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Abstract

Momentum methods were originally introduced for their superiority to stochastic gradient
descent (SGD) in deterministic settings with convex objective functions. However, despite
their widespread application to deep neural networks — a representative case of stochas-
tic nonconvex optimization — the theoretical justification for their effectiveness in such
settings remains limited. Quasi-hyperbolic momentum (QHM) is an algorithm that gener-
alizes various momentum methods and has been studied to better understand the class of
momentum-based algorithms as a whole. In this paper, we provide both asymptotic and
non-asymptotic convergence results for mini-batch QHM with an increasing batch size. We
show that achieving asymptotic convergence requires either a decaying learning rate or
an increasing batch size. Since a decaying learning rate adversely affects non-asymptotic
convergence, we demonstrate that using mini-batch QHM with an increasing batch size —
without decaying the learning rate — can be a more effective strategy. Our experiments
show that even a finite increase in batch size can provide benefits for training neural net-
works. The code is available at https://github.com/iiduka-researches/qhm_acml25.

Keywords: nonconvex optimization; batch size; learning rate; momentum; asymptotic
convergence; non-asymptotic convergence

1. Introduction

Stochastic gradient descent (SGD) (Robbins and Monro, 1951) is the simplest gradient
method for minimizing empirical risk minimization problems, and many variants have been
aimed at improving its theoretical and empirical performance, including momentum meth-
ods and adaptive methods such as Adam (Kingma and Ba, 2015), AdamW (Loshchilov and
Hutter, 2019), and RMSProp (Tieleman and Hinton, 2012). Momentum methods are the
most common variant; they accelerate convergence to optimal points by adding a momen-
tum term, which is a combination of the current stochastic gradient and the past momentum
term. The initial goal of momentum methods was to speed up the convergence of convex op-
timization in the deterministic setting. In particular, the heavy-ball (HB) method (Polyak,
1964) and Nesterov’s accelerated gradient (NAG) (Nesterov, 1983) were shown to accelerate
linear convergence over the standard gradient method under such conditions. On the other
hand, several numerical experiments (Krizhevsky et al., 2012; Hinton et al., 2012; He et al.,
2015; Redmon et al., 2016; Dai et al., 2016; Habibian et al., 2021) have employed stochas-
tic variants — stochastic HB (SHB) and stochastic NAG (SNAG) — in deep learning for
stochastic nonconvex optimization (Sutskever et al., 2013). Thus, there is a growing need
for theoretical results demonstrating the usefulness of SHB and SNAG in environments that
are the exact opposite of convex and deterministic settings.
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(Yan et al., 2018) proved non-asymptotic convergence of stochastic unified momentum
(SUM) (with an earlier preprint (Yang et al., 2016)), including SGD, SHB, and SNAG, for
nonconvex optimization in the stochastic setting. Subsequently, (Yu et al., 2019) applied
momentum to a distributed nonconvex setting. However, they imposed the condition α =

O
(

1√
K

)
, where α is a constant learning rate and K is the total number of steps, for which

it is difficult to ensure asymptotic convergence and apply in practice. (Liu et al., 2020)
gave an upper bound on the norm of the gradient of the objective function for NSHB,
i.e., mink∈[0:K−1] E[∥∇f(xk)∥2] = O

(
1
K + σ2

)
, in a nonconvex and stochastic environment

without assuming boundedness of the gradient, where ∇f : Rd → Rd is the gradient of f ,
{xk}k∈N0 is the sequence generated by NSHB, σ2 is the upper bound of the variance of the
stochastic gradient of f , and E[X] denotes the expectation of a random variable X. This
analysis involved two major challenges. First, the learning rate α and momentum weight
β are constant, and this limits the practical learning rates of schedulers, such as cosine-
annealing learning rate (Loshchilov and Hutter, 2017) (Their proof is claimed to cover step
decay learning rates, but it no longer applies if the learning rate depends on the iteration k).
Second, due to the noise term, their analysis does not guarantee asymptotic convergence,
i.e. lim infk→∞ E[∥∇f(xk)∥] = O(σ).

