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ABSTRACT

This paper studies the problem of distributed non-convex optimization under pri-
vacy requirements. We develop a differentially private communication efficient
algorithm and study its privacy and utility trade-offs. By introducing the shuffled
model into our algorithmic design, we are able to achieve strong privacy and util-
ity guarantees without relying on a trusted central server. We further show that
our proposed method can achieve improved utility guarantees (faster convergence
rates) compared to previous approaches. Additionally, we present preliminary ex-
perimental results to corroborate our theoretical findings.

1 INTRODUCTION

We consider the following distributed optimization problem with M clients:

M M n
1 1
in F(z) = — F(z) = — 12, 1.1
PO g 2 Pl = g 2 2 o
where F,,, is the objective for client m with its own local dataset D,,, = {2]",..., 2" }. Our goal is

to find a model parameter x that can minimize the problem in equation[I.T|while acheiving differen-
tial privacy (DP) (see Definition [2.4)) for each dataset D,,, where m € [M]. We are interested in the
non-convex heterogeneous case, where f is non-convex and clients have different data distributions.

To solve the distributed optimization problem in equation [I.I| we consider the intermittent com-
munication (IC) setting (Stich, 2018}, [Dieuleveut & Patel, 2019; Woodworth et al., 2021} Bullins
et al., 2021} |Patel et al.|[2022), where M clients work in parallel over R communication rounds, and
each client can sequentially compute 7' stochastic gradient estimates between two communication
rounds. In particular, we are interested in the federated learning (FL) framework (McMahan et al.,
2016; Kairouz et al.| 2021b)), where there exists a central server that will communicate with clients
at each communication round to allow the information sharing among clients.

We want to achieve DP for each individual data record in D,, for client m € [M], i.e., record-level
DP. This is in contrast to many previous works (McMahan et al., 2018} [Kairouz et al., [2021a) for
FL that try to achieve DP for the whole data records in D,,, i.e., client-level DP. The client-level
DP is useful for cross-device FL, where each device/client (such as mobile phone) maintains data
records from a single individual. However, the record-level DP is useful for cross-silo FL, where
each silo/client (e.g., hospital) has data records from many different individuals (e.g., patients), and
it has been considered in many previous works (Murata & Suzukil 2023 [Lowy et al.| 2023} |Girgis
et al.,|2021) for FL. In addition, we assume the central server is not trustworthy and thus we want
to protect against the curious central server. This is motivated by several findings (Boenisch et al.,
2023) highlighting the significant privacy leakage issues caused by the central server in FL.

Many attempts have been made to deal with the untrusted server. For example, one can use the
secure aggregation techniques, such as multi-party computation (MPC), in FL. (Jayaraman et al.,
2018). However, these techniques often suffer from huge computational and memory costs, par-
ticularly in scenarios involving a large number of clients, extensive data records, and significant
model sizes. Another straightforward way is to achieve local DP (LDP) (Beimel et al., | 2008} |Duchi
et al., 2013)) for each client. Nevertheless, LDP mechanisms often lead to poor privacy and utility
trade-offs (Duchi et al 2013). A recent line of study (Cheu et al 2019; Balle et al., |2019; [Feld-
man et al., [2023)) shows that one can significantly improve the privacy and utility trade-offs of LDP
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Table 1: Comparison of convergence rates for different (¢, §)-DP algorithms in the IC setting. The
results are presented by ignoring numerical constants and the logarithmic dependence. 7 is the
heterogeneity (see Assumption of the problem and 7 < 2L. b is the batch size used by local
update algorithms for their local updates, K is the number of local steps. * DIFF2 requires Mn >
G2d'/?)(LDre), which implies (dDpLG)?/3/(Mne)*/3 > dG?/(Mne)?. Red terms indicate
additional errors introduced by using mini-batch gradients instead of full gradients at the server and
¢ = Mne/(RAMKb)'/2. + SDP FEDPROX-SPIDER has an extra log(R/§) dependency compared
our method due to the advanced composition used in its privacy guarantees (Abadi et al., 2016).
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Theorem A 4| DpL | (dDpLG)2/3 a2
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mechanisms through the shuffled model by amplifying privacy guarantees through anonymization
(the privacy guarantee will be amplified by a factor of 1/+/M). Therefore, we propose to follow the
idea of a shuffling model such that clients will first send their local updates to a secure shuffler. The
shuffler will then randomly permute clients’ updates and send the shuffled messages to the server.
See Figure [2]in Appendix [A.4]for a simple illustration. Equipped with a secure random shuffler, we
can achieve strong privacy and utility trade-offs and handle the untrusted central server.

Related work. Recently, lots of efforts (Noble et al., 2022} |Liu et al., 2021} |Li et al.| 2022} Lowy
& Razaviyayn, 2022} Murata & Suzuki, [2023; [Lowy et al.| 2023} |Girgis et al., 2021) have been
made towards achieving DP in FL. The works most closely related to ours are those by [Murata &
Suzuki| (2023); [Lowy et al| (2023)), which also consider solving the problem in equation [I.I| within
the non-convex setting while achieving record-level DP. For example, Murata & Suzuki| (2023)
proposes two differentially private algorithms, including one mini-batch algorithm (i.e., DIFF2-
GD) and one local update algorithm (i.e., DIFF2-BVR-LSGD), based on the non-private BVR-
L-SGD algorithm (Murata & Suzukil 2021). For mini-batch algorithms, each machine computes
the stochastic/mini-batch gradient estimates at the same point (model parameter) for 7' times to
generate a large mini-batch gradient estimate. On the other hand, in the local update algorithm,
each machine computes stochastic/mini-batch gradient estimates at different points for each local
step and uses them to update the local model. They provide the convergence guarantees of their
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methods, showing that the local update algorithm can achieve a faster convergence rate than the
mini-batch algorithm when the problem heterogeneity (see Assumption is low. However, their
approaches not only require a trustworthy central server but also ask clients to send full gradients
to the server for constructing a global differentially private gradient estimator. |[Lowy et al.| (2023)
establishes a differentially private mini-batch algorithm, namely SDP FEDPROX-SPIDER, which
builds upon on the non-private SPIDER algorithm (Fang et al., 2018). Although their method can
handle the untrusted central server through the shuffle model, it fails to benefit from the problem’s
low heterogeneity and requires full gradient computations from the clients.

Contributions. The contributions of our work are summarized as follows.

