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ABSTRACT

Last-iterate convergence behaviours of well-known algorithms are intensively in-
vestigated in various games, such as two-player bilinear zero-sum games. How-
ever, most known last-iterate convergence properties rely on strict settings where
the underlying games must have time-invariant payoffs. Besides, the limited
known attempts on the games with time-varying payoffs are in two-player bi-
linear time-varying zero-sum games and strictly monotone games. By contrast,
in other time-varying games, the last-iterate behaviours of two classic algorithms,
i.e., extra gradient (EG) and optimistic gradient (OG) algorithms, still lack re-
search, especially the convergence rates in multi-player games. In this paper, we
investigate the last-iterate behaviours of EG and OG algorithms for convergent
perturbed games, which extend upon the usual model of time-invariant games and
incorporate external factors, such as vanishing noises. Using the recently pro-
posed notion of the tangent residual (or its modifications) as the potential function
of games and the measure of proximity to the Nash equilibrium, we prove that the
last-iterate convergence rates of EG and OG algorithms for perturbed games on
bounded convex closed sets are O(1/+/T) if such games converge to monotone
games at rates fast enough and that such a result holds true for certain uncon-
strained perturbed games. With this result, we address an open question asking
for the last-iterate convergence rate of EG and OG algorithms in constrained and
time-varying settings. The above convergence rates are similar to known tight
results on corresponding time-invariant games.

1 INTRODUCTION

This paper discusses learning in time-varying multi-player games converging to monotone games.
Monotone games are a class of multi-player games (Rosen|(1965)) including a wide range of impor-
tant games, including two-player zero-sum games, convex-concave games, A-cocoercive games (Lin
et al.|(2020)), zero-sum polymatrix games (Anagnostides et al.|(2023);/Cai & Daskalakis|(2011));|Cai
et al.| (2016); |Daskalakis & Papadimitriou! (2009)), and zero-sum socially-concave games (Even-dar,
et al.| (2009)). Due to their wide applications, a vast literature on finding methods to approximate
their Nash equilibrium actions has been produced recently.

An important part of this literature is on last-iterate behaviours of well-known algorithms, and this
topic has gained much research interest in recent literature. These algorithms include extra-gradient
(EG) methods (Cai et al.| (2022)); [Feng et al.[(2023)); Monteiro & Svaiter] (2010)), optimistic gradi-
ent (OG) methods (Cai et al.| (2022)); |[Feng et al.[(2023)), negative momentum methods (Feng et al.
(2023)) and weights update methods (Lin et al.|(2020), proposed in|Arora et al.| (2012)). Although
last-iterate convergence performance is a challenging topic, yet in the case of monotone games, last-
iterate convergence has been discussed in many papers. Last-iterate convergence of the EG algo-
rithm in general monotone time-invariant games has been proven in [Hsieh et al.| (2019) and [Popov
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(1980), and its convergence rate has proved to be O(1/+/T) in unconstrained settings (Golowich
et al.| (2020a)) and general settings (Cai et al.[ (2022)). A recent result Wei et al.[(2021)) shows that
there even always exists a linear convergence rate whose value depends on the problem.

Despite the known considerable works, most recent literature on multi-player games is based on
the assumption that the underlying repeated games are time-invariant. Nevertheless, time-invariant
games are unrealistic in many real-life applications (Cardoso et al.|(2019); Duvocelle et al.| (2023);
Mai et al.| (2018))), and more realistic learning settings should allow the underlying cost functions
of games to change with time. Games with such settings are called “time-varying games”. Top-
ics on time-varying games have gained popularity since several years ago. |Duvocelle et al.| (2023),
Feng et al.|(2023)) and [Zhang et al.|(2022) are the first known successful attempts to solve problems
about last-iterate convergence in time-varying games. However, [Duvocelle et al.| (2023) requires
decreasing step size and does not provide a convergence rate but only provides that the probabil-
ity of convergence is 1. By contrast, decreasing step size is unnatural since such a requirement
considers new information to be decreasingly important instead of equally or increasingly as nor-
mally expected [Lin et al.| (2020). Besides, that result only illustrates last-iterate convergence in
two-player zero-sum bilinear games in the unconstrained case, which is too special compared with
general multi-player games and constrained games. |[Feng et al.| (2023)) does not require decreasing
step sizes, but an unconstrained set of actions is still necessary.

Considering the limits of known research mentioned above, we conclude that the last-iterate conver-
gence behaviours of time-varying games are still far from fully understood and none of the existing
results on time-varying games provide satisfactory answers on whether and how fast an algorithm
converges except in unconstrained two-player bilinear games. Hence, an open question arises natu-
rally:

Will learning algorithms such as the extra gradient or optimistic gradient algorithms exhibit a
last-iterate convergence rate in time-varying games with a constant step size?

Our contribution. Motivated by known results, we first prove that there exist convergence rates
on certain bounded and unconstrained multi-player games with a time-varying cost function for each
player where the vector of cost functions f; varies with time in the following way (called convergent
perturbed game): f; = foo + g¢, lims— o g¢ = 0. In this paper, we show the following results:

Assuming that > .° max|G| < oo where Gy = Vg, with z* defined as
the Nash equilibrium of G, we prove that the last-iterate convergence rate is

max{O(1/v/T),0 \/Zk 7/2 max ||Gg||), O(max ||Gr[])}  for general convex bounded

cases for the EG algorithm, max{O(1/vT),O(max;>7/o LG,C),O(\/Z,;";T/2 max ||Gg|)}
with Lg-smooth perturbing and L-smooth limits when Gi(z*) = 0 for the EG algorithm,
max{O(1/VT),0 \/Zk _7/p max [[G||), O(max ||Gr||)} for general convex bounded cases for

the OG algorithm and max{O(1/vT),O \/Zk 772 max |G ), O(max |Grl]), O(Le,_,)}

with Lg-smooth perturbing and L-smooth limits when G, (z*) = 0 for the OG algorithm, where T
refers to the time. For the extra gradient and optimistic gradient algorithms, that convergence rate
is approximately equal to the known tight bound for time-invariant games. Those results mean that
both algorithms are robust to disturbance.

Our last-iterate results of EG and OG generalize that of prior work |Cai et al.| (2022) and [Feng et al.
(2023) significantly, where convergence rates of EG and OG have only been proved in two-player
bilinear time-varying games and monotone time-invariant games, respectively. Besides, our method
provides a partial answer to the open question about constraint games (Feng et al.|(2023)) from a
different view.

Organization. Section [2] defines the game problems in this paper and describes the main prelim-
inaries applied to solve these problems. Sections [3] and [] introduce the theoretical results on the
last-iterate convergence of errors defined as tangent residuals in the EG and OG algorithms and pro-
vide their proof sketches, respectively. Section [3]illustrates the convergence performances of the
EG and OG algorithms with numerical experiments. Section [6] concludes the paper with additional
discussions and proposals on directions for further investigations.



Published as a conference paper at ICLR 2025

1.1 RELATED WORK

Related works on time-varying games. In recent years, time-varying games have become the re-
search interest of a group of researchers. Most of the papers have focused only on correlated equilib-
rium or time-average convergence. The work most closely related to ours isDuvocelle et al.|(2023),
investigating strictly monotone games. However, even two-player zero-sum bilinear games are not
strictly monotone ({(F(z), z — z’) = 0). [Feng et al.[(2023) discussed two-player zero-sum bilinear
games in unconstrained settings and obtained the first known result on the last-iterate convergence in
time-varying games. Another related paper, [Anagnostides et al.| (2023)), focused on correlated equi-
libria for the multi-player time-varying case. Other known results, such as Zhang et al.| (2022), are
focused on regret bounds (two-player) in time-varying bilinear saddle-point problems parameterized
by the similarity of the payoff matrices and the equilibria of these games. Another result related to
time-varying games, Harris et al.|(2023), is about meta-learning in games, where each game can be
repeated for multiple iterations consisting of settings in which many similar games need to be solved
together. (Cardoso et al.| (2019) provides an optimal solution based on Nash equilibrium regret. In
this paper, we provide a different perspective on time-varying games.

Previous investigation on convergence rates of EG, OG and other related algorithms. EG and
OG algorithms have a long history (Korpelevich| (1976); [Popov| (1980)) and the convergence rates
of EG and OG in time-invariant games have been thoroughly investigated. In recent years, uncon-
strained strongly monotone games and unconstrained bilinear games have been shown to have linear
convergence rates for EG, OG, and other variants in |Daskalakis et al.| (2018)). Later papers have
proved their asymptotic convergence (Daskalakis & Panageas| (2019)). The convergence property
of EG on concave games has been investigated in|Monteiro & Svaiter| (2010) (last-iterate) and |Ne-
mirovski| (2004), and the convergence property in special non-concave games has been proved in
Mertikopoulos et al.| (2019).

2 NOTATIONS AND PRELIMINARIES

In this paper, we focus on time-varying games that converge to smooth monotone games in the fol-
lowing form: G = {[[V]], {Z(Z)}ie[wﬂ, {f(’)}ie[[N”} =:{N, Z, f} where [[N]] := {1,2,--- ,N}
is the set of players, Z C R™ is a closed convex set and the action set of players, { f (i)},;e[[ N]] are
the cost functions of corresponding players and Dz = maxy, z,ez ||£1 — z2||. In addition, z con-
sists of actions of players, and throughout the paper, with V defined as the symbol of the gradient
feedback vector of the vector function, i.e., Vf := (V) f1),--- |V ) fV)), for simplicity, V f
is denoted as F' and Vg is denoted as G; fi, gk, Fi and Gy, refer to f, g, F' and G at time k; and sub-
script k, refers to the time & when z is applied. max |G|, max || Fix ||, max ||G¢- || are maximums
defined on Z if Z is bounded, on {z;|i € Nori— 1 € N} if Z is unbounded with the EG algorithm,
and on {z|i € N} U {w;|i € N} if Z is unbounded with the OG algorithm. We define the Nash
equilibrium of these time-varying games as the Nash equilibrium of the limits of these time-varying
games.

Time-invariant monotone games, time-varying games and their Nash equilibria. In this part,
we introduce our model of time-varying games and the definition of Nash equilibria on them. To
introduce them, we define time-invariant monotone games in Definition E] and the sufficient and
necessary condition of Nash equilibria in Lemmal[T]at first. Lemma [I]shows that a Nash equilibrium
of the game G is equivalent to a solution of the variational inequality of monotone operator F'.

Definition 1 (Rosen|(/965)) A game G is monotone if V1,29 € Z, (F(x1) — F(22), 21 — 22) >
0.

Lemma 1 (Facchinei & Pang|(2007)) For a monotone game G, an action z* is a Nash equilibrium
of Gifand only ifVz € Z, (F(2*),2* — z) <.

Based on the preliminaries in time-invariant games above, we define the time-varying perturbed
games investigated in our paper.

Definition 2 (Convergent perturbed games) A convergent perturbed game consists of an infinite
sequence of games with cost functions satisfying { ft(2)}2, C R™ where lim;_, o fi(2) = f(2) for
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a certain f(z). An equivalent definition is that there exists a sequence of cost functions {g:(2) }52, C
R™ and a function f(z) € R™ such that f:(z) = f(2)+ g+(2) in the same infinite sequence of games.
For simplicity, f(z) above is denoted as f(2).

Specifically, we focus on time-varying games converging to smooth monotone games, i.e., Fi(2)
of the games are monotone and L-Lipschitz. The definition of smooth games is the following.

Definition 3 (Rosen| (1965)) G is L-smooth if F is L-Lipschitz, i.e., Vxi,29 € Z, ||F(z1) —
F(z2)|| < Ll|lz1 — 22

We define the Nash equilibrium of these time-varying games as the Nash equilibrium of the limits
of these time-varying games.

Definition 4 z* is a Nash equilibrium of a convergent time-varying game G if z* is a Nash equilib-

rium of Goo :=4{N, Z, foo} .
In convergent time-varying games, we modify Lemma(T]as the following lemma.

Lemma 2 For a game G converging to a monotone game, an action z* is a Nash equilibrium of G
ifand only ifVz € Z, (Fo (2%),2* — z) <0.

Note that all games converging to monotone games have at least one Nash equilibrium if Z is
bounded, while these games with unbounded Z may also have a Nash equilibrium under certain cir-
cumstances (Facchinei & Pang (2007)). Throughout the paper, we apply the following assumption
on the existence of the Nash equilibrium.

Assumption 1 (Existence of the Nash equilibrium) Any time-varying game G involved has at least
one Nash equilibrium.

