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Abstract

We provide a rigorous random matrix the-
ory analysis of spiked cross-covariance mod-
els where the signals across two high-
dimensional data channels are partially
aligned. These models are motivated by
multi-modal learning and form the standard
generative setting underlying Partial Least
Squares (PLS), a widely used yet theoreti-
cally underdeveloped method. We show that
the leading singular values of the sample
cross-covariance matrix undergo a Baik—Ben
Arous-Péché (BBP)-type phase transition,
and we characterize the precise thresholds
for the emergence of informative components.
Our results yield the first sharp asymptotic
description of the signal recovery capabili-
ties of PLS in this setting, revealing a fun-
damental performance gap between PLS and
the Bayes-optimal estimator. In particular,
we identify the SNR and correlation regimes
where PLS fails to recover any signal, de-
spite detectability being possible in principle.
These findings clarify the theoretical limits
of PLS and provide guidance for the design
of reliable multi-modal inference methods in
high dimensions.

1 INTRODUCTION

The challenge of recovering a low-dimensional struc-
ture hidden in a high-dimensional noisy output is
widespread in statistics, probability, and machine
learning. Spiked random matrix models Ben Arous
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et al. (2005); Johnstone and Lu (2009); Lelarge and
Miolane (2017); Zou et al. (2006) have attracted sig-
nificant attention as a simple yet rich framework
for studying this class of problems, especially within
the toolbox of random matrix theory (RMT) Ander-
son et al. (2010); Tao (2012); Potters and Bouchaud
(2020), which provides asymptotic characterizations of
spectral properties in high dimensions. On the other
hand, in more complex data scenarios, one often has
access to multiple related outputs. Multi-modal learn-
ing Ngiam et al. (2011); Ramachandram and Taylor
(2017), a central paradigm in modern data analysis,
seeks to leverage the joint information contained in
such datasets to improve inference or prediction. This
includes, for instance, settings where signals are ob-
served across different modalities or sensors.

Popular classical approaches such as Canonical Cor-
relation Analysis (CCA) Thompson (2000); Guo and
Wu (2019); Asendorf and Nadakuditi (2017) and Par-
tial Least Squares (PLS) Wold (1975, 1983); Wold
et al. (2001); Wegelin et al. (2000); Pirouz (2006)
rely on spectral methods to uncover such cross-
dependencies and have been widely applied across
various scientific and engineering domains. While
CCA has been extensively analyzed in the literature
Yang (2022a,b); Guo and Wu (2019); Bykhovskaya
and Gorin (2023); Ma and Yang (2023); Bao et al.
(2019), notably through the lens of RMT, methods
such as PLS, which operate directly on the (empirical)
cross-covariance matrix, despite their widespread use,
remain less well understood from a theoretical point
of view.

To address this issue, we focus on a setting involving
two correlated spiked matriz models (or "channels"),
defined as follows:

T

X=X+ ar uh, (v e R

k=1

(1.1)
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Y=Y+ VAk-uj,(vi) eR>W . (1.2)
k=1

The precise description and assumptions of this model
are provided in more detail in the following paragraph.
For now, one may consider the matrices X and Y
as noise matrices. The values Ay i, Ay r > 0 of the
low-rank matrices serve as signal-to-noise ratios (SNR)
for the components {u}, ;, v ;,u; ., vy };_, that one
aims to infer. The term correlated refers to the as-
sumption that the unit-norm signals in the shared di-
mension of the two sources exhibit partial alignment in
the high-dimensional regime. Specifically, we consider
that (u} ., uy ;) = pr € (—1,1) for some fixed positive
constants py.

Our objective is to provide a quantitative analysis of
the Partial Least Squares (PLS) methods and derive
its performance analytically to ease and inform the
comparison with other estimators. The PLS methods
are based on estimating the subspace spanned by the
signals based on the singular vectors of the sample
cross-covariance matrices:

S:= XTY e Rbxdv (1.3)

and thus a high-dimensional setting where

d d
N, dg, dy — oo such that = Sa,, 2 - Oy
n n
for some positive constants o, o, and without loss of
generality, we set a; > ay,.

This model has recently been considered as a natural
toy model for describing multi-modal learning in high-
dimensional settings, see Abdelaleem et al. (2023);
Keup and Zdeborova (2024). The key intuition is that
stronger alignment between the correlated signal vec-
tors may facilitate the recovery of the other compo-
nents. Authors of Keup and Zdeborova (2024) evalu-
ated the detectability threshold of the Bayes-optimal
estimator and compared it empirically with the per-
formance of the PLS and CCA. While for the uni-
modal spiked matrix model, the detectability thresh-
old of the Bayes-optimal estimator coincides with the
BBP threshold for the natural spectral methods, the
authors of Keup and Zdeborova (2024) pointed out
based on numerical experiments that for the above cor-
related spiked matrix model the threshold of both the
PLS and CCA are suboptimal. This observation is in-
teresting in particular in the view of the contrast with
the unimodal case.

Main results — In this work, we provide the high-
dimensional limits of the spectral method based on
the sample-cross covariance matrix given by Eq. (1.3).
Specifically,

e We show that its leading singular values undergo a
BBP-like phase transition depending on the value
of the SNR, correlation and aspect ratios.

e We obtained a complete characterization of the
associated overlap with the hidden signal, and
their phase transition, further generalizing the
BBP results to this cross-product setting.

e We apply this result to obtain the fundamental
limits of Partial Least Square (PLS) methods.

e« We discuss the comparison between the PLS,
CCA and Bayes-optimal thresholds unveiling the
somewhat surprising sub-optimality of these spec-
tral approaches even on a model as simple as the
one considered here.

