YWtk Kiees
s=0 i=1

[ S k()1 X s

o :
B DOl (1) P, P
0

L 0 ]

Thirdly, we construct the FNN layer. From Lemma there exists an FNN f € U(L,W, S, B) such that

Hforng <9 T, (H.1)

2,Px
where
L ~ max {TQ/O‘,TQ}, W ~ TV/a9T/a"

(H.2)
S ~ T max {TW,T?}zT/“*,logB ~ TV,

Let C: RP — R? be a linear map such that
Cy = [ylu B 7il/dmaxr
fory = [y1,...,yp]" € RP, and we set f) = foC. Note that f; € U(L, W, S, B) for L, W, S, B defined in (H2). The
constructed data-controlled SSM F; (¢ € Z) is represented as follows:
F(X) = fi(z) = f o O(z) = fol o 5y(X),

where

U-1 Imax
N(X) = [Z(k(s))mxims] € Rbmax,

s=0 m=1

17
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Now, we evaluate the error between the target function F}° and the constructed model Ft for t € Z. Due to the shift-
equivariance of F'°, we have 7 = FJ o X;. Additionally, we can easily check that F’t is also shift-equivariant, i.e.,
Ey(X) = Fy(X o %4). Moreover, since Py is also shift-equivariant, we have lully, py = lluo Xy p, foranyt € Z and
u: REX%° — R? such that [[wlly, p,, < 0. Therefore, it holds

for any ¢t € Z. Therefore, it is sufficient to evaluate HFO - Fg H . We evaluate the error by separating into two terms:
2,PX

F,— Ff

:Hﬁoozt—Fgozt

- HFO _FP

2,Px 2,Px 2,Px

|% - B

<Jiv-for],,, +rer -

2,Px 2,Px 2,Px
The second term can be bounded by (H-T), so we evaluate the first term. Since f € W(L, W, S, B) is (BW)E-lipschitz

continuous, for any X € [0, 1]%X>°, we have

X)) = L _max 3 1(k(5))mXim7_g 5 (5)Xe L
.
< e Z::() |(E(8))m — 65, (5))]
< Ue.

By setting ¢ = 27 /U, we have

for any X € [0, 1]2%°°. Therefore, it holds
|fo-rs|, . <|fo-ror| , +|for-Fs
2,Px 2,Px 2,Px
< sup FO(X)—foF(X)’+HfoF—F§
XE[O,I}dXOC 2,Px
<271,

Finally, we evaluate the parameters L, W, S, B which controls the class of £ € ¥'(W’, B). Since ||a||i« = sup; j”‘&j_l <
1, it holds '

Aax = |{(Z,j) | ds € Ngxoo,sij #0,7(s) < T}| < Tle,
Therefore, we have

WI — dmax . ].Og2 6_1 5 T2+1/C¥7
log B ~ loge™? log(U2 log 671) < T2

This completes the proof. O
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1. Proof of Theorem [F2]

L.1. Proof for the case of (i) v-smooth importance function

Proof of Theorem[F2|for the case of (i) ~y-smooth importance function. For T > 0, we define

LT =i | G.5) € 1T} = {7, i) b,

’)/ B
Tmax (T, ) = max {j € [J] | I;(T,~) # 0},

Note that rmax (T, 7) ~ T/ since a;; = Q(j%).
Theorem implies that there exist an embedding layer Emb, an FNN f; € ¥(L, W, S, B) and a gated convolution layer
g1 €CWU,D, L', W' S, B) with

M =1,logU ~T,D ~T",

L~T, Wy ~TY,

L' ~ max {TW,T?}, W' ~ T/agT/a’

S ~ T2/ max {TQ/‘*,TQ}QT/“T,logB ~ TV,

such that

fiogioEmb(X); = [z, :(X), 0,...,0 ,—1,...,-1]T,
——— — —

dmax €lements  7,,x elements

for all ¢ € Z, where [i;(X) satisfies
(X)) ¢ — (ua(X) = 1) S 277

Intuitively, the i-th elements for ¢ = 3,...,2 + dmax are used to store the feature X;_; ; for j € [d], and the i-th elements
for i = 3+ dmax, - - -, 2+ dmax + Tmax are buffers to store which elements are already selected. Note that, for any ¢ < 7y ax,
it holds

A m (i) = Ay i41) 2 (X my (i) = 277) = (WX )y iy +277) 2T/,
and [i(X); € [-1,0] forallt € [0: V].

