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Non-convex matrix sensing: Breaking the quadratic
rank barrier in the sample complexity

Anonymous CPAL submission

For the problem of reconstructing a low-rank matrix from a few linear measure-
ments, two classes of algorithms have been widely studied in the literature: convex
approaches based on nuclear norm minimization, and non-convex approaches that
use factorized gradient descent. Under certain statistical model assumptions, it is
known that nuclear norm minimization recovers the ground truth as soon as the
number of samples scales linearly with the number of degrees of freedom of the
ground-truth. In contrast, while non-convex approaches are computationally less
expensive, existing recovery guarantees assume that the number of samples scales
at least quadratically with the rank r of the ground-truth matrix. In this paper, we
close this gap by showing that the non-convex approaches can be as efficient as nu-
clear norm minimization in terms of sample complexity. Namely, we consider the
problem of reconstructing a positive semidefinite matrix from a few Gaussian mea-
surements. We show that factorized gradient descent with spectral initialization
converges to the ground truth with a linear rate as soon as the number of samples
scales with (rdk?), where d is the dimension, and  is the condition number of the
ground truth matrix. This improves the previous rank-dependence in the sample
complexity of non-convex matrix factorization from quadratic to linear. Our proof
relies on a probabilistic decoupling argument, where we show that the gradient
descent iterates are only weakly dependent on the individual entries of the mea-
surement matrices. We expect that our proof technique is of independent interest
for other non-convex problems.

1. Introduction

Low-rank matrix recovery refers to the problem of reconstructing an unknown matrix X, € Ré1xd2
with rank(X,) =: r < min {d;; d2} from an underdetermined linear set of equations of the form

y = A(X*) € Rm7

where A represents a known linear measurement operator and y € R™ are the observations. This
ill-posed inverse problem has been the topic of intense study over many years, given its relevance
to a variety of questions in machine learning, signal processing, and statistics. Notable applications
include matrix completion [1], phase retrieval [2], robust PCA [3], blind deconvolution [4] and
its extension to blind demixing [5]. A major goal has been to develop methods which are sample-
efficient; that is, they can reconstruct the low-rank matrix X, if the number of observations m is
roughly of the same order as the number of degrees of freedom of X,. In addition, these methods
should also be scalable, meaning they remain computationally efficient as the problem dimensions
are increasing.

Several different algorithmic approaches to solve this problem have been proposed. One line of
research revolves around the idea of convex relaxation. Here, the nuclear norm || - ||, i.e., the sum
of singular values, is considered as a convex proxy for the rank function. For many problem classes,
including matrix sensing [6], matrix completion [7, 8], and blind deconvolution and demixing [9], it
has been shown that this approach is able to recover the unknown matrix X, as soon as the number
of samples m scales, up to logarithmic factors, with the information-theoretically optimal sample
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complexity r(d; + d2). However, a drawback of these convex approaches is that they tend to be
computationally prohibitive.

For this reason, many studies have considered non-convex heuristics where one minimizes an ob-
jective of the form

m

fUV) = _Ze (yi (AUVT)),), (1)

with low-rank factors U € R%*" and V € R92%" and a loss function ¢ : R x R — R. To minimize the
objective function, local search methods such as gradient descent or alternating minimization with
a suitable initialization are used. An advantage of these approaches is that they are computationally
less demanding since there are only r(d; + dz) optimization variables instead of at least d;dy opti-
mization variables in the convex approaches. However, due to the non-convexity of the objective
function, it might initially seem unclear that local search methods can find the global minimum of
the objective (1) efficiently.

Nevertheless, in recent years a large body of literature has demonstrated that under certain statis-
tical assumptions, these methods converge to the global minimum and are thus able to recover the
unknown low-rank matrix X,. For instance, gradient descent with spectral initialization [10] and
other variants of gradient descent [11-13] have been studied for matrix sensing and related prob-
lems. Similarly, numerous works have established convergence and recovery guarantees for matrix
completion [14-19] and blind deconvolution and demixing [20, 21]. In addition, recent studies
also analyzed overparameterized models, where the exact rank r is either not known or where the
number of parameters exceeds the number of samples [22-28]. Beyond gradient descent, also al-
ternating minimization [29] and other non-convex methods based on matrix factorization such as
GNMR [30] have been proposed and studied. For a more extensive overview of the literature, we
refer the reader to [19].

Despite this significant body of literature, the existing theoretical guarantees for non-convex meth-
ods based on matrix factorization in the literature are weaker than the corresponding guarantees
for nuclear norm minimization in terms of sample complexity. Namely, in all these results, it is re-
quired that the number of samples m scales at least quadratically with the rank r and thus the total
number of samples scales at least with r?(d; +ds). This raises the question of whether this quadratic
rank-dependence is just an artifact of the proof or whether it is inherent to the problem, see, e.g.,
[31, p. 5264].

In this paper, we resolve this question in the context of symmetric matrix sensing. Under the as-
sumption that A is a Gaussian measurement operator and X, € R?*? is symmetric and positive
semidefinite, we show that factorized gradient descent with spectral initialization is able to recover
the unknown matrix X, if the number of samples scales with rd, which, in particular, is linear in the
rank of X,. Our proof is based on a novel probabilistic decoupling argument. Namely, we show that
the trajectory of the gradient descent iterates depends only weakly on any given generalized entry
of the measurement matrices in a suitable sense. This allows us to prove stronger concentration
bounds than what would be possible if one were to rely solely on uniform concentration bounds
(such as the Restricted Isometry Property, for example). To establish this weak dependence, we
construct auxiliary virtual sequences and combine this with an e-net argument. Our novel proof
approach paves the way to improved sample complexity bounds for other non-convex algorithms
and beyond.

Finally, we note that there are also several non-convex algorithms for low-rank matrix recovery that
are not explicitly based on matrix factorization formulation as in equation (1). This includes, for ex-
ample, Singular Value Projection [32, 33], Normalized Iterative Hard Thresholding [34], Iteratively
Reweighted Least Squares (IRLS), see, e.g., [35-38], and Atomic Decomposition for Minimum Rank
Approximation (ADMIRA) [39]. However, since many of these algorithms operate in the full ma-
trix space they are less computationally efficient than algorithms based on matrix factorization. In
the case of IRLS, only local convergence guarantees (with explicit convergence rates) are known.
There have also been algorithms studied that are based on Riemannian optimization, see, e.g., [40—
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42]. However, these algorithms require that the sample complexity scales quadratically in the rank
r. We believe our work can lead to improved sample size guarantees for these methods as well.

Organization of the paper: This paper is structured as follows. In the remainder of Section 1,
we will describe the formal setting and the algorithm, and we will state our main theoretical result,
which is Theorem 1.2. In Section 2, we discuss some technical preliminaries regarding the Restricted
Isometry Property and perturbation bounds for eigenspaces. In Section 3, we discuss the proof
strategy, and we introduce the virtual sequences, which are the main ingredient to establish that
the sample complexity depends only linearly on the rank. Section 4 contains the proof of the main
result of this paper, Theorem 1.2. We discuss interesting directions for future research in Section 5.

Notation: Before we state the problem formulation, we introduce some basic notation. For a matrix
A € R4x42 we denote its transpose by AT and its trace by trace(A). For matrices A, B € R%4xdz,
we define their inner product via (A, B) := trace (AB"). The Frobenius norm H . H » denotes the

A, := /(A  A). By ||A|| we denote the spectral norm

of the matrix A, i.e., the largest singular value of the matrix A. By ||v||, := 1/ Z?Zl v? we denote the

Euclidean norm of a vector v € R%. The set S? C R4*? represents the set of all symmetric matrices.
The matrix Id € S¢ denotes the identity matrix. Moreover, Z : S — S? represents the identity
mapping.

Furthermore, for a matrix A € R% *%2 of rank r we denote its singular value decomposition by A =
VAXaAW,. Thematrices Vo € R1*"and W € R%*" contain the left-singular and right-singular
vectors of the matrix A. The matrix ¥4, € R"*" contains the singular values of A. Moreover,
Va. € RAG="X" represents an orthogonal matrix whose column span is orthogonal to the column
spanof V.

norm induced by this inner product, i.e.,

1.1. Problem formulation

In this paper, we focus on symmetric matrix sensing. More precisely, we study the problem of
reconstructing a symmetric, positive semidefinite matrix X, € R?*¢ with rank r from m linear
observations of the form

1

vi= ﬁ<Ai,X*) = \/%trace (A, X)) fori=1,2,...,m. (2)
Definition 1.1 (Measurement operator). We define the linear measurement operator A : S* — R™ by
1
[A(X)], == —(A;,X) fori=1,2,...,m

for any matrix X € S Recall that S¢ C R denotes the set of symmetric matrices. The matrices
{A;}L, C R4 represent known, symmetric measurement matrices. We assume that their entries are i.i.d.
with distribution N (0, 1) on the diagonal and N (0, 1/2) on the off-diagonal entries. Each A, is also known
as a Gaussian orthogonal ensemble [43].

This measurement model has been considered before in, e.g., [10, 22]. With this notation in place,
equation (2) can be written more compactly as

To recover the ground-truth matrix X,, we consider the non-convex objective function

L Ty L T |12
£U) = Hly = AUUT) = A x. oo 2 ®)
where U € R?*" is a matrix and | - |2 denotes the £,-norm of a vector. To minimize this objective, we
follow the two-stage approach introduced in [14] for matrix completion, which then subsequently
was studied for matrix sensing in [10]. In the first stage, an initialization Uy is constructed via
a so-called spectral initialization. This initialization is subsequently used as a starting point for
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the gradient descent scheme in the second stage. To precisely define the spectral initialization, we
denote by A* : R™ — S¢ the adjoint operator of A with respect to the trace inner product defined
in equation (2).

With this definition in place, we can consider the eigendecomposition of the matrix
A*(y) =t VAV,

where V € R%*? is an orthogonal matrix and the matrix A € R%*¢ is diagonal matrix which con-
tains the eigenvalues of A*(y) sorted by their magnitude, i.e., |A\1(A*(y))| > |X2 (A*(¥))| > ... >
[Aa (A*(y)) |-

Since the measurement matrices A; are Gaussian we have that
E[A*(y)] = E[(A"A4) (X,)] = X,

Since X, has rank r for a large enough enough sample size m, one has that the truncated rank-r
eigendecomposition of A*(y) fulfills V,. A, V, =~ X,. Here,by V, € R*" we denote a matrix which

contains the first r columns of V and by A,. we denote a diagonal matrix which contains the largest r
eigenvalues of A* (y) in decreasing order. Motivated by this observation, the spectral initialization
Uy is defined as

UO = {/7.//{71/2
Here, the entries of the diagonal matrix AY? are given by /|\; (A*(y)) |. As we will see, all entries
of A, are positive with high probability.

After having computed the initialization Uy, we use Uy as a starting point of the gradient descent
scheme in the second stage, which is defined as follows

UtJr]_ = Ut —,U/VE(Ut) for ¢ :0,1,...,
where 1 > 0 denotes the step size. A direct computation shows that

U1 = U+ [(A*A) (X* — UtU;r)] U, (4)
m
— U, + % ;<Ai,x* ~U,UA,U,.

All steps of the two-stage approach are summarized below in Algorithm 1.1.

Algorithm 1 Two-Stage Approach for Low-Rank Matrix Recovery

Input: Measurement operator A : S — R™, observations y € R™, step size y > 0

Stage 1 (Spectral Initialization): Compute the truncated eigendecomposition V, A, V, of the

datamatrix D := A*(y) = \/% > yiA;. Here, A, € Rixdigthe diagonal matrix which contains

the r largest eigenvalues of the data matrix D (in absolute value). The columns of A, € R%*"
contain the corresponding eigenvectors. Define the initialization Uy € R?*" via

UO = {ITKTI,/Q

Stage 2 (Gradient descent):
fort=0,1,2,...do

Ut+1 = Ut — MV£ (Ut)
end for
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1.2. Main result

To formulate our main result, we need to introduce the condition number of X,, which is defined

as
x|

Omin (X* )
Here, 01,in (X ) denotes the smallest non-zero singular value of X,.

R =

Next, let U, € RY*" be a matrix such that X, = U, U] . The matrix U, is uniquely defined only up
to an orthogonal transformation R € R"*", which is why we can only expect to be able to reconstruct
U, up to this ambiguity. To account for this, we will introduce the error metric

dist(U,U.):=  min  [UR-U,|,. (5)

With this notation in place, we can state the main result of this paper.

Theorem 1.2. Let A : S — R™ be a linear measurement operator as in Definition 1.1 with Gaussian
measurement matrices. Moreover, let X, € S be a positive semidefinite matrix of rank r. Given observations
y = A(X,) € R™, let Uy, Uy, Us,... be the sequence of gradient descent iterates which are obtained via
the two-stage approach described in Algorithm 1. Assume that the number of observations m satisfies

m > C’rd/-fz7

and that the step size j1 > 0 satisfies

32 C1
—  Jog(l67r) < nu < .
6o (X,) 08 107 1< Ty

Then, with probability at least 1 — 7 exp (—d), it holds for all iterations t > 0 that

(6)

diStZ (Uta U*) S CoT (1 — C3UOmin (X*))t Omin (X*) .

Here, C, ¢q, co, c3 > 0 denote absolute constants.

Remark 1.3. The lower bound in assumption (6) is rather mild since the left-hand side in this inequality
converges to O exponentially as the dimension d increases. If the dimension d is larger than an absolute
constant, then condition (6) can always be satisfied for some step size .

Theorem 1.2 shows that factorized gradient descent with spectral initialization converges to the
ground truth with a linear rate as soon as the number of samples scales at least with rdx?. In par-
ticular, the bound on the sample complexity is linear in the rank r. This improves over previous
results in the matrix sensing literature, which have a sample complexity of order at least r2dx?, see,
e.g., [10] or [11]. In particular, the sample complexity in Theorem 1.2 is optimal with respect to the
rank r and dimension d. To the best of our knowledge, this is the first result in the literature which
achieves this optimal dependence in the rank for the non-convex low-rank matrix recovery.

Compared to approaches based on nuclear norm or trace minimization, which only need Q(rd)
samples in the matrix sensing scenario, our result is still suboptimal by a factor of k2. However,
all previous results in the literature on non-convex low-rank matrix recovery based on factorized
gradient descent require having at least this quadratic dependence on the condition number. It
remains an interesting open problem whether the dependence of the sample complexity on the
condition number is necessary or an artifact of the proof.

Our main result implies that dist (U, U,) < ¢ after O (W) iterations. Thus, if
we choose the largest possible step size 1 < 1/(x||X.||) we obtain that we reach e-accuracy af-
ter O (k% log (r/(eomin(Xy)))) iterations. Previous work [10] allows for a larger step size p <
1/ (/@HX*H) which yields that one can reach e-accuracy after O (klog (r/(eomin(Xy)))) iterations,
whereas Theorem 1.2 requires 1 < 1/ (mHX* ||). It remains an open problem whether this additional
condition number in the step size bound can be removed.
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Remark 1.4 (Landscape Analysis). Several works [44—47] have shown that if m 2 rd, then the loss
landscape of the objective function L in (3) is benign in the sense that L has no spurious local minima and all
saddle points have at least one direction of strictly negative curvature. It has been established that in such a
scenario gradient descent starting from random initialization will converge to the ground truth [48]. However,
these results do not imply any quarantees on the convergence rate or on the computational complexity. In fact,
there exist examples [49] where gradient descent may take exponential time to escape saddle points. For this

reason, the results mentioned above are not directly comparable to our results.