* We develop a differentially private algorithm CE-PSGM for solving the distributed non-convex
optimization problem with heterogeneous data. At the core of our algorithm is the non-private
communication efficient local update algorithm (Patel et al., [2022)) and the shuffled model (Feld-
man et al} [2023). By using a secure random shuffler, our method is able to address the scenario
where the central server is untrustworthy. Additionally, our approach can seamlessly reduce to
the mini-batch algorithm (i.e., MB-PSGM), which is widely used in practice, by omitting local
updates.

* We show the convergence guarantees of our proposed method. Specifically, our mini-batch algo-
rithm achieves a faster convergence rate than existing mini-batch algorithms (Murata & Suzuki,
2023; |Lowy et al.| 2023). Furthermore, for the local update algorithm, our method attains the
state-of-the-art convergence rate (Murata & Suzukil, [2023). More importantly, we illustrate that
the local update algorithm can converge faster than the mini-batch algorithm when the problem
heterogeneity is low. Detailed comparisons are provided in Table

* Compared to existing methods (Murata & Suzuki, [2023} |Lowy et al.,2023), our proposed method
allows clients to transmit mini-batch gradients, as opposed to full gradients, to the central server
for constructing the global differentially private gradient estimator, while also achieving fast con-
vergence rates. This advancement is made possible through our new privacy amplification results
(Lemma [2.7), which take into account the combined effects of data sampling and random shuf-
fling.

Notation. We use 5 to denote the index set. [n] denotes the set {1,2,...,n}. We use < to denote in-
equality up to numerical constants and poly-logarithmic terms, and let Dy = F'(z¢)—inf,cga F(x).

2 PRELIMINARIES

Our goal is to find an e-approximate stationary point of F, i.e., a point z € R? such that
E||VF(z)||3 < ¢, thatis also DP. We have the following assumptions on the objective loss functions.

Assumption 2.1. f(x;z) is G-Lipschitz, i.e., Vo,y € R, |f(z;2) — f(y;2)| < G|z — y|2-

The Lipchitz assumption is a standard assumption in the differentially private optimization literature
(0, and it is necessary for us to show the convergence of our method.

Assumption 2.2. f(z;z) is L-smooth, i.e., Va,y € R, |V f(x;2) — Vf(y;2)|l2 < Lljx — y|l2

‘We make the following assumption that relate the functions of different clients to one another, which
is also known as the ‘“‘heterogeneity’ of the problem.

Assumption 2.3. The objective function of each client is second-order 7-heterogeneous, i.e., Vm €
[M], SUPye[M],zeRd [V2Ep(x) = V2F(x)[2 < 7.

Assumption [2.3| can always be satified by setting 7 > 2L for smooth functions. This second-order
heterogeneity assumption has been previously considered in the non-private setting (Karimireddy
et al., 2021; Murata & Suzuki, 2021} |Patel et al., 2022)), and is crucial to show the benifits (Patel
et al.| 2022) of the local updates when 7 < L.

We next introduce the notions of differential privacy (Dwork et al., [2006) and Rényi Differential
Privacy (RDP) (Mironov, 2017). In our privacy analysis, we use RDP to account for privacy loss
and then state our results by converting the RDP guarantee to (¢, 0)-DP guarantee.

Definition 2.4 ((¢, 9)-DP). A randomized mechanism M satisfies (e, d)-differential privacy if for
adjacent datasets D, D’ differing by one element, and any output subset O, it holds that P[M (D) €
O] <e-PIM(D') € O] + 6.



Under review as a conference paper at ICLR 2024

Definition 2.5 (RDP). A randomized mechanism M satisfies («, p)-Rényi differential privacy
with @ > 1 and p > 0 if for adjacent datasets D, D’ € D differing by one element,
Da(M(D)|[M(D")) = log E g pry (M(D)/M(D')" /(1 — ) < p.

We can use the following Gaussian Mechanism (Mironov, 2017) to acheive RDP.

Lemma 2.6. Given a function ¢, the Gaussian Mechanism M = ¢(D) + u, where u ~
N(0,0%T), satisfies (c, «S2/(202))-RDP, where Sy is the /5-sensitivity of ¢ and is defined as
So = supp pr |¢(D) — q(D")||2 for two adjacent datasets D, D’ differing by one element.

In our algorithmic design, we propose to use both data sampling and random shuffling (see line 5
to line 12 in Algorithm[I)) at r-th communication round to construct the global differentially private
gradient estimator, and we denote this process by M, (see detailed definition in Appendix [A.3).
Therefore, we provide the following new privacy amplification result that captures the combined
effect of data sampling and shuffling on the privacy guarantees.

Lemma 2.7. Let v = B/n and My, is an ¢p-LDP mechanism. Then the mechanism M, is
(v, 2672 ap)-RDP with p = ce§ /(M B) for all a € [2, M B/(4cepe)] and some constant ¢ when
v<0.1,p<0.1,e0 > 1, ¢ > 16€g log(1/7), 6ce® < M Blog(1/9).

3  METHODS
The proposed algorithm, i.e., CE-PSGM, is illustrated in Algorithmm

Algorithm 1 Communication Efficient Private Stochastic Gradient Method (CE-PSGM)

input Initialization x, iteration number R, step size 7, local steps H, batch sizes By, B1, B2, weight param-
eters /3, clipping parameters C1, C2, C3, noise parameter o2, LDP parameter o

1: Letzp =2-1,0-1=0

2: forr=0,1,...,R—1do

3 ifr=0setp=1,Q=1,B=DBpelsesetp=05,0Q=H,B =B

4 Send (communicate) (z,, z-—1) to clients
5:  onclient m € [M] do
6.
7

Data sampling: choose B samples uniformly at random indexed by 3, )
Compute stochastic gradients: g%, = Vf(zr;2") — Vf(zr_1;2]") and g2’ = Vf(vr—1;2"),
where i € B

8: LDP estimators: g’ = My, (CLIP(g,l,;fT7 C’Tl)) and g2’ = My (CLIP(g,Q,;’;T7 C’f)), where C} =
Cl”-rr _-Tr—1||25 072‘ = CQ_ )
9: Send (communicate) ({Gy;' }icsm , {Gm'r }iesm ) to the shuffler

10:  end on client

11:  shuffling: Shuffler randomly shuffles {gy’, }iem me(ns) and {Gii', YicBm me () and Send (commu-
nicate) them to the server ) )

12:  Private VR term: o, = (1 — p)or—1 + 5315 %:1 f;l (1= p)gm’s + pgm’s)

