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Abstract

In a fixed-confidence pure exploration problem in stochastic multi-armed bandits,
an algorithm iteratively samples arms and should stop as early as possible and
return the correct answer to a query about the arms distributions. We are interested
in batched methods, which change their sampling behaviour only a few times,
between batches of observations. We give an instance-dependent lower bound
on the number of batches used by any sample efficient algorithm for any pure
exploration task. We then give a general batched algorithm and prove upper bounds
on its expected sample complexity and batch complexity.

1 Introduction

A Multi Armed Bandit (MAB) is a model of a sequential interaction that was introduced in [Thompson,
1933] to create better medical trials. This framework has since been expanded to various fields, and
has seen applications to online advertising and recommendation systems. In a MAB, an algorithm
chooses at each time an arm among a finite number (it pulls it) and then observes a sample from a
probability distribution associated with the arm. The goal of the interaction will be to identify quickly
which arm has the distribution with highest mean.

By making use of past observed rewards to continuously update the way they sample, MAB al-
gorithms reach their objective faster than traditional fixed randomized trials. For applications like
online advertising, obtaining feedback can be quick, if for example the feedback is a click on an
advertisement. Adapting after almost each interaction is then feasible. However in applications like
clinical trials, the delay between giving a treatment to a patient and seeing the effect can be on the
order of months. It is not possible to use a fully sequential algorithm, which would take too long.
Moreover, adapting at each time step can have a high computational cost.

This motivates looking into batched algorithms: the algorithm pulls multiple arms within a single
batch, and can only observe the results at the end of the batch. An advantage is that all arms in a
batch can be pulled in parallel, reducing greatly the length of the test in applications with large delay.
Its lessened adaptivity also reduces the computational cost. Of course, being less adaptive than a
typical bandit method could lead to worse algorithms. The key question is then how few batches one
can use while keeping a performance comparable to a fully sequential algorithm.

1.1 Fixed Confidence Pure Exploration

We study K-armed bandit models, which we represent by a vector of real distributions v = (v;);¢[k]
with finite means, with the vector of means denoted by pt = (1;);e[x]- At each timestep ¢ € N,
an agent interacts with the bandit by choosing an arm i, € [K] to sample. It then observes X ;,
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a realization of v;, and proceeds to the next step. One common objective is regret minimization,
where the agent must maximize E[Zt Xt,,]- See [Bubeck et al., 2012, Lattimore and Szepesvari,
2020] for extensive surveys. We focus on another goal, pure exploration, in which the agent must
answer a question about v, such as identifying the arm with the highest mean [Even-Dar et al., 2002,
Kaufmann et al., 2016]. In pure exploration problems, we have a set Z of possible answers, and a
function p +— ¢*(u) € Z that depends on the means of the distributions and provides the unique
correct answer for that instance. For a given pure exploration problem and a vector of means p, we
denote by Alt,, the set of vectors of means g’ such that i*(u') # ¢*(u). Essentially, Alt,, is the set
of means that disagree with .

A pure exploration algorithm samples arms in a bandit interaction (following a sampling rule) until
a time at which it decides to stop (with a stopping rule). Once it stops, it returns an answer iel.
A good pure exploration algorithm should have low probability of error P, {7 # i*(j)} and stop
quickly (use few samples). When the number of samples is fixed and the objective is to minimize
the probability of error, one talks about fixed-budget pure exploration [Audibert et al., 2010]. We
consider instead the fixed confidence objective, in which the probability of error is fixed and the agent
aims to achieve it with the minimum number of samples. We focus on d-correct algorithms. That is,
algorithms that satisfy P, {i # i*(u)} < 6 [Garivier and Kaufmann, 2016].

We focus on bandit models where each arm ¢ € [K] has a sub-Gaussian distribution v; of constant

o?. Thatis, forall A € R, E,, [e}X—#)] < e”* 212 For example, both bounded and Gaussian
distributions are sub-Gaussian.

Finally, we study batched algorithms [Agarwal et al., 2017, Jin et al., 2019]. In practical settings, it
is not always possible to adapt at every single timestep. Therefore, we want the agent to only observe
results and take decisions a limited number of times. At the beginning of a batch, the agent decides
how many times to sample each arm ¢ € [K], then observes all the realizations of those pulls. It then
can proceed to the next batch. Crucially, the agent cannot change anything during a batch: it cannot
change its sampling decision and cannot stop a batch early. For d-correct batched algorithms, for
each pure exploration problem, we want to control the sample complexity 7s (the number of samples
used), and the batch complexity Rs (the number of batches used, which is the number of times the
results were observed and the sampling rule was updated).

In all pure exploration problems, the expectation of the stopping time of d-correct strategies on an
instance v is bounded from below as follows [Garivier and Kaufmann, 2016]. Let ¥k be the simplex,
KL the Kullback-Leibler divergence and kl the KL between Bernoulli distributions.

E,[r5] > T*(w)KI(6, 1 — 6) > T () log(1/(2.49))

K
in which (T*(u)) ™t = s ei%t“ 2 wKL(v;, \;) .

This result has been expanded to pure exploration problems with multiple correct answers by [Degenne
and Koolen, 2019] in the asymptotic regime & — 0. This T*(y) is the instance-dependent complexity
of instance g in this problem. Our objective is to develop algorithms with a sample complexity
approaching T*(p) log(1/6) for all p. As we are in the o-subgaussian setting, T* () < T*(p)

where
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(by Donsker-Varadhan duality, see for example Lemma 2 of [Wang, 2021]) with equality for Gaus-
sians with variance o2. Our goal is to obtain algorithms that have sample complexity as close to
T*(w)log(1/0) as possible while using few batches.