Tlog2 + 2logU

In the following, we set U = V. Let us set xp ~ T Aa

network gex, € V(L, W, S, B) with

. Using Lemma we see that, there exists a neural

L <1208/ 082U, W < TP @ l0gU, S < T2/ 062 U, log B < T2/ 1062 U,

such that, for any < 0, it holds
_ 1+8/
|bexp(XT2) — exp(xra)| < 272" JU?.

Moreover, using Lemma@ again, we see that there exists a neural network ¢, with
L <1208/ 1002y, W <1, S§<T20H8/9 082U, log B < TP/ %ogU,
such that, for any 0 < 2 < U? exp(THﬁ/O‘), 0 <y < 1,itholds
(6 (@,y) =yl < 2727 U,
Then, for any 2 < 0 and y € [0, 1], it holds

|65 (exp(xTZ), y) — exp(x72)Y| < |Px (Pexp(XTZ), Y) — exp(XTZ)Y| + |Pexp(XTT)y — exp(XT2)Y]
< 272T1+ﬁ/a/U3 + 272T1+ﬁ/°‘/U3
< 2—2T1+B/“/U3_
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Then, let us define f{ be an FNN layer such that it holds

f{ ° fl © gl(X) o Emb(X)l = [¢X(¢6Xp(ﬁi(X))7xi)a 0; ceey 0 ) _17 L) _1}1—'
—_——— —
dimax €lements 75 ,x elements
Additionally, we define
L = (frln © gm Ofm) O---0 (f{ ° g1 Ofl) OEmb(X)v
for m € [1 : rmax]. We construct remaining layers fa, g2, f5, - -, frowt 1> Grmax+15 fr. . +1 to make them satisfying
Zm: [¢X(¢6Xp(ﬁi(X))7xi)7X’igl),jl’”.’Xil(llz‘,jlj.”’Xi(lm)yjm""’X’i‘(;’:‘,jm’ 0,...,0 s
dmax—2>_72, |I;| elements
./7.\1/U7"'7.’j\m/U7 —1,...,—1 }T7
—_——
Tmax — M elements
where )A(l.um) i ,Em are the approximation of Xigm) i ,3m (m=1,...,M;k=1,...,|I;|) respectively such that
ko odm 2 dm

<o T ]3m JU — jmU| < 27377 ys,

Lk Jm B ik‘ . 7jm’ ~
Then, we see that

~ ~

A= [x;,ﬁi(X),X,u) R S ,...,)?igrmax) . ,...,)?i(rmax) ) 731/U7--~73M/U]T~

iy iy 00 JJrmax T | Frma

Hence, Lemma shows that there exists a FNN f}, € ¥(L, W, S, B) with

L < max {TQ/Q,TQ}, WS Tt/

S < T%/* max {TQ/Q’TQ }QT/O‘T, log B < T/,
such that

I fa(Zne) — flla S 277

The same discussion as Theorem [F1] gives the desired result.

In the following, we construct an FNN f,,, and a gated convolution layer g,,, for m € [1 : 7,ax]. The proof mainly divided
into two parts: (i) obtaining X (m) i i.e., the approximation of important features X (m) ; (k=1,...,|Ln|) and (ii)
‘L Jm ko

m

getting Em, i.e., recording which token j,, was selected.

Picking up the important features X ) . (k=1,...,|In|) Dueto Lemmaand the fact that j,,, € [0: V] is an
W dm
index such that po;_; (71;—,) is the largest in p,—; (fii—;) (j # 1, -- -, Jm—1), forany ¢ € [0 : U] with ¢ # ¢, it holds

1% ~ .
X iex “lg—i) - (1—1
Zj,?/ ij P(XTA fe—j) - ( k?(J)) x| <o eXp(—XT-T_ﬁ/O‘) <o T
> im0 exp(xr - fie—j) - (1 = Ts(j))
where S = {j1,...,jm—1}. Now, let us approximate
14 ~ . 1% ~ .
o Xigexp(xr i) - (1 —=Is(j)) 3 2 o Xijexp(xr - fir,) - (1 — Is(5))
S oexp(xr - fi—i) - (1= Ls(5)) LY gexp(xr - fie—i) - (1 —Is(j))

using neural networks. Using Lemma we see that, for any €¢; > 0, there exists a neural network ¢,.. € ¥(L, W, S, B)
with
L < log® efl, W < log® e, S5 log* er', logB <loge?,

such that, for any z € [e, 7 '], it holds

1
rec _*S ’
bucle) = 3| <
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and ¢rec(z) € (0,1]. Moreover, using Lemma [G.2] again, we see that, for any e3 > 0, there exists a neural network
Gmut € (L, W, S, B) with
L<logeyt, W<1, S<logey', logB <1,

such that, for any = € [0, 1]?, it holds
|¢mu1t(1') — 1311‘2| < €s.