13:  Send (communicate) (z,, ) to client m,, where m.. is (r mod M + 1)-th client

14:  on client m, do

15: Set: w:'j_"m = wfjj‘l’o = xr,@;’fo" = Ty
16: fork=1,...,H do _
17: Data sampling: choose Bz samples uniformly at random indexed by B
. m My LM My . m k ko _
18: e = BLQ ieBm, CLIP(Vf(w:'f‘_L,€7 zit) — Vf(w:'f‘_l’k_l, 2"),CF), where CF =
C3||w:f,f1’k - wvﬁ’i,kﬂ”? - -
19: Private gradient estimator: 9,y = 9,y | + di"y + v, where v ~ CcF . N(0,0%1)
20: Update: w,\} 4y = W,y — 00,
21: end for R
22: Send (communicate) (w;}; ;) to the server

23:  end on client _

24 Letxri1 = w1y gy

25: end for B

output Choose Z uniformly from {w:’:‘,g Yrelr) kelm

Our method is motivated by the communication efficient local update algorithm (Patel et al., [2022).
At the central server, we construct a private global gradient estimator v, (see line 5 to line 12)
through a secure shuffler. Specifically, each client m € [M] first computes stochastic gradients
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{93, 95" Yiepp for a random subset B} of By < n samples (line 7). Then, the client applies the
€o-LDP mechanism M, to these stochastic gradients (line 8). Each client sends the LDP stochas-
tic gradients {g,,;’,, g5', Yicpm to the secure shuffler. The shuffler outputs a random permutation
of the received gradients and sends them to the server (line 11). Finally, the server will aggregate
the received gradients to construct v, (line 12), a private variant of the STORM gradient estimator
(Cutkosky & Orabonal [2019). For the local updates, we propose to use the private gradient estimator
@:f?,;‘ (line 19), which is constructed by adding random Gaussian noise to the SARAH gradient esti-
mator (Nguyen et al., 2017)). Given these two private gradient estimators, we are able to make use
of the low heterogeneity of the problem to achieve a faster convergence rate (Patel et al.,|[2022). In
addition, the secure random shuffler allows us to not only achieve strong privacy guarantees through
anonymization (Feldman et al., |2023)) but also deal with the untrustworthy central server. For the
€o-LDP mechanism M, we propose to use the method proposed by |Duchi et al.| (2018) for the
private mean estimation problem. The detailed algorithm can be found in Appendix [A.4]

If we want to implement our algorithm in the IC setting with parameter T', we can set H = K, By =
b,By = Kbin Algorithm and let Kb = T'. In addition, if we set H = 1, our method reduces to
the mini-batch algorithm (MB-PSGM), i.e., the algorithm without local updates on the clients. By
setting B; = Kb, we can also implement MB-PSGM in the IC setting with parameter 7". Note that
if we are using full gradients to construct the private gradient estimator v, at the central server, i.e.,
By = n > T, we can divide the full gradient computation into [n/T"] rounds of communications.
We assume these settings of parameters to present the theoretical results of our methods.

4 MAIN RESULTS

In this section, we present the privacy and utility (convergence) guarantees of our methods.
Theorem 4.1 (Privacy of CE-PSGM). If we set local steps H = K, batch sizes By = by, By =
Kb, B, = b, noise parameter 62 = O( max { K}?\ﬁ%(j/ 89 logb(21 E/ 3) ), then under conditions that

€0 = O(1), e = O(log(1/6)), Mnmin{~yy,y1} = Q(log(1/6)/e), where g = bg/n, 1 = Kb/n,
Algorithmis (€,6)-DP with e = O(y/ (70 + Ry1)log(1/6)/(Mn)).

Note that the privacy budget € is restricted to be the order of y/~v; R/Mn due to the technical re-
quirements of amplification by shuffling results (Feldman et al.l 2023). This is also the case in the
previous work (Girgis et al.,[2021) of using the shuffle model. This restriction is mild since we can
choose a larger R to achieve the privacy guarantee in the low privacy regime.

We can also use full gradients to construct the global private gradient estimator v, (line 5-12 in
Algorithm E]), as in the previous works (Murata & Suzukil |2023; [Lowy et al.,[2023), and we denote
this algorithm as CE-PSGD-FG. According to Theorem (4.1, we only need to set By = By =
n,% = 71 = 1 to achieve its privacy guarantees. As we mentioned before, if we set H = 1,
then Algorithm [T]reduces to the mini-batch algorithm and we denote it as MB-PSGM. The privacy
guarantees of MB-PSGM can be found in Appendix [A.T]

Theorem 4.2 (Utility of CE-PSGM). Suppose f satifies Assumptions [2.1§2.3] and we
choose the same parameters H, By, B1,Bs,0,¢p as in Theorem @.I If we set C; =
Cy = LC, = G, B = max{i min{<Mne>2/3<DFL>2/3 <MKb>1/3<DFL>2/3}} n o=

R dl/3 RG4/3 R2/3G4/3
: v b ne .
mm{ \/‘%Vi , {%KL,%, =, %,ﬁ}, and assuming 1/(Rby) < B2/(Kb), B < 1, ¢ =

O(log(1/6)), M min{by, Kb} = Q(log(1/6)/€), Kb < n, by < n, then Algorithm []satisfies
2 Dpr  DpL | DpL (DpLG)?/? G? DrILNd  DpLVd

E||VF(z
IVF@I. s =5~ + R * mvis * ikw2E T MEWE T Rk T VRMne
non—private error private error local

dDpLG)?/3 dG?
1 1/3 ( F
+( +0+ 0 ) (Mne)1/5 +M2n262’

private error server

where ¢ = Mne/v/ RAM Kb.

According to Theorem [4.2] the utility guarantee consists of three parts. The first term, non-private
error, represents the optimization error. The second term, private error local, corresponds to the
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Figure 1: Numerical results of our proposed MB-PSGM-FG algorithm under different privacy
budgets. We can see that our method can achieve reasonable performance even in the high privacy
regime.

error introduced by the Gaussian mechanism during the local training. The third term, private error
server, is due to the private mechanisms for constructing the global private gradient estimator v,- at
the server. If € — oo, i.e., there is no privacy guarantee, this result reduces to the non-private result
(Patel et al., 2022) by replacing the stochastic gradient variance with G2.