Learning algorithm in games. In this part, we introduce two kinds of learning algorithms investi-
gated here: extra gradient and optimistic gradient algorithms. Both algorithms are proved to be last-
iterate convergent in time-invariant games (Cai et al.|(2022)). This inspires the time-varying variant
of the two algorithms in general time-varying multi-player games defined in Eq. (I)) and Eq. () and
illustrated in Figure|l| where the projection operator II is defined as I1z (z) = argmin,, ¢ z ||z — 2’|

The extra gradient algorithm is defined as follows:

2y =1z 20 = nFe (21)] s 2641 =1z [Zk —nFy <Zk+%)} (1)

where the step size n > 0, zg is an arbitrary point in Z, 2y, is the vector consisting of actions of all
players at the time k, and z;, 1 is a vector used to calculate the actions of players at the time & + 1.

The optimistic gradient algorithm is defined as follows:

Wrt1 = Uz [z — nFy (wi)], 2kp1 = Uz [26 — 0Fk (Wet1)] 2

where the step size 7 > 0, zg and wy are arbitrary points in Z, wy, is the vector consisting of actions
of all players at the time k, and z, is a vector used to calculate the actions of players at the time
kE+1.

Both algorithms have a long history. The extra gradient algorithm was proposed in [Korpelevich
(1976). The form of time dependence in our paper originates from|Feng et al.|(2023). The optimistic
gradient algorithm was proposed in|Popov| (1980). Several versions of the OG algorithm exist in the
known literature (Cai et al.|(2022);/Hsieh et al.|(2019)). The version above is applied for convenience
of analysis on time-varying F'.

Tangent residual as the measure of the proximity to Nash equilibria. In former results, the
common measures of the proximity of actions to Nash equilibria of games are the gap functions
(Nemirovski| (2004); Hsieh et al.|(2019))) defined as follows.

Definition 5 (Gap and total gap functions) For time-varying games converging to monotone games,
measures of the proximity of an action profile z € Z to Nash equilibrium include their gap func-
tions and total gap functions. For a fixed parameter D, the gap function is defined as Pg p(z) =
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maxcznp(z,0) (Fg(2), 2 — '), where B(z, D) is a ball with radius D centered at z. The total gap
function is defined as Tg,p(z) = 3¢/ (fO(2) - mMin, )e z(np (=0, D) fOD, 2=Dy),
where 2(=) consists of actions of all players except Player i.

However, gap functions are far from monotone. In fact, they are not monotone even in time-invariant
monotone games (2022)). This causes inconvenience in our analysis. To solve that
problem, we adopt the tangent residual from Cai et al.| as the measure of the proximity to the
Nash equilibrium, since it is, or is related to, monotone non-increasing functions of time in time-
invariant monotone games. The tangent residual in our settings is defined as follows. Though, due
to the cost function being time-varying in our settings, the tangent residual and its relative function
are only not increasing much with time instead of monotone non-increasing functions of time. The
details of those functions are discussed in Sections [3and @l

Definition 6 (Tangent residual in convergent games) For any closed convex set Z and operator F' :
Z — R", define Nz(z) as the normal cone of z, Nz(z) = {z|z € Nz(2),||z|| <1} and Jz(z) :=
{z} + Tz(z), where Tz(z) = {z' € R" : (z,a) < 0,Ya € Nz(z)} is the tangent cone of z. The
tangent residual of G is

riz(2) = [ [z = F(2)] - 2]

To show the reasonability of using the tangent residual in our settings, we also show the relationship
between the tangent residual and the gap and total gap functions in the following lemma. Specif-
ically, it shows that gap functions are not much larger than tangent residuals, which means that
tangent residuals converge no more slowly than gap functions. As a result, the results shown in this
paper are applicable to traditional measures of the proximity to Nash equilibria.

Lemma 3 (Cai et al| (2022); |Golowich et al (2020al{b)) For a game G converging to monotone

game and a closed convex set Z, ¥z € Z and D > 0, there exists Pg p(z) < D - r§"(z) and
Tg,p(2) < Py yxp(2) < VND - rln(z).

Assumptions on the form of time dependence of games. We introduce the following assump-
tions which will be applied in lemmas and theorems. The following assumptions are inspired by

Benzaid & Lutz| (1987); [Elaydi & Gyori| (1993); [Elaydi et al.| (1999); [Feng et al.| (2023)); Zhao et al.

(2020) and are commonly called bounded accumulated perturbations (BAP) assumptions.

Assumption 2 ¢(z) in G satisfies Y - max ||G¢(z)| < oo where Z is bounded.

Assumption 3 G is Lg-Lipschitz and Y- max ||Gy(z)|| < oo and >, ||IL(G})|| < oo where
Z is bounded.

Assumption 4 G is Lg-Lipschitz with Gy(z*) = 0and >, | L(G)|| < oc.

N
2yt = Hz[ze — nFe(2x)]

‘ w41 = Hz[zr — nFk(w)] ‘
s I
Zht1 = Ilz [zk —nFk (ZH%)] ‘ Zht1 = Uz [z — nFk(wy1)] ‘

[z =i

Figure 1: An illustration of the EG (left) and OG (right) algorithms.
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Under Assumptions[3|andd] we also denote max L(G;) = L. For games satisfying Assumption 4]
2k, Wy, are bounded with the EG and OG algorithms, and we do not need to assume it. The proof is
deferred to Appendices[B.2]and[C.2] Throughout the paper, each assumption is used independently.

Remark 1 In Assumption 4} it is not necessary to assume Y, max ||Gy(z)|| < oo, because
there exists Yoo o max ||Gi(2)|| = D jogmax [|Gi(z) — Gi(2%)|] < Yo pmax || L]z — 2% <
max ||z — 2% 32720 I L(G) || < oo

3 LAST-ITERATE CONVERGENCE RESULTS OF THE EG ALGORITHM

In this section, we prove that EG with a constant learning rate 7 converges to a Nash equilibrium
action at the rate of O(1/+/T) under any one of Assumptions and @ The EG algorithm is
analyzed in the following steps: firstly, the tangent residual of G is applied as the measure of prox-
imity in approximating a Nash equilibrium in any iteration; next, the best convergence rate within
T steps is shown, which is a small number; finally, it is proved that the square of tangent residual of
G is approximately non-increasing, which means the last-iterate convergence behaviour of the EG
algorithm is at least not worse than the best iterate too much and that the last-iterate convergence
rate of the EG algorithm is at least not much worse than the convergence rate of infinite series of
perturbation.

3.1 BEST-ITERATE CONVERGENCE OF THE EG ALGORITHM

To estimate the last-iterate convergence rate of the EG algorithm, we first estimate its best-iterate
convergence rate. Lemmashows that there exists ¢* € [[T7] satisfying [|zp~ — 2. 1 |2 =0(1/T)

and 7" (24~ 1) = O(1/+/T). The full version and the detailed proof of this lemma are deferred to
Appendix

Lemma 4 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator F, : Z — R", with the EG algorithm, let z* be a solution of
the game G. Then VT > 1, there exists a t* € [[T]] and C1, Ca,Cs > 0 satisfying

2

< =
- T

Hzt* TR
and satisfying

717 (24 41) < max {3% + Cs max |Gy ||}

. . 1. . . 1 .
under Assumption|2|ifn € (0, L), underAssumptzonlfn € (0, L2+2LG(L+LG)>’
C
,’,tan(zt*+1) < max {\/% + LGt* D}
if1 —n?L? —20°Lg (L + Lg) — 4nLg > 0.

under Assumption d|with D = max ||2* — 2.1
4

3.2 APPROXIMATE MONOTONICITY OF THE EG ALGORITHM

In this subsection, we provide the monotonicity behaviour of the EG algorithm. Since the approach
is complicated, the detailed proof of the following theorem is deferred to Appendix

Theorem 1 For a game G converging to a monotone game, any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo, : Z — R™, Vn € (0,1/L), 2z, € Z, r'%(2)? >
' (zp41)? —max |Gyl (4Dz + dnmax ||[Fuc|)) /0. If 2 = R, 779" (2)? = 719" (2p41)* —
max |G| (4D + 2nmax [ Fso|) /n where D = max{||zi, — zi41l, |zpq1 — 2641ll} K €N

3.3 LAST-ITERATE CONVERGENCE OF THE EG ALGORITHM

This subsection combines the best-iterate results and the approximate monotonicity to estimate the
last-iterate convergence rate.
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Theorem 2 (Last-iterate convergence of the EG algorithm) For a game G converging to a monotone
game, VT € N*, D > 0,

Tg,p(21r) Pg.p(2r)
max { 719" (zp), 6.0 , —
{ (21) /ND D

1 oo
=0 <max{ﬁ, \/Zk_m max || G ||, max ||GT|}>

where D = Dz withn € (0, %) underAssumptionH orD = Dz withn € (O, 1)

\/ L2+2Lg(L+LG)

under Assumption|3| and

{tan( ) Tg.p(21) PQ,D(ZT)}
max 3§ 7" (z7), JND D

1 o0
=0 (max {ﬁ’ maXg>T/2 LGk7 \/Zk_T/Z max ||Gk|| })

.k € Nwith1 —n?L? — 2n’Lg (L + Lg) — 4nLg > 0 under

where D = max ||z — 2g+1
Assumption 4}

The proof is deferred to Appendix [B.3]

4 LAST-ITERATE CONVERGENCE RESULTS OF THE OG ALGORITHM

In this section, we use a method similar to the previous section to show the last-iterate convergence
results of the OG algorithm.

We analyze the algorithm with the following steps: firstly, we apply a potential function based on
the tangent residual of G, i.e., A(zg, wi) = 1% (2)2 + || Fao (21) — Fso(wy)]||” as the measure of
proximity in approximating a Nash equilibrium in the current iteration; next, we show the best con-
vergence rate within 7' steps, which is a small number; finally, we prove that the potential function
of G is approximately non-increasing, so the last-iterate is at least not worse than the best iterate

too much, which means that the last-iterate convergence rate is at least not much worse than the
convergence rate of infinite series of perturbation.

4.1 BEST-ITERATE CONVERGENCE OF THE OG ALGORITHM

To estimate the last-iterate convergence rate of the OG algorithm, we first estimate its best-iterate
convergence rate. Lemma 3| shows that there exists t* € [[T] satisfying n?A (2, we-) < O(1/T).
The proof for the best-iterate convergence rate of the OG algorithm is based on Hsieh et al.|(2019);
Wei et al.[(2021). The full version and the proof details of the lemma are deferred to Appendix

Lemma 5 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo, : Z — R", let z* be a solution of the game G. Then

VYT >1,ifn e (0, ﬁ) there exists t* € [[T]] and C1,Cs, C3,Cy > 0 satisfying
1 *
Az, we- ) <7 <01 llzo — 2*||” + C2 lwo — 20]|* + C3 Eppz + O4Emk)
where -
Enr = Zk:o max |G|
oo
Ep2 = Zk:O max || Gy, ||”

. . 1 . *
UnderAssumptzon ifne <0, \/m) there exists t* € [[T)] and Cy,Ca,C5,Cy > 0
satisfying
1
A (2, wee) < T (01 20 — 2*||* + C2 lwo — 201> + C3 Bk + O4Emk2)
while under Assumption[} if n is small, there exists t* € [[T]] and Cy,Cs, D > 0 satisfying

1 . T
Az, wie) < (Cl lz0 = 2*|* + C2 wo — z0l* +20°D* Y L, (2L + LG’H))
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4.2  APPROXIMATE MONOTONICITY OF THE OG ALGORITHM

This section shows the approximate monotonicity of A(z;, w;) for the OG algorithm. Since the
approach is complicated, we defer the detailed proof of the following theorem to Appendix [C.3]

Theorem 3 For a game G converging to a monotone game with any closed convex set Z C R",
Vi € (0,1/(2L)), 2k € 2, Az, w1) = Alzrgr, wes1) — (3Dz + dnmax || Fuo ) max |Gyl /1 if
Z is bounded, while A(zy, wi) > A(zi41, wet1) — (3D 4 2nmax || Foo||) max ||Gg | /n if Z2 = R™,
where D = max{||wig+1 — 2k+1ll, |2k+1 — 2k}, k € N

4.3 LAST-ITERATE CONVERGENCE OF THE OG ALGORITHM

This subsection shows a formal result on the last-iterate convergence behaviour based on the modi-
fied tangent residual. The following theorem states that the players’ strategies converge to the Nash
equilibrium of the game with a rate not slower than the rate of O(1/+/T) or depending on the con-
vergence rate of perturbation.