Related works — Many variants of spiked matrix
models have been investigated in the high-dimensional
regime; see Péché (2014); Ben Arous et al. (2005);
Paul (2007); Perry et al. (2018); Benaych-Georges and
Nadakuditi (2011); Guionnet et al. (2023) for gen-
eral references, and in particular Loubaton and Val-
let (2011); Capitaine (2018); Benaych-Georges and
Nadakuditi (2012) for the case of spectral analysis in a
single-channel setting (also known as the information-
plus-noise spiked model) —namely, the study of the
asymptotic behavior of the singular values and vectors
of X (or equivalently, of f/) The properties of the
spectrum of sample cross-covariance matrices without
any low-rank perturbation are also well understood, see
Burda et al. (2010); Akemann et al. (2013). To the
best knowledge of the authors, this work is the first
one to characterize analytically the spectral proper-
ties of these cross-covariance matrices with the inclu-
ston of such spikes, answering in particular the ques-
tion left open in Keup and Zdeborova (2024) where
such models have been introduced as a multi-modal
toy model and studied from a Bayes-Optimal (BO)
point of view. As a direct application of our work,
we obtain the fundamental limit of the performance
of Partial Least Squares (PLS) methods. Despite the
lack of previous theoretical guarantees (see Keup and
Zdeborova (2024) and Abdelaleem et al. (2023) for an
exploratory empirical study), PLS methods are widely
used across a variety of fields Hulland (1999); Krish-
nan et al. (2011). Closely related to PLS, CCA (some-
times refereed to as PLS "mode B") which operates on
the MANOVA matrix (XTX)"12XTy (YTy)-1/2
rather than the cross covariance matrix S has been
recently studied from a theoretical point of view in
Guo and Wu (2019); Yang (2022a,b); Bykhovskaya
and Gorin (2023) and our work compares the phase di-
agram of PLS methods with both CCA and BO meth-
ods. Similarly, Sergazinov et al. (2025); Lebeau et al.



Pierre Mergny, Lenka Zdeborova

(2024); Ma and Nandy (2023); Yang et al. (2024); Du-
ranthon and Zdeborova (2023); Tabanelli et al. (2025);
Pacco and Ros (2023); Qi and Decurninge (2025) inves-
tigated the information theoretical limit for the infer-
ence of multiple spiked models with correlated signals,
albeit in a different setting. Finally, we mention the
related the work Benaych-Georges et al. (2023); At-
tal and Allez (2025) which analyzes cross-covariance
models in a regime where the number of spikes grows
linearly with dimension, leading to fundamentally dif-
ferent spectral behavior.

Notations — In the following, generic vectors are
written in bold lowercase (e.g. v) while matrices are
written in bold uppercase (e.g. M). To further em-
phasize on the random nature of vectors (or matrices),
we will use italics when needed (e.g. v and M respec-
tively). In a similar way, we use the tilde-notations
(e.g. ¥, M) to highlight the dependency in the low-
rank signal components. For k € N, [k] = {1,...,k}.
Cy = {z € C| £ IJm(z) > 0} correspond to the upper
and lower half complex plane. For M € R™" ™ with
n < m, we denote by o1(M) > --- > 0,(M) > 0 its
singular values and pinvg == L 3" | 6, (w2 the associ-
ated empirical squared singular value distribution. We
say that a sequence (X,,), of random variables con-
verges exponentially fast to a value z if for all € > 0,
there exist C, ¢ > 0 such that P(| X, —x| > €) < Ce ",
P.(R) denotes the set of compactly supported mea-
sures on R. For a sequence u, € P.(R), we denote
tn, — p the (almost-sure) weak convergence. We de-

A
note by n(A) := (AOT 0) the hermitian embedding

of A.

2 ASYMPTOTICS OF THE TOP
SINGULAR VALUES AND
OVERLAPS

2.1 Assumptions

In what follows, we provide a more detailed description
of the assumptions underlying our model for the cross-
covariance matrix of Eq. (1.3).

Assumption (A1l). The matrices X = (X;j)i;
andY = (Y;;),; are independent with entries given by

Vi Xi; "AUN(0,1) and \/d, Yi; XN, 1).

Although our analysis is carried out under this
Gaussian assumption, universality results in RMT sug-
gest that our conclusions should extend beyond this
framework, typically requiring only the entries to sat-
isfy a log-Sobolev inequality, see for example Baik and
Silverstein (2006) for the within channel covariance
matrix. We leave a rigorous investigation of this ex-

tension for future work.

Assumption (A2). For z € {z,y} and any
kE € [r], as n — oo the low-rank signal compo-
nents satisfy |ut, | == 1, [|[vi .| =2 1 and

’ n— 00 ’ n—o00

*
<uz,k7
inner product converges to zero.

u; i) 22 pi exponentially fast and any other
’ n—oo

Assumption (A2) covers the case where the signal
components are drawn independently from +/d, Vi ™

®dy n
PYde, \fdyvy, ~ Py™ and (u},, u} ) ~ Q%Jk),
where P, Py (resp.  Qqp,)) are probabllity mea-
sures on R (resp.

on R?) with mean zero, vari-
ance one (resp. covariance (plk ”I’C) ) satisfying stan-
dard log-Sobolev inequalities, as well as the cases
where the signal components are deterministic vec-
tors. We point out that Assumption (A2) is motivated
from a technical point of view by wanting the ma-
trix (u} ;,...,ui, )" (v} ,,...,v} ) to be diagonal. In
prln(;lple the analysis developed in this paper could be
extended beyond this setting, at the expense of greater
technical complexity.

2.2 Preliminary Definitions

For u € P.(Ry) and z € C\ Supp(p), we introduce
the T-(moment generating) transform as:

@)= [ 2,

which uniquely characterizes p € P.(R), see Potters
and Bouchaud (2020).

(2.1)

Next, for z € C_ we introduce the cubic polynomial
P € R3[X] given by
P(%,%)(X7 z2) =14+ 140+ oy —2)X
+ (@ + ay + apay) X2 + aza, X2
(2.2)

We will also consider the following two other cubic
polynomials @, R € R3[X] as

Q(am,ay)(X) =1- (OéxOéy + oy + Oéy)X2 — QOészyX3 ,
(2.3)
and
R, a0 (X) =14 (1= p*Aghy — Ap — Ay) X
+ (Aady — Az — A) X2+ AN, X2
(2.4)

and will use the following property.