We will prove results for general identification problems, and specialize them to three particular cases.
Let o be a permutation such that (1) > ... > te (k)

* In Best Arm Identification (BAI), Z = [K] and, for some instance for which Ho(1) > Ho(2)s
the correct answer is i* () = o (1) the best arm.

* In Top-k, T = Py (K) the set of all subsets of [K] of size k, and the correct answer for
some instance for which fi, () > fio (k1) 18 i* () = {o(1),0(2),...,0(k)} the set of the
best k& arms. Note that top-1 is BAL



¢ In the Thresholding Bandit Problem (TBP) with threshold 7 [Locatelli et al., 2016], Z is
the set of all subsets of K], and the correct answer for some instance for which Vi, u; # 7
is i* = {i : p; > 7} the set of all arms that have their mean above the threshold.

1.2 Related Work

The problem of batched bandit algorithms has been studied in fixed-confidence BAI and Top-k.
Some of the works cited below consider a task with multiple agents that limit the number of rounds
in which they communicate, but their methods also give batched bandit algorithms. Hillel et al.
[2013] derived an algorithm for e-BAI (the algorithm needs to return an arm with mean within
¢ of the best) which progressively eliminates arms. They show high probability bounds on the
batch and sample complexities: with probability 1 — d, it uses less than log(1/¢) batches and uses
O (3,(A5)"2log (£ log(A5)~1)) samples with AS = max{p* — p;,e}. Agarwal et al. [2017]
consider d-correct algorithms for BAI that use a given number of batches, and give a worst-case upper
bound on the number of samples used by their algorithm (also elimination based), but their method
requires the knowledge of a lower bound on the gaps of the arms.

Jin et al. [2019] and Karpov et al. [2020] designed §-correct algorithms for the Top-k problem, and
give each bounds with high probability on the batch and sample complexities. [Jin et al., 2023] is the
work which is closest to our approach when it comes to algorithms. They study the BAI setting and
prove bounds on the expected batch and sample complexity. Compared to bounds with probability
1 — 4, that requires that they control the complexities also in the event of probability . Their method
for finite J is also elimination based, but they additionally propose an algorithm with guarantees as
0 — 0 that is inspired by the Track-and-Stop BAI algorithm [Garivier and Kaufmann, 2016]. Finally,
Lu et al. [2019] build a batch-based algorithm for heavy-tailed distributions in a Track-and-Stop
fashion, but with the goal of minimizing computational complexity, and thus do not aim to control
the batch complexity itself.

All those works cover Top-k or its special case BAI. However, many other pure exploration problems
have been studied in the fully sequential setting, like thresholding bandits [Locatelli et al., 2016]
or the problem of detecting if any arm has mean larger than a threshold [Kaufmann et al., 2018].
We seek to analyze general pure exploration problems and answer the following questions: what is
the minimal expected batch sample complexity needed to get an expected sample complexity close
to what is achievable by fully sequential algorithms? Can we design a general pure exploration
algorithm with near-optimal sample complexity and that reaches that minimal batch complexity?

1.3 Contributions

We show a link between sample and batch complexities. We build in Section 2 a general method
for computing batch complexities lower bounds for J-correct pure exploration algorithms. We
demonstrate how to apply that method to Top-k (including BAI) and thresholding bandits. The lower
bounds we obtain are instance dependent: contrary to previous work, we don’t merely state that there
exist an instance on which the algorithm requires some number of batches, but we give a lower bound
for the batch complexity of each instance, function of its complexity 7.

In Section 3, we construct a general batched algorithm for pure exploration problems, taking inspira-
tion from Track-and-Stop [Garivier and Kaufmann, 2016]. The batch complexity of that algorithm is
close to the lower bound under mild conditions that are satisfied on Top-k and thresholding bandits.
Moreover, its sample complexity is close to optimal in the high confidence regime (small error
probability §).

2 Lower Bound on the Round Complexity

It seems obvious that using more batches will make it possible to use less samples, as the algorithm
can more quickly adapt to its observations. What then is the precise relation between the sample
complexity and the number of batches?

Tao et al. [2019] focus on the problem of collaborative learning with limited interaction, in which
multiple agents take samples in an environment and observe their own rewards, but must minimize
the number of times they communicate their rewards with the other agents. They manage to find



a link, in some specific 2-armed instances, between how much faster an algorithm can get when
communication is allowed, and the number of times the algorithm communicates. They do so by
constructing a sequence of gradually more difficult instances, each requiring one more batch than
the previous one. Generalizing this idea lets us reach the following result, for any pure-exploration
problem.

Lemma 2.1. Suppose that a §-correct algorithm sansﬁes Py (15 > vT* () In(1/6)) < ¢ for some

v, ¢ > 0 on any Gaussian instance p with variance o with T*( ) e (T in> Tmax)- Let (™ )o<n<n
be a sequence of such Gaussian instances with T*(u™) = T*(u°)(™" € (Tinin, Tiax) for some
¢ €(0,1). Then
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In order to get a lower bound on the number of batches, it remains to construct the right instance
sequences for each problem. It should start with an easy instance u”, and end with uv = p the
instance whose complexity we want to study, with each succeeding instance being quantifiably harder
than the previous one. See an illustration in Figure
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Figure 1: Illustration of a sequence of instances

An ideal sequence would minimize the sum Sy, thus allowing us to get to a larger N. As getting
such a minimizing sequence is difficult, we use simpler sequences u” = y + 2™ (u® — y) with y the
constant vector (y,, .. .,y) with y € R, for some starting mean vector . In order to be able to do
s0, an important ingredient is the following condition:

Assumption 2.2. For any mean vector u, there exists y € R such that for all z € (0, 1] and
@ = xp+ (1 — x)y (where y is the constant vector (y, v, . ..,y)), (T*(p')) "t = 22(T*(n)) L.

