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ABSTRACT

Measuring how neural network functions evolve during training, finetuning, or
editing is critical for several applications. Such shifts can be formalized via a func-
tion space distance (FSD) — the expected squared difference in network outputs
under a data distribution — but computing the true FSD requires dataset access
that is often infeasible. The previously proposed Linearized Activation Function
TRick (LAFTR) circumvents this challenge via specific approximations for linear
networks with ReLU activations. We extend this to a more general LInearized
Function TRick (LIFTR) to enable data-free FSD estimation for arbitrary archi-
tectures, with particular focus on transformers. Our approach decomposes FSD
estimation into moment propagation using only pre-computed activation statistics
of the data, resulting in a modular implementation that easily generalizes to arbi-
trary functions. On a modular arithmetic continual learning task, we show that a
stochastic variant of LIFTR approaches oracle performance while outperforming
parameter-space linearization baselines. LIFTR estimates correlate strongly with
oracle FSD and produce better-aligned gradients than competing methods. We
further demonstrate that LIFTR degrades more gracefully with network depth than
global parameter-space linearization. Code implementations are available here.

1 INTRODUCTION

Quantifying shifts in the functions represented by neural networks is becoming more useful and
more challenging as model and dataset sizes continue to grow. When a pretrained model undergoes
continual training (Ke et al., 2023), finetuning (Yosinski et al., 2014), or editing (Sinitsin et al., 2020),
we are often interested in measuring or even preserving functional relationships previously learned on
some data distribution. At large scales, it becomes infeasible to store all these relationships naı̈vely,
due to computational, storage, privacy, and/or proprietary restrictions. These is especially relevant for
transformer models (Vaswani et al., 2017) for which performance continues to improve with scale
(Kaplan et al., 2020) but even open-sourced model weights are rarely accompanied by a complete
release of their training datasets (Zhang et al., 2022; Touvron et al., 2023).

Function space distances (FSDs). FSDs capture changes in functional relationships learned
by a neural network F (x,θ) under a parameter drift θ0 → θ1. Here, we define FSD as the
expected squared Euclidean distance between network outputs under a given data distribution,
D(θ0,θ1, pdata) := Ex∼pdata [∥F (x;θ1) − F (x;θ0)∥2]. Unlike parameter-space metrics, this FSD
captures functional discrepancies on actual inputs, which is critical where functional consistency
matters more than weight similarity (Benjamin et al., 2018). Evaluating the empirical “oracle” FSD
requires a forward pass on an entire dataset, averaging the squared norms of the induced output layer’s
representation drift ∆F (x;θ0,θ1) := F (x;θ1)−F (x;θ0). The computational, memory, and access
constraints discussed above make this strong oracle prohibitively expensive in practice. Linearized
approximations of the network can, however, significantly improve efficiency at the expense of some
performance drop. Examples include global parameter linearization (Jacot et al., 2018; Lee et al.,
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2019) that uses a coreset of datapoints or layer-wise activation linearization (Dhawan et al., 2023)
that enables FSD estimation without any datapoints.

Parameter-space linearization. The Neural Tangent Kernel (NTK) (Jacot et al., 2018; Lee et al.,
2019) framework can approximate network behavior analytically by linearizing it with respect to its
parameters and simplifying FSD computations to Jacobian-vector products. This requires storing
data, typically in the form of a coreset of datapoints at which the required Jacobian is computed.
Other than its storage costs, such global parameter linearization has the disadvantage of becoming an
increasingly coarse estimate as network depth increases. Even for a simple network with multiple
linear layers, parameter linearization is inexact. This is because multi-layer networks contain
nonlinear relationships between parameters of different layers, which are not captured by globally
linearizing the network with respect to its parameters, as opposed to a layer-wise linearization.