2. Preliminaries

In the following, we will discuss several technical preliminaries, which are needed in our proof.

2.1. The Restricted Isometry Property

We first recall the Restricted Isometry Property (RIP).

Definition 2.1 (Restricted Isometry Property). The linear measurement operator A : S¢ — R™ satisfies
the Restricted Isometry Property (RIP), of rank r with RIP-constant §, > 0, if it holds for all symmetric
matrices Z € R4 of rank at most r that

(1-6.) |2}, < [ A@)|[; < (1+6,) |2}

In previous works, it was shown that as soon as the measurement operator A has the RIP, then
convex approaches based on nuclear norm minimization as well as non-convex approaches are able
to recover the ground truth matrix, see, e.g., [6, 10].

It is well known that as soon as the number of samples m satisfies m 2 rd then the measurement
operator A has the RIP of order r with high probability. This fact is stated in the following lemma.

Lemma 2.2. Let A : S — R™ be a Gaussian measurement operator as described in Section 1.1. Then the
RIP constant 6, satisfies 6, < § < 1 with probability 1 — € when

m > Co™2(rd +log(2e 1)),

where C' > 0 is a universal constant. In particular, we have with probability at least 1 — exp(—d), m >
Co~2rd.

This lemma differs from similar lemmas in the literature (see, e.g., [50]) by specifying how m de-
pends on the RIP-constant . A proof of this lemma is provided in Appendix D.1 together with a
more detailed discussion of how this lemma relates to previous work.

Remark 2.3. The works mentioned in Remark 1.4 have shown that the RIP implies that the optimization
landscape of L is benign (in the sense of Remark 1.4). Moreover, previous work such as [10] or [11], which
analyzed gradient descent with spectral initialization similar to the paper at hand, relied on their analysis
of gradient descent exclusively on the RIP property of the measurement operator A. As we will explain in
Section 3, purely relying on the RIP will not suffice to establish Theorem 1.2. For this reason, in addition to
the RIP, we will use the orthogonal invariance of the Gaussian measurement operator A.

The RIP has several important consequences, which we will need throughout our proof. We recall
them in the following lemma.

Lemma 24. Let A : 8¢ — R™ be a linear measurement operator on the set of symmetric matrices as defined
above. Denote by o, the RIP constant of the operator A of order r. Then the following statements hold.

1. Let V € R™" be any matrix with orthonormal columns, i.e., V'V = Id. Then it holds for any
symmetric matrix Z € R4 of rank at most r that

(T — A" A4) Z)V . < 6y

Z| .. (7)
In particular, it holds that
[(Z - A" A) (2)|| < 0122 5 (8)
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2. Let w € R? such that ||w||, = 1. Define the orthogonal projection operators

Pow (Z) == (ww ', Z)ww ', 9)

Pwwr,1(Z) :=Z — (ww', Z)ww'.
Then it holds for any symmetric matrix Z € Raxd of rank at most r that

[(AWW "), A (P 1(2)))] < 82| Z]) - (10)

Some variants of these inequalities appeared in the literature already before; see, e.g., [23]. For
completeness, we decided to include a proof in Appendix D.2.

Remark 2.5. To keep the notation more concise, we will sometimes drop the subscript and just use the notation
0 for the RIP constant. For all results below, the choices of 0 satisfy § < Js, due to the monotonicity of the
RIP constant with respect to the rank.

2.2. Perturbation bounds for eigenspaces

The Davis-Kahan sin §-theorem [51] states that the eigenspaces of a symmetric matrix are stable
under perturbations of that matrix. Among others, we will need this result in order to show that
the spectral initialization recovers the eigenspace of the ground truth matrix sufficiently well. We
also will need it in order to show that Uy ,, is sufficiently close to Uj.

To state this theorem, recall that for a symmetric matrix Z € R"*" with eigendecomposition Z =
UZAZUE the matrix Uz, € R™*" consists of the first r columns of Uz and the matrix Uz, | €
R™*("=7) consists of the remaining n — r columns. Moreover, recall that the eigenvalues of Z are
ordered such that their magnitude is decreasing, i.e., |\1(Z)| > |X2(Z)] > ... > |A\.(Z)].

Lemma 2.6 (Davis-Kahan inequality, Corollary 2.8 in [52]). Set |||-|| = | - || or Il = || - || - Let

Z, € R and Zy € RI*4 be two symmetric matrices, such that the eigenvalues of Z satisfy |\ (Z1)| >
A1 (Z1) | for aninteger 1 < r < d. Let the eigendecompositions of Zy and Z be given by Z; = U1 A, U7,
respectively Zo = UgAgU;. Then, if the assumption

121 = Zs|| < (1= 1/V2) (A (Z1)] = [Aria (Z1))
is fulfilled, it holds that

V2((Z1 — Zo) Uy .|l
Ar(Za)] = Nga(Z)|

1021 Ul <

3. Outline of the proof

3.1. A fundamental barrier in previous work

Before we give an outline of our proof approach, we want to explain why in previous work the
additional r-factor appeared in the sample complexity. As Lemma 4.1 below shows, it holds for the
spectral initialization Uy with high probability that

[X. — UoUg || < Chomin(X) %d.

In particular, for m > k?rd we have that
||X* — U()U(—)FH < Umin(X*)'

Thus, the spectral initialization ensures that the initialization Uy, is in a neighborhood of the ground
truth. We aim to establish that within this neighborhood, gradient descent converges with a linear
rate. To show this, we note first that the gradient of our objective function £ depends on the random
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matrices (A;)." . To deal with this, a common technique that has been used in previous works is to
decompose the gradient of the objective function £ into a sum of two terms:

VL(U) =E@,p, [VLU)] + [VLU) = Ea,)p, [VLU)]] .

The first term is the gradient of the population risk, i.e., the objective function one obtains in the
limit case that the sample size m goes to infinity. The second term can be interpreted as a pertur-
bation term that measures the deviation of the gradient of the empirical risk from the gradient of
the population risk. In particular, this term converges to zero as the sample size m increases. For
this reason, a major task in our proof is to show that the second summand is small with respect to
a suitable norm as soon as the sample size m is sufficiently large. A direct computation shows that

VL(U) = E,n, [VL(U)] = [(A"A-I)(UUT -X,)]U

%Z(Ai, U U] - X)A; — (U U] - X,).
i=1

To deal with this deviation term, in previous works, bounds of the type
|(A"A-T) (X, -U,U)) || < || X = U U/ || (11)

needed to be established. A major challenge in establishing such bounds is that the gradient descent
iterates (U;); depend on the measurement matrices (A;);", in an intricate way. For this reason,
standard matrix concentration inequalities are not directly applicable. To circumvent this issue,
previous work establishes uniform bounds for the quantity

sup H (A*A-1)(Z) H

ZET2r

where
T, ={Ze R4 Z =27" rank (Z) <, 1z| <1},

denotes the collection of matrices with rank at most r and bounded operator norm. Indeed, such a
bound can be directly derived from the Restricted Isometry Property. Namely, when A has the RIP
of order 2r + 2 with constant d5,15 then Lemma 2.4 implies that

sup || (A*A—1I)(Z)|| < b2ry2 sup ||Z]|, < G2p12V2r,
ZET2r ZeTar

where in the second inequality, we used that the matrix Z has rank at most 2r and that ||Z|| = 1.
Thus, it follows from Lemma 2.2 that whenever m >> rd that with high probability we have that

. r2d
sup || (A*A-T)(Z) || S/ —- (12)

ASYPS m

This shows that if we want to deduce inequality (11) from the uniform bound (12) we must assume

that m > r2d. Indeed, several works, e. g., [22, 23, 53], relied precisely on this bound.

This leads to the question of whether the bound (12) can be sharpened. For example, in [53, p. 9],
it was conjectured that using more refined techniques from empirical process theory, one may be
able to refine (12). However, as the following result shows, inequality (12) is tight up to absolute
numerical constants and thus cannot be improved further.

Theorem 3.1. Let (A;)ic[m) be independent d x d symmetric random matrices, where each A; has inde-
pendent entries with distribution N (0,1) on the diagonal and N (0,1/2) on the off-diagonal entries. As-
sume d > 6, m > Cy for some universal constant Cy > 0, and r < 1%. Then, with probability at least
1 —2exp(—33) — 2exp(—?fi2), it holds that

. 1 [r23d
nggH(A A—I)(Z)H > Vo
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Theorem 3.1 shows that we will need to use different proof techniques to establish a bound similar
to (11). In particular, we cannot rely on uniform concentration inequalities. These novel techniques
will be introduced in Section 3.2 below. Before that, we want to prove Theorem 3.1.

Proof. First, we note that

1
A*A-T)( = — A, DA, - Z| = - A, Z)A; — Z,uu’
sup [[(AA-1)(Z)]| = sup || - ; A~ 2] = sup sup <m;< JA; ~ Z,uu')|.

Now for any fixed u € R? with |Jul|, = 1, define

Tu={Z e R :Z=127" rank(Z)

<1,Zu=0},

i.e., the set consisting of matrices in 7, whose row space is orthogonal to u. It follows that

m m

1 1
SUPH*Z<A“Z>A —ZH > ngg <m Z<A“Z>A VA uuT>
i i=1

1 m
= sup (— A, Z) Al,uu
ZeT, M z_: >

m

Now note that (A;,uu’) is independent of ((A;,Z))zcr.. Let A € R¥? be a matrix with the
same distribution as A; and which is independent of (A;)72,. We claim that conditional on
{(A;,uu")}"  we have that the following two random variables are equal in distribution:

1 m T d 1 1 m
sup — A ,uu' (A Z)= —, | — A;,uu”)? sup (A, Z). 13
s DA )AL Z) £ DS A ) e (4,7 (13)

To show (13), one can check that conditional on {(A;, uu") } ;- the random variables on both sides
of (13) are the supremum of Gaussian processes indexed by T with the same covariance structure,
so they have the same distribution.

In the following, we set
u:=(0,...,0,1)" e R% (14)
It follows that

m m

> A uu ") =" (A5,

i=1 =1

By Lipschitz concentration for Gaussian random variables [54, Theorem 5.6 ], we obtain

m m

P > (AT —E D (AL = Vm/4 | < 2exp(—m/32).

i=1 i=1

This shows that with probability at least 1 — 2 exp(—m/32),

m

D (AN ZE (D (A dd—£>f/2 (15)

i=1 i=1
for sufficiently large m, where we have used that the expectation of chi-distribution with parameter
m has asymptotic value /m —  (see, e.g., [55]). In addition, with u given in (14), all entries in
the d-th row and d-th column of the matrix Z € T, are equal to zero. Let A € R(@~1x(@=1) be the
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submatrix A where the last row and column of A are removed, and define Z in the same way. Then
we have

r

sSup <Av Z> = sup <A7 Z> = ZJ'L(A>
ZeTy |Z||<1,Z=ZT, rank(Z)<r i—1

Our goal is to bound the sum of singular values on the right-hand side from below. For that, we
define the matrix

A (P(f(d—l)/ﬂ—l)w 07 (d—1)/2]x (d—r) )  Rld-Dx(d-1)
Ara—1y/21:(d=1),1:r O(d—1—[(d—=1)/2]) x (d—7)

Here, A[(d—l) /2]:(d—1),1:r denotes the submatrix of A obtained by restricting A to the [(d — 1)/2]-th

to (d — 1)-th rows and the first r columns. By 0, we denote the zero matrix of size a times b. To
relate the singular values of A with the singular values of A, we will use the following lemma.

Lemma 3.2 (Corollary 3.1.3in [56]). Let A € R(4=1>=1) gud Jet B € R(A=DX(4=1) pe g matrix which
is obtained from the matrix A by setting the entries of one row or one column to zero. Then it holds that
0:(B) <o;(A)foralli=1,...,d—1.

By repeatedly applying Lemma 3.2, we find

T T

i=1 i=1

On the other hand, we can identify the  largest singular singular values of A with the singular
values of a Gaussian matrix of size | 45 | x r. By standard concentration inequalities for the singular
values of Gaussian matrices, see, e.g., [57, Corollary 5.35], we find that with probability at least
1 — 2exp(—t?/2),

A d—1
>0/ | —| = Vr—t.
or(A) 2 L 2 J Vet
Taking t = @, and using the assumption that r < %, we find for d > 6,
Y o0i(A) > % (16)
i=1
with probability at least 1 — 2 exp(—d/32). Combining (16) and (15) finishes the proof. O

Note that the key idea in this proof was to fix a vector u € R? and to pick a matrix Z € 7, based on
eigenvectors corresponding to the largest eigenvalues (of a submatrix) of

1 m

A== (A, uuA,.

- ;( uu ')
By design, this implies that the matrix Z was chosen in a way which strongly depends on
(A, uuU)Zil. This observation leads to the key idea in our proof. Namely, we will show that
our gradient descent iterates U; depend, in a suitable sense, only weakly ((A;, uuU)lil for fixed
u € R?. This will allow us to prove stronger upper bounds for the term || (4* A — ) (X, — U,U/ ) ||
than what can be achieved using uniform concentration inequalities.

3.2. Virtual sequences

As explained at the end of Section 3.1, we aim to establish that the gradient descent iterates (Uy),
depend only weakly on ((A;, ww ")) 211 in a suitable sense. For this aim, we will use so-called virtual
sequences (Uy w),.y C S? The central idea is to introduce for w € §4! := {x e R¢: Htz =1}a
sequence with the following two properties.

10
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1. The sequence (Uy ),y is stochastically independent of ({(A;, ww ")) .

2. The sequence (U w), . stays sufficiently close to the sequence (U;), . More precisely, we
require that | U, U/ — U, U/ || . stays sufficiently small.

The sequences (U w ),y are called virtual since they are introduced solely for proof purposes.

Remark 3.3 (Related work). In the context of non-convex optimization, the use of virtual sequences has
been pioneered in the influential works [18] and [33]. In these works, leave-one-out sequences, which can be
seen as a special case of virtual sequences, were introduced to show that the gradient descent iterates depend
only weakly on the individual samples or measurements. These works lead to a number of follow-up works.
For example, several works used virtual sequences to establish convergence from random initialization for
gradient descent in phase retrieval [58] or for alternating minimization in rank-one matrix sensing [59]. In
[27], leave-one-out sequences were used to establish that in overparameterized matrix completion gradient
descent with small random initialization converges to the ground truth. Similar to the paper at hand, the
virtual sequence argument was combined with an e-net argument. However, the technical details are arquably
quite different.

Before defining the virtual sequences we recall the notion of an e-net.

Definition 3.4 (c-net). Let A C R%. A subset B C Ais called e-net of A if for every x € A there is a point
xg € B such that ||x — x|, < e

It is well-known that for S%~! = {x € R* : ||x||, = 1} there exists an e-net V. C S%~! with cardinal-

ity INz| < (3/ s)d [60]. In the remainder of this paper, we will assume that A is a fixed e-net of S9!
with & = 1/2 such that |V < 6%. We will define one virtual sequence (U; )¢ for each w € M.

Recall from equation (9) that for w € N the orthogonal projection operators Py, and Pyt |
were defined for Z € S¢ via
Paw (Z) = (ww  ZYwWww ', Pyt (Z)=Z— (ww' , Z)ww'.
Next, for w € N, we define the modified measurement matrices via
Ai7w = waT,J_(Ai) = Ai - <WWT7 AZ>WWT
Thus, the matrix A, y, is obtained from the matrix A; by setting the generalized entry (A;, ww ')
equal to 0. We observe that by definition the matrices (A; )/, are stochastically independent of

((A;,wwT))™" . We define the virtual measurement operator Ay, : ¢ — R™*! via
1

[Aw(Z)]i := ﬁ<Ai»X>

fori € [m] and
[AW(Z)]’rn-i-l = <WWT,Z>.