This assumption essentially states that the complexity of the instance scales quadratically as the
instance is linearly scaled in that manner, with all arm means concentrating around some value y.
This is useful for constructing sequences of instances and analyzing how the complexity evolves.

Top-k and thresholding bandits both satisfy that assumption. For top-k, concentrating arm means
around any value makes arm means get closer, makes gaps shrink linearly, and thus makes the
complexity grow quadratically. For thresholding bandits, concentrating arm means around the
threshold value has the same effect. With that condition, it is possible to simplify the bound of
Lemma 2.1. We give a general result for the exploration problems satisfying this condition in
Appendix B. We then apply this result to Top-k and TBP.

Theorem 2.3. For Top-k and TBP, for a §-correct algorithm on Gaussian instances with variance
o2 of complexity T* € (Twin, Timax ), We have for any such Gaussian instance p of complexity
T*() € (Tmins Tmax) that

In 24 1. T*(p) 1
E.[Rs] > min { T";“ ' 5 In (1) 65
2In ((m TTT“‘)) max{e, 05}> Tinin
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and where A = in the Top-k setting and A = max; |p; — 7| in thresholding bandits.

We give all details of the proofs in Appendix B. For ¢ small enough, the batch complexity is of order

In 7 (N)

In (1n 282 ) 4 1n (yIn(o-1) K225 )
This is the first lower bound on batch complexity as a function of the sample complexity for all pure

exploration problem satisfying Assumption 2.2. Our algorithm will have a batch complexity of order

T (” ) , almost matching the lower bound.

Q

In

For Collaborative bandits (where periods without communication are the analog of batches), Tao et al.

[2019] have worked on algorithms A, satisfying E 4, [75] = O (inf 4 E 4[75]), where the infimum

is over fully sequential algorithms. Their results can be adapted to the batched setting to show that
-1

there are two-armed instances on which those algorithms must satisfy E[Rs] = (hll(’llnATal)) Our
2

result is valid for more pure exploration problems than just BAI; it is a bound on general K -armed

Gaussian instances rather than specific two-armed instances; and gives instance-dependent bounds

instead of merely the existence of an unspecified hard instance.

Theorem 2.3 does not contradict the guarantees of Tri-BBAI [Jin et al., 2023]. Their algorithm always
uses 3 batches, but the sample complexity is only controlled in the regime § — 0, in which our lower
bound goes to 0. Since E,, [75] is not controlled otherwise, v can be large, making our lower bound
small and consistent with 3 batches.

Necessity of T},;,. The bound depends on T},;,,, which is the minimal complexity for which the
sample complexity of the algorithm is bounded by vT™ () log(1/6). Since no algorithm uses less
than 1 sample, every algorithm has such a T},;, greater than (log(l /6))~1, and the lower bound is
then of order log(T™ (p) log(1/6)). Tin is a tradeoff between prior knowledge and batch complexity.
In the extreme situation in which 7* (yt) is known and the algorithm is J-correct only on instances
of that complexity, the lower bound is 0. Our algorithm will use at most 5 batches in that case: any
lower bound has to be a small constant.

3 A General Algorithm

We present an algorithm for pure exploration in bandits with upper bounds on both its batch and
sample complexities. We take inspiration from the Track-and-Stop method [Garivier and Kaufmann,
2016], which is fully sequential (it does not use batches) and has asymptotically optimal sample
complexity. The principle of Track-and-Stop for Gaussians is to try to sample according to w*(u) =
argmax e, ifacai, >; wilts — A)?/(20?), the vector of ideal sampling proportions at .
At time ¢, having sampled arm ¢ approximately w;¢ times leads to an algorithm that has minimal
asymptotic sample complexity. Of course w*(pt) is unknown: Track-and-Stop estimates p by its
empirical mean i, then approximates w* (p) by w* (1) and uses those proportions. Some amount of
uniform exploration is added to ensure convergence of the estimates.

We introduce a batched algorithm that first samples uniformly until it has estimated the sampling
proportions and complexity well enough, then uses a last phase in which it samples like Track-and-
Stop.

3.1 Stopping Rule

To check whether we can stop, a commonly used method in parametric pure exploration is the
Generalized Likelihood Ratio (GLR) test [Garivier and Kaufmann, 2016]. Since we consider the
non-parametric class of sub-Gaussian distributions, we use a Gaussian version of that test. The
stopping rule of the algorithm is to stop at the end of a phase if

: t/j“t
g, S ), 0



Lemma 3.1 ([Garivier and Kaufmann, 2016]). Any algorithm using stopping rule (1) with a threshold
At 2
B(t, 6) satisfying P (Elt, Zfil NfM > B(t, 5)) < § and returning i*(at) is 6-correct.

202
We provide below a threshold that works for sub-Gaussian distributions in any pure exploration
problem. For particular problems like BAI it should be possible to derive improved thresholds, as
was done in parametric cases by Kaufmann and Koolen [2021]. Our threshold is derived using the
method of mixtures, as in that paper and other bandit articles [Abbasi-Yadkori et al., 2011]. It uses
the techniques of [Degenne, 2019] to fine-tune the constants. While the BAI literature contains many
similar thresholds for parametric settings, we could not find that result for sub-Gaussian distributions.

