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Abstract

In constrained online convex optimization, the learner must minimize regret against adver-
sarially chosen convex costs while satisfying a convex constraint at every round, a require-
ment that arises naturally in safety-critical domains such as power systems, autonomous
control, and clinical decision-making. A natural and computationally efficient approach
augments online gradient descent with a Polyak feasibility step: a closed-form half-space
projection requiring only one constraint evaluation and one subgradient per round. This
approach is known to achieve O(\/T ) regret with per-round feasibility, yet we prove that
its existing analysis is strictly loose by identifying two quantities it unnecessarily discards.
Specifically, replacing the worst-case gradient envelope G?T with the observed accumulation
Gr = >, IV fi(z4)]|? yields a data-dependent bound without any algorithmic modification.
Furthermore, we introduce the Polyak correction Pr > 0, which captures the cumulative
squared displacement of the feasibility projection and enters the regret bound with a strictly
negative sign, a term that all prior proofs lose entirely through the Pythagorean inequality.
The total improvement Ar = g(chT —Gr) + %”PT is provably non-negative and decom-
poses into two independent, complementary sources that vanish only in a degenerate corner
case. Building on these analytical insights, we propose AdaOGD-PFS, an adaptive-step-size
variant that achieves O(v/Gr) regret, potentially much smaller than O(G /T, while pre-
serving per-round constraint satisfaction. Experiments on ball-constrained and halfspace-
constrained instances confirm bound improvements of 38-43%, with both data-dependent
gradients and Polyak corrections contributing meaningfully.

1 Introduction

Online convex optimization (OCO) provides a principled framework for sequential decision-making under un-
certainty, with applications spanning portfolio selection (Cover} |1991), network routing (Awerbuch & Klein-
berg), [2004), and real-time resource allocation (Mahdavi et al., [2012). In many safety-critical deployments
(power grid management, autonomous navigation, clinical dosing), decisions must satisfy hard constraints
at every round, since even transient violations may incur catastrophic consequences. This practical necessity
has driven a surge of interest in constrained OCO, where the learner must simultaneously minimize cumula-
tive regret Reg, = Zthl fe(xy) —mingex Zthl fi(z) against an adversarially chosen sequence of convex cost
functions f1,..., fr while respecting a convex constraint g(z) < 0 with limited feedback about g. Among
the algorithms designed for this setting, the combination of Online Gradient Descent (OGD) with Polyak
feastbility steps, which project onto a first-order approximation of the feasible set using only the constraint
value g(x;) and a single subgradient s; € dg(z;), has emerged as a particularly attractive approach due to
its computational simplicity and strong feasibility guarantees (Mahdavi et al.l [2012; [Polyak] 1969).

The study of constrained OCO has progressed through several stages of increasingly refined algorithms. The
classical approach of Zinkevich| (2003) achieves O(v/T) regret via projected OGD, but requires computing
the full projection Iy (y;) at each round, a step that is computationally prohibitive when the feasible set
X ={xz: g(x) < 0} is defined by a general convex function. To circumvent this bottleneck, Mahdavi et al.
(2012) replaced exact projection with a single subgradient query per round, attaining O(v/T) regret with
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Table 1: Comparison of regret bounds for constrained OCO with Polyak feasibility steps. All three use
the same assumptions (1-4) and the same constraint feedback (g(x:) and one subgradient per round). Here
Gr = 2 IV fi(w,)|? < G3T, Pr =32, 6 = 0, and Ar = 3(G3T — Gr) + 5, Pr > 0 (Corollary [1).

Hutchinson & Alizadeh|(2025) Theorem Theorem
Algorithm OGD-PFS (fixed 1) Same AdaOGD-PFS (adaptive 1)
Assumptions Assumptions 1-4 Same Same
Constraint feedback g(xt), 0g(zy) Same Same
Knowledge of G ¢ Required Required Not required

2R? 2R?

Regret bound iJr G2T+ Gpr % ﬁng —PTJr Gpr 2R\/2(Gr + €o) Z
Feasibility g(z) <0, Vt Same Same
Worst-case O(G#VT) O(GVT) O(GVT)
Instance-dep. O(G4VT) — Ar O(V/Gr) (best)

O(T?/*) cumulative constraint violation. Subsequent work reduced the violation to O(v/T) (Jenatton et al.,
2016; [Yu & Neely| 2020) and further to O(1) using budget-management techniques (Liakopoulos et al.
2019 Neely & Yu, [2017), but these methods generally cannot guarantee per-round feasibility g(x;) < 0 for
all . More recently, OGD was augmented with a Polyak feasibility step (Hutchinson & Alizadehl 2025)),
a closed-form half-space projection that exploits the linearization of g at the current iterate, establishing
O(\/T ) regret with per-round feasibility when a strictly feasible starting point is known. Despite this
algorithmic progress, we identify a fundamental looseness in the analysis of the Polyak feasibility step that
persists across all prior work. Specifically, the standard regret proof applies two coarse relaxations: it upper-
bounds each per-round gradient norm ||V f;(x)||? by its worst-case value G?, replacing the data-dependent
sum Gr := Zthl IV fe(x)||* with the uniform bound G3T; and it invokes the standard non-expansiveness of
projection, ||y 1—2*]|? < |lys—2*||?, thereby completely discarding the squared distance 6; = ||y —1Ig, (y4)]|?
by which the Polyak step moves the intermediate iterate back toward feasibility. The cumulative effect of
discarding ¢; across T rounds is a provably non-negative quantity Pr := Zthl 6+ > 0 that never appears in
existing regret bounds.

In this paper, we provide a refined regret analysis of the same OGD + Polyak feasibility step algorithm, using
the same assumptions and the same constraint feedback model. Our key observation is that the Pythagorean
inequality used in the standard proof can be tightened to retain the Polyak correction d;, and that the per-
round gradient norms need not be relaxed to their supremum. Concretely, we prove the following refined
regret bound (Theorem |[1f):

2R? G
Regy < —+77 ZHVft 2|2 — — Zat ;‘pza (1)

QTSG?T PTZO

which improves upon the prior bound 2R + ”GQT + G; 2T in two independent and complementary ways.
Table [I] provides a systematic COHlpaI‘lbOIl between our analysis and prior work.

The two sources of improvement are qualitatively distinct. The gradient refinement (Gr replacing G?T)
captures the fact that the worst-case gradient norm Gy, defined as the supremum over the entire bounding
ball RB, is typically achieved only by a small fraction of rounds. In our experiments, the ratio Gr/ (G?T)
ranges from 0.27 to 0.31 across problem instances, yielding a 34-37% tightening of the bound. The Polyak
correction (—2—1777%) is a genuinely new term that quantifies the regret reduction performed by the feasibility
step whenever it actively “pulls back” the iterate. It is strictly positive whenever the gradient step pushes
the iterate outside the linearized constraint, contributing an additional 1-8% improvement. Crucially, our
refined bound is never worse than the prior bound (since the improvement Ay > 0 by construction), and all
feasibility guarantees are preserved without modification.