Lemma 2.1 (Roots of the cubic polynomials). The
polynomial Q(a, a,) has exactly one positive root which
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we denote by 7 = T (o, o). Similarly, the poly-
nomial R, x,.p) has evactly two (counted with mul-
tiplicity) positive roots, which we denote by r™ =
rt(Ag, Ay, p) > 17 =17 (Mg, Ay, p) > 0. Furthermore,
r~ (resp. rT) is a decreasing (respectively increasing)

function of p2.
PROOF. See Appendix B. O

As it will appear clear in the next sections, these
roots (and more precisely their inverse) govern the
BBP-like phase transition of the model: the terms
1/15(\z, Ay, p) can be viewed as effective signal-to-
noise ratios for the spiked cross-covariance matrix,
while 1/t% plays the role of a limiting threshold for
the appearance of spikes in the spectrum.

For cubic polynomials, the roots can be expressed
explicitly using Cardano’s formula. However, the re-
sulting expressions are quite cumbersome, and the
roots are more conveniently computed numerically
using standard root-finding algorithms. In the fol-

lowing, to ease notations we write simply r,f =
ri()\a:,b)\y,lmpk)-

2.3 Bulk Distribution

We recall the result regarding the behavior of the bulk
of the spectrum. To this end, consider the constant ¢,
defined as

oy = oy (@) == \/(1 + 1) (1 + aptt) (1 + aytt)

T+
(2.5)

which corresponds to the solution (in z) of the equa-
tion P(o, a,)(T" /s, 2?) = 0. For notational conve-
nience, we present the proposition under the assump-
tion ay > 1, and refer the reader to Appendix C for
the complementary case.

Proposition 2.1 (Bulk Distribution, Swain et al.
(2025); Burda et al. (2010)). Under Assumptions
(A1)-(A2) with S given by Eq.(1.3),

(i) we have jig = ji(a, a,) whose T-transform t(z) =
tu(az’ay)(z) defined by Eq. (2.1) is given for any
z € C_ as the unique solution in C, of

t(z)
P(ax’ay)( o ,Z> =0.

x

(2.6)

(ii) Furthermore, in the absence of planted signals
(Aze = Ay = 0 for all k € [r]), the top sin-
gular value converges to the rightmost edge of the
distribution p(a, a,), given by the constant ¢y of
Eq. (25) and limeot(2 + €) = T+ defined in
Lemma 2.1.

)

PRrROOF. This follows from free probability results, see
Mingo and Speicher (2017) for an introduction to the
topic. For completeness, the reader may find the proof
in Appendix C. O

Fig. 4 provides an illustration comparing the theo-
retical bulk of the spectrum with empirical histograms
of the eigenvalues for large but finite dimensions.

2.4 Asymptotics of the Top Singular Values

Our first result characterizes how Part-(ii) of this
proposition is modified by the presence of low-rank
signals leading to a BBP-like phase transition phe-
nomenon. To this end, we introduce the non-
increasing function b : RT 3 r — b(r) € RT defined
by

if 1/r >1/1",

r

N [ cems e

b(r) :=

otherwise .

(2.7)

S+

which appears in the following result.

Theorem 2.1 (Phase Transition for the Singular Val-
ues). Under Assumptions (A1)-(A2), the top 2r singu-
lar values of the matriz S given by Eq. (1.3) are given
asymptotically (up to re-ordering) by

{01(8), .02 (8)) =22 (bx) b)Y -
(2.8)

where the rf =
Lemma 2.1.

ri()\x7k,)\y7k,pk) are given in

PROOF. The proof of this Theorem is detailed in
Sec. 4.1. 0

Thm. 2.1 identifies the threshold at which the first
outlier separates from the bulk, thus distinguishing the
spiked model from the purely noisy one, as the solution
to an implicit equation involving the roots of the two
cubic polynomials described in Lemma 2.1. Specifi-
cally, the model is said to be at criticality, meaning
that the planted signal is just strong enough to pro-
duce a detectable spectral spike, when

minke[[rﬂ {1“_ (Am,kv)\y,k;pk)} = T+(04I,Oéy) . (29)
By Lemma 2.1, r~ is a decreasing function of p2,
the squared correlation between the latent variables,
and b(+) is a non-increasing function of its argument.
Therefore if we denote by ko the argmin in Eq. (2.9),
as the squared correlation increases while keeping
other parameters fixed, the leading outlier at b(r, )
moves further away from the edge of the bulk, thereby
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Figure 1: Singular values of the spiked cross-covariance (1.3) with one spike (r = 1) in each channel, for high (b)
and low (a) values of the signal components (Ag, A,) while the other parameters (o, oy, p) are the same. The
figures indicate the presence of outliers outside the bulk for high values while for low values, the top two singular
values stick to the edge of the distribution defined in Prop. 2.1. The theoretical positions of the outliers for the

right panel follow from our main result Thm. 2.1.

improving detectability. Note that, conversely, by
Lemma 2.1 the outlier at b(r;ro) moves towards the
rightmost edge. In Fig. 2, we have illustrated the the-
oretical prediction given by Thm. 2.1 against empiri-
cal simulations at finite but large dimensions, showing
good agreement.

The phase diagram in the (A;, A,) for the spectral
methods based on the cross-covariance matrix (and
hence of PSL as well) is illustrated in Fig. 3. In the
same figures, we have illustrated the threshold for PCA
on the single-channel spiked models, the CCA matrix
Ma and Yang (2023); Bykhovskaya and Gorin (2023)
and the Bayes approach Keup and Zdeborova (2024).
In particular, although the parameter region for de-
tectability expands as the squared correlation p? in-
creases, we note that for small but non-zero values
of p?, it is possible to enter a regime where detec-
tion is achievable via PCA on the single-channel, but
not on the cross-covariance matrix. This raises ques-
tions about the practical advantage of using the cross-
covariance matrix and PLS approach in such scenarios,
despite their widespread use.

2.5 Asymptotics of the Top Singular Vectors

We now turn to our second main result, which an-
alyzes the overlaps between the singular vectors and
the signal components.

Theorem 2.2 (Phase Transition for the Singular Vec-
tors). For k € [r], let (@}, d;) and (@, ,d; ) denote
the unit-norm singular vectors of S associated with
the two singular values whose limiting values are given
by b(r)) and b(x}) respectively as stated in Thm. 2.1.
Then for any k € [r] we have :

+
y,k?

(G, Vi g~ mpy

+ <,Ei
n—00

* \2 a.s.
k ’Vy,k:> n— oo m
where for z € {z,y}, mik is positive if 1/rif > 1/t
and null otherwise, with expression given in App. H.

