EUGens: Efficient, Unified, and General Dense Layers
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Abstract

Efficient neural networks are essential for scaling machine learning models to
real-time applications and resource-constrained environments. Fully-connected
feedforward layers (FFLs) introduce computation and parameter count bottlenecks
within neural network architectures. To address this challenge, in this work,
we propose a new class of dense layers that generalize standard fully-connected
feedforward layers, Efficient, Unified and General dense layers (EUGens). EUGens
leverage random features to approximate standard FFLs and go beyond them by
incorporating a direct dependence on the input norms in their computations. The
proposed layers unify existing efficient FFL extensions and improve efficiency by
reducing inference complexity from quadratic to linear time. They also lead to the
first unbiased algorithms approximating FFLs with arbitrary polynomial activation
functions. Furthermore, EuGens reduce the parameter count and computational
overhead while preserving the expressive power and adaptability of FFLs. We also
present a layer-wise knowledge transfer technique that bypasses backpropagation,
enabling efficient adaptation of EUGens to pre-trained models. Empirically, we
observe that integrating EUGens into Transformers and MLPs yields substantial
improvements in inference speed (up to 27%) and memory efficiency (up to 30%)
across a range of tasks, including image classification, language model pre-training,
and 3D scene reconstruction. Overall, our results highlight the potential of EUGens
for the scalable deployment of large-scale neural networks in real-world scenarios.

1 Introduction

Recent advances in machine learning (ML) have revolutionized the design and deployment of
intelligent systems, with applications in robotics [8, 49], computer vision [40], natural language
processing (NLP) [18, 91, 94, 1], and 3D scene understanding [61]. These advancements have been
primarily driven by large-scale machine learning models, which are capable of solving increasingly
challenging tasks. Despite the effectiveness of these models, computational inefficiencies often hinder
their real-world deployment. Therefore, improving the efficiency of both training and inference of
such models is essential to applying these methods in fast-paced, safety-critical domains.

A major source of computational cost in modern ML models is the use of fully connected feedforward
layers (FFLs), which are central to many architectures. FFLs are integral to Transformers [97]—the
backbone of Large Language Models (LLMs) and Vision Transformers (ViTs)—and to implicit
neural representations (INRs) like Neural Radiance Fields (NeRF) [61] for 3D scene modeling. These
layers account for a substantial portion of the model parameters and computation. In Transformers,
fully connected feedforward layers (FFLs) are major contributors to the overall model size. Similarly,
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Figure 1: Schematic diagram showcasing the work ow of a standard fully conneetifdahd
EUGen layer fhiddle. In EUGen, both the inpuk, and weightW , are transformed by non-linear
mappingf andg. These operations produce low-dimensional matrices whose multiplication reduces
computational cost. Different dimensions of the new representation of thexnpatrespond to
different monomials in the polynomial approximation of the activation fundtiomhe representation

can also directly depend dixk; (see: Sec. 3). Such EUGen layers are introduced in Transformer
blocks (ight) to improve the ef ciency of the overall network.

architectures like NeRF and iSDEY] use FFLs to encode high-dimensional spatial representations,
supporting real-time tasks such as photorealistic rendering. Therefore, reducing the computational
complexity of FFLs is essential for enabling the practical deployment of these architectures.

In this work, we present a new class of ef cient dense layers that generalize their regular fully-
connected feedforward counterparts (FFLS), unify other proposed extensions, and provide ef ciency
by replacing quadratic- with linear-time inference. ThE$eient, Uni ed, and General dense layers
(EUGen3 can be seamlessly integrated into implicit neural representations and Transformer archi-
tectures, signi cantly reducing computational complexity and parameter count without sacri cing
expressivity. The key innovation of EUGens lies in their ability to disentangle the processing of
weights and inputs, connecting them through simple linear operations (as shown in Fig. 1). Inspired
by the seminal work of Rahimi and Redt3] on random features (RFs), EUGens employ RF
transformations to process the inputs. They effectively act as kernel methods, enabling ef cient
approximation of complex interactions in high-dimensional data. EUGens can approximate regular
FFLs and even go beyond them by introducing direct dependence on the inputs' norms.

By incorporating EUGens into Transformers and NeRFs, we show substantial improvements in
inference speed (up ®7%) and memory usage (up 839%) across diverse tasks: image classi cation,
NLP, and 3D scene reconstruction. We also propose a layer-wise knowledge transfer technique
that bypasses backpropagation, enabling ef cient adaptation of EUGens into pre-trained models.
Our results highlight the potential of EUGens for scalable deployment in real-world scenarios. To
summarize, our main contributions are as follows:

» We propose a new class of dense layers, EUGens, which leverages random features to approximate
feedforward layers and provide unbiased estimation for polynomial activation functions (Section 3).

» We present an extensive theoretical analysis of EUGen's estimation with the concentration bounds
(Theorem 3.2 and 3.3) and propose additional improvements via QMC techniques (Section 3.1).

» We empirically show that EUGens accurately approximate FFLs with common activations (e.g.,
RelLU, GeLU, Softplus), signi cantly outperforming baseline methods (Section 4.1).

» We integrate EUGens into Transformers and NeRFs as FFL replacements, enabling faster deploy-
ment across diverse NLP, vision, and 3D scene modeling tasks (Section 4.2, 4.3, and 4.4).

» We propose a distillation framework that replaces existing feedforward layers with EUGens, which
can be trained analyticallyithout backpropagationThis approach enables zero-shot integration
with pretrained models, improving inference speed without retraining (Section 4.5).

The proofs of the theorems (Theorem 3.1 introducing EUGens that give unbiased estimations for the
FFLs with polynomial activations, Theorem 3.2 and Theorem 3.3 providing concentration results and
Theorem 3.4 presenting extension to general continuous activations) are given in the Appendix.