In this paper, we focus on quasi-hyperbolic momentum (QHM) (Ma and Yarats, 2019)
(Section 2.2, Algorithm 1). Similar to SUM, QHM becomes various optimizers depending on
how γk is set up, such as SGD (γk = 0), Normalized-SHB (NSHB) (Gupal and Bazhenov,
1972)(γk = 1), and SNAG (αk, βk, and γk are constant, and γk = βk) (Gitman et al.,
2019). SHB and NSHB are interchangeable by adjusting the learning rate scheduler and
momentum scheduler (see Appendix A.2). Hence, we believe that an analysis of QHM
will contribute to our understanding of momentum methods. (Gitman et al., 2019) proved
asymptotic convergence of QHM under the condition of decreasing αk and βkγk or under
decreasing αk and γk and increasing βk.

The performance of optimizers used in a stochastic setting undoubtedly depends heavily
on the batch size, and momentum methods are no exception (Bollapragada et al., 2024;
Sun et al., 2021). Here, there are two main approaches to analyzing the batch size: small-
batch learning and large-batch learning. In small-batch learning, the primary motivation
is to identify the critical batch size that minimizes the number of stochastic first-order
oracle (SFO) calls, which represent the computational cost of stochastic gradient evaluations
(Ghadimi et al., 2016; Sato and Iiduka, 2023; Imaizumi and Iiduka, 2024). This theory is
based on the result that, although a larger batch size reduces the variance of stochastic
gradients — which in turn allows the noise term, a key challenge in non-asymptotic learning,
to decrease linearly — the number of steps required to reach an ϵ–approximation does not
continue to decrease linearly once the batch size exceeds a certain critical value (Shallue
et al., 2019). (Hoffer et al., 2017) indicates that the performance degradation of large-
batch training is caused by an insufficient number of steps. In large-batch learning, the
primary motivation is to speed up the training process by using the optimizer for large-
batch training such as layer-wise adaptive rate scaling (LARS) (You et al., 2017) and the
layer-wise adaptive moments optimizer for batch training (LAMB) (You et al., 2020).

The above methods use a constant batch size b that is independent of the iteration
number k. (Smith et al., 2018) analyzed the existing results and found that decreasing
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the learning rate and increasing the batch size are equivalent in terms of regularization;
they argued for increasing the batch size rather than decreasing the learning rate from
the perspective of faster training. (Keskar et al., 2017) pointed out two interesting insights
about small batches and large batches from the perspective of sharpness of the loss function:
(i) When using a large batch, the optimization tends to converge to sharp local minima,
which leads to a significant drop in generalization performance. On the other hand, when
using a small batch, the optimization avoids sharp local minima and tends to converge to
flat local minima. (ii) Training with a small batch in the early stages and switching to a
large batch in the later stages leads to convergence to flatter local minima compared with
using only a small batch. Although both of these studies claim the benefit of an increasing
batch size, they lack theoretical support.

1.1. Contribution

In this paper, we focus on mini-batch QHM (QHM using a batch size) with various learning
rate and momentum weight schedulers and prove both asymptotic and non-asymptotic
convergence of nonconvex optimization in the stochastic setting.

• To compare constant and increasing batch-size settings, we provide asymptotic and
non-asymptotic convergence analyses of mini-batch QHM, NSHB, and SGD in stochas-
tic nonconvex optimization.

Specifically, we find that mini-batch QHM, NSHB, and SGD achieve asymptotic con-

vergence by setting
∑

αk → +∞, βkγk → 0, and
α2
k

bk
→ 0, where bk is the batch size. This

enables the use of practical learning-rate schedules such as constant learning rate, cosine
annealing, and polynomial decay, which would otherwise require a decaying learning rate
under a constant batch size. In the analysis of non-asymptotic convergence, mini-batch
QHM, NSHB, and SGD using a constant learning rate, step decay momentum weights,

and constant batch size are shown to have a convergence rate of O
(

1
K + σ2

b

)
. These results

suggest that the inability to achieve asymptotic convergence is due to the noise term. While
using a large batch size can reduce the upper bound, it does not guarantee convergence. On
the other hand, in the case of using an increasing batch size (De et al., 2017; Smith et al.,
2018; Li et al., 2024; Umeda and Iiduka, 2025; Sato and Iiduka, 2025), the convergence rate
improves to O

(
1
K

)
, overcoming the challenge of the noise term.

• While a decaying learning rate has the advantage of achieving asymptotic convergence
when using a constant batch size, it also becomes a cause of performance degradation
in non-asymptotic convergence.