Our main contributions are summarized as follows.



Under review as submission to TMLR

o Tighter data-dependent regret bound (Theorem . We prove that the standard OGD with
a Polyak feasibility step, without any algorithmic modification, admits the refined bound equation [I| by
retaining two quantities that prior proofs discard. Specifically, we replace G?«T with the observed gradient
accumulation Gy < G?T and introduce a novel Polyak correction Pr > 0 that enters with a negative
sign. The resulting bound is uniformly no worse and strictly tighter in all non-degenerate cases.

o Adaptive algorithm with data-dependent rate (Theorem . We propose AdaOGD-PF'S, which
replaces the fixed step size with an adaptive n; = ¢/\/eo + >, .||V fi(2:)[]?, achieving O(v/Gr) regret (po-
tentially much smaller than O(G¢ VT )) while preserving per-round feasibility and requiring no knowledge
of Gf.

o« Empirical validation. Experiments on ball-constrained and halfspace-constrained instances confirm
bound improvements of 38-43% over the prior, with both gradient refinement and Polyak corrections
contributing meaningfully.

2 Related Work

We situate our contributions within three lines of research: constrained online convex optimization,
projection-free and Polyak-type feasibility methods, and data-dependent regret analysis.

Constrained online convex optimization. The unconstrained OCO framework, formalized by |Zinke-
vich (2003) and surveyed comprehensively by Hazan| (2016) and [Shalev-Shwartz| (2025), achieves O(v/T) re-
gret via projected online gradient descent (OGD) when the feasible set admits an efficient projection oracle.
Extending this framework to functional constraints g(z) < 0, where the projection onto X = {z : g(z) < 0}
may be intractable, has been an active research direction over the past decade.

Mahdavi et al.| (2012) initiated this line by proposing an algorithm that queries only a single subgradient of
g per round, achieving O(v/T) regret with O(T%/4) cumulative constraint violation. Jenatton et al. (2016))
improved the violation to O(\/T ) using adaptive constraint-weighting schemes. A parallel line of work
pursued long-term constraint satisfaction, where the goal is to bound Zthl g(z¢) rather than enforce g(x;) <
0 at each round. Neely & Yul (2017) and [Yu & Neely (2020) achieved O(v/T) regret with O(1) cumulative
violation via drift-plus-penalty and virtual-queue techniques rooted in Lyapunov optimization. |Liakopoulos
et al.| (2019) proposed a cautious variant that maintains O(\/T ) regret while keeping the cumulative violation
strictly bounded. More recently, [Yi et al.| (2022) extended constrained OCO to distributed multi-agent
settings, and [Guo et al.| (2022)) studied time-varying constraints where g itself changes across rounds.

A key limitation shared by these methods is the gap between cumulative and per-round feasibility: while
cumulative violation ) ,[g(x;)];+ can be made sublinear or even O(1), ensuring g(z;) < 0 at every round ¢
requires fundamentally different algorithmic techniques. The Polyak feasibility step was recently introduced
into OGD (Hutchinson & Alizadeh, 2025), achieving O(v/T) regret with per-round feasibility under a known
strictly feasible starting point. Our work does not propose a new algorithm for constrained OCO; instead, we
demonstrate that the existing regret analysis can be significantly tightened, by up to 43% in our experiments,
without modifying the algorithm or its assumptions.

Projection-free methods and Polyak-type feasibility steps. When the feasible set X is complex,
computing the Euclidean projection Iy (+) can be as expensive as solving the original optimization problem.
This has motivated a rich body of work on projection-free online optimization. The Frank—Wolfe (conditional
gradient) method (Frank & Wolfe, |1956; |Hazan & Kale} [2012)) replaces projection with a linear minimization
oracle over X, achieving O(T%/*) regret in the general case. (Garber & Hazan| (2016)) improved this to O(\/T )
for polyhedral sets, and |Chen et al.| (2019) extended the approach to bandit feedback. While these methods
avoid full projection, they still require a linear optimization oracle that may be non-trivial for general convex
constraints.

A different approach, which is the focus of this paper, replaces the exact projection with a Polyak-type step
(Polyakl 1969). Originally introduced for convex feasibility problems, the Polyak step projects onto the half-
space H; = {x : g(z) + s/ (x — x;) < 0} defined by the first-order approximation of g at the current point.
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This projection has a closed-form solution requiring only g(x;) and one subgradient s; € dg(x;), making it
substantially cheaper than full projection. [Mahdavi et al.| (2012) first used this idea in the OCO context, and
subsequent work (Hutchinson & Alizadehl [2025) introduced the constraint shrinkage parameter p to achieve
per-round feasibility via the Polyak step applied to the tightened half-space Hf = {z : g(z;)+s/ (x—z¢)+p <
0}. Our contribution is orthogonal to algorithmic design: we analyze the same Polyak feasibility step but
extract a tighter regret bound by retaining the squared displacement &; = ||y; — 1, (y;)||? that prior analyses
discard. This quantity d; is intrinsic to the Polyak step geometry and does not arise in standard projection-
based or Frank—Wolfe-based analyses.

Data-dependent and adaptive regret bounds. The idea of replacing worst-case constants with data-
dependent quantities in regret bounds has a long history in online learning. The AdaGrad algorithm of [Duchi
et al| (2011) achieves regret bounds that scale with Y, ||V fi(2)||? rather than G?T, adapting the step size
to the observed gradient magnitudes. McMahan| (2017) unified several adaptive methods under the follow-
the-regularized-leader framework, and |Orabona & Pal (2018) developed scale-free algorithms whose bounds
automatically adapt to the gradient scale without prior knowledge of Gf. In a related vein, |Cutkosky &
Orabona, (2018)) established parameter-free regret bounds in Banach spaces, and |Steinhardt & Liang] (2014])
studied the gap between worst-case and adaptive regret in the experts setting.

For unconstrained OCO, data-dependent bounds of the form O(y/>_,||V fi(z:)]|?) are by now standard and
can be achieved algorithmically via adaptive step sizes. In the constrained setting, however, data-dependent
bounds have received comparatively little attention. The regret analyses in prior work (Mahdavi et al.| [2012;
Yu & Neely| |2020; Hutchinson & Alizadeh) 2025) all employ the uniform bound ||V f(z:)|| < Gy in the final
step of their proofs, collapsing the data-dependent sum Gr = >, ||V fi(z¢)]|? to G?T.

Our work bridges this gap by showing that the data-dependent quantity Gr can be preserved in the analysis
of constrained OGD with a Polyak step without any algorithmic modification. The standard fixed-step-
size OGD already enjoys this tighter bound, indicating that only the prior analysis was loose. The Polyak
correction Pr that we identify is a novel data-dependent quantity specific to the constrained setting, with no
analogue in unconstrained adaptive methods such as AdaGrad. For the fixed-step-size algorithm, our refined
bound serves as a complement to adaptive methods by providing a tighter post-hoc characterization. We
further bridge the gap algorithmically by introducing AdaOGD-PFS (Section , which combines adaptive
step sizes with the Polyak feasibility step to achieve an O(v/Gr) regret bound in the constrained setting.

