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Abstract

Offline Reinforcement Learning (RL) aims to learn a near-optimal policy from a
fixed dataset of transitions collected by another policy. This problem has attracted
a lot of attention recently, but most existing methods with strong theoretical guaran-
tees are restricted to finite-horizon or tabular settings. In contrast, few algorithms
for infinite-horizon settings with function approximation and minimal assump-
tions on the dataset are both sample and computationally efficient. Another gap
in the current literature is the lack of theoretical analysis for the average-reward
setting, which is more challenging than the discounted setting. In this paper, we
address both of these issues by proposing a primal-dual optimization method based
on the linear programming formulation of RL. Our key contribution is a new
reparametrization that allows us to derive low-variance gradient estimators that can
be used in a stochastic optimization scheme using only samples from the behavior
policy. Our method finds an e-optimal policy with O(¢~%) samples, while being
computationally efficient for infinite-horizon discounted and average-reward MDPs
with realizable linear function approximation and partial coverage. Moreover, to
the best of our knowledge, this is the first theoretical result for average-reward
offline RL.

1 Introduction

We study the setting of Offline Reinforcement Learning (RL), where the goal is to learn an e-optimal
policy without being able to interact with the environment, but only using a fixed dataset of transitions
collected by a behavior policy. Learning from offline data proves to be useful especially when
interacting with the environment can be costly or dangerous [16].

In this setting, the quality of the best policy learnable by any algorithm is constrained by the quality
of the data, implying that finding an optimal policy without further assumptions on the data is not
feasible. Therefore, many methods [23, 34] make a uniform coverage assumption, requiring that the
behavior policy explores sufficiently well the whole state-action space. However, recent work [17, 31]
demonstrated that partial coverage of the state-action space is sufficient. In particular, this means
that the behavior policy needs only to sufficiently explore the state-action pairs visited by the optimal
policy.

Moreover, like its online counterpart, modern offline RL faces the problem of learning efficiently in
environments with very large state spaces, where function approximation is necessary to compactly
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| B e o i ietron
Discounted Average-Reward
PEVI [14] v O(e™?) O(n) general X X
FQI [23] X 0O(e™?) oracle-based general v X
PSPI, practical [37] v O(e%)/O(e3) | oracle-based general / linear v X
PRO-RL [40] v O(e™ 6 ) oracle-based general v X
ALMIS [32] v O(e™?) oracle-based general v X
A-CRAB [42] v 0(e™?) oracle-based general v X
PDOR (ours) v Oo(™%) O(n) linear v v

Table 1: Comparison of selected methods for offline RL. The table shows some of the most relevant
works for offline RL, and their characteristics. It is important to notice that many of these methods
are designed for the general function approximation setting, while we focus on the easier setting of
linear MDPs. However, most existing methods make use of oracles, which makes their computational
complexity difficult to estimate, and while an efficient implementation can be derived by replacing
the oracles appropriately, it is usually not immediate to prove sample complexity results for these
practical versions.

represent policies and value functions. Although function approximation, especially with neural
networks, is widely used in practice, its theoretical understanding in the context of decision-making
is still rather limited, even when considering linear function approximation.

In fact, most existing sample complexity results for offline RL algorithms are limited either to the
tabular and finite horizon setting, by the uniform coverage assumption or by assuming access to a
(convex) optimization oracle — see the top section of Table | for a summary.

Notable exceptions in terms of computational efficiency are the works of Xie et al. [37] and Cheng
et al. [9], who provide a computationally efficient version of their method for infinite-horizon
discounted MDPs under realizable linear function approximation and partial coverage assumptions.
Despite being some of the first concrete implementations, the practical versions of those algorithms
differ significantly from their information-theoretic counterparts, and thus the sample-complexity
guarantees proven in the corresponding papers do not immediately carry over to them.

More similar to our work are those of Zhan et al. [40], and Rashidinejad et al. [32] who also consider
a linear programming approach to offline learning in infinite-horizon discounted MDPs. Yet, like
many works which consider the broader general function approximation setting, their method may
remain oracle-efficient even in the simpler linear MDP setting — see the caption of Table 1. Moreover,
all methods referenced so far only work in the finite-horizon or infinite-horizon discounted setting.
We consider this a limitation because, to the best of our knowledge, transferring ideas from these
settings to the more challenging average-reward setting is typically hard. For example, methods
based on approximate dynamic programming like Zhu et al. [42] make crucial use of the contractive
property of the discounted Bellman operators, which does not generally hold in the average-reward
setting (especially not under the general assumptions we make in our work).

Therefore, this work is motivated by the following research question:

Can we design a linear-time algorithm with polynomial sample complexity for the discounted and
average-reward infinite-horizon settings, in large state spaces under a partial-coverage assumption?

We answer this question positively by designing a method based on the linear-programming (LP)
formulation of sequential decision making [20]. Albeit less known than the dynamic-programming
formulation [3] that is ubiquitous in RL, it allows us to tackle this problem with the powerful tools
of convex optimization. We turn in particular to a relaxed version of the LP formulation [21, 2]
that considers action-value functions that are linear in known state-action features. This allows to
reduce the dimensionality of the problem from the cardinality of the state space to the number of
features. This relaxation still allows to recover optimal policies in linear MDPs [38, 13], a structural
assumption that is widely employed in the theoretical study of RL with linear function approximation.

Our algorithm for learning near-optimal policies from offline data is based on primal-dual optimization
of the Lagrangian of the relaxed LP. The use of saddle-point optimization in MDPs was first proposed



by Wang & Chen [35] for planning in small state spaces, and was extended to linear function
approximation by Chen et al. [8], Bas-Serrano & Neu [1], and Neu & Okolo [26]. We largely take
inspiration from this latter work, which was the first to apply saddle-point optimization to the relaxed
LP. However, primal-dual planning algorithms assume oracle access to a transition model, whose
samples are used to estimate gradients. In our offline setting, we only assume access to i.i.d. samples
generated by a possibly unknown behavior policy. To adapt the primal-dual optimization strategy
to this setting we employ a change of variable, inspired by Nachum & Dai [24], which allows easy
computation of unbiased gradient estimates.

Notation. We denote vectors with bold letters, such as © = [zq,..., xd]T € R4 and use e; to
denote the ¢-th standard basis vector. We interchangeably denote functions f : X — R over a finite
set X, as vectors f € RI¥I with components f(z), and use > to denote element-wise comparison. We
denote the set of probability distributions over a measurable set S as A g, and the probability simplex
inR? as Ay. Weuse o : R? — Ay to denote the softmax function defined as o;(x) = e/ Z?:l evi.
We use upper-case letters for random variables, such as S, and denote the uniform distribution over a
finite set of n elements as I/ (n). In the context of iterative algorithms, we use F;_; to denote the
sigma-algebra generated by all events up to the end of iteration ¢ — 1, and use the shorthand notation

E; [ = E[+] Fi—1] to denote expectation conditional on the history. For nested-loop algorithms, we
write F; ;1 for the sigma-algebra generated by all events up to the end of iteration ¢ — 1 of round ¢,
and E; ; [-] = E[-| Fy,;—1] for the corresponding conditional expectation.

2 Preliminaries

We study discounted Markov decision processes [MDP, 29] denoted as (X, A, p, r,v), with discount
factor v € [0,1] and finite, but potentially very large, state space X and action space A. For
every state-action pair (z,a), we denote as p(- | z,a) € Ay the next-state distribution, and as
r(z,a) € [0,1] the reward, which is assumed to be deterministic and bounded for simplicity. The
transition function p is also denoted as the matrix P € RI**AIXI*| and the reward as the vector
r € RI¥*Al The objective is to find an optimal policy 7* : X — A 4. That is, a stationary policy
that maximizes the normalized expected return p(7*) = (1 — )Er«[>,2, 7' (Xy, A¢)], where
the initial state X is sampled from the initial state distribution v, the other states according to
Xty1 ~ p(+|Xt, A¢) and where the notation E,[-] is used to denote that the actions are sampled
from policy 7 as A; ~ 7(-|X}). Moreover, we define the following quantities for each policy : its
state-action value function ¢" (z, a) = E,[> 2, v'r(Xs, 4¢) | Xo = z, Ag = al, its value function
v™(x) = Er[¢" (@, Ap)], its state occupancy measure v™ (z) = (1 —v)E.[> ;2 7' 1{X; = z}], and
its state-action occupancy measure p” (x, a) = 7(a|z)v™ (x). These quantities are known to satisify
the following useful relations, more commonly known respectively as Bellman’s equation and flow
constraint for policy 7 [4]:

q" =7+ yPv" v' = 1=y +yP'u" )]

Given this notation, we can also rewrite the normalized expected return in vector form as p(7) =
(1 —){vp,v™) or equivalently as p(7) = (r, u™).

Our work is based on the linear programming formulation due to Manne [19] (see also 29) which
transforms the reinforcement learning problem into the search for an optimal state-action occupancy
measure, obtained by solving the following Linear Program (LP):

maximize (7, u)
subjectto E'p= (1 —v)vo+vP"p 2)
n=>0

where E € RI¥*AXI¥I denotes the matrix with components E(;.4),»» = 1{z = 2'}. The constraints
of this LP are known to characterize the set of valid state-action occupancy measures. Therefore,
an optimal solution p* of the LP corresponds to the state-action occupancy measure associated to a
policy 7* maximizing the expected return, and which is therefore optimal in the MDP. This policy
can be extracted as 7*(a|r) = p*(v,a)/ > ;. 4 p* (v, a). However, this linear program cannot be
directly solved in an efficient way in large MDPs due to the number of constraints and dimensions
of the variables scaling with the size of the state space X. Therefore, taking inspiration from the



previous works of Bas-Serrano et al. [2], Neu & Okolo [26] we assume the knowledge of a feature
map @, which we then use to reduce the dimension of the problem. More specifically we consider the
setting of Linear MDPs [13, 38].