Activation linearization and moment propagation. The Linearized Activation Function TRick
(LAFTR) from Dhawan et al. (2023) used layer-wise activation linearization for data-free FSD
estimation in linear networks with ReLU activations, outperforming global parameter linearization
in tasks like continual learning. LAFTR reduces FSD estimation to approximating the moments of
output representation drift, which is practically achieved by propagating moments of intermediate rep-
resentation drifts. The approximate moment propagation requires aggregate statistics, precomputed
once with a single forward pass on the data. Beyond fully-connected and convolutional networks with
ReLU activations, it remains unclear how to apply LAFTR to arbitrary architectures, like transformers,
that introduce other nonlinear operations (e.g. attention) and residual connections. Hence, this work
aims to present a more general LInearized Function TRick (LIFTR) to allow data-free FSD estimation
for any architecture, with particular focus on, and empirical evaluation of, transformers.

Our contribution. We present a general recipe for layer-wise linearization with respect to a layer’s
inputs in any network architecture, which reduces to the original LAFTR method for ReLU multilayer
perceptrons and convolutional networks. Specifically, we break up FSD estimation into: (i) parameter
and activation linearization for each step of a forward pass, (ii) corresponding precomputation of
statistics, and (iii) moment propagation of representation drifts, visualized in Figure 1. LIFTR
follows a modular recipe applicable to any architecture, but requires implementing a routine for each
operation to compute expected-Jacobian-vector products under linear and independence assumptions.
We explore both deterministic and stochastic variants, and further approximations for efficiency.

We evaluated LIFTR on a continual learning task with transformer models, using FSD approxi-
mations to penalize drift from earlier task solutions. Our method variants achieved performance
close to that of the oracle, with the stochastic variant outperforming baselines that rely on global
parameter-space linearization. Further experimental analysis showed that our method’s FSD estimates
correlate strongly with the oracle FSD in magnitude as well as gradient cosine similarity. Finally, we
investigated the effect of network depth on different FSD estimators’ quality and performance and
again, observed advantages of layer-wise linearization over global parameter-space linearization.

The key contributions and findings of this work are:

1. We generalize the LAFTR FSD estimator, and its variants, to any neural network architecture and
describe a generic LInearized Function TRick (LIFTR) for data-free FSD estimation.

2. We implement our method for transformers and empirically evaluate its variants on a modular
arithmetic continual learning task. LIFTR variants outperform other baselines while storing only
aggregate statistics instead of actual datapoints.

3. LIFTR variants more closely estimate the oracle FSD and its gradients, and suffer more gradual
decline in performance with increasing network depth than other linearization-based estimators.

2 PRELIMINARIES

Let F (x;θ) be the function computed by a neural network on input x using parameters θ. Given two
sets of parameters θ0 and θ1, the expected Euclidean Function Space Distance (FSD) between them
with respect to an input distribution pdata is given by

D(θ0,θ1, pdata) = Ex∼pdata [∥∆F (x;θ0,θ1)∥2] := Ex∼pdata [∥F (x;θ1)− F (x;θ0)∥2]. (1)

Consider the motivating example of continual learning (Wang et al., 2023; Normandin et al., 2021) of
a sequence of tasks t ∈ {0, . . . , T}, using loss function L and a penalty on the FSD between current
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parameters θt and parameters {θi}t−1
i=0 fit to previous tasks. FSDs are computed over the previously

seen data distributions {pi}t−1
i=0 and scaled by a hyperparameter λ. For T = 2, we optimize:

min
θ1

L(θ1) + λD(θ0,θ1, p0). (2)

Motivated by such settings, we assume for any FSD that we have access to the previously trained θ0
and current parameters θ1, but it is too expensive or infeasible to store an entire previously seen dataset
of N inputs to approximate Equation (1) with a Monte Carlo estimate, 1

N

∑N
n=1∥∆F (xn;θ0,θ1)∥2.

This empirical FSD is an oracle estimate, upper-bounding the accuracy of any other estimator.

Several practical approximations to Equation (1) can be derived from linearizing the network with
respect to parameters θ0, i.e. F lin

θ0
= F (x,θ0) + JθF |θ=θ0

(θ − θ0), using the network’s Jaco-
bian JθF . This reduces the FSD to a quadratic form of ∆θ := θ1 − θ0, and the Gauss-Newton
matrix (Schraudolph, 2002), for which several efficient approximations exist. These may rely on a
coreset of datapoints to locally estimate the Jacobian or make independence and diagonal assumptions
to estimate the FSD parametrically. We refer the reader to Section 2 of Dhawan et al. (2023) and
related literature in Section 4 for more discussion on parameter-space linearization.