3 Problem Setup

We consider the constrained online convex optimization (OCQO) problem studied in prior work (Mahdavi
et al) [2012; |Hutchinson & Alizadehl 2025)). A learner interacts with an adversary over T rounds. At each
round t € [T] := {1,2,...,T}, the learner selects a decision z; € R? and the adversary reveals a convex
cost function f; : R? — R. The learner’s decisions are subject to a fixed convex constraint g(z) < 0, about
which only first-order information is available. This section defines the notation, the protocol, the standing
assumptions, and the performance metrics. The algorithms under study (OGD-PFS and AdaOGD-PFS) are
presented in Section [4]

3.1 Notation

We write |-|| for the Euclidean (f2) norm on RY. For a scalar a € R, we denote [a], := max(a,0). The
closed Euclidean ball of radius R centered at the origin is RB := {z € R? : ||z|| < R}. For a closed
convex set S C R? we write Ilg(v) := argmin,egs|[v — u|| for the Euclidean projection of v onto S, and

dist(v, S) := min,eg|/v — ul| for the distance from v to S. Given a convex function h : R? — R, we write
Oh(x) for its subdifferential at z. Table [2| summarizes the principal symbols used throughout the paper.

3.2 Protocol

The interaction between the learner and the adversary proceeds as follows. The learner selects an initial point
x1 € RB. Then, for each round ¢t = 1,2,...,T, the learner commits to the decision x;; the adversary reveals
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Table 2: Summary of notation. Symbols above the mid-rule are problem primitives; those below are derived
quantities introduced in this work.

Symbol Definition
d Dimension of the decision space
T Total number of rounds (time horizon)
fi:RT SR Convex cost function revealed at round ¢
g:RT >R Fixed convex constraint function

X :={z:g(z) <0} Feasible set
X, :={z:g(z) < —p}  Shrunk feasible set (p > 0)

z; € R? Decision played at round ¢
ye € RY Intermediate iterate after gradient step: y: = z¢ — nV fi(x¢)
gt == g(z¢) Constraint value at round ¢
st € 0g(zy) Constraint subgradient at round ¢
n>0 Learning rate (step size)
p>0 Constraint shrinkage parameter
R,G¢,Gg,0,¢€ Problem constants (see Assumptions [14)
vi=1-— OQ/Gg Contraction rate of the Polyak step
E=1-/y Feasibility convergence rate
H, Separating half-space: {x : g: + s; (z — z¢) + p < 0}
x* Offline optimum: arg mingex Zle fe(x)

8 == |ly: — O, (y:)||>  Polyak correction at round t
Pr = Z;‘le Ot Cumulative Polyak correction
Gr = 23;1 IVfi(z:)||> Data-dependent gradient accumulation

the convex cost function f; and the learner observes f;(z;) and V f;(x;); the learner queries the constraint
oracle, receiving g; = g(x;) and one subgradient s; € dg(z); and finally the learner updates x; — x;11 using
Vfi(xi), gi, and s.

Two aspects of this protocol merit emphasis. First, the learner receives only first-order constraint feedback,
namely the function value g; and a single subgradient s;, rather than access to a projection oracle for X.
Second, the cost functions f; are chosen by an oblivious adversary: the entire sequence (fi,..., fr) is fixed
before the interaction begins, though the learner does not know it in advance.

3.3 Assumptions

The following four assumptions are standard in constrained OCO (Mahdavi et al., |2012; [Hutchinson &
Alizadeh| 2025); we neither strengthen nor weaken them.

Assumption 1 (Bounded action set). There exists R > 0 such that X C RB.

This is standard in OCO and ensures that the diameter of the feasible set is at most 2R. It is satisfied
whenever X is compact, which holds in virtually all applications of interest.

Assumption 2 (Bounded cost gradients). There ezists Gy > 0 such that ||V fi(z)|| < Gy for all x € RB
and all t € [T.

This is the standard Lipschitz assumption on the cost functions. It implies |fi(u) — fi(v)| < Gy|lu — v]| for
all u,v € RB. The constant Gy serves as a worst-case envelope; a central theme of our analysis is that the
actual observed quantity Gr = 3, [V fi(z)||? is typically much smaller than G3T.

Assumption 3 (Bounded constraint subgradients). There exists G4 > 0 such that ||s|| < G4 for all v € RB
and all s € Og(z).

Together with Assumption (I} this implies that g is G4-Lipschitz on RB. The upper bound G, governs the
contraction rate of the Polyak step via the ratio o/G,.

Assumption 4 (Constraint boundary subgradient lower bound). There exist o > 0 and € > 0 such that the
level set X' := {x € R : g(x) = —€} is nonempty, and ||s| > o for all x € X' and all s € dg(x).
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This assumption ensures that the constraint function g has a non-vanishing gradient near the boundary of
X, which is necessary for the Polyak step to achieve geometric contraction toward feasibility. Assumption []
is automatically satisfied whenever Assumption [I] holds and the Slater condition is met, i.e., there exists y
with g(y) < 0. The ratio v := 1 — 0?/G? € [0,1) measures the “condition number” of the constraint: when
o ~ G4, the Polyak step contracts rapidly (v ~ 0); when ¢ < G, contraction is slower (v ~ 1). We also
define £ := 1 — /7 > 0, which governs the rate at which the feasibility distance decays (see Theorem |Ifand
Lemma [5)).

Remark 1. We emphasize that no assumption beyond Assumptions is introduced in this paper. The
comparability of our results with those of prior work rests entirely on this fact: any improvement in the regret
bound is due to tighter analysis, not stronger assumptions.

3.4 Performance Metrics

We evaluate the learner’s performance along two axes.

Regret. The cumulative regret measures the excess cost incurred by the learner relative to the best fixed
decision in hindsight:

T T
Regr = th(xt) - gg(l th(x). (2)
t=1 t=1

A sublinear regret guarantee Reg, = O(v/T) implies that the learner’s average per-round cost converges to
that of the offline optimum as T — oo.

Feasibility. We consider two notions of constraint satisfaction. Per-round feasibility requires g(z;) < 0
for all ¢ € [T] and is the strongest guarantee, needed in safety-critical applications. Cumulative feasibility
requires Zthl[g(xt)]Jr < V(T for some sublinear function V' and is a weaker but more commonly studied
notion. Our analysis preserves the per-round feasibility guarantee without modification.

3.5 Key Quantities Introduced in This Work

Our refined analysis is built around two quantities that are naturally present in the algorithm’s iterates but
have been overlooked in prior regret bounds.