Theorem 4 (Last-iterate convergence of the OG algorithm) For a game G converging to a monotone
game, VT € N*¥,

T P,
max {Ttan (wT) ’ i,/%(wT)7 g,DDz (wT) }
NDZ zZ

1 oo
=0 (max{ﬁ,\/ E k=T /2 maX”le,maX”GTl})
. . 1 . . 1
under Assumptwn withn € (0, TEL) or under Assumptwn with n € <0, \/m)

while there exists

max {r""”" (wr), Tg,p(wr) Pg,p(wr) }

VND '~ D
1 )
=0 (max{ﬁ, \/Zk_T/2 max || Gy ||, max ||GT,LGT1}>
under Assumption || with n € <O,min{m,ﬁ}), where D = max{||wpy1 —

2ol lzee1 — 2k} k€N

The proof is deferred to Appendix [C.3]

5 EXPERIMENTS FOR TIME-VARYING GAMES

In this section, we provide some numerical examples for Theorem [2] and Theorem [ proved in
Section [3|and Section[d] The numerical examples are based on examples of bilinear games in [Feng
et al[(2023). By the following examples, we verify Theorem [2]and Theorem [4]

Example 1.
fe(2) = foo(2) + gu(2)
T
Ztl_l 2.5 Zt3+3 40 cos( (t+1 izt +40 cos( (t+1 izt +20cos( (t+1 izt +20 cos( (t+1 izt
|:Zt2—1:| {4 1:| {%44—3 N — ((t4+1)°201) (GGR)) 2_1)21_ ((t+1)"2e3) ((t+1)"244)
24 — 1 T 2 5 23 + 3 72cos((t+1)izt1)+3cos((t+1)izt2)+5 Cos((t+l)izt3)+6cos((t+l)izt4)
— 217
zo—1| |4 1| |24 +3 (t+1)
S.t. HZtH = H[Ztl 212 23 Zt4]TH <2
This example is corresponding to Assumption where 2 = {z|||z]|| < 2} and
Sorgmax [[Gy(2)]| < 32y B0 < ooifi > 1.
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Example 2.

2t — 1 Ztq + 3 t+1)°

Jt(2) = foo(2) + g1(2) = [ (

) () +62) |z -1 "2 5] [z +3 50(#71 +215) +60(275 +274)
Zt2 — 1 4 1 Ztd + 3

(t+1)?
T
st llall = [l 22z 2l <2

T
o 1] [421 ﬂ [Zt?’ i 3} [200(2?1+z$2)+100(z$3+z$4)

This example is corresponding to Assumption where Z = {z|[|z]| < 2}, >0 max [|Gy(2)]| <

Yo BID < ooifi > Tand 3% La, < Yop) 992 < ooif i > 1.

Example 3.
fi(2) = fo(2) + g:(2)

T
[Ztl — 1] [2 5] [Zt:z + 3} [50(m_1)2+50(212_1)2+5q(2t3+3)2+50(2t4+3)2

20 — 1 4 1 Zt4 + 3 (t+1)°
-1 T 2 5] [z + 3 40(z1—1)2430(212—1)%+20(2:3+3)2+10(214+3)?
Zto — 1 4 1 24 + 3

(t+1)*
T 4
st.zg=[21 z2 Z3 2z ER

This example is corresponding to Assumption 4| where >°,°( Lg, < Y .o % < 0o when
1> 1.

Note that Ve > 0, 3N > 0 as the new initial time so that VI' > N, Lq, < €.

5.1 EXPERIMENTS ON THEOREM[2]

In this section, the step size 7 is selected as 0.05 and the initial point of z; is selected as

zo =[0.25 0.2 0.1 0.35]T. As in the common practice shown in |Feng et al.| (2023)), the BAP
assumptions, i.e., Assumptions 2] [3land[d} are applied in the three examples above, respectively.

The experimental results are presented in Figure [2} which show that 7%%"(z;) converges to 0 under
any one of Assumptions[2] [Bland[d] and all three convergence rates of perturbations can decelerate the
convergence rate of learning dynamics as expected, thus support the convergence result in Theorem

tan " of Example 3 for EG
" of Example 1 for EG 131 of Example 2 for EG 0

Figure 2: Values of 71" (2;) for Example 1 (left), Example 2 (middle) and Example 3 (right).

5.2 EXPERIMENTS ON THEOREM [4]

In this section, the step size n is selected as 0.05 and the initial points of w; and z; are selected as

wo =29 =1[0.25 0.2 0.1 O.35]T. As in the common practice shown in |[Feng et al.[(2023), the
BAP assumptions, i.e., Assumptions 2} Bland[] are applied in the three examples above, respectively.

The experimental results are presented in Figure 3} which show that 7™ (w;) converges to 0 under
any one of the Assumptions[2] [3]and[4] and all three convergence rates of perturbations can decelerate
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tan
" of Example 1 for 0G " of Example 2 for OG %" of Example 3 for OG

Figure 3: Values of 71" (w;) for Example 1 (left), Example 2 (middle) and Example 3 (right).

the convergence rate of learning dynamics as expected, thus supporting the convergence result in
Theorem [l

6 CONCLUSIONS

In this paper, we provide last-iterate convergence rates of EG and OG algorithms in bounded and
some unbounded cases, including unconstrained cases, for time-varying multi-player games con-
verging to monotone games by proving that both algorithms show tight convergence rates compared
to related time-invariant games and the property of time-varying function. There exist some inter-
esting future research directions. In our experiments, it is suggested that the convergence rate in
bilinear cases can probably be improved. Another interesting direction of investigation is whether
and when games vary over time periodically (called “periodic games” in [Feng et al| (2023)) or
stochastic games show similar results for EG and OG algorithms.
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A ADDITIONAL AUXILIARY LEMMAS

In this section, we present other lemmas frequently used in appendices required for proving the
convergence behaviours of EG and OG. The following lemmas are fundamental to the analysis.

Lemma 6 (Lang|(/993)) Any continuous function on a closed bounded set within R™ is bounded.

Lemma 7 (Little et al| (2022)) If {a,} is a sequence of non-negative numbers, then the series

2;0:1 a; and the product [ [;—, (1 + a;) either both converge or both diverge.

The following two lemmas state known useful properties of the tangent residual.

Lemma 8 (Cai et al.|(2022)) Let Z C R” be a closed convex set and ' : Z — R be the operator
defined in Section Vz € Z, let c(z) = .y [~ Foo(2)]. Then we have

o 7191 (2) = || Fao(2) + c(2)

* (Fool(2) +¢(2),¢(2)) =0,
¢ (Fo(2) + ¢(2),a) > 0, Va € N(z).

+
Jr
Lemma9 (Cai et al| (2022)) (Equivalent definitions of the tangent residual)
For any closed convex set Z and operator F : Z — R", define Nz(z) as the normal cone

of zand Jz(z) := {2z} + T=(z), where Tz(2) = {2/ € R™ : (z/;a) < 0,Va € Nz(z)} is the
tangent cone of z. Then all of the following quantities are equivalent:

1. \/ IF)1? — mas, g ) ooy <0 (F(2), 0)?
2. ming, e g ) (R (2),0) <0 |1E(2) — (F(z),a) - al
3 Mz ) [=F ()|

4. HHJZ(Z) [z — F(2)] — z||
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5 ||-F(2) = Oz [FFR)||
6. Mingen, () |1F(2) + all
The following lemma states a useful property of the tangent residual.

Lemma 10 Let Z C R” be a closed convex set and F' : Z — R"™ be the operator defined in Section
Ifz1 =Tlz[z0 — nFk., (23)], then we have

zZ9 — 21

+ Foo(21) — Foo(23)|| + max {||Gi.,

|}

Ttan(zl) S ’

If G, is also Lszg -Lipschitz and Gi(z*) = 0, then

Z2 — 21

Ttan(zl) < ’ + Foo(21) — Floo(23) +Lsz3D

where D = max ||z* — z3]|.

Proof. Due to z1 = I g[22 —nF%., (23)], we have zo — nFy.., (23) — 21 € Nz(21). By that equation
and item 6 in Lemmal9} there exists

22— 21

r'%"(z;) = min : |1 Foo + || < ’ + Foo(z1) — szg(z;g)

cENz(z1

22 — 21

+ Foo(21) — Fio(23) — G, (23)

Z2 — 21
n

If Gy., is also Lg,_ -Lipschitz and Gr(z*) = 0, then there exists ||sz3 () = Gh., (Zg)H <

Le,., [I2* — 2| < L, D so that

< +Foo(21)*Foo(z3) +max{||szs||}

22

Ttan(zl) S

—z
n - + Foo(21) — Foo(23)

+ Lsz3 D

]

In the analysis, the natural residual is applied to estimate the tangent residual. Lemma|[TT|shows that
the tangent residual is the upper bound of the natural residual.

Definition 7 For any closed convex set Z and any monotone operator F' : Z — R", the natural
residual at z € Z is 1'% (z) = ||z — Mz (2 — F(2))]].

Lemma 11 (Cai et al.|(2022)) For any closed convex set Z, any monotone operator F : Z — R"

and any z € Z, rip's(2) < ik (2).

B  OMITTED PROOFS FOR LAST-ITERATE CONVERGENCE OF THE EG
ALGORITHM

In this section, we provide detailed proof for the last-iterate convergence rate of the EG algorithm:

Zpyr =z (2t — nFy (21)], 211 =1z {Zk — nkFy <Zk+%)} 3)

This section consists of the following parts. First, with a method inspired by [Facchinei & Pang
(2007) and |Korpelevich| (1976), the best-iterate convergence rate of ||z — 2, 1| is proved for the
EG algorithm. Then, the upper bound of tangent residual of z; is proved to be max{O(]|zr —
zpp2]), O(max |G ))} if G is L, -Lipschitz and to be O(||zi — 24 1|) no matter whether G
is Lg, -Lipschitz. Next, the tangent residual is proved to be either non-increasing or increasing
slowly enough across iterates of the EG algorithm. Finally, the last-iterate convergence rate of the
EG algorithm is concluded from the conditions above.
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B.1 PREPARATION FOR ANALYZING THE BEST-ITERATE CONVERGENCE BEHAVIOURS OF
THE EG ALGORITHM

Lemma 12 For a game G converging to a monotone game with any closed convex set Z C
R™, a monotone L-Lipschitz operator Fy, mapping from Z to R™ and z;, € Z, with the

EG algorithm, there exists Hz,H% — ZkHH < n(L + Lg,) sz — Zpy L and sz — Zpg L <
| ET s | 1 . . . . .
mwhen ne (0,752 if Gy, is Lg, -Lipschitz, and there always exists ||z, — 2, +1 <
|z =2k 41|l +2n max|| Gy || 1
=) when 1 € (OvZ)-

Proof: Since 2y, 1 = Iz [z —nF (2;)] and zp41 = Iz [z, —nF (24,4 1)), due to non-expansiveness
of Iz and L-Lipschitzness of Fi,, and L¢,-Lipschitzness of G, there exists

s vl < o7 (1)
< o () 1 )|

+nLg,

SnLsz—z,ﬁé 2k = Zpt

|y = | < mL |2k = 21y | + 2mmax Gl

Since limy_, o, L, = 0, there exists

HZ’”% - Zk+1H <n(L+Lg,) sz ~ Zryd
Hence,
llzk — zgt1l] >

zkfz,ﬁ_% zkleﬁ_%

Zpyl — Zk+1H > (1—-nL—nlLg,)

2k — zk1l >

Zk = Zpyd Zptd —zk_HH > (1—nL) ||z — Zpy 1 — 2nmax |G|l

O

Lemma 13 For a game G converging to a monotone game with any convex set Z C R", monotone
L-Lipschitz operator F., mapping from Z to R™ and z* € Z, there exists

2
+ 41Dz max |Gy ||

lewn = 2P < llaw = 2°117 = (1= 12L%) [[an = 204

where Dz = maxy, z,cz ||x1 — x2|| defined in Section If Gy, is also Lg, -Lipschitz,

2
s = 217 < llze = 21 = (1= L2 = 2L, (L + L) [ = 203

+ 21 (max HG’“ (ox+1) H Hz“% - ZH)

while under Assumption

2
o = =17 < (U4 4L, o = 2*1° = (L=97L2 = 2L, (L + La,) — 4L, |20 = 24y

Proof. Due to Pythagorean equality which is also used in the proof of Lemma 10 in|Cai et al.[(2022),
<zk+1 — 2% Zpy1 — (zk —nF <2k+%>)> < 0. Hence, there exists