Definition 2.1 (Linear MDP). An MDP is called linear if both the transition and reward functions
can be expressed as a linear function of a given feature map ¢ : X x A — R<. That is, there exist
1 : X — R?and w € R? such that, for every 2,2’ € X and a € A:

7‘(3;‘, a) = <90(337 a)a w>’ p(l‘/ | Z, a) = <Lp($, a>7 "/’(wl»
We assume that for all x, a, the norms of all relevant vectors are bounded by known constants as
le(x,a)lly < Dp, 132, ¥ (2)||y, < Dy, and ||wl|, < D,,. Moreover, we represent the feature map
with the matrix ® € RI¥*AI*4 with rows given by ¢(x, a)", and similarly we define ¥ € R*¥|¥I
as the matrix with columns given by ().

With this notation we can rewrite the transition matrix as P = ®W. Furthermore, it is convenient
to assume that the dimension d of the feature map cannot be trivially reduced, and therefore that
the matrix @ is full-rank. An easily verifiable consequence of the Linear MDP assumption is that
state-action value functions can be represented as a linear combinations of . That is, there exist
0™ € R? such that:

q"=r+~yPv" =P(w+ Tv") = PO™. 3)
It can be shown that for all policies 7, the norm of 8™ is at most Dg = D, + % (cf. Lemma B.1

in 13). We then translate the linear program (2) to our setting, with the addition of the new variable
X € RY, resulting in the following new LP and its corresponding dual:

maximize (w, A) minimize (1 — v)(vo, v)

subjectto ETp = (1—7)vg+yP'A 4@ subject to 6 = w + yPv )
A=Dp Ev > ®0
p =0

It can be immediately noticed how the introduction of A did not change neither the set of admissible
ps nor the objective, and therefore did not alter the optimal solution. The Lagrangian associated to
this set of linear programs is the function:

L(v,0,\, 1) =(1—7)(vo,v) + (A, w+y¥v —0) + (u, O — Ev)
=Aw)+{v,(1 =9y +vyPA—E"u)+ (0,9 " — A). (6)
It is known that finding optimal solutions (A*, u*) and (v*, 0*) for the primal and dual LPs is
equivalent to finding a saddle point (v*, 8*, X*, u*) of the Lagrangian function [5]. In the next

section, we will develop primal-dual methods that aim to find approximate solutions to the above
saddle-point problem, and convert these solutions to policies with near-optimality guarantees.

3 Algorithm and Main Results

This section introduces the concrete setting we study in this paper, and presents our main contributions.

We consider the offline-learning scenario where the agent has access to a dataset D = (W)},
collected by a behavior policy 7, and composed of n random observations of the form W, =
(X?, Xy, Ay, R, X}). The random variables X, (X;, A;) and X/ are sampled, respectively, from
the initial-state distribution v, the discounted occupancy measure of the behavior policy, denoted as
g, and from p(-| Xy, A;). Finally, R; denotes the reward r (X, A;). We assume that all observations
W, are generated independently of each other, and will often use the notation ¢; = @(X¢, A¢).

Our strategy consists in finding approximately good solutions for the LPs (4) and (5) using stochastic
optimization methods, which require access to unbiased gradient estimates of the Lagrangian (Equa-
tion 6). The main challenge we need to overcome is constructing suitable estimators based only on
observations drawn from the behavior policy. We address this challenge by introducing the matrix
A =Ex avpy [(X, A)p(X, A)"] (supposed to be invertible for the sake of argument for now),
and rewriting the gradient with respect to X as

VALl ;v,0) =w+7Pv — 0 = A'A (w +yPv — 6)
= A'E (Xt A))p(Xp, AT (w + 7 %0 — 0)]
= AT'E[p(Xy, Ar) (Re +y0(X{) — (6, (X4, Ar)))] -



This suggests that the vector within the expectation can be used to build an unbiased estimator of the
desired gradient. A downside of using this estimator is that it requires knowledge of A. However,
this can be sidestepped by a reparametrization trick inspired by Nachum & Dai [24]: introducing the
parametrization 3 = A1), the objective can be rewritten as

£(8,w;v,0) = (1 —7)(vo,v) + (B, A(w +7¥v — 0)) + (1, 8O — Ev).

This can be indeed seen to generalize the tabular reparametrization of Nachum & Dai [24] to the case
of linear function approximation. Notably, our linear reparametrization does not change the structure
of the saddle-point problem, but allows building an unbiased estimator of Vg£(3, w; v, 8) without
knowledge of A as

95 = (X1, Ay) (Re +vu(X]) — (0, (X1, Ar))) -

In what follows, we will use the more general parametrization 3 = A=)\, with ¢ € {1/2,1}, and
construct a primal-dual stochastic optimization method that can be implemented efficiently in the
offline setting based on the observations above. Using ¢ = 1 allows to run our algorithm without
knowledge of A, that is, without knowing the behavior policy that generated the dataset, while using
¢ = 1/2 results in a tighter bound', at the price of having to assume knowledge of A.

Our algorithm (presented as Algorithm 1) is inspired by the method of Neu & Okolo [26], originally
designed for planning with a generative model. The algorithm has a double-loop structure, where
at each iteration ¢ we run one step of stochastic gradient ascent for 3, and also an inner loop
which runs K iterations of stochastic gradient descent on 6@ making sure that {p(z,a),8;) is a
good approximation of the true action-value function of 7. Iterations of the inner loop are indexed
by k. The main idea of the algorithm is to compute the unbiased estimators gg ¢, and gz ¢+ of
the gradients Vo £(8,, ti; -, 01.x) and Vg£(8y, -; v¢, 0;), and use them to update the respective
variables iteratively. We then define a softmax policy 7; at each iteration ¢ using the 6 parameters as

m(alz) =0 (a Zf;i (p(z,a), 02>) The other higher-dimensional variables (g, v;) are defined

symbolically in terms of 3, 8, and m;, and used only as auxiliary variables for computing the
estimates gg . 1, and gz ;. Specifically, we set these variables as

() =) mlalz)(p(z,a),0:), M

pie e (z,a) = m(alz) (1 — NXY, = 2} + y{per, AT B)L{X] ), = 2}). (¥

Finally, the gradient estimates can be defined as
Gp.t = A o (R +yun(X{) — (91,61)) )
ge,t,k = ‘I’Tﬂt,k: - AC_l(Pt,k(‘Pt,k,ﬂt>~ (10)

These gradient estimates are then used in a projected gradient ascent/descent scheme, with the /,
projection operator denoted by II. The feasible sets of the two parameter vectors are chosen as /5
balls of radii Dy and Dg, denoted respectively as B(Dy) and B(Dg). Notably, the algorithm does not
need to compute vy (x), p k(x, a), or m,(a|z) for all states x, but only for the states that are accessed
during the execution of the method. In particular, 7, does not need to be computed explicitly, and it

can be efficiently represented by the single d-dimensional parameter vector Zle 0;.

Due to the double-loop structure, each iteration ¢ uses K samples from the dataset D, adding up to
a total of n = KT samples over the course of 7 iterations. Each gradient update calculated by the
method uses a constant number of elementary vector operations, resulting in a total computational
complexity of O(].A|dn) elementary operations. At the end, our algorithm outputs a policy selected
uniformly at random from the 7 iterations.

3.1 Main result

We are now almost ready to state our main result. Before doing so, we first need to discuss the
quantities appearing in the guarantee, and provide an intuitive explanation for them.

"By “tighter bound” we refer to dependence on the coverage ratio introduced in Definition 3.1. We give more
details on this in Section 6.



Algorithm 1 Primal-Dual Offline RL (PDOR)

Input: Learning rates «, ¢, 7, initial points 8y € B(Dy), 81 € B(Dg), 71, and data D = (W;)7,
fort =1toT do
Initialize 6; 1 = 0;_;
fork=1to K —1do
Obtain sample W, ;, = (Xto)k, Xtk Aty X 1)
pig =m0 [(1— Yexy, + 1e(Xek, Ark), A1 Br)exs ]
go.ti =Py — AC*l‘-P(Xt,k, A k)P (Xt Av k), Bt)
0: k1 = lp(p,) Ok, —nGe,ti) // Stochastic gradient descent
end for X
0: = % Zk:l 0t7k

Obtain sample W; = (X7, Xy, Ay, X7)

UV = ET (ﬂ't o <I>0t)

g8 = A (X, Ay) (Re + v (X)) — (o(Xy, Ar), 04))
Br+1 = Ugpy) (Bt +¢@gp,t) / Stochastic gradient ascent

T = o(a Y r_, ®O;) // Policy update
end for
return 7; with J ~ U(T).

Similarly to previous work, we capture the partial coverage assumption by expressing the rate of
convergence to the optimal policy in terms of a coverage ratio that measures the mismatch between
the behavior and the optimal policy. Several definitions of coverage ratio are surveyed by Uehara &
Sun [33]. In this work, we employ a notion of feature coverage ratio for linear MDPs that defines
coverage in feature space rather than in state-action space, similarly to Jin et al. [14], but with a
smaller ratio.

Definition 3.1. Let ¢ € {1/2,1}. We define the generalized coverage ratio as
Cone(757) = B (e aey e [0(X", A)] T A 2B p(X*, 4],

We defer a detailed discussion of this ratio to Section 6, where we compare it with similar notions in
the literature. We are now ready to state our main result.