Again, we observe that by construction, the measurement operator A,, is independent of
& Y p P
((A;, WWT»ZL' As a next step, analogously to the definition of the objective function £, we can

define the modified objective function £, : S¢ — R via
1 2
Ly (U):= ZHAW (X, —UU") |

With these definitions in place, the virtual sequence (Uy . ), can be defined analogously to the orig-
inal sequence (Uy),. Namely, to define the spectral initialization, we consider the eigendecomposi-
tion

(AL AW) (X)) = VAL VI (17)
Then, analogously as for the original spectral initialization Uy, the matrix Uy . is defined as

Ugw = Vo WAL (18)

11
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Then the virtual sequence {U v}, Via
Uiitw = Upw — 1VLw (Upw) = Upw + 1 [(AfAw) (X = U U/ )] U w.

It follows directly from the definition of (Uy ), that this sequence is stochastically independent of
(A, wa>) . At the end of this section, we state and prove the following lemma, which is a
direct consequence of the definition of Ay,. This lemma will be useful in the convergence analysis
where we establish that | U, U] — U, ,, U/, ||  stays sufficiently small.

Lemma 3.5. For any symmetric matrix Z € R**? it holds that
(A;AW) (’wa-r (Z)) = PWWT (Z)a
(‘A;kVAW> (PWWT,J_(Z)) = (A*A) (PWWT,J_(ZD - <A(WWT)?A (PWWT,J_<Z))>WWT'

Proof of Lemma 3.5. To prove the first inequality we note first that it follows directly from the defini-
tion of A; w that (A; w, PwwT(Z)) = 0. It follows that

(A% Aw) (Pyw (Z f Z Paww (Z)]; Aiw + (Aw (P (Z))) sy WW

1 m
== (Aiw, Pow (Z)Aiw + (ww', Z)ww
m
i=1
= (ww',Z)ww'.

This proves the first equation. In order to prove the second equation, we note that

(A;AW) (,waT,L(Z)) = <Ai,wﬂ PWWT,L(Z»ALW + <WWT1 waT,L(Z»WWT

3=
M

@
Il
-

I
3=
NSE

N
Il
—

<Ai,Wa PWWT,L(Z)>Ai7W

[
3=

s
Il
_

<A17P w T J_(Z)>Al w

m

1
<Ai7 ,PWWT,J_(Z)>A'L- - % Z<A’L7 ,PWWT,J_(Z)><WWT7 AZ>WWT

= (A" A) (Pwwr,1(2)) — (Aww "), A(Pywr 1 (X)) ww .

This proves the second equation. O

I
3=
M-

—

3.3. Upper bounds for the spectral norm of the deviation term

Recall that by construction, it holds for any w € M. that the sequence (U, w) T isindependent

=0,1,.
of ((ww', A, )) . This property allows us to establish the following key lemma Wthh we will use
several times throughout our proof.

Lemma 3.6. Let N be the e-net with e = 1/2 introduced in Section 3.2 which we used to construct the
virtual sequences (Uy y,),. Assume that for the cardinality of N, we have that |N:| < 6%. Moreover, let
T € N such that 2T < 6Cf. Then, with probability at least 1 — 2 exp (—10d), it holds for all w € N and all
1 <t <T that

[(ww T, (A" A) Py 1 (Xu — UrUJ)) <4f|!«4 (Pwwr. 2 (Xs = UrwUiw)) [l-

Proof. We introduce the shorthand
Asw =X, — U, U/

12
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Due to the definition of A;, and due to the rotation invariance of the Gaussian distribution,
{A;w}™, and {(ww' A> ", are independent. Moreover, note that by construction Ay,
is independent of {(ww' A >}m1. Thus, it follows that {(ww', A; >} ._, is independent of
{(Ai, Pwwr 1 (Atw))},. - Moreover, the vector ((ww ', A;))"" | hasiid. entries with distribution
N(0,1). Thus, we have for all # > 0 with probability at least 1 — 2 exp (—%/2) (see [60, Proposition
2.12]) that

’< ('A 'A) ( ww ', J—(At W))>’ = |% Z<WWT’Ai><Ai7waT,l(At,w)>‘

3

I /\

wa L At W)>

=

i=

fn (Paw 1 (A1) 19)

Then, by applying inequality (19) with # = C'v/d and by taking a union bound, it follows that with
probability at least 1 — £ (over the whole probability space), we have for all w € N, and all ¢ € [T]
that

\ cvd
|< T (A% A4) (Paw™ L(AtW))>| < W||A(PWWT,l(At7W)) ||27
where
€ < 2T|N:|exp (—C?d) < 624 exp (—C’Qd) = exp (2dlog(6) — Czd) )

The claim follows from choosing C = 4. O

Recall that our goal was to derive an upper bound for the expression || (A*A - I) (X, — U,U/) ||.
The following lemma provides such a bound for 1 < ¢t < T. Here, T' € N is some fixed number of
iterations, which will be specified later in the proof of our main result.

Proposition 3.7. Let N be the e-net from above with e = 1/2 which we used to construct the virtual
sequences (Uyw),_q , - Assume that the conclusion of Lemma 3.6 holds. Moreover, assume that the linear
measurement operator A has the Restricted Isometry Property of order 2r + 2 with constant § = 3y < 1.
Then it holds that forall 0 <t < T,

|(A*A-T) (X, - UU)) || < (16P+ 25) X, -0 U/ |

4 <5+4ﬁ> b U0 - U WU
m We 14

As already mentioned, in previous literature, the quantity || (A*A —7) (X, — U,U/) || was con-
trolled via an upper bound of supzc 7, H (A*A-T)(Z) ||, is a set of all rank-2r matrices
with bounded operator norm. This requires a uniform concentration bound for all matrices of rank
at most 2r with bounded spectral norm. As we have seen in Theorem 3.1, this argument necessarily
leads to a multiplicative factor of /r2d/m.

In contrast, Proposition 3.7 bounds H (A" A-T) (X, -0, U/) H by a sum of two terms. The first
term can be controlled with sample complexity m > rdx? since we also have § < +/rd/m, see

Lemma 2.2. The second term is a uniform bound on the deviation of the “true” sequence from the
“virtual” sequences. This term can be interpreted as a measure of how stable the sequence (U,),
are under perturbation of the generalized entries ((A;, ww'))™, of the symmetric measurement

matrices.

13
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Proof of Proposition 3.7. We use the shorthand notation
A, =X, -U,U/,
Aw =X, -Up,U/,.
Since NV, is an e-net of S¢~! with ¢ = 1/2 we obtain that

[(A*A-T)(A)] < 2 sup [(ww T, (A"A = T)(A))], (20)

(see, e.g. [60, Lemma 4.4.1]). Then, for every w € N. using the triangle inequality we obtain that
[(ww ", (A A = T)(A)] <[ (ww " (A" A = T)(Arw))| + [(ww T, (A" A = I)(Arw — Ay))]
< ww ' (A A= D) (Arw)] + [[(AA=T)(Arw — A)||
<[(ww T, (A" A = D) (Arw))| + 0] Ar = Ar |- (21)

The last line is a consequence of the Restricted Isometry Property and Lemma 2.4, see inequality
(8). To estimate the first summand further, we use the triangle inequality again, and we obtain that

(" (A" A= T)(Ar0))
<Uww T (A"A =) (P, 1 (A1) |+ | (WW T (A" A= T) (P (A1)
©ww T, (A7) (P 1 (A + | (A (wwT) 3= 1) (™, Av)

) tww T, (A A) (P 1 (D)) + 8] (ww T, Ar)]
S|<VVVV (‘A*A)( ww J_(Atw )>|+6HAt,wH

Equation (a) follows from the definition of Py, and Py, | and in inequality (b) we used the Re-
stricted Isometry Property; see Definition 2.1. Thus, by combining the last estimate with inequalities
(20) and (21) and taking the supremum over all w € N, we obtain that

|(A*A=T)(A)|

<2 sup |<WW , (A" A) ( ww T J_(Atw))ﬂ + 24 sup HAt — At;WHF + 28 sup HAt,wH
weN weN weN,

<2 sup [(ww ', (A*A) (Paww™,L(Arw)))| + 46 sup HAt - At:WHF (22)
weN weN:

Since we assumed that the conclusion of Lemma 3.6 holds we obtain for the first summand that

sup |(WW (.A*A)( ww T, L (Atw))H < 4\/7 sup ||A( WWT7L(At1w)) ||2

weN, weN:

(a) d
< Sﬁ 30 [[Puw, s (A
d
<8\/> sup. At wl|
<8\THAtHF+8\f up A= A
®)  [2rd d
<8 THAtII+8\/> sup [[Ar — Avwl -
m mWGNE

Inequality (a) follows from the assumption that the operator A has the Restricted Isometry Property
of order 2r 4 2 with an RIP-constant 6 < 1. To obtain inequality (b), we have used that the rank of
A, is at most 2r. Inserting the last estimate into (22), we obtain

H (A*A—T) (Af)H < (16\/T+25> ||At|| +4 <5+4\/Z> vf’élfszAt — Af,,wHF.

Inserting the definition of A, and A, , yields the claim. O
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4. Proof of the main result

4.1. Spectral Initialization

We provide the following lemma to show that both the original sequence and the virtual sequences
are close to the ground truth X, at the spectral initialization. Moreover, this lemma guarantees that
|UoUg — UowUj || - is sufficiently small. The proof of Lemma 4.1 is deferred to Appendix A.

Lemma 4.1. There exists an absolute constant C' > 0 such that the following holds:
1. With probability at least 1 — exp(—4d), if m > C?r*rd is satisfied, it holds that

[X. — UoUq || < Chiomin(X.) %. (23)

2. With probability at least 1 — exp(—2d), if m > 4C?k?rd is satisfied, it holds for every w € N that

d
X, — U U || < 2CK0min(X.) % (24)
Consequently, if m > 4C?k?rd, with probability at least 1 — 2 exp(—2d), it holds for every w € N
that
rd

|UoUg — UpwU( wl| < 3CKomin(Xy) —. (25)

3. For any o € (0,1), assume m > (51C% + <4) k2rd for an absolute constant C; > 0. With

a2

probability at least 1 — 4 exp(—d), for every w € N,

||U0UJ - U07WUJ-,WHF < (20[ +Ck \) ::f) <20rrlin(x*) + 3\/50’%\/ ::LZUIHHI(X*)> (26)

4.2. Convergence Analysis
4.2.1. Outline of proof strategy

Before we explain our proof strategy, we want to recall the following convergence lemma which was
proven in [10, Theorem 3.2] and [61]. It states that as soon as dist(U,, U, ) is small enough then
dist(U,, U,) converges to zero with linear rate. We state it in the version of the overview article [31,
Theorem 4].

Lemma 4.2. Assume that the measurement operator A satisfies the Restricted Isometry Property for all
matrices of rank at most 6r with constant dg, < 1/10. Let Uy, Uy, Uy, . .. be a sequence of gradient descent

iterates defined via equation (4). Assume that the step size satisfies i < H)C(il and

dist2 (UT, U*) < 17160'min(x*) (27)

for some iteration number T. Then it holds for all t > T that
dist® (U;, U,) < (1 = copomin (X)) 7 dist>(Urp, U,).

Here, c1, co > 0 are absolute numerical constants chosen small enough.

Note that the condition dg,. < 1/10 holds with high probability if the sample size satisfies m 2 rd.
However, condition (27) cannot be guaranteed for the spectral initialization, i.e., for ' = 0, when
m = rdr?. For this reason, Lemma 4.2 is not directly applicable in our proof. To deal with this, we
consider two different phases in our convergence analysis. Namely, we set

T .= [/w%(X*) 10g(161")—‘.
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We will show that at the end of the first phase, which consists of the iterations ¢ = 0,1,...,T, con-
dition (27) holds. The second phase starts at iteration 7. For the second phase, we have established
that condition (27) already holds we can directly apply Lemma 4.2 and we obtain linear conver-
gence. Thus, our main focus in this section will be to analyze the first convergence phase.

In the following, we will give an outline of the analysis of this first phase. As is typical in the
analysis of non-convex optimization algorithms, we will control several quantities simultaneously
in each iteration via an induction argument. The following list contains an overview of these.

a) We will show that |U, U] — U, U/ |, and ||V (U, U] - U, U/ )|, stay suffi-
ciently small for each w € N-. Together with Proposition 3.7, this allows us to control
the deviation term || (Z — A*A) (X, — U,U/) ||

b) We will show that for each iteration ¢ € [T] it holds that | X, — U, U/ || < comin(X,) for
some small constant ¢ > 0. This ensures that the gradient descent iterates stay in the basin
of attraction, in which we can establish linear convergence.

) We will establish that ||V (X, —U,U/) ||,, decays linearly in each iteration. Combined
with the result from b) this will allow us to establish linear convergence of dist (U, Uy).

The remainder of this section is structured as follows. In Section 4.2.2 we will provide the techni-
cal lemmas to control ||U, U/ — Ut,wUtT,pr and |V (U, U] - U, U/,) HF as described in a)
above. In Section 4.2.3, we will provide the technical lemmas which allow us to control the quan-
tities described above in b) and ¢). In Section 4.2.4, we will combine these ingredients to prove
Proposition 4.10, which is our main result describing the convergence of the iterates (U;)o<i<7 in
the first convergence phase.

4.2.2. Lemmas for controlling the distance between the virtual sequences and the original
sequence

The goal of this section is to show that the virtual sequence iterates (U, v ), stay sufficiently close
to the original sequence (U,);. This will be established via induction. In the following, we will
state all key lemmas. To keep the presentation concise, we have moved the proofs, which may be of
independent interest, to Section B.

The first lemma in this section provides an a priori estimate. Its proof can be found in Section B.2.

Lemma 4.3. For absolute constants c1, ca, cz > 0 chosen small enough the following statement is true. Let

w € N, and assume that
[T < /20Xl (28)

H (A*A - I) (X* - UtU:) H < €10min (X*)7 (29)
HX* - UfU;H < Omin (X ), (30)
Tmin (X+)

A

U U = U U L, (31)

— 80 )
and that the step size pu > 0 satisfies 1 < H;z . In addition, assume that the conclusions of Lemma 3.6 hold
and that
rd c3
max ¢ §;8¢/ — » < =, (32)
m K

where § = 64,41 denotes the Restricted Isometry Property of rank 4r 4 1. Then it holds that

V2 -1

min X* .
20 Omin(Xs)

||Ut+1UtT+1 - Ut-&-LWUtT-i-l,WHF <

Under the assumption that this a priori estimate holds, the next lemma shows that the quantity
|U.U; — U, U/, ||F can be bounded from above by the quantity |V (U, U] — U, U/,,)
The proof of this lemma has been deferred to Section B.3.