Definition 1 (Polyak correction). For each round t € [T], the Polyak correction is

||2 [gt + sj(yt - xt) + p]i

b = llye — i, () = fsoIP | ;

which equals zero when yy € H; and is strictly positive otherwise. The cumulative Polyak correction is
T
PT = Zt:l (St 2 0

Geometrically, d; is the squared distance by which the Polyak step moves y; toward the half-space Hy;. It is
positive precisely in rounds where the gradient step pushes the iterate outside the linearized constraint, i.e.,
the rounds where the Polyak step does non-trivial “corrective work.” Prior analyses discard d; by applying
the standard non-expansiveness inequality ||z;+1 — 2*||? < [Jyy — 2*||?; our key insight is that the stronger
bound [[z41 — 2*[|? < [y — 2*|?

— 0 holds, and summing over ¢ yields the correction Pr.

Definition 2 (Data-dependent gradient accumulation). The data-dependent gradient accumulation is

T
Gr = Y IIVfila)l?. (4)

By Assumption@ gr < G?T, with equality only if |V fi(xy)|| = Gy at every round.

These two quantities jointly determine the improvement of our refined bound over the prior bound. Corol-
1ary (Section D shows that the improvement is A = g(G?T —-Gr)+ %PT > 0, which is zero only in the
degenerate case where all gradient norms attain their maximum and the Polyak step is never active.
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Algorithm 1 OGD with Polyak Feasibility Step (OGD-PFS) (Hutchinson & Alizadehl 2025)
Require: Initial point x; € RB, learning rate n > 0, shrinkage parameter p € [0, €
1: fort=1,2,...,T do

2:  Play action xy; receive convex cost function f;

3:  Observe cost gradient V f;(x)

4:  Query constraint oracle: g; < g(z;), ¢ <+ any element of dg(z;)

5. Gradient step: y; < x; — n'Vfi(zy)

6: if s; =0 then

7: Tep1 < rs(ye)

8: else

9: Polyak feasibility step:

-
ge+ 8! (ye — ) +p
R (e el
t

11:  end if

12: end for
4 Algorithm

We study the OGD with Polyak Feasibility Step (OGD-PFS) algorithm (Hutchinson & Alizadehl 2025),
restated in Algorithm [[] Our contribution is not a new algorithm but a refined analysis of this existing
procedure; we include the full specification here for self-containedness.

Each round consists of two updates. The gradient step (Line 5) performs standard OGD: y; = x¢ —nV fi(24),
producing an intermediate iterate that may violate the constraint. The Polyak feasibility step (Lines 6-10)
projects y; onto the half-space

H; = {xGRd:gt+S:(x—$t)+p§0}a (5)

which is a first-order outer approximation of the shrunk feasible set X,, and then clips the result to RB.
When y; already satisfies the linearized constraint (y; € H:), the Polyak step reduces to the identity and
§; = 0. When y, ¢ H;, the step moves y; by a squared distance of exactly & = |ly; — Iy, (y:)||> > 0 back
toward feasibility. The per-round cost is O(d) plus one gradient evaluation and one constraint oracle call.

The shrinkage parameter p > 0 governs the feasibility—regret trade-off. Setting p > 0 enforces a tighter
constraint g(z) < —p, providing a safety margin at the expense of an additional G¢pT'/o term in the regret
bound. Concrete parameter choices are given in Corollaries

4.1 Adaptive OGD with Polyak Feasibility Steps

Our refined analysis (Theorem [1|) reveals that the actual gradient accumulation Gr and the Polyak correc-
tion Pr are data-dependent quantities that can be much more favorable than their worst-case surrogates.
A natural question is whether an algorithm can exploit this data-dependence online, rather than merely
observing it post-hoc.

We answer this affirmatively by introducing AdaOGD-PFS (Algorithm , which replaces the fixed step
size n with an adaptive step size 7, that shrinks as gradient information accumulates, in the spirit of AdaGrad
(Duchi et all, 2011)), while retaining the Polyak feasibility step unchanged.

The key difference from Algorithm is Line 6: the step size 7; = ¢/1/S; decreases as the cumulative squared
gradient norm S; = €+ Ef: |V fi(x;)||* grows. When the cost gradients are small on average (Gr < G?T ),
the step sizes remain larger for longer, allowing the algorithm to make more aggressive updates. When
gradients are large, the step sizes shrink rapidly, maintaining stability. The Polyak feasibility step (Lines 8-
11) is identical to Algorithm

The hyperparameter ¢ > 0 controls the step size scale; the choice ¢ = Rv/2 minimizes the leading constant
in the regret bound (Theorem . The regularizer ¢y > 0 ensures that 17, = ¢/,/€ is finite and, when chosen
appropriately, guarantees per-round feasibility (Corollary .
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Algorithm 2 Adaptive OGD with Polyak Feasibility Step (AdaOGD-PFS)
Require: Initial point x; € RB, shrinkage p € [0, €], scale ¢ > 0, regularizer ey > 0
1: Initialize S; < €9
2: fort=1,2,...,T do
3:  Play action xy; receive convex cost function f;

4:  Observe cost gradient V fi(x:)

5. Query constraint oracle: g; <— g(x¢), st < any element of dg(x;)

6: Adaptive step size: 17, < ¢/ /Sy

7. Gradient step: y; < z; — 1 V fi(z:)

8 if s; =0 then

9: Tiy1 + Hrp(Y:)

10: else .

11: Ty < lgp <yt UL (ﬁ; ﬂzxt) * ol St)
t

12:  end if

13: St+1 — S+ ||Vft($t)||2

14: end for

5 Main Results

This section presents our theoretical contributions. Section[5.1]gives the refined analysis of the fixed-step-size
algorithm (Theorem , which tightens the prior bound without modifying the algorithm. Section gives
the analysis of AdaOGD-PFS (Theorem , which achieves a fully data-dependent regret bound algorithmi-
cally. All proofs are deferred to Appendix [A} a proof overview is given in Section [6]

5.1 Refined Regret Bound and Feasibility Guarantee

Theorem 1 (Refined regret bound and feasibility guarantee). Let Assumptz’ons hold. Run Algorithm
with x1 € RB, n >0, and p € [0, €.
(I) Regret bound:

2R?

G
Regy < T-‘r gT—?'P T + pr (6)

(I1) Feasibility bound: For allt > 1,

nGyGy _

g(z) < Gy A(E=1)/2 dist(z1, X,) + ¢

(7)

The proof is given in Appendlx Compared to the prior bound 2£- + Y G2 T+ Gf 2T, the regret bound equa-
thn@lS tighter in two ways: Gr < G2T #T (data-dependent gradient term) and ——PT < 0 (Polyak correction,
absent from the prior bound). The feasibility bound equation m is identical to that of prior work.