PROOF. The proof of this Theorem is detailed in
Sec. 4.2. O

Remark (Suboptimal Rotation). This theorem im-
plies that when 1/r{ > 1/t*, the two left (resp. right)
singular vectors associated with b(r;, ) and b(r}") both
correlate with v ;. (resp. with v ;). In other words,
a more accurate estimation can be achieved by appro-
priately rotating these two vectors. The optimal angle
of rotation depends on the parameters of the model
and its derivation is given in Appendix I.
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Figure 2: Empirical and theoretical values of the top
two singular values of the spiked cross-covariance ma-
trix (1.3) with one spike (r = 1), plotted as functions
of the signal strengths A\, = A,. All other parameters
(0, oy, p) are fixed. Each empirical data point is ob-
tained as an average over 10 sample points.

3 APPLICATIONS TO THE
FUNDAMENTAL LIMITS OF PLS
METHODS

Following the description in Keup and Zdeborova
(2024) (see also Wegelin et al. (2000)), the canoni-
cal (or "'mode-A") PLS algorithm with r( steps, con-
structs rank-rg approximations of X and Y in order to
estimate the underlying low-rank structures. This is
achieved by iterating the following five steps g times:

(1) compute the top left and right singular vectors ,
v associated with the top singular value of S;

(2) estimate the left (‘ ") components by u alts) =

X4 and u(PLS) Y~

(3) refine the estimates of the right (‘v
by o6 = |G ||2XTXa and
@y |2y TY s

’) components
A(PLS)

(4) subtract the resulting rank-one approximations
from each data matrix 1nd1v1dually, updatlng

X « X -a™EINT and ¥ o« ¥ -
_(PLS)  ~(PLS)\ T
ay vy )T

b

(5) repeat from step (1).

A simplified variant, known as PLS-SVD, omits
step (3), reducing PLS to a Lanczos-type procedure (a
rank-rg power method), where the right components v
are estimated directly from the top 7o singular vectors
of the cross-covariance matrix.

By construction, both variants rely on the spectral
properties of the cross-covariance matrix; their weak
recovery thresholds, the point at which the estimates
start to correlate with the underlying signals, are iden-
tical and corresponds to the point where the top singu-
lar vectors acquire non-zero overlap with the planted
signals. According to Thm. 2.2, it coincides with the
emergence of the first spectral outlier and is explicitly
characterized by Eq. (2.9). In other words, in the sim-
ple case with a single hidden direction in each source
(r = 1), this can be written formally as the following
result.

Corollary 3.1. Consider the channels in Eq. (1.1)
and Eq. (1.2) with r = 1. For z € {z,y}, let o)
denote the estimator obtained from either of the two

PLS wvariants described above with one (ro = 1) step.
Then,

~(PLS PLS

<v£ )7Vz> n_mo) m( )7
where m(PLS) > 0 if and only if 1/v* > 1/7F, and
mE,PZLS) = 0 otherwise, and an analogous statement

holds for the estimators u( LS),

This behavior is illustrated in Fig. 3, where we com-
pare it with the thresholds achieved by other meth-
ods (CCA, single-channel spectral methods, and the
Bayes-optimal benchmark) and in particular show that
PLS is most effective in asymmetric regimes where
one data channel carries a strong, clearly detectable
signal while the other contains a weak signal. When
the two are sufficiently correlated, the strong chan-
nel can “lift” the weak one, allowing joint recovery
that would not be possible from the weak channel
alone. Above this threshold, PLS achieves non-zero
overlap with both planted directions, thereby exploit-
ing the cross-channel correlation to transfer informa-
tion. This leveraging effect is visible in the phase dia-
gram (bottom-right region of Fig. 3), where even if one
signal lies below its single-channel detectability thresh-
old, PLS succeeds provided the correlation with the
strong channel is large enough. By contrast, when both
signals are weak (bottom-left region of Fig. 3), PLS of-
fers no advantage over single-channel spectral methods
(based on the within channel covariance matrices) and
may even underperform them. The Bayes-optimal es-
timator combines the best of both worlds: it constructs
a block matrix that integrates the cross-covariance and
the within-channel covariance matrices, with weights
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a,=0.25; a,=0.25; p=0.99

— (IS

—— CCA

—— Bayes

fffff single channel

Figure 3: Phase diagram in the (X;, Ay) plane illustrating the detection thresholds for Bayes-optimal method
Keup and Zdeborova (2024) (black), single-view channel SVD (gray), PLS (this paper, red), and CCA
Bykhovskaya and Gorin (2023); Ma and Yang (2023) (blue) algorithms. The region below each curve corre-
sponds to values of the signal strengths for which spike detection is impossible.

optimally chosen as functions of the model parame-
ters and described explicitly in Keup and Zdeborova
(2024).

The performance of PLS when extracting multiple
components (ro > 1) in the presence of several la-
tent directions in each channel (r > 1) can, in prin-
ciple, also be inferred directly from Theorem 2.2 by
successively projecting onto the corresponding signal
subspaces while this extension is technically straight-
forward, it yields rather cumbersome expressions. Yet
this analysis is more delicate than in the rank-one case.
The difficulty arises from the fact that the limiting po-
sitions of the outlier singular values, {b(r}}), b(r; ) }r_;,
are not necessarily ordered. For instance, one can en-
counter configurations where b(r;;) > b(ry,) for some
k1 # ko. As a result, the leading empirical singular
values need not correspond to the same index k, and
PLS-SVD therefore align with the “wrong” spike, that
is the algorithm produces an estimator correlated with
the subspace spanned by (v k,,Vyk, ) instead of the
intended (Vg k,, Vy,k, ). Although detection thresholds
remain the same for PLS and PLS-SVD, the quality of
alignment with the true signal subspace may be com-
promised when multiple spikes interact.