Following Dhawan et al. (2023), we note that E[∥∆F (x;θ0,θ1)∥2] = ∥E[∆F (x;θ0,θ1)]∥2 +
tr(Cov(∆F (x;θ0,θ1))) and that the FSD computation is reduced to the computation of the first two
moments of ∆F (x;θ0,θ1). Further, assume that F decomposes as a sequence of m computations,
or steps, f (i), each parameterized by θ(i) for i ∈ {1, . . . ,m}, such that θ = (θ(1), . . . , θ(m)). Note
that θ(i) is empty if the i-th step has no parameters, e.g. activation functions. We describe a linear
approximation to every computation step, f (i), with respect to all its inputs, which will lead to a
parametric approximation of the FSD, i.e., one that does not require access to any datapoints.

For ease of notation, we drop the superscript (i) and refer to a single generic computation step as f ,
with (possibly) multiple inputs z = (z[1], . . . , z[k]), parameters θ, and a single output y = f(z; θ),
as visualized in (i) of Figure 1. Multiple inputs to f imply its dependence on outputs of one or more
previous steps, allowing for branching and merging within the computation graph, e.g. residual
connections or attention mechanisms. Subscripts, such as z0, y0 or z1, y1 refer to computations
obtained using parameters θ0 or θ1 respectively. See Appendix A for a list of all notation used here.

3 LINEARIZED FUNCTION TRICK (LIFTR)

3.1 STEP-WISE LINEARIZATION

Consider the approximation f lin
θ0,z0

(z; θ), that linearizes f with respect to all its inputs, centered at
(z0, θ0), which are the inputs to f in the computation graph parameterized by θ0. Specifically,

f lin
θ0,z0(z; θ) = f(z0; θ0) +

k∑
j=1

[
Jz[j]

∣∣
z=z0,θ=θ0

(z[j]− z0[j])

]
+ Jθ|z=z0,θ=θ0

(θ − θ0), (3)

where Ja|a=a0
is the Jacobian of f with respect to a, evaluated at a = a0. Note that f and its

linearization f lin
θ0,z0

match at the anchor point, f(z0; θ0) = f lin
θ0,z0

(z0; θ0). Since the linearization is
always with respect to z0 and θ0, we drop these subscripts from now on for ease of presentation.

Applying this approximation to f under some continually trained parameters θ1, we can estimate the
output representation drift ∆y = y1 − y0 as ∆ylin = f lin(zlin

1 ; θ1)− f lin(zlin
0 ; θ0) = f lin(zlin

1 ; θ1)−
f(z0; θ0). For any f , the input z is either the input data x or the output of a previous computation
step. In the latter case, zlin denotes the approximation of z, obtained by linearizing the previous
computation step. Note that all Jacobians in Equation (3) are evaluated at z0 and θ0, so they may be
precomputed and stored in any sequential training procedure, before continued training yields θ1. As
depicted in (ii) of Figure 1, we have the following recursion:

∆y ≈ ∆ylin = f lin(zlin
1 ; θ1)− f lin(zlin

0 ; θ0) =

k∑
j=1

[
(Jz[j])∆zlin[j]

]
+ (Jθ)∆θ, (4)

where ∆θ = θ1 − θ0 and ∆zlin[j] = zlin
1 [j]− zlin

0 [j] is the representation drift ∆ylin from a previous
computation step. The base case of this recursion is ∆z(0) = ∆x = 0 since z

(0)
0 = z

(0)
1 = x.