2 Related Work

A signi cant challenge in training neural networks is the quadratic scaling of their space and time
complexity with the size of the hidden layers. To address this challenge, many works have focused
on reducing these computational bottlenecks. One of the popular ways to tackle this issue is via
dimensionality reduction a la Johnson-Lindenstrauss Transform (or 22T}, 2] or via kernel
methods with random features (RF)3[. Since the in uential work of Rahimi and Recli3],
substantial effort has been dedicated to improving the accuracy of RF-based methods by introducing
entangled projectiondl[L9, 17, 16]. Notably, kernels of the fornK ¢ (x;y) := f (x”y) wheref :=

exp[15, 53 or f is a polynomial or power series with positive coef cients’[ 100, 101, 99, 3, 46]

have been extensively studied. However, these approaches are limited to positive de nite kernels with
only a subset [15, 53, 3] targeting the attention module in the Transformer.

Kernel methods have been used to linearize two-layer neural netwidks4] and to analyze general
networks using Neural Tangent Kernels (NTKY] and Path KernelsZ6]. The popular NTK-based
methods are suitable for explaining neural network training during the ne-tuning phase when the
weights do not deviate much from the pre-trained weights,[60, 92]. Therefore, none of these
methods can be applied directly to reduce the complexity of FFL layers when training from scratch.
Closest to our approach, Sehanobish €idl] proposed the Universal Random Feature (URF), which
disentangles weights and inputs in speci ¢ MLP layers. However, their method relies on Fourier
transforms of activation functions, limiting its applicability to commonly used activation functions in
machine learning. In particular, it cannot be applied to unbounded activation functions (e.g. ReLU).

Beyond kernel methods, common approaches to reduce the computational complexity of dense-layer
models are via pruningp, 59, quantization 11, 57, 124, knowledge distillation$1, 83, 9], or
replacing dense matrices wiglructured one$§70, 108§ — all widely used in Transformers. In the
context of NeRFs, various specialized methods have been proposed to enhance their efgdency [
112 84, 75, 64, 42, 7€]. Similarly, techniques tailored to Signed Distance Fields (SDF) architectures
have been developed to enable their application in real-world scenarios [69, 72, 103, 106].

In contrast to the above solutions, EUGen layers provide a general-purpose mechanism applicable
across diverse architectures, including Transformers, NeRFs, and incremental SDF models. The
formulation of EUGens also allows post-training compression and fast distillation using a closed-
form solution. Finally, we would like to highlight that EUGens is orthogonal to common ef ciency
techniques like sparse sampling, pruning, etc., and can be combined with such to further reduce the
computational footprint. For completeness, we discuss additional related techniques in Appendix C.

3 Efcient, Uni ed, and General Dense Layers (EUGens)

In this section, we formally de ne EUGen layers. Take a weight matrixwo®@ RY (in the column
format) and an input vector 2 RY. Thek™ -order EUGen layeEUGerf (w; ) is given as follows:

* 0 0 1 1 0 0 1 14

EUGerf (w;x) = @concat@Y Giw*A A @concat@Yl Gix*A A
i=1 i=1
1)

Herew™ andx* ar@obtained fromv andx by concatenating with andkxk, respectivelyhi stands
for the dot-product,” de nes Hadamard-product (i.e. element-wise multiplicati@oyycatdenotes
concatenation of the vector§, 2 C™ (@1 (fori = 0;:::;k,j = 1;:5i),and ; : C! R

( ; are applied element-wise). For the weight matix2 R' 9, the EUGen layer ok order
EUGerf (W : x) is given by concatenating values EUGéw; x) for different rowsw of W .

Intuitively speaking, ordek controls the expressivenes of the layer. Indeed, as we will see later
(Theorem 3.1), even for identity functionsand , EUGens are capable of accurately approximating
fully-connected feedforward layers (FFLs) with complex activation functions for the appropriately
tuned hyperparametér

Note that EUGen layers disentangé from x, only to connect them in the nal computations
of the dot-product (linear) kernels (shown in Fig. 1). IndeedGerf (w; x) can be re-written as:



EUGerf (w;x) = g(w)” f (x), where functions; g are de ned as follows:
0 0 1 1 0 0 1 1

Yoo Yoo
f(x)= @concat@ Gjx*A Aigw)=  @concat@ Gjw*A A (2
=1 =1

Inference time complexity: Here only matrix-vector produc@} x* need to be computed (for the
pre-computedj(w)). Under an assumption that applyingper-entry takes constant-time, inference
can be conducted in tim@(mdk? + ml). In practice we use smakl(  3), thus form  min(d;1)

signi cant gains can be obtained, as compared to the brute-fotdé + dl) variant, since time
complexity becomes linear th We demonstrate it in Sec. 4.2, 4.3, and 4.4. If we drop dependence on
i in the de nition of G| (i.e. Gj = Gj), time complexity can be further improved @mdk + ml).

We are ready to formulate our main theoretical result. In the theorem below, we show that EUGens
are capable of unbiasedly approximating FFLs waithitrary polynomial activation functions and

with easy to construct matricé; . To the best of our knowledge, this is the rst such result. The
most relevant previous results fro®( assumed the existence of theurier Transform(FT) of f .

Theorem 3.1(EUGens can unbiasedly approximate FFLs with polynomial activatioreRe
the FFL de ned as follows for a weight matriv 2 R' 9 and an input vectox 2 RY:
FFL(W ;x) = f (Wx ) (note that this is the most general form, since the bias term can always be
absorbed by adding extra column to matvik and extra entry to input), where the activation
functionf : R! Rs given as:

X .
f(x)= ax': (3)

i=0
Choose ; asidentity functions. Take some zero-mean distributiﬁ)}sZ P(R)fori =0;::;;k
andj = 1;::;i, with standard deviations;; . Assume that the last columns of the matri@c%s
are all zero and entries of the other columns of matriﬁq'sare sampled independently as:

: 1 .
Gi(:) Dy (4)

i marjaiar (20)
where (t) 2 C satis es: {(t) = sgrn(a). Then the following holds:
E[EUGen(W ;x)] = f (Wx) (5)

The results holds also (B} does not depend dni.e. G} = G;j, as well as when rows of matrices
L GJi are dependent, as long as entries within each row are chosen independently.