Setting €; = min{exp(—x7),2"7},e2 =277 and
¢« [exp(—xr), 1] X [0,1] = R, (2,y) = dmuit(Prec(T),y),
we see that ¢, € U(L, W, S, B) with
L <1248/ 16062 Uy, W < T304/ 603 U, & < T/ 10gt U, log B < TP/ 1og U,

and, for any z € [exp(—x71), exp(x71)],y € [0, U], it holds

du(x,y) — %’ = ‘¢mult(¢rec(x)>y) - %‘
< |t (Prec (), y) — Yrec(z)| + ‘y¢re0(m) B %’

<€+ € 5 2~ T,

Now, if we set w(x,y) = y/x for x,y > 0, we have

Ve, )l = \/(;) NE NN O

Therefore, if x > 1 and 0 < y < z, it holds

2T1+5/04

9

1 T\ 2
< - -] = < U?
IVw(z, y)ll, < —4/1+ (x) V2exp(xr) SU

which means, for any x,2’,y,y’ > 0 with 2, 2’ € [exp(—x7),1]and 0 <y < 2,0 <y’ < 2/, it holds

148/
T

/
y oy
L Lo o= a4 - o

which means

/
¢1(-T/7y/) - yf +

x/

/

vy

¥  x

pu(2',y') — %) <

<277+ URT T (e -2+ ly - o))

Next, Lemmaimplies that there exists a neural networks ¢/, € ¥’(1, B) and ¢, € U(L, W, S, B) (n=1,...,N) with

N < T8/ 0g Tlog V,
L <T?048/9 606 T10g? V, W <1,
S < 12048/ 109 T1og? V, logB <1,

such that, for any ¢, z, = € [0, 1], it holds

a 2(1 148/ 2 my
;Qs/n(t)d?n(f)—exp(—v (QIOgT+2T —|—2210gV) sin (2(t x)))|

5 T_l/a2_2T1+ﬂ/a/V2 + T1+,3/Ozv3‘x _ {)AL‘|
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Since

( V2(Llog T + 2T +8/% 4 21og V) sin? (Z(t — x)) )
exp| —
2

V2(LlogT + 2T +F/« 4 21og V) sin® (3 (t — z))
exp|( — — Ly (1)

< T-Vep 2T 2 (1 > 1)V,
1 (t:l‘),

we have

5 S 2T71/a272T1+B/Q /V2

Therefore, we have

N
S O (6n () — Iy ()| S T~ Vo2  WH/OT Y2 Plib/ays|y — g,
n=1

Summing up over z = j1 /U, ..., jm—1/U, we have

Z zww 7D (s JU) — Ls ()

m/=1i=1

< Fanae (T—l/(x2—2

148/«

/V2 + T1+ﬁ/°‘V3‘jm//U _ Jm’/U‘)

_ 1+8/a
<977 JV2.

Combining the results above, we have

m—1

1
Vv

1M

¢><(¢exp( ’Lj?XT Mt — j <

I
Zd)(ﬂm/ Z) Jm/ l)(j /U))

m’/=1i=1

1 _ :
7 > Xigexp(xr - fir—y) - (1= Ts(4))
=0

(bx (bexp i,5s XT * //Zt ] ( Z Z(b(]m, 2 ¢(Jm, Z)( /U) - HS( )) ‘

m/=1 i=1

) ‘

1§V:<

j=0

+ |(¢><(¢exP(Xi,jﬂ XT/'\Ntfj)) —Xi; exp(XT * fit— J))]IS( )|>

_ 1+8/a
5 2 2T /V2

Similarly, we have

m—1 I
V Z¢exp XT Ht— ] ( Z ¢ " l) ¢<]m, : (J /U>>
m’=1i=1
1 \4
7 ZGXP(XT CH—j) - (1= Ls(j))
§=0

_opl+B/a
S_, ) 2T /V2
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Using the facts that

exp(— ZeXP (xr - [lt) <1,
1 & 1 &
7 2 ultlexpler - Alt]) < 3 D exp(xr - flt]),
t=0 t=0

we have

1 \%4 R m—1 iy B
¢1<Vz¢x<xi,j,¢exp<xmj (1= & S eot.0m)
=0

m/=1i=1

m—1 T
7Z¢exp XT * Ht— ] (1 - Z Z¢ o 1) ¢(]M/ l)<] /U>>>

m/=11i=1

2V ult)explxr - Alt]) - (1 - Is()) ’
> explxr - filt]) - (1 — Is(4))