Let W_; be the negative branch of the Lambert W function and let W : (1,+00) — R be the
function defined by W (z) = —W_1(—e~%). It satisfiesz + Inz < W(z) <z +lnx + 1/2 < 2z.
Lemma 3.2. The following threshold satisfies the condition of Lemma 3.1 for o?-sub-Gaussian
distributions: B(t,8) = EW (% Ini+4n(In%)+2In %)

See Appendix C for the proof. Roughly, ignoring additive constants, 3(t, ) ~ In(1/6) + 2K Inlnt .
The linear dependence in /X may be unavoidable in general (for the problem of telling if the means
belong to the unit ball, if p is the center) but could be improved in problems like BAI. The threshold
for exponential families of [Kaufmann and Koolen, 2021] depends logarithmically on the number of
arms.

3.2 Known Confidence Set

In order to design an algorithm, we first ask the following questions: given enough information, could
we return a correct answer within one batch? How would we sample and what would be the sample
complexity?

Suppose that we know a set B which likely contains g and will likely contain the empirical mean
vector f1; for any amount of sampling we perform. Since we will be using only one batch, we have
to select the number of samples for each arm in advance. We want that number of samples to be
sufficient to enable the stopping rule, for any p’ € B. Our solution will be based on two worst-case
definitions.

Definition 3.3. For any B a set of instances, define (with 0~! = +00)

-1

i — M) = i — Ai)”

w*(B) = argmax inf inf wzu , T*(B) = | max inf inf szu
weA VEBXEAlL 202 wEAK vEB AEAlL, £ 202

Note that T (B) > max,ep T () , but those two quantities may not be equal. To see this, imagine
an instance v such that w;(p) # w;(p), and instance v’ such that arms ¢ and j are switched. Then,
T*(p) = T*(p'), but it is strictly more difficult to sample so that both instances are solved at the

same time, so T ({p, '}) > T* ().

Lemma 3.4. If T (B) < oo, then if after sampling each arm N; > ~w?(B)T " (B) times the
empirical estimate fu is in B, then infac aie, -, Nod(fis, Ni) > v .

This entails that picking v > §(¢, §) allows us to meet the stopping condition after that one batch, if
indeed fi € B. The number of samples used in the batch would be T (B)y > T*(u)A(t, 8). A good

*

LB ratio to not oversample.

set B is therefore a confidence zone for f1, and additionally has a small T(3)

3.3 The Algorithm

Our algorithm is shown in pseudo-code in Algorithm 1. It works in phases. Each phase contains
at most two batches, although the second batch is rarely done. We define a “phase complexity”
T, = 2"T} for Tj) a parameter of the algorithm. In each phase 7, in a first batch we start by sampling
arms uniformly until the number of samples for each arm is at least 2”1, ,., where [, ,. will be set later.

Then we use the empirical mean at that point 2" to find a set B,. that likely contains . B, is defined
as a ball in infinity norm centered at 1" and of radius &, which we will choose later. We write

Boo(i",&r) = A{p' | 2" — p'|| < &;} and set B, = Boo(R", r).



We then check whether the worst-case complexity T*(B,,) exceeds the phase complexity 7. If it
does, we skip to the next phase: we need more exploration to get a tighter set. If it does not, we enter
the second batch of the phase and sample according to v, w* (B, )T (B,.). 7, is chosen large enough
such that under a typical event, the algorithm then stops. The expected number of batches will be the
number of phases required to reach the right complexity range plus a small constant.

Algorithm 1 Phased Explore then Track (PET)

1: Input: Starting complexity Ty > 1

2: 1< 0,t+<0,ViN; <0

3: while not stop do

4. foreacharmi € [K| do

5 while N; < 271, do

6 Pull arm ¢

7: N+ N, +1;t+t+1

8 end while

9:  end for

0:  Compute the empirical mean vector f1".
1

B, {p || — || <&}

2

Sk . . (I/i - )\1)

w”* < argmax inf inf E Wi
wEAx vEB, AEAlt, p 20

10:
11:

(A i — Ai)?
T"(B,)"' « inf inf Ez*u
—% , A vEB, AEAlt, = 202

12:  ifT (B,) < T, then !

13: for each arm i € [K] do

14: Pull arm i [~, 7w} T | times;

15: Ni < Ni+ [vw:T ; t < t+ [T
16: end for

17: Compute the empirical mean vector "

18:  endif o,

19: ifinfacan,. 3, Ni B3 > B(t, 6) then

20: i < argmax; [

21: stop < true

22:  endif

23: r<+r+1
24: end while

There are several quantities appearing in the algorithm, which we now specify. IV, is the number of
samples observed for arm 7 and ¢ = Zfil N;. B(t, ) is the threshold of Lemma 3.2. The uniform
exploration amount is parametrized by {1, = 327, In(2v2K7T,). The confidence region width

is e, = /527~ In 2K with  p, = 7,77 . Finally, 7, is the solution to y = B({y,d), in which
t, = K2"ly , + vT). t, is an upper bound for the sample complexity until the end of phase r for any
r. It is obtained by considering that in the worst case, both batches are entered at each phase up to 7.

Theorem 3.5. Algorithm | is d-correct.

This is a consequence of Lemma 3.1 and

In order to describe the number of batches and of samples used by the algorithm, we introduce a
“good” event, under which the algorithm behaves as expected.

Definition 3.6. Let £, be the event that in phase r, " and p belong to B,.
That event will happen with high probability and when it does, we can bound the batch and sample
complexity.

Lemma 3.7. For any pure exploration problem, PET (Algorithm 1) is such that at phase r, if &,
holds then either T*(BT) > T and the second batch is not entered, or the algorithm stops.



Let R* == min{r | V' >r, & = T (B,) < T,} be the first phase after which when the good
event happens, the estimated worst-case complexity is small enough. The batch complexity Rs and
sample complexity 7s of PET satisfy, with [x], = max{0, [z]},

T* =
Rs; < R* + max O,R*—[logQ(N)—‘ —|—1+22]I5" ,T5<tR*+Z Jert1 -
TO + r=1 r=R*
Proof in Appendix . The theorem gives upper bounds on the batch and sample complexities that

depend on the random variable *. We then need to control R*, which requires an understanding of
how T (B,) changes as we explore.