3



Published as a conference paper at CAO Workshop at ICLR 2026

f

.fwd

θ
z[1] z[2]

y

f lin
θ0,z0

.jvp

θ
z[1] z[2]

y

Jz0[1]
Jz0[2]

Jθ0

f lin
θ0,z0

.jvp

∆θ
∆z[1] ∆z[2]

∆y

f lin
θ0,z0

.ejvp

∆θ
E[∆z] E[∆z∆z⊤]

E[∆y] E[∆y∆y⊤]

E[Jz0[1]]
E[Jz0[2]]
E[Jθ0]

⊥⊥⊥⊥ ⊥⊥

(i) Representations (ii) Linearized Representations (iii) Linearized Drifts (iv) Linearized Drift Moments

A (nonlinear) transformation Linearization ⊥⊥ Independence

Figure 1: Illustration of applying LIFTR to a single operation in a neural network. Given a
(possibly nonlinear) function computation f to produce intermediate representations y in (i), LIFTR
linearizes f around reference parameters θ0 and inputs z0 in (ii), propagates input drift terms ∆z
through the linearized f lin

θ0,z0
to obtain linearized representation drift ∆y in (iii), and finally assumes

independence between Jacobians and drifts to propagate linearized drift moments via expected-
Jacobian-vector products, or ejvps, to obtain E[∆y] and E[∆y∆y⊤] in (iv). Hence, separate
forward passes or JVPs per datapoint in (i)-(iii) are aggregated into eJVPs in (iv).

3.2 APPROXIMATE MOMENT PROPAGATION

To compute the first two moments of ∆F (x;θ0,θ1), we assume independence between input drifts
and Jacobians and drop cross-covariance terms between different inputs, giving:

Ex[∆ylin] ≈
k∑

j=1

Ex[Jz[j]]Ex[∆zlin[j]] + Ex[Jθ]∆θ,

Ex[∆ylin∆ylin⊤] ≈
k∑

j=1

Ex[Jz[j]]Ex[∆zlin[j]∆zlin[j]
⊤
]Ex[Jz[j]]

⊤ + Ex[Jθ]∆θ∆θ⊤Ex[Jθ]
⊤.

(5)

In words, approximate moment propagation pushes all incoming drift moments through their expected
Jacobian Ex[Ja], and then sums them. Since JCJ⊤ = J(JC⊤)⊤, for some matrix C, requires
only left multiplication with J , the propagation only relies on expected-Jacobian-vector products, or
eJVPs: c 7→ Ex[J ]c. Each step of a forward pass requires its own implementation of eJVPs.

Finally, to treat the full neural network, we approximate each layer by its linearization and then
propagate the first two moments of ∆z(0) = 0 through the network to obtain the first two moments
of intermediate representation drifts, as shown in (iv) of Figure 1. Finally, the approximated first two
moments of ∆y(m) = ∆F (x;θ0,θ1) yield the approximate Euclidean FSD.

3.3 STEP-SPECIFIC OPERATIONS

To support a given step or layer f , we need to implement the following operations:

1. a precomputation stage that aggregates and stores the necessary statistics to compute eJVPs,
before any continued training, and

2. eJVP functions: c 7→ Ex[Ja]c for all inputs a to f , that rely on access to the stored statistics.

In practice, statistics can be computed after obtaining θ0 by iterating over the dataset once to store an
online running average over mini-batches. Parameter-free steps have ∆θ = 0 and so, don’t need to
store Jθ. Since Jacobians only appear in eJVPs, we can exploit the structure of each computation
function f to store memory-efficient versions or approximations of the expected Jacobians. For
example, a ReLU layer stores the fraction of times each unit is activated as its empirical expected
Jacobian and its eJVP computes an element-wise product. Since second moments scale quadratically
in size, we experimented with replacing each Ex[(∆ylin)(∆ylin)⊤] with its diagonal approximation
in Section 5. See Table 1 for standard transformer operations, their eJVPs, and storage costs.
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Function f Inputs Output y = f(·) eJVPs E[J] c Stochastic approx. Storage Cost
(Full, Diagonal)

Linear
z ∈ Rd

zW⊤ + b
cW⊤

z ∼ N (µz,Σz) O(d2), O(d)
(W, b) zv⊤ + b

ReLU z ∈ Rd max(0, z) µf′ ⊙ c f ′ ∼ Bernoulli(µf′ ) O(d), O(d)