2 2
|zg+1 ,Z*HQ < sz —nFs (zk+%) — Gy (Z,H_%) —* ‘ + sz —nFy (Z]H_%) — Gy <Zk+%) *Zk-s-lH

15
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Furthermore, we have

2
O R S N SV B P 0 A )
:HZk—Z*HQ_||Zk_2k+1||2+277<2 — 2, F (Zk+ )-i—Gk <2k+%)>
727]<Zk+1fzk,Foo (Zk+%>+Gk 2} )>
= sz - z*||2 —|lzk — Zk+1||2 + 2n <z — Zg+1, F (zk+ ) + Gy, (zk+%>>
= Nz = 217 =zt = 21 1” + 20 (Foo (203 ) 12" = 24 )
+2n <Foo (Zk-t,-%) >Zk+% - Zk+1> +2n <Z* — 2k+1, Gg (Zk+%)>
o 2 2

<|lzr = 2*|I” — <sz — Zpya|| + HZH% - zkHH +2 <zk — 2yl gl — zk+1>>

+2n <Foo (Z;H%) 2l Zk+1> +2n <Z* — 2k+1, Gi (Zk+%)>

Since <Foo (szr%) , 2t — zk+%> < 0, there exists

_ HZH% — zkHHQ + 2n <z szr%,Gk (zk+%)>
+2n <Zk+% — 2k41, Gg (2k+%>> - 2<Zk —nlFx (Zk+1) TRkl 24l Zk+1>

_ Hz,ﬁé _zk+1H2+277<z —szr%,Gk (2k+%)>
-2 <Zk =1 (Foo (2) + Gk (2k)) = 2y 25 242 — Zk+1> +2n <Zk+% = 2k+1, G (Zk+

—2n <Zk+% — 241, G (Zk)> —2n <Zk+% — 2kt 1, Foo (21) — Foo <2k+%>>

o = 217 < o = =1 = || = 21

= |lzx — 2*|I* - sz — 2yl

)

[N

Due to <zk =1 (Foo (2) + Gk (21)) = 2115 24 2 —zk+1> =

<zk—nF(zk)—zk+%,zk+%—zk+1> > 0, Iy = Mz[zr — nF(2x)] and zp41 € Z,
there exists

2 2
|zg+1 — Z*||2 <lzx — z*||2 — |2k — Zgr|| — HZ’H‘% — Zk+1H + 2n <z* — Zk-}-%aGk <2k+%>>
+2n <Zk+% — 241, G (%%) - Gy (Zk)> -2 <Zk+% — 21, Foo (21) — Foo (2k+%)>
2

2
2
<llaw =217 = ||k — 2pt2|| — sz-ﬁ-% - Zk+1H +2n <Z* — Zkt1, G (Zk+% >

—2n <zk+% — 2k+1, G (zk)> +217LH2,€+% — zkHH sz — 2yl

X

= ||lzk — 2| — || 2k — Zpptll — (HZH% - Zk+1” —nL sz ~ Zptd

2
+ 4nDz max ||Gg||

+n?L? sz — Zpy 1

2
<l — 21 = (1= n"L?) ||z — 241 || + 40Dz max |Gy |

16
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If G}, is L, -Lipschitz, according to Lemma|T2], there exists

))

+2n <Zk+% — 241, G, (Zk+§) — G (Zk)> —2n <Zk+1 — 21, Foo (28) — Fio (

2
—“zk+%—zk+1“ —|—277< zk+1,Gk(zk+

lorrr =2 I <z = 21 = || = 21y

[N

2
<o =21 = o = 2y | = ey = ]| 42005 = 504G (310

+ 277LG1€

S o [ P

X

(e = ool

2
+2n <z* — 2341, G (zk+%)>

S B

212
+’I7 L sz—szr%

+ 277LGk

2
+2n<z*_zk+%,Gk (Zk+%)>

< e —2*|* - (1—n°L?) sz — 2yl

+ 277LG;€

SR S

<l = I = (L= 1P22) o = 21y

2

+20°Le, (L + Le,) sz 2t}

Under Assumption 4]
2

lzsn = 2712 < llaw = 217 = (1= 7PL2) || = 210y
2
+21°Le, (L + La,) sz = 24l

2
:
vy = |

2
<z = 21" = (1 =n*L?) sz —zpt|| +20Lla,

2

+ 2772L(;k (L + LGk)

2

< (L+4nLa) 1z = 2117 = (1= 2L%) |20 = 204
2

+ (2772LGk (L+ L¢,) +477Lgk) 2k = 24l

B.2 BOUNDEDNESS OF THE EG ALGORITHM IN (L + L¢, )-LIPSCHITZ GAMES
This section shows that zj, across iterates of the EG algorithm are bounded under Assumption ]

Lemma 14 For a game G converging to a monotone game with any closed convex set Z C R",
monotone L-Lipschitz operator F, mapping from Z to R™ and z, € Z, with the EG algorithm
under AssumptionH] there exists C € R so that ||z, — 2*|| < C.

Proof. Due to Assumption EL limy oo G = 0. Hence, there exists a N € R so that Vk > N,
1—n?L? —2n?Lg, (L+ Lg,) — 4nLg, > 0, and then

lzha1 — 2°|1> < (1 + 4nLe,) |ze — 2|

By the equation above, there exists
* 12 * (12 T
loren = =17 < flaw = =P T[_, (1+40Lc,)
* (12 R
<llew == IPT]_, (1 +40Lc,)

17
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Therefore, C' > ||z, — 2*|| when C' = max{Hszz*HQHZiN (144nLa,), llzo — 2*|17,

o= 2 Il = 2P O

B.3 BEST-ITERATE CONVERGENCE OF THE TANGENT RESIDUAL OF THE EG ALGORITHM

Lemma 15 For a game G converging to a monotone game with any convex set Z C R"™, monotone
L-Lipschitz operator F., mapping from Z to R™ and z* € Z, there exists

un 1+nL+ (nL)?
,rt, (Zk-i-l) < (77(77)> sz—z;H%

” + 3+ 2nL) max {|| G| }

If Gy, is Lg, -Lipschitz and G¢(z*) = 0, there exists
(1 +nL + (nL)?

tan(zk+1) < ;

r +(1—|—’I7L)Lc;> sz—z,H% + Lg, D

where D = max ||z* — .
ere aHz Zptd

Proof. Due to Lemma [T0} there exists

2L — 2
P (241) < % + Foo(2k41) — Fixo (zk+%) H + max {||Gg||}
Hence,
Rk — R4 Zk+1 — Zpyd
Ttan(2k+1) < ; 2 ; 21+ L sz+1 — ZkJr% —l—max{HGk”}

1 [(1+9L L+nL
< (34 (Y r) e + (20 (FE2E) + 1) mac il

1+nL+ (nL)?
_ (77”(77)) o4 = 2sa || + 3+ 200) max (1G]}

If Gy, is L, -Lipschitz and G (z*) = 0, there exists

2k — Zk+1

Ttan(zk+1) S ;

+ Foo(2hs1) — Fao (ZH%)

’ + Lg, D

Hence,

2k — Zk+1
n

n
1
< (77 +L+LG+77L(L+LG)) sz S

B (1+17L+ (nL)?
n

Ttun(ZkJrl) S

|| ran) = P (s )| + LD

B
n

+ L, D

+L sz+1 ~ 24l

+ L, D

+(1+ nL)LG> sz — 2zt || + L D

O

Full version of Lemma[d}, For a game G converging to a monotone game with any closed convex
set Z C R™ and monotone and L-Lipschitz operator F, : Z — R™, with the EG algorithm, let z*
be a solution of the game G. Then YT > 1, there exists a t* € [[T] satisfying

2

< =
- T

Hzt* T Rrig
and satisfying

C!
rtan(z,. <max{2+C max |Gy« }

18
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under Assumptions 2| and

C.
,,,tan(zt*+1) < max {\/% + LGt*D}

under Assumption 4} where

Iz — =" || + 4nDz 3232 (max |G )

Ci = —2L2
~14nL+(nL)* ||z — 2*|° + 49Dz 350, (max || Gyll)
Cy = 272
n 1—n*L
Cs=3+2nL

underAssumption@ifn € (0,1);

HZO - Z*||2 +2nDz 37 max |Gyl
2L2 — QT]QLG L+ Lg)

c 1+nL+ (nL)* [llz0 — z*|* + 20Dz Yoo max [|Gy|
2= 1— 2L —202L¢ (L + Lg)

G =

03—3+277L

. . 1 .
under Assumption|3|if n € (0, m) ;

llz0 — 2*|I* TTeeo (1 + 4nLc,)
1—n2L2 —202Le (L + Lg) —4nLg

1+nL + (nL)? 120 — 2*|* TIne (1 + 47Lc,)
Co=|—-"-7"— 1 L)L =
2 ( 7 LG )\ T e = 9L (L + L) — 4l

Ci =

underAssumptionwith D = max Hz* = Zpy || i1 - n?L? —2n?Le (L + Lg) — 4nLg > 0.

Proof. Due to Lemma|[T3] there exists

2 T
— Zk:o dnmax |G Dz ||

.12 .2 T
lz0 = 21" > [lzr41 — 2|7 + (1 = n*L?) Zk:onk—m%
T 2 T
- Zk:o 4nmax ||GrDz||

> (1=L?) Zk:o
T 2 e’}
>(1-P1)Y sz —zigy| —AnDz Y] max||Gyll

Hence,
‘< ! U+ apDz > G
a = aeay|| < gy (o= = I+ 4wz 37 (maxGil))
Due to Lemmal(T3}
an lz0 — 2*|* + 49Dz 3232 o (max [ Gll) (14 1L+ (nL)*)*
! \/ T(1 - 2Lk2>0 n +(3 + 2nL) max {||Gy- ||}

If Gy, is L¢, -Lipschitz, there exists

* 12 %12 T 2
oo — =2 > lzrsr = =P+ 3, (1= PL? — 2L, (L+ Lg,) sz R

T
=, 2nmax||Gy||Dz)

T
> (=L = 20Le, (L+ Le,))

2

T
-3 Comax|Gil|Dz)

19
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For N € N*, when Vk > N, 1 —n%L? — 2n?Lg, (L + Lg,) > 0, there exists

2

w2 T T
loo =217 2>, (L= L2 = 20°La (L + La)) || — 2y | = D0, _, @max||GilD2)

Hence,
2 1 w2 oo
Hzt* —Zpeyd| < T =PI — 2°Le (L 1 La)) <||z0 — 2"+ 2nDz Zk:o max ||Gk||>
Due to Lemma[T3]
2
\/ o~ 2nDe Yo e IOl (14l DY (s 4 oyt mas (16
Under Assumption 4]

T
ez =21 < JT _, 1+477Lck)HZo—Z*||2
T

_ Zk , (L=7’L* = 2L, (L+ Le,) —4nLe,) [ [, ., (1 +40Lc)
For N € N*, when Vk > N, 1 —n?L? — 2n?Lg (L + Lg) — 4nL¢g > 0, there exists
io (1=n°L* =20°Le (L + Lg) — 4nLc) i (L + 40Lc,) |

[i—o (1+ 40Lg,)

Then, since Hf:o (14+4nLg,) < [Iie, (1 +4nLg, ), there exists

‘ "< 20 — 2" T2 (1 + 40Lc,)
- T (1 — 772L2 — 2’[72LG (L + Lg) —477Lg)
Due to Lemmal(T3}

P (2 ) < lz0 — 2*I* TTazo (1 + 4nLc,) 1+nL+ (nL)?
P S T -2 = 292Lg (L + Lo) — 4nLc) n

zkfzk+%

2

2o = =1 o — ay

Zpx — Zt*-i—%

+(1+ nL)LG> +Lg,. D
O

B.4 LAST-ITERATE CONVERGENCE OF THE EG ALGORITHM WITH A CONSTANT STEP SIZE

Restatement of Theoreml For a game G converging to a monotone game, \I'n € (O ) 2z, € Z,

4Dz + 4nmax ||Foo||>
n

PO ()2 > 1 (2 1) - max |G (

If Z = R"™, there exists

4D + 2 Fo
I ()% > 7 (2p41)% — max |G| ( + 2y max|| ”)

n

where D = max{||z

Proof. In this proof, “LHS” stands for “left-hand side”. Let cx = Il (2, )(—Foo(2x)) and cgpq1 =
TN (z41) (— Foo(2541)) By Lemmal8} there exists

an an 2 2
2 (26)? = *r " (ze41)? = [nFso(21) + newll” = [7Fs (2r41) + NCk1 | €]