Ti+8/a Ti+8/a

<27 4 v22 272 Jv2 <o T,

Overall, we can see that, there exist neural networks ¢o € ¥/(L, W, S, B) and ¢4, ¢p, dc € ¥(L, W, S, B) with

L <3+t /et38/a)o0 Tlog vV, W < T2/ at28/a )60 T 1og? V,
S < 3t/ et3B/a 60 T10g V,  log B < T3/ 438/ 166 T log® V,

such that

\%4
max oo | D00 /V)$a(Zm-1)88(Zm=1) | =Xj,..0] S27"

;(m) ;(m) -
ZE{ ” ’Z‘Im\ Jj=0

=X;

“dm

Recording which token was picked up Similar discussion as above shows that there exist neural networks ¢, €
V(L. W, S, B) and ¢y, ¢/, ¢, € W(L, W, S, B) with

L < T3tYets8/a 60 Tlog3 vV, W < T2/ at28/e 100 T og? V,
S < 3t/et3B/a00 Tlog V, log B < T3/ t38/210g T 10g? V,

such that

1% .
3o | S 60/ VIS (Zin1)B5(Zin-1-4]) —sin(fi];) <2,

j=0
Lemma|G.2|shows that there exists a neural network @aresin € ¥(L, W, S, B) with
L <1208/ 1062V, W <1, §<T20H8/0) 662V, log B < TP/ 10gV,

for any x € [0, /4], it holds
_3pl+8/a

|¢arcsin (1'> — arcsin(:c)| 5 2 /V5

Using this network, we can obtain j,, /V such that |}, /V — jm/V| < 2_3T1+B/Q/V5.

Finishing the proof We can easily see that, constructing the weight matrix in the gated convolution layers appropriately,
we can obtain Z,,, from Z,,,_; using the neural networks constructed above. This completes the proof. O
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L.2. Proof for the case of (ii) importance functions with similarity
In this subsection, we consider the case of similarity-based importance function.

First, we show the approximation error when the importance is given by the distance. Thanks to the separated condition of
the importance function, we can see that, for any j # 7/, it holds

2 2 —
llvo = v1* = oo — v II* = (oo = w31l = llvo = v 1) (lvo + vz + [lvo + vy ll) Z T~/

Now, since it is hold that
4
u . 1 — cos2u
u? — 3 < sin?(u) = — < u?,

for u € [0,7/2], for A > 0, it holds

‘(Asin (%(vm - Uji)))Q - (g(vm ng)>2

<1
Therefore, if we set A ~ /d'T?/%, it holds
d’ 5 d 9
; (Asin <2A(v01 vjz-)>) - ; (Asin <2A(v01 — Vjir ))) > 20/
T+1
Then, let us set x ~ %Z‘iv. Therefore, if we can approximate
a s 2 i T
exp | —& ; (A sin (ﬂ(vm - vﬂ))) = 21;[1 exp (—/@'A2 sin? (E(UOi - ’Uji)>>,

. B/ . . . . . .
with the error less then 2727 / / Vs efficiently, then the same discussion as the case of (i) gives the desired result, due to

LemmalG.Tl

Using Lemma we can see that there exists sneural network ¢$§ ), O e U(L,W,S,B) (n=1,...,N) with
N < T/ 0gV,
L <T20H8/9 16062 Tlog® V, W < T20H+8/2) 10g2
S < THH8/) 1062 Tlog® V,  log B < T8/ 1og T'log? V,

such that, for any z, y € [0, 1], it holds

. g-2T1+8/a
0 (S )| <
Since we can see that exp(—/f sin2(7r/2(v0i —vji))) € (0,1], it holds
d’ N T 272T1+/3/(1
H <Z DD (v0:) D (vy > Hexp (f,«;A2 sin? (g(voz- - 'Uji))) S Ve
i=1 \n=

Finally, Lemma|G.2|shows that there exists a neural network ¢ with

L<T?048/90 1062 U, W <1, S <1248/ 002U, log B < T/ 1ogU,
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such that

N d’ d N
P [qu&f%vo,iw;”(vj,n] H(ZW (vo,0) ) ( )) <22y,
i=1 =1 \n=1

n=1

which completes the proof.