Query-Key
Dot Product

q ∈ Rs×d
1√
d
qk⊤

1√
d
cµ⊤

k q ∼ N (µq, I) O(sd), O(sd)

k ∈ Rs×d 1√
d
µqc

⊤ k ∼ N (µk, I) O(sd), O(sd)

Softmax z ∈ Rh×s×s softmax(z) (µyI − Σy) c y ∼ Dirichlet(·) O(hs3), O(hs2)

Weighted Values
a ∈ Rh×s×s

av
µac y∼Dirichlet(·) O(sd), O(sd)

v ∈ Rs×d cµv v∼N (µv, I) O(hs3), O(hs2)

Add
(Skip Connections)

a
a + b

c
— 0, 0

0, 0b c

Causal Mask z tril(1) ⊙ z tril(c) — 0, 0

Table 1: Summary of deterministic expected-Jacobian operators and stochastic approximations used
to propagate moments through standard transformer computation steps. Storage costs per step are for
the full or diagonal second moments. µ• and Σ• denote precomputed first two moments under pdata.

3.4 STOCHASTIC VARIANT

Instead of deterministically computing and storing the first two moments of ∆ylin for each step, as
described above, it is also possible to implement a stochastic version of the method, that propagates
samples of ∆ylin through each step. We do so by imposing distributions over the quantities required
to compute the eJVPs using the stored statistics and drawing S samples {∆ylin

s }Ss=1 from them. This
eventually yields S samples {∆F lin

s (x;θ0,θ1)}Ss=1 and a stochastic estimate of the FSD is given by
1
S

∑S
s=1∥∆F lin

s (x;θ0,θ1)∥2. This stochastic version of our method can be computationally more
efficient since it avoids computing covariances of the output differences. Empirically, we also find
that it can improve performance in continual learning, which often benefits from stochasticity. We
refer to this stochastic version as LIFTR-S, as opposed to the previously described deterministic
version, which we call LIFTR-D. Diagonal approximations are indicated with “-Diag”.

4 RELATED WORK

Network Linearization. Parameter-space linearization has been used as a general tool to study
neural network training trajectories (Jacot et al., 2018; Lee et al., 2019). Elastic Weight Consolidation
(EWC, Kirkpatrick et al., 2017) is a canonical continual learning method that applies a diagonal
approximation on top of network linearization with respect to parameters. More recently, Nam
et al. (2025) argued for layer-wise linear models as simple yet useful models to understand neural
network dynamics and Afzal et al. (2025) showed that first-order parameter-space linearization can
explain fine-tuning dynamics in large language models. Recently, Porrello et al. (2026) developed a
data-free FSD estimator for such linear fine-tuning settings using connections to curvature matrix
approximations. For task arithmetic (Ilharco et al., 2022), fine-tuning linearized models reportedly
reduces cross-task inference between task vectors (Ortiz-Jimenez et al., 2023). Parameter linearization,
or the NTK framework, can also fail in practice, since standard training dynamics (Fort et al., 2020)
and performance (Chizat et al., 2019) of commonly used networks often diverge from their parameter-
space linearization. Activation-space linearization is less common in the literature, but has been
considered by Dhawan et al. (2023) for ReLU MLPs and convolutional networks and by Erdogan
et al. (2025) for attention layers in large language models.

Transformer Function Space Distance. Function space distance approximations for transformers
have several use-cases that have been considered in the existing literature. Model editing methods
(De Cao et al., 2021; Meng et al., 2022) aim to update language models with new information
and commonly use a regularizer similar to a function space distance to preserve previously learned
knowledge. Continual learning (Ermis et al., 2022; Pelosin et al., 2022; Huang et al., 2021; Ding
et al., 2022) or continued fine-tuning (Wang et al., 2026) methods explicitly prevent catastrophic
forgetting by regularizing drift in network outputs for previously learned tasks.