4 OUTLINE OF THE PROOFS

4.1 Proof of the Phase Transition for the
Top Singular Values

We introduce the resolvents as

G(z) = (= —n(8) " and G(z) = (z—n(§)) ",

(4.1)

and to ease notation, we also introduce for k € [r] the
matrices
0 0

* V* k
Qk = < 07 YTU;JC) ) (42)

and the restrictions of the resolvents into the subspace
generated by this matrix:

Hi(2) = Qi G(»)Qp , Hi(2) = Q" G(2)Q; -
(4.3)

T, %

X uy g
*

0 Vi k

Both the resolvents and their restrictions into the sub-
space generated by the Q7 will naturally appear in the
proof. We begin with an intermediate result charac-
terizing the possible locations of the outliers.

Lemma 4.1. The singular values ofS’ that are not the
singular values of 8 = XTY are given by the positive
solution (in z) of the equation

[T det (Hi(2) — Ap) + e, =0 (4.4)
k=1
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where €, —=— 0 ezponentially fast and

n—oo
0 0 0 A7
0 D WA
Ay = RPN P (4.5)
0 AL 0 0
M2 e 0 0

PROOF. The proof follows from the determinant for-
mula and is detailed in App. D. O

We then show that, in the high-dimensional regime
d,n — o0, the high-dimensional random quantities en-
tering the previous lemma admit low-dimensional de-
terministic equivalents.

Lemma 4.2. For any k € [r], the diagonal entries
of the (4 x 4) matriz Hy(z) = (Hij(z))1<z‘j<4 of the
previous lemma are given asymptotically by

(i) Hii(z) =22 hy(z) = 1E0HL
n—oo

otz

agtoy t(z2) 7

(i) Han(2) 225 hoz) i=

(iii) Hzs(2) = hs(2) == CHMICaES
a.s. (2
(iv) Hiale) S50 ha(e) = oo iy

and all other off-diagonal terms go to zero.

PROOF. The details of the proofs are given in App. E.
They follow from concentration results for Part-(i) and
the use of free probability theory for Part-(ii). O

Using the limits of Lemma 4.2 in Lemma 4.1, one
ends up with z being an outlier outside the bulk if and
only if it is a (positive) zero of one of the functions

hi(z) 0 o/ Al
—1/2
n(z) =det | ° hi(jl Ak TP )
0 )\y,k hg(Z) 0
N e 0 le)

for k € [r], which by expressing everything in terms
of the T-transform ¢(z) thanks to the definition of the
{h}}_, writes after simplification:

Jn(z) = <t(22) - ;;k> <t(22) - ;;:)

o (L4 (2%))(ax + ayt(2?))
PrCz

= , (4
for k € [r]. From Prop. 2.1, z and #(z) are related by
Pla,,a,)(t/az,z) = 0 which further implies that z is
the limiting value of an outlier if it satisfies

R()\I,k7/\y,k7pk)(t(22)) =0 (48)

for some k € [r]. Since the T-transform is a con-
tinuous decreasing function in the interval (g, 00)
with maximal value obtained at ¢; and given by
tt, for the existence of the roots in Eq. (4.8) to
hold, one must have that the smallest positive root
r~ of the cubic polynomial Ry, x,..p.) is lower
than this value T, otherwise Eq. (4.8) is never sat-
isfied by the T-transform. Conversely, if T+ > r~
(resp. T" > rT) one gets the position of an outlier
2 > ¢y by solving P4, a,)(r™ /s, 2) = 0 (respectively
Pla,,a,) (1" /az, 2) = 0), yielding the desired result and
concluding the proof.

4.2 Proof of the Phase Transition for the
Top Singular Vectors

Lemma 4.3. Under the same setting as in Thm. 2.2,
we have:

<f’]:ctav);,k>2 =2 limi(z - 5;?) Hyi(z),
Z2—0
(B, vy)? =2 lim (2 — &) Haa(2),
Z2—0
where I;Ql(z) denotes the l-th diagonal entry of the
matriz Hy, of Eq. (4.3) and {6:5Y;_, denotes the set
of the top 2r singular values of S, ordered such that
&5 — b(r) as in Thm. 2.1.
PROOF. The proof is detailed in App. F. O

Lemma 4.4. For any k € [r], the diagonal entries

of the (4 x 4) matriz Hy(z) = (Hi'(z))1<ij<4 of the
previous lemma are given asymptotically by
- S, Jik(2)
Hy(2) =2 hy(z) + L2 orl € [4], 4.9
w2 )+ 28 ey, )

where hy are given in Lemma 4.2, ji is defined in
Eq. (4.7) and fi 1 is given in App. G.

PROOF. The proof of this result is deferred to App. G.
O

Taking the limit n — oo in Lemma 4.3 with the
asymptotics of Lemma 4.4 one gets that if there is
no outlier at z then by Lemma 4.1 ji(z) # 0 such
that in this case, the associated overlap is asymptoti-
cally zero. Conversely, if there is an outlier at b(r),
then we have ji(b(ri)) = 0 and one needs to eval-
uate lim__, .+ 2(2 — b(ri)) fir(2)/(r(2)) which by
L’Hoépital’s rule yields

RIUG))
Gr) (b(r;))
and similarly for <'E,f,v;k>2 with f1, replaced by

f3,k. From this point, one differentiates the function
Jr(%) using its expression given in Eq. (4.7), which

(i, Vi) = (4.10)

n— oo
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yields a formula involving z, t(2?), and its derivative
t/(2?). The latter can be eliminated by differentiating
Eq. (2.6), leading to an expression that depends only
on z and t. Substituting z with b(r) and ¢(2?) with
rf, and simplifying, yields the desired result. We refer
the reader to Appendix H for details.

5 CONCLUSION

In this work, we provided a rigorous analysis of the
spectral properties of spiked cross-covariance matri-
ces in the high-dimensional regime, when the signals
across the two channels are partially correlated. Build-
ing on tools from random matrix theory, we show
the emergence of a Baik Ben-Arous Péché (BBP)-type
phase transition in the top singular values and quanti-
fied the alignment (overlap) of the corresponding sin-
gular vectors with the ground truth signals. As a con-
sequence of these results, we obtain new theoretical in-
sights into the behavior of Partial Least Squares (PLS)
methods in high dimensions. In particular, we identi-
fied the conditions under which PLS can successfully
recover signal structure and compare it with the single-
channel setting.
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1. For all models and algorithms presented, check if
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(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(c¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]

(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
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(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
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(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]
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pants and screenshots. [Not Applicable]
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cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
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Supplementary Materials

A Standard Linear Algebra and Random Matrix Theory Results

In this section, we review some classical results from linear algebra and random matrix theory (RMT); see, e.g.,
Benaych-Georges and Nadakuditi (2012) for references.