Considering that F,, is both monotone and L-Lipschitz and L < %, there exists

(

2 2
sty — s = o (sey) = P [ <0 ®

—2(NFw (2k41) — MFo0 (21) , 2641 — 26) <0 (6)

20



Published as a conference paper at ICLR 2025

Since Zppl = Mz (zk —nF(zx)) and zg 41 =z (zk —nF (Zk+é))’ there exists z, — nFy(zx) —

ZppL € N (szr%) and z, — nFy, (szr%) — 2k+1 € N (2g+1). Hence,

_9 <zk—an(zk)—zk+%,zk+% —zk+1> <0 @)
—2 <Zk —nFy (Z;H%) — 2k41s Zk41 — Zk> <0 (®)
-2 <nck,zk—zk+%> <0 )
By Lemma 8] there exists
-2 <770k+1 + NFoo(2k41), 26 — NFk (Z,H_%) — zk+1> <0 (10)
=2 (k41 + NFoo(2k41), —MCk41) =0 (11)

Hence, there exists

Expression (@) + LHS of Inequality (3) + LHS of Inequality (&) + LHS of Inequality (7)
+LHS of Inequality (8) + LHS of Inequality (@) + LHS of Inequality (I0) + LHS of Equation (TT)

2 2
+ HUFoo (zk+%) +NCky1 — 2k + Zk+1H +2n <Gk(zk)»zk+% - Zk+1>
+2n <Gk (ZH%) » 2kl — Zk> + 27 <Gk (ZH%) ,MCry1 + ﬂFoo(Zk+1)>

>2n <Gk(zk), Zprl — Zk+1> +2n <Gk (Zk-i-%) s Zh1 — Zk> +2n <Gk (qur%) s MCk+1 + UFoo(Zk+1)>
> — 41 (Dz max [|Gi||) — 20 (2max || Fso || max || G |)

= HUFoo(Zk) Nk — 2k + 241

12)

which means

13)

an an 4Dz + 4nmax || Fio
rt (Zk)Z > rt (Zk+1)2 . max||Gk|| < Z n ” ||>

n
If Z =R", ncp41 = 0. By Lemma|[T4] there exists

Expression (@) + LHS of Inequality (3) + LHS of Inequality (&) + LHS of Inequality (7)
+LHS of Inequality (8) + LHS of Inequality (@) + LHS of Inequality (I0) + LHS of Equation (TT)
>2n <Gk(2k), Zprl — Zk+1> +2n <G;€ (Zk+%) s Zh41 — Zk> +2n <Gk (zk+%) s NCk41 + 77Foo(zk+1)>
> — 4n(D max [|Gyl]) — 2n* (max || Fuc || max || Gy|)

which means

(14)

4D + 2 Fy
,rtan(zk)2 > Ttan(zk+1)2 — max ”GkH ( + 2nmax ” ||)

n

Now we combine all the results above in this section in Theorem [5] for the proof of Theorem 2}

Theorem 5 For a game G converging to a monotone game, V1T =Ty + 15, T1,T5 € N* ,Dz > 0,
the convergence rate of the EG algorithm satisfies

Cy ? 4Dz + 4nmax || Fa || =20
tan < [e%e}
, <zT1+T2+1>_\/ (J + Camasiern zmy I1Gul )+ . S G

when G satisfies Assumption if n € (07%) or G satisfies Assumption if n €

(O7 — 1 ) and
VL?+2Lg(L+Leg)

n 4D + anmax || F |

p S maxGi

an & ’
Tt (ZT1+T2+1) < \/(\/TQ + maXie [Ty, Ty +T5] LGkD())
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when G satisfies Assumptionwith Dy = max Hz* — Zpeyl

and D = maxc{||z,— 21, 240 —
zir1llb B € Nif1 —n?L? —20°Lo (L + Lg) — 4nLg > 0, and for unconstrained cases a = 2
and for constrained cases a = 4. Under Assumption 2]

14 L+ (L) \/maxteN e — = [1* + 49Dz 352 (max|| Gy )

C2 U 1—n2L?
Cg =3+ 277L
Under Assumption 3]
Cy = (1 + oL+ @L) (1+ nL)LG> \/maXtGN le = 2*||” + 20Dz 337 max || G|
n 1—n2L2 —2n2Le (L + Lg)
Cy =3+ 2L
Under Assumption

1+ nL+ (nL)? max 2 — 2P T 1+4nL
02 _ ( U (77 ) +(1+T}L)LG'> tEQN! t > || kao( n Gk)
n 1—n?L2? = 2n?Lg (L + Lg) — 4nLg

Proof. Due to Lemmas and 15] there exists t* € (T, Ty + T2] N N* so that 719 (24 1)% =
O(1/T3). Since T} < t* + 1, according to Theorem there exists

an an 4Dz + 4npmax || Fiso oo
P (2 pmg1)? < Pz 1)? < 2= H ”> Zk max || G|
=T

U]
under any one of Assumptions[2]and[3] while there exists

r

4D + anmax || Foo || x—©
tan (1) < P (e )2 g oo Zk:H max |G|

under Assumption (4 with unconstrained games and @ = 2. Considering that all z;, z; +1 ,t € Nare

in a bounded convex set due to Lemma [T4] we have ¢ = 4 under Assumption [4]in a constrained
game. The theorem is obtained by directly combining the equation above with Lemma 4] ]

B.5 PROOF OF THEOREM[2|
Cases where T' < 3 are trivial with Big O notation since a(z) = O(b(x)) is true if = belongs to

a limited set, Va(z) > 0 and b(z) > 0. Suppose T' = T1 + To + 1,71,T» € N* for T > 2 and
Ty =Ty + 2 or T, + 1. According to Theorem[3} it holds that

O (zp) = ' (2 41y 41)

Cy > 4D; + dnmax || Fso || =
< \/<\/E + C3 maXpe[7,, 7, + T3] ||Gk||> + ; Zk:n max || G|l

1 00
) ¢ 0 ) + O s, ror 16N +0 (32,7, msx G

1 o0
= <\/T72> O (maxye(r, 7, +75) | Gell) + O (\/Zk_Tl max ||Gk||>

Hence,

" (zp) =0 <max {\/1? \/Z:O_T/? max |G|, max ||GT|}>

Then, according to Lemma , PQ%M < r§"(z) and Ton() < & (z). Hence, it holds that

VND =
Tg,p(2r) Pg,p(2r)
max < 79" (zp) g, , —
{ (21) /ND D

1 oo
=0 (max {\/T7 \/Zsz/2 max |Gy ||, max ||GT|})
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Besides, we have

' (zr) = " (241,

Cy 24D 4 anmax || Fag || =
< N,
< \/(\/E + MAX e[y, 7 47 LGkD0> + p Zk:Tl max || G|l

1 oo
- \/O (B) * O (manE[Tl’TlJ"TQ] LGk‘DO)2 + O (Zk:Tl max ||Gk||)

1 oo
=0 (m) +0 (maxke[Tl,Tl_,_TQ] LGkD()) +0 (\/Zk—Tl max ||Gk||>

under Assumption[z_q Hence,

T 1 >
Tta g (ZT) =0 (max {\/T, maxg>T/2 LGk, \/Zk:T/Q max ||Gk:|| })

Then, according to Lemma , Pg%w < r§"(2) and Te.n(2) — ptan(,) Hence, it holds that

VND =9
tan G,D\<T Gg,D
max{r (21), JND D

1 oo
=0 (max {\/T’ maxy>7/2 La,, \/Zk_T/Q max |G| })

C OMITTED PROOFS FOR LAST-ITERATE CONVERGENCE OF THE OG
ALGORITHM

In this section, we provide detailed proof for the last-iterate convergence rate of the OG algorithm.
vk > 0,
wiy1 = Uz [z, — nF) (wi)] s 2p41 = Tz [z — nFk (Wey1)] (15)

The proof of last-iterate convergence of the OG algorithm is similar to that of the EG algorithm.
This appendix consists of the following parts. This section consists of the following parts. First,
with a method inspired by |[Hsieh et al.[(2019); Wei et al.|(2021)), the best-iterate convergence rate of
A(zg, wy) for the OG algorithm is proved. Then, the upper bound of tangent residual of zy, is proved
to be max{O(||z — 24 1[]), O(max [|G||)} if G is L, -Lipschitz and to be O([|zx — 2,4 1) no
matter whether Gy, is L¢, -Lipschitz. Next, the tangent residual is proved to be either non-increasing
or increasing slowly enough across iterates of the OG algorithm. Finally, the last-iterate convergence
rate of the OG algorithm is concluded from the conditions above.

Lemma 16 For any closed convex set Z CR", if z1 =l z[z9 — anz3 (23)], then we have
2
|21 — ZQ||2 < 2% A(zg, 23) + 4n* L max || zp — 23| Hszs | + 27 Hsz3 |

Proof. For z4 = T z[z2 — nFuo(22)], there exists
21 = 22|l < [lz1 — zall + l|24 — 22|
Since z1 = Iz [22 — nF}., (23)] exists and the projection operator is non-expansive, there exists

21 — z4]| <N ||Fso(22) — Foo(23)]| + 1 Hszs (Z3)H

Due to Definition[7]and Lemma[IT} there exists
22 = zall = rp# 2 (22) < PP a(z2) = 0

Due to (a + b)? < 2a® + 2b?, there exists

21 = 22]|* < 201" (2)* + 20* || Fao (22) — Foo(23)||” + 4n* L max || 25 — 23]| || Gs..,

2
|+ 20° (|G,

tan(ZQ)

= 22 A(29, 23) + 41° L max || 22 — 23| HGkZ3

]

23

|+ 20 (|G,

}2
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C.1 PREPARATION FOR ANALYZING THE BEST-ITERATE CONVERGENCE BEHAVIOURS OF
THE OG ALGORITHM

Inspired by the proof of the best-iterate convergence rate with the OG algorithm in time-invariant
games Hsieh et al.| (2019); [Wei et al| (2021), we provide Lemma ﬂ;gl to analyze the best-iterate
convergence behaviours of the OG algorithm with Lemma [T7}

Lemma 17 For a game G converging to a monotone game with any closed convex set Z C R"™ and
monotone and L-Lipschitz operator Fo, : Z — R™ and zj,, wy, € Z, there exists

k .
[wr — wi1||* < 2(47}252)k||wo — 20| +2 Z (4° L) |2kmi — wrga il
+16n22 WP L2) |G
and when'T' > 1, ifn € ( ,2L)

T 2 2 2 T 2
Sl = el < o (o = sl + 3, e = il

T—1
2 12
+8n E o max |G| )
while under Assumption[d) there exists

2 2 k i 2 2
lwk = wesi | < 2|2k —werall” +) QHj:1 (2772 (L+Lg,_,) ) 26— — Wr—i1l]

+2H ( (L+Le,_,) )||w0—z0||2
T 2 2 T 2
3o o = weaal? < B (loo = 2l + 3, o~ vl

. . T 2 Z)k
Eg=2+ lim 2% (277 (L + L¢)

where

Proof. Yk > 1,
lwi = zel* < 0% | Fre1 (wi—1) — Fry (wi) ]|
< 0? (Lllwi—1 — wi|l + [|Gror (wr—1) — Gr—1 (wi)|)”
< 20 (L2 flwims — wel* +41Goa )

Vk > 0 there exists
lwi — wera | < 2 Jwe — 2&l® + 212 — wiga |
Hence, Vk > 2 and under Assumption there exists
lw — wia|* < 207 L2 Jw—1 — wie)* + 2 |2k — wera|* + 207 [ Gt (wi—1) — Gr1(wi)|®
+ 40 L lwy—1 — wi|| [|Gr—1 (wr—1) — G (wy)]|
<P L lwg—1 — wi|® + 2|2k — wiepa||* + 497 [|Gr—1 (wh—1) — Gr—1 (wy) ||
<APL? |lwy—1 — wi* + 2 |z — wiepa|* + 16772 IGk-1]

< 4L (2(4772L2)k Hlwo — zo|* + 22 4P i — wil
11623 (P L2 |Gk2i|2) 2|2 — i I + 1607 |G|

k .
= 2(4772132)k||w0 — zo|” +2 Z (4n° L) (|2k—i — el

+16n2z P2 |Gl
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and when k = 1,
k .
Jwy, — w1 ||” < 2(4n2L2)’“Ilwo — zo||* + 2 Zi:O(ZWLQ)Z 2k—i — wir1—i]>
+16n2z L 4PL2) (|Gt i

Hence, there exists

T 2 2 2 T 2
S o = el < s (T = 20l + 3 s = i

T-1
+8n? Zi:o max ||Gi||2>
If Gy, is Lg, -Lipschitz, Vk > 1, there exists

2
Jwr — 2zl <0 (L+ La, )" Jlwi—1 — wil|®

Hence, under Assumption[4]

2
[wi — w1 ]|* < 20° (L+ Loy_,)” wi—1 — wil* + 2|2k — wiya ||

<2 =l + Y0 2T (202 (24 L)) loeios — wei?