Compared to previous works (Murata & Suzuki, 2023 Lowy et al., [2023)), our method enables the
use of mini-batch gradients, as opposed to full gradients, for constructing v, at the server. This will
cost additional errors (DpLG)?/3 /(M Kb)?/3 + G? /(M KbR) in the non-private error term, and
introduce additional ¢ + ¢'/3 factor in the private error server term. The detailed utility guarantees
of using full gradient for ¥, can be found in Appendix [A-T} and we refer it as CE-PSGM-FG.

The detailed comparisons of different algorithms are summarized in TabldI] Firstly, setting H = 1
enables us to derive the utility guarantees (refer to Appendix[A-T) for the mini-batch algorithms MB-
PSGM and MB-PSGM-FG (utilizing full gradients for v,.). Compared to the mini-batch algorithm
DIFF2-GD (Murata & Suzuki, 2023)), the MB-PSGM-FG method attains a faster convergence rate
by eliminating the additional D L+/d/(Mney/R) term. Additionally, MB-PSGM-FG converges
faster than SDP FEDPROX-SPIDER (Lowy et al., [2023), which suffers from an extra log(R/¢)
dependency due to the advanced composition used in its privacy guarantees (Abadi et al.| [2016).
Secondly, the convergence rate of our local update algorithm CE-PSGM-FG is on par with the
state-of-the-art local update method DIFF2-BVR-LSGD (Murata & Suzuki, 2023)), without the
need for a trustworthy server. Lastly, the local update algorithm proves more efficient than the mini-
batch algorithm when the heterogeneity parameter 7 is small and the number of local steps K is
large, provided R is sufficiently large.

5 NUMERICAL RESULTS

In this section, we present preliminary numerical results to evaluate our proposed method. Figure|[T]
illustrates the performance of MB-PSGM-FG method under different privacy guarantees. We can
see from Figure [I] that our method can achieve reasonable performances even under high privacy
regime. More details about the datasets, model architectures and algorithm parameters can be found

in Appendix[A2]
6 CONCLUSION AND FUTURE WORK

In this paper, we develop a differentially private communication efficient algorithm for solving the
distributed non-convex optimization problem under privacy constraints. We show that our proposed
method can achieve faster convergence rates than the previous methods without relying on the trusted
server. We also present preliminary experimental results to evaluate the performance of our method.

As for the future work, we plan to conduct more experiments to thoroughly evaluate the perfor-
mances of our methods. We also plan to study the optimality of our algorithms.
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A APPENDIX

A.1 ADDITIONAL RESULTS
If we set the local steps H = 1, then Algorithm |l|reduces to the mini-batch algorithm, i.e., MB-
PSGM. We have the following privacy guarantee of MB-PSGM.

Theorem A.1 (Privacy of MB-PSGM). If we set local steps H = 1, By = by, By = Kb, then
AlgorithmI]is (e, §)-DP for any § > 0 with

(o R
Mn
where 7o = bo/n, 71 = Kb/n and under the conditions that e = O(1), ¢ = O(log(1/4)),
Mnmin{y,v1} = Q(log(1/6)/e).

Similarly, we can set 79 = 1 = 1 to obtain the privacy guarantee of our mini-batch method using
full gradients, i.e., MB-PSGM-FG.

Note that if we use full gradients to construct v,. at the server, we have the following utility guarantee.

Theorem A.2 (Utility of CE-PSGM-FG). Suppose f satifies Assumptions 2.3l we choose
By = By = n, and set parameters H, Bs, 0, ¢g the same as in Theorem 4.1} If we set

clipping paramters C;, = Cy = L,Cy = G, 8 = max{%,%}, step size

n = min{‘/m/["E S EL/ TR | }, and assuming § < 1, e = O(log(1/6)), Mn =

VARKL’> L’ K7’ VKL’ VKdLo
Q(log(1/8)/€), then the output T of Algorithm I]satisfies

Dpr  DpL = DpL +DFL\/& +DFL\/8 (dDFLG)2/3+ dG?
R RK  RVKb RVEKeb ~RMne (Mne)*/3 — M2n2e’

non—private error private error local private error server

E|VF@)]3 <

As we mentioned before, if we choose the local steps H = 1, Algorithm reduces to MB-PSGM.
We have the following utility guarantee for MB-PSGM.

Theorem A.3 (Utility of MB-PSGM). Suppose [ satifies Assumptions and we choose

the same parameters H, By, B, Bs, €y as in Theorem If we set clipping paramters as
. ne)?/3 2/3 ) 1/3 2/3 ]
Ci = L,Cy =G, 3= max{%,mln{(M dz/sR(gf/g) a(MK?-t)z/séegL) }}’ stepsize 7 =
: vV b ne .
mm{%,%,%}, and assuming 1/(Rby) < B2/(Kb), B < 1, ¢ = O(log(1/9)),

M min{by, Kb} = Q(log(1/8)/e), then the output Z of Algorithm |]satisfies

DrL (DpLG)*? G?

~\ |12
EIVF@IL s =5+ Grxps * 3w

non—private error

1y Mne 2+ Mne 1/3 (dDFLG)2/3+ dG?
(RAMKDb)'/2 (RAMKDb)'/2 (Mne)i/s " MPp2e

private error server

We can also provide the utility guarantee for the minibatch method using full gradients to construct
v, as follows.

Theorem A.4 (Utility of MB-PSGM-FG). Suppose f satifies Assumptions we choose
By = By = n, and set parameters H, ¢, the same as in Theorem[A.T] If we set clipping paramters

ne)2/3 2/3 . . .
C1=L,Cy =G, = max {%, %}, stepsize = min { \/‘/%J;L, % , and assum-
ing 8 <1,e=0(log(1/d)), Mn = Q(log(1/d)/e), then the output Z of Algorithm I]satisfies
. DrL (dDpLG)?/3 dG?
E[|VF(@)|3 < — .
H (x)HQ ~ R (Mne)4/3 + M2n2e2
——

non—private error private error server
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A.2 EXPERIMENTS

We consider the regression task to evaluate our proposed method MB-PSGM-FG on the California
Housing dataset Following the previous work (Murata & Suzuki, [2023), we randomly divide the
dataset into 80% train dataset and 20% test dataset, resulting in a train dataset of size 16512 and a
test dataset of size 4128. We then randomly split the train dataset into 10 subsets and assigned each
of them to one of 10 clients.