Lemma A.1 (Woodbury Resolvent identity). Let A € MZ Q € M, 4, C € M¥, A’ = A + QCQ’;: G =
(21— A)~! and G’ = (21 — A’)~L then the following identity holds:

G'=G+GQC(I-Q"'cQe)'Q'aG, (A1)
in particular if we define K := QTGQ and K’ := QT G'Q, we have:
K'=K+KC(I-KC)'K. (A.2)

Lemma A.2. Let A € MY, G(z2) := (21— A)™!, we denote by {u;};c[n) the eigenvectors of A associated to the
eigenvalues {\i}iepn], counted with multiplicity. Fiz \i, € Spec(A) and q € R™ then for any analytic function
fO with f(X\i,) # 0, we have

_ /\io)

(2
q,Span{u;|\; = A\, D2 = lim 2. [(q, f(A)G(2)q)]. A3
o Spandu, 1y = A )2 = tim S2e) (g, f(A)G()a) (A3)
ProoF. This follows directly from the eigendecomposition of G(z) = ﬁziw:xm wu! +

Lemma A.3 (Eigenvalue decomposition). Let B € M, ,, with singular value decomposition B = UDV7,
where U € U,,, V € Uy, D € D,. Introduce the three matrices Q = (U 0), W, = L[v U,

0V V2
W_ .= %[V —UJ7T, then we have the following decompositions for the chiral extension of B:
. 0 D
(i)  n(B)=Q (D 0) Q" (A.4)
. D o T
(i) aB)=[W.W_(g )W, W, (A.5)

Lemma A.4 (Resolvent for Chiral Matrices). For B € M, ,,,, we have

-1 z-I' TB
Crnm) " = (e 1 3)
with T := (221 —BBT)"! and " := (221 - BTB)~..

Lemma A.5 (matrix determinant lemma for chiral matrices). let B € My, ,,,, L € M, 4, C € My 4 and invertible,
R € My, 4, then for any z ¢ Spec(n(B)) we have:

(A.6)

det(2I — n(B + LCR")) = det(C)? - det(2I — n(B)) - det(Y(2)), (A7)
with the (2d x 2d) matriz Y (z) given by

LOE (e BT (A3)

and where T := (221 — BBT)~! T := (221 - BTB)~!.
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Lemma A.6 (Concentration Quadratic Form). For A € MYZ Be M, m, and v, v;, we have as n — 0o

(u;, Au;) —n 'ETrA — 0, (A.9)
(u;, Bvy) =0, (A.11)

Lemma A.7. If we denote by Spec (A) = {z € Spec(A) \ 0}, then for A € R™™ B € R™", we have
Spec, (A"BA) = Spec_ ((AAT)/2B(AA")!/?).

For p € P.(Ry) with rightmost edge A, recall the definition of the t-transform that uniquely characterizes
the distribution u:

t,(z) = /]R(z — ) e du(z), (A.12)

which is strictly decreasing on (A, c0) and thus admits an inverse for the composition that we denote t=1,
The S-transform of a measure p is defined as

0+1

0= 4

(A.13)

and appears naturally whenever one consider the product of two free elements:

Lemma A.8. (free product). Let p,v € P.(Ry), then there exists a unique distribution uX v known as the free
convolution of i and v such that

SHIXV(e) = S;L(e) Su(a) . (A14)

Furthermore for a sequence of (n x n) independent symmetric positive definite matrices (A,, By ), such that A,

is orthogonally invariant in law (A, 4 OA,, 07 for any orthogonal matriz O) and pa, — p and g, — v, we
have

'LLA;,/2B,,LA,11/2 — U X v. (A15)

B Properties of the roots of the Cubic Polynomials (Lemma 2.1)

For Q(a,,qa,) defined by Eq. (2.3), we have Q(0) = 1 and limg; s Q(a,,a,)(r) = —00, since Q’(% Oéy)(ac) =
—2(agay + ap + ay)r — 6amayx2 is non-zero for z > 0, the function admits exactly one positive root.

Similarly for Rz, », ) defined by Eq. (2.4), we have Ry, x,,)(0) = 1 and lim; 0 B(x, 5, ,p)(2) = 00. Its
discriminant is given by
DiS(R(A,,/\y,p)) = (1 + )\m)z()\r - )‘y)2(1 + )‘y)2
20 ((—1 4 A)A2 £+ A2(— 1 AL+ (—1 4 A,)A,)
+ 2020y (2+ Ay +200) + AL (1 + Ay (4+ \y))) p?

FAZAD (10X (=14 A Ay + A2 + A2 (1 + X, (10 + X)) p* + 4A2 X5 p°
which is positive, hence Ry, x, ) (7) has three real roots on the real axis. Its derivative is given by REM Ayt (x) =
L= — Ay — Aadyp? + 200y — Ay — Ay)z + 3A: A, 22 which has one positive root at

2y + 20y — 20 Ay + V/(—2he — 20, + ZAohy )% — 120, (1 — Ay — Ay — Auhyp2)
Ty =
6oy

(B.1)

hence Ry, z,,p) itself must have two positive roots.

Next to get the dependency with p?, we differentiate the fixed point equation R(,\W\yw)(ri(pz)) = 0 with
respect to this parameter:

0p2 Rix, 0 (12 (1) + (1) (0%) - Rl a, . (1(p) = 0 (B.2)
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such that
2y () = - 2P0 2] (B3)
Riy, .0 T£(0?)
We have
Oy Binny ) (%) = —2X, Ay (%) < 0 (B.4)

and since Ry, x,,p) is decreasing on (0,4) and increasing on (z4,00) we have sign(R(, ryop) (r+(p?)) = +
from which one gets the desired result.