3.4 Batch and Sample Complexities

Our algorithm explores uniformly until the worst-case complexity T*(BT) is close to T* (). For
that to work, the distributions of the arms and the problem geometry need to be such that we can
indeed estimate the complexity. To be able to write a bound on the sample and batch complexities, we
further need to quantify the speed of estimation. We introduce an assumption to that effect. We will
check that this assumption is satisfied on various tasks like best arm identification and thresholding
bandits.

Assumption 3.8. There exists a function b : RX + R such that for any g, for all ¢ < b(u) and

any p' € Boo(p,€) = {v € R | [V — plloc < e} InT" (B (p1,2) = InT*(w') < /b(p)

Assumption allows us to know how much uniform exploration is enough to relate the worst

case complexity T (Boo (12, €)) over a ball and T*(p') for g/ in that ball. We introduce another
assumption, which is simpler to check on many problems.

Assumption 3.9. Forall p, foralle >0, T (Boo(p,€)) = SUP B (ue) 1 (1)
We show with Lemma in Appendix that if Assumption 3.9 is satisfied, then Assumption
is satisfied with b(p) = /c2/(8T*(w)).

We can now present the guarantees of our algorithm, for any pure exploration problem for which
Assumption 3.8 holds.

Theorem 3.10. Suppose that Assumption is satisfied and let T, (p) := max {ﬁ, 2eT* () }
Then PET (Algorithm 1) has expected batch and sample complexities which satisfy

7 7
E [Rs] < max {log2 bjsou) + log, TiEZi ) 0} +2,

E[rs] < 4ln C;) (max{Ty, Ty ()} + Ty ') 4+ 20K (In K + 4) (max{To, Ty ()} + Ty ")
+ 48K (max{Ty, T} (1) } Inmax{Ty, Ty (1)} + Ty " In(4Tp)) .

If Assumption 3.9 is satisfied, we get from Lemma D.4 that T} (p) < 8T* (). The batch complexity

of the algorithm is then bounded by log, r (“ ) 4+ 5. This should be compared to the In TT ) term
of the lower bound, where 7,,;, is the smallest complexity on which the algorithm is both 6 correct
and has expected sample complexity close to T* () log(1/4). Since PET uses T for the first guess
of the sample complexity, it cannot match the sample complexity of an instance g with T* () < T,
hence Tj is the T},;, of our algorithm. Hence, PET matches the In Y;U(” )
complexity lower bound. We also remark that if we know exactly 7* () in advance, then we can use
it as Ty and the algorithm runs in at most 5 batches.

component of the batch

On the sample complexity side, the §-dependent term is proportional to 7* () log(1/6), which is
the right dependence in ¢, up to the multiplicative constant. The optimal asymptotic complexity as
d — 0is exactly T* () log(1/0), with factor 1. Our constant could be improved: we made the bound

simple at the expanse of a few larger constants. For example the factor 4 in 41n () (T3 (1) + Ty D)
is the result of using the coarse inequality = + log z < 2z twice. In the definition of T} (p), the 2



in 2eT* () is due to the choice of doubling T, at each phase: choosing a multiplication by (1 + ¢)
instead of 2 would reduce that. The e factor, as well as the 8 in b(p), could also be reduced to 1 +
at the cost of constant terms elsewhere.

The dominant term of the sample complexity as function of T* () is 48 K'T™* () In T* (). Jamieson
et al. [2014] have shown that for two arms the optimal dependence is O(T™* () Inln 7™ () ), which
means that our algorithm loses a factor K. This is due to the uniform exploration: we sample until
every arm’s mean is estimated within /7* () /2. We conjecture that a more adaptive exploration
could improve that dependence. It is possible in BAI, as demonstrated by Jin et al. [2023]. How to do
it for any pure exploration problem is an open question.

3.5 Best Arm Identification and Thresholding Bandits

We have provided a general theorem about Algorithm | on a generic pure exploration task with
sub-Gaussian distributions. However, that theorem requires that Assumption be satisfied. We now
show that Assumption 3.8 holds on the Top-k task (including BAI) and on the thresholding bandit
problem, by showing that we have Assumption

Lemma 3.11. In Top-k, including best arm identification, as well as for thresholding bandits,
Assumption holds.

The proof (in Appendix D.6) hinges on the fact that, whenever it contains only one answer, By (i, €)
contains one instance that is more difficult than all the others, in the sense that sampling optimally
to decide the answer of that instance also solves all other instances in the set. This is a stronger
property than the equality of the lemma. From the existence of that hardest instance, we also get a
computationally easy way to compute * (Boo (11, €)) and T (Boo (1, €) ): first compute b, and then
compute w*(b) and T*(b).
1
towards more difficulty

Beo(is, ) M= p2

op

H2
Figure 2: b satisfying T (Baso (11, €)) = T*(b)

We display in Figure 2 a representation of what happens in two-armed BAI. As long as p; > po,
bringing 1; down and p5 up can only make the problem harder. If ¢ is small enough that all the
instances in Boo (pt, €) have the same answer, then the instance on the corner of B, (., €) closest to
the line ;1 = po is strictly more difficult than all the others. That means that sampling enough to
solve it is enough to solve all the other instances.

4 Perspectives

We proved instance-dependent lower bounds for the batch complexity of any §-correct pure explo-
ration algorithm. These lower bounds get larger as the sample complexity of the algorithm decreases.
We introduced the Phased Explore then Track algorithm, for which we proved an upper bound for the
sample complexity close to the lower bound for fully adaptive methods, as well as an upper bound
for the batch complexity that is close to our lower bound.