+H ( (L+Lg, ))||w0—w1|\

<2 —wnal?+ 3, 2TT (202 (L4 Lo ,)?) lonms —

+2H ( (L+Le, ))Hwo—ZoH

By the equation above, there exists

S o vl <2 (14 0 T, (22 2+ 261)?) ) o = s
+2l0 =l + 3 (2l - el
#0201 (o (64 L)) ks = wecia )
=2 (14 XTI, (207 (2 a)?) ) o —

+ZZ:0 2k — wia || <2+ZZ— H ( (L+ Lo y) >

Since Eq = 2+1limy 500 23 (202(L+ Lg)?)* sothat 2+2 31 T, (20%(L+ Lg,_

EG»
k=0 k k k=0 k k

Lemma 18 For a game G converging to a monotone game with any closed convex set Z C R™ and

D)%)

)<

]

monotone and L-Lipschitz operator Fo : Z — R" and 2z, wy, € Z, ifn € (0, ﬁ), there exists

22 L2

el ||2 LLQ
1—4n2L2

||w0 — 20 2L2

21 — 2*I° < [lz0 — 2*||* +
16n*L?

T4 D® Daimo MGl + 40Dz 3 |, max |Gl
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. . . . 1 .
and if Gy, is Lg, -Lipschitz and n € (O7 m), there exists

1—692L% — 4n?LLc — 20 L%
1—4n?2L2

.2 a2, 27 (L+ Lg)?
lzr41 — 2%|]7 < [lz0 — 27| +W

lwo — 201 —
T 5 16n* (L4 Lg)? =T-1 )
. Zk:O HZk - 1Uk+1|| + W Zk:o max ”GkH
T
+2nDz Zk:o max |G|

while under Assumption ifn e (O, min { m, ﬁ })
lzr41 = 2°|* < Eaa [l20 — 2*I* + Egan® (L + La) Eg |lwo — 2|
(11— _ 2 2 T _ 2
(1—4nLe — EcEcan” (L+ Lg) )Zk:o 2k — wi ||

where i
T
_ im Z 2 2
EG_2+Th—>002 k=1 (277 (L+La) )

E li g 1+ 4nL
G27T§3>0Hk:0( +4n Gk)

Proof. Vk > 0, there exists
l2k1 = 2% 1% = ll2k — 21 + lzna — 260 + 2 (2h41 — 200 26 — 27)
= llzk = 2°1* = N2nsr — 2z&l® + 2 (zh41 — 28, 2041 — 27)
<law = 2°01* = lznsr — 261> = 20 (Foo (wrsa), 2041 — 27)
=20 (Gr(wk+1); 2k41 — 27)
Due to Lemma|[T7] there exists
lzkr1 = 2 01* < ok — 2% = ll2rr1 — 2kll* — 20 (Foo(wis1), 2h41 — 2°)
=20 (Gr(wk+1), 2k41 — 27)
= llzk — 211 = lzk41 — 261> — 20 (Foo (Wht1), Zh41 — Whs1)
+ 20 (Foo(Wk1), 2" — wit1) = 20 (Gr(Wh+1)s 2h41 — W1)
+ 20 (Gr(Wit1), 2" — Wit1)
< lze = 2* 1% = llzk1 — 2ell* = 20 (Foo (Wkt1), 2k41 — Wit
=20 (Gr(wk+1)s 2k1 — Wet1) + 20 (Gr(Wit1), 2" — Wi1)
Vk > 0, there exists

|21 — wk+1H2 = || Zk41 — Zk||2 + ||z — wk+1||2 + 2 (2K — Wkt1, Zht1 — k)
2 2
= |zk+1 — 2kll” = |2k — wrga ||” + 2 (2 — Wrt1, Zo41 — Wet1)
<lzngr — 2 l? = 126 — wira]]® + 20 (Foo(wh), 2541 — W1
+ 20 (Gr(wk), Zr41 — Wit1)

By adding the two equations above, we obtain

lzes1 — 2% 1% < llzk = 2°1° = llzher — wisal® = N2k — wra ||
+2n (Foo (Wi) — Foo (Wht1)s Zht1 — Wht1) + 20 (Gr(Wig1), 25 — Wiy1)
+ 21 (Gr(wr) — Gr(Wrt1), 2p41 — Why1)
< lzw — 2% = llzbs1 — wpa |* = 2k — wia ||
+ 20 [|[Foo (wk) — Foo (Wr41) | 12641 — w1 ]| + 20 (Gr(wit1), 2% — wigr)
+ 20 |G (wi) — Gr(wrs1) || 2611 — wry |l
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If Z is bounded,

Iznsr — 27 I1° < llzk — 2°11% = ll2e — wiesa|? + 02L? lwg, — wiga|” + 20 max || Gylll| 211 — 27|
+2nDz |Gyl

< ek — 2% 01> = llze — wirt|* + n*L? [lwy — wisr || + 40Dz max || G|
Then, there exists
lorgr — 2% < Jl20 — 27|* — Z 125 — wipa ||* + 77 L7 Z [wy, — wipa]|?

T
+4nDz Y max||Gyll

T T
< lzo — %> - Z 21 — w1 ||° + 40Dz ZH max || Gy ||

277 L? 9 9 T-1 9
1- 422 <|w0 20” +Z |2k — wit]|” + 87 Zk:O max || Gy||

|2 2> L 2 — 6 L?
< lzo — 271" + m [[wo — ol m ||Zk - wk+1H
16m* L2 -1 9 T
m b0 maXHGk” +4'I7DZ Zk:o maXHGk”

If Gy, is L¢, -Lipschitz, there exists

lzr1 = 2°01% < llak — 2°11° = l2rr1 — wisaI® = 126 — wera | + 20 wg — wisa || 12641 — whp |
+ 20 (Gr(wi+1), 2" — wit1) + 2nLe, [lwk — wea || [[2641 — Wi |
< llze = 2* 1% = 2w — wialI” + 7% (L + La,)? we — wiga | + 20 (Gr(weg1), 2° — wega)
<z = 2* 17 = 2 — wisaI” + 0% (L + La,)? we — wiga|* + 20Dz max || Gy (wiga) |

Hence, there exists

T T
lzrs1 — 2% < llz0 — 2*|)* — Zk:o 2k — wiia ] + 72 (L + Lg)? Zk:o [ra———

T
+2nDz Zk:o max |G|

2 T 2, 2(L+ Lg)° 2
< lzo — 2"l —Zkzoﬂzk—wkﬂﬂ 7%2 lwo — zo]|? +Z 2 — w1

T-1 T
+80°) max ||GZ-||2> +29Dz Y max||Gyl|

1 —6n*L? —4n*LLg — 2n*L%

a2 203 (L+ Lg)? )
< lzo — 27| Wﬂwo—zon — TP L
T s 16n* (L4 Lg)? =71 ) T
. Zk:O sz - rLUk-i-lH + W Zk:o max HG/CH + 277DZ Zk:o max HGkH

Under Assumption[d] there exists

lzkrr = 211" < llzn = 2*1° = Ik = wesn|” +0° (L + La,)* lwn = wiesal|* + 20Le, 12" = wira ||

< (L+4nLg,) |2 — 2|1 = (1 = 4nLe,) |2 — wiga |* +0° (L + La,)? wk — wiia |
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Hence,

12 T 2 T-1 T 2
ey = 21" < T, _ (A +4nLe)llzo =27 =D Hi:kJrl (1+4nLg,) (1 —4nLg,) [k — Wit |
2 T-1 T 2 2
—(L=4nLey) lzr —wral*+ Hi:k—i—l (1+4nLe)n* (L + Le,)” |lwy — wyia |
+0* (L + Lay)? lwr — wria |
|2 T 2
< EBaallzo =27 =) (1—4nLa,) |2k — wes |
2 27 _ 2
+ Ega2n” (L + L) Zk:o [wi — w1

T
< Egallzo — 2*||* - Z

2
o (L= 4nLy) 2k — wiea |

T
+ Egon? (L + Lg)? Eg <|w0 — z|> + Zk:o |2 — wkHIIQ)
< Ega |20 — 2*|° + Egan® (L + Le)? Eq |lwo — 20|

T
— (1 —4nLe — EgEcan® (L + La)*) Y

2
S E S

C.2 BEST-ITERATE CONVERGENCE OF A(z, wg)

This section shows that VT' € N*, there exists t* € [[T']] satisfying A(zy, wy=) = O(1/T).
Following is the proof of the boundedness of any sequence of players’ actions with the OG algorithm
in (L 4+ L¢, )-Lipschitz games described under Assumption

Lemma 19 For a game G converging to a monotone game with any closed convex set Z € R",
monotone L-Lipschitz operator F, mapping from Z to R™ and z;, € Z, with the OG algorithm
under AssumptionH] there exists C.., Cy, > 0 so that ||z, — 2*|| < C., and ||wy, — z*|| < Cl.

Proof. Under Assumption 4, with Lemma (18| we find that V& € N*, ||z, — 2*|| is bounded in
any sequence of games in this paper with the OG algorithm. Hence, there exists C, > 0 so that
Iz — 2| < C..

With OG algorithm, we have z;, = Iz [zx—1 — nF} (wi)]. Hence, for C,, = 2C,,

lwkr1 — zxll = |1z [2x — nFr (wg)] — 1z [2x—1 — nFk (wg)]]]
<2k — zi—1l| < |lzie — 2% + ||12" — zi—1]| < 2C, < Cy

O

Lemma 20 For a game G converging to a monotone game with any closed convex set Z C R™ and

monotone and L-Lipschitz operator Fo, : Z — R" and z,,wy, € Z, ifn € (O, ﬁ) there exists

T 4+ 20n*L* o An?L? (5n°L? +6) )
2 *
Zkzln A(Zkﬂwk) < 1—67]2[/2 ||ZO_Z H + 1—6772L2 HU)()—ZUH
N 4n? (9 + 4n*L? — 20n*L*) B, 0Dz (44 20n*L*) 5
2 m
1— 6n2L2 mk 1—6n2L2 4§

where
o0
Emk = Zk:o max HGk”
oo 2
Emk2 = Zk:() max HGkH
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A . . 1 .
Under ssumptwn ifn e (0, \/m) there exists

. A(1 — 42L2) + 292 L2 (772 (L + Lg)? +8+8772L2)
Z P A(zp, wi) <
k=1 ’ - 1 —6n2L? —4n?LL¢g — 2n?L%
m? (L + L) (4 + 2?12 (8772L2 +?(L+ LG)2)> M2 L2 (8 48202 + % (L + LG)2>
(1 —6n2L% —4n?>LLg — 2n2L%) (1 — 4n2L?) + 1—4n2L2

ll20 = "I + [lwo — zo|”

$9Dz(1— 472 L%) + 45Dz L? (17 (L + Lg) + 8+ 8177L? )

Epmk + 407 E 2 <9 + 8’ L?

+ 1—6n2L? —4n?LLg — 2n?L%
M2 L2 (8 4822 + % (L + LG)Q) 22 (L + L) (4 + 2212 (8772L2 + 2 (L+ LG)2)>
+ +
1—4n2L2 (1—6n2L? —4n?LL¢ — 20?L%,) (1 — 4nL?)

Under Assumption ifl —4nLg — EgEgon® (L + Lg)2 > 0, there exists

T 44 Eqn® (L + Lg)* (4 + 3n2L2
b1 A(zk,wk) < ( ) ( 2

= 1 —4nLg — EqEgon? (L + Lg)
n <4EG2 + EgEcon? (L + Lg)* (4 + 3nL?%)

1 —4nLg — EqEgan? (L + Lg)?