C Bulk Distribution of Singular Values (Prop. 2.1)

Since we assume d, < d,, without loss of generality, the singular values of S are by definition the square root of
the eigenvalues of the matrix X7YY 7T X and by Lemma A.7 one has

Spec (XTYYTX) = Spec, (XXT)?YyYT(XxXx™)/?), (C.1)
from which one can check that the T-transform of the two measures are related by
1

t(XXT)l/QYYT(XXT)1/2 (Z) = ;tssT (2) with Qg — n/dz . (CQ)

From classical random matrix result Potters and Bouchaud (2020), the limiting distribution of X X7 (respectively
of YY) is known to be given by the Marcenko-Pastur distribution of aspect ratio a, (resp. o) whose S-
transform is

Sl"MI’(a)(e) =1+ ae)il ) (C.3)

with @ = a, (resp. ay). Next by Assumption (Al), the two matrices X,Y are independant with Gaussian

entries, hence the matrices X X7 is orthogonally invariant and thus using Lemma A.8, the limiting spectral
distribution of (X XT)/2Y YT (X XT)'/? is given by the free convolution HMP (ap) X fiMp (o) Whose T-transform

tx = t/‘/l\IP(am)gﬂhlP(ay) satisfies:

tr(z)z = (1+tx(2) (1 + artm(2))(1 + aytxn(z)), (C.4)

and by Eq. (C.2) the one for the distribution of the square of the singular values of S is giving simply by
t(z) = autm(z) from which one reads the desired result.

D Determinant Equation for the eigenvalues (Lemma 4.1)

If we denote by S := XTY, the cross-covariance matrix without any spiked, we have the decomposition

S=5+> P, (D.1)
k=1
where the matrix P is given by
Pe= vV Aoihys (Wi 1) - Voo (vh )T 4V A - (X7 ) (V) 4)T (D.2)
* * T
+ A;C,k . Vx7k (YTufo) s (Dg)

such that the matrix P = )|, P, can be rewritten as
P= (v, X"}, ...,vi, X"u},) (D.4)

BlockDiag(Aq,...,A,)(Vy YTu,;17 Ve, YTu,;,r)T , (D.5)

x,1
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with the (2 x 2) matrices Ay defined by

A, ::( Az i Ay k P VA“) with gy = (U, u? ). (D.6)

VAyk 0

For Ay i, Ay > 0, the matrix Ay is invertible with inverse

B 0 A1/
A—k 1 = <A_1/2 z’k > . (D?)
u.k Pk
Next, to ease notations we denote by
. z 0 S 0 S
Z, =n(S) := <§T 0> and Z, =n(S):= <ST 0) , (D.8)

by determinant lemma A.5, the characteristic polynomial of Z,, is given by

k
det(z1 — Z,,) = [ [(detAg)? - det(z1 — Z,) - detM,,(2) (D.9)
i=1
with the matrix M, (2)
0 A B
M,,(z) := BlockDiag ( T k) - 0,(2) (D.10)
Ak 0 k=1,...,r

where since the components satisfy Assumption A2, we have by Lemma A.6 the elements outside the block-
diagonal of ©,,(z)vanishes exponentially fast and p, r — pk, leading to

det(®,,(z) — BlockDiag(H})) — 0, (D.11)
with H}, defined in Eq. (4.3). Since the determinant of block-diagonal matrix is the product of the determinant
of its blocks and the inverse of Ay is given by Eq. (D.7), one gets the desired result.

E Concentration of the diagonal entries (4.2)

We first show that each diagonal entries can be approximated by the trace of certain random matrices. To ease
notation, in the following paragraph we write v = v , (and similarly for other components) as the computation
is the same for each block.

Lemma E.1. The diagonal entries of Hy. satisfy

‘hm(z) - i]ETr(zz — 88Ty >0, (E.1)
’hg,n(z) - %]ETrX(zz ~88T)1x| >0, (E.2)
‘hg,n(z) - diyETr(z2 —878)" >0, (E.3)
‘h47n(z) - %ETrYT(zz ~878)"1yT| 5. (E.4)

PROOF. By definition of the matrix H, its diagonal entries {h; »(2)}ic[4] are given by

hin(z) == ((vi 0),G(2)(v; 0)), (E.5)
hon(z) = <(XTu; 0),G(z)(XTu; 0)), (E.6)
hsn(z) == (0 v}),G(2)(0 v})), (E.7)
han(z):= (0 YTu),G(z)(0 YTu)), (E.8)
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and thus correspond to quadratic forms with either the top-left corner (for hy n, ha,) or bottom-right corner
(for hg p,ha,n) of the resolvent matrix G(z) of the hermitian matrix 1(S). By properties of resolvent of chiral
matrices (see Lemma A.4) the latter projections are given as the resolvent of SST (resp. of ST S) evaluated at

22, such that we have:

hin(z) = (vi, 2(2* = S8T)71v}), (E.9)
hon(2) = (uy, 2 X (22— 88T~ 1XuZ) , (E.10)
han(2) = (v}, 2(2* = 8T8)71vj), (E.11)
han(2) = (u}, YT2(22 - STS) 'y Tuy), (E.12)
the limits of these quadratic forms are captured by Lemma A.G O

taking the limit n — oo, one gets immediately the desired result for Part-(i) of the Lemma. For Part-(ii), we
first use the intermediate lemma:

Lemma E.2. If we denote by T, = (22 — 8ST)~! and T, = (2> — STS)~!, we have

o T _* 2

ETI‘XF”X = ET‘T GSi/ZSyS;/z (Z )SI (E13)
z =~ z

STYTY! = ~TrGging gi2(2%)S, (E.14)

with Ga(z) == (z — A)~! the resolvent and S, := XX7*, S, =YY".