The main open question raised by our work is how to explore in a better way than uniformly for a
general pure exploration problem. The goal of the exploration is to find a set B, such that the worst
case complexity T (B,) is close to T* (g), which means estimating both 7% (1¢) and w* (). Uniform
exploration leads to a close to optimal batch complexity and to a sample complexity which has a good
dependence in log(1/5). However, it comes at the cost of KT*(u) samples used to explore every
arm, which should ideally be around T™* () instead. For BAI and Top-k, the elimination strategies



of [Hillel et al., 2013, Jin et al., 2023] achieve that improvement, but the elimination criterion uses
the particular link between the gaps and 7™ in Top-k. We would need to find a way to extend the
elimination approach to other problems, for which there might not even be an obvious notion of

gaps.

Acknowledgments

The authors acknowledge the funding of the French National Research Agency under the project
FATE (ANR22-CE23-0016-01) and the PEPR IA FOUNDRY project (ANR-23-PEIA-0003). The
authors are members of the Inria team Scool.

References

Yasin Abbasi-Yadkori, David P4l, and Csaba Szepesvari. Improved algorithms for linear stochastic
bandits. Advances in neural information processing systems, 24, 2011.

Arpit Agarwal, Shivani Agarwal, Sepehr Assadi, and Sanjeev Khanna. Learning with Limited Rounds
of Adaptivity: Coin Tossing, Multi-Armed Bandits, and Ranking from Pairwise Comparisons. In
Proceedings of the 2017 Conference on Learning Theory, pages 39-75. PMLR, June 2017.

Jean-Yves Audibert, Sébastien Bubeck, and Remi Munos. Best Arm Identification in Multi-Armed
Bandits. In COLT 2010 - The 23rd Conference on Learning Theory, pages 41-53, November 2010.

Sébastien Bubeck, Nicolo Cesa-Bianchi, et al. Regret analysis of stochastic and nonstochastic
multi-armed bandit problems. Foundations and Trends® in Machine Learning, 5(1):1-122, 2012.

Rémy Degenne. Impact of Structure on the Design and Analysis of Bandit Algorithms. PhD thesis,
Université Paris-Diderot, 2019.

Rémy Degenne and Wouter M Koolen. Pure Exploration with Multiple Correct Answers. In Advances
in Neural Information Processing Systems 32 (NeurIPS 2019), 2019.

Rémy Degenne, Wouter M. Koolen, and Pierre Ménard. Non-Asymptotic Pure Exploration by
Solving Games. In 33rd Conference on Neural Information Processing Systems (NeurIPS 2019),
June 2019.

Eyal Even-Dar, Shie Mannor, and Yishay Mansour. PAC Bounds for Multi-armed Bandit and Markov
Decision Processes. In Jyrki Kivinen and Robert H. Sloan, editors, Computational Learning
Theory, pages 255-270, Berlin, Heidelberg, 2002. Springer. ISBN 978-3-540-45435-9. doi:
10.1007/3-540-45435-7_18.

Aurelien Garivier and Emilie Kaufmann. Optimal Best Arm Identification with Fixed Confidence. In
Conference on Learning Theory (COLT), 2016.

Eshcar Hillel, Zohar S. Karnin, Tomer Koren, R. Lempel, and O. Somekh. Distributed Exploration
in Multi-Armed Bandits. In 26¢h International Conference on Neural Information Processing
Systems, November 2013.

Kevin Jamieson, Matthew Malloy, Robert Nowak, and Sébastien Bubeck. Lil’ UCB : An Optimal
Exploration Algorithm for Multi-Armed Bandits. In Proceedings of The 27th Conference on
Learning Theory, pages 423-439. PMLR, May 2014.

Tianyuan Jin, Jieming Shi, Xiaokui Xiao, and Enhong Chen. Efficient Pure Exploration in Adaptive
Round model. In 33rd Conference on Neural Information Processing Systems (NeurIPS 2019),
Vancouver, Canada, 2019.

Tianyuan Jin, Yu Yang, Jing Tang, Xiaokui Xiao, and Pan Xu. Optimal Batched Best Arm Identifica-
tion, October 2023.

Nikolai Karpov, Qin Zhang, and Yuan Zhou. Collaborative Top Distribution Identifications with
Limited Interaction. In 2020 IEEE 61st Annual Symposium on Foundations of Computer Science
(FOCS), pages 160—171, Durham, NC, USA, November 2020. IEEE. ISBN 978-1-72819-621-3.
doi: 10.1109/FOCS46700.2020.00024.

10



Emilie Kaufmann and Wouter M. Koolen. Mixture martingales revisited with applications to
sequential tests and confidence intervals. Journal of Machine Learning Research, 22(246):1-44,
2021.

Emilie Kaufmann, Olivier Cappé, and Aurélien Garivier. On the complexity of best-arm identification
in multi-armed bandit models. The Journal of Machine Learning Research, 17(1):1-42, 2016.

Emilie Kaufmann, Wouter M Koolen, and Aurélien Garivier. Sequential test for the lowest mean:
From Thompson to Murphy sampling. Advances in Neural Information Processing Systems, 31,
2018.

Tor Lattimore and Csaba Szepesvari. Bandit algorithms. Cambridge University Press, 2020.

Andrea Locatelli, Maurilio Gutzeit, and Alexandra Carpentier. An optimal algorithm for the Thresh-
olding Bandit Problem. In 33rd International Conference on Machine Learning (ICML 2016),
2016.