We use the same neural network as in [Murata & Suzuki| (2023). We set the communication rounds
as R = 500 with € € {0.4,0.8,1.6}, 6 = 10~°. We choose the clipping parameter for MB-PSGM-
FG from {1, 3,10, 30,100}. We tuned the learning rate by setting it to 0.5 originally. Our algorithm
checked the train loss every 20 communication rounds. If all 500 communication rounds finish
without the train loss increasing to over 1.05 times its previous value 3 times in a row, the learning
rate is finalized. Otherwise, we halve the learning rate and restart training. This process is repeated
until the model completes R communication rounds successfully.

We evaluate our method using 3 metrics: train loss, squared train gradient norm, and test loss. We
plotted the mean and standard deviation of these metrics over the 5 repeated runs.

A.3 PROOF OF PRIVACY GUARANTEES
First of all, we present several useful lemmas that will be uses to prove our main results.

Given a privacy guarantee in terms of RDP, we can transfer it to (¢, d)-DP using the following
lemma.

Lemma A.5. (Mironov, 2017) If a randomized mechanism M satisfies («, p)-RDP, then M satis-
fies (p + log(1/0)/(cv — 1),6)-DP for all 6 € (0,1).

Recall that, according to Lemma@], we can use Gaussian mechanism to achieve RDP. In addition,
we have the following privacy amplification by subsampling result for the Gaussian mechanism.
Lemma A.6. (Bun et al.l[2018) Let M be an Gaussian mechanism that takes a dataset of n < NV
examples as an input and v = n/N is the sampling rate. If M is (o, S5 /(202))-RDP, then when
we apply M on a subsampled dataset, which consists of 7N examples sampled without replacement
from the input dataset with size N, it is («, 6253 /o%)-RDP provided that v < 0.1, ¢/Sy > /5,
and o < 02 log(1/7v)/(253).

We have the following composition result for RDP.
Lemma A.7 (Mironov| (2017)). If k randomized mechanisms M, for i € [k], satisfy («, p;)-RDP,

then their composition (M (S), ..., My(S)) satisfies (c, >+, p;)-RDP. Moreover, the input of
the i-th mechanism can base on the outputs of previous (i — 1) mechanisms.

We have the following privacy amplification by shuffling result.

Lemma A.8. (Feldman et al.l 2023) For any domain D, let M; : O1 X -+ X O;_1 x D — O;
for i € [N] be a sequence of algorithms such that M;(01.,-1, ) is an €9-DP local randomizer for
auxiliary inputs 01,1 € Oy x ---O;_1. Let A : DV — O; x --- x Op be the algorithm that
given a dataset z1.y € DN, samples a uniform random permutation 7 over [N], then sequentially
computes 0; = M;(01:-1, Zr(;)) for i € [N] and outputs o01.,,. Then, for g > 1 and any 2 < o <
n/(32epe®), Ais (a, ap)-RDP, where

where ¢ = 1536.

Given these lemmas, we are ready to prove our privacy amplification by subsampling and shuffling
result, which is key to provide the strong privacy and utility guarantees of our method.

Before that, following |Girgis et al.| (2021)), let us first formally define the mechanism M,. for each
round r, i.e., the resultant mechanism of both subsampling and shuffling that corresponds to lines
5-12 of Algorithm To be more specific, recall that each client m € [M] has its local data

'https://www.dcc.fc.up.pt/ Itorgo/Regression/caly, ousing.html
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Dy, = {2",...,2m} and let D = UM_, D,, denote the entire dataset. Fix a round r, we let
Ml(xT, Zy—1, D) be the private mechanism at round r that takes the entire dataset D, auxiliary

inputs (2,,,_1) and generates the private term 15 Zm 1 Zl (1 = p)gt, at the server. In
particular, according to Algorithm[I] we have

M, (xr, 2,1, D) == Hup o (G1,- -, Gur), (A.D)
where G}, = samp,, p(Mr(d}!), ..., Mp(dy")) and d),}, := CLIP(g}",,C}), Vm € [M] and
Vi € [n]. Here Hpsp denotes the shufﬂlng operation on M B elements and samp,, p denotes the

subsamphng operation that chooses a random subset of B elements from a set of n elements. Note
that since the same mechanism My, is applied, we have the output distribution of first applying sub-
sampling and then private mechanism M, is equal to that of first applying private mechanism M,
and then subsampling. Similarly, we let M2 (z,._1, D) be the private mechanism at round 7 that takes

the entire dataset D, auxiliary input x,._; and generates the private term M 5 Zm 1 ZL 1 pgm - at
the server. In particular, according to Algorithm[I] we have

Ms(xr—la,D) :=Humpo (912’ e "gJQW)a

where G2, = samp,, p(Mr(d%,),. .., Mp(dy")) and d%', := CLIP(g%",,C?), Ym € [M] and
Vi € [n].

Finally, let the composite mechanism
M’l’(mra Ly—1, D) = (M}‘((Era Ly—1, D)7 Mg(mrfla D)) (Az)

be the private mechanism that takes the entire dataset D, auxiliary input (z,., z,_;) and generates
the private VR term @, at the server. That is, M, can be viewed as a transformation of M, via both
subsampling and shuffling, both of which can be used to amplify privacy. Thus, one natural question
is whether these two amplification effects can be combined to yield an even stronger amplification
of privacy. This is answered affirmatively by the following lemma.

Lemma A.9 (Restate of Lemma . Let v = B/n, and M, is an €p-LDP mechanism. Then the
mechanism M,. defined in equation is (o, 267%ap)-RDP with p = f\f[; and ¢ = 1536 for
all o € [2, MBlos(1/7)

0.1,e0 > 1; (11) c >0 16€q log(1/7); (i) 6ce® < M Blog(1/7).

] when the followmg condmons are satisfied: (i) v € (0,0.1],p = S5 <

Proof of Lemma[2.7] For notation simplicity, we denote M, (x,,z,_1,D) by M, (D) since our
follow-up analysis holds for all x,., z,_;. We will focus on /\/l1 and the same result holds for M?2.
The final result for M, follows from the composition result for RDP as in Lemma[A.7]

As in (Girgis et al.|(2021), we first define Z(D,) = HMB(ML(dl) ., Mp(dMB)), which is
a shuffling of M B outputs of a local mechanism M, where D, is an arbitrary set of M B data
points (d.,...,d?). Then, by Lemmal|A.8| the machanism Z is (c, ap)-RDP, where 2 < o <
MB/(32¢pe) and p < ce® /(M B) for ¢g > 1.