Theorem 3.2. Given a linear MDP (Definition 2.1) such that 8™ € B(Dg) for any policy w. Assume
that the coverage ratio is bounded Cy, .(7*;mg) < Dg. Then, for any comparator policy 7*, the

policy output by an appropriately tuned instance of Algorithm 1 satisfies E [(u”* — pen 7")] <e
with a number of samples n. that is O (5*4D3D20Df3d2’20 log |A|)

The concrete parameter choices are detailed in the full version of the theorem in Appendix A. The
main theorem can be simplified by making some standard assumptions, formalized by the following
corollary.

Corollary 3.3. Assume that the bound of the feature vectors D, is of order O(1), that D, = Dy, =

Vd and that Dg = ¢ - C,, .(*; ) for some positive universal constant c. Then, under the same

4 *, 2
assumptions of Theorem 3.2, n. is of order O ( d C“’jQ(ZElT%)%lfg LAl )

4 Analysis
This section explains the rationale behind some of the technical choices of our algorithm, and sketches
the proof of our main result.

First, we explicitly rewrite the expression of the Lagrangian (6), after performing the change of
variable A = A°(3:

£(8,pw;v,0) = (1 —7)(vo,v) + (B, A°(w + y¥v — 0)) + (u, PO — Ev) (11)
= (B, AWw) + (v, (1 =Yg +vT AB— E"u) + (6,2 — A°3). (12)



We aim to find an approximate saddle-point of the above convex-concave objective function. One
challenge that we need to face is that the variables v and p have dimension proportional to the size of
the state space | X'|, so making explicit updates to these parameters would be prohibitively expensive
in MDPs with large state spaces. To address this challenge, we choose to parametrize p in terms of a
policy m and 3 through the symbolic assignment p = p3 ., where

Hpe(@,a) = mlala) (L= wo(@) + 1 ((x), AB) . (13)

This choice can be seen to satisfy the first constraint of the primal LP (4), and thus the gradient of the
Lagrangian (12) evaluated at 13 . with respect to v can be verified to be 0. This parametrization
makes it possible to express the Lagrangian as a function of only 8, 3 and 7 as

f(O,ﬁ, 7T) = 2(57 K35, 9) = <ﬁ7ACw> + <07 QTM,@JT - Acﬁ> (14)

For convenience, we also define the quantities vg = E"ug » and vg (s) = >, m(als) (0, ¢(z,a)),
which enables us to rewrite f as

f(o,ﬁ,ﬂ') = <Acﬁvw - 0> + <7;9,7rayﬂ> = (1 - 7)<U07’U9,7r> + <Ac57w + ’Y\IJ'U@,W - 0> (15)

The above choices allow us to perform stochastic gradient / ascent over the low-dimensional parame-
ters @ and 3 and the policy 7. In order to calculate an unbiased estimator of the gradients, we first
observe that the choice of fi; j in Algorithm 1 is an unbiased estimator of yig, r,:

miale)((1 - *v)P(X?,k = 2) + B [1{X] = o Hepr, A1 B))])

m(am(( +’VZ[LB 7, a)p(z|Z, a)cp(;z,a)TAC*lﬁt)

By & [11e,1 (2, a)]

mi(ale) (1 =)o (e) + W(x)TAAC‘lﬂt) = Hp.m, (1. 0),

where we used the fact that p(z|Z,a) = {(¢(z), p(Z,a)), and the definition of A. This in turn
facilitates proving that the gradient estimate gg ; ., defined in Equation 10, is indeed unbiased:

Eik [G0,6k] = ®Er i (k] — A Bk [@erelr] Be = @ 1p,x, — ABr = VoL(Br, i vy, ).
A similar proof is used for g3 ¢ and is detailed in Appendix B.3.

Our analysis is based on arguments by Neu & Okolo [26], carefully adapted to the reparametrized
version of the Lagrangian presented above. The proof studies the following central quantity that we
refer to as dynamic duality gap:

T
> _(F(B", 7% 00) = F(Br, w3 67))- (16)

t=1

gT(ﬂ , T ;91:'1") = T
Here, (0;, B;, ;) are the iterates of the algorithm, ;. = (0;)7_, a sequence of comparators for 6,
and finally 8* and 7* are fixed comparators for 3 and 7, respectively. Our first key lemma relates
the suboptimality of the output policy to G for a specific choice of comparators

Lemma 4.1. Let 07 = 0™, 1* be any policy, and 3* = A=°® " p™ . Then, E [(u™ — p™, r)] =

Gr(B*,7*;01.1)-

The proof is relegated to Appendix B.1. Our second key lemma rewrites the gap G for any choice of
comparators as the sum of three regret terms:
Lemma 4.2. With the choice of comparators of Lemma 4.1

T

T
* * * 1
Gr(B*, 7" 0].7) = T;@ 0;,90,:) + = ; B — B, 98.¢)

£ SN () S (als) — milals)) (01, o, a)),

a

where go.. = ® " pg, , — A°Band g = A(w + YPvg, , — O;).

The proof is presented in Appendix B.2. To conclude the proof we bound the three terms appearing
in Lemma 4.2. The first two of those are bounded using standard gradient descent/ascent analysis
(Lemmas B.1 and B.2), while for the latter we use mirror descent analysis (Lemma B.3). The details
of these steps are reported in Appendix B.3.



5 Extension to Average-Reward MDPs

In this section, we briefly explain how to extend our approach to offline learning in average reward
MDPs, establishing the first sample complexity result for this setting. After introducing the setup, we
outline a remarkably simple adaptation of our algorithm along with its performance guarantees for
this setting. The reader is referred to Appendix C for the full details, and to Chapter 8 of Puterman
[29] for a more thorough discussion of average-reward MDPs.

In the average reward setting we aim to optimize the objective p™(x) =
liminfr_, o %EW [Zthl r(xe, ap) | T = x] representing the long-term average reward of
policy 7 when started from state € X'. Unlike the discounted setting, the average reward criterion
prioritizes long-term frequency over proximity of good rewards due to the absence of discounting
which expresses a preference for earlier rewards. As is standard in the related literature, we will
assume that p™ is well-defined for any policy and is independent of the start state, and thus will
use the same notation to represent the scalar average reward of policy 7. Due to the boundedness
of the rewards, we clearly have p™ € [0,1]. Similarly to the discounted setting, it is possible
to define quantities analogous to the value and action value functions as the solutions to the
Bellman equations ¢g" = r — p™1 + Pv™, where v™ is related to the action-value function as
v™(x) =, m(alr)g™ (x,a). We will make the following standard assumption about the MDP (see,
e.g., Section 17.4 of Meyn & Tweedie [22]):

Assumption 5.1. For all stationary policies 7, the Bellman equations have a solution q™ satisfying
sup, , q"(z,a) —inf; 4 ¢"(z,a) < Dy.

Furthermore, we will continue to work with the linear MDP assumption of Definition 2.1, and will
additionally make the following minor assumption:

Assumption 5.2. The all ones vector 1 is contained in the column span of the feature matrix ®.
Furthermore, let o € RY such that for all (z,a) € Z, (¢(x,a), 0) = 1.

Using these insights, it is straightforward to derive a linear program akin to (2) that characterize the
optimal occupancy measure and thus an optimal policy in average-reward MDPs. Starting from this
formulation and proceeding as in Sections 2 and 4, we equivalently restate this optimization problem
as finding the saddle-point of the reparametrized Lagrangian defined as follows:

’g(/gvl'l’;pvvae) :p—|—(6,Ac[w+\Ilv—0—pg]>+(u,@@—Ev)

As previously, the saddle point can be shown to be equivalent to an optimal occupancy measure under
the assumption that the MDP is linear in the sense of Definition 2.1. Notice that the above Lagrangian
slightly differs from that of the discounted setting in Equation (11) due to the additional optimization
parameter p, but otherwise our main algorithm can be directly generalized to this objective. We
present details of the derivations and the resulting algorithm in Appendix C. The following theorem
states the performance guarantees for this method.

Theorem 5.3. Given a linear MDP (Definition 2.1) satisfying Assumption 5.2 and such that 0™ €
B(Dg) for any policy w. Assume that the coverage ratio is bounded C, .(7*;w) < Dg. Then, for
any comparator policy 7, the policy output by an appropriately tuned instance of Algorithm 2 satisfies

E [(u™ — p™=,r)] < e with a number of samples n. that is O (574D§D3’26’2Déd272‘: log |A\)

As compared to the discounted case, this additional dependence of the sample complexity on D, is
due to the extra optimization variable p. We provide the full proof of this theorem along with further
discussion in Appendix C.

6 Discussion and Final Remarks

In this section, we compare our results with the most relevant ones from the literature. Our Table 1 can
be used as a reference. As a complement to this section, we refer the interested reader to the recent
work by Uehara & Sun [33], which provides a survey of offline RL methods with their coverage and
structural assumptions. Detailed computations can be found in Appendix E.

An important property of our method is that it only requires partial coverage. This sets it apart from
classic batch RL methods like FQI [11, 23], which require a stronger uniform-coverage assumption.
Algorithms working under partial coverage are mostly based on the principle of pessimism. However,



our algorithm does not implement any form of explicit pessimism. We recall that, as shown by Xiao
et al. [36], pessimism is just one of many ways to achieve minimax-optimal sample efficiency.