I
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Lemma 4.4. Let w € N and assume that

Omin (X*)

[SAVHED ST T (33)
3(V2—1) - omin (X4)
10U = U U |- < 0 ” (34)
Then it holds that
3|V, (U U] — U, U/,

||V;r(*}l_ (-[J—ng;r — UtwaZw) VX*aJ—HF S || X, ( tYe - t, t, ) ||F (35)

Moreover, it holds that
[0 U] = U WU/ <3 VX, (U0 - U0 | (36)

The following key lemma allows us to control |V (U U] — U; U/ ,)
can be found in Section B.4.

|| iteratively. Its proof

Lemma 4.5. For sufficiently small absolute constants cy, ¢z, c3, ¢4, ¢5, cg > 0 the following statement holds.
Let w € N and assume that

Vx, Vol < e, (37)

10 < V2[I X ], (38)

[0, U] — X, < c20min(Xs), (39)
||UtUtT - Ut,wU,IwHF < c30min (Xy) - (40)

Moreover, assume that the step size satisfies 1 < CT4 Furthermore, assume that the conclusion of Lemma

3.6 holds and that

*

H (A*A — I) (X* - UtUtT) H S c5o'min(X*)a (41)
max{5;8 M} < Cj, (42)
m K

where 0 = 04,49 denotes the Restricted Isometry Constant of rank 4r + 2. Then, it holds that

HV)T(* (Ut+1Uth+1 - Ut+1,wUtT+17w) HF

min X*
< (1 DY |V (O] U+ oKX, - 00|

16

4.2.3. Lemmas controlling the distance between X, and UtU;r
In the following, let ||-||| denote any matrix norm, which satisfies the inequality
IXYZ|| < [|X][ Y] ]|Z]| (43)

for all matrices X, Y, and Z with dimensions such that the matrix product XYZ is well-defined.
Note that all Schatten-p norms have this property. In particular, this includes the spectral norm || - ||

and the Frobenius norm || - || o

In the following, we are interested in establishing upper bounds for |||X, — U,U/ |||, where either
Il =1 - | 7 or -l = || - || Instead of estimating these quantities directly, we will instead derive
upper bounds for the quantity

IV, (X. — GO

To be able to relate this quantity with ||| X, — U, U/ ||| one can then use the following lemma.
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Lemma 4.6. Let |||-||| be a norm for which inequality (43) holds. Assume that
1

IVx. Vol < ok (44)

Then the following inequalities hold:
IV, 00 Vx| 20|V, VoIV, (U0 =X) Vil (45)
oy - X[l <21+ [V, Vo ) Vi, 007 Xl @)

A comparable lemma was proven in [23] in a more general setting but with less explicit constants.
For the sake of completeness, we included in Appendix C.1.

The following lemma allows us to control the quantity |||V, (X. — U U/ )||| iteratively. We note
that a similar lemma has already been proven in [23] in a more general setting with less explicit
constants. For the sake of completeness, we again included a proof in Appendix C.2.

Lemma 4.7. Let |||-||| be a norm which is submultiplicative in the sense of inequality (43). Assume that
1
IVx. Vol <3, (47)
1O} < /21X ],
O'min(X*)
X, - U,U, || < 2 48
H te H = 48 ( )
1
|(A"A-T) (X, - U, U/ )| < 150 (X,), (49)
and that the step size satisfies i < ———. Then it holds that
1024 | X.,

IVx, (U U, = X
< (1= Bowin (X)) [IVE, (X = OO | + 50X, | | [(4°A - ) (X, = 007)] Vs |

Given an upper bound for | X, — U,U/ || ,, we can obtain an estimate for dist (U, U,) by using the
following technical lemma.

Lemma 4.8 (Lemma 5.4 in [10]). Let U,V € R¥*" be two matrices and assume that rank(U) =
min {r; d}. Then it holds that

1

dist (va) S 2(\/5* 1)0—1211111(

[uuT — vV,
U)
where dist (U, V) is defined in (5).

To check the prerequisite of the Davis-Kahan inequality (Lemma 2.6) in our proof, we will also need
the following auxiliary lemma, which provides us with an a priori bound for || X, — U; 1 U/, ,||. Its
proof can be found in Appendix C.3.

Lemma 4.9. There are absolute constants cy,cz,c3 > 0 such that the following holds. Assume that p <

| )C(l and
[T < /2% (50)
HX* - UfUIH < 020'111in(X*)a (51)
| (A*A=T) (X, = U U} ) || < c30min (X4)- (52)
Then it holds that

1
% = U074 < (1 75 ) o (X0).
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4.2.4. Statement and proof of the main convergence lemma

We now have all the ingredients in place to prove the main lemma in this section, which is stated
below.

Lemma 4.10. There are absolute constants c1, ca, c3, ca > 0 chosen sufficiently small such that the following
statement holds. Assume that the spectral initialization U satisfies

HX* - UOUOTH S C10min (X*) (53)
and that for every w € N we have that
[UoUg — UowUg ol < c20min (X4 (54)

Moreover, we assume that the conclusion of Lemma 3.6 holds for

T= {MUT(X*) log (167°) —‘ .

max{é;&/w} §C—3, (55)
m K

where § = 442 denotes the Restricted Isometry Property of order 4r + 2. In addition, assume that j <
W%ﬂ' Then for every iteration t with 0 <t < T' it holds that

Furthermore, we assume that

. 2 /Jmein(X*) 2 T
dist” (U, U,) <7 (1= == [X. = UoUg | (56)

In particular, we have that

1
diSt2 (UT7 U*) < TGJmin (X*)u (57)

where U, € R"*" denotes a matrix which satisfies U, U] =X,.

Proof of Lemma 4.10. We prove by induction that for all iterations ¢ with 0 < ¢t < T the following
inequalities hold:

Vi, (X~ 0 Ul || < (1- %amhmx*))t [V, (X. = UoUg) || s (58)
[Vx, (Xi = UU)) || €c10min (X4) (59)
[V, 1 Vu, | <V2e, (60)
[Xs = UU/ || <3c10min (X4), (61)
and, for every w € N,
|Vx, (UU] = U WU/ ) ||, Sc20min (X4) (62)
[U:U] = U WU/, || » <3c20min(Xs). (63)

The constants ¢1,cz > 0 are the same as in assumptions (53) and (54) and are thus, in particular,
independent of the iteration number ¢.

First, we check that these inequalities hold for ¢t = 0. Inequality (58) is immediate. Inequalities (59)
and (61) follow from assumption (53). Inequalities (62) and (63) are due to assumption (54). It
remains to establish inequality (60) for ¢ = 0. Using the Davis-Kahan inequality (see Lemma 2.6)
and assumption (53) it follows that

_VEIVE, (X - ) |

VR, Vo < R 2 2 2B < i

19



543 This shows that the above inequalities hold for ¢ = 0.
544

s4s  For the induction step, assume now that these inequalities hold for some ¢. First, we observe that

< \/ZHX*H for

547 ¢1 < 1/3. Moreover, note that since we assumed that the conclusion of Lemma 3.6 holds we obtain
s4¢  from Proposition 3.7 that

[(A"A-T) (X. - U7 ) |

(16\/7—#25) X, - U/ || +4 <5+4ﬁ> 00/~ U Ul

s46 it follows from the induction assumption (61) and Weyl’s inequalities that ||U,

( )
X, —uU] |+ 22 oy - UL,
(Q%Urmin (X*) ) (64)

s49  where inequality (a) follows from assumption (55). Inequality (b) is due to the induction hypotheses
sso (61) and (63) with ¢; < 1/3 and ¢; < 1/3. Next, we note that from Lemma 4.7 applied with
ss1 ||l = || - || it follows that

||V>T< (Ut+1Ut+1 ) HF

< (1 o (X)) [V, (X~ UU]) |+ 50X (44 - D) (X~ U07)] Vs |,
(a)
L (1 i (X0) [ VE, (Xe = 0T |+ 508X X~ UUT

+ 1508 X, [V, (X, - U0

I I

VX, (X. - 00/ ||+ x, (X. - U.U/)

I

x.)
X))

g(1— Eowin (X)) [V, (X~ 0,U7)
X)) e

I

(d) 1
< (1 — +Omin (X*)) Vi, (X, - UU])

ss2 Inequality (a) follows from the Restricted Isometry Property combined with Lemma 2.4. Inequal-
s53 ity (b) is due to Lemma 4.6 and inequality (60). Inequality (c) follows from assumption (55) and
554 inequality (d) is due to the fact we can choose c3 < TiO' Thus, using the induction assumption, we
555 see that inequality (58) holds for ¢ + 1.

556 Next, our goal is to prove inequality (59) for ¢ + 1. For that, we note that it follows from Lemma 4.7
ss7 with ||[-[| = || - || that

[Vx, (Uen ULy =X ||
< (1= Zomn (X)) [V, (X = U0]) ||+ 50X, || (A"A = 1) (X, — U] |

(a)
< (1 — %omin (X*)> €10min (Xy) + 5063M0mm (Xy)

(b)
<C10min (X*) 5 (65)

58 where inequality (a) follows from the induction hypothesis (59) and inequality (64). Inequality (b)
559 holds since we can choose ¢; and c3 in such a way that c; < 5. This proves inequality (59) for
s60 t+ 1.

561 We observe that Lemma 4.9 yields the a-priori bound
1
.
%, = Ua U7 < (1 75 ) o (X0).
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Thus, we can apply the Davis-Kahan inequality (see Lemma 2.6) which together with inequality
(65) yields that

V2| Vx, (Ui Uf, - X |
Omin (X*) S \/501.

This proves inequality (60) for ¢ 4 1. Next, we apply Lemma 4.6 and (65) to obtain that
X, ~ Va0 < 21+ [V, Vo ) [VE, (X~ Up U7 |
< SHV)T(* (X* - Ut+1U1§T+1) H < Sclamin(X*)a
which proves inequality (61) for ¢ + 1.

HV;—(*VUHA H <

Next, we can apply Lemma 4.5 since all assumptions are satisfied and it follows that

V. (Ui Ul = Ui Ulw) [l

min X
< (1= 1 XL ) VL (00T - Ui UL [+ i (XX, - 00T
(a) :
% (1 — IMHHIHG()(*)) C20min (X*) + 301uafmn(X*)
(b)
<C20min (X*) . (66)

Inequality (a) is due to inequalities (61) and (62). Inequality (b) holds since we can choose that
c1 < 1% This proves inequality (62).

Next, we want to prove inequality (63) for ¢ + 1. First, we apply Lemma 4.3 and we obtain for all
w € N the a-priori bound

V2-1
T * Omin (X*)

This allows us to apply Lemma 4.4 and we obtain for all w € N, the sharper bound

||Ut+1U2—+1 - Ut+1,wU;r+1,w||F <

(66)
(U0l = Ui Ul ol €3V, (Ui U = U Ul o) | < Bc20min (X4,

which shows inequality (63) for ¢t 4+ 1. This completes the induction step.

To complete the proof of Lemma 4.10 it remains to prove inequalities (56) and (57). For that, we
first observe that

(a)
|X. ~ UU] |, <3|[Vk, (X. - UU))

(®) MUmin(X*)
<3 (1 - Fomin )
< (1- Lo

I

t
) IV, (. - 007) |

16

Inequality (a) follows from Lemma 4.6 with [||-[|| = || - || , which is applicable since we have shown
by induction that (60) holds for 0 < ¢ < T Inequality (b) holds since we have proven (58) for all
0 < t < T. Inequality (c) holds since X, — U, U/ has rank at most 2r. Thus, we can apply Lemma
4.8 and obtain that

c . t
Lavar (1- 12X vy |

IX. - U.U7 |
2 (ﬁ - 1) Omin (X*)
o (- B L
16 2 (\/§ - ]-) Umin(X*)
9617" Mamin(x*)
< 1-—
T (V2-1) ( 16

dist® (U, U,) <

IN

)

2t
) [X. —UoUg
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where in the last inequality, we have used assumption (53). This proves inequality (56) since ¢; <

%. Next, we note that for ¢ = T, the above inequality yields that

. (a) QCQT Omin X T
dist? (Up,U,) < (ﬁl_ 1) (1 - 16( *)> Omin(Xy)

®)  9c3r —T O min (X*)>

< ex Omin (X
SWa-1) p ( S (X4)
(é) Omin (X*)

- 16

In inequality (a), we have used again assumption (53). Inequality (b) is due to the elementary
inequality In(1 + z) < z for —1 < z and the assumption y < HCT4 for sufficiently small ¢4 > 0.

*

Inequality (c) follows from T' = [m log (167’)-‘ (and from the fact that we can choose ¢; <
7%2—1 ). This proves inequality (57). Thus, the proof of Lemma 4.10 is complete. O

4.3. Proof of Theorem 1.2

Now we have all the ingredients in place to prove the main result of this paper, Theorem 1.2.

Proof of Theorem 1.2. In the following ¢ > 0 denotes a sufficiently small absolute constant. First,
by Lemma 2.2 we know that due to our assumption m > rdx?, with probability 1 — exp(—d) the
measurement operator A satisfies the Restricted Isometry Property of order 6r with a constant § =
d6r < <, where ¢ > 0 is a sufficiently small absolute constant.

Set
log (167) w .

8

T:=|———

[NU min (Xx)

Note that since r > 1 and the assumption p < #fx*) for small ¢; > 0, we have T' > 1. Let A be

an e-net of the unit sphere in R? with e = 1/2 such that |V:| < 69. Now note that 27" < 6¢, where

we have used the assumption p > m log (167). Thus, it follows from Lemma 3.6 that with

probability at least 1 — 2 exp(—10d) it holds that

d
T (A A) (P 1 (Ko = U UL < 4y 24 (Par, 1 (X = Ui UT))

forall w € N and for all 0 < ¢ < T'. Next, we know from Lemma 4.1 and due to our assumption
m 2 rdr? that with probability at least 1 — 5 exp(—d), the inequalities

X, = UoUg || < comin (X, (67)
[UoUg — UowUg ol < comin (X.)

hold for a sufficiently small constant ¢ > 0. Thus, all the assumptions of Lemma 4.10 are fulfilled.
It follows that

2t
aist? (U U) < (1 £22200) w0 | (68)
forall0 <t < T and
dist (Ur, U,) < “““17(6)() (69)
Due to inequality (69) and since s, < 1/10 we can apply Lemma 4.2 which yields that for ¢t > T,
dist? (Uy, U,) < (1 — cpomin (X,))" " dist® (Uz, U,) . (70)
Thus, by combining (67), (68), and (70) we obtain the conclusion of Theorem 1.2. O
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5. Discussions

In this paper, we have shown that for symmetric matrix sensing, factorized gradient descent can
recover the ground truth matrix as soon as the number of samples satisfies m > rdx?. This improves
over previous results in the literature with a quadratic rank dependence. The key ingredient in our
proof is a combination of a virtual sequence argument with an e-net argument.

Going forward, our work opens up a number of exciting research directions. In the following, we
highlight a few of these.

o Breaking the quadratic rank barrier in related non-convex matrix sensing problems: We expect

that our novel proof technique will pave the way to break the quadratic rank barrier in the
sample complexity in various related non-convex matrix sensing problems. This includes
matrix sensing with an asymmetric ground truth matrix or overparameterized matrix sens-
ing with small random initialization [22]. One might also examine whether our new proof
technique can be used to remove the additional rank factor in the sample complexity in
related algorithms such as scaled gradient descent [11] or GSMR [30].

Removing the condition number dependence in the sample complexity: Compared to the nuclear
norm minimization approach, the sample complexity in Theorem 1.2 is still suboptimal
since it depends quadratically on the condition number of the ground truth matrix X,.
Indeed, all related results in the non-convex low-rank matrix recovery also have such a
dependency on the condition number. It would be interesting to examine whether this
dependence on the condition number is actually needed.