In the case of using an increasing batch size, mini-batch QHM, NSHB, and SGD using
a decaying learning rate and step decay momentum weights have a convergence rate of

O
(

1√
K

)
, i.e., slower convergence compared with using practical learning rates, including

constant learning rates. We also provide asymptotic and non-asymptotic convergence results
under different conditions to allow γk to be fixed to an arbitrary constant, although this
requires a decaying learning rate. The case of a constant batch size requires the condition
βk → 1, which further requires the learning rate to decay faster than the increase in βk,
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leading to degraded performance. In the case of an increasing batch size, the condition is
relaxed so that βk can be fixed, but since a decaying learning rate is still used, performance
remains suboptimal.

• We empirically compared cases of using an increasing batch size and using a small
batch size or large batch size in training deep neural networks with mini-batch QHM,
NSHB, and SGD under practical learning rates, including a decaying learning rate.
The results support the theoretical claims.

Our theoretical condition bk → +∞ is a rather strong assumption. However, empirical
results show that we can still benefit from increasing batch sizes, even if the upper bound
grows.

2. Preliminaries

2.1. Notation

Let Rd be a d-dimensional Euclidean space with inner product ⟨x,y⟩ := x⊤y (x,y ∈ Rd)
inducing the norm ∥x∥ :=

√
⟨x,x⟩, and let N and N0 be the set of natural numbers and

the set of natural numbers including zero, respectively. Define [n] := {1, 2, . . . , n} and
[0 : n] := {0, 1, . . . , n} for n ≥ 1. Let {xk}k∈N and {yk}k∈N be positive real sequences and
let x(ϵ), y(ϵ) > 0, where ϵ > 0. O denotes Landau’s symbol; i.e., yk = O(xk) if there exist
c > 0 and k0 ∈ N such that yk ≤ cxk for all k ≥ k0, and y(ϵ) = O(x(ϵ)) if there exists
c > 0 such that y(ϵ) ≤ cx(ϵ). Given a parameter x ∈ Rd and a data point z in a data
domain Z, a machine-learning model provides a prediction whose quality can be measured
by a differentiable nonconvex loss function ℓ(x; z). We aim to minimize the empirical loss
defined for all x ∈ Rd by f(x) = 1

n

∑n
i=1 ℓ(x; zi) =

1
n

∑n
i=1 fi(x), where S = {z1, z2, . . . , zn}

denotes the training set and fi(·) := ℓ(·; zi) denotes the loss function corresponding to the
i-th training data zi.

2.2. Conditions and Algorithm

The following are standard conditions.

(C1) f := 1
n

∑n
i=1 fi : Rd → R is L–smooth, i.e. ∥∇f(x) − ∇f(y)∥ ≤ L∥x − y∥. f is

bounded below from f⋆ ∈ R.

(C2) Let (xk)k∈N ⊂ Rd be the sequence generated by mini-batch QHM. For each iteration
k, Eξk [∇fξk(xk)] = ∇f(xk), where ξ0, ξ1, . . . are independent samples and the random
variable ξk is independent of (xl)

k
l=0. There exists a nonnegative constant σ2 such that

Vξk [∇fξk(xk)] ≤ σ2, where V[X] denotes the variance of a random variable X.

(C3) For each iteration k, mini-batch QMH samples a batch Bk of size bk independently of
k and estimates the full gradient ∇f as ∇fBk

(xk) :=
1
bk

∑
i∈[bk]∇fξk,i(xk), where ξk,i

is a random variable generated by the i-th sampling in the k-th iteration.

Algorithm 1 is the mini-batch QHM optimizer under (C1) – (C3).
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Algorithm 1 Mini-batch Quasi-Hyperbolic Momentum (mini-batch QHM)

Require: x0 ∈ Rd (initial point), αk ∈ [0,+∞) (learning rate), βk ∈ [0, 1), γk ∈ [0, 1]
(momentum weights), bk ∈ N (batch size), K ∈ N (steps)

Ensure: xK

1: for k = 0, 1, . . . ,K − 1 do
2: ∇fBk

(xk) :=
1
bk

∑
i∈[bk]∇fξk,i(xk)