As for the setting of inner product, we have

1 1 1
exp (a7 o) = exp  glnll* ) exp (3l ) exp (g = s1)-

Since exp (% [lvo Hz) and exp (% llv; ||2) can be approximated by neural networks in each token, we immediately obtain the
desired result.

J. Proof of Theorem 4.2] and Theorem 4.4

To establish the theory on the estimation ability of SSMs, we first introduce the following theorem, which evaluates the
estimation ability of ERM estimators in S(M,U, D, L, W, S, B).

Theorem J.1. Let [' € S (M,U,D,L,W,S, B) be an ERM estimator which minimizes the emprical cost. Then, for any
d € (0,1), it holds that

DULW B
- - ° - 27, LULW DB
Ry (F,F°) < FelfSr—l—FlZ”F F||2PX+ -M?L(S + D)lo < 5 >+5.

This theorem can be proved by using Theorem 5.2 of [Takakura and Suzuki| (2023) and the bound of covering number of the
space S. The proof can be found in Appendix
To prove the theorem, we use the following proposition.

Proposition J.2 (Theorem 5.2 in|Takakura and Suzuki (2023)). For a given class F of functions from [0, 1]4%° to R®®, let
F € F be an ERM estimator which minimizes the empirical cost. Suppose that there exists a constant R > 0 such that

1F° < R w < Rforany F € F, and N (F,0, ||| ,) = 3. Then, for any 0 < ¢ < 1, it holds that
log N'(F, 4, [|]] o)
r F F° nf — F FO 2 2 Ig) )
Rur( )5 Fe}'r—l+1z|| ||2Px (R"+07) " + (R+0)0,

where N'(F, 6, ||||) is the 6-covering number of the space F associated with the norm ||-||, defined by

N(F, 6| ) =inf{m e N|3F,...,F, € F,VF € F,3i € [m] s.t. |F — F;|| <d}.

Thanks to this proposition, the problem to obtain the upper bound of the excess risk of the estimator F is reduced to the
problem to evaluate the covering number of the function class S. The covering number of the function class S can be
evaluated as follows.

Theorem J.3 (Covering number of SSMs with gated convolution). The covering number of the function class
S(M,U,D,L,W,S, B) can be bounded as

DULWB
log N'(S(M. U, D, L,W, S, B),6, |-|..) S M?L(S + D*)log (U6W> |

This theorem implies that the upper bound of the covering number of the function class S polynomially increases with
respect to the embedding dimensions D, the number of layers M, L and the sparsity S of the parameters. This result is
similar to the result by Takakura and Suzuki| (2023) on the covering number of Transformers.
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A large difference of the covering number between the SSMs and Transformers is the dependence on the window size U'; the
covering number of the SSMs depends on U logarithmically, while that of the Transformers does not depend on U. This is
because SSMs sum up the tokens in the convolution without normalization. Whereas it is prefered that the covering number
does not depend on U, the logarithmic dependence on U is not a serious problem for the estimation ability, as we will see
later.

In the following, we prove Theorem[J.3] First of all, we introduce the lemma below, which is useful to evaluate the covering
number.

Lemma J.4. Let {fy} o be a parametrized function class from [0, 1] to R*>. Suppose that the parameter space ©
satisfies © C [—B, B|P for some B > 0, D > 0. Additionally, suppose that

{616 40,0 €0} < 5.
Moreover, assume that there exists a constant r > 0 such that
| fo — fg”oo < 7|0 —0||oe forany,0 € ©.

Then, it holds

BD
log N'(F, 8, ) < Slog (r )

The following lemma is drawn from [Takakura and Suzuki| (2023)), which evaluates the norm of the output of FNN, the
lipschitz constant with respect to the input, and the lipschitz constant with respect to the parameters.

Lemma J.5 (Lemma E.3 in|Suzuki| (2018)). Suppose that two FNNs f, fwith L layers and W hidden units is given by

f(x) = (Aro(-) +br)o---o(Ajo(x)+ by),
f(x) = (Apo(-) +bp)o---0 (A’la(x) +51),

where o is the ReLU activation function. Assume that for anyl =1, ..., L, it holds
14l < B, H/LHOO <B, ||, <B, HEHW <B.

Additionally, let v > 1 be a constant.