J

By setting the last columns of the matrio@$ as zeros in Theorem 3.1, we do not leverage the
opportunity, that EUGens give, to provide a direct dependendex ks That suf ces to unbiasedly

and accurately approximate FFLs with polynomial activation functions (and in practice any continuous
f since, by the Bernstein Theoref, any continuous function de ned on a closed interval can be
approximated with arbitrary accuracy by a polynomial). Adding direct dependenicekaprenables
EUGens to provide computational models beyond the scope of regular FFLs.

Concentration results for the approximation mechanism presented in Theorem 3.1, in the form
of the variance formula, are given in Theorem 3.2. Additional results, providing exponentially
small probabilities of large divergence from the mean and leveraging Azuma's inequality, are given
in Theorem 3.3. We complement our theoretical analysis with the result showing how EUGens
with polynomial activation functions can be used to approximate FFLs with continuous activations
(Theorem 3.4). Those results leverage polynomial approximation of the continuous functions.

The sketch of the proof of Theorem 3.3 is as follows. We observe that the EUGens are effectively
conducting an unbiased Monte Carlo approximation of the output values of the regular FFL. Under
the assumptions of the theorem, this is achieved by averaging over independent and bounded random
variables. We can then apply standard concentration inequalities, such as Azuma's Inequality.
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Theorem 3.2(Concentration results of EUGens: patrt ynder the assumption from Theore
3.1 (the entries of alG| fori = 0;::;k, j = 1;:::;i sampled independently), the variance pf

the estimatior? = Iﬂ:L(W ;X)[u] of FFL(W ; x)[u] for u = 1;:::;1 is given as follows for;
denoting the fourth moment of the random variable sampled f-rljbrﬁ); ('; ), w(u) denoting the
u™ row of W (in the column format) and; = (w(u)” x)?':

=

I 1

X xd -
Var(Z) = % @ 2(w(u)” x)? + kw(u)kskxk3 +( 5 3)  w(u)2x? A a?

i=0 s=1
(6)

( Y\

Theorem 3.3(Concentration results of EUGens: part [IFonsider the setting from Theorer
3.2 and assume furthermore that the absolute values of the entries of random variableg taken

from m%Dji are upper-bounded by for somec > 0. Then the following holds for; =

=1

m 2

PIFFLOW 0Ll FEL(W 0L ] h() F2exp 5 ()

Remark I: The upper bounds on failure probabilities in Theorem 3.3 and Theorem 3.4 are exponen-
tially small in the number of random featunes Consequently, strong guarantees regarding accurate
approximation in several points simultaneously can be directly obtained via the union bound trick.

Remark II: In practice, EUGens are often initialized to provide an unbiased approximation of the
well-de ned regular FFL layers, but then matrid8s are usually trained.

Remark Ill: Although pure polynomial-activation networks (PNNs) have limited expressiveness
unless the degrele is large, this limitation does not directly apply when polynomial layers are
combined with standard activation layers. Our models use hybrid architectures that mix EUGen
layers with regular feedforward layers, so the PNN theory no longer applies. Empirically, across
multiple modalities, small-degree hybrids match the performance of standard models while offering
substantial computational bene ts (see Secs. 4.2, 4.3, and 4.4). Accordingly, our approximation
results should be interpreted in the hybrid setting rather than in the context of pure PNNs.

Remark IV: Since the EUGen layers disentangle the weights and the inputs, they can be trivially
combined with a subsequent linear layer. This enables us to compress models like Transformers and
NeRFs where an EuGen layer is naturally followed by linear layers (more details presented in Fig. 11
and in Sec. B.1).

3.1 Quasi Monte Carlo (QMC) EUGens

In this section, we assume that  d (which has to be the case anyway for computational gains).
Since in this section, as in Theorem 3.1, the last columr@}of/vill be zeroed, without loss of

generality we will assume thaG} 2 RY 9. The standard initial choices for the matric@§
are Gaussian matrices. Note that for the special cake=ofl , EUGens effectively conduct JLT
dimensionality reduction with projection matri . Itis a well-known fact that structured random
matrices with correlated rows can reduce the variance of the JLT estimation of the dot-product kernel.
In particular,Gaussian orthogonal matricg§SOMs) [119 from RY ¢ (with Gaussian marginal
distributions of rows, but exactly orthogonal rows), truncated to theirmgiowsprovably reduce

that variance I7]. We applied this approach to EUGens with genérgk > 1) and empirically

con rm its effectiveness, also in the setting with EUGens directly dependirigéin (see: Sec. 4.1).
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Theorem 3.4(EUGens approximating FFLs with general continuous activatiofae an FFL
using continuous activatioh with the associated modulus of continuity functigrde ned as:

Px)= sup jf(ta) f(t2)] (8)

jtu t2j x

Assume thatw (u)” Xj for some > 0. Then there exist§( ) > 0 such that the following
is true. For anyk > 0 there exists & -order EUGen layer such that for any given > 0
andu 2 f 1; :::; 1g, the probability tha’q’Iﬂ:L(W ;X)[u]  FREL(W ; x)[ulj + C()! (pl—i) is
upper-bounded bgpoung = Min( p1; p2), where (forh( ) as in Theorem 3.3):

Var Iﬂ:L(W ;X)[u]
p1 = 2 yp2=h(): ®)

Figure 2: Approximation capability of our EUGen layer usiteft) ReLU, (middle Softplus and
(right) GELU activation functions. EUGens provide superior approximation results compared to the
baselines (SNNK and Low-Rank methods) with the same number of parameters.

4 Experiments

In this section, we outline the experimental setup and evaluate the performance of EUGen. Speci cally,
we design experiments to answer the following research questions:

(RQ1) How effective are EUGens in approximating fully-connected feedforward layers (FFLs)?
(RQ2) How well do large-scale neural networks (e.g., Transformers & INRs) with EUGens perform?
(RQ3) How much speedup do EUGens achieve in large-scale neural networks?