3: dk := (1− βk)∇fBk
(xk) + βkdk−1

4: mk := (1− γk)∇fBk
(xk) + γkdk

5: xk+1 := xk − αkmk

6: end for

2.3. Batch Size Schedulers

Let M ∈ N be the total number of epochs, and let E ∈ N be the number of interval epochs.
The batch size is updated per epoch, not per step. So, the batch size schedulers below are
indexed by the number of epochs m ∈ [0 : M − 1]:

[Constant BS] b′m = b, (1)

[Exponential BS] b′m = b0δ
⌊m

E ⌋, (2)

where b, b0 ∈ N and δ > 1. b′m is related to the batch size indexed by the step k, as follows:

{bk}k∈N0 = {b′0, . . . , b′0︸ ︷︷ ︸
T0

, b′1, . . . , b
′
1︸ ︷︷ ︸

T1

, . . . , b′M−1, . . . , b
′
M−1︸ ︷︷ ︸

TM−1

, . . .},

where Tm = ⌈ n
b′m

⌉ is the number of steps per epoch m.

2.4. Learning Rate Schedulers

We will examine the following learning rate schedules that are updated each epoch m ∈ [0 :
M − 1]:

[Constant LR] α′
m = αmax, (3)

[Sqrt-Decaying LR] α′
m =

αmax√
m+ 1

, (4)

[Decaying LR] α′
m =

αmax

m+ 1
, (5)

[Cosine-annealing LR] α′
m = αmin +

αmax − αmin

2

(
1 + cos

mπ

M − 1

)
, (6)

[Polynomial Decay LR] α′
m = αmin + (αmax − αmin)

(
1− m

M

)p
, (7)

where p > 0, and 0 ≤ αmin ≤ αmax. In the case of [Cosine LR], α′
m = αmax if M = 1,

whereas in the case of [Cosine LR] or [Polynomial LR], the total number of steps K ∈ N
satisfies K =

∑M−1
m=0 Tm. α′

m is related to the learning rate indexed by the step k in the
same way as the batch size.
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2.5. Momentum Weight Schedulers

We will examine the following schedules for the momentum weights γk and βk in Algorithm
1 that are updated per epoch:

[Constant Beta] β′
m = βmax, (8)

[Step Decay Beta] β′
m = βmaxζ

⌊m
E ⌋, (9)

[Increasing Beta] β′
m = 1− 1− βmin

(m+ 1)3/4
, (10)

[Constant Gamma] γ′m = γmax, (11)

[Step Decay Gamma] γ′m = γmaxλ
⌊m

E ⌋. (12)

Here, λ, ζ ∈ (0, 1), βmin, βmax ∈ [0, 1), and γmax ∈ [0, 1]. β′
m and γ′m are related to the

momentum weights indexed by the step k in the same way as the batch size and learning
rate.

The reason for updating the scheduler per epoch rather than per step is that the principle
of ”constant and drop”, where the learning rate is initially set large and then dropped every
few epochs, is a well-known way of adjusting the learning rate. Algorithms that apply the
”constant and drop” idea are referred to as multistage algorithms (Liu et al., 2020; Sun
et al., 2021).

3. Asymptotic and Non-Asymptotic Convergence of Mini-batch
Quasi-Hyperbolic Momentum

In this section, we show both asymptotic and non-asymptotic convergence of mini-batch
QHM with various momentum weights schedulers and argue that an increasing batch size
schedule should be used rather than a constant batch size.

In order to prove the following theorems, we will make an additional assumption that
is the same as the one made in (Yan et al., 2018) and (Gitman et al., 2019).

Assumption 1 (Boundedness of the gradient) Let G > 0 satisfy, for all i ∈ [n] and
x ∈ Rd, ∥∇fi(x)∥ ≤ G.

The convergence analysis without assuming a bounded gradient not only complicates the
proof but also imposes specific conditions on the learning rate and momentum weight. (Liu
et al., 2020) indicated non-asymptotic convergence of NSHB without assuming a bounded
gradient. However, when defining the auxiliary sequence, which is a key component of their
proof (for more details, see Eq. (6) in (Liu et al., 2020)), it is necessary to assume that
the learning rate and momentum weight are constant. Although they claim that a step-
decay learning rate can also be used, the auxiliary sequence cannot be defined unless the
learning rate is independent of the iteration number k. Moreover, we show that Assumption
1 holds whenever the loss function fi is Li–smooth and has both upper and lower bounds
(see Proposition 9). In addition, our numerical experiments confirm that fi is bounded in
practice (see Appendix A.8).
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Theorem 2 (Upper bound of the squared norm of the full gradient using decreasing βkγk)
Suppose that conditions (C1)–(C3) and Assumption 1 hold, and let αk ∈ [αmin, αmax] ⊂
[0, 2

L), γβ := supk γkβk < 1. Then, the sequence {xk}k∈N0 generated by Algorithm 1 has the
following properties.