PrOOF. Taking z sufficiently away, one has

> k
%TrXI‘nXT - %TrX <22. 2*2’“(XTYYTX) ) X7, (E.15)
k=0
=T ( 2 Zz—2k(s S,) )s (E.16)
P k
= Tr [ 2% Zz—%s;/?(s;/?sys;/?) S1/2, (E.17)
k=0
© k
_ %Tr (ZQ : Zz’%(,S';/QSySi/Q) ) S, (E.18)
k=0
-1
- %Tr (22 - S;/2sys;/2) S, (E.19)
= %TI‘ GSi/2SySi/2(Zz)Sz , (E?O)
and the proof of the other part follows identically. O

Next, we use the following property, which follows from subordination relation in free probability:

Lemma E.3. Let ty be the T-transform of the measure defined in Lemma A.8, then we have

1

2 tm(2%)
ﬁETI‘ GS}E/stSip (Z )Sz — W (E21)
1 2 tw(2%)
E]ETI' GS;/ZST,S;/z (Z )S — W (E22)

PROOF. See for example Belinschi and Bercovici (2007). A similar derivation can be found in Chapter 19 of
Potters and Bouchaud (2020). O

To conclude, one uses the limit ¢ = tga, of Eq. (C.2) to express everything in term of the T-transform of the
squared singular values and obtains the desired result.
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F Proof of the identity between overlaps and resolvent (Lemma 4.3)
This follows simply by applying the result of Lemma A.2 that relates the overlap of the symmetric matrix 77(5’)

as a proper limit of the quadratic form of the resolvent with the associated vector and then using Lemma A.3
to relate the eigenvectors of 7(S) to the singular vectors of S.

G Proof of Lemma 4.4

We can decompose Hj, of Eq. (4.3) using Lemma A.1 as

Hy, = Hy + Hyn(A) (I - Hyn(A)) Hy. (G.1)
The limit as n — oo of the RHS of Eq. (G.1) can thus be written as
hy 0 0 O
Hy, + Hy(A)(1- Hyn(A))” Hy, = 8 ]B? i?3 8
0 0 0 bhy

0 0 V Az kA EPERL A/ Ar kP
0

. o
V. xk/\y kPrhs /A y, h3 0 0

Az kha 0 0

-1
1 0 Ve kA kPr -1 = Auk -1
0

0 1 — /Ay - ha

Az k Ay kP s —/ Ay I3 1 0
—arha 0 0 1
hi 0 0 O
0 hy 0 O
0 0 0 hy

where || Ey,|lop — 0 exponentially fast. Performing the matrix inversion yields

1 0 — S aidgwpeht = arhi\
0

0 1 —/Ayrha

G.3
A$7kAy,kpkh3 7\/Hh3 1 0 ( )
— e rhi 0 0 1
-1+ \//\:z7k)\y,kh2h3 =V Awk Ay kprhihs =/ AukAy kPPl
1 1 —v/ Ay k- ho (G.4)

0
- A(2) -/ ;ck>\y kPk - 3 =/ Ayk - 3 1 0]’
1

—+v/ Az kha 0 0

with A(2) = Ay xAy kjk(2). Doing the matrix multiplication gives after few algebraic manipulations, the equa-
tions:

h1(2)2)\w’k (h4(z) — h2(2)h3(2)h4(2))\y’k + h3(2))\y’kp2)

Hipn(2) = hi(2) + A0 +e€1n, (G.5)
Hyy n(2) = ha(2) + ha((2)"hs(z) (1 = Ah(lz(f)h“(zm”“) Ak e, (G.6)
By (2) = ha(2) 4 hs(2)2 Ak (ha(2) — hl(zifz()z)wm M air?) . @
Faun(2) = ha(2) + I (2)ha(2)* Aak (1= ha(2)hs(2)Ayk) ean, (G.8)

A(z)
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with €;, — 0 exponentially fast. The first and third element simplify to
hi(2)(1 = Ay kha(2)hs(2))

Hiin(2) = ha(2) + AC) +€1n (G.9)
. h: 1— Az kha(2)h
Hss 0 (2) = hs(z) + 3(2)( iha(2)h(2)) +e3n . (G.10)
A(z)
Replacing the hj by their expression given in Lemma 4.2 and simplifying, one may write the result as
2 fie(2)
H z) = hi(z) + == , G.11
11,71( ) 1( ) ]k;(z) ( )
2 f3.:(2)
Hs3 ., (2) = hs(z) + == , G.12
33, ( ) 3( ) ]k(z) ( )
with
e Aa ke dy kP (14 1) (0 t
Fra(z) = Qadakdukpi ; a0 |\ e = Atz (G.13)
Ay kAo kpr(l+t ot
Fan(z) = Ddudeipil ~ oy T 0t) |y ey — Aant)z. (G.14)

H Values of the Overlaps

We first differentiate j(z) with respect to z which yields after simplification

a2z(jk) (2) = 2 (o — Ao t(2%)) (i — Ay t(2%)) (H.1)
-2 (ozx(aw + ay))\%k/\y,kpz +az (A ke + /\yyk)z2 + 2)\3:716/\y,k(a$ayp2 —2%) t(zQ)) t'(z%)  (H.2)

Differentiating the relation P(z,t(z)/a,) = 0, one finds that the derivatives of ¢/(z) writes

t(z) = asi(2) (H.3)
A +aZay — a2z + 3a,t(2)? + 3ayt(2)? + 6agay,t(2)? '
Next we introduce
Az 1) = (200 = Ao t) (= Ay ) (H.4)
+ (—wAa Ay k0 t (g + oy + 2ayt) +t (= (Mg + Agk) + 2X0 6 Ay k1) 2°) ) (H.5)
/ (e + ay + 3(as + ay + 20,0t — 2) 2) (H.6)
from which one deduces that
s _ o Dur(b)) (H.7)
wE () )
+
£ 4 f3. (0(1%)) (H.8)
PR () 1)

I Optimal Angle of Rotations

Since both left singular vector @4 and u_ may correlate with the signal components v} ,, one may as well
construct a class of unit-norm estimator by performing a rotation in the plane of this two orthogonal vectors,
the latter can be parametrized by 5 € (0,1) in the following way

ww(/@) = Ba—'i_ V 1_52’&’4—’ (Il)

and whose (squared) overlap with v , is given asymptotically by

(V3o 2(8)) —“2r qi(B) = fmy + /1~ FPml . (12)
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and so to optimize with respect to S one simplify solves qj,(3) = 0 from which one finds that the optimal angle
of rotation is given by

port = ok ©3)
g2+ (mf )2 |

)

J Additional Figures

ax=3; a,=0.33; p=0.9 a,=0.67; a,=0.67; p=0.99 a,=1.00; @,=1.00; p=0.99

Bayes
--\_single channel

Figure 4: Phase diagrams in the (\;, A,) plane for different values of the aspect ratios ¢y, a, and correlation p.
The region below each curve corresponds to values of the signal strengths for which spike detection is impossible
for the corresponding algorithm.
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