5.2 Corollaries

All corollary proofs are given in Appendix [AT7]

Corollary 1 (Per-round feasibility with known strictly feasible point). Suppose g(z1) < —a for some
a € (0,¢]. Set p=a/VT and n = €a/(GyGyVT). Then g(x) <0 for allt € [T], and

Regy < <2GgR2 bt O >G T - GGV 8)

Ea 2G, GZT 2
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Corollary 2 (Delayed feasibility with unknown interior point). Set p = ¢/VT and 1 = &¢/(2G;GoV'T).
2
Then g(x) <0 forallt > 1+ % IOg(M% and

AG;G R*  €eGy  Gye GyGNT
RegT§< f&g +4Gf+af)\/T—f€iPT. 9)
g
Moreover, Zthl g(x¢) <0 whenever VT > ARG ,/(€€).
Corollary 3 (No shrinkage). Set p=0 and n =2R/(G;VT). Then
RGr G4VT
Reg, < RGVT + — Pr, 10
gr = f Gf\/T AR T ( )
and g(z;) < 2RGge~ 7 =D/ L oRG, /(€VT) for all t.
5.3 Improvement Decomposition
Corollary 4 (Improvement decomposition). The improvement of equation@ over the prior bound is
Ar = Q(Gz-T — QT) + iPT >0. (11)
2 2n =
— ——

gradient refinement > 0 Polyak correction > 0

Ar =0 iff |V fe(xr)|| = G5 for allt and Pr = 0.

5.4 Properties of the Polyak Correction

The proofs of Propositions [I] and [2] are given in Appendix [A77]

Proposition 1 (Lower bound on Polyak correction). Let A := {t € [T] : g; + s (v — 1) + p > 0} be the
set of active rounds. Then

+ 5] (yr — x1) + p)? 1
P = Z (g ¢ (Yt ~ t) +p) > Tz(gt +5;I'(yt _xt)+p)2. (12)
teA sl Gg teA
Proposition 2 (Extreme cases). (a) If g + s, (y — x1) + p < 0 for all t, then Pr = 0 and Regy <
QTP‘? +2Gr + %T. (b) If ge+ s, (yr —x¢)+p = ¢ > 0 for allt, then Py > *T/G2 and the Polyak correction
yields an O(T)-magnitude reduction —c*T/(2nG?).

5.5 Data-Dependent Bound for AdaOGD-PFS

Theorem 2 (Data-dependent regret bound for AdaOGD-PFS). Let Assumptions[1H{ hold. Run Algorithm[3
with x4 € RB, p € [0,¢], ¢ > 0, and ¢y > 0.

(I) Regret bound:
2 T

2R ] G
Regr < <C+C>\/QT+60 - T; + Tpr- (13)
t=1 <t
With the optimal scale ¢ = R\/2, the first term becomes 2R+/2(Gr + €).
(II) Feasibility bound: For allt > 1,

CGng _

< G, Y/2 dist(z, X,
g(z) < Ggv ist(z1, X,) + NG

p. (14)
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The proof is given in Appendix The regret bound equation (13| replaces the O(G f\/T ) dependence of
both the prior bound and Theorem (1| with O(y/Gr), which is never worse and can be substantially better
when the cost gradients along the algorithm’s trajectory are heterogeneous. The Polyak correction term
— >, 6:/(2m) now has a time-varying coefficient 1/(2n;) = /S;/(2¢) that increases over time, weighting
later corrections more heavily than in the fixed-step-size analysis.

Corollary 5 (AdaOGD-PFS with per-round feasibility). Suppose g(z1) < —a for some a € (0,€]. Set
c=RvV2, p=a/VT, and ¢y = 2G§G?R2/(§2p2) = 2G§G?R2T/(§2a2). Then g(z:) <0 for allt € [T], and

T
5 G
Regy < 2R\/207 + 2¢0 — Zj + %O‘\/T (15)
t=1 <t

The progression from the prior bound to Theorem [I| and subsequently to Theorem [2| reflects two distinct
advancements: developing a tighter analysis for the existing algorithm, followed by the introduction of a new
algorithm with a data-dependent rate. Each step constitutes a strict improvement, and a comprehensive
comparison is provided in Table [T}

6 Proof Overview

All proofs are deferred to Appendix [A] Here we summarize the proof architecture for Theorem [l The
argument proceeds via five supporting lemmas. Lemma [I] provides the enhanced projection inequality that
retains d;, which is the key technical novelty: for all z € X,, ||z441 — z|* < ||lyr — z||> — 6;. Lemma [2] is
a constraint error bound relating dist(z, X,) to [g(x) + p|4 /0. Lemma [3| establishes geometric contraction
dist?(z+, X,) < 7 - dist?(x, X,) of the Polyak step. Lemmas |4 and [5| develop the feasibility recursion and
its expansion. The regret bound then follows by a telescoping argument that, unlike the standard analysis,
retains both &; and ||V f,(z;)||> without relaxation. The proof of Theorem [2| adapts this telescoping to
time-varying step sizes via Abel summation.

7 Experiments

We validate the theoretical results on synthetic constrained OCO instances and verify that the refined
bounds (Theorems [1| and [2)) are valid upper bounds on the actual regret, that the improvement over the
prior bound is substantial and robust, and that AdaOGD-PFS achieves competitive actual regret compared
to fixed-step-size OGD-PFS.

7.1 Setup

Problem instances. We consider three constrained OCO problems, all with dimension d = 10, bounding
radius R = 5, and time horizon T' = 10,000. The first configuration applies a ball constraint g(z) =
|lz||2/r? — 1 with » = 2 to linear costs fi(x) = a/ z, where the cost vectors are generated as a; = a + ¢
with @ = e; and ¢, ~ N(0,0.25 ;). A heavy-tailed variant of this setting uses the identical constraint but
samples perturbations from e; ~ A(0,1.44 I;), which introduces occasional large gradient norms that inflate
the worst-case bound Gy. The final configuration features a halfspace constraint g(x) = e x — 2 paired
with linear costs, where the mean component of the cost vector continuously pushes the sequence toward

the feasibility boundary.

Methods. For each problem, we compare two methods. The first is OGD-PFS (Algorithm , configured
with n = 2R/(G;VT) and p = 0, which we evaluate under both the prior bound and our refined bound
(Theorem . The second method is AdaOGD-PFS (Algorithm , configured with ¢ = RvV/2, eg = G?-, and
p =0, which is evaluated under Theorem [2] All results are averaged over five random seeds.

10
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Table 3: Experimental results (T' = 10,000, d = 10, p = 0, means over 5 seeds). “Prior” is the bound of
Hutchinson & Alizadeh| (2025); “Thm. 1”7 is our refined bound; “Thm. 2”7 is the AdaOGD-PFS bound. All
bounds are numerically verified to upper-bound the actual regret in every run.

Problem Regy Prior Thm.1 Thm.2 §r/(G3T) |A|/T
Ball+Linear 235 3,541 2,089 2,150 0.281 0.969
Ball4Linear (HT) 643 7,486 4,650 5,164 0.270 0.637
Halfspace 173 3,897 2,239 2,295 0.314 0.994
Ball + Linear Cost Halfspace + Linear Cost
4000 A

Bound gap (saved)
—— Prior bound
3000 1 42% tighter 30004 Our bound
--- Actual regret

42% tighter

Cumulative bound / regret

2000 - 2000 4
1000 o 1000 A
0 (oo P I e
T T T T T T T T T T T T
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Round ¢ Round ¢

Figure 1: Cumulative regret and bounds over T' = 10,000 rounds for ball-constrained (left) and halfspace-
constrained (right) problems. The shaded region between the prior bound (red) and our refined bound
(green) represents the improvement from Theorem Both bounds are valid upper bounds on the actual
regret (blue dashed).