(i) [Convergence Rate] For all K ∈ N,

min
k∈[0:K−1]

E
[
∥∇f(xk)∥2

]
≤ 2(f(x0)− f⋆)

(1− γβ)(2− αmaxL)

1∑K−1
k=0 αk︸ ︷︷ ︸
AK

+
Lσ2

(1− γβ)(2− αmaxL)

∑K−1
k=0 α2

k/bk∑K−1
k=0 αk︸ ︷︷ ︸
BK

+
2αmax(1 + αmaxL)G

2

(1− γβ)(2− αmaxL)

∑K−1
k=0 γkβk∑K−1
k=0 αk︸ ︷︷ ︸
CK

.

(ii) [Convergence] Additionally, let {αk}, {βk}, {γk}, and {bk} satisfy the following condi-
tions:

+∞∑
k=0

αk = +∞,

+∞∑
k=0

γkβk < +∞,

+∞∑
k=0

α2
k

bk
< +∞.

Then,

lim inf
k→∞

E [∥∇f(xk)∥] = 0.

Theorem 2 asserts that, for mini-batch QHM with decreasing γkβk, achieving non-
asymptotic convergence requires either a decreasing learning rate or increasing batch size,
and it is based on the result of (Smith et al., 2018) on empirical risk minimization problems.
In the case of using [Cosine LR] or [Polynomial LR], αk is only defined up toK =

∑M−1
m=0 Tm.

Hence, we employ the following learning-rate schedulers for Theorem 2(ii):

αk =

[Cosine LR (6)] or [Polynomial Decay (7)]
(
k ≤

∑M−1
m=0 Tm

)
[Sqrt-Decaying LR (4)]

(
k >

∑M−1
m=0 Tm

)
.

Note that this is introduced for the theoretical analysis and not in the numerical exper-
iments or Theorem 2(i).

The following Corollary 3 considers non-asymptotic convergence in the case of using
[Step Decay Beta (9)] and [Step Decay Gamma (12)] in accordance with Theorem 2, and
it asserts that mini-batch QHM using [Constant BS (1)] and a learning rate with upper
and lower bounds, such as [Constant LR (3)], [Cosine LR (6)], and [Polynomial LR (7)],
does not converge to a local minimum because BK does not converge to 0. While using
[Sqrt-Decaying LR (4)] can address the issue of the noise term even with [Constant BS (1)],
it slows convergence.

Corollary 3 (Upper bound of AK , BK , and CK in Theorem 2) When using [Step
Decay Beta (9)] and [Step Decay Gamma (12)], AK , BK , and CK in Theorem 2 satisfy,
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for all K ∈ N,

AK ≤



1
αmaxK

[Constant LR (3)]
1

2αmax(
√
K+1−1)

[Sqrt-Decaying LR (4)]

2
(αmin+αmax)K

[Cosine LR (6)]
p+1

(αmax+pαmin)K
[Polynomial LR (7)],

BK ≤



αmax
b [Constant LR (3)]

αmaxT0(1+log(K+1))

2b(
√
K+1−1)

[Sqrt-Decaying LR (4)]

αmax+αmin
b + T0(αmax−αmin)

2

2b(αmax+αmin)K
[Cosine LR (6)]

(p+1)α2
max+2pαmaxαmin+2p2α2

min
b(2p+1)(αmax+pαmin)

+
(p+1)(α2

max−α2
min)T0

(αmax+pαmin)K
[Polynomial LR (7)]

[Constant BS (1)],

BK ≤



αmaxT0Eδ
b0(δ−1)K [Constant LR (3)]

αmaxT0Eδ
2b0(δ−1)(

√
K+1−1)

[Sqrt-Decaying LR (4)]

2α2
maxT0Eδ

b0(δ−1)(αmax+αmin)K
[Cosine LR(6)]

α2
max(p+1)T0Eδ

b0(αmax+pαmin)(δ−1)K [Polynomial LR(7)]