Let us now compare our notion of coverage ratio to the existing notions previsouly used in the
literature. Jin et al. [14] (Theorem 4.4) rely on a feature coverage ratio which can be written as

Co(n*;mp) = Ex anp [p(X, AT A" p(X, A)]. (17)

By Jensen’s inequality, our C, ;5 (Definition 3.1) is never larger than C°. Indeed, notice how
the random features in Equation (17) are coupled, introducing an extra variance term w.r.t. C, 1 /5.
Specifically, we can show that C,, 1 jo(7*;7p) = C°(7*;7p) — Vx, amps [A7V2(X, A)], where
V[Z] = E[||Z — E[Z]|”] for a random vector Z. So, besides fine comparisons with existing
notions of coverage ratios, we can regard C, 1 /5 as a low-variance version of the standard feature
coverage ratio. However, our sample complexity bounds do not fully take advantage of this low-
variance property, since they scale quadratically with the ratio itself, rather than linearly, as is more
common in related works. Interestingly, C,, 1 2(7*; 73) is also equal to 1 + X2(p*|| 3 ), where X2
denotes the chi-square divergence, a crucial quantity in off-distribution learning based on importance
sampling [10].

To scale with C, 1 /o, our algorithm requires knowledge of A, hence of the behavior policy. However,
so does the algorithm from Jin et al. [14]. Zanette et al. [39] remove this requirement at the price of a
computationally heavier algorithm. However, both are limited to the finite-horizon setting.

Uehara & Sun [33] and Zhang et al. [41] use a coverage ratio that is conceptually similar to Equa-

tion (17),
TEX A~p* [CP(X, A)(,O(X, A>T] Yy
Cl(r*;mp) = sup Y XA .
) = o Bt (9%, A (X, AV ]y

Some linear algebra shows that CT < C° < dCT. Therefore, chaining the previous inequalities
we know that C, 1 /o < C° < dC. Tt should be noted that the algorithm from Uehara & Sun [33]
also works in the representation-learning setting, that is, with unknown features. However, it is far
from being efficiently implementable. The algorithm from Zhang et al. [41] instead is limited to the
finite-horizon setting.

(18)

In the special case of tabular MDPs, it is hard to compare our ratio with existing ones, because in
this setting, error bounds are commonly stated in terms of Sup, 4 1" (x,0) /)i g (2,a), Often introducing
an explicit dependency on the number of states [e.g., 17], which is something we carefully avoided.
However, looking at how the coverage ratio specializes to the tabular setting can still provide
some insight. With known behavior policy, Cy, 1 /2(7*;75) = Zm,a/ﬁ(wva)z/y,g(m,a) is smaller than
the more standard C°(7*;7p5) = 3, ,#"(#:0)/up(z,a). With unknown behavior, Cy, 1 (7*;75) =
ZM(u"(ﬂv,a)/,m(gc,a))2 is non-comparable with C° in general, but larger than Cyn /2- Moreover, a
similar quantity to C,, ; was used by Lykouris et al. [18] in the context of (online) RL with adversarial
corruptions.

We now turn to the works of Xie et al. [37] and Cheng et al. [9], which are the only practical methods
to consider function approximation in the infinite-horizon setting, with minimal assumptions on
the dataset, and thus the only directly comparable to our work. They both use the coverage ratio
Cr(r*;mp) = maxser ”f_Tf”i*/Hf*TinBa where F is a function class and 7 the Bellman’s
operator. This can be shown to reduce to Equation (18) for linear MDPs. However, the specialized
bound of Xie et al. [37] (Theorem 3.2) scales with the potentially larger ratio from Equation (17).
Both their algorithms have superlinear computational complexity and a sample complexity of O(e~5).
Hence, in the linear MDP setting, our algorithm is a strict improvement both for its O(¢~*) sample
complexity and its O(n) computational complexity. However, It is very important to notice that no
oracle-free algorithm for this setting so far, including ours, can match the minimax optimal sample
complexity rate of O(z~2) [36, 31]. This leaves space for future work in this area. In particular, by
inspecting our proofs, it should be clear the the extra O(s~?2) factor is due to the nested-loop structure
of the algorithm. Therefore, we find it likely that our result can be improved using optimistic descent
methods [6] or a two-timescale approach [15, 30].

As a final remark, we remind that when A is unknown, our error bounds scales with C,, 1, instead of
the smaller C, | /o. However, we find it plausible that one can replace the A with an estimate that is
built using some fraction of the overall sample budget. In particular, in the tabular case, we could
simply use all data to estimate the visitation probabilities of each-state action pairs and use them to



build an estimator of A. Details of a similar approach have been worked out by Gabbianelli et al.
[12]. Nonetheless, we designed our algorithm to be flexible and work in both cases.

To summarize, our method is one of the few with the potential to extend to infinite state spaces, and not
to assume the dataset to have global coverage, while also being computationally feasible. Moreover,
it offers a significant advantage, both in terms of sample and computational complexity, over the two
existing polynomial-time algorithms for discounted linear MDPs with partial coverage [37, 9]; it
extends to the challenging average-reward setting with minor modifications; and has error bounds
that scale with a low-variance version of the typical coverage ratio. These results were made possible
by employing algorithmic principles, based on the linear programming formulation of sequential
decision making, that are new in offline RL. Finally, the main direction for future work is to develop a
single-loop algorithm to achieve the optimal rate of £ ~2, which should also improve the dependence
on the coverage ratio from C, .(7*;75)? to C,y o(7*; 75).
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Supplementary Material

A Complete statement of Theorem 3.2

Theorem A.1. Consider a linear MDP (Definition 2.1) such that 8™ € B(Dg) for all w € I1. Further,
suppose that Cy, .(1*;mg) < Dg. Then, for any comparator policy 7* € 11, the policy output by
Algorithm 1 satisfies:

* 2D?2 log |A| 2D?2 CGQ aD2D?2 nGz
E[ T o }< B 0 ,c 0~ ,c’
Wt s et Tkt T T
where:
3o =3D2 ((1=7)% + (1 +2)DFIAIZ ), (19)
Gh.=3(1+ (1+~*)DLD3) D> V. (20)

. . . _ 2Dg _ _2Dg _4/2log|A| .
In particular, using learning rates 1 = Go VT ¢ = G /T and a = DoDoVT’ and setting

, we achieve E [(u”* — p™, )| < € with a number of samples n.

K_T. 2D 532G .+Dg D2 log | Al
B 2D5G5.

that is

0 (6—4D3D5;D;; Te(A2 1) |2 log |A|) .

By remark A.2 below, we have that n. is simply of order O (aef‘lDf,}Df;CD?adz*26 log |A\>

Remark A.2. When ¢ = 1/2, the factor Tr(A2¢~1) is just d, the feature dimension, and HAHng1 =1.

When ¢ = 1 and A is unknown, both || A ||, and Tr(A) should be replaced by their upper bound DZ.
Then, for ¢ € {1/2,1}, we have that Tr(A2°~1) [|A[5" < D¥e—4d?—2c.
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B Missing Proofs for the Discounted Setting

B.1 Proof of Lemma 4.1

Using the choice of comparators described in the lemma, we have
vg-(s) = (1 = y)vo(s) +v(e(s), AA~D ™)
— (1= w(s)+ 3 Plsls’,a )™ (s'sa') = v (s),

hence g« 5+ = p™ . From Equation (14) it is easy to see that
F(B* 7% 6,) = (A™°@ " p*, A°w) + (6, @ " p" — A°A°@ ")
= (", ®w) = (u",7).

Moreover, we also have

Vo; m (5) = D mo(als) (07, o(z, )
= 3" milals)q™ (s.0) = ™ (s.0).

Then, from Equation (15) we obtain
16z, ,3t,77t)
= (1 =) (0, v™) + (Br, A%(w + yTv™ — 67))
7)o, v™) + (Br, AC‘ Ex anpp (X, A)p(X, A)T(w +7P0™ — 6™)))
N )+ (B, AT Ex Ay [M(X, A) + 7 ((X, A),0™) — g™ (X, A)]p(X, A)])
Yo, v™) = (W, ),

where the fourth equality uses that the value functions satisfy the Bellman equation g™ = r + yPv™
for any policy 7. The proof is concluded by noticing that, since 7y, is sampled uniformly from

{r} I B[, r)] = £ S50 E (e, ). m

B.2 Proof of Lemma 4.2

vy, v

(1-
(1-
(1-

We start by rewriting the terms appearing in the definition of G
f(ﬁ*ﬂT*; 9t) - f(ﬁtﬂft; 9:) = f(ﬁ*aﬂ*; 9t) - f(ﬁ*ﬂft; 9t)
+ f(B%, 3 61) — f(Be, 73 04)
+ f(Be, 75 0¢) — f(Be, 75 67). (21)
To rewrite this as the sum of the three regret terms, we first note that
f(ﬂaﬂ-; 9) = <AC/67w - 0t> + <V,37U9t,7'r>a
which allows us to write the first term of Equation (21) as

f(/B*aﬂ-*;at) - f(ﬂ*aﬂ-t;et) = <Ac(16* - ﬂ*)’w - 0t> + <Vﬁ*7v9t7ﬂ'* - Uetﬂ"'t)
= (g, ) (7" (a]) = me(a]))(6s, o (- ),

a

and we have already established in the proof of Lemma C.3 that vg- is equal to v™ for our choice of
comparator. Similarly, we use Equation (15) to rewrite the second term of Equation (21) as

f(B",m50:) — f(Be, m;60¢) = (1 —7){(vo,ve,,x, — Vo, m) + (B" — B, A°(w +yPvg, », — 0:))
= <,5* - 5t>gﬁ,t>-

Finally, we use Equation (14) to rewrite the third term of Equation (21) as

(B, m500) — f(Be,m;07) = (B — Bi, A°W) + (8, — 07,8 pg, », — A°By)
= <9t - 0:799,t>'
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B.3 Regret bounds for stochastic gradient descent / ascent

Lemma B.1. For any dynamic comparator 01.7 € Deg, the iterates 01, . . ., 01 of Algorithm I satisfy
the following regret bound:

T

Z e;,kvget

_arpg | 3D (=) + (L4 2)D3 Al )
- nK 2 ’

Proof. First, we use the definition of 6, as the average of the inner-loop iterates from Algorithm 1,
together with linearity of expectation and bilinearity of the inner product.