Next, we answer those research questions by evaluating EUGens in a variety of architectures, such as
Transformers (e.g., LLMs and ViTs) and NeRFs. We applied EUGens of krde? in all settings

(further ablations on highéds can be found in Appendix E.6.) We provide more details about our
experimental setup in Appendix D.

4.1 Approximation Quality of EUGen in Synthetic Settings

In this experiment, we evaluate the approximation quality of EUGen layers. Speci cally, we test
whether EUGen layers can approximate the outputs of a fully-connected feedforward layer (FFL),
Y = f(Wx + b), wheref is an activation function. We compare EUGen's performance with
low-rank approximation and SNNK3[] a special case of EUGen, for three different activation
functions (ReLU, SoftPlus, and GELU). We report the results in Fig. 2, where we compute the
MSE loss between the FFL outpitt, and EUGen predictior¥ . We observe that EUGens achieve
signi cantly lower MSE loss across all activations, showcasing a superior approximation quality of
FFLs. This provides the answer teQ1), showing that EUGens are effective in approximating FFLs.
We conducted additional experiments in synthetic setups (see Appendix D.1 for more details).



Figure 3: Evaluation result of EUGen for language model pre-training using GPT-2 (86M parameters).
(Left) We report the validation loss of GPT-2 with different numbers of EUGen layers during
pre-training. Righ?) Tradeoff plot between the number of inference parameters and validation loss.
Overall, we observe that EUGens outperform LowRank variations while enabling signi cant speedups
with minimal impact on validation loss.

Figure 4:Evaluation results of EUGen for image classi cation tasksft ImageNet andr{ght) Places365
datasets using Vikse(86M parameters). We observe that EUGens can match the performance of vanilla ViTs
with a signi cantly smaller fraction of parameters than the Low-Rank baseline.

4.2 EUGens in LLM Pre-training

In this experiment, we evaluate the performance of EUGen in the context of LLM pre-training. We
consider the GPT-2 Transformer architecture (with 124M parameters) and replace the FFLs with
EUGen layers. We pre-train this architecture 086.8B tokens from OpenWebTex3] dataset over

50K iterations. We compare our approach against the default GPT-2, GPT-2 with FFLs replaced by
low-rank matrices, and baselines with varying numbers of EUGen layers.

We report the pre-training results in Fig. 3 (left). We observe that EUGens are good approximations
of FFLs, achieving validation loss similar to vanilla GPT-2. We also notice that increasing the number
of EUGen layers slightly increases the loss, which is expected due to the error accumulation effect.
In Fig. 3 (right), we report the trade-off between the validation loss and the number of inference
parameters (as a fraction of the vanilla GPT parameters). EUGens achieve good validation loss
(y-axis is reversed) while using signi cantly fewer parameters. This provides the ansRE2&:

RQ3, showing that EUGens, in the context of LLM pre-training, achieve good performance using a
signi cantly smaller number of parameters.

4.3 EUGens in Vision Transformers

In this experiment, we evaluate the ef cacy of EUGens in Vision Transformers (V%) Similar

to the last setting (Section 4.2), we replace fully connected feedforward layers (FFLs) with EUGens
and use the resultant ViT architecture for image classi cation. In this setting, we systematically
replace all the FFLs with EUGen and evaluate it on the ImagerBghd Places365125 datasets.



In Figure 4, we report the accuracy vs inference parameter tradeoff of EUGen and baseline methods.
We observe that EUGens achieve the best trade-off curve, closely matching the performance of the
vanilla ViT while using signi cantly fewer parameters (e.g., replacing six layers reduces the number
of inference parameters by neaB9%). This provides further evidence to ansviRD2 & RQ3,
showcasing that EUGens are effective in achieving good image classi cation performance while
using a fraction of trainable parameters. Additional results for image classi cation (including results
with ViT-L) and language processing with Transformers are presented in Appendix D.3 and D.4.

Figure 5: Quantitative results for NeRF experiments including NeRF, D-NeRF, Zip-NeRF, and
Mip-NeRF 360 showing PSNR versus inference time. Our models achieve similar PSNR scores
while achieving at lea24% improvement in speeds for implicit representation models (NeRF and
Mip-NeRF) as well as speeding the ef cient hybrid models D-NeRF and Zip-NeRF by ati#ast

4.4 EUGens for Neural 3D Reconstruction

In this section, we show how EUGens can be seamlessly injected into various neural 3D scene
reconstruction methods including NeR&1] with demonstrated photo-realistic scene generation
capability, Mip-NeRF 3604] the state-of-the-art (SOTA) architecture for novel video synthesis,
Zip-NeRF p], D-NeRF [71] and iSDF p9], a real-time module designed to reconstruct SDF from
depth sequences. In all cases, we replaced up to three layers with EUGens (details in Appendix D).
We applied EUGens explicitly using input's lendtkk, (see: Sec. 3).

In Fig. 5, we present the quantitative results of this replacement, plotting PSNR with inference time.
For NeRFs $1], EUGen signi cantly reduces both inference time 2426 (Fig. 5 (left)) and model

size by30% (Tab. 8), respectively, with virtually no loss in reconstruction quality. For Mip-NeRF, on
360 V2 datasetq] we achieve ar27% (Fig. 5 (right))increase in inference speed while maintaining a
similar reconstruction quality. We show qualitative results in Fig. 6.

For iSDF, in Fig. 7, we compare the original iISDF with EUGen replacing MLP layers (see Fig. 21 for
all results and Table 4 for quantitative results). EUGens achieve similar performance to iSDF while
being22:6% faster during inference and achievin§% improvement in training speed. When we
visualize slices of the reconstructed SDFs on the xy-plame=af0 cm, the reconstruction quality
remains quite similar. Similar to the previous section, these results answer queRtigihandRQ3.