1. Forany x € RP* with |||, < r, it holds

1f(2)]lo < (2BW)Fr.
2. Forany X, X' € RP** it holds
1 (@) = f(@)l o < (BW)HIX = X' .
3. Assume that, foranyl =1, ..., L, it holds
il =s. fueil_<s

Then, for any x € RP with ||z||_ < r, it holds

We also evaluate them for the gated convolution layers.
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Lemma J.6. Suppose that two gated convolution layers g, g with window size U and embedding dimention D is given bylﬂ

Let v > 1 be a constant. Assume that it holds

Wall, < B, |[Wo|| _<B. Il <B, W] <8
and, forany h = 0,..., H and X € R with || X || <, it holds

1BEOIL < e |Bx)||, <e
for some B > 1,c > 1. Then, the following statements hold.

1. Forany X € RP*> with || X||__ < r, it holds

lg(X)l < (BDre)*.

2. Suppose that X, X' € RP** satisfies | X ||, < r, || X'| ., <rand
18(X) = BXN)y < wIX = X',
for some k > (EI Then, it holds

l9(X) = 9(X')|lo < (2B?re+Br-r)[|X — X'|| .
3. Assume that, forany h =0, ..., H, it holds

ol <o o] <a seo—ion], <

for v > 0. Then, it holds
lg(X) = g(X)l < (2Brc+ (Br)? 1) - 0.

Proof. We use frequently the following three inequalities:
WXl < W[ X[l <D~ IW o1 Xl

X 0 Yl < IX[ Yo
18 Xl oo < 18111 Xl

where W € RP*P X € RP*X>® Y ¢ RP*>® 3¢ RPXU,

Proof of 1 We have

19(X)]loe = I(WoX) © (B(X) * (Wy X))
< WX - 18(X) * (Wv X)|loo
< WXl - Wy Xl - 18Xl
< (BDr)? - ¢ < (BDrc)?.

loo

IThis architecture can be easily extended to the multi-order version since it corresponds to gz 0 gr—1 0 - - - 0 g1 with Wy = I for

92,-.-,9H.
21f the filter is not data-controlled, then x = 0.
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Proof of 2 We have

l9(X) = 9(X )l = [(WoX) © (B(X) x (Wy X)) — (WoX") © (B(X') » (Wy X))l
< (W X) © (B(X) = (Wy X)) = (WoX") © (B(X) x (Wy X))l
+[[(WoX') © (B(X) * Wy X)) = (WoX") © (B(X') x (Wyv X))l
+ II(WQX ) © (BX') = (Wy X)) = (WoX") © (B(X") « (Wv X))l
(8

< (W (X = X)) © (B(X) = (Wv X))l
+ H(WQX) ((BX) = BXN) + Wy X))l
+I(WoX") © (BX') * Wy (X = X))l

(
< [Wo(X = Xl - 1By - Wy Xl
+ WXl - 1B(X) = B - Wy X
+ WX - 1B - Wy (X = Xl
<B|X -X'||-¢c-Br+Br k|| X —X'||-Br+Br-c- B|X - X'|
= (QB2TC+BT-H>HX - X'l

oo

Proof of 3 We have
lg(X) = 5(X) e = [ (WaX) © (B(X) = (W X)) = (WoX) ® (B(x) + (W x) )|
< |[WoX) @ (BX) « (Wy X)) = (WoX) © (B(X) » Wy X))||
+[|Wox) © (80) + (W X)) = (W) © (BL) + (W X) )|
+ || Wax) @ (Bx) + <WVX>) - (WoX) @ (B(x) + (W X))
<[[(Wa - Wa)x) o 50x) « ¥
+ || Vo x) @ ((80x) - Bx >) v x)|
+|[ oy e (500« (W - 17) X))
< |[Wa = Wo)x||_-1B(X), - W X
+|Wax|_ -8 - 5| - iwvxil
+[[wax]]_-a], - || - w)x]
<dr-c-Br+Br-uy-Br+Br-c-or
= (2Br?c+ (Br)* - 1)d.

O

Subsequently, we evaluate the lipschitz constant of the composition of the layers with respect to the input and the parameters.
Lemma J.7. Let (f1, ]?1), coos (fury fM) be pairs of two FNNs which satisfy the same condition of the pair (f, f) in Lemma
Additionally, let (g1,91), - - -, (gnr, Gar) be gated convolution layers which satisfy the same condition of the pair (g, )
in Lemma Suppose R > 0 be a constant, and I, F : [0,1]%> — R> are two functions defined by

F:=clipgpo faogmo---oclipgpo fiog,

F = clipRofMogMo---oclipRofl °71.