Beyond Gaussian measurement matrices: It would also be interesting to examine whether the
argument in this paper can be adapted to scenarios where the measurement matrices are
no longer Gaussian, e.g., the matrix completion problem. Since the proof presented in this
paper heavily relies on the orthogonal invariance of the Gaussian distribution, new insights
are likely required to handle scenarios where this property is no longer available. We believe
that this is an exciting research direction.
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A. Proof for the Spectral Initialization (Proof of Lemma 4.1)

Proof of Lemma 4.1. (1) We write
(A" A) (X,) - X, (A X.)A — X,).

=1

Let A be any e-net on S9! with ¢ = J of size at most 6%. Then we have

| (A*A4) (X,) — X, || <2 sup —Zx (A, X)A; — X, )x
XENE =1
m

=2 sup — AL X )xTAx —x'X,x).
For each i € [m], we have that E [(A;, X, )x" A;x| = x" X,x. Moreover, the inner product (A;, X..)
is a centered Gaussian random variable with variance || X, ||% and x " A;x is a centered Gaussian ran-
dom variable with variance 1. Thus, for each fixed x, Zf;l ((Ai, X )xTAx — xTX*x) isasumofm
independent and centered sub-exponential random variables with subexponential norm bounded
by K||X,||r, where K is an absolute constant (see [60, Lemma 2.7.7]). Therefore, by Bernstein’s
inequality (see, for example, [60, Theorem 2.8.1]), it holds that

>t | <exp (—C”min{mt2 mt})
) X7 1Kl ] )

where ¢’ > 0 is some absolute constant. Taking ¢t = $C|[X.||r < ot m> and a union bound

Z (A;, X, )x AX—XTX*X)

over all points x on /\Nfg, we obtain

[(A*A)(X,) = X, || < ECHX*HF <\/Z+ i) < iofwmmx*)\f( :,L i) (71)
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with probability at least 1 —exp(d log(6) —C’C?d) > 1—exp(—4d) for some sufficiently large constant
C>0.

We assume that (71) holds and that m > C?k?rd. Then Weyl’s inequalities imply that
* 1 . 1
Ar((A"A) (X)) > 5 omin(Xe), (A1 (AT A) (X)) < 5 0min (X).-

Since A, is a diagonal matrix with entries A\; ((A*A)(X,)), ..., A ((A*A) (X)), it follows from the

definition of Uy = V,AY? that UyUJ is the best rank-r approximation of (A*A)(X,). Conse-
quently, we obtain that

[X. — UUq || < [IXe — (A" A)(X) || + ||(A*A)(X) — U Uy ||

d
< [|Xs = (A" A) (X + (A" A)(X,) = X, || < Cromin(X,) %

where in the second inequality, we used the Eckart-Young-Mirsky theorem.
(2) Due to Lemma 3.5 we have

(AL Aw = I)(X,) = (A A = I)(Puw, 1 (X)) = (AWW "), A Py L (X)) ww T (72)
It follows that

1(ASAw = DX < (A" A = D) (Puwr L (X)) + HAWW ), A (Pt L (X)) (73)

For a fixed w € N, we obtain with an analogous argument as for (71) that with probability at least
1 — exp(—4d),

[(A*A = I)(PwwT L( D < CHwaT,L(X*)HF ( i + d) < icmjmin(X*)\/; (\/Z+ d) .

m m m

The second term in (73) can be rewritten as
1 m
<A(WWT)7 A (fpwwT 1 E Z: WW A Ai7 PWWT,J_(X*)>'

Here, > (ww ', Aj)(A;, Pyw 1 (X4)) is a sum of m independent sub-exponential random vari-
ables with mean zero due to the rotation invariance of the Gaussian measure. Moreover, each term
has sub-exponential norm K ||X, || .. Applying Bernstein’s inequality as in the proof of (71), we
obtain that for each fixed w with probability at least 1 — exp(—4d),

<A(WWT)’A (waT,J_(X*))> < ic’iamin(x*)\/; (\/Z + :i) . (74)

Then, by taking a union bound over w € M., it follows from (73) that with probability at least
1 — exp(—2d) that for all w € A it holds that

(A Aw — I)(X,)|| < %Cmmm(X*)ﬁ <\/Z+ d) : (75)

m

We now assume that (75) holds and that m > 4C?k?rd. Then it follows from Weyl’s inequalities
that

)\T((AW'AW) (X*)) > §Umin(x*)a ‘)‘T-‘rl ((AW-AW) (X*)) | < EOmin (X*) .
It follows from the Eckart-Mirsky-Young theorem and the definition of Uy, that Ug Ug ,, is the
best rank-r approximation of (A%, Aw)(X.). Therefore,
X = G g < X = (AL AW K[| + [ (AGAw) (X)) = Uow Uy |

< 2[| X, — (ALAW)(XL)]| < 20k0min(X.) %
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This finishes the proof of inequality (24). Finally, (25) follows from (23) and (24) via the triangle
inequality.

(3) From (72), we have
(A"A) (X,) = (AGAw) (X)) = (A" A= T)(X,) = (AGAw — I)(X,)
= (ww ', X ) (A A-T)(ww ') + (AWw "), APy 1 (X)) ww .

It follows from Lemma 2.2 that there exists an absolute constant C; > 0 such that for any « € (0,1)
and m > 4 x%rd, with probability at least 1 — exp(—d), the measurement operator A satisfies the
Restricted Isometry Property of order 6r with constant

o
0 =g, < —. 7
o <2 (76)

Then for any V € R4*" with orthonormal columns and for all w € N., when m > %Ii%‘d, with
probability at least 1 — 2 exp(—d),

H(A*A — ATNAW)(X*)VHF
< ww T, X | (A" A = ) (ww TV |+ (AW ), APy 1 (X)) [ ww TV

31, [ + AW ), AP 1 (X))

(b) 1 d
Sao'min(X*) + §Oﬁgmin(x*) % (77)

Here in (a) we use property (7) in Lemma 2.4 and the fact that ww " V is of rank 1, and in (b) we
use (76) and, moreover, (74) with a union bound over w € N..

We now proceed under the assumption that the inequalities in parts (1) and (2) hold. We use the
following notations for spectral initialization:

(A°A) (X.) = VAVT, Up=V,&% (78)
(A Aw) (X0) = VwAw VY, Ugw = Vi WAL2.
Denote
= (A*A)(X,), Zo:= (AL AW)(X,),
and
ZLT = UOU(—)F, ZQ,T = UO,WU(—;W'

Recall the definition of V, and \~/',»7w in (78) and (17). We have
1Z1,+ — Zar|lr = |UoUg — UpwUg |l 7

< 1 (UoUg = UowUgw) Vel + | (UoUg = UowUsy) Verllr.  (79)
For the first term in (79), we have

| (UoUg — UowUg ) Ve

=|[(Z1 = Zo.r)Vr|F

<(Z1 = Zo)Villr + [(Zo = Zo,r) Vil
H(Zl Z2)‘7THF + H({/r,w,lAr,w,vaw,L)vT”F
<[(Z1 = Zo) Vil r + 0041 (22) [V, D~’ F3

<H(Zl - ZQ) THF + Cnamm \/ ||er L{[THF7 (80)

where in the last inequality we used Weyl’s inequality and (75), which implies

T‘ ~ ~
0r41(Z2) = |ori1(Za) = 01 (X0 < [ Z2 = Xo|| < Chiomin(X )| [ Viiw  Vallp. (81)
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From (75) and (71), it follows that when m > C?x?rd,

3C rd
71— 7Zs|| < —komin (X)) —. 82
121~ 2] < %5 rormin(X.)y oo (52)

Similar to (81), using (75) and Weyl’s inequalities we obtain that

d

|0T(Z1) - Umin(X*)| < C"ﬁamin(x*) L’
m

rd

Or41 (Zl) < Cﬁamin(x*) E

Therefore, if m > 16C%k?rd, the spectral gap between ¢,.(Z;) and 0,41(Z>) can be bounded from
below by

00(Z0) — 0r41(Z0) > (1 - m@) Fin(X.) > S0min(X.,). (83)

When m > 51C?k?rd, we have from (82) and (83),

12, - 2| icn\/fomm(x*)
< <1 - \}5) <1 - 20&@) Omin(Xy)

< (1 - \}5) (0r(Z1) — 071+1(Z1)).

Thus, the prerequisites of Lemma 2.6 (Davis-Kahan inequality) are satisfied. It follows that when
m > 51C%k2rd,

IN

2V2||(Z1 — Zo) V. | r

Omin (X*) (84)

Vw1 Vellp <

Hence, when m > (51C? + ) k%rd, we obtain from (80) and (77) that
| (UoUg — UpwUgy) Vil < (1 + 2\@0/{\/7”) (21 = Z2) V.||,

< 2“(21 — ZQ)VTHF < (2a + Cl’i\/f) Omin (X )- (85)

For the second term in (79), we have when m > (51C? + £} k2rd,

Q2

| (UoUg — UpwUgw) Vi il
SHVI (UoU(—)r - UO,WUS—,w) {,r,L”F + ”\N’:—L (UOUS— - UO,WUS—,w) VT,L”F
<) (UoUg — UgwUg ) lIr + H{’LUO,WU&WVT,LIIF

[rd ~ ~
< (20[ + Ck m) O'min(X*) + ||VILUO,WUE)F7WV7",L”F7 (86)

sz where the last inequality is due to (85).
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We now consider the second term in (86). Recall the definition of Uy, in (18). We have for m >
(5102 ) k2rd,

HVnLUO,ng,WVT,L ||F = ||{7;-I:L{/'I‘,WAT',W{}IW{}T‘7L ||F
< VI Ve[V Ve

VT Ve A2 VWV [V Vi |

= IV LU0 UL PVt IV Ve
= VT U0 UT [ VT

= V] L (Upw Ul = UoUD VW Vo]l
< [Usw U = UoU7 [V Vo

(a) rd 2V2|(Z1 — Z2)V, || r
< i —
- 3OKUmln (X*) \/; Omin (X*)

(b) 1 [rd d
< 6\/50/@ <OZ + -Ck T) \/To'min(x*)a (87)
2 m m

where (a) is due to (25) and (84), and (b) is due to (77). Therefore from (86) and (87), we obtain
for m > (5102 ) K2rd,

I (UoUy — UgwUgw) Vo, (88)
d 1 d d
< (2(1 + Cry/ T> Omin (X&) + 6v2Ck (a + -Cry/ T) \/ T—Umin(X*).
m 2 m m
From (85), (88), and (79), we conclude that if m > (5102 + &) r2rd,
||-[J-O-[JT - UO W";J-T H < 200 + Ck ﬂ 2O'min( ) + 3\/70"4/ dorrllll(x*) .
0 , owl|lFp = \/ m \/ m
This finishes the proof of (26). O

B. Proofs of lemmas concerning the distance between the virtual
sequences and the original sequence

B.1. Some auxiliary estimates

In order to prove Lemma 4.3 and Lemma 4.5 we will need several auxiliary estimates. These are
summarized in the following lemma.

Lemma B.1. Assume that the measurement operator A has the Restricted Isometry Property with constant
d = d4r+1 < 1. Moreover, assume that the conclusion of Lemma 3.6 holds. Then, the following inequalities
hold.

1.
| (A" A= £ A0) (X = 00])] Vo, |
8v/rd 4v/2d
< (5 N ) [X. —UU/] ||+ <5+ f) U U] = U WU | s (89)
2.

| [(A5Aw = T) (Ui U/, — UU[) | Vu, || < 26| UiwU/,, = UU ||, (90)
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| [(A*A - AL Aw) (X, — U WU/ Vu, |y < (64—8\/ ) X, — Urw U/, ||(91)

4. and

| (AfAw — ) (Xu = U U, || <) (A" A-T) (X UtUt)||+<5+8\/ >||X -UU/ ||

(25+4\/7> [U:wU/,, —UU/ | . (92)

Proof of Lemma B.1. To prove inequality (89), we compute that
(i) (X, = UUT) (i) (Par (X = TU])) + (i) (Paer 1 (X — U] )
DA* A) (Pawr 1 (Xs = UUT)) + Py (X, — U,UY)
(A (W) A Pt (X = TU] ),
where in equation (a) we used Lemma 3.5. It follows that
(A A - A Ay) (Xe —UU] ) =(A"A - T) (Pywr (X — UU[))
+(AWW ), A (P 1L (Xs = U U] ) ) yww .
By using the triangle inequality, we obtain the estimate
| (A" A - A Aw) (X, = UU[) Vu, ||
<] (A=) (P (5, = 0U0) Voo AT A (P (e = B0 )
gaHPWWT (X, —=UU]) || o+ [(Aww "), A (P, 1 (X = U U))))|

(b)
S(SHX* - UtUtTH + |<A(WWT)7 -’4 (PWWT,L(X* - Ut7WUZW))>|

H(AwwT), A('wa'r L(UU] — U, UL ))|

ix. - vy | + 2 ||A( P 1 (Xs = UrwUiy) ||, + 60U/ = Us WUy ||
<5||x -U, U/ ||+ 4\\?||7wal(x —UiwU/[ )|+ 00U = U WU/ ||
Lo, - uuf | + 22, vy + ( +4f) (007 - Ui
2 (54 22 v+ (54 520 00T - 0000

Inequality (a) follows from the RIP-assumption combined with Lemma 2.4 and from the fact that
|w||, = 1. Inequality (b) is a consequence of the fact that Py, is a rank-one projection and of the
triangle inequality. In inequality (c), we used that the conclusion of Lemma 3.6 holds and Lemma
2.4. Ininequality (d), we used the RIP of rank 2r+1. Inequality (e) is due to the fact that Py, | isan
orthogonal projection and due to the triangle inequality. In inequality (f), we used that X, — U, U/
has rank at most 2r. This proves inequality (89).