4.5 Knowledge Distillation with EUGens

In the previous sections, we showed that EUGen layers can signi cantly accelerate the inference time
of implicit neural representations. However, achieving this acceleration typically requires retraining
the model from scratch, which is computationally expensive and time-consuming. In this section, we
show results on directly replacing the FFL layers with simple layer-wise distillation. This approach
eliminates the need for per-scene retraining, enabling the acceleration of existing pretrained models
without the overhead of rebuilding them from scratch. By storing the inputs and outputs of the target
hidden layer in trained implicit neural representations and then optimizing the EUGen layer using a
mean squared error objective, we can ef ciently replicate the behavior of the original model.

This optimization has a closed-form solution and can be performed witlzmkjpropagatiorwhen

G; are sampled from a xed distribution. We will refer to this EUGen variant as the "Analytic'
variant (see Appendix B.2). For NeRF, we show that we can recover the quality of the original model
while improving inference speeds by up26% (Fig. 8 and Table 5 in Appendix E.4).



Figure 6: Results of rendering through NeRF versus EUGen-NdRIfms(left) and cus (right).
The Ground Truth column shows the reference image, followed by the rendered results. We observe
that the EUGen-NeRF renderings are indistinguishable from the NeRF renderings.

Figure 7: (Left) Training and inference comparisons between iISDF and EUGen-iSDF. EUGen-iSDF
achieve$% faster training an@3% faster inference with comparable reconstruction accuracy. (Right)
Visualizations of the SDF reconstructions on ReplicaCAD scenes using iSDF (colormap below).

Figure 8: Distillation results for NeRF comparing the analytic and our EUGen variant with the
baseline. I(eff): Comparing PSNR of the baseline model with the distilled versioMiddle):
Comparing inference speed of baseline vs our distilled modRlghf): Comparing the distillation
speed of analytic vs the EUGen variant.

4.6 Ablation Studies

In this section, we analyze how EUGens' key design choices impact performance. Speci cally, we
investigate the impact of trainable projection matrig8s$); the number of random features, and
compare EUGens with dimensionality reduction baselines. See Appendix E for detailed ablations.

Trainable Projection Matrices Improve Performance. We study the impact of trainable vs. xed

G, matrices in the iSDF setting, measuring reconstruction accuracy and speed. Consistent with
prior ndings [19, 121]), we observe that trainablﬁji matrices enhances performance across all
downstream tasks as shown in Fig. 9 (left & middle).

Number of Random Features (n). Fig. 9 (right) reveals the trade-off between computational speed
and reconstruction quality with increasing number of random features. We nd that increasing the
random features improves performance (lower distance) while increasing inference time. We perform
additional RF-based ablations in Appendix E.2 (see Table 8, 10, Fig. 26, 27).

EUGen Models vs. Dimensionality Reduction.Reducing hidden dimensiond)(is a common
approach to accelerate training. To ensure a fair comparison, we decrease the hidden channels of



Figure 9: (eft& Middle) Comparing the performance of EUGen-iSDF with or without trainab}le

The non-trainabl&! is faster in training but shows slightly worse performan&igh) Trade-off
between reconstruction quality and speed for EUGen-iSDF models with 32, 64, 128 random features.

baseline models to match the training parameters of their EUGen counterparts. As shown in Fig. 10,
the EUGen models consistently outperform these dimensionality reduction baseline models.

5 Conclusion

We introduce a novel type of neural net-

work layer, termed EUGen, which lever-

ages random features to ef ciently approx-

imate the computations of fully connected

feedforward layers. By integrating EUGen

into LLMs, Transformers, Neural Radiance

Fields (NeRF), and Signed Distance Fields

(SDF) models, we achieve a reduction in

training parameters while preserving ex-

pressivity. Our approach enhances infdrigure 10: We compare the performance of EUGen
ence speed across all downstream apphodels with baselines usinge{t) NeRF and fight)
cations for a wide range of model archiSDF architectures. In both settings, EUGen models
tectures. Additionally, the straightforwardachieve better reconstruction quality than the baselines
design of EUGens facilitates layer-wis&vith the same parameter count while being much faster.
knowledge distillation without requiring backpropagation. We demonstrate that this distillation
process leads to ef cient inference. Overall, EUGens are a key contribution towards improving the
ef ciency of large-scale machine learning systems without impacting their expressivity.
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NeurlPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re ect the
paper's contributions and scope?

Answer: [Yes]

Justi cation: The abstract accurately re ects the paper's contributions, including the proposal
of EUGens, theoretical advancements (e.g., unbiased approximation of polynomial FFLS),
and empirical improvements in speed and memory across diverse tasks. All claims are
supported by the content.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

» The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

» The claims made should match theoretical and experimental results, and re ect how
much the results can be expected to generalize to other settings.

* Itis ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justi cation: We clearly discuss the limitations of our method, EUGen. In particular, we
highlight a performance-speed tradeoff depending on the number of random features, and
address the computational cost during the distillation process.

Guidelines:

» The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

« The authors are encouraged to create a separate "Limitations" section in their paper.

» The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci cation, asymptotic approximations only holding locally). The authors
should re ect on how these assumptions might be violated in practice and what the
implications would be.

» The authors should re ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

« The authors should re ect on the factors that in uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

» The authors should discuss the computational ef ciency of the proposed algorithms
and how they scale with dataset size.

- If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

« While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justi cation: We provide the assumptions and proofs of EUGens in main paper and the
appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short

proof sketch to provide intuition.

« Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

» Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi cation: We disclose all necessary details to reproduce our main results, including
architectural and training speci cations in the main paper, along with the source code for
EUGen layers and representative use cases for implicit neural representations.

Guidelines:

» The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of

whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken

to make their results reproducible or veri able.

Depending on the contribution, reproducibility can be accomplished in various ways.