Now, we aim to relate our /\/11 in equationto the above mechanism Z. To this end, let 7, , C
{1 .,n} denote the random identities of the B data points chosen at client m at round r. Let
Dlmr = {z : j € Tmyr}s ie., the subsampled data points at client m in round r. Thus, let

DT+ = UM_ DT then we can write ML = Z(D7+).

Our next observation is the key step: Due to (i) independent subsampling of data points at each
client and (ii) no subsampling of clients, the privacy amplification in our case basically reduces to
the standard case, i.e., a single agent subsamples B points (without replacement) from a total of n
data points. In other words, M can be viewed as first applying a subsampling with ratio B/n and
then a private mechanism Z with RDP guarantee stated above. Thus, we can apply Theorem 13
in/Bun et al.[(2018) to obtain that M is (v, 13y2ap)-RDP with v = B/n and p = jj; ,c = 1536

forall o € [2, %3(01/7)]
0.1,e0 > 1; (ii) ¢ > 16€g log(1/7); (iii) 6ce < M Blog(1/7).

when the following conditions are satisfied: (i) v € (0,0.1], p = ‘;\f;; <
Finally, given that the same privacy guarantee holds for M2, by composition of RDP, we have that

M, is (ar, 267%ap)-RDP with v = B/n and p = S5, ¢ = 1536 for all o € [2, %gfolm] when
the above conditions (i - iii) are satisfied.

O
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Now, we are ready to prove the privacy gaurantees of our method.

Proof of Theorem Privacy guarantee of the variance reduction term at server. Note that we
need to shuffle both { g}ﬁfr}ie s and { gﬁ;jT}ie pm at r-th iteration. We denote these two mechanism

as M7}, and MG?2 . According to Lemma M and M2 are (a,ap)-RDP, where j =
26v1p and y; = By/nforr > 0and 3 = By/n forr = 0, p = ce®/(Mn) for ¢g > 1 and
under conditions that p < 0.1, ¢ > 1,2 < a < MBlog(1/v)/(4ce), 6cec® < M Blog(1/7),
¢ > 16¢eplog(1/v), where B, 7 denotes By, By and ~; for simplicity. Note that the conditions

p <0.1,¢ > 16¢g log(1/7), 6¢ce® < M Blog(1/v) can be satisfied when M B is large enough.

Privacy guarantee of the local update for the selected client. According to Algorithm|I|(line 12),
we use one client for the local update, then each local data set D; for i € [M] will be used at most
[R/M times. Furthermore, at r-th communication round, the selected client will use subsampled
Gaussian mechansim (line 17-line 19), denoted by M;ﬁ with sampling rate v, = B3 /n at k-th local
update. Therefore, according to Lemma at r-th round, the k-th local update for the selected
client is (c, p2)-RDP with respected to the selected local data set, where py = 24y2a/(B30?). In
addition, we need the conditions 7o < 0.1, Boo > 2+/5, and o < 02B2 log(1/v2) /2.

Privacy guarantee of Algorithm[I} By the composition and post processing results in Lemma[A.7]
we have that Algorithm [1]is (o, 2apy + 2(R — 1)apy + K[R/Mp2)-RDP, where gy = 267op,
p1 = 26710, p2 = 24y3a/(B30?), vo = Bo/n, y1 = B1/n,¥2 = Ba/n, and p = ce® /(Mn). In
addition, we require the conditions that v < 0.1, Byo > 2v/5, and a < 02 B2 log(1/72)/2, and
2 <o < MBlog(1/v)/(4ce®), 6ce < M Blog(1/7).

Finally, by Lemma we have that Algorithm [1]is (2apy + 2(R — 1)ap; + K[R/M]p2 +
log(1/6)/(a — 1), §)-DP. Therefore, we have

_ 52¢(y0 + Ry e < C(v0 + Ry1)e3 log(1/6)

B Mn - Mne ’

where C' is a constant, and the last inequality is due to the choice of @ = 1 + 21og(1/)/e, e =
O(€2) when €y = O(1), and € = O(log(1/6)). Therefore, if we choose

2app + 2(R — D)apy

Mn
= ¢ 2C(y0 + Ry1) log(1/6)’ (A
we have
2ap0 +2(R — 1)ap; = €/4.
Note that we choose eg = O(1), we have
o= o TR ETea1T
Mn

Furthermore, the conditions 2 < aw < M Blog(1/7)/(4ce®), 6cec® < M Blog(1/v) will be satis-
fied if we have ¢g = O(1), € = O(log(1/9)), Mnmin{vp, 1} = Q(log(1/0)/e).

In addition, we have

_yOReKIR/M] ) aK[R/M]

K[R/Mp2 B2 24 > <e/4,
where the last equality comes from the fact that
KRlog(1/06) log(1/6)
2 _
o = O(max { Mn2@ Bl . (A4)

In addition, the conditions Byo > 2+/5 and @ < 02 B2 log(1/72)/2 can be satisfied due to 02 =
O(log(1/68)/(B3¢)) and € = O(log(1/9)).

As a result, we have that Algorithm is (e,8)-DP with

- (9<\/ (0 + Ron) og(1/0) )

Mn
under the conditions that g = O(1), e = O(log(1/0)), Mnmin{vo,y1} = Q(log(1/)/e). O
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Figure 2: Illustration of the shuffled model.

Proof of Theorem[A.]] Following the similar arguement as in the proof of Theorem [.1] about pri-
vacy guarantee of the variance reduction term at server, we can get our result. O

A.4 PROOF OF UTILITY GUARANTEES

Recall that we are using the following €y-LDP mechanism M, (Duchi et al., 2018)) in Algorithmm

Algorithm 2 LDP Mechanism (M : client-side LDP method)
input x with bounded ¢ norm C, local privacy parameter €g

N { Crme  Wwith probability 1 + H;gﬂ

—C m , otherwise.

2: Sample v uniformaly from the unit sephere S d
3 T sigr.l ((v, z))v, with probability 1+650 ,
—sign ((v, 2))v, otherwise.

4: z = BZ, where B = C4HL \gdr((d+:)1)

output z

To provide the utility guarantees, we need the following lemmas.

Lemma A.10. (Duchi et al., 2018 The menchanism M, in Algonthmlls €o-LDP. In addition, for
any v € R? with [|z|y < C, we have

e +13y/mVd

E[M(2)] =z and [Mr(2)ll2 < C Z———

Lemma A.11. (Lei et al., 2017) Consider vectors a; satisfying >, a; = 0. Let B be a uniform
random subset of {1, 2,...,n} with size m, we have

IEH;ZCLI

i€B

2

1{|B] < n} < 2
g L i 12,
< H T D

2

Now, we are ready to provide the utility guarantees of our method.