[Exponential BS (2)],

CK ≤



γmaxβmaxT0E
αmax(1−λζ)K [Constant LR (3)]

γmaxβmaxT0E
2αmax(1−λζ)(

√
K+1−1)

[Sqrt-Decaying LR (4)]
γmaxβmaxT0E

(1−λζ)(αmax+αmin)K
[Cosine LR (6)]

γmaxβmax(p+1)T0E
(αmax+pαmin)(1−λζ)K [Polynomial LR (7)],

That is, Algorithm 1 has the following convergence rates: in the case of using [Constant BS (1)],

min
k∈[0:K−1]

E
[
∥∇f(xk)∥2

]
≤

O
(

1
K + σ2

b

)
[Constant LR(3)][Cosine LR(6)][Polynomial LR(7)]

O
(
logK√

K

)
[Sqrt-Decaying LR(4)],

and in the case of using [Exponential BS (2)],

min
k∈[0:K−1]

E
[
∥∇f(xk)∥2

]
≤

{
O
(
1
K

)
[Constant LR(3)][Cosine LR(6)][Polynomial LR(7)]

O
(

1√
K

)
[Sqrt-Decaying LR(4)].

Theorem 2 has limited application to mini-batch NSHB under the conditions γk = 1
and either decreasing βk or decreasing γk. In particular, (Sutskever et al., 2013) uses SNAG
with an increasing βk. Thus, Theorem 4 assumes an increasing βk. See Appendix A.11 for
a comparison with adaptive batch size methods.

Theorem 4 (Upper bound of the squared norm of the full gradient using increasing βk)
Suppose that conditions (C1)–(C3) and Assumption 1 hold and that αk and βk satisfy, for
all k ∈ N0, βk

(
αk
2 + 1

)
≤ 1. Then, the sequence {xk}k∈N0 generated by Algorithm 1 has the

following properties:

(i) [Convergence Rate] For all K ∈ N,
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min
k∈[0:K−1]

E
[
∥∇f(xk)∥2

]
≤ 2(f(x0)− f⋆)

1∑K−1
k=0 αk︸ ︷︷ ︸
AK

+4σ2
K−1∑
k=0

1− βk
bk

1∑K−1
k=0 αk︸ ︷︷ ︸

B′
k

+ 5L2G2

∑K−1
k=0 α2

k∑K−1
k=0 αk︸ ︷︷ ︸
C′

K

+2L2G2
K−1∑
k=0

α2
k

1− βk

1∑K−1
k=0 αk︸ ︷︷ ︸

D′
K

.

(ii) [Convergence] Additionally, let {αk} and {βk} satisfy the following conditions:

+∞∑
k=0

αk = +∞,
+∞∑
k=0

α2
k

1− βk
< +∞,

+∞∑
k=0

1− βk
bk

< +∞.

Then,

lim inf
k→∞

E [∥∇f(xk)∥] = 0.

Theorem 4 indicates that, for mini-batch QHM with decreasing αk, achieving non-
asymptotic convergence requires either increasing βk and decreasing α2

k faster than βk is
increased or increasing the batch size and that it does not depend on γk. Hence, we can
take γk to be a constant.

The condition βk(
αk
2 + 1) ≤ 1 is practical because βmax ≤ 0.9523 · · · should be chosen

if αmax = 0.1 is assumed and αmax ≤ 0.1 should be chosen if βmin = 0.5. As in Corollary
3, Corollary 5 below considers non-asymptotic convergence in the case of using [Decaying
LR (5)] or [Sqrt-Decaying LR (4)] in accordance with Theorem 4; it asserts that mini-batch
QHM using [Constant BS (1)] and [Constant Beta (8)] does not converge to a local minimum
because BK does not converge to 0.