G2 120 — 2*|I°

+4+ 3772L2> (n* (L + La)” Eg) |lwo — 2|

122 D? Z Lo, 2L+ Le,_,)
where D = maxien{||z: — 2%, ||zt — we| }-
Proof. Vk > 1, due to Lemma@, there exists

Prt (2)% < (|2k-1 = 2k + NFso (2k) = NFoo (wi) | + nmax |Gy 1 )
< 221 — zkl|* + 207 (| Foo (24) — Foo(wi) || + max |Gy —1])?
< 2|21 — zl® + 20 (L ||z — wi]| + max |Gy 1))
< A|zper — will® + 4 |wi — z&]|® + 492L? ||z, — wi||* + 49 max |Gy ||?
< 4|zpr — wi]® + (44 4n>L?) (2772L2 |wi—1 — wi||* + 87° max \\Gk_1||2>
+ 4n? maX||Gk,1H2
=4 zp1 — wil? + 202 L2 (4 + 47 L?) |Jwg—1 — wie]|* + 47% (9 + 87° L?) max | Gy—1|?

Hence, according to Lemma when n € (0 ), there exists

1
I \/EL
T 2 T 2, .tan 2 2
> Ak w) =D (0P () 4 [0 () = nFac ()]
T T T
<4 Zk:l 251 — wg||* + (4+5n°L?) 21> L? Zk:l wi—1 — wi||* + 4n? (94 10nL?) Zk:l max ||Gg_1|*
T-1 9 T-1 ) T-1 )
=4 Zk o |2k — wita ||” + (44 5n°L?) 20 L? Zk:O |wi — wg || + 49 (9 + 109> L?) Zk:o max |G|
2 T-1
272\ 0, 272 2 2
<4Z |Zk —wip|* + (44 59°L?) 20°L [y (||wo — 20" + Zk:o 1z — wi |l

T-2 9 T-1 9
+ 8n? Zi:o max |G, ) + 4n? (9 + 107]2L2) Zk:o max |G|
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4+ 20n* L4 T-1 o (4+597L?) 4n?L? ) J— )
:<1—4772L2 2y o m el g (o = ol 807 ) max Gl

(94 10°L%) 3 max |G|

4+ 20n*L* w2 2n?L? 2 16m*L? T-2 2
<<1—6772L2 2o = =1+ T —gge w0 = 2ol + g 2.1y x|l

T-1 (4 +5n*L?) 4n*L? 9 T—2 9
+4nDz Zk:o max ||Gk> + T~ 1Pl <||w0 — 20| + 8n? Zizo max |G| >

T-1
+4n? (9 + 10n°L?) Zk:o max | Gy|?

4+ 20n*LA 9 2% L? 2 16n*L?
<\ T3 —z* — - — = B +4nDzE,,
_<16772L2 Iz0 — 27| "'174772112 [[wo — 20| +1*4772L2 mk2 T 4nDz By

4+ 5n%L?) 4n?L?
( = 4772)L2 (Hw0 —zol” + 8772Emk2) +47? (9 + 1072L?) Eppye
4 +20n* LA ) 202 L2 (4 +20n*L*) + (1 — 692L2) (4 + 5n?L?) 4nL?
< n 20 — 2 ||2 + ( ) ( ) ( ) Hwo - 20”2 LB,

T 1-6n2L2 (1—4n2L?) (1 — 6n2L?)
160" L2 (4+ 20n*L*) + 32np* L2 (4 + 5n°L?) (1 — 6n>L?) + 4n* (9 4 10n*L?) (1 — 4n*L?) (1 — 6n>L?)
' (1—4n?L?) (1 - 6nL?)

anDz (4 + 207)4L4)

1— 61212 mh
4+ 20n* L4 | " 4 4n*L? (5n*L* + 6) | 124 An* (9 + 4n?L? — 20n*L*)
=7 |20 — 2 wo — 2 m
1—6np2L2 "0 1— 61212 00 1— 61212 W
4nDz (44 20n*L*)
1— 6n2L2 mh

Under Assumption [3] due to Lemma|[I0] there exists

1P (21)? < (2k—1 — 2k + NFo0(2k) — 1Fo (w) || + nmax |G ]])?
< 4|zp_y — wi® + 20202 (4 + 407 L2) [Jwg—1 — wg]® + 47% (9 + 87°L?) max |Gy, ||

By adding the two inequalities above and summing them with &k € [[T]], we obtain

Zk:l nQA(Zkywk) = ZkZI (7727"75 (Zk)Q —+ ||77Foo(zk) — 77Foo(wk)|| )

r 2 272 272 T 2

<4 laner —wil* #2702 (44 4°L%) Y 0 (lwees — wi|
T
+dn? (9+80°L%) Y max || Gio”
T 9 9

+ Zk:l 772L2 (772 (L + LGk—l) ||wk71 - wk” )

T 9 T )
< 4Zk=1 l2e—1 — we|” +4n* (9 + 8n°L?) Zk:l max ||Gy_1]|

T

4 PL? (2 (44 4P2L2) +0* (L + Lc)2) S s — wl?
. T-1 2 9 — T_1 )
=4yl — w40 (94 89°L%) D0 max |Gy

T—1
FPLE (84 8PL2 40P (L+ L)) 3 ok = wiep
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According to Lemmas [I7)and[T8], there exists

T T-1 T-1
2 2 2 2712 2 2712
> A wr) 4%z — w407 (9 +80°L7) Y max ||Grl® + 20°L

8+ 80°L% +n? (L + Lg)® (-7~ ) T2 )
1— 4212 Zk:O 2k — wpa || + 49? Zi:o max || G|
+ lwo — zoll°)
22 L2 (8 F82L2 42 (L + LG)Z)
< |4
=\t 1— 4212

Lty l” o — =11
zZ0 — R
1—6n2L2 — 4n?LLg — 2n2L% "™°
2% (L + Lg)? |
1—6n2L2 —4n?LLg — 2n?L%

8n* (L + Lg)* T-1 2
G
1—6n2L2 — 4n2LL¢ — 212 L% Zkzo max || G|l

_|_

|wo — 2o

_|_

2nDz (1 —4n*L?) T
G
T GRIE — dP L~ IR Do Ik

8n'L? (8 F8PL% 4+ 2 (L + LG)2>

4n? (94 8n*L? B2
+ |40 (9 +81°L?) + I hPL mk
22 L2 (8 4 82L2 + % (L + LG)Q) )
+ 1_4772[/2 H'LUO_ZOH
4(1— 42L2) + 22 L2 (8+8n2L2 e (L+LG)2) ,
< l20 — 2"l

- 1 —6n2L? — 4n?LL¢ — 2n>L%,
4(1 - 4n2L2) + 2?12 (8 80202 4+ 12 (L + LG)2>
1— 6n2L2 — 4?LLg — 2n2L3%

814 L2 (8 + 8202 + 2 (L + LG)2)
1— 4212

+ Bz | 407 (9+ 8> L?) +

80t (L + Le)? (4 + 2212 (8772L2 +? (L + LG)2))
(1— 6n2L2 — 4?LL¢ — 272L%) (1 — 4n2L2)

+

22 (L + L) (4 + 22 L2 (8772L2 2 (L+ LG)2)>

+
(1 —6n2L2 —4n?>LLg — 2n?L%) (1 — 412L?)

om2L? (8 F82L2 + 2 (L + LG)Q)

+ 1—4n?2L2

llwo — 2o

Under Assumption ] due to Lemma|[I0] there exists

an 2
n*r' ™ (2e)? < (lzr—1 — 2k + 1Foo(2) — NFoo(wi)|| + nLe,_, D)
2
< 2||zk—1 — 2| + 20% (L ||z — wi| + La, , D)
<4 ||Zk_1 — wk||2 + (4 + 2772L2) sz — wk||2 + 2772D2LG;C,1 (2L + Lkal)
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Hence, with ||wg — 2 ||* <7 2(L+ Le,_ 1) |wk—1 — wg||* and according to Lemmasandl
there exists

T
Zk:l nQA(zk, wy) < Ecn? (L+ Lg)2 (4 + 3772L2) [lwo — zo||2

T-1 T
n (4 + Ean? (L+ La)* (4+ 3772L2)> S Nz —wenl P+ 20?02y Le,, (2L + L, )
T
<Eqn? (L + Lg)? (4+ 302 L%) |Jwo — 20* + 20> D? Zkil La, , 2L+ Lg,_,)
(4 + Egn? (L + Lg)* (4+ 3772L2)) (EG2 20 — 2*||> + Egan? (L + La)® Eg ||wo — Zo||2>
1 —4nLe — EgEgon® (L + Lg)?

_4+ Eon® (L + Le)® (44 3n2L?)
T1—dnL¢ — EqEgon? (L + L)

4+EG’I72 L+LG2 4+3772L2
. ( : <2 lEGﬂ)Q (L+ LG)2 E¢ + Een? (L + LG)2 (4 + 3772L2)
1 —4nL¢ — EgEg? (L + La)

+

Egslzo — 2|1 + |lwo — 20|

+2772D22 Lo, 2L+ Le, )

A+ Een? (L+ Le)? (4+ 3p°L?)

2
QEG2 ||ZO _ Z*||2 + 4EG’2 + EG’EG2772 (L —+ LG’) (4 + 3712L2)
1 —4nLg — EGEqan® (L + L)

1 —4nLg — EqEgan? (L + Lg)?

T
+4+ 3772L2> (L + Lg)? Eg) |lwo — 20> + 21> D? Zk:l Lg, , 2L+ Lg,_,)

From Lemma[20] we obtain the following lemma.

Full version of Lemma[5} For a game G converging to a monotone game with any closed convex
set Z C R"™ and monotone and L-Lipschitz operator Fo, : Z — R™, let z* be a solution of the

game G. Then VT > 1, ifn € ( , fL) there exists t* € [[T] satisfying

1[4+ 20n*L* 4n*L? (5n*L* + 6) )
2
0= A(zp=, wir) ST <2L2 llz0 — 2*||” + 1= 6212 [[wo — 2ol
4n* (9 + 4n*L? — 20n*L*) 5 4nDz (4 + 20n*L*)
1— 61212 mk 1— 61212 mh

. . 1 . % .
UnderAssumptlon ifn € (0, \/m) there exists t* € [[T]] satisfying

L (A= 4n2L%) + 22 L2 (n2 (L+Lg)* +8+ 8772L2>

Iz = 2*|I* + flwo — zol”
1 —6n2L? —4n?LL¢g — 2n?L%

nQA(zt*,wt*) <

AH‘

M2 (L + Lg)? (4 + 202 L2 (8772L2 2 (L + LG)Q)) 22 L2 (8 + 8202 + 2 (L + LG)Q)
(I 6PL% —4PLle - 2°L%) (1L - 4L 1= 4212
81Dz (1 — 4n2L?) + 4P Dz L? (772 (L+Lg)+8+ 8772L2)
+ = 6P L7 — P LLg — 2715 Emp + 4107 Epp e (9 + 8n°L?
M2 L2 (8 4822 + % (L + LG)Q) w2 (L + Le)? (4 221 (87;2L2 2 (L + LG)Q))
+ 1—4n2L2 + (1—6n2L% —4n?LL¢ — 2n?L%) (1 — 4n2L?) ))
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while underAssumption if1—4nLg—EgEqon? (L + Lg)? > 0, there exists t* € [[T)] satisfying
A ) < A+ Een? (L + Lg)? (4+ 3n°L?)

t*, Wit* ) >
T\1-4nLe — EcEcan® (L + Le)°

. 4EGs + EgEgon® (L + Lg)” (4 + 3n°L?)
1—4nLg — EqEcan? (L + Lg)?

Egs ||z — 2*|?

+4 + 3172L2> (772 (L+ LG)2 Eg) ||wo — zUH2

+on?D? ZZ:I Lo, , (20 + La, ) >

where D = maxzen{||z: — 2*||, [|2¢ — wel| }-
Proof. YT > 1, there exists t* € [[T]]

N2A (2, wee ) < L$7 Az, wy)
) =T k=1 )

The lemma is directly obtained with the inequality above from Lemma [20} ]
C.3 APPROXIMATE MONOTONICITY OF A(zy, wg)

This section shows that A(z, wy) is either non-increasing or increasing at a low rate across iterates
with the OG algorithm.

Restatement of Theorem For a game G converging to a monotone game, 'n € (0, 37),
2k € Z, Az, wg) > A(zgr1, Wey1) — %(SDZ + 4dnmax || Fo||) max |G|, while A(zg, wy) >

A(zr1, W) = 5 (3D + 2nmax || Fu ||) max |Gy || if D = max{[|wis1 — 2z, l2e+1 — 21}
and Z = R".