For example, if the contribution is a novel architecture, describing the architecture fully

might suf ce, or if the contribution is a speci ¢ model and empirical evaluation, it may

be necessary to either make it possible for others to replicate the model with the same

dataset, or provide access to the model. In general. releasing code and data is often

one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurlPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
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some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with suf cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justi cation: We use publicly available datasets and baseline code, and our own code is also
provided with detailed instructions to support faithful reproduction of the results. When
of cial implementations were unavailable, we used widely adopted unof cial PyTorch
versions.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurlPS code and data submission guidélifes/(nips.cc/
public/guides/CodeSubmissionPalicy ) for more details.

» While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

» The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurlPS code and data submission guideijes (
/Inips.cc/public/guides/CodeSubmissionPolicy ) for more details.

» The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

» The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

» At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

» Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi cation: All training and evaluation details are provided in the main paper and supple-
mentary material, with source code included in the appendix for reproducibility.

Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detalil
that is necessary to appreciate the results and make sense of them.

« The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical signi cance

Question: Does the paper report error bars suitably and correctly de ned or other appropriate
information about the statistical signi cance of the experiments?

Answer: [Yes]

Justi cation: We report error bars for most experiments to provide a measure of statistical
signi cance.

Guidelines:
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8.

10.

» The answer NA means that the paper does not include experiments.

» The authors should answer "Yes" if the results are accompanied by error bars, con -
dence intervals, or statistical signi cance tests, at least for the experiments that support
the main claims of the paper.

 The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

» The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

» The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

« It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis
of Normality of errors is not veri ed.

» For asymmetric distributions, the authors should be careful not to show in tables or
gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding gures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide suf cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justi cation:: We disclose the compute resources used for our experiments, including GPU
type, memory, model size, and execution times.

Guidelines:

» The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethicstips://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi cation: This paper fully adheres to the NeurlPS Code of Ethics. We have carefully
reviewed the ethical guidelines and ensured that our research complies with them in all
respects.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurlPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

» The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [Yes]
Justi cation: We have included the broader impact section in Appendix F.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

« If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci ¢
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

» The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef ciency and accessibility of ML).

11. Safeguards

12.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.qg., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justi cation: We do not release any model or dataset.
Guidelines:

« The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety lters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

» We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi cation: We use publicly available datasets and code as published in the original papers,
and we cite all the original sources.

Guidelines:

« The answer NA means that the paper does not use existing assets.
» The authors should cite the original paper that produced the code package or dataset.
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13.

14.

15.

» The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datagetserswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

« For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset's creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justi cation: We do not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

» The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip le.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justi cation: We do not involve any crowdsourcing nor research with human subjects.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

» According to the NeurlPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)

approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justi cation: We do not involve any crowdsourcing nor research with human subjects.
Guidelines:
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» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

» Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

» We recognize that the procedures for this may vary signi cantly between institutions

and locations, and we expect authors to adhere to the NeurlPS Code of Ethics and the

guidelines for their institution.

For initial submissions, do not include any information that would break anonymity (if

applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or

non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,

scienti ¢ rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justi cation: We did not use LLMs in our work.
Guidelines:

» The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

 Please refer to our LLM policyn{tps://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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Appendix for EUGens: Ef cient, Uni ed, and General
Dense Layers

A Proofs of the Theoretical Results
In this section, we present the proofs of all our theoretical results.

A.1 Proof of Theorem 3.1

Proof. Note that, by the de nition of the EUGen layer, we have the following (under the condi-
tions of the theorem) fogj! 2 R™ 9 with mean-zero entries of variance one each, and where

Xk 1 X Y ) xd
EUGen(w;x) = a — g; [r1llIx g; [r]lw, (10)
i=0 r=1j=1 |=1 I=1
Thus for anyw 2 RY, we get :
1 1 3
X X Yooxd X '
E[EUGen(w;x)] = ai E4 g; [r10x g rliw; (11)
i=0 r=1 j=1 =1 I=1

Sincef g} g} -, is an independent set of matrices for any0; ::;; k, we can re-write:

. ! I#
X 1 XY x xd
E[EUGen(w;x)]=  a— E g; [r1ltIx, g; [rllw, 12)
i=0 r=1j=1 I=1 1=1
We will now prove the following lemma:
Lemma A.1. The following is true:
" ! I#
o o .
E g; [r1x, g [rlllw; = w”x (13)
I=1 I=1

Proof. The proof of the above is in fact completely analogous to the proof of the unbiasedness of the
regularJohnson-Lindenstrauss Transfo(diT), but we provide it again here for completeness. We
have:
! I# 2 3
xa xa X .
E g; [r1llIx glrllw;  =E4  g[rllhlxi, gf [r]ll2]w;,5 =
1=1 1=1 1312 (14)

_ _ xd _
Elg; [rllllg) [rll2lxi,wi, = E(gj D Ixiwi = w”™ x
[P P 1=1

.....

r = 1;:::;m and furthermore, each entry gj‘f has zero mean and unit standard deviation. [
We can thus conclude that:
X 1 X X )
E[EUGen(w; x)] = a (w>x)' = aj(w”x)" = f(w”x) (15)

i=0 r=1 i=0

That completes the proof. O
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A.2 Proof of Theorem 3.2

Proof. We will leverage our analysis and notation from the proof of Theorem 3.1. We have:
|
w

Var(EUGen(w; x)) = %Var T ; (16)
i=0
for T; de ned as: | |
X o oo '
Ti = a g; [N, g; [rllNw, 7
r=1j=1 |=1 I=1

Note that by the conditions of the theorem, differ&ntire independent. Thus we can write:

X
Var(EUGen(w; X)) = % Var(T;) (18)
i=0
-.___Pm ) .__Qi Pdi Pdi
We can rewrite:T; = & ,-; Ri, where:R; = i=1 1= 9 100 =1 9 [rllw, .
Furthermore, again by the assumptions of the theorem, diff&gate independent. Thus we have:
xo
Var(T) = >  Var(R;) (19)
r=1

Note that eaclR; has the same variance and thus we can write:

1 X
Var(EUGen(w; x)) = = a?Var(R1) (20)
i=0

We have the following for = 1:

Var(Ry) = E[Rg (E[R1])? =
I

|
Yoo P ,
E4 g; [r10x glrliwe 2 (w>x)* =
ji=1 =1 I=1 (21)
-2 I, 1,3
\4 xd xd .
E4 g; [r10x g lriiw 2 (w”x)?
j=1 =1 =1
It suf ces to prove that:
2 I o 1,3
xd xd xd
E4 g; [r 10X o [rllwi - © =2(w” x)?+ kwk3kxks+( i  3)  wix? (22)
1=1 1=1 1=1

That however follows by the computations completely analogous to those provided in the proof of
Lemma 3.1 from [16]. O

A.3 Proof of Theorem 3.3

Proof. Note that, by our previous analysis, we can rewrite:

1 X
EUGen(w;x) f(w”x)= = Y (23)
i=0 m r=1
where eaclY;' is de ned as follows:
I !
_ yooxd o D ' N
Y, = aj g; [r10x, g [rlllwi & (w”x)’ (24)

ji=1 1=1 =1
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By our previous analysis, we know th&afY,'] = 0. Also, by the assumptions of the theorem, we
can conglude that for any xed, fY,'g'L; is an independent set of random variables. Denote:
K'= % f‘:l Y,. Note thatk ° is completely deterministic. Therefore, by the union bound, we
can write:

PEUGen(w;x) f(w>x)j ] km%xP[jK '] E] (25)
1=
By the assumptions of the theorem, the Cauchy-Schwarz and Triangle Inequality, we have the
following: 0 1
1o 1. Y p_ p- o ia
i —@aj (¢ dkxke)(c dkwkp) + jaij(w x) (26)

j=1
Now we will apply the following version of the Azuma's Inequality:

Lemma A.2 (Azuma's Inequality) Assume that random variabl®¥; ; :::;; W, are independent and
of mean zero. Assume furthermore that for some nonnegddmMg -1 ...m we have;jw,j C;
with probability one. Then the following holds:

2

P[Wy + i+ Wpj ] 2exp( %) 27)
2 r=1 Cr

To complete the proof of Theorem 3.3, it suf ces to apply the above Azuma'’s Inequality for random
variableW; de ned as:W, = %Yr' and Inequality 26. O

A.4 Proof of Theorem 3.4

Proof. We will apply the following well-known result, showing how Bernstein polynomials can be
used to approximate continuous functions:

Lemma A.3 (Bernstein Polynomials for Continuous Functions Approximatiorgke some constant
A> 0. Letf :[ A;A]! R bebounded. Then there exi€s> 0 such that the following holds:

K Ba(f)ke  Cl (P (28)
whereB, (f ) is the nth Bernstein polynomial of f (in particular of degree
To complete the proof of Theorem 3.4, it sufces to: (1) note thais the upper bound of

PEUGen(w;x) f(w”Xx)j ] (this is implied by Theorem 3.2 and Chebyshev's Inequality),
apply Theorem 3.3 and Triangle Inequality. O
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Figure 11: Schematic diagram of our compression method. (Top row) : A EUGen layer followed
by a linear layer. (Bottom Row) : The weights can be multiplied together to create a single weight
matrix without affecting the inputs, effectively disentangling the weights and the inputs.

B Extended Functionalities of EUGens

In this section, we discuss additional properties of the EUGen layers and show how certain special
instantiations generalize several well-known layers and methods.

B.1 Compressing Networks by Combining Layers

For training NeRF models and uptraining Transformers, we use an EUGen layer followed by a linear
layer. In this section, we explain how we can achieve improved ef ciency by compressing linear
layers with EUGens. Recall our EUGen layer is given by the following equation (following the
PyTorch convention) :

Yi=( X)( W) (29)

If the EUGen layer is followed by the linear layer with weight® and biash® then the results is:
Yo=Y WP + p°

( X)( W)W +b°

= ( X)W~ + b°

whereW = W °( W). This simple compression technique allows us to collapse any EUGen layer
followed by a FFL in our experiments, allowing for more ef cient inference (see Fig. 11).

B.2 Closed-Form Knowledge Distillation

The formulation of the EUGen layer makes knowledge distillation particularly simple. Speci cally,

we want to train an EUGen lay&UGerf (W ; ) to match the outputs of a trained FFL using MSE
as the metric. For brevity, we will supprelsgor the rest of the subsection.Xf(resp.y) is the input

(resp. output of a trained FFL, we want to nd the weigkfés, which minimize the following error :
n\)\jn KEUGern(W ;x) vyko (30)

The optimaW has a closed form :
W = (x%x% %%y (31)
wherex®:= ( x).

The above solution is unique %> xis invertible. In the case wherse® xis not invertible, the
inverse can be replaced by the Moore-Penrose pseudoinverse. Note that, there also exists a closed
form formula for regression with weight decdy-fegularization), i.e. solution for the following
optimization problem :

kEUGern(W ;x) yko+ kWk;
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Thus, the problem of distilling speci ¢ input-output pairs in the EUGen layer can be salithdut
backpropagation Note that an analytic formula does not exist if the projection matri@esre
trainable. However, in that case, the optimization is extremely lightweight and can be performed with
minimal compute.

B.3 Connections with Low-Rank Layers and 2-layer Neural Networks

In this section, we will discuss connections with our layer with low rank matrices, asymmetric kernels,
SNNKs and works on 2-layer Neural Networks. Finally we show some results on the expressivity of
some special instantiations of EUGen layers.

Recall that our EUGen layer is of the fofBUGerf (W ;x) = (W) g (x), whereG is a (Gaus-
sian) projection matrix. In practice, we learn bath andG, making the EUGen mechanism quite
expressive. This setup naturally leads to a more general vaBat@erf (W ;x)= 1 (W) ¢ (X)
whereH andG are different project matrices. Whilé may not be explicitly parameterized, its
effect can be captured implicitly by learnivy , since EUGen involves computing products like
GW . Empirically, we nd in some cases that using separate projection matrices for transforming
W andx in the EUGen layer may be bene cial during training. Thus, we can consider the explicit
variant: EUGerf (W ;x) = 1 (W) g (x), which allows for amore exible form okernel learning
through disentangled projections. A similar idea is explored in [122].