Proof of Theorem Note that according to the clipping parameters we choose, we do not execute
any clipping procedure in Algorithm[I] Therefore, according to the local update in Algrotihm[I]and

14
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the smoothness, we have

_ _ _ L -
F(wq g1) < F(w 111 k) + (VE(w” Wiy )y Wiy g1 — Wik ) §Hwﬂ1,k+1 —w

i 1 w w i
= F(w’ ) + m <||wr+1,k+1 —Wpiq g T UVF(er,k)Hz n?(|VE (W} Wy, W3

_ _ L - _
o w:f;l,kn%) D s — 0l

= F(w ;) — ||VF( wih w3 + ||ﬁffk ~ VF (w013
1 L m w2
- % D) ||wr+1,k+1 - wr+1,k||2
m m L, &
< Fwy g) — ||VF( wiy )l + ||Urk VE(wy p)llz — %er-&-l,k-i-l —w
(A.5)
where the last inequality is due to the fact that n < 1/(2L).
Rearranging terms in equation [A-5] we can get
2 _ 2 m m — L = w2
HVF( W41, Wll° < E(F(wr-&-l,k) - F(wr+1,k+1)) + ||Ur,k VF( Wy, k)H2 2772 ||wr+1,k+1 - wr+1,k||2'

. 7'77, _ 7’77, _ . . . .
Since w; 11 =T and w;’ 1, K41 = Tr+1, averaging over K and taking expectation, we can obtain

K

K
1 e _

e ZEHVF w1 < K—(EF(xT) EF(2,41)) + e ZEHU% — VEw )3

k=1 k=1

K
1 - -
2K Z w1 — wr+1,k||§- (A.6)
k=1

fes : =7 _ 5 J _ 5 ) J _
In addition, for any j, we have Uyp = Uppg + dy_, +vp = Uy g1+ VFj7BZ‘,k(wr+17k)

VFj B (wf;_s_1 k1) T Vk, where v ~ C3 - N(0, o>1). Therefore, we can obtain
"k ’

E||o? , — VF(wl )3
=E|| (TjiJc—l - VF(wr-‘rl,k—l)) + vk
+ (VFJ; i (wZ+17k> - VFLB{;,k(wz—&-l?k—l) - VFj(werl k)t VF-(wfiH k—1))
+ (VFj(w!] wy g y) — VFj(wi+1,k_1) + VE(w) 4y jq) = VF(w) g, )H2
= EHVF J (wr+1,k) - VFj,Biyk(wvj;—H,k—l) - VFj(er,k) + VFj(er,k_l)H; + E[lv]l3

+E| (2] Uy k1 VF(wz-i-l,k—l))
(VFj(w'rH,k) - VFj(wiﬂ,kﬂ) + VF(w] Wiy k- 1) VF(w] Wy i1k )HQ

L2 , 1\ . 4
< Bl el (14 K)Ewi,“ ~VF ()l + Bl

+(1+K)]EHVFJ'(WZ+1,1€)*VFj(wzH,k—l)JFVF( Wy k1) — VE(w] Wry1k ||2’
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where the second equality is due to the independence of the random variables, the inequality comes
from Lemma[A.T1]and smoothness. Therefore, we can further obtain

Ell7] = VF ] 0)l3

, el? K . K
< e]E||v£0 VE(w, Wit1,0 )3 + Z]E”errlk f«+1,k71H%+eZE||VkH§
k=1

K
+€(1+K)Z]EHVFJ(“’£+1,1€)*VFj(wi+1,k—1)+VF( Wi po1) — VF(w)] Wy k ||2
k=1

, el K , ,
< eEljv; o — VF(w] 4, o3+ (b +8eK7? + edL202> Z]E”wiﬂ,k - wajﬂ+1,k—1H§7
k=1
(A7)

where the second inequality is due to the fact that v ~ C3 - N(0,0%I) with C3 = L||wi ik
2, Ellv[)3 = dL?0°El|w]

w13, and the second order heterogeneity.

r+l k—1 r+1,k

Plugging the result in equation[A.7]into equation[A.6] we can get

/\

K

1 . _

% L EIVF@ I < 2= (BF (@) ~EF(@rs)) + Bl - V()3
k=1

eKL? 2_2 2 2\ 1 = m m 2
+ 5 + 8eK*“1t° +edK L0 e E E||wr+17k *wr+1,k—1||2
k=1

11 - _
TEK Dl e — wilkll3
k=1
2
< %n (EF(2,) — EF (2r41)) + €E[[o, — VF(z,)|3

e KZII s — W3 (A8)

where the last inequality is due to the fact that < C/(K7),n < CvVb/(VKL),n < C/(VKdLo).

Furthermore, averaging equation[A-8|from r = 0,..., R — 1, we can get

R—
Z o, — VF(z,)|3

r=0

K
Z ||w::b-1,k+1 —w

r=0 k=1

2
E|VF(Z)||? < —— (EF EF(
IVF@)|* < 7o (EF(xo) ~ EF (a))

bo\m

R—-1
(A9)

1 1
4n? RK
Additionally, according Algorithm([I] set p = 5 and B = b, we have

1 b
(1*ﬂ)vr—1 +m Z((liﬂ)gmr+5gm 7")
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Therefore, we can get

U — VF () = (1= ) (0,1 — VF(2,_1) ( Z VF, VF(Q:T)>
1 M
+(1_ﬁ)(MZVF]BJ x'r ZV jBJ .'I/'r 1 +VF($T ]_) VF(LL'T>>
j=1
1 M b . 1
c0-0) (35 2 S - (MZVFJ»,B,A - ZV r-a))
m=1 i=1 j=1
1 y , 1 o erry
5 (515 20 e - 5 L VE )
m=1i=1 j=1

errg

Case 1: If we are using mini-batch gradients for the server vanance reduction term, i.e., the batch
size |[BI| = Kb < n, according to the definition of g%, g7;’,, Lemmal|A.10, and Lemmal|A.11} we
have the following conditional probability (up to r-th iteration) hold

Bl — VF()|} < (1 5)E, I ~9rtery Hz

Zv g () — ZVF )