Moment propagation. Propagation of moments of intermediate representations has also found
applications in the literature. Wright et al. (2024) present moment propagation for uncertainty
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quantification. Noci et al. (2022) analyze signal propagation in transformers and relatedly, Kedia
et al. (2024) derive closed-form expressions for the first and second-order moments of the outputs
and gradients of each component of a transformer to understand several optimization issues.

5 EMPIRICAL EVALUATION

We designed our experiments to answer the following questions:

1. How well do LIFTR-based regularizers prevent catastrophic forgetting in continual learning,
compared to existing baselines (Section 5.1)?

2. How accurately do different FSD estimators approximate the magnitude and gradients of the
oracle FSD between transformers (Section 5.2)?

3. Since layer-wise linearization and independence assumptions accumulate approximation errors
per layer, what is the effect of depth on FSD estimators’ performance (Section 5.3)?

Experimental Setup. We evaluated several FSD approximation methods on a continual learning
task that requires a transformer model to solve modular addition and subtraction sequentially, inspired
by Nanda et al. (2023). Specifically, inputs are length-3 sequences: [a,fn-token, b] and targets
are given by fn(a, b) modulo p, where p = 113, a, b ∈ {0, . . . , p − 1}, fn ∈ {add,sub} is the
arithmetic operation, and fn-token represents a special token corresponding to the operation
fn. We trained a transformer with two attention blocks, embedding dimension dmodel = 512,
h = 4 attention heads, and feedforward hidden dimension dhidden = 1024, for 200 epochs, using
cross-entropy loss, AdamW optimizer, learning rate of 3 · 10−4, and minibatch size of 256.

We first trained the transformer on the addition task, using data from padd to obtain θadd, and then
on subtraction, using data from psub to obtain θsub, which risks loss of performance on padd. To
prevent this, we added a regularization term given by the FSD D(θadd,θsub, padd) between previously
learned parameters θadd and current parameters θsub on previous task data from padd, weighted by
a scalar hyperparameter λ. We tuned λ via grid-search on a validation dataset to optimize for the
final average accuracy across both tasks. LIFTR requires us to propagate the real-valued moments
of the integer-valued input data through the network. Since it unclear how to propagate real-valued
moments through a standard embedding layer, we treated the input embeddings as the input data and
propagated the embedding moments. This is made feasible by freezing the embedding parameters
after the first task such that its input embeddings do not change after continued training.

5.1 CONTINUAL LEARNING PERFORMANCE

Table 2: Evaluated on an arithmetic continual learning
task, LIFTR-S and its diagonal approximation (indi-
cated with -Diag) achieve average accuracy and back-
ward transfer close to the oracle upper bound, outper-
forming all other baselines.

FSD Estimator Avg Acc (%) Avg BWT

Oracle 99.40 ± 0.49 1.05 ± 0.73

LIFTR-S 98.16 ± 0.45 -1.43 ± 0.09
LIFTR-S-Diag 98.01 ± 0.35 -1.05 ± 0.48
LIFTR-D 94.94 ± 0.31 -9.15 ± 0.22
LIFTR-D-Diag 87.89 ± 0.87 -21.23 ± 0.52

NTK-32 94.24 ± 0.72 -9.71 ± 1.86
RandomSubset-32 54.83 ± 0.20 -87.93 ± 1.38
EWC 51.22 ± 0.62 -95.58 ± 1.23

We evaluated the impact of different FSD
approximations on continual learning per-
formance in the arithmetic task described
above based on two common metrics:
(i) final average accuracy across tasks,
given by 1

T

∑T
i=1 AT,i, where AT,i is

the accuracy on task i after training on
T = 2 tasks, and (ii) average backward
transfer (BWT) across tasks, given by

1
T−1

∑T−1
i=1 (AT,i−Ai,i), where Ai,i is the

accuracy on task i immediately after train-
ing on it. BWT directly measures forget-
ting, with more negative values indicating
greater forgetting.