T T 1
Z t799t‘|:ZKE

t=1

K
> (Ors - t,ge,t>] : (22)
k=1

R

We then appeal to standard stochastic gradient descent analysis to bound each term R, separately.

We have already proven in Section 4 that the gradient estimator for 6 is unbiased, that is,
Eix [go,tk] = go,: It is also useful to recall here that gg; ; does not depend on 6, . Next,
we show that its second moment is bounded. From Equation (10), plugging in the definition of ji; j,
from Equation (8) and using the abbreviations 7 , = >, mi(alz? . ) (2], a), o1 = @1k, ar),

and @} . = >, mi(alz ) (x} 1, a), we have:
Ev | Igo.c.il”]

=E [H (1 =)@l s + 1801k, A1 Br) — %,k(%k,Ac_lﬁﬁHﬂ

1—x Dz‘, +37?*Eq & [HCP; k SOtkyAc_lﬁt>H2] + 3E; [H‘Pt,k<‘Ptk7A0_1ﬂt>H2}
D?P +3(1+~ )D2 Ei i [(@e, A Be)?]
DL +3(1+~ )D2 B A By [unepl]) AT By

)DL 1|l pze-1 -

<3( )
<3(1—1)
=3(1—-7)
=3(1—-7)°D2 +3(1+~

We can then apply Lemma D.1 with the latter expression as G2, B(Dg) as the domain, and 7 as the
learning rate, obtaining:

1001 — 6512 31KDE ((1=9)2 + (1 +72) Bl 3ee s )

K
6 5 t
L; ik — 0} 799,t>‘| < 2 + 5

_opg BKDY (190 + (492 181 )
=7 + 5 '

A

Plugging this into Equation (22) and bounding || ﬁtHizc,l < Dj ||AH2c !, we obtain the final
result. =

Lemma B.2. For any comparator 3 € Dg, the iterates B, ...,Br of Algorithm I satisfy the
following regret bound:

N 2D%2  3¢T(1+ (1 +~2)D2D2) Tr(A2¢1
E Z<ﬁ*_ﬁt7gﬁ,t>] < CB+ T+ ( +7)2‘P o) Ti( )

t=1
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Proof. We again employ stochastic gradient descent analysis. We first prove that the gradient
estimator for 3 is unbiased. Recalling the definition of gg ; from Equation (9),

E[ggt|Fi-1,0,] =E [Acflsot (Ri + yur(X7) — (1, 00)) | Fiz1, et]
= ATHE, [pep] | w +vE: [prve(X))] — B [rp] | 6:)
= A" 1(Aw +vE; 4PtUt( )] Aat)
= A" 1(Aw +VE: [pe P(+[X¢, Ap)ve] — Aat)
= At (A‘-'-’ + YEq [‘Pt‘Pt ] Yo, — Aet)
=A°(w+yPvg, r, —60:) = g5,

recalling that v; = vg, r,. Next, we bound its second moment. We use the fact that » € [0, 1] and
1Ve]loo < ||®6O¢|loc < Dy Deg to show that

E[llgg.ll5 [Fi-1,0:] =E [HAC_l‘Pt[Rt +yu(X7) — (01, 1)) H2 |]:t7170t:|
< 3(1+ (1 +~%) D2 D3)E, [ga A2 M
3(1+ (1 ++%) D% D3)E, [T (A2 D )}
3(1+4 (1+~%) D, Dg) Tr(A*™H).

Thus, we can apply Lemma D.1 with the latter expression as G2, B(Dg) as the domain, and  as the
learning rate. O

Lemma B.3. The sequence of policies w1, . .., of Algorithm 1 satisfies the following regret bound.:

log|A|  aTD3Dj

EZZWmBmmwwwwwﬁsa+ =

t=1zeX a

Proof. We just apply mirror descent analysis, invoking Lemma D.2 with ¢, = ®60;, noting that
lgt|l.. < DyDe. The proof is concluded by trivially bounding the relative entropy as H (7*||m) =
By [P (m([2)[|mi(2))] < log | Al
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C Analysis for the Average-Reward MDP Setting

This section describes the adaptation of our contributions in the main body of the paper to average-
reward MDPs (AMDPs). In the offline reinforcement learning setting that we consider, we assume
access to a sequence of data points (X, A¢, Ry, X{) in round ¢ generated by a behaviour policy 7
whose occupancy measure is denoted as pp. Spemﬁcally, we will now draw i.i.d. samples from
the undiscounted occupancy measure as Xy, Ay ~ pp, sample X, ~ p(-|X¢, A¢), and compute
immediate rewards as R; = 7 (X}, A;). For simplicity, we use the shorthand notation p; = o (X3, A;)
to denote the feature vector drawn in round ¢, and define the matrix A = E [¢(Xy, Ay)o(Xy, Ay) T].

Before describing our contributions, some definitions are in order. An important central concept in
the theory of AMDPs is that of the relative value functions of policy m defined as

ﬂ—XO:.’E

b

T
v"(x) = lim E, lZT(Xt;At) -

T—o0
t=0

T

Z?"(Xt, At)

t=0

"(z,a) = lim E,
¢"(z,a) = lim

7pﬂ- XOxaAoa‘|7

where we recalled the notation p™ denoting the average reward of policy 7 from the main text. These
functions are sometimes also called the bias functions, and their intuitive role is to measure the total
amount of reward gathered by policy 7 before it hits its stationary distribution. For simplicity, we
will refer to these functions as value functions and action-value functions below.

By their recursive nature, these value functions are also characterized by the corresponding Bellman
equations recalled below for completeness

q"=r—p"1+ Pv",

where v” is related to the action-value function as v™ (z) = >, m(a|z)¢™ (z, a). We note that the
Bellman equations only characterize the value functions up to a constant offset. That is, for any
policy 7, and constant ¢ € R, v™ + ¢l and g™ + cl also satisfy the Bellman equations. A key
quantity to measure the size of the value functions is the span seminorm defined for ¢ € R¥*4
as [|glly, = suP(ya)exxa @(@,a) — inf(z g)exxa ¢(z, a). Using this notation, the condition of
Assumption 5.1 can be simply stated as requiring ||g™ ||, < D, for all 7.

Now, let 7* denote an optimal pohcy with max1mum average reward and introduce the shorthand

7T * * 7T

notations p* = p* ,p* = p* ,v* = v ,v* = 0" and ¢* . Under mild assumptions
on the MDP that we will clarify shorﬂy, the followmg Bellman optlmahty equations are known to
characterize bias vectors corresponding to the optimal policy

qg-=r—p'1+4+ Pv",

where v* satisfies v*(x) = max, ¢*(z, a). Once again, shifting the solutions by a constant preserves
the optimality conditions. It is easy to see that such constant offsets do not influence greedy or
softmax policies extracted from the action value functions. Importantly, by a calculation analogous to
Equation (3), the action-value functions are exactly realizable under the linear MDP condition (see
Definition 2.1) and Assumption 5.2.

Besides the Bellman optimality equations stated above, optimal policies can be equivalently charac-
terized via the following linear program:
maximize (u,r)
subjectto E'u=P'u
(1) =1
> 0.

(23)

This can be seen as the generalization of the LP stated for discounted MDPs in the main text, with
the added complication that we need to make sure that the occupancy measures are normalized? to 1.
By following the same steps as in the main text to relax the constraints and reparametrize the LP, one

This is necessary because of the absence of 1 in the LP, which would otherwise fix the scale of the solutions.
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can show that solutions of the LP under the linear MDP assumption can be constructed by finding the
saddle point of the following Lagrangian:

20‘;#5,0’”79) =p+()\,w+\I'v—0—pg>+<u,<I>9—E'v)
= (A o) (0,8 — A) + (0, F"A— ETpa) .

As before, the optimal value functions ¢* and v* are optimal primal variables for the saddle-point
problem, as are all of their constant shifts. Thus, the existence of a solution with small span seminorm
implies the existence of a solution with small supremum norm.

Finally, applying the same reparametrization 3 = A~°X\ as in the discounted setting, we arrive to the
following Lagrangian that forms the basis of our algorithm:

£(B, 1;p,v,0) = p+ (B, A%lw + ¥v — 0 — pg]) + (pn, PO — Ev).

We will aim to find the saddle point of this function via primal-dual methods. As we have some
prior knowledge of the optimal solutions, we will restrict the search space of each optimization
variable to nicely chosen compact sets. For the 3 iterates, we consider the Euclidean ball domain
B(Dg) = {B € R?| 8|, < Dg} with the bound Dg > ||®7p*|| o 2. Since the average reward
of any policy is bounded in [0, 1], we naturally restrict the p iterates to this domain. Finally, keeping
in mind that Assumption 5.1 guarantees that ||q”|\SlD < D,, we will also constrain the @ iterates

to an appropriate domain: B(Dg) = {0 € R? | ||6]|, < Dg}. We will assume that this domain
is large enough to represent all action-value functions, which implies that Dg should scale at least
linearly with D,. Indeed, we will suppose that the features are bounded as || (z, a)||, < D, for all
(z,a) € X x A so that our optimization algorithm only admits parametric g functions satisfying
llgll.. < DyDg. Obviously, Dg needs to be set large enough to ensure that it is possible at all to
represent g-functions with span D,,.