With this formulation, we are now ready to show how EUGen generalizes various well-known
approaches.

We start by showing how low rank layers can be a special case of our EUGen layers. In this case,
take = = Id,H =l andk =1, and in this case EUGéW ;x) = WGX .

ThenG is low rank, EuGen degenerates into a low rank layer. Note that these layers have been used
in the training of neural networkgQ, 108 81]. Similar to observations in Wei et dlL08], we nd

that the low rank layers struggle to yield good performance, and using a non-lideads to quality

gains (almos9%), even with a as the identity mapping.

When and are related to the Fourier transform of the activation function of the feed-forward
layer (see §0Q] for precise de nitions of and )andG = H, then EuGen becomes the SNNK
layer. However, SNNKs cannot unbiasedly approximate FFLs with unbounded activations, which
is not the case for EuGeNs (Theorem 3.1). EuGeNs can accurately and unbiasedly approximate
polynomial-activation FFLs without any learning, simply by sampling matri&dom prede ned
distributions. During training, SNNKs may implicitly approximate various FFLs; however, such
approximations remain biased.

Next, we explain why we view our EUGen layer as an asymmetric kernel between the space of
weights and the space of inputs. We interpret the EUGen layer as computing a similarity measure
between the weights and the inputs, after projecting them into a lower-dimensional space. The
motivation for the lower dimensionality of the weights comes from Mousavi-Hosseini [gZ23land

this can lead to better generalizability.

For convenience of the reader, following Wu et al. [109], we de ne asymmetric kernels.

De nition B.1. (Asymmetric Kernel). LeX andY be two input spaces, ard be feature space
assumed to be a Hilbert space. Asymmetric kernel is a funétionX Y ! R, satisfying
k(x;y) = h x(x); v(y)iy forallx 2 X andy 2 Y, where x and y are mapping functions
from X andY to H, respectively.

From the de nition, it is clear that our EUGen-layers are indeed asymmetric kernels between the
space of weights and the space of inputs.

As explained earlier, even a simple for example, the identity function can lead to fairly expressive
networks which we will now show below by incorporating deep and powerful results on 2-layer
RelLU networks. for simplicity of the discussion, let us assume our EUGen layer is of the form :
EUGen(W ;x) = ir:l wif (hgi;xi);wi 2 R;g 2 RY, andf is the ReLU activation, i.e. is the
identity function,H = | and ( x) := ReLU(Gx).

In this special case, EUGen corresponds to the rst-order Taylor expansion of 2-layer neural network
with respect to the top-layer weights .
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The following the results can be easily extende&fo

Proposition B.2. (1) Under certain conditions, EUGen layers without trainalleandr number of
random features can approximate any polynomial of degree at masterel'* <r  1?* for

some > 0.

(2) Everyl-Lipschitz function can be approximated with respect toltheorm over{ 1;1]° by a
EUGen-layer of poly() number of random features.

Proof. (1) is proved in Theorem 1 in Ghorbani et g4], while (2) can be shown via Theorem 1 and
2in Hsu et al. [41]. O

WhenG is made trainable, even simple EUGen-layers effectively function as 2-layer ReLU networks,
inheriting their strong expressive power (for ex: See Theorem 1 in Boursier [&)al.More-

over, it is shown that the 2-layer networks are more expressive than their degjegtor series
counterparts [34].

Finally we would like to clarify the differences between our work and the works on the linearization
of 2-layer networks.

A lot of work has been focused on the linearization2dayer networks of the fornh( ; x) =
W ,f (W 1x), where =(W ;W ), andf is some non-linear function atl ; is xed andonly
W , is trainable. Under various assumptions, one can exjressa kernell4, 13, 34, 7, 65]. Note
that our goal is fundamentally different as we are trying to linearigmglelayer and not &-layer
network of a speci ¢ form. Moreover, allowing the projection matri€zgo be trainable, our EUGen
layers do not tin these above frameworks.

C Additional Related Works on Implicit Neural Representations

In this section, we discuss techniques commonly used to accelerate NeRFs and SDFs. Neural Radiance
Fields (NeRF) §1] achieve remarkable quality in 3D reconstruction by leveraging MLPs to map
spatial points to volume densities and colors. However, both training and rendering processes remain
time-consuming, prompting extensive research aimed at accelerating these tasks, by integrating
explicit representation$p, 118, 42, 89, 87, 11, 84, 64, 31, 112, 5, 88, 43, dividing a scene into

smaller blocks 75, 89, 95, 110, 9€], caching (baking) the implicit functionsSg, 39, 12, 7€, and

devising some novel tweaks [54, 37].

Signed Distance Fields (SDF) are scalar elds that represent the distance to the nearest surface
point, crucial in robotics for tasks such as environment mapping, collision avoidance, and trajectory
optimization [L27,93, 79, 63, 28, 27, 10, 20, 98, 123 45, 24,113 12€]. In computer vision, Truncated
Signed Distance Fields (TSDF) are employed in SLAM systems, as traditional SDF computations
can be prohibitively expensive in real timég] 67]. Several approaches have emerged to facilitate
real-time SDF construction due to its importance in roboti&s B8, 68], while others have addressed
challenges in constructing SDF for complex environmegfs 74, 33, 72]. To get a photo-realistic
quality of scene reconstruction, recent works replace the volume density in NeRF formulations with
SDF, using well-designed SDF-to-volume density conversion formuilag [L04, 115. Further
acceleration is achieved by combining explicit grid structures with implicit SD¥9,[105, 52, 103

77), populating thin shells near the zero level S, or baking SDF into a high-quality triangle
mesh [116].
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