7.2 Bound Validity and Improvement

Table [3] reports the actual regret, the three bounds, and the key diagnostic quantities for each problem
instance.

Several observations are noteworthy. First, the bound validity is confirmed: the refined bounds (Theorems
and [2) are valid upper bounds on Reg, in all runs, a necessary sanity check for the theoretical analysis.
Second, both refined bounds improve substantially over the prior: Theorem [1| achieves a 38-43% reduction,
while Theorem [2| achieves a 31-41% reduction. Third, the data-dependent gradient ratio Gr/ (G?T) ranges
from 0.27 to 0.31, confirming that the worst-case gradient constant G; significantly overestimates the actual
gradient magnitudes. The active fraction |A|/T ranges from 0.64 to 0.99, indicating that the Polyak step is
frequently invoked.

7.3 Improvement Decomposition

Table [] decomposes the Theorem [I] improvement into its two components.

The gradient refinement (G replacing G%T) is the dominant source of improvement, contributing 34-37%
across all problems. The Polyak correction (Pr) provides an additional 1-8%, with the largest contribution on
the halfspace problem where the constraint is active in 99.4% of rounds. Both components are strictly positive
in all instances, consistent with the theoretical guarantee Ap > 0 (Corollary . Additional experiments are
presented in Appendix [B] These include a comparison of AdaOGD-PFS versus fixed-step-size OGD-PFS,
bound component decomposition, sensitivity analysis over (7, p), and distributional analysis of gradient
norms and Polyak corrections.

11
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Table 4: Decomposition of the bound improvement (Corollary. Values are mean =+ std over 5 seeds.

Problem Gradient (%) Polyak (%) Total (%)
Ball+Linear 35.9+1.2 5.0£04 41.0+0.8
Ball+Linear (HT) 36.5+1.2 1.4+0.1 37.8+1.1
Halfspace 34.3+1.0 8.24+0.5 42.5+0.5

8 Conclusion

We have presented a refined regret analysis of OGD with Polyak feasibility steps in constrained online convex
optimization. Our analysis reveals two sources of slack in prior bounds, namely the worst-case gradient
accumulation and the discarded Polyak correction, and retains both as data-dependent quantities. The
resulting bound is uniformly no worse than the prior state-of-the-art and achieves 38-43% tighter bounds in
experiments. Motivated by these analytical insights, we further propose AdaOGD-PFS, a new algorithm with
adaptive step sizes that achieves an O(y/Gr) regret bound while maintaining per-round feasibility. Several
directions for future work emerge from the current limitations. Because Pr is a post-hoc quantity evaluated
after execution, the resulting bounds are inherently instance-dependent rather than worst-case guarantees.
Furthermore, the feasibility bound remains unchanged from prior literature, and tightening it via the actual
gradient norms ||V fi(x;)|| instead of the worst-case Gy presents a valuable theoretical opportunity. Another
unresolved challenge is integrating the Polyak feasibility step with optimistic online gradient descent , as the
standard optimistic telescoping introduces cross terms that are difficult to control.
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A Proofs

A.1 Lemmal[l} Enhanced Polyak Projection Property

Lemma 1 (Enhanced Polyak projection property). Let Assumptions hold and p € [0,¢€]. Then Step 9
of Algom'thm satisfies: for all x € X,,

e = @l* < llye — 2]|* = 6. (16)

Proof. Case s; = 0: Since 0 € dg(x¢), z; is a global minimizer of g. By Assumption 4] X, # 0 (there exists
w with g(w) = —e < —p), so g(z;) < g(w) < —p, ie., ; € X,. The algorithm gives 411 = Hrp(y:) and
6 = 0. Since z € X, C RB, by non-expansiveness of lgg: ||z141 — z||? < |lye — z||? = ||lys — z||* — 6.

Case s; # 0: We first verify that the algorithm step is equivalent to zy+1 = Hrg(Ig, (v;)). If g; + 5] (v —
x;) +p < 0, then y; € Hy, so g, (y;) = y; and the equivalence is immediate. If g; + s, (y; — ¢) + p > 0,
then g, (y;) = yr — A\ese with Ay = (g¢ + 8, (ye — 2¢) + p)/||s¢]|?, which matches the algorithm.

Next, Hy 2 X,: for any z € X, by convexity of g and s, € dg(z¢), g: + 8, (x —a1) + p < g(z) + p < 0, s0
x € Ht-

For the enhanced non-expansiveness, let p; = Iy, (y:). By the variational characterization of projection onto
Hy, for all v € Hy: (y; —pt) " (v—p¢) < 0. Taking v = x € H; and expanding ||y, — x||? = ||y: — pe|* + 2(y: —
pe) " (pr — ) + ||pr — 2||?, we obtain (y; — p;) T (pr — x) > 0, hence ||y, — z||* > & + ||ps — z||?.

Rearranging: [|ps — z||*> < ||ly+ — x||* — 0;. Finally, since € X, C RB, non-expansiveness of Ilgz gives
e = 2l = [Trs(pe) — 2[* < lIpe — 2[* < llge — [ = 6. -

A.2 Lemma Constraint Error Bound

Lemma 2 (Constraint error bound). Let Assumptions hold and p € [0,€]. Then for all x € RB,

dist(z, &,) <

S

[9(z) + pl+ - (17)

Proof. If g(z) + p < 0, then x € X, and both sides are zero. Assume g,(z) = g(z)+p >0, ie, x ¢ X,. Let
v=1IIx,(z).

Suppose g(v) + p < 0. Since g is G4-Lipschitz (Assumption , let 6o = —(g(v) + p)/G4 > 0. Then for all
w € v+ 0B, g(w) +p < gv) + p+ Gydp =0, s0 v+ 5B C X,. Taking v' = v+ do(z —v)/||lz —v| € X,
gives ||v/ — z|| = ||z — v|| — do < dist(z, X,), contradicting the definition of v. Hence g(v) = —p.

The Slater condition for X, holds: by Assumption{d} {z : g(z) = —e} # 0; if min, g(z) = —e¢, then there exists
% with 0 € 9¢(2) and g(&) = —e, but Assumption [4] requires ||s|| > o > 0 for all s € dg(&), a contradiction.
Hence min, g(z) < —e < —p, and Slater’s condition holds. By Rockafellar| (1997)) (Theorem 23.7), there
exist ft > 0 and §, € dg(v) such that

T—V=[08,. (18)

When p = e: g(v) = —¢, so v € X’ and ||3,|| > o directly by Assumption [4]

When p < e: let Cc = {u: g(u) < —e}. Since g(v) = —p > —¢, we have v ¢ C.. Let w = Il (v). By the
same boundary argument as Step 1, g(w) = —e. By the normal cone characterization (Slater’s condition
for C. holds since ming < —e), there exist g > 0 and §,, € dg(w) with v — w = p §,. Since g(w) = —e,
Assumption [4] gives |5, || > o.