Shiyin Lu, Guanghui Wang, Yao Hu, and Lijun Zhang. Optimal Algorithms for Lipschitz Bandits
with Heavy-tailed Rewards. In Proceedings of the 36th International Conference on Machine
Learning, 2019.

Chao Tao, Qin Zhang, and Yuan Zhou. Collaborative Learning with Limited Interaction: Tight
Bounds for Distributed Exploration in Multi-Armed Bandits. In Symposium on Foundations of
Computer Science (FOCS). IEEE, 2019.

William R. Thompson. On the Likelihood that One Unknown Probability Exceeds Another in View
of the Evidence of Two Samples. Biometrika, 25(3/4):285-294, 1933. ISSN 0006-3444. doi:
10.2307/2332286.

Yan Wang. Sub-gaussian error bounds for hypothesis testing. In 2021 IEEE International Symposium
on Information Theory (ISIT), pages 3050-3055. IEEE, 2021.

A Experiments on the BAI setting
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Figure 3: Experimental results, 6 = 0.05, NV = 1000 runs

Our algorithm PET is near-optimal in round and sample complexities for many pure exploration
problems, and has theoretical guarantees for any pure exploration problem. To ascertain its practical
performances, we compare it to baselines and state of the art algorithms for best arm identification
and thresholding bandits.

Each experiment is repeated over 1000 runs. All reward distributions are Gaussian with variance 1
and we use the confidence level § = 0.05, which is chosen for its relevance to statistical practice. We
compare

* Round Robin (or uniform sampling), where the stopping rule is checked only at timesteps
(900 x 27),>1;

* Track-and-Stop (TaS) [Garivier and Kaufmann, 2016], where the empirical value of w is
updated only at timesteps (900 x 2"),., and the stopping rule is only checked at those times;

11



* Our algorithm PET, with Ty = 1;
* Opt-BBAI [Jin et al., 2023] with a« = 1.05 and the quantities described in their Theorem
4.2

The initial batch sizes for TaS and Round Robin were chosen to approximate the initial batch size of
our algorithm, to not disadvantage them in terms of round complexity. We modified TaS in order
to turn it into a batch algorithm. Note that there is no formal guarantee for the batch or sample
complexity of that modification of TaS, but we use it as a sensible baseline.

For the BAI experiment, we run each algorithm on 10-arm instances where the best arm has mean 1,
and each other arm 7 has mean uniformly sampled between 0.6 and 0.9. See Figure for the box
plots of the sample complexities. The mean is indicated by a black cross. While both our algorithm
and Opt-BBAI use similarly few batches, PET outperforms Opt-BBAI for the sample complexity.
That algorithm is asymptotically optimal as § — 0 but it uses batches that seem to be too large for
moderate values of § like the 0.05 we use.

While the batch modification of TaS might seem to be a good alternative for the BAI experiment,
there are instances of the thresholding setting where it performs sub-optimally. That effect was first
observed in [Degenne et al., 2019] for the fully online TaS and reflects that, contrary to our results, the
sample complexity guarantees of TaS are only asymptotic. We run the algorithms on a thresholding
bandit with threshold 0.6 and two arms with means 0.5 and 0.6 and observe that batched TaS has
high average sample complexity (see Figure ; the mean is the black cross), while PET does not.

B Proofs of the lower bounds

B.1 Preliminary lemmas

For the sake of completeness, we start by restating and proving some results from [Tao et al., 2019]
in slightly more general language.

Definition B.1. For some integers r and n, define 75 the number of samples before the end of round
T.

Lemma B.2 (Generalization of Lemma 27 of [Tao et al., 2019]). For an algorithm, two instances v
and V' andr € N,

Po{Rs>r+ 1,7, <n+m} >P{Rs >r+ 1,75 <m}—P,{r5 >n}— || DI — D|rv
where D! is the distribution of rewards the algorithm got from v over m steps.

Proof. Fix a deterministic algorithm.
First of all,
(Rs >r+1,75 <m, 75" =75 <n) C(Rs > 7+ 1,757 <n+m) 2

And, since (Rs > r+ 1,75 < m, 7';“ — 7§ < n) is determined by the first m rewards (at the end
of round r using less than m samples, the algorithm must choose the length of round r + 1),

Py {Rs > r+1,7f <m, 7} =77 <n} > P {Rs > r+1,7f <m, 7} —7] < n}—||DI~D2||1v
3

On the other hand,

(Rs>r+ 1,75 <m)\(Rs >r+1,75 Sm,7g+1fT§<n):(R5 2T+1,T§§m,7§+1775

- (7'5 > TL)
hence
PARs >r+ 1,75 < m,7§+1 —15 <n}t>P{Rs>r+ 1,75 <m}—-P,{rs >n} @
Hence, using Equations (2), (3) then (4),
P, {Rs >r+ 1,7'(;""'1 <n+m}>P,{Rs>r+1,75 < m,Tg'H — 75 <n}
>P{Rs >r+ 1,75 <m, i — 1§ <n}— D - DU|rv
>P,{Rs>r+ 1,75 <m}—P,{rs >n}— D)} — Dl v

O
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Lemma B.3 (Generalization of Lemma 26 of [Tao et al., 2019]). For any §-correct algorithm, for all
m,r € N and any two bandit instances v, V', we have

P, {Rs >r+1,75 <m}>P,{Rs >r,7} <m}—25— DL — D|rv .