Moreover, assume that B > 1,¢ > 1,r > 1. Then, it holds

HF(X) - ﬁ(X)H < 9MHL(QBWYML(BDRe)M (1 + k)M(1 + 1) - 6.

o
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Proof. Form =1,..., M, we define
F,, =clipgpo fmogmo---oclipgo fiog, ﬁm = clipRofmogmo'uoclipRofl o1,
and I == id, Fy := id. Then, it holds
F,, =clipg o fim ©gm 0 Fin—1, ﬁ'm = clipp ofm o Gm of‘m_l
form =1,..., M. Note that || F},,|| ., < R and HﬁmHm < Rforany m = 1,..., M due to the clipping.

Forany X € R with || X||_  <randm =1,..., M, we have

‘Fm(X)*ﬁm(X)HOO: ChpRofmogmoFm—l(X)7ChpRofmo§moﬁm—l(X)Hoo
= ([ © 9m © Frne1(X) = Fon 0 Gon © P (30
(" clipp is 1-lipschitz continuous.)
< fmogmoFm—l(X)_fmogmoFm—l(X)H
o

+ Hfm O gm © mfl(X) - fm Ogm o mfl(X)H
+ || 7 0 G © Fons(X) = Fr 0 G 0 Frna ()| _.

For the first term, since ||g,, o Fy,—1(X)|| < (BDRc)? due to the first argument of Lemma using the third argument of
Lemma[J.5} we have

For the second term, the second argument of Lemma [J.5]and the third argument of Lemma [J.6] yield

fnL O dm © F’rn—l(X) - ﬁrL O dm © F’rn—l(X)H S 2(2BW)L(BDRC)2 - 0.
9]

[ 70 9m © Fones(00) = Fon 0 G © B a(X)]| < (BW)E lgin © Frn1 (X) = G © P (X)
< (BW)" - (2BR?c+ (BR)?-1) - 6.

For the thrid term, the third argument of Lemma[J.3]and the third argument of Lemma[J.6]imply

Hfm 0 Gm © Frn—1(X) — J?m 0 G © Fin—1(X)

< (BW)LH§m 6 Fon1(X) = Gim o ﬁm_l(X)H

HOO

oo

< (BW)" - (2B*Re+ BR-5) - | Fru 1 (X) = P (X))

o0

Let A1, A2 be the constants defined by
A\ = (2(2BW)"(BDRc)* + (BW)" - (2BR?c+ (BR)* - 1)) - §
Ao = (BW)" - (2B*Rc + BR - k).

Then, we have

HFm(X) — ﬁm(X)H <A+ A HFm—l(X) - ﬁm—l(X)H

oo oo

This implies

)~ B0+ 12 <0

Thus, by induction, we have

~ A
Fnl—l(X)_Fm—l(X)H + : .
o Ay —1

HFm(X)—ﬁm(X)H Y <A;n.(HFO(X)—ﬁO(X)H

A AT A
) A —1 7

I vl Bl v
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Since Ay > 1, it holds

~ m_1q
| (X) = Fu(X)]|_ < A0 A; = (L e+ AP S g
[e%¢] 2 —
Now, using
M < 32BW)Y(BDRe)? (1 +1)-6, Ao <2(2BW)Y(BDRc)*(1 + &),

we have _

HF(X) - F(X)H < MMM < oML QBWYME(BDRE)?M (1 + k)M (1 + 1) - 6,
which completes the proof. ]

Finally, we prove Theorem[J.3]

Proof of Theorem[J.3]

k=0
L <20 - (2BW)Y
c<U@BWH)Y

Therefore, we have

HF(X) - ﬁ(X)H < oM+1(2BW)ML(BDRU(2BW")Y )2M . (2 : 2U(QBW’)L/) 6

oo

— 2]VI+3(2BV[/)ML(2Bwl)(2M+l)L/ (BDRU)2J\/I+1 . (S

The number of parameters in a FNN is 2W?2L. Additionally, the number of parameters in a gated convolution layer is
2D?. Moreover, the number of nonzero parameters in whole network is bounded by M (S + 2D?). Therefore, the covering
number can be evaluated as

IOgN(S(Mv U,D,L,W, SaB>757 ”Hoo)

< M(S +2D?%)
M (2W?2L + D?) - B - 2M+3(2BW)ML(2BW') M+ DL (BDRU)?M+1
+ log 5
< A + )t (28,
which completes the proof. O

J.1. Proof of Theorem 4.2
Proof of Theorem#-2] Theorem [F.1)implies that, for any 7' > 0, there exists an SSM F € S(M, U, D, L, W, S, B) with