Corollary 5 (Upper bound of B′
K , C ′

K , and D′
K in Theorem 4) When using [De-

caying LR (5)] or [Sqrt-Decaying LR (4)], B′
K , C ′

K , and D′
K in Theorem 4 satisfy, for

all K ∈ N,

A′
K ≤


1

2αmax(
√
K+1−1)

[Sqrt-Decaying LR (4)] ∧ [Constant Beta (8)]

1
αmax log(K+1) [Decaying LR (5)] ∧ [Increasing Beta (10)],

B′
K ≤




K(1−βmax)

b(
√
K+1−1)

[Sqrt-Decaying LR (4)] ∧ [Constant Beta (8)]

T0(1+4(1−βmin)(K+1)1/4)
bαmax log(K+1) [Decaying LR (5)] ∧ [Increasing Beta (10)]

[Constant BS (1)]{
(1−βmax)T0Eδ

2b0αmax(δ−1)(
√
K+1−1)

[Sqrt-Decaying LR (4)] ∧ [Constant Beta (8)]

T0Eδ
b0αmax(δ−1) log(K+1) [Decaying LR (5)] ∧ [Increasing Beta (10)]

[Exponential BS (2)],

C ′
K ≤

{
αmaxT0(1+log(K+1))

2(
√
K+1−1)

[Sqrt-Decaying LR (4)]

2αmaxT0
log(K+1) [Decaying LR (5)],
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D′
K ≤


αmax

(1− βmax)(
√
K + 1− 1)

[Sqrt-Decaying LR (4)] ∧ [Constant Beta (8)]

2αmaxT0

(1− βmin) log(K + 1)
[Decaying LR (5)] ∧ [Increasing Beta (10)].

That is, Algorithm 1 has the following convergence rates: in the case of using [Constant
BS (1)],

min
k∈[0:K−1]

E
[
∥∇f(xk)∥2

]
≤

O
(√

K
)

[Sqrt-Decaying LR (4)] ∧ [Constant Beta (8)]

O
(

1
logK

)
[Decaying LR (5)] ∧ [Increasing Beta (10)],

and in the case of [Exponential BS (2)],

min
k∈[0:K−1]

E
[
∥∇f(xk)∥2

]
≤

O
(
logK√

K

)
[Sqrt-Decaying LR (4)] ∧ [Constant Beta (8)]

O
(

1
logK

)
[Decaying LR (5)] ∧ [Increasing Beta (10)].

Because [Decaying LR (5)] decreases more rapidly than [Sqrt-Decaying LR (4)], its non-
asymptotic convergence performance is further degraded. While the use of [Sqrt-Decaying
LR (4)] and [Constant Beta (8)] leads to divergence in the case of a fixed batch size, in
practice, the performance of the setting described in Theorem 2, employing [Sqrt-Decaying
LR (4)], [Constant Beta (8)], and [Constant Gamma (11)], is characterized by O( logK√

K
).

4. Numerical Results

We experimented with mini-batch QHM and NSHB using various lr and momentum weight
schedulers to show that they benefit from using an increasing batch size. Specifically, we
examined the test accuracy and the minimum of the full gradient norm of the empirical
loss in training ResNet–18 (He et al., 2015) on the CIFAR–100 dataset (Krizhevsky, 2009)
by using a small batch size (b = 28), large batch size (b = 212), and increasing batch size.
In addition, we performed similar experiments using Vision Transformer-Tiny (ViT-Tiny)
as the model. The details can be found in Appendix A.12. Our experiments demonstrated
that the scheduler with the increasing batch size is preferable, as neither the small nor large
batch size proved effective. The experimental environment was an NVIDIA A100 PCIe
80GB GPU. The software environment was Python 3.11.11, Pytorch 2.2.2, and CUDA
12.2. The code is available at https://github.com/iiduka-researches/qhm_acml25.

We set the total number of epochs to M = 300, the interval epochs to E = 30, the
common ratios in (9) and (12) to λ = ζ = 2, the minimum learning rates in (6) and (7) to
αmin = 0, and the power in (7) to p = 2. The other parameters in the lr and momentum
weight schedulers were determined by a grid search to be αmax ∈ {0.05, 0.1, 0.25, 0.5},
βmax, βmin ∈ {0.3, 0.5, 0.9}, and γmax ∈ {0.2, 0.4, 0.7}.

The numerical results reported below are average results over three runs with different
random seeds for the initial values. The range between the maximum and minimum values
is illustrated using a shaded region.