Table 2 shows these metrics for different
FSD estimators with the best performing
λ, including the oracle, which stores the
entire training set to compute the FSD on a different minibatch at every iteration. LIFTR-S and its
diagonal version (indicated by -Diag) are close to this oracle performance, outperforming all other
baselines as well as the deterministic method, LIFTR-D. Other baselines include the nonparametric
NTK-32 which linearizes the network with respect to its parameters using a coreset of 32 datapoints,
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Figure 3: LIFTR-S and EWC approximations were closely correlated in magnitude with the oracle
FSD (Left). For ease of visualization, FSD estimates for each method were scaled by its own λ,
selected to minimize the mean squared error between the estimated and oracle FSDs. LIFTR-S and
LIFTR-S-Diag also produced gradients with greater cosine similarity to those of the oracle FSD
(Right), as compared to all other methods.

RandomSubset-32, which computes FSD on the same coreset of 32 randomly selected datapoints at
each iteration of training, and the parametric EWC which make an additional diagonal approximation
to the NTK method.
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Figure 2: LIFTR-S and LIFTR-S-Diag achieved greater areas
under their Pareto front curves than other methods, exhibit-
ing a superior trade-off between preventing forgetting of a
previous task and plasticity to learn a new task.

In the continual learning objective
(see Equation (2)), λ controls the
trade-off between preventing forget-
ting of the previous task and plasticity
(Dohare et al., 2024) of the network
to learn a new task. It can be more
informative to compare estimators
using their Pareto fronts of previous
task accuracy versus current task ac-
curacy for a range of values of λ. We
include this result in Figure 2, where
each point represents a continual
training run of 100 epochs per task
for a given FSD estimator and a given
value of λ in [10−5, 5 ·10−5, 10−4, 5 ·
10−4, 10−3, 5 · 10−3, 10−2, 5 ·
10−2, 0.1, 0.5, 1, 5, 10]. Increasing
marker sizes indicate increasing
values of λ. Intuitively, as λ increases,
FSD regularization improves accuracy
on the previously learned task (0),
while reducing performance on the
current task (1). Greater area under
the curve corresponds to a more desirable trade-off between the two tasks. The oracle achieved
greatest area under the curve with LIFTR-S and LIFTR-S-Diag outperforming all other methods.

5.2 FSD APPROXIMATION QUALITY

We used the sequential training setup above to measure and compare different FSD estimates against
the oracle FSD computed using the entire dataset. After obtaining trained parameters θadd on the
initial addition task, we continually trained the same network on the subtraction task with no FSD
regularization such that as training continues, the network is expected to move further from θadd
in parameter space as well as function space. At each epoch, we computed the oracle FSD and
the approximate FSD estimated by the best performing methods, LIFTR-S and LIFTR-S-Diag, and
linearization-based baselines, NTK and EWC. Figure 3 (Left) shows that stochastic LIFTR and EWC
estimates of the FSD correlate strongly with the oracle FSD, as measured by the Spearman’s rank
correlation coefficient (Spearman, 1987), reported in parentheses.

The high magnitude correlation of EWC estimates but poor continual learning performance seem
contradictory but may be explained by investigating the gradients produced by them. In the context of
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Figure 4: With increasing depth, average accuracy (Left) first improved, likely due to greater network
capacity, before decreasing, while average backward transfer (Right) steadily declined. LIFTR-S
methods outperformed NTK overall in terms of both metrics, with slower decline with depth.

continual learning, FSD approximations are used to augment the loss function and are minimized with
a gradient-based optimizer, making the gradients produced by them a better heuristic for performance
than their magnitude. Hence, with the same setup as before, we computed the cosine similarity
between gradients produced by the oracle FSD and those of different FSD estimators at each epoch of
continued training. As shown in Figure 3 (Right), we found that the gradients produced by LIFTR-S
and LIFTR-S-Diag have greater cosine similarity to those produced by the oracle FSD than other
methods. Notably, while EWC produced FSD magnitudes that were strongly correlated with the
oracle, the gradient similarity between the two was very small, explaining its poor continual learning
performance. In contrast, the stochastic LIFTR estimates aligned well with the oracle in terms of
both, magnitude correlation as well as gradient cosine similarity.