To prove inequality (90) we compute first that
(ApAw — 1) (U WU/, — U, U[)
=(A*A-TI) (Pywr1 (UwU/, —UU[)) = (AwWw "), A (Pywr, 1 (UiwU/,, — U0/ ) )ww '

32



sss It follows that
| [(Ahw = T) (Urw Uy, — U0, )|V, |-

(@)
<5H7> wi L (Ui Ul =0 UN) ||+ [(Aww D), A (Pywr 1 (Urw U/, — U U)))|

<25|\7DWWT 1(UwU/, =00

<26||Usw U/, — UtUtTHF.
sso In inequalities (a) and (b) we used Lemma 2.4. This proves inequality (90).
soo  Next, we prove the third inequality. For that, we observe that using Lemma 3.5 it holds that

(A" A - AL Aw) (X = U U] ) = (A" A= T) (Pywr (Xu — UwU/y,))

+ (AWW "), A (Pawr 1 (X = U U/ ) ) ww T
got  Then it follows that
| (A4 = 45 Au) (X. — Ui UL) Vo
<[ (A A= I) (Pwwr (Xs = UrwU/ W) Vu, ol o + [(AWW ), A (P, 1 (Xe — U w U/l W)))]

L.~ T+ 4y LA (P L (X~ U U7 )

(b) 2d
251, — U + 4y 2. ~ Ui U,
(m\/ )Hx U

g2 where inequality (a) holds due to Lemma 2.4, since P, 7 | is a rank-one projection, and since we
ses assumed that the conclusion of Lemma 3.6 holds. Inequality (b) is again due to Lemma 2.4 and since
894 PywT, 1 is an orthogonal projection. This proves inequality (91).

sos It remains to prove inequality (92). We note that it holds that
(AwAw = T) (X, — Ut Uy
=(A*A-TI) (Pywr 1 (Xs = UswU/ ) = (AWW "), A(Puwr 1 (Xi = U U/l ) ) ww T,
sess  where in the last line we applied Lemma 3.5. It follows from the triangle inequality that
(AW Aw = T) (X = Urw Ul ||
<Y AA-T) (X, —UU)) || + [ (AA=T) (Powt (Xe = U wU/)) ||
+[(AA=D) (U] = U Ul) |+ [(A (ww ) A (Pawr 1 (Xs = U Uw)))|

(a)
2042 0~ GOD) | P (K~ D) #3101, ~ 05T

+4\/ |X -UiwU tWHF

<[ (AA-T) (X, - U U] ) || +6]|X, - UU/ ||
+20[| U Uy — UU/ || + 4y EHX* ~Urw Uy
<[ (A A-T) (X, - U U]) || + (54—8\/ >HX - U, U/

<25+4\/ )HUthtw UU/ |-

87 In inequality (a) we applied Lemma 2.4 and that the conclusion of Lemma 3.6 holds. This proves
sse inequality (92). Thus, the proof of Lemma B.1 is complete. O
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see  B.2. Proof of Lemma 4.3

90 Proof of Lemma 4.3. We define the shorthand notation
M, = (A*A) (X, - U,U]),
M, w = (A Aw) (Xu — Ui U/, -
901 It follows that
U1 = (Id + uMy) Uy,
Uppiw = Id + utM; ) U w.
92 We compute that
Ui1U/) = UpwUpprw = (Id + pM,) U, U/ (Id + M) — (Id + M ) Ut,wUtT,w(Id + 1M w)
=U,U] - U WU/, +uM,(U U/ — U, U ,) + (M, — M, o) U WU/,
=:(3) =i (i)
+p(U, U] — Ut,wUZw)Mt + MUt,wUIw (M; — My w)
=:(iid) =:(iv)
+ 1 (MU, U/ M, = My Uy o U/ M, ).
=:(v)
903 We want to estimate the spectral norm of these terms individually. Before that, we note that

(| ML || (E)HX* ~U U + || (A A-T) (X, - U0

(b) B T '
< ||X* UtUt || + C10min (X*) (93)
(é)QUmin (X*) . (94)

904 Inequality (a) follows from the triangle inequality and inequality (b) follows from assumption (29).
905 Inequality (c) is a consequence of assumption (30). Moreover, we note that

M, — Myw = (A" A - AL Ay) (X, — U, U] ) — (A Aw) (UU] - U U/,) .
906 It follows that
| (M =M, ) Vo, ||
<[ [(A A= AL Aw) (X = U U] Vo, |+ [ [(AVAw = 1) (UU] = U W U)] Vo, e

+ (U0~ Uew U/

(@) 8vrd 4v/2d

< (5 tm ) X, - U0/ || + (35+ N 1) [UU] - U ULl -

(b) 203 T 403 T T

<X =T/ |+ (= +1) [UU) = U Uiu | (95)

907 where in inequality (a) we used inequalities (89) and (90) from Lemma B.1. Inequality (b) is due
908 to assumption (32). Note that it also follows from these estimates that

IMew Vo, || < 1M + [ (M = Mew) Vo, |

(a) 203

< 20w (Xs) + ==X, - UG/ || + <4:3 + 1) [UU] ~ Ui U/ ||

K
(b)
S 3Umin (X*)7 (96)

909 where inequality (a) follows from (95). Inequality (b) is a consequence of the assumptions (30) and
910 (31) (and by choosing the absolute constant c¢3 > 0 small enough).

911 Now we are in a position to estimate the spectral norms of the terms (7)-(v).
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2 * Estimating term (i): We compute that that
MU Ui U <M [UU] - U,

(93)
< (Xe = U] || + c10min(X2) U] = Ur UL

I

913 * Estimating term (ii): We compute that
(M = My ) Ut Ul [| o <[] (Me = M) Vo, || o[ Ut Ul |
< M =Miw) Vo [ ([UU] |+ U0 = U U )
<3| X[l (Mt = M) Vo | -
914 where in the last inequality we used assumptions (28) and (30).

ots * Estimating term (iii): With the same argument as for term (i) we observe that
(U0 = Ut Uy M| < ([ = UU/ | + c10min (X)) [U] = Urw Uy

ot6 * Estimating term (iv): With the same argument as for term (i¢) we compute that
ITw Ut (M = Myw) || < 3| My = M) Vo || -

917 * Estimating term (v): First, we compute that

M, U, U/ M; — M Uy WU/ My w =M, (U, U] = U U ) My + (M — My ) Up U/ M,

+ M wUiwUl, (M — My ).
o1s It follows that
M UU M = My Up WU/ (Miwl|
IO — U O+ (07 + U007 = U U ) I M~ M) Ve,

M Vo |10 4+ 007 = U UL ) [ M =My ) Vo, |

(@)
< [MP(UOT = O UL e 3] M (M2 = M) Vo
3K [[[|Mew Voo [[[| (Me = Mew) Vo, ||

S T T

<4075, (X[ UU] = Uw U/ || 5 + 150min (X0 | Xu ||| (M = My ) Vu, || -
ot9  For inequality (a) we used the assumptions (28) and (31). Inequality (b) is a consequence of in-
920 equalities (94) and (96).

921 * Conclusion: By summing up all terms we obtain that
HUtHUtTH - Ut+1,wUtT+1,wHF
<[UU) - OOl + 20 (X = GO/ | + c10min (X)) (U = Ui U
+ 6| X, ][] (M = My ) Vi, ||
17 (400 (XU, = Urw U/ || o + 1500min (X[ K| || M = Mew) Vo, || )

(@
< (14 20]|Xs — UUT || + 21 0min (X)) [[UU] = U, W UL,

4
12050 (X, )es X — U | + 64X, | (jﬁ ¥ 1) [UUl - U UL,

+ 4200 (X)[[UU] = U WU/ || + 30csp’00, (X)) | X — U U/ ||
6003122025, (X)|[UTUT = Ui UL [+ 1502000 (X)X 007 = Urw UL

= (1+2p||X, - UtUtTH + (21 + 24¢3) pomin(Xu) + 64| X || + 407075 (Xs) + 60c3 17075, (X))
NUU] = Ui U/ || 5 + (12e3000min (X)) + 303”05, (X)) || X — UU/ ||

b 2-1
40

—~

]

IN

Umin(X*>~
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923

924

925

926

927

929

930
931
932

933

934

935
936

Inequality (a) follows from inequality (95). Inequality (b) is due to assumptions (30), (31), and the

assumption p < H;i H for a sufficiently small absolute constant ¢ > 0. This completes the proof
K *

of Lemma 4.3. O

B.3. Proof of Lemma 4.4
Proof of Lemma 4.4. Let R € R™*" be an orthogonal matrix. We compute that
U,U; -U,U/, =UR(UR) —~U U, w=UR(UR-Upy) —(Uw—UR)U/,.
It follows that
[Vx. . (U0 —U;wU{L) Vx, 1|,
<[V, LUR|[[UR - Uswll; + [[Unw = UR|| U/ V. L |
<(|Vx, LUR| + [Vx, . Urw|) [[UR = Upwl|
<@ Vx, U]+ |[UR = Upw[) [[UR = Ur |
= (2//IVX, L UUT Vi o[+ [UR = Up]]) [UR = Up .

= (2y/IVL, L(UU] =XV, 1]+ [UR = Urw)) [UR = Uy

(@) /1
< (Vo X+ [UR = Ui ) [UiR = Ut . ©7)

In inequality (a) we used Assumption (33). By choosing the orthogonal matrix R as the minimizer
of Procruste’s problem, i.e., such that [U;R — Uy w|| > is minimal, we obtain by Lemma 4.8 that

V.07 Ui UL |y @ U7 ~ Ui ULl © o)
V2VE-1) 02, (U)  \J(VE- 1) domn (X)X
Inequality (a) follows from Assumption (33) and Weyl’s inequalities for singular values. For in-

equality (b) we used Assumption (34). Inequality (97) combined with this inequality chain yields
that

IOR ~ Ul <

i U, U] - U, U/
HV)—E*,J_ (Ut-U—;r — UtawUIw) VX*,J_HF < Jmln(X*) . H tYe t, taWHF

0 (VE-1) - omin (X)
MUl - U UL
< - .

(98)
In order to proceed we note that
00~ UiwUiwllp <lIVx. (U] = U Up) [[p + [V, 1 (U0 = UewU/w) V. |
+[Vx, L (U0 = Ut U/w) Vel
<2 Vx, (UU] = UwU/[L) [+ [[Vx, o (GU] = U U/L) Vol

(a) 1
2|V, (U] = Ui UL ||, + £ U] = Ui UL

In inequality (a) we have used inequality (98). By rearranging terms we obtain that

2
00 - Ui/l < 7= Vi, (U] = Ui U0 ||

<3| Vx, (UU] Ui UL, ||,

This shows inequality (36). Then (35) follows directly from inserting the above inequality into
(98). O
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B.4. Proof of Lemma 4.5

The key idea in the proof of Lemma 4.5 is to decompose Vx (Uy1U/,; — U1 WU/, ) into a
sum of the form

Vx, (Uit1Uf = Ui wU/l )
=Vx, (14X - U U/} - U U/ ) (U U] - U U/ (T4 p (X - U U] - U U/,))

+Vx A

(99)

The first summand can be interpreted as a contraction mapping applied to the matrix
U,u] - Ut,wUtT) w and thus can be expected to have a smaller Frobenius norm than
[Vx. (UU] — Uy wU/,,) || In contrast, the term A, which will be determined explicitly in the

proof of Lemma 4.5, can be interpreted as an additive error term which, as we will show, has rela-
tively small Frobenius norm.

To deal with the first summand we need the following auxiliary lemma.

Lemma B.2. Denote by A\nax(A) the largest eigenvalue of a symmetric matrix A and by Ayin (A ) the smallest
eigenvalue of A. Assume that the assumptions of Lemma 4.5 are satisfied. Then it holds that

Amin (Id + 11 (X, — U, U] = U, U/[)) >0, (100)

Amax (Vx, (Xi = UU) —UrwU,,) Vx, ) < —%m (101)
min X

[Id + p(X, — U, U] - U U/l )| <1+ WTé*) (102)

Proof of Lemma B.2. Note that the assumptions p < ;”;’é—*ﬂ, (38), and (40) together with Weyl’s
inequalities imply
Amin (Id + 1 (X, = U U] = U, U/y,))

=Amin (Id + ¢ (X, - U, U]) - U, U] + U, U] - U, U/,))

21— p[ X = U U] || = pl|UU] | = | G0 - U Uy |

>0.
for sufficiently small ¢y, ¢3, ¢4 > 0. This shows inequality (100).
We observe that

Amax (Vx, (X, — U, U] — U U/ ) Vx,)

(a)
%Amax (_V)—E*UtU:VX*) + HX* - UtU;rH + HUtU;r - Uth;er

(b)
_)\max (_V)T(*UtUtTVX*) + (02 + 03) Omin (X*)

= — Amin (Vx, Vu, V{, UU/ Vg, Vi, Vx, ) + (€2 + ¢3) Omin (X4)

A

S — Omin (V)—l;* VUt)2 )\min (UtU:) + (02 + CB) Omin (X*)
(2 _ Omin (X*) )
- 2

Inequality (a) follows from Weyl’s inequalities. Inequality (b) follows from assumption (39) and
(40). For inequality (c¢) we used assumptions (37), (39) for suffciently small ¢y, ¢2, ¢35, and Weyl’s
inequalities. This proves inequality (101).

To prove inequality (102), we first establish an upper bound for the largest eigenvalue of X, —
U, U] — U, U/, For that let x € R be arbitrary. We use the orthogonal decomposition x =
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957 X| + X1, where x| is the orthogonal projection of x onto the column span of X,. We compute that
x" (X, - U, U] - U U/, ) x
=x| (X, - U U] -U,wU/,)x —x| (UU] +U, U/, )x. —2x] (UU] + U, U/,) x|
(101)
<

= amir’#(x*)HxHH; —2x] (U,U] + U, U[,) x). (103)
958 Next, we observe that
1L (GU] + U U/[L) x) < [V, 1 (U0 + U UL Vil ]
< 2 Vx, LU Vx| + 00 = U UL ]) [yl
= 2V, . (U0 =X Vx || + |00 = U UL ) [yl [l
2% UG [+ [00] = U U] [yl

Oumin (X)) | [ [|
< 16 .
959 In the last inequality we have used the assumptions (39) and (40) for sufficiently small ¢z, c3 > 0.
960 Combining this estimate with (103) we obtain that

IN

2
x' (Xy = UU] ~ UpwU/ ) % < 0min (X.) (HX' HQQXLHQ - HX'2H2>

Fmin (X2) 2[5 _ omin(X.)|[x]1

961 This implies that

)\max (Id + (X* - UtU: - Ut,wUIw)) <1+ %(8}(*)

962 This inequality, together with inequality (100), yields inequality (102). Thus, the proof of Lemma
963 B.2 is complete. O

964 With Lemma B.2 in place, we can show that the first term in the decomposition (99) indeed has a
o5 smaller Frobenius norm than the term Vi (U, U/ — U, U/ ).

9ss Lemma B.3. Assume that the assumptions of Lemma 4.5 are satisfied. Then, it holds that
|Vx, (Id+ p(X, - U, U] - U, .U/ ,)) (UU] - U U/y,) (Id+ p(X. — U U/} - U U/ )

min X*
< <1 - “U8()) [Vx, (UU] = UrwUpy) ||

I

967 Proof of Lemma B.3. We first compute that

VL, (Id +u(X, - U U, — Ut,wUZw)) (UtUtT - Ut,wUZw) (Id +u(X, - U U, — Ut,wUIw)) I

<[V, (1d+ (X = U U] = Ui UL)) (UU] = Un Ul ) [ ll1d + (X = UUT = U UL
min X*
< (1 + “"Té)> V&, (1d+ p(X. ~ U] ~ U U7L)) (U]~ U UL | (104)

968 where in the last line we used inequality (102) from Lemma B.2. In order to proceed, we consider
969 the decomposition

Vx, (Id+ u(X, - U, U] - U, U/,)) (UU] - U, U/,)
Vx, (Id+p(X, - U, U - U, U/,)) Vx, Vx, (U, U] - U, U/,)

::Nl
—uVx, (U U] + U, wU/,)Vx, 1 Vx, | (U U] - U, U/, ) Vx, Vx,
=:Ny
—uVx (UU] + U wU/[ )Vx, 1 Vx, | (UU] U U/ ) Vx, 1 Vx, .