By monotonicity of dg (Rockafellar, 1997): (3, — 8,) " (v — w) > 0. Substituting v — w = ps,, and dividing
by p > 0: 3] 3, > |5, By Cauchy-Schwarz: ||5,||[|8w|l > 8, 5w > ||8w]?, 50 ||3]] > [|5w]| > 0.

By convexity of g and g(v) +p = 0: g,(z) = g(z) + p > g(v) + &, (x —v) + p = §, (/i §,) = fil|3,]|*>. Hence
90(®) ~ gp(@) _ [9(z)+pls ]

51 = o

i < g,(z)/]|50]|?, and by equation dist(z, X,) = || — v|| = f]|5,] <

14
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A.3 Lemma 3} Geometric Contraction of the Polyak Step

Lemma 3 (Geometric contraction). Let Assumptions hold, p € [0,¢], x € RB, and s € 0g(x) with
s#0. Let 27 =Tgp(z — [g(z) + pl4s/||s||?). Then

dist®(zF, X)) < - dist* (2, X,) . (19)
Proof. If g(x) + p < 0, then 27 = z € X, and both sides are zero. If g(z) + p > 0, let v = Iy, () and
T=x— gm‘?s. By non-expansiveness of Izs (since v € RB): dist?(zt, &,) < ||Z — v]|?.

Expanding ||Z — v||? and using s' (x — v) > g(z) — g(v) > g(x) + p:

I = ol < flo - off? - LR (@) +p)*
o e

< dist*(z, X,) —

By Lemma (9(x) + p)? > o%dist®(z,X,), so the last expression is < (1 — 0?/G?) dist?(z, X,) =
v dist®(z, &,). O

A.4 Lemma [4; Feasibility Recursion

Lemma 4 (Feasibility recursion). Under Assumptions with p € [0, €], Algom'thm satisfies for allt > 1:
dist(vs+1, AXp) < /7 dist(ze, X)) + 0|V fe(z)]| - (20)

Proof. Define the virtual iterate z;11 = Ipg(zs — [g¢ + plost/||s¢||?) when s; # 0, and 2,41 := x; when

s; = 0. By the triangle inequality: dist(z¢41,X,) < ||@e41 — 2o ]| + dist(ze41, Xp).

By Lemma (when sy # 0) or by 2,41 = 24 € X, (when s, = 0), we get dist(z41, X,) < /7 dist(z, X)).

In both cases (sy = 0 and s; # 0), one can write x111 = Hrp(My,(y:)) and 241 = Hrp(Ily, (z¢)). By
non-expansiveness of llpp o p,: |21 — 2ze1]] < |lyr — 22l = 9|V fe(ze)]]-

Combining yields equation O

A.5 Lemmal5 Recursion Expansion
Lemma 5 (Recursion expansion). Under the conditions of Lemma |4}, for allt > 1:

G
dist(z11, X,) <442 dist(z1, X,) + Uhtd ) (21)

3
where § =1 — /v > 0.
Proof. Let d; = dist(z¢, X,). By Lemma {f and Assumption [2t diy1 < /7d; +1Gy. Unrolling this linear

recursion by induction: diy1 < (/7)'dy + nGy ZZ_:%(W)’“ < AM2dy + G /€, where the geometric series is
bounded by 1/(1 —,/7) = 1/¢. O

A.6 Proof of Theorem [1I

Proof of Theorem[]l Decompose the regret as

T T

Regr = Y (filxe) = ful@))) + ) (filay) = ful")), (22)

t=1 t=1

Term I Term II

where x/*) € argmingcx, Zt fi(x).

15
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By conve>2<ity of fer fi(we) — fi(z}) < Vft(xt) (¢ —z}). By Lemmawith =€ Xy |y —apl]? <
lys — 23| — 6;. Expanding ||y — a:*|| with y; = x; — ant(mt)
lye = 2plI* = llwe — 2}l = 20V fi(we) " (@ — ap) + 02|V falz) ||

Combining and rearranging:

1 . 5t
Je(xe) = felap) < 277(”»% —ap|* = et — zp)1?) + *HVft(wt)W :
Summing over t = 1,...,T (telescoping) and using ||z1 — z}|| < 2R, ||v741 — gc;||2 >0:
2R n 1
T I<—+-Gr— —Pr. 2
erm I < ; + 2gT 277777’ (23)

< |lys — a3||* (discarding ¢;) and bounds
[V fe(ze)||* < G (discarding data-dependence), yielding Term T < % + 4G3T. Our proof retains both

quantities.

By definition of z7: >, fi(z}) < >, fi(llx,(z*)). By Gy-Lipschitz continuity of each fi: fi(Ilx,(z*)) —
filz*) < Gy dlst(x X,). By Lemma [2 Wlth g(x*) < 0: dist(z*, X,) < p/o. Hence Term II < G;pT/o.
Combining with equation 23] yields equation [6]

By Lemma [5| (replacing ¢ by t — 1), for all ¢ > 1: dist(z, X,) < 41/ 2dist(z1, &,) + nGy /€. Since g is
G 4-Lipschitz and g(Ilx, (7:)) < —p: g(2s) < G4 dist(x¢, X,) — p, which gives equatlonl O

The prior proof applies standard non-expansiveness ||z;41 — 3:;;||2

A.7 Proofs of Corollaries

Proof of Corollary[1l Feasibility: g(z1) < —a < —p gives dist(z1, X,) = 0. Substituting into equation
9(w:) <nGyGr/€ —p. With n=Ep/(GGy): nGoGr/€ = p, so g(ar) < 0.

2 « .
Regret: % = mc}é’#, 1Gr = 2GfG \ngy %PT = GfG \FPT, %T = %ﬁ Combining
yields equation O

Proof of Corollary[3 The feasibility analysis is identical to that of prior work (since equat1onlls unchanged).
The regret part follows by substituting n = £e/(2GsG, VT), p = ¢/v/T into equation |§| and using Gr <

G2T O
Proof of Corollary[3, With p=0andn=2R/(G;VT): & = RG/VT, 1Gr= Ci?/%, PT foPT
The feasibility bound follows from equation [7] with p = 0 O

Proof of Corollary[jl Direct subtraction: (gG}T) - (26r - %PT) = g(chT —Gr)+ ﬁPT. Both terms
are non-negative since Gp < G%T and Pr > 0. O

Proof of Proposition[], When t ¢ A, §; =0. When t € A, & = (g: + 8] (ye — ) +p)%/||s:1* > (96 + 5/ (yr —
1) + p)?/GZ by Assumption O

Proof of Proposition[3. (a) follows from &, = 0 for all ¢. (b) follows from Proposition [I] with [A] =T O

A.8 Proof of Theorem [2| (AdaOGD-PFS)

Proof of Theorem[4 Lemmas hold unchanged, since they do not depend on the step size 1. The proof
adapts the telescoping argument of Theorem |1| to the time-varying step size n; = ¢/+/S;.