5.3 EFFECT OF DEPTH ON LINEARIZATION

Our methods and several baselines make a linear approximation to one or another computation in
the network as well as independence assumptions to enable efficiency and data-free computations.
Since these errors accumulate with each layer, the quality of the approximation is expected to degrade
with the depth of a network. Hence, we investigated the change in continual learning performance
using the LIFTR-S and NTK methods with increasing depth of the sequentially trained transformer
model. Figure 4 shows that average accuracy (Left) and average BWT (Right) on the continual
arithmetic task was upper-bounded by the Oracle and lower-bounded by sequential training with
no FSD regularization, as expected. Average accuracy initially increased with depth, presumably
due to the increasing capacity of the network, before decreasing at larger depths. For all estimators,
average BWT decreased with depth, likely because adding more layers accumulated greater errors
in FSD estimation, which in turn led to more forgetting. LIFTR methods generally outperfomed
NTK, with slower decline in performance as the number of layers in the transformer increased. This
is intuitive and similar to the findings in Dhawan et al. (2023) for other architectures, since LIFTR
makes step-wise linear approximations and captures more nonlinear interactions between network
parameters than NTK, which linearizes the network outputs with respect to all its parameters.

6 CONCLUSIONS AND FUTURE WORK

This work generalized the Linearized Activation Function TRick to the LInearized Function TRick
(LIFTR) to enable data-free function space distance (FSD) estimation for arbitrary architectures.
We demonstrated how to implement and compose expected-Jacobian-vector products for standard
operations to obtain a moment propagation scheme that stores only aggregate statistics and does not
require access to actual datapoints. We proposed deterministic and stochastic variants of LIFTR,
each with its more memory-efficient diagonal approximation. LIFTR achieved continual learning
performance close to an oracle upper bound on an arithmetic task with transformers, which may be
explained by the greater alignment of its gradients with those of the oracle.

Future work includes exploring other efficient approximations beyond diagonalization to better
understand the fidelity-efficiency tradeoff of the method and its variants. It would be practically
useful to explore alternatives to handling integer-valued data other than freezing the embeddings after
initial training. Also of great practical interest is validation at larger scales to enable, for instance,
continual training and adaptation of large language models without access to their training data.
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A NOTATION

This section summarizes the notation used throughout the paper.

x Network input sampled from pdata

pdata Input data distribution

F (x;θ) Neural network function mapping input x to output using parameters θ

θ All network parameters, θ = (θ(1), . . . , θ(m))

θ0,θ1 Reference and updated parameters

m Total number of computation steps in the network

f (i) The i-th computation step in the network, where i ∈ {1, . . . ,m}
θ(i) Parameters of the i-th computation step (empty if step has no parameters)

f(z; θ) Generic computation step with inputs z and parameters θ

f lin(z; θ) Linearized approximation of f around reference point (z0, θ0)

z Generic input to a computation step, z = (z[1], . . . , z[k])

k Number of inputs to a computation step

y Output of a computation step, y = f(z; θ)

z0, y0 Intermediates computed using parameters θ0
z1, y1 Intermediates computed using parameters θ1
zlin, ylin Linearized approximations of intermediates

∆F Output difference, ∆F (x;θ0,θ1) = F (x;θ1)− F (x;θ0)

∆θ Parameter difference, ∆θ = θ1 − θ0

∆y Output difference for a computation step, ∆y = y1 − y0

∆ylin Linearized approximation of output difference, ∆ylin = ylin
1 − ylin

0

D(θ0,θ1, pdata) Function Space Distance (FSD), Ex∼pdata [∥∆F (x;θ0,θ1)∥2]
Ja Jacobian of f with respect to input a, evaluated at reference point

E[Ja] Expected Jacobian of f with respect to a over pdata

eJVP Expected-Jacobian-vector product, c 7→ Ex[Ja]c

E[·] Expectation over input distribution pdata

Cov(·) Covariance matrix over input distribution pdata

µ•,Σ• Precomputed first and second moments of quantity •
S Sample size for Monte Carlo estimation in LIFTR-S

∆F lin
s The s-th sample of output difference in stochastic approximation
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