:ZNg
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973
974

976

977
978

980
981

982

We estimate the Frobenius norm of the three terms individually. For the first term we obtain that

N[ < [V, (1d+ (X = U] - U UL) V||V, (U0 = Ui U/ |

I w
= |1d + pVx, (X, - U, U] - U U/, ) Vx. ||| Vx, (U.U] - U, wU/,,)

I
(@)
< (14 pAmax (Vx, (X = UU{ = U, WU/ ,)Vx,)) [|[Vx, (UU] = U U/,)

(b .
< <1 . Hamlg(x*)

I

) IV, (0]~ Ui UL |

where in inequality (a) we have used (100) and in (b) we have used inequality (101) from Lemma
B.2. The Frobenius norm of the term Ny can be estimated by

N2l < [V, (U:U] + U Ul ) Vi, L[| VX, 10 (UU] = U Uly) V||

(V.1 2(U:0] = X)) + (Urw Uy = U] ) [Vx, (U] - U UL ||
2[Vx, 1(GU] =X +][U:U] - UWU/L|) [Vx, (U0 - UrwUpy) |
(2c20min(Xs) + | UU) = U U, | ) [V, (UU] = U U/,)
(

2c2 + ¢3) omin(X4)|| Vi, (U U] = U WU/ )

I

[

I

IN N IA

I

where we have used Assumptions (39) and (40). With similar arguments, we can estimate the
Frobenius norm of the term N3 by

NG < (22 + €3) omin (X [[Vx, 1 (U] = UiwU/L) Vi, o]
By using Lemma 4.4 we obtain that

SHV)T(* (UtUtT - Ut,wUtT,w)
5

||V;r(*,L (UtU: - UwatT,w) VX*’J‘HF < HF

It follows that

3(2c2 4 ¢3) omin(X4)|| Vx, (U U] = U U/ )
5

e

N [ <

By summing up our estimates for HN1 ]
small enough we obtain that

Ny |

I~ o and HNg H . and choosing the constants ¢, ca > 0

[Vx, (Id+ u(X, - U, U] - U U/,)) (UU] — U, wU/,)
(1 _ Ma'min(X*)

I

<

< . I

) IV&, (U] - UL U7,
Inserting this estimate into (104) yields that
IVx, (Id +u(X, - UU] - Ut7wUZw)) (UtUtT - Ut,wU,Iw) (Id +u(X, - U U] - Ut,wUZw))

. (1 . ,wmm(x*)> (1 _ uamm(xn) IVx. (007 U0 |,

I

128 4

where in the last line, we used our assumption on the step size ;.. This completes the proof of Lemma
B.3. O

With the auxiliary estimates in Lemma B.3 we can give a proof of Lemma 4.5.
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983

984

986

987

988
989

990

Proof of Lemma 4.5. First, we compute that
Ui UL = (Id+p [(AA) (X, - UU])]) U, U] (Id + p [(A*A) (X — UU[)])
= (Id + p(X, - U, U/} - U, U/[,)) U, U/ (Id + p(X, — U, U] - U, U/,))
+ 40U, U/ LU U] +pU0, U] U U/,
+17U0w U/ LU U] (X, - U, U)) + 42 (X, - U, U] ) U U U, U/,
—1*U, U/, U, U/ U, U/,
+p[(A*A-1) (X, - U,U))] UU/ (Id + pX, — pUU] )
+p(Id + X, — pUU[] ) U U] [(A*A-T) (X, — U, U/ )]
+12? [(AA=T) (X, = UU])] UU] [(A°A - T) (X, - U]
Analogously, we can compute that
Ut+1,wU;r+1,w
=(Id + p(X, - U, U] —U,wU/,)) U U/, (Id + p(X, — U, U] - U, U/ ,))
+pU; wU LU U] +pU0, 0/ U WU/,
+ 1”0, U] U, WU (X = Uw Ul + 12 (Xs - Ui Uf ) U U0 U
-0’0, U/ U, U/ U, U/
+p [(AfAw — I) (Xu = U U/ )] U w U/, (Id + pX, — U U/ )
+p(Id + pX, = pU WU/ L) U U, (A Aw — I) (Xi — Uw Uy )|
+ 12 (A Aw — ) (Xs — U U, )] U U, [(AnAw — T) (Xe — U U/ )] -
Thus, we obtain that
UnUlL - Ui WUl
=M + 11*M; + °Ms + p*My + > My + uMs + Mg + 1° My, (105)
where
M, = (Id + p(X, — U, U] - U, U/ ,)) (U, U] - U, U/ ,) (Id+ p(X, - U, U] — U U/,))
M, :=U,, U/, U, U] (X, -U,U/) - U, U/ U, U/, (X, - U;U/,),
M; = (X, - U, U] ) U, U/ U, U/, — (X, - U, U/,,) U wU/, U U/,
M, :=U,U/ U, U/ U, U/ - U, U/, UU/U, U/,
M; = [(A*A-T) (X, - U,U/])| U U/ (Id + pX, — pUU/)
— [(ApAw — T) (Xi — U U/, )] U U{, (Id + pX, — pU U/ )
M := (Id + pX, — pU, U] ) U, U/ [(A*A-T) (X, - U U, )]
— (Id+ pX, — pUwU/ ) Urw U/, [(AfAw — T) (X. = U WU/ )],
My = [(A*A - I) (X, — UU/))] U U] [(A"A - T) (X, — U U] )]
— [(ApAw — T) (Xu = Uyw U/l )] Urw U, [(AfAw — ) (Xu = U U/ )] -
Recall that Lemma B.3 shows that

IVEM, < (1_ Homin(X.)

To complete the proof, we need to derive upper bounds for || M|

) IV, (UU] U UL |

o Wherei=2,3,...,7.

Estimating | M || .: We compute that

P
M2 :Ut’wU;r UtU;r (X* - UtU;r> - UtU;rUt,WUIw (X* - Ut,WU;rw)

yW

= (UwU/, - U U/)) U/ (X, -U,U)) + U, U/ (UU] -0, U/,,) (X, - U,U/)
+UU/ U, U/, (UU/[, - UU/).
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991 Thus, we obtain that
[V
<2[|Urw Uy = U/ || [[OO] || X = OO/ | + [0 [[[[ U U/ [ 0w U = GO
<20V, 007 | U7 X - 0,07
+[[O U] (00 + U0 = U Uiy |) Ui ULy = U0/ ||
S| [0 U~ GO |
992 In the last 1nequa11ty we used assumptions (38), (39), and (40) for sufficiently small ¢y, c3 > 0.
993
%04 Estimating |[M3|| ,: Since M3 = M; it follows that
M [ < 51X *[[ U w Ul = UU/ | -

995 Estimating HM4 We compute that

0
M, = (U, U/} - U, U/,,) U,wU/[, UU/ +U,,U/, (U..U/, - UU])UU]
+U;, U/, U, U/ (U, U] - U, U/ ,).
996 Again, using the assumptions (38) and (40), and the triangle inequality we obtain that

M| < 20X, |00~ U ULl -

so7 Estimating || M;|| .: We compute

[
M;s =[(A*A-1I) (X, - U, U/)] (U U] - U, U/ ,) (Id + pX, — pUU/ )
=0,
p[(A*A-1) (X, - U, U])]| U, WU/, (UWU/, —UU/)
0,
+ [(AA = AL AG) (X, — U U] U U/, (Id + pX, — 01U U )
=:03
+ (A Aw — ) (U U{, — U U] U WU/, (1d + X, — pU WU/ ).
=0
998 We estimate the Frobenius norm of these summands infiividually. For the first term we observe that
104 <[ (A"A-T) (X, = U U/) [[[[UU] = U Uy [l (14 ]| Xl + 1l U UL [])

(a)
<of| (A" A - T) (X, — UU)) || U U] - U U], |

(b)
<2¢50min(Xy) ||IjtljtT - U‘ZWUZW HF’

999 where in inequality (a) we have used assumptions (38), (40), and the assumption on the step size
1000 . In inequality (b) we have used assumption (41).
1001 Using again assumptions (38), (40), and (41) we obtain that

102]] - <3e50min (X)X, [ U Ul = UU/

1002 For the term H O3/ .. we obtain that

I
1081 < [(A"A = AL Aw) (X = TU) Vo [|p[ Ot Ul | (1 4+ |l + 41U U )
<[ (A A= AL Aw) (X = GU])] Vo, [ ([U0] = U UL | + 00/ ]])

(14 X+ 4| U UL, ~ O] |+ 0T )

(@
<4 [(AA = AL AW) (X = UU)] V| 6K ]
%4< 8v/rd 8v2d

S I - v (5 52

)nUtUt UL

41



1003
1004

1005

1006
1007

1008
1009
1010

1011
1012

1013

Inequality (a) follows from the assumptions (38) and (40), and the assumption on the step size p.

In inequality (b) we used the estimate (89) from Lemma B.1.
For the term ||O4]|,. we obtain that

104

| r
< (A Aw = I) (Urw Uy, = UU)) Vo, | (0w U/ = UU] || + [[UU] )

(L4 plXe = U0/ ||+ pl[ U] - Ui UL )

I

(a)
<3|X. ]| [(A5Aw = 7) (U WU, = U U] Vu, |

(®)

< 66| X [[[[Urw U = U] ||
Inequality (a) follows from assumptions (39) and (40), and the assumption on the step size u. In-
equality (b) is due to inequality (90) in Lemma B.1. By summing up all terms we obtain that

[Ms|| . < [|O1]| p + ul|O2[ p + [|Os]| . + [ 04l
<2¢50min(X0) | UU] = Up Ul || 5 + 31650min (X)) | X | [ U ULy = UU] |

8vV'rd 4v2d
i f)ux . - v 4 (54 420 o) - 0l
63X [0 U~ U,
4
= ((2+3u)05+6f<;6)amin(X*)+4( \*F) X H] |UU/] - U UL |,

o (54 2720 . - v |
2 (2 30) €5 + 6) ruan(X.) + Beaasn (X)) [UU] — Uy U | + Beaorn (X)X — U] |
LX) U7 0T+ Sesn (K)[X. — U] |
Q3708 T (U]~ 0,07 [+ Seain (KX~ U]

where in inequality (a) we used the assumption (42). Inequality (b) follows from choosing the
constants ¢5 and ¢ small enough. To obtain inequality (c) we applied Lemma 4.4.

Estimating HMGHF:
Since Mg = M. we obtain that
SJnﬁn(P(*)

100 + 8c60min (X | X — ULU/ ||

M| - < [ Vx. (UU] - UWUL)

I

Estimating || My || .: To deal with the term M7 we first compute that
=[A*A-T) (X, - U U])] (UU] - U, U/,) [(A"A-T) (X, - UU/)]

+ [(A*A-T) (U, U], — U, U/ )]_IEWUZ w [A*A-1) (X, - U, U])]

+ [(AA-T) (Xs - U WU/ ,)] U;EZ w [(AA-T) (U, U/, —UU/)]
+[(A"A = AL Aw) (X, = U U] W)}_SZWUZW [(AA-T) (X, — U WU/, )]

+ [(ApAw — ) (Xs — Ui w U/ )] Ut:lr}aw [(A*A - AL Ay) (Xe = U WU/ L)

::L5
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1014 We estimate the Frobenius norm of the summands individually. For ||L, || » we obtain that
Tl < [ (A A=) (X, — UtUtT) [UewU /s = U0 ]| (A A=) (X, =00 |
< 0min(X.)’||Usw Ul = UU/ |
1015 where we have used assumptlon (41) Next, we note that
2]l <[} (A" A= T) (Ve Ul = UUT) Vo [ ([0 + U0 - Ui Up)
N A-D) (X - U

I

I

(a)
<3c50min (X4) | X ||| (A*A = T) (U WU/, — UU/) Vo, || -
®) T T

<3¢500min (X)X || [[Uw U/ — UU/ ||,

X)[UtwUiw = G0/ ||

1016 Inequality (a) follows from assumptions (38), (40), and (41). Inequality (b) is due to Lemma 2.4
1017 and inequality (c) is due to assumption (42). In order to estimate ||Ls|| ,, we note that

sl ([} (A"A = T) (X =00 ) [ + || [(A"A =) (UU] = UrwUp) | Vo[l )
([UU/ |+ U0 - Ui U [lp) [ [(A"A = D) (Ui Ul = U Vo, |

(¢)
<3csc02

rnln

I

(a)
< (e50min(X4) + 6| U U/ = U U/, | 2) 21X + e3omin(X4)) 6| U w U/, = UU/ ||

®)
<3 (c5 + 6¢3) 6omin (Xo) || X ||| U Ul = ULU] |

(c)
<366 (CS + 663) Omin *) ||Ut1WUIW - UtU;rHF

1018 In inequality (a) we used the assumptions (38), (40), (41), and Lemma 2.4. Inequality (b) follows
101 from assumption (40) and since the constant c3 > 0 is chosen small enough. Inequality (c) is due
1020 to assumption (42).

1021 Next, we can estimate HL4 H P by
Ll <[ [(A"A = AL AW) (X = U Ui )] Vo, | ([00] || + ([0 - U U )
|(A"A-T) (X, - UU]) || + || (A" A-T) (U, U/, — UU]) ||)

I

(
2 iAra- ) (x, - UW,UZW)] Vol p ClX]| + czomin(X,))
(C5Um1n + 6||Ut w - UtU:HF)

)
<3 (c5 + €30) omin (Xa) || X H H (A A= AL Aw) (X = Ui w U/ W) Vu, Ll -

(©) [rd
§3 (C5 + 635) (5 +8 :TL) O'min(X*)HX*H ||X* - Ut,wUZWH
[rd
<3 (c5 + c30) (5 +8 ;) Tanin (X)X || (|| X = UU] || + [ U UL, — UU/ )

(d)
<6c6 (c5+ 36) 0py (Xo) (| X = UU/ || + || U Uy, — ULU/ )

1022 Ininequality (a) we used assumptions (38), (40), and (41) as well as Lemma 2.4. Inequality (b) uses
1023 assumption (40). Inequality (c) follows from inequality (91) in Lemma B.1. Inequality (d) is due to

1024 assumption (42).
1025 The norm ||Ls | ,. can be estimated by

[T

I

lr <l (AAw = T) (Xs = UrwU/w) [V Ul VD, o [(AA = AL Aw) (X = UrnUlw)] |

(a)
<3 X[ (AfAw = 7) (X = Urw Ul [[[| [(A"A = AL Aw) (X = U UL Vo, |
(106)
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1026 Ininequality (a) we used the triangle inequality and the assumptions (38), (40). In order to proceed

1027 'we note first that

[ (AVAw = T) (Xe = UrwUpy) |

<H (A*A-T) (X, UtUt)H—I—<<5+8\/>> X, - U U/ |

(25 +44/ = ) |U:w U/, — U U/ |,

(d) 2 3
-1 . - v + 2 x. - vl |+ 22, - vl |,

(c) 2 3
< (CS + 26 + 0366) Omin (X*)7
K K

where in inequality (a) we used Lemma B.1. Inequality (b) follows from the assumptions (42)

1028
1026 Inequality (c) is due to assumption (39), (40), and (41). Moreover, it holds that
[ [(A*A = ApAw) (Xe = U U/ )] Vo, | & < <5+8\/ ) [Xs — U Ul ||
(b )236 T T
(HX - U0/ ||+ Ul -0/ ).
1030 Inequality (a) follows from inequality (91) in Lemma B.1. Inequality (b) is due to assumption (42).