Decompose Regy as in equation 22
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By convexity and Lemma [1| (which holds for any 7;):

fuar) = £ < 5 (e = a3l = lovws = 5pI) + FITlal - 5.
Summing over t =1,...,T":
~ 1 * (12 * - Tt Ot
Term 137 (=31 = e = 31P) + 30 5 IVt ] 5 (24)

(4) (B)

Let a; := 1/(2n;) = v/S;/(2¢), which is non-decreasing since S; is non-decreasing. Let Dy := ||z — z}[|* <
4R?. By Abel’s summation formula:

T T
2R?
(A) = a1D1 — aTDT+1 —+ Z Dt(at — at_l) S 4R2 (&1 + Z(at — at_1)> = 4R2 ar = ?\/ ST+1 .

t=2 t=2

Since Sty1 = €9 + Gr, we get (4) < E\/QT + €g.
For non-negative b, := ||V fy(z;)[|* and S; = €0 + >, , bi:

S e <a(/Sr - V) =2 )

Therefore (B) = £ 3, b:/v/St < ¢(VGr + €0 — /&)

2R S
TermI<—\/QT-l-eo—&—C\/gT—&-eo—cﬁ—Z% <C+c) Gr+e — 22775
t — un

Identical to the proof of Theorem [1} Term II < GfpT'/o.

Combining yields equation [T3]

Since 7, is non-increasing, 171 = ¢/,/€gp = max; 1. The feasibility recursion (Lemma {4)) gives dist(z41, X)) <
V7 dist(zg, Xp) 4 e[V fe (o) || < (/7 dist(ze, &,) + 11 Gy, which, by the same expansion as Lemma |5, yields

dist(z4, &,) < y~Y/2dist(21, X,) + mG /€. Applying the Lipschitz bound g(z;) < G, dist(ws, X,) — p
gives equation [T4] O

Proof of Corollary[3 Feasibility: g(x1) < —a < —p gives dist(zq1,X,) = 0. By equatlon glxy) <

cGyGy/(Ey/eo) — p. With ¢ = RV2 and ¢ QGEG?RQ/(f%Q): cGyGyr/(&\/€0) = G JGr/(€
G4GrRV3/(€p)) = p. Hence gla) < 0.
Substitute ¢ = Rv/2 into equation —I— RV2 = 2RV2. O

B Additional Experiments

B.1 AdaOGD-PFS vs Fixed-Step-Size OGD-PFS

Table [3] shows that AdaOGD-PFS achieves bounds comparable to Theorem [I] while using an adaptive step
size that does not require knowledge of G¢. On the halfspace problem, AdaOGD-PFS achieves lower actual
regret (148 vs. 173 for OGD-PFS; both measured on the same problem instance) than fixed-step-size OGD-
PFS, demonstrating the benefit of adapting 7; to the observed gradient magnitudes. On the ball problems,
fixed-step-size OGD-PFS has lower regret (235 vs. 373 for AdaOGD-PFS), which is expected since the fixed
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step size ) = 2R/(G;/T) is tuned with knowledge of Gy while AdaOGD-PFS must learn it online. The key
advantage of AdaOGD-PFS is that it does not require Gy as input and achieves a bound that scales with

V/Gr rather than G VT, a significant practical benefit when G ¢ is unknown or overly conservative. Figure
provides a visual three-way comparison across all problem instances.

mEm Prior bound (H&A '25)  EEE AdaOGD-PFS bound (Thm. 2)
7000 4 mm= Our bound (Thm. 1) Actual regret

2239 2295

2089 2150

Bound / Regret value

Ball+Lin. Ball+Lin. Halfspace
(heavy-tail)

Figure 2: Three-way comparison of bounds across problem instances. Red: prior bound; green: our refined
bound (Theorem; blue: AdaOGD-PFS bound (Theorem ; gray: actual regret.

B.2 Bound Component Decomposition

We further visualize the internal structure of the bound improvement from three complementary perspectives.
Figure [3|shows the percentage contribution of gradient refinement versus Polyak correction for each problem.
Figureld|traces the cumulative growth of both G; and P; over time, revealing that the gap between G; and cht
widens steadily while P; accumulates at a near-constant rate once the constraint becomes active. Figure [f]
decomposes each bound into its additive components, making the source of tightening visually explicit.

[- Gradient refinement Polyak correction]
40 A
o 36.5%
35.9% © 34.3%
S
= 30
=]
)
5
% 20 1
f=
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g
=
10 1 8.2%
5.0%
1.4%
0 B
Ball+Lin. Ball+Lin.(HT) Halfspace

Figure 3: Decomposition of the bound improvement into gradient refinement (purple) and Polyak correction
(orange) for each problem instance.

B.3 Sensitivity Analysis

We examine how the bound improvement varies with the step size 1 and the shrinkage parameter p. Figure[f]
shows that larger 7 increases both sources of improvement (gradient refinement and Polyak correction), since
a larger step size amplifies the gap between observed and worst-case gradient norms and also causes more
frequent constraint violations that the Polyak step must correct. Increasing p primarily boosts the Polyak
correction component, as the tighter constraint forces the feasibility projection to be active more often.
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Figure 4: Left: cumulative gradient accumulation G; (green) vs. worst-case ch -t (red), showing an ~72%
gap. Right: cumulative Polyak correction P, growing steadily over time, with the active constraint fraction
(dashed) converging to = 0.97.
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Figure 5: Bound component decomposition. Each problem shows two bars: left (prior bound) and right (our
bound). The shared initial-distance term 2R?/n (gray) is identical; the gradient term shrinks from ngcT

(red) to 3Gr (green); the Polyak correction —%PT (orange) provides additional reduction.
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Figure 6: Sensitivity of bound improvement to step size n and shrinkage p. Left: total improvement (%);
center: gradient refinement gain; right: Polyak correction gain.

B.4 Distributional Analysis

Finally, we inspect the per-round distributions underlying the aggregate quantities Gr and Pr. Figure [7]
confirms that the gradient norms ||V fi(x;)| are concentrated well below the worst-case bound Gy, with
the bulk of the mass near the mean rather than the tail. This concentration explains the large gradient
refinement gain (34-37%). The right panel shows that the nonzero Polyak corrections §; span several orders
of magnitude, with occasional large corrections corresponding to rounds where the gradient step pushes the
iterate far outside the linearized constraint.
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Figure 7: Distribution of per-round gradient norms ||V f;(z;)|| (left violin) compared to the worst-case bound
Gy (dashed red line), and log-scale distribution of nonzero Polyak corrections d; (right violin).
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