M=1, logU~T, D~TY™ L~T, W~TYooT/a"
8 ~ T max {1/, 72 )27/ | og B~ TV,

such that || — F°|, p < 277 Therefore, it holds

1 - o2 _
it Z |1F5 = Follop, <2 o,
=1

Note that, thanks to the clipping, it holds || F'|| ., < R, and thus this inequality gives the upper bound for the first term of the
right-hand side of Proposition [J.2]
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Next, Theorem[J.3] shows that it holds

T
log N (8,9, ||I'l.) S oT/al pl+2/a 1y {TS/O‘,T4} log 5

Combining the above two inequalities and Proposition[J.2] it holds

2T/ el 42/ ax {T3/% T4} log T

Ry (F,F°) <272 4 -

+ 0.

_al

By setting T' = Tat 71

logn and § = 1/n, we have

A _ O/T
Ry (F, F°) < n” 2l (logn)+2/ max {(1og )3/, (log n)4}.

J.2. Proof of Theorem [4.4]

Proof of Theorem{.4) Theoremimplies that, for any T" > 0, there exists an SSM F € S(M,U, D, L, W, S, B) with
M=TY* U=V, D~T#log?V,
L~T#log?V, W~ 2T/ Teas 1062V
S ~ 2T/ Teas 10g3 V,  log B ~ T log? V,

such that | — F°|, p < 277 Therefore, it holds
1 g o2 —2T
mZ”Fi_Fi 5P <277
t=l
Next, Theorem[J.3]shows that it holds
1
log N (8,8, [[],) < 27/« 7%/ * ¥4 (log V) log .

As same as the proof of Theorem[4.2] we can show that

2T/a'\' T2/ at4ca s (10g V)IO log %
n

Ry (F,F°) <272 4 + 4.

By setting T' = ﬁ logn and § = 1/n, we have

R (B, F°) < o (log ) +2/at4ea s 1og10 /.

K. Additional details on the experiments

All the code was implemented in Python 3.10.14 with Pytorch 1.13.1 and CUDA ver 11.7. The experiments were conducted
on Ubuntu 20.04.5 with A100 PCIe 40GB.

Genomic Benchmark dataset (Gresova et al.l [2023)) is given with the Apache License Version 2.0 and can be accessed
from https://github.com/ML-Bioinfo-CEITEC/genomic_benchmarks! The pretrained model of Hyena
is given with the Apache License Version 2.0 and can be accessed from https://github.com/HazyResearch/
safari?tab=readme-ov-file.

For the training and evaluation of models, we utilized the code provided at https://colab.research.google,
com/drive/1lwyVEQd4R3HYLTUOXEEQmp_I8aNC_aLhlL.

31


https://github.com/ML-Bioinfo-CEITEC/genomic_benchmarks
https://github.com/HazyResearch/safari?tab=readme-ov-file
https://github.com/HazyResearch/safari?tab=readme-ov-file
https://colab.research.google.com/drive/1wyVEQd4R3HYLTUOXEEQmp_I8aNC_aLhL
https://colab.research.google.com/drive/1wyVEQd4R3HYLTUOXEEQmp_I8aNC_aLhL

State Space Models are Comparable to Transformers in Estimating Functions with Dynamic Smoothness

Experiment 1. We used the dataset human_enhancers_cohn of Genomic Benchmark dataset. As for the pretrained
model of Hyena, we used hyenadna-tiny—-1k-seqglen. The model was fine-tuned for 100 epochs. Then, we sampled
20 different test sequences whose correct probability is larger or equal to 0.95. For each sequence, we repeatedly mask the
tokens that maximize the correct probability. The error bar is calculated by the standard deviation of these 20 samples. The
source code for the experiment is downstream_finetune.py and downstream_mask . py, which can be found in
the supplemental material. Finetuning needs around one hour, and masking needs around 90 minutes.

Experiment 2. We used the dataset demo_human_or_worm, and we fine-tuned the model using the data labeled
“human”. As for the pretrained model of Hyena, we used hyenadna—-small-32k-seqglen. The model was fine-tuned
for 10 epochs. Then, we sampled 20 different test sequences that have more than 20 tokens with the correct probability
> (0.35. The error bar is calculated by the standard deviation of these 20 samples. The source code for the experiment is
nextword_finetune.py and nextword_mask.py, which can be found in the supplemental material. Finetuning
needs around 6 hours, and masking needs around 20 minutes.
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