1031 Inserting the last two inequality chains into inequality (106) we obtain that

[l < 6o (s 222 4 220 ) 02, () (| = DT | + [ U U, ~ UUT )

1022 By summing up all terms || L | pfori=1,...,5itfollows that

Mz ] <Gomin(X) [Vt U = UL |

+ 35602, (X ||Ut7wUt7w -0, U/,
(X [[UrwU/W — G/ |

+3c6 (c5 + €30) 02
X) (% =00 || + Ui Ul - U0/ )

+ 6cg (c5 + c30) 02

+606 <C5 I 20266 + 3Czcﬁ> 12111n (HX UtUTH + ||Utw U UTH)
SU?{lin(X*) (HX* - UtUtTH + HUt,WUt,w - UtUtTHF) ’

1033 where the last inequality holds since the absolute constants cs, c5, ¢ > 0 are chosen small enough
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1034 Using the decomposition (105), the triangle inequality, combined with our estimates for

1085 ||V M|, and for || M;]| ., where 2 < i < 7, we obtain that
[Vx, (U1 ULy = U w Ul ) ||
< (1 27 |V, (007 - U UT) [+ 3002 . U0 — Ui U
3pomin (X

X
i ) . [Vx, (UU] = U WU/ || + 16pcs0min (X[ Xe — UU/ ||

+ 120 (X (X = UU] | + U UL, = GO/ )
W () _ Homin(Xs)
8

3 min X*
WT() IV, (UU] = U ULL) || + 161060min (X)X, — UU] |

+ i (XX - U] | +

+ 90pcsomin (X)) ||V, (U U] = U wU/ )

) IV, (V07 =007

I

3 min X*
“CNTHHV,; (Ui U/ — UUT) ||,

®) min X
< (1 _ Wm()) [Vx, (UU] = U WU/ ) || + 1 (1666 + pomin(Xs)) omin (X0)[| X — ULU/] ||

16
1036 where inequality (a) is due to Lemma 4.4 and the assumption on the step size y. Inequality (b) is
1037 obtained by choosing ¢4 < 1/2, and the last inequality is obtained by choosing cs < 55.

min X
< (1 - “”()) [Vx. (UU] = Ut WU/ L) [ + #0min(X0) | Xe = UU/ ||,

s C. Proof of the lemmas controlling the distance between X, and
1089 U,U/ (Lemma 4.6, Lemma 4.7, and Lemma 4.9)

1040 C.1. Proof of Lemma 4.6

1041 Proof of Lemma 4.6. We first note that
Vx, U U/ Vx, | =Vx Vyu, VU U/ Vx, o1
=Vx..Vu, (Vx.Vu,) Vi, Vu, V5, UU Vx, 1
V% . Vu, (V. Vu,) VL UUVx o
VL. Vu, (VL. Vu,) VL (UU] -X,) Vx, 1.
1042 Using the submultiplicativity property of the |||-|||-norm it follows that
IV, OOV il <[ Vi, Vol (Vi Vo) 7 IV, (007 X0 V)
_ HV)T(*,J_VUtH |HVT (U Ul - X )V H‘
7—o-min (V;E VUt) X, tUy¢ * X, L .
1043 Recall that
1
Ur2nin (V)—E*VUt) =1- HVITItVX*,J-V)—E*,J_VI—StH =1- HVITJtVX*,lHQ > 1
1044 where in the last inequality, we used assumption (44). It follows that
IV, 100 V. L[| < 20V, 1 Vo[ [V, (G:0) = X)) VL]
145 This proves inequality (45). To prove inequality (46) we note that
lo:v) =Xl < [l[vx, (U0 =X +[[[Vx, (U0, =X.) Vx|
IV, L (U0 =X) Vx|
<2|[[Vx, (G0, = X[ +[[[Vx, LTV V. |
<2(1+[[Vx, Vo []) [[[Vx, (G0 =X,
146 Where in the last inequality we used (45). This completes the proof of Lemma 4.6. O
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1047 C.2. Proof of Lemma 4.7

1048 Proof of Lemma 4.7. We define the shorthand notation
M, = (A*A) (X, - U,U]) =X, - U, U] + (A" A-T) (X, - UU/).

=E;

1049 Thus, we have that
Ut+1 = (Id + ,th) Ut.

1050 We compute that
X, = Ut—&-lUtT-i-l
=X, - U, U/ — yM, U, U/ — U, U/ M, — 1>°M,U, U/ M,
=X, - U, U} —p (X, -U,U]) U, U] - pU U/ (X, - U,U)) - pE,UU/] — U, U/E,
— *M, U, U M,
=(1d - pUU}) (X, - U,U]) (1d - pUU)) - U0/ (X, - U, U] ) U U/
— uE, U, U] — yU,U]E, — ;*M, U, U] M,.
1051 It follows that
Vx. (Xe = Ui U/L)
=Vx, (Id— U U/ ) Vx, Vg (X, - U,U/) (Id — pU, U, )
+Vx, (Id—pUU/]) Vx, 1 Vx, | (X, = UU/) (Id — pU,UY)
—p’Vx, U U] (X, - U U] ) U U] - pVg BUU] — iV U UE, — Vi M, U, U/ M,
=(Id — pVx, U, U Vx,) Vg (X, - U, U/) (Id — pU,U)
=:(I)
+4uVx, U U/ Vx, 1 Vx, UU/ (Id - pU,U])
=:(II)
- (1¥Vx UU] (X, - U U/} ) U U] +puVx EUU; + Vg UUE, + *Vx MU, U/ M,).

=:(I1I)

1052 We estimate the spectral norm of these terms individually.

1053 * Estimating term (/): We obtain that
||(1d = pVx U U/ Vx,) Vg (X, = UU/) (1d — U U] ||

(a)
2 1a — pVE U7 Ve | [V, (X~ U7 e - w07 |

(b)
<[1d - pVx, U U/ Vx,

VX, (X. - 00|
L (1 - ot (VE V) [[|[VE. (X, - U] )|
S (1 — M (O-min(v)—I;*VUt)o'min (Ut))Q) H|V;E* (X* - UtUtT) |||

(d)
2 (1 o2, (0)) [V, (X~ U]

(e)
< (1= e (%) IV, (%, ~ 007 .

1054 Inequality (@) is due to the submultiplicativity of the |||-|||-norm. In inequality (b) and equality (c)

1055 we used the assumptions ||U, || < /2 X.|| and p < W. In inequality (d) we used assump-
K *

1056 tion (47). Inequality (e) follows from assumption (48), which, due to Weyl’s inequality, implies
1057 02, (Uy) > %amin(X*).
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1058

1059

1060

1061

1062

1063

1064

1065

1066

1067
1068
1069

1070

1071

* Estimating term (/]): We note that
|I[Vx, U U/ Vx, 1 Vx,  UU/ (Id — pU U] )|
=[[[vx, (UU{ - X,) Vx, 1 Vx, 1 (U U - X,) (Id - uU, U ) ||

(@)
<|[Vx, L (U0 =X [[[[Vx, . (U0 = X)|[[[1d - pU. U/ ]

®)

<[IVx. L(UU =X [V, L (GO =X

<[[Vx. L(U X [V, 1 (U0 =X) Ve [ + [V, 1 (U0 =X0) Vi)
<V (GO =X [[([[Vx, (U0 = X[+ [[[Vx, o (U0 =X) Vi, 1 l])

©
<2[[Vx, . (UtUtT = X) [0+ [[Vx, Vel [V, (G0 =X

(d)

<300 - X[V, (U0 =X
In inequality (a) we used the submultiplicativity of the |||-|||-norm. Inequality (b) follows from
the assumption ||U,|| < /2| X,| and p < m. In inequality (c), we used Lemma 4.6.

In inequality (d) we used the assumption HV;(*’ . Vu,|| € 3. Thus, by using the assumption

X, -0, U/ < “”“‘jliéx*) it follows that

N < Zmin )

16 H’VX (UtUT *)|H

* Estimating term (I11): We first note that
(@)
MV, |2 X, - GUT |+ ][44~ D) (X, - UUT)] V|

®)
<4V, (X = UU)) ||+ 1BV, (107)

where (a) follows from the triangle inequality and (b) follows from Lemma 4.6. Moreover, we have
that

(a)
M| < X, = U] || + || (A" A=) (X = U] ) || £ min (Xo). (108)
Inequality (a) follows from assumptions (48) and (49). Thus, we obtain for term (I17) that
IEZDI <[] * X0 =TT (|| + 20U |* IVl + 12 ([ U * 1MV, ] M|

(a)
<1662 X, [V, (KXo = UU) ||| + 4l Xo || 1BV, | + 262 0min (X)X [IM Vi, |

b)
< (16u2||X*||2 +8u20mm(X*)||X*||) V. (X - vo])|

{;? fL(Trnln
- 16

In inequality (a) we used the assumption |[U¢|| < /2||X.]|,
Inequality (b) is due to inequalities (107). In inequality (c) we used the assumption that p <
1

LvE, (x. UtUT)|H+5uHX BV, I

* Conclusion: By adding up all terms, we obtain that
IV, (X = O UL <MD+ IO+ I
< (1 2R} v 6. — 00 |+ 5 Ve .
This completes the proof. O
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C.3. Proof of Lemma 4.9

Proof of Lemma 4.9. Analogously, as in the proof of Lemma 4.7 we define the shorthand notation
M, = (A*A) (X, - U, U/) =X, - U, U] — (4" A-T) (X, - U U/ ).

=E;

We note that
M| < X, = OO + [ (A" A= T) (X, = U] || < (e2 + €5)min(X)-
With an analogous computation as in the proof of Lemma 4.7, it follows that
X, - U1 U/, =(1d - pUU)) (X, - U, U)) (1d - pU,U]) - p*U, U/ (X, — U, U] ) U, U/
— uE, U, U] — yU, U] E, — ®M, U, U/ M,.

When ¢; < 1/2, we have HId - pU U/ H < 1 by assumption (50). It follows from the assumptions

u< ‘;—1, (51), and (52) that for sufficiently small ¢4, c2,c3 > 0

IX. = Ut UL | <1 - w0 [1X. ~ G0 [[1d - w007 | + 20 X. - 0,07 |
+ 2| B[O+ 2 M P 0
<||Xs = U U] || + 4p2s || X oumin (Xs) + Apacs|| X || min (X,)
+2(c2 + 3) 1% || X[ ormin (X
< (02 +4c2cy + deres + 2(ca + 03)20%) Omin (Xy4)

< (1 - \2) Tmin (X))

This completes the proof. O

D. Proofs regarding the Restricted Isometry Property and its
consequences

D.1. Proof of Lemma 2.2

As already mentioned in Section 2.1, there exist similar versions of Lemma 2.1 in the literature
(see, e.g., [50]), which, however, do not specify the dependence of the number of samples m on the
constant 6 > 0. It would be possible to trace the steps of the e-net argument in [50] and work out the
d-dependence explicitly. However, this would lead to an extra log(1/)-factor, which is unnecessary.
The reason is that as § is decreased, a covering with smaller balls is required, leading to a larger -
net. This observation suggests a proof strategy based on generic chaining. Indeed, we will use the
following general theorem from [62], which is proven via the generic chaining technique. To state
it, we define the diameter of a set of matrices B with respect to some norm ||-||| as

dyj.(B) :== sup 1Bl -

Moreover, we will also need Talagrand’s functional -y, (5, |||-|||) [63], where for a precise definition,
we refer to [62].

Theorem D.1 (Theorem 3.1 in [62]). Let B be a set of matrices, and & be a random Gaussian vector, i.e.,
& has i.i.d. entries with distribution N(0,1). Set

B=y(B ) (2B, ) +djyr (B) +dj. - (B)d).(B),
Vo= dyy (B) (v (B || - []) + dyy (B)) . U = djy(B).
Then, for any t > 0,

2 2 (ot
P (s 1B~ EBe]:] > cub o) < 2enp (~comn {2 L)

where cq, co > 0 denote absolute constants.
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With this result in place, we can give a proof of Lemma 2.2. This proof strategy has been used in
[62, Section A.3].

Proof of Lemma 2.2. Since A is a linear operator we can write A(X) = Vx§, where £ is a Gaussian
random vector with independent entries of length m(dgl) and

vec(X) "
X T
Vi ::\/% vec(X)
vec(X) "

is an m x (m(d;”)) block-diagonal matrix. Here, vec(X) € R("2") is a vector indexed by {(3,j) €

[d] x [d] : ¢ < j} such that

vee(X) (i, j) = {fx’ .

Let
D, :={Xes&: HXHF =1, rank(X) < r}.
Then it follows from the identity A(X) = Vx¢ that

5, = ( x)|° - XQ‘: ’Vx 2_g|v, 2‘.
Jup [AX) |, = [1X][ Sup [ V€], — E[[ Vx|,

Denote B := {Vx : X € D, }. We now estimate the parameters in Theorem D.1. Note that it follows
directly from the definition of vec(X) that Hvec(X)H2 = HXHF = 1 and hence HVXHF = ||XHF for

all X € 8% Thus, we have dr(B) = 1 since | Vx||r = HXHF for all X € D,.. On the other hand, for
XeD,

mVx VL =1Id,,,

which implies that

1 1
—lvee)], = =[], (109

and d).(B) = \/%TL From [50, Lemma 3.1], it follows that the covering number for d x d symmetric
matrices with Frobenius norm 1 and rank at most r satisfies

N(Dr ||

Using Dudley’s integral estimate (see, e.g., [63]), combined with (109) and (110), we obtain that

d
w2 B ) =52 (0 ) < 0= [ Viog W BT e < oy .

With the notations in Theorem D.1, we have

E:C@(C’W >+\/1m V:%(C’\/ZJFQ, U:%.

Therefore, applying Theorem D.1, we have ¢, < ¢ with probability at least 1 — ¢ when

206) < (146/2)HH0r, (110)

m > Co 2(rd +log(2e™1)).

Here, C > 0 denotes some universal constant. This completes the proof of Lemma 2.2. O

49



1114

1115
1116

1117
1118

1119
1120

1121

1122

1123

1124
1125

1126

1127

1128
1129
1130

1131

1132

D.2. Proof of Lemma 2.4

Proof of Lemma 2.4. We will establish first that for all symmetric matrices Z1,Zy € R%*¢ with rank
rank(Z;) = r and rank(Z,) =+’ it holds that

(T — A" A) (Z1), Zs)| < 64|

Let us remark that in the case of (Z1, Z,) = 0, this inequality has been proven in [50, Lemma 3.3].
The following proof of this slightly more general statement is analogous.

Z,

|Z (111)

1122

To prove inequality (111) we assume without loss of generality that ||Z1 || P= [|Z2|| » = 1. Wenote
first that from the parallelogram identity, it follows that

1 1

(A (1), A(Z2)) =||A (21 + o) || — ]| A (21— Zo) |
14 6pgrr 1—0, 0
S A A A

§r r!
(12 + 1225) + (2. Z0).

By rearranging terms and using the assumption ||Z; = 1 we obtain that

| = [1Z2]|
(A'A=TI)(Z1),Z3) = (A(Z1), A(Z2)) — (Z1,Z3) < 6r 4y
Since the reverse bound
(A"A=T1)(Z1),Z3) > —6r1p

can be shown analogously, inequality (111) follows.

Next, we prove inequality (7). For that, we note that there exists a matrix M € R¥"" with || F=
such that

|(Z — A" A) (Z)V]],. = ([T~ A A) (Z)] V. M) = (T — A" A) (Z)], VM)
— (T - A A)(2), %VMT + %MVU.
holds. Using inequality (111) we obtain that

1
| (Z - A A)(Z)V]|,, < 612 + iMVTHF < Oppap

= 6r+2r’
This proves inequality (7).

Inequality (8) is a direct consequence of (7). Indeed, let v € R? with HVH2 = 1 be an eigenvector
of (Z — A*A) (Z) corresponding to the largest eigenvalue in absolute value. It then follows from
inequality (7) that

| @ - A4 @) = | (@~ A4 @)]v], < 6r42]|2]
It remains to prove inequality (10). Note that using the fact (ww ', Py, 7 | (Z) = 0), we have

[(AWW "), A (Paw 1 (2)))] = [{(A"A) (WW ), Py, 1 (Z)))]
(Z—AA) (ww'), Pow,1(Z))]

(a)
< 5(r+1)+1HWWTHFHPWWT,J_(Z)

< b2,

I

where in inequality (a) we used (111). This completes the proof of Lemma 2.4. O
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