(;2

+ 26°E, + 25%100

L? 2 L? 2
+2(1-B)? s Erller = erally +200 - B)deOM—nIEHxT — 1]
(;2
< (1= B)%E|[t,-1 — VF(z,—1)||2 + 2ﬁ2MKb +26%dCo
L? 2 2
+2(1 - ) g Erller - Tr_1|, +2(1 — B)2dCOM—nIE||xT —zp—1l;;
(A.10)
where C = 4(e + 1)2 /(e — 1)2.
Following the similar proofs in |Patel et al.|(2022)), we can get
R—1 R—1 R—1
2(1 - pB)*L? 2(1 — 3)2dCy L )
R Tz; EHUT VE(x H2 = BMKbBR Z EHxT+1 mTH2 6M—nR0 ; Eer+1 - mr”z
G? G? G? G?
+25MKb+ﬁRMbO +2BdCo +dCOﬂ U (A.11)

Furthremore, we have Cy = 4(e€ + 1)2/(e® — 1)? = C/e2 when ¢y = O(1) for some constant
C. Therefore, according to the definition of €y in equation|A.3] and the condition that 3 > 1/R, we
have (ignoring the constants and log(1/d) for simpilcity)

(1—B)2L2 % )2dL2R %
*ZEHUT VE(z HQNWZEH%H o+ ﬁMznzezR ZEH%H z;

5G2 G? RG? G?
d d . A.12
ks Y R T P amze Y s Renze (A-12)
Therefore, under the additional condition that
G? G?
< B (A.13)

BRMb, — MKb’
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we have

2dL2
7ZE||UT’ VE(z HQN BMKbR ZEHxT+1 $T||2 ﬁM2n2 2R ZEH$T+1 $r||2

filez RG>
+ MKb + ﬁdM2n262
L2 dL*R \ 1 &2 2 BG? RG?
< _ _
<,6’MKb * 5M2n2e2) R ; Bllarss = o:ll"+ 3 + P32

L2 dL2R 1 R-1 K - B
2 - . )
S K (5MKb + BM2n262> RK Z Wi kg1 — wilhn e ll2

r=0 k=1
BG? RG?
+ MKb +6dM2n2627 (A-19
where the last line is due to the following
R—1 R—-1 K
1 K? -
R Z [2r+1 — er% RE Z| W,y g1 — wr+1,k||%'
r=0 r=0 k=1
Plugging results in equation [A:T4]into equation[A9] we have
EIVF@)? S o (EF(z0) — EF(an) + oo + 5o
~ RKp 0 MKD M?2n2e?
L? dL*R 1 plisig .
2 m 2
+ <K (BMKb + 5M2n262> - ) Z ]E”wr-l-lk r+1,k:—1H2'
r=0 k=1
(A.15)

Therefore, if we choose 7 < Cy/BMb/(VKL) and n < C1+/BMne/(v/dRK L) for some con-
stant C'7, we have

BG? +8d RG?
MKDb M?2n2e2’

E|VF@)|? < (EF(z9) — EF(zR)) + (A.16)

NRK

Recall that we also have n < C,/L, n < C1/(K7),n < C1vb/(VKL),n < C/(VKdLo),
where o is defined in equation[A.4]

Plugging the choice of 7, we get

~ D D L DrL DrplL DrL Drplvd  DpLvd
R RVK R\/ VR Mne VRMne RVKeb
ﬁGQ RG2
+ MKDb +ﬂdM2n2€2’

where Dp = F(xg) — F(z*). Therefore, if we choose 3 as

ﬂ—max{l mi {(Mne)2/3(DFL)2/3 (MKb)1/3(DL)2/3

R’ dl/3 RG4/3 ’ R2/3G4/3 }} = max{f1, B2}
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we have
E|VF@)|? < Dpr  Drl  DrlL DplNd DpLVd — (DpLG)*3d/S (DrLG)2/3d
~ "R RK ~ RVKb RVKeb RMne RMKb(Mne)l/> | RYS(MKD)'/SMne
(DrLG)*?  (dDpLG)*3 = G2 4G?

ME2E T (Mno s T MEGR T MEn2e
< Der  DrL  Drl (DpLG)?/? N G? DrpLvd DpLVd
~ R RK  RVKb (MKb)?3 = MKOR RyKeb ~/RMne

non—private error private error local

(1 Mne N Mne 1/3 (dDFLG)2/3+ dG>
(RAMKDb)'/2 (RAMKb)1/2 (Mne)i73 " M2n2e2°

private error server

(A.17)
The condition we have for this result is 1/(Rbg) < 5%/(Kb) and 8 < 1.

Case 2: if we are using full gradients for the server variance reduction term, i.e., the batch size
|BZ| = Kb = by = n, the result in equation reduces to (without condition in equation |A.13)

A2 < 1 RG2
E[|VF@)|° < RT(EF(%) EF(zR)) +BdM2 52
2dI°R 1 g .
2 m 2
<K BarRe )KR ;;Euwwk w3 (AI8)
Therefore, if we choose n < Cy+/BM ne/ (VARKL), we have
G2
2
E|VE@)| gRK (EF(z0) — EF(IR))—FBCZMQ R (A.19)

Recall that we also have n < Cy/L, n < C1/(K7), n < C’lﬁ/(\/»L), n < C1/(VKdLo).
Plugging the choice of 7, we get

Dpr  DpL  DgpL DrLVd  DpLvd DpLVd

E|VF@)|? < + + + + +
| @I R RK RVKb RBMne +/RMne RvVKeb
RG?
+ ﬁsz 2¢2°
Therefore, if we choose 3 as
1 (Mne)?/3(DL)?/?
g = max {R’ d'/3RGA/3 = max{f, S},
we have
~ Dpt DpL DrL DpLlvd DpL/d
E|VF@)|?> < =52 ¢ 2R =2 2 vd  DrLvd
R RK RVvKb RVKeb VRMne
non—private error private error local
dDpLG)?/3 dG?
(dDrLG)7 : (A.20)
(Mne)t/3 M?2n2¢e2
private error server
We only need 5 < 1 for this result. O
Proof of Theorem This has been proved in the Case 2 of the Proof of Theorem O

Proof of Theorem[A.3] The proof of this result directly follows the proof of Theorem 4.2 We can
justset K = 1,7 = L, and ignore the private error local and the term DpL/(RvV Kb). O

Proof of Theorem[A.4] The proof of this result directly follows the proof of Case 2 in Theorem
by setting K = 1,7 = L, and ignore the private error local and the term DgL/(Rv Kb). O
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