Thus, we aim to solve the following constrained optimization problem:

min max £(8, u; p,v,0).
PE[O,l],vGRX,GG]B(Dg)geB(Dﬂ)#‘efoA ( P, )

As done in the main text, we eliminate the high-dimensional variables v and @ by committing to the
choices v = vg r and p = pg - defined as

vo.r(z) =) mlalz) (8,¢(z,a),

a
pp.x(z,a) = m(alz)(h(x), A°B).
This makes it possible to express the Lagrangian in terms of only 3, 7, p and 6:

f(ﬂv,fr; pa 0) = p + <B ) Ac[w + ‘Ilve,ﬂ' - 0 - PQ]> + <IJ’B,71' 9 §0 - Eve,w>
=p+ (B, A%+ Pvg — 6 — pe])
The remaining low-dimensional variables 3, p, @ are then updated using stochastic gradient de-

scent/ascent. For this purpose it is useful to express the partial derivatives of the Lagrangian with
respect to said variables:

9p = A[w + Pvg  — 0 — po]

9p = 1- </87ACQ>
9o = (I’Tﬂﬁ,w - Acﬂ

C.1 Algorithm for average-reward MDPs

Our algorithm for the AMDP setting has the same double-loop structure as the one for the discounted
setting. In particular, the algorithm performs a sequence of outer updates t = 1,2,...,T on the
policies 7; and the iterates 3;, and then performs a sequence of updates ¢ = 1,2,..., K in the
inner loop to evaluate the policies and produce 6;, p; and v;. Thanks to the reparametrization
B = A~¢), fixing m; = softmax( 2;11 ®0y.), vi(x) = Y, camelalr) (p(x,a),6;) for z € X,
and p;(x, a) = m(alz) (¥(x), A°B;) in round ¢ we can obtain unbiased estimates of the gradients
of f with respect to 8, 3, and p. For each primal update ¢, the algorithm uses a single sample
transition (X, A¢, Ry, X{) generated by the behavior policy 7 to compute an unbiased estimator
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Algorithm 2 Offline primal-dual method for Average-reward MDPs
Input: Learning rates ¢, a.§,n, initial iterates 31 € B(Dg), po € [0, 1], 8y € B(Dg), m € II,

fort =1to T do
// Stochastic gradient descent:
Initialize: 0151) =0;_1;
fori = 1to K do
Obtain sample Wy ; = (Xt ,, Ar i, Rei, X[ 5)s
Sample A} ; ~ (- X/ ):

Compute G,1; = 1 — (@16, A By):
Go.t.i = Pri (Pris AT Be) — pri (i, AT By )

Update pgiﬂ) = Ijo q (pgi) —&Gpt,i)s

it+1
o/ = H]B%(Dg)(a( D~ nge i)
end for

Compute p; = I Zfil pgi);
I «k 4G
0, = e 2im1 Ot( E

// Stochastic gradient ascent:

Obtain sample W; = (X, Ay, Ry, X});

Compute v;(X]) = Z me(al X)) (¢ (X ,a),0);
Compute g5, = A" pi[R: + vi(X}) — (6, 1) — pi;
Update 8111 = llg(py) (B: +(g.4)s

// Policy update:

Compute 411 = o (a 22:1 <I>0k>.
end for
Return: 7y with J ~ U(T).

of the first gradlent gp for that round as gz, = A“ '@ [R; + v4(X]) — (0, 0¢) — p]. Then, in
iteration ¢ = 1, - - - , K of the inner loop within round ¢, we sample transitions (X ;, A¢ i, Ry, X£7Z-)
to compute gradient estimators with respect to p and @ as:

Gpti =1 = (P, A" By)
Goi = Pri(Pri AT Be) — pri (@i, AT By

We have used the shorthand notation ¢y ; = p(Xy 4, At i), ¢4 ; = (X[ ;, A ;). The update steps
are detailed in the pseudocode presented as Algorithm 2.

We now state the general form of our main result for this setting in Theorem C.1 below.

Theorem C.1. Consider a linear MDP (Definition 2.1) such that 8™ € B(Dg) for all w € I1. Further,
suppose that Cy, .(1*;wg) < Dg. Then, for any comparator policy 7* € 11, the policy output by
Algorithm 2 satisfies:

E|(p™ — p™,r) 25;% loi;fl' 5 ; = 2771;? CG; S aDéDZ’ + ng”c + nc;%,&’
where
Gh.=Tr(A*")(142DgD,)?, (24)
G2, =2 (1 + D3 [Af2 1) , (25)
G, = ADLDE A3 (26)
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2Dg _ y/2log|A] €= 1 2Dg

CovT' 4 T DebD VT’ S T G, VK and n = Go.. VK’

4D 52 G% +2D2D2 log | A| . * .
<] B,c 0~ T Ly
we achieve E — o Y| < e with a number
G2 +4D3Gy ’ [<N B ” =

In particular, using learning rates { =

and setting K =T -

of samples n. that is

0 (6741)31);;19; Te(A2e 1) |A[ 22D log |A|) .

By remark A.2, we have that n. is of order O (674D3D§192672Déd2726 log |.A|)

Corollary C.2. Assume that the bound of the feature vectors Dy, is of order O(1), that D, = Dy, =

V/d which together imply Dg < v/d + 1 +/dD, = O(vdD,) and that Dg = ¢ - C,, .(7*; 7p) for
some positive universal constant c. Then, under the same assumptions of Theorem 3.2, n. is of order
O (e *D}Cy (7% m)?d* ¢ log | Al).

Recall that C',, 1 /5 is always smaller than C, 1, but using ¢ = 1/2 in the algorithm requires knowledge
of the covariance matrix A, and results in a slightly worse dependence on the dimension.

The proof of Theorem C.1 mainly follows the same steps as in the discounted case, with some added
difficulty that is inherent in the more challenging average-reward setup. Some key challenges include
treating the additional optimization variable p and coping with the fact that the optimal parameters
60* and B* are not necessarily unique any more.

C.2 Analysis

We now prove our main result regarding the AMDP setting in Theorem C.1. Following the derivations
in the main text, we study the dynamic duality gap defined as

1 T
gT(B*aW*;pT:T’OT:T) = T Z(f(/@*?ﬂ-*;ptaet) - f(/Bhﬂ-tap;;ae;;)) (27)
t=1

First we show in Lemma C.3 below that, for appropriately chosen comparator points, the expected
suboptimality of the policy returned by Algorithm 2 can be upper bounded in terms of the expected
dynamic duality gap.

Lemma C.3. Let 0 such that {(p(x,a),0;) = (@(x,a),0™) —inf, oycxxa (p(z,a),0™) holds
forall (z,a) € X x A, and let v} be defined as v; (v) = ) . s Tt(alx) (¢(z,a), 0;) for all x. Also,
let p; = p™t, ©* be an optimal policy, and 3* = A=°® T u* where p* is the occupancy measure of
7*. Then, the suboptimality gap of the policy output by Algorithm 2 satisfies

]ET [<p’* - ""ﬂ-nm7 ’I°>] = gT(/B*a ﬂ-*; pT:T? OTT)

Proof. Substituting (8*, 7*) = (A~¢®"u*, 7*) in the first term of the dynamic duality gap we have

fF(BY 75 pr, 0) =

pr+ (A™°@Tu" Aflw + Pvg, o — 0; — pro])
=p

+(
+ + <[,L* 7T+P’U9t’ﬂ—* — <I>9t — Pt1>

Here, we have used the fact that p* is a valid occupancy measure, so it satisfies the flow constraint
E™p* = P"p* and the normalization constraint (u*, 1) = 1. Also, in the last step we have used the
definition of vy, -« that guarantees that the following equality holds:

(", @0,) = Y v(x) Y 7 (alz) (B, pla,a)) = Y v*(2)ve, - (z) = (", Evg, zv).

TEX acA reEX
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For the second term in the dynamic duality gap, using that 7; is F;_;-measurable we write

f(/@taﬁt;praO*)
= p; + (Be, A°[w + ooy , — O] — pjo])
(

= pi + (B, ATEy [prpf[w + Wug: x, — 6; — pf0]])
= p: + <ﬁt7Et AC?lSOt |:Rt + Zp(x|Xfa At)ﬂ—t(a|x) <QO(I, a)v 0Z> - <(P(Xfa At>70:> - P:H >
=p" + <BtaEt Acfl‘Pt [Rt + ZP(ﬂXt,At)Wt(a‘@ (p(r,a),0™) — (p(Xt, Ar),0™) — PﬂtH >

= p™ + (Be B [AT pu[r(Xe, A) + (p(-1 X, Ae),0™) — ¢ (X, Ar) — p™]])
=p" = (u"r),
where in the fourth equality we used that (p(x,a) — @(2/,d'),0F) = {(p(x,a) — p(z',a’),0™)

holds for all z,a,x’,a’ by definition of ;. Then, the last equality follows from the fact that the
Bellman equations for 7 imply ¢™ (z,a) 4+ p™ = r(z,a) + (p(:|z,a),v™).