First, we verified that using increasing batch sizes leads to better performance in mini-
batch QHM and NSHB in comparison with using constant batch sizes. In particular, we

https://github.com/iiduka-researches/qhm_acml25
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used a batch size doubling (i.e. δ = 2 in (2)) every 30 epochs from an initial batch size
b0 = 23. In the comparison of increasing batch sizes and constant batch sizes, one must be
careful that the total number of steps K differs and that M does not differ. In other words,
as the batch size increases, the number of steps required to complete M epochs decreases,
which consequently leads to larger gradient norms. Figures 1 and 2 indicate that the mini-
batch QHM and NSHB with increasing batch size outperformed those using the small or
large constant batch sizes in terms of test accuracy and minimum value of the full gradient
norm, depending on the learning rate scheduler. In particular, it can be observed that the
performance improvement is attributed to the sharp changes in test accuracy and minimum
value of the full gradient norm caused by increasing the batch size at 30 and 60 epochs.
In the latter stages of training, the gradual performance improvement observed with the
small batch size is hypothesized to result from the larger number of steps compared to the
increasing batch size. This indicates that the slightly better results of the small batch size
relative to those of the increasing batch size (e.g., Figure 1(b) and Figure 2(a) and (c)) can
be explained by the fact that the increasing batch size achieves comparable performance
with fewer steps. Consequently, these results indicate that, rather than fixing the batch
size to a small or large value from the beginning, gradually increasing it from a small to
a large value is beneficial for training neural networks For the comparison with SFO, see
Appendix A.9). This finding also applies to mini-batch QHM and NSHB. Moreover, while
the theoretical results required the batch size to diverge, our experiments demonstrate that
even a finite increase in batch size can yield similar benefits.
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(a) Constant LR
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Figure 1: Test accuracy score versus number of epochs for comparison of increasing and
constant batch sizes in using mini-batch QHM with various lr-schedulers and step-decay
momentum weights to train ResNet-18 on the CIFAR-100 dataset.
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(a) Constant LR

50 100 150 200 250 300
Epoch

0.0

0.5

1.0

1.5

2.0

2.5

3.0

M
in

im
um

 o
f F

ul
l G

ra
di

en
t N

or
m

 o
f E

m
pi

ric
al

 L
os

s f
or

 Tr
ai

ni
ng Comparison of QHM Schedulers with Sqrt-Decaying LR

increase
small(b=8)
large(b=4096)

(b) Sqrt-Decaying LR
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(c) Cosine Annealing LR
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(d) Polynomial Decay LR

Figure 2: Minimum of full gradient norm of empirical loss versus number of epochs for
comparison of increasing and constant batch sizes in using mini-batch QHM with various
lr-schedulers and step-decay momentum weights to train ResNet-18 on the CIFAR-100
dataset.
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Figure 3: Comparison of lr–scheduler in using mini-batch QHM with Step Decay Beta and
Gamma to train ResNet-18 on the CIFAR-100 dataset.
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Figure 4: Comparison of lr and beta–scheduler in using mini-batch NSHB with Constant
Gamma (γk = 1) to train ResNet-18 on the CIFAR-100 dataset.

Next, we confirmed that [Sqrt-Decaying LR (4)] and [Decaying LR (5)] negatively affect
training compared with the other lr-schedulers. Figures 3 and 4 compare mini-batch QHM
and NSHB with increasing batch sizes under various learning rates. Both the test accuracy
and the minimum gradient norm indicate that the performance of methods using [Sqrt-
Decaying LR (4)] and [Decaying LR (5)] is worse, while [Constant LR (3)], [Cosine LR
(6)], and [Polynomial LR (7)] achieved comparable performance to what is predicted by
Theorem 2. This holds true regardless of whether mini-batch QHM or mini-batch NSHB is
used. In particular, in the case of mini-batch NSHB, although we changed the learning rate
decay and the beta scheduler, the performance remained poor. Furthermore, we observed
that the overall performances of mini-batch QHM and NSHB are similar. This is because,
although mini-batch QHM can reduce the upper bound in Theorem 2 more quickly, they
have essentially the same performance in terms of non-asymptotic convergence.

5. Conclusion

This paper proved both asymptotic and non-asymptotic convergence of mini-batch QHM,
NSHB, and SGD using learning rate and momentum weight schedulers with an increasing
batch size. Since an increasing batch size relaxes the conditions required for asymptotic
convergence, it allows us to avoid using a decaying learning rate, which is often detrimental
to non-asymptotic convergence performance. While theoretically letting the batch size
diverge is a very strong assumption, our numerical experiments demonstrate that even a
finite increase toward this limit can still provide benefits. One limitation of this study is
the limited number of models and datasets in the experiments. Hence, we should conduct
similar experiments with more models and datasets to support our theoretical results.
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