Proof. In this proof, “LHS” stands for “left-hand side”. Due to Lemma@, there exists
TR (2)2 4 0 || oo (28) — Foc ()]
P (o 47 | Fae (211) = Foe ()]

InFoo (21) + mex | + 17 | Fos (1) = Foo (wk)IIQ)

/N

Az, wi) — 17 A(zpg1, Wey1) =

/N

TN

11 Fso (z41) + ncrril|” + 17 | Fos (2541) — Foo (wies1)|)?

(16)
Considering that F5, is monotone and L-Lipschitz, and 1 € (0, 57 ), there exists
—2(NFoo(2k+1) — NF(2k), 2k41 — 2k) <0 (17)
1
2 (§ s = wnaall = P (1) = 0P ()7 <0 (19)

According to the OG algorithm, there exists z;, — nFo (wi) — nGr(wi) — wi41 € N(wgy1) and
2k — nFoo(wk+1) — T}Gk(wk+1) — Zp41 € N(Zk+1). Hence,

— (26 — nFoc(wi) — NGr(Wk) — Wht1, Wrt1 — 2641) <0 (19)
=2 (2t — NFoo(Wkt1) = NGr(Wht1) = 241, 2041 — 28) <0 (20)
Since ¢(z1) € N (%), there exists
= (me(zr), 21 — wi41) <0 2D
—(ne(zk), 2k — 2r41) <0 (22)
According to Lemmaand 2k =NFr(Wig1) = 2141 € Nz(2k11)s et € g (z40) (—Foo (2841))s
—2(nc(ze41) + NFoc(2k41), 26 — NFoo(Wit1) = NGk(Wkt1) — 2841) <0 (23)
=2 me(zrt1) + 1Fo (2k41), —nc(zr41)) <0 (24)

33



Published as a conference paper at ICLR 2025

there exists the following inequality:

Expression (I6) + LHS of Inequality + LHS of Inequality (I8) + LHS of Inequality (T9)
+LHS of Inequality (20) + LHS of Inequality (21)) + LHS of Inequality (22)) + LHS of Inequality (23)

+LHS of Inequality (24)

2 2
Wk41 + Zk+1

+77Foo(wk) _nFoo(Zk) 9

2
+ 2k = nFoo(wit1) — 21 — nc(zus1) > + (NGr(wr), Wis1 — 241)
+2 (NGr(wi+1), 241 — 2) + 2 (NG (Wit1), ne(zh41) + NFoo(2k41))
> — 0 [Jwi g1 — 2z || max [|Grl| = 20 [|z541 — 2]l max |G| — 47% max || Fo || max [| G|
> —n(3Dz + 4dnmax || Fu ||) max |G|

_ H Wk+1 — Zk+1

; Hnmk) T ne(an) — 20+

(25)
and there exists the following inequality if the game is unconstrained:

Expression (I6) + LHS of Inequality (I7) + LHS of Inequality (I8) + LHS of Inequality (T9)
+LHS of Inequality (20) + LHS of Inequality (ZI)) + LHS of Inequality (22)) + LHS of Inequality (23]
+LHS of Inequality (24)

2 MGr(wk), Wit = 2k41) + 2 (NG k(Wr41), 2k41 — 2k) + 2 NGk (Wh1), N F oo (2k41))
> — nDmax |G|l — 2nD max |Gy || — 27* max || Fao || max || Gy ||
> —n (3D 4+ 2nmax || Fs||) max |G|

C.4 CONVERGENCE RATE OF A(z, wg)

In the following lemma, we demonstrate the relationship between rf%ffz) (wi+1) and A (zg, wy).

Lemma 21 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo, : Z — R" and zy,, wy, wi1 € Z, there exists

r'(wit1) < V2(2+nL) V/A(zk, wi) + (24 nL) max || G|
If Gy, is L, -Lipschitz and Gy(z*) = 0, there exists
' (wyy1) < V2(2+ nL) /Alze, wi) + (1 + nL) max | Gg|| + Lg, D

where D = min{max ||z, — wy||, Dz} under Assumption 4| and D = Dz under other circum-
stances.

Proof. Due to the OG algorithm and the non-expansiveness of the projection operator, there exists

2k — wigr || < Mz — Iz [2k — nFoo (20)]]] + lwktr — Iz [z — nFoo (26) ]|
<rirz (2) + 1Tz [z — nFr(wi)] = Tz [z — nFo (20)]]
< ez (2) + [NFoo (i) — nFoo(zi) || + NG (21|
According to Lemma[T0] we have

14+nL

r'(zr) < 126 = wha | + [ Foo (21) — Foo(wg) || + max{][| G|}

Hence, there exists
' (wi 1) < (14 0L) r(§2) (2k) + (2 +1L) | Foo(wi) — Foo (2k) || + (2 + nL) max || Gy |
< V2 (24 0L) /1 (202 + [ Foouwn) — Foo(z0)|* + (2 + L) max |G|
= V2(2+nL) V/A(zk, wg) + (2 + nL) max |G|
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If Gy, is L¢, -Lipschitz, there exists

2L — W
P (wy ) < || 2 L P (wig) — Foo(wg)|| + L, D

1
=5 12k = Wi | + [ Foo (wit1) = Foo (20)[ + [ Foo (28) — Foo(wi) || + L, D

1+nL
< n" 12 — wipt || + [ Foo (24) — Foo(wp) || + L, D

Hence, there exists
r' " (wyp1) < (14 0L) 755 (26) + (2 4+ 1L) || Foo (wi) = Foo (1) | + (1 +nL) |Gy (1)
+ Lg, D

<V2(2+nL) Ty (21)? + | Foo (wi) — Fuoo(zi)|1?
+ (1 4+nL) |Gr(2)|| + La, D
< V2(2+4nL) v/ Alzk, wy) + (1 4+ nL) max |Gy || + Le, D

Now we combine all the results above in this section in Theorem [§] for the proof of Theorem 4]

(O,ﬁ), or under Assumption

\/6L2+4LLg+2L% )’
. . . 1 1 t C
tion lf n € <0’ min { 2(L+Lg)’ 4Lg })’ \/A(ZT1+T2 ) wT1+T2)7 r an(le+T2) < \/IITQ +

\/C'z > onep, max ||Gy|l. UnderAssumption ifne (O, ﬁ)

Theorem 6 For a game G converging to a monotone game, under Assumption 2| if n €
if n € (0, 1) or under Assump-

un V2(2+nL)C oo
U (wry yr41) < (\/%)1 +v2(2+1L) \/02 Zk:Tl max || G ||

+ (2 + L) max |Gy 41, |

r

o 4n?L? (5172L2 + 6)

1 [ 4+20n*L* " 2

Cl = H m maX:eN HZt —Z || + 1_ 6’]’]2L2 maX:eN ||U)t - Zt”
1
An? (94 4n*L? — 20n*L*) 4nDz (4 +20n*L*) :
1—-6n°L 1—-6n°L

3Dz + 4nmax || Foo |

Cy =
n
Under Assumption 3}

an V2(2+nL)C o0
P (w7 41) < (\/@)1 +v2(2+nL) \/C’Q Zk:Tl max |G|l

+ (2 +nL) max|Gr| + La, Dz
A(1 — 42L2) + 202 L2 (772 (L+Lc)? +8+ 8772L2)

€ == maxsen |12 — 2|7 + massen [, — 2|
n 1—6n2L? —4n?LLg — 2n*L%
92 (L + L) (4 + oL (8172L2 + 2 (L+ LG)2)> M2 L2 (8 F 8202 + % (L + LG)Q)
(1 —6n2L% —4n?LL¢ — 2n2L%) (1 — 4n2L2) * 1—4n2L2
81Dz(1 — 4n2L?) + 4P D L2 (nQ (L+Lg) +8+ 8772L2>
Jr

BEpi + 40°F 9 + 8> L2
1= 69°L2 — 4’ LLg — 22 L% kA Bk ( +on
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2212 (84 8°L2 407 (L+ La)’) 207 (L+ La)” (44 20°L2 (80°L° + % (L + La)’ ) ) ))
+ +

1—4n2L2 (1—6n2L% —4n?LL¢ — 2n2L%) (1 — 4n2L?)
3Dz + dnpmax || Foo ||
Cy =
n
Under Assumption
an \/i (2 + nL) Cl o0
Tt (wT1+T2+1) S T + \/5 (2 + 77L) \/CQ Zk:Tl max HGk”
+ (1+nL)max||Gr| + Lg,. D
1 (44 Ean? (L + Lg)® (44 3nL?) 2
Cy=—- 5 Ega maxen ||ze — 27|
N \1-4nLc — EgEgan* (L + Lg)

N <4EG2 + EgEgan? (L + LG)2 (4 + 3n°L?)

+4+302L% |(n? (L + Lg)? Eq) maxyen ||we — 2|
1 —4nLe — EcEcon? (L + Le)? €

2

T
+2n2 D2 Zk-:l La,_, (2L + Lg,_,) )

_ 3D + anmax || F ||
n

where Dy = maxsen{||z: — 2%, ||zt — we||}, D = max{||wg+1 — zk+1lls |2k+1 — 2k
and for unconstrained cases a = 2 and for constrained cases a = 4.

Co

L keN,

Proof. According to Lemmal3] there exists t* € (T, T1 +T5]NN* so that Az, wy )2 = O(1/T3).
Since T < t*, according to Theorem@, there exists

o 3Dz + 4nmax || Fx||

A(zry 415, W 413) < Az, wee ) + Zk:Tl o max |G|
under any one of Assumptions[2]and[3] and there exists
o 3D + anmax || F
Aery v wr,om) < Al we) + 3 el s

k=T n

under Assumption ] with unconstrained games and a = 2. Considering that all z;, w;, i € N are in
a bounded convex set due to Lemma|[I9] we have a = 4 under Assumption[d]in a constrained game.
The theorem is obtained by directly combining the two equations above with Lemma5]and Lemma
119 ]

C.5 PROOF OF THEOREM[]

Cases where T' < 3 are trivial with Big O notation since a(z) = O(b(z)) is true if x belongs to
a limited set, Va(z) > 0 and b(z) > 0. Suppose T' = T1 + To + 1,77,T» € N* for T > 3 and
Ty =T, + 2 or T> + 1. According to Theorem[6} we have

un V2(2+nL)C =
1 (wry 4 y41) < (\/Tz)l +V2(2+nL) \/02 Zk:n max |G|

+ (2 + 77L) max ||GT1+T2 ”

,,,tan(

wT):r

where C4, Cy > 0 under Assumptions 2]and[3] Hence,
1 oo
r'"(wr) = O (\/E) +0 <\/Zk_T1 max ||Gk||> + O (max [|Gr—_1||)
1 0o
=0 (max {\/T’ \/Zsz/Z max |G ||, max |GT||})
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Also, we have

an V2(2+4nL)C oo
) < LELIDA L Bty 637 maxic

+ (1 4+ nL)max ||Gr_1|| + Lay_, Do

where C1,Cy > 0 under Assumption [d and Dy is D in Theorem[6] Ve > 0, 3Ny, VN > Np,
Tlieny (1+4nLe,) — 1| < eand Lg, < esothatl —4nLg — EqgEcan® (L + Le)? > 0if Ny
were the initial time 0. Since VNy > 0, T = O(T — Ny) for T > Ny, (T + No)/2 > T/2 and
FEq < 4, we have

,rtan(

wr) =r

rtan (wp) =0 (\/%) 19 <\/2le max ||Gk||> + O (max |Gr|)) + O (La_, Do)

1 oo
=0 (max {ﬁ \/Zk_m max [|Gy||, max |G|, La,_, })

Then, according to Lemma , %M < r™(z) and Ten(z) < r&"(z). Hence, we have

VND —
T P,
max {Ttan (wT) 7 g\,/[%'l;T)7 g,[ng) } — pton (wT)

Therefore,

max {rmn (wr), Tg,p(wr) Pg,p(wr) }

VND = D
1 oo
=0 <max{ﬁ, \/ka max |G|, max ||GT|}>
under Assumptions [2and 3] including D = Dz > 0, while

Tg p(wr) Pg,D(wT)}
VND = D

1 oo
=0 (max {ﬁ \/Zk_m max |G ||, max |Gr ||, Le,_, })

under Assumption 4] O

max {rm" (wr),
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