Combining both expressions for f(3*, 7*; ps, 0;) and f(B¢, 7¢; pf, 0F) in the dynamic duality gap
we have:

T
* * * 1 s * Uy
Gr(B*, 7" piors 72 (=™ r) =Er (" — p™.r)].
t:l

The second equality follows from noticing that, since 7oy is sampled uniformly from {7} ;,
E [(u™, )] = L S°7_ E[(™,r)]. This completes the proof. O

Having shown that for well-chosen comparator points the dynamic duality gap equals the expected
suboptimality of the output policy of Algorithm 2, it remains to relate the gap to the optimization
error of the primal-dual procedure. This is achieved in the following lemma.

Lemma C.4. For the same choice of comparators (8%, 7; p%.1, 01.7) as in Lemma C.3 the dynamic
duality gap associated with the iterates produced by Algorithm 2 satisfies

E[gT(ﬁ*)W*;pTZT’ T:T)}
2 H(x*|m) | 1 2D
(T oT 26K nK
CTr(A2C*1)(1 +2D4PD9)2 CVDQD
+ > T

<

+&(1+ D3 IAIZ") + 2nDZ D3 A5

Proof. The first part of the proof follows from recognising that the dynamic duality gap can be
rewritten in terms of the total regret of the primal and dual players in the algorithm. Formally, we
write

gT(ﬂ*77T*; pT:T7 I:T)

1

T T
= (B 700, 00) — F(B i 90 80)) + 7 D (F(Bmes i, ) — F (B 7,67
=1 t=1

Using that 8* = A=“® " pu*, q, = (¢(,a), ), v; = Ve, r, and that g5 , = A°[w + Yv; — 6, —
pt0], we see that term in the first sum can be simply rewritten as
f(B* 75 pt, 0r) — f(Be, mes pr, Or)
= (8", A%lw + g, x+ — 6 — pro]) — (Be, A°[w + Yoy, », — 6; — pro])
= <ﬁ* - /6t ,Ac[w + l:[I’Ut - 0t - PtQD + <‘I,TACﬂ* avet,ﬂ'* - vetﬂ"t)
= (8" = Br.9ps) + ) v (@) (w" (o) = m([2), q(z,-)) -

reX
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In a similar way, using that E"pt; = W' A3, and the definitions of the gradients g, ; and gg ;, the
term in the second sum can be rewritten as

f(Be, 5 pt,0¢) — f(Be, 7 pi 5 0F)
= pt + (Bt , Alw + Pvg, », — 0; — pro]) — pi — (Bt , A°[w + Pvg: ~, — 07 — pj0])
= (pe — pi)[1 — (B, A°Q)] — (01 — 0], A°By) + (E" py, vo, ., — Vor x, )
= (pr — p)[1 — (Bi, A0)] — (0; — 0], A°By) + (P, 0, — 07)
= (pt — p{)[1 — (B, A°@)] + (6 — 92“, <I>Tut —A°By)

= (pt — Py)9p,t + <9 9:,90 t) = Z ( - Pt )9pt + <0(Z) 0:799,t>> .

Combining both terms in the duality gap concludes the first part of the proof. As shown below
the dynamic duality gap is written as the error between iterates of the algorithm from respective
comparator points in the direction of the exact gradients. Formally, we have

1

Gr (8%, 7% pir, O1r) = T <<ﬁ* —Bi.gp) + ) V(@) (1 (|2) = m(fe), i (z, ')>>

zeEX

T K
= 2> (o = p1)gpa + (01 0796, )) -

t=1 =1

N‘“ ngh

Then, implementing techniques from stochastic gradient descent analysis in the proof of Lemmas C.5
to C.7 and mirror descent analysis in Lemma B.3, the expected dynamic duality gap can be upper
bounded as follows:

E[QT(ﬂ*aT"*;PT:TaOT:T)]
2DF M |m) 1 205

< +
- (T ol 26K nK
CTr(A21)(1+2D,Dg)? aDZDj o o
L )(2 eDo)” | T+ (1 + D3 IAl; 1) +2nD2 D Al
This completes the proof O

Proof of Theorem C.1 First, we bound the expected suboptimality gap by combining Lemma
C.3 and C.4. Next, bearing in mind that the algorithm only needs T'(K + 1) total samples from the
behavior policy we optimize the learning rates to obtain a bound on the sample complexity, thus
completing the proof. O

C.3 Missing proofs for Lemma C.4

In this section we prove Lemmas C.5 to C.7 used in the proof of Lemma C.4. It is important to
recall that sample transitions (Xj, Ay, R, X},) in any iteration k are generated in the following
way: we draw 1.i.d state-action pairs (X}, Ay) from pp, and for each state-action pair, the next X,
is sampled from p(:| X}, Aj) and immediate reward computed as R; = r(X}, Ay). Precisely in
iteration ¢ of round ¢ where k = (¢, ¢), since (X ,;, A; ;) are sampled i.i.d from pp at this time step,
Et,i [‘Pt,i@;i] = E(m,a)NuB [QD(.’L', a)ga(a?, a)T} =A.

Lemma C.5. The gradient estimator gg , satisfies E [Qﬁ’t | Fi—1, 025] =gg, and

E [llgg.l3] < Tr(A**71)(1 + 2Dy D).

Furthermore, for any 3* with 3* € B(Dp), the iterates [3; satisfy

(28)

a 2D2 A2c71 2
E Z<I@* _ﬁt 7gﬂ,t>] < Cﬁ + CTTI'( )él +2D¢D9) .

t=1
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Proof. For the first part, we remind that 7, is F;_1-measurable and v, is determined given 7, and 6.
Then, we write

E (g5 Fi-1,0:] = E[A @ [Re 4+ v (X]) — (Os,0¢) — pi] | Fi—1,6; ]
=E [ACil‘Pt[Rt + Earnp(c|X:,Ar) [ve(x")] — (Or, 1) — pe] | Fi—1, Ot]
E [A“ o [Ry + (p(-| X, Ar), v1) — (e, 04) — pe] | Fi—1,6¢ ]
E [Ac_l%‘{’ﬂw + W, — 0, — pio] | Fi-1,6;]
= AT'E[pup [Fio1,0:] [w + T — 6, — pio]
= Alw + Pv; — 0; — pio] = gg -
Next, we use the facts that r € [0, 1] and || v¢[|oc < ||®0;]|0c < Dy De to show the following bound:

E (155,13 1F-1,00] = E[[A“ @il R+ 00(X)) = (0, 00)] [ 1 i1, 6

= E[|Re+ 0(X]) — (61, 00| [A“ 001 Fi 1,61

_ 2
<E [(1 + 2Dy Do) || A e[, | Fir, Bt}
=(1+ 2D(PD9)2]E {QOIAQ(Cil)(Pt |Fi—1, et}
= (1+2D,Dg)’E [Tr(AﬂC*l)cptgog) \Fio1, et}

< Tr(A*7 1) (1 +2D,Dg)?.

The last step follows from the fact that A, hence also AZe1 g positive semi-definite, so
Tr(A2¢~1) > 0. Having shown these properties, we appeal to the standard analysis of online
gradient descent stated as Lemma D.1 to obtain the following bound

- — B 2¢—1 2
E lzw Bi.gs| < 181 2<ﬁ B n CTTr(A )§1+2D¢D9) |
t=1

Using that ||3*||, < Dg concludes the proof.

Lemma C.6. The gradient estimator §, ., satisfies By ; [Gp1:] = gp and Ey; [g%ﬁm] < 2+

2D% ||A||§Cil. Furthermore, for any pf € [0, 1], the iterates py) satisfy

K
i « 1
E [Z(pﬁ )~ pt)gp,t] < % +EK (1+ (1Bl R2e-1) -

i=1

Proof. For the first part of the proof, we use that 3; is F; ;_;-measurable, to obtain
Et,i [Gp,t,i] = Eei [1— (i, Acil,@t>]
=Eui [1— (prii 0, A By)]
=1-(A%,B) = gps-

In addition, using Young’s inequality and || B¢ || 52c_1 < D3 |A]|2~" we show that

Et [gz,t,i] =E; [(1 - <90t,i>Ac_1ﬁt>)2}
<24 2B [BIA il , AT By

=2+ 2||6t||2A2071 <24 QD% HAH;(—l

For the second part, we appeal to the standard online gradient descent analysis of Lemma D.1 to
bound on the total error of the iterates:

K (o7 = 07)
% * 2c—1
E Z(Pg)_Pt)gp,tl < T+§K (1+D[23 A5 )
i=1
Using that (p,(fl) —pi )2 < 1 concludes the proof. O
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Lemma C.7. The gradient estimator gg , ; satisfies Eq ; [g(,’tyi] = gg.; and By ; [||§9“H§} <
4D«2pD[23 ||AH3671. Furthermore, for any 0; with ||0;||, < De, the iterates Ot(i) satisfy

K
i * 2D; 2c—1
E lz <0§ )~ 0; 7ge,t,i>] < TH + QWKDLQPD% Al (29)

i=1

Proof. Since 3y, 1y, pi and 0% are F; ;_i-measurable, we obtain
Bt [G0.0:]) = Bt [©h (Prs A8 — i (pri, AT By)]
=®'E,;; [eX;’Z,A;J (#ris Acflﬁtﬂ —Eei [pripli] A6
= ®Ey; [[me o p(-| X¢, Ar)] {pr,i, A1 Be)] — A°By
= ®[m 0 WEy; [ripr;] AT B — ABy
= (I)[’]Tt o lI’TAcﬁt] - Acﬁt
=@, — AB, = 9o,
Next, we consider the squared gradient norm and bound it via elementary manipulations as follows:
B [go.ally] = v [lleh (e A8 = s (nsn A8
< 2Ky {H‘Pé,z <‘Pt,ia Ac_15t>’|ﬂ + 2K, ; {H‘Pm <90t,ia Ac_lﬁt>’|ﬂ
= 2y [BIA e |01l 01 AT B ] + 2Ees [BIAT o1 il ol A B
<2DZE; [BIA o0l ;AT B + 2Dy [BTAT 1ot ;AT By
=2D2E,; [B{A“AATBy] + 2DZE, ; [BIAT AN B,
< AD2|By)|Aze—s < ADZLDE Al

Having verified these conditions, we appeal to the online gradient descent analysis of Lemma D.1 to
show the bound

2
oY — o

Sy |
E lz <0§1) - 0:,90,t>] < T2 + 277KD42PD%3 ||A||3671 :
i=1

‘We then use that ’

0; — Ot(l) H < 2Dg for 6;, Ot(l) € B(Dg), thus concluding the proof. O
2
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D Auxiliary Lemmas

The following is a standard result in convex optimization proved here for the sake of completeness—
we refer to Nemirovski & Yudin [25], Zinkevich [43], Orabona [28] for more details and comments
on the history of this result.

Lemma D.1 (Online Stochastic Gradient Descent). Given y; € B(D,) and n > 0, define the
sequences Ya, - -+ yYnt1 and hy,- - , hy such that fork =1,--- n,

Yr+1 = lg(p,) (yk + Uhk> )

~ "~ —~ 2
and by, satisfies E [hk \fk_l} = hy, and E [Hth ]-'k_l] < G2. Then, for y* € B(D,):
2

P ky Itk = 277 2 .

Proof. We start by studying the following term:

2
*12 o *
Iyt = 9" 13 = || Mao,) (e + mhe) = v

—~ 2
< Hyk +nhg — y*HQ

~ ~ 2
= llye — "Il — 27 <y ~ Yk, hk> +17° HmHQ :
The inequality is due to the fact that the projection operator is a non-expansion with respect to

the Euclidean norm. Since E {ﬁk |.7-'k,1} = hy, we can rearrange the above equation and take a
conditional expectation to obtain

%112 (12
Iy = 5713 = B [llgns1 — v 13171 |

n 2
=gk k) < T |||, 17
(" = yg, hie) < 2 +2|:k2|k1
[ [”yk—i-l -3 |}"k—1} nG?
< + ,
- 2n 2
2
where the last inequality is from E [Hth |}"k1} < G?. Finally, taking a sum over k = 1,--- . n,
2

taking a marginal expectation, evaluating the resulting telescoping sum and upper-bounding negative
terms by zero we obtain the desired result as

%112 %112
N N T s || R
Z<y —yk,hk> < +35.G
k=1 k=1

E
2n
ok 2 2
<My =yrlly | mGE
- 2n 2

O

The next result is a similar regret analysis for mirror descent with the relative entropy as its distance
generating function. Once again, this result is standard, and we refer the interested reader to
Nemirovski & Yudin [25], Cesa-Bianchi & Lugosi [7], Orabona [28] for more details. For the
analysis, we recall that D denotes the relative entropy (or Kullback-Leibler divergence), defined for

any p,q € A as D(pllq) = >, p(a)log ZEZ; , and that, for any two policies 7, 7/, we define the

conditional entropy® H (w||7’) = > o4 v (2)D (w(-|)||7’(-|2)).

3Technically speaking, this quantity is the conditional entropy between the occupancy measures ;" and ,u’r,.
We will continue to use this relatively imprecise terminology to keep our notation light, and we refer to Neu et al.
[27] and Bas-Serrano et al. [2] for more details.
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Lemma D.2 (Mirror Descent) Let q4, . .., qr be a sequence of functions from X x A to R so that
llgtll oo < Dgfort =1,...,T. Given an initial polzcy 1 and a learning rate o > 0, define the
sequence of policies o, . .., w41 such that, fort =1,...,T:

mey1(alx) o« Wteaq‘(””’“).

Then, for any comparator policy 7:

Z Z v “(lz) — me(c|2), qe(z, ) < H (m*||71) N ozTDq.

« 2
t=1zcX

Proof. We begin by studying the relative entropy between 7*(-|x) and iterates 7 (-|x), m¢11(-|x) for
any r € X

D (x* (o) s (o)) = D (x* (o) (o) = 3 " (afe) log T 1)

acA ’ﬂ-t(a|x)
eaqt(m,a)
~ Pt - anA7T (ale)log Yareq Ti(a|z)evar@.a’)
— D (fo)lmle)) - a (m (la). (e, ) + log 3 m(ala)ems o)

acA
=D (7" (|)[[m:(-2)) — (7" (|2) — mi(-|2), qe(; -))

+logZ7rt alz)e?(®a) _ azﬂt z)qi(z, a)
acA acA

2
o? Jlgr (@, )l

<D (" (|2)llme(-|2)) — (™ (|2) = me(-|2), qe (2, ) + 2

where the last inequality follows from Hoeffding’s lemma (cf. Lemma A.1 in 7). Next, we rearrange
the above equation, sum over t = 1, - - - , T', evaluate the resulting telescoping sum and upper-bound
negative terms by zero to obtain

S () = ). y < 2Etiolma) | ol )l

«
t=1

Finally, using that ||¢;|.c < D, and taking an expectation with respect to x ~ 1™ concludes the
proof. O
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E Detailed Computations for Comparing Coverage Ratios

For ease of comparison, we just consider discounted linear MDPs (Definition 2.1).

Definition E.1. Recall the following definitions of coverage ratio given by different authors in the
offline RL literature:

1. Cpo(n*;75) = Ex amu- [p(X, A)]T A"2Ex 4 [p(X, A)] (Ours)
2. C(m*;mp) = Ex anpe [@(X, A)TA (X, A)] (e.g., Jinet al. [14])

N TEx a~ps [0(X,A)p(X,A)T
3. CT(n*;7p) = sup,cpa zTE;jNZB[[i(X,A)‘;(XyA)T]]Z (e.g., Uehara & Sun [33])

.. £ =T flI7
4. C]:vﬂ—(ﬂ' ,7TB) ma,Xfe}‘W

kB

(e.g., Xie et al. [37]),

where ¢ € {1,2}, A = Ex A, [0(X, A)p(X, A)T] (assumed invertible), 7 C RY*A, and
T™ : F — R defined as (T"f)(z,a) = r(z,a) + 72 o P(@ 2, a)m(a[2) f(2!,a’) is the
Bellman operator associated to policy 7.

The following is a generalization of the low-variance property from Section 6.
Proposition E.2. LetV [Z] = E[| Z — E [Z]||*] for a random vector Z. Then

C@,c(ﬂ*§ 7'('3) = EX,ANM* [(,D()(7 A)TA_2C(‘0(X, A)] — VX7A~M* [A_CQD(X, A)] .

Proof. We just rewrite C,, . from Definition E.1 as
. e 2
Cypo(m*;mR) = ||EX,A~;L* [A (X, A)] H .
The result follows from the elementary property of variance V [Z] = E[|| Z||*] — | E[Z]|>. O
Proposition E.3. Cf(7*;7p) < C°(r*;75) < dCt(n*; 7R).

Proof. Let (X*, A*) ~ p* and M = E [p(X*, A*)p(X*, A*)]. First, we rewrite C° as
(X* A )T A Tp(X*, A%)]

C®(r*;mR) [
[Tr (X*, A A (X, A*))]

— [Tr (X", A)p(X*, A)TATY)] (30)
= Tr(MA™") (31)
= Tr(A~ 1/2MA 12y, (32)

where we have used the cyclic property of the trace (twice) and linearity of trace and expectation.
Note that, since A is positive definite, it admits a unique positive definite matrix A/ such that
A = AY2AY2 We rewrite CT in a similar fashion

TMy
Cl(n*;75) = sup
( ) S Ay
TA— 1/2MA71/2
— sup 2 & i (33)
z€RA zz
= Amax(ATY2MA~Y2), (34)

where Apax denotes the maximum eigenvalue of a matrix. We have used the fact that both M and
A are positive definite and the min-max theorem. Since the quadratic form A~'/2MA~1/2 is also
positive definite, and the trace is the sum of the (positive) eigenvalues, we get the desired result. [

Proposition E.4 (cf. the proof of Theorem 3.2 from [37]). Let F = {fo : (z,a) — (p(z,a),0)|0 €
© C R4} where ¢ is the feature map of the linear MDP. Then

Crx(n*imp) < Cl(n* 7p),
with equality if © = R,
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Proof. Fix any policy 7 and let 7 = 7. By linear Bellman completeness of linear MDPs [13],
Tf € Fforany f € F. For fg : (z,a) — (p(x,a),0), let TO € O be defined so that T fp :
(z,a) — (p(x,a), TO). Then

Ex e [(f(X, 4) = TH(X, 4))°]
Cr (n*;7p) = max 5 (35)
T€5 B s [(F(X,4) = TH(X, 4))]
Ex a~pux — 2
S max X, A~y [<<P(X7 A)ae T0> } (36)
OcRd ]EX7ANMB [<(P(X, A)7 0 - T0>2]
Ex apx X, A),y)?
— max XA [(‘P( ), Y) 2] 37)
y€ER? EX»ANHB [<SO(X7 A)7y> ]
YEx A [p(X, A)p(X, A)'Ty
= max ’ ) (38)
yER? yTEX,ANMB [QD(X, A)(P(Xv A)T] Yy
where the inequality in Equation (36) holds with equality if @ = RY, O
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