Proof. Consider the event F; = (Rs = r,75 < m). Denote by F» the evenLﬂlat the algorithm
returns the best arm of instance v. Then P, {F1} = P, {F1 A Fo} + P.{F1 A F2}

With D the distribution of rewards over m samples and some v’ € Alt,,

P {F1 A Fo} S Pu{F1 AFo} + D — Dyillrv
<Pu{F} + Dy — Dyillrv
<0+ Dy = Dilllrv -

On the other hand, P, {F; A Fa} < P, {Fa} < 4. Therefore P, {F1} < 26 + | D2 — D% ||rv.
Using Pu{R; > r+ 1,75 <m} >P,{Rs; > r, 7] <m}—P,(Fi), we conclude. O

Lemma B.4. For any 6-correct algorithm, for all m,r € N and any bandit instance v, we have

P.{Rs >r+ 1,75 <m} >P,{Rs >r,75 <m}—20 — %(T*(V))_l .

Proof. First apply Lemma to an arbitrary instance v’ € Alt,,. Then using Pinsker’s inequality
yields

1 1 (i — py)?
DI — DU \rv < \/=KL(DZ||D1) = | = Ey[Np i ————
1Dy~ Dy < \/GKLODZIDE) = |5 3 EulNn 25
i€[K]
with N, ; the number of times arm ¢ is pulled before time m.

As this is true for all instances v’ € Alt,,, we can obtain an inequality using the infimum over those
instances,

: m m m . Eu [Nm,i} (ui - )\2)2
_pm < | =
N T
i€[K]
(i — Xi)?

< | = f ;

Al 2 j;lsz Aelgltu i%{] v 2

=[5 @),

by definition of 7. O

Finally, we also give a technical result to solve inequalities of the form (k + N2(a + bln N))V < p.
Lemma B.5. Let p > e, a,b > 0 and k be real numbers, and let A = max{e,k + a}. Then
Ni=| sty | satisfies (k+ N(a+bln N))N < p.

(I p)%(A

Proof. If N = 0, the equality is 1 < p, which is true since p > e. Otherwise, N > 1 and
(Inp)?(A+blnlnp) > A >e,s0 N < [Inp/Ine| < In p. Therefore

NIn(k 4+ N?*(a+bIlnN)) < NIn(N?(A + bln N))

< NIn((Inp)*(A + bInln p))
<lnp

and finally (k + N2(a +bln N))N < p. O
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B.2 The lower bound in the general cases

We give here a result for any sequence of instances.

Lemma B.6. Let there be a sequence of instances (V™ )o<n<n such that the probability of error is
bounded by § and for any n € [0, N — 1], ¢, > Pyun[75 > x,,]. Then

N-1 n+1
Xn—l 1 E[NX —1 7] (,LL i un)Z
P~ R, N|>1-2N§ — L L t
w~[Rs > N| > ; en 4/ =5 Ty ‘EZH:{] o 52

where X, = Z?:_l T4, T_1 Is any positive real number, and Ny ; is the number of times arm i is
sampled before time t.

Proof of Lemma B.6. By lemmas and B .4, for any m,

P n+1{Rs > n+ 1,7'[;“H <m+z,} >Pun{Rs >n+1,73 <m}—c, —||Dpn — Dpirllrv

> Pur{Rs 2 m 7 <m} =25 — [ 5T ()

1 (pith = )2
en =g 2 BNl T
1€[K]

and with X, = > |z,

Xn—l
2

Pnii{Rs >n+ 1,70 < X} > Ppu{Rs > n, 78 < X1} — 20 — ¢ — (T*(p))~1

Xn—1 Z E[Nx,_,.i] (N?H - N?)z
Xn—l 202

1€[K]
So that finally
P,v{Rs > N,7&¥ < Xy_1} > Puo{Rs > 0,70 <x_;} —2N§

N-1 n+1
anl E[NX _ i] (/,LJF — /,Ln)Q
— ~ T* n))—1 n—1; 7 i
Zi:o e\ g @)+ | 2 X, . 202

i€[K]

and we conclude since for any x_; > 0, P,o{Rs > 1, 7'(? < x_1} = 1 (we always use at least 1
round). O

From there, we derive the result for T7*(u™) = ¢~ T*(uP).

Lemma 2.1. Suppose that a §-correct algorithm sansﬁes Py (15 > vT* () In(1/6)) < ¢ for some
v, ¢ > 0 on any Gaussian instance p with variance o> with T*( ) € (Tm]n7 Tax)- Let (0™)o<n<n

be a sequence of such Gaussian instances with T*(u™) = T*(u°)(™" € (Twin, Tmax) for some
¢ €(0,1). Then

7In(1/9)

Pur (Bs > N) 21 = N0 +¢) =[5 3

Sn

_ N n+l_ ny)2
Wlth SN == ZnNzol |:1 + \/T C(#O) SupwEEK Zze[K] wlw:|
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Proof of Lemma We apply Lemma on the sequence (V")p<p<ny With z_; =
~T*(p° 1og(1/6)< 1— - That way,

n=x_ 1+Z’yT* )log(1/0)

= T (1) log(1/5) (C L. +Z<i>

i=0
0 C—(7z,+1)
=T"(p )log(1/5)ﬁ
O
Under Assumption 2.2, we can pick a sequence of instances of means u"** = zpu™ + (1 — x)y and
control the sequence of 7*(u™). That way, we get the following result:
Lemma B.7 (Batch lower bound on affine sequences). For problems on which Assumption is

satisfied; for any algorithm such that, for any Gaussian instance v satisfying T* () € (Timin, Tax)
the probability of error is smaller than § and such that P, (15 > vlog(1/6)T*(w)) < ¢; we have for
any o-Gaussian instance v of complexity T* () € (Twin, Tmax), for the corresponding y € R given
by Assumption 2.2 for p, that P,(Rs > N) > 1/2 for

T* (1)
Tmin 1

* 2 ’
In ((ln TTHS‘:)) max{e, C}) 20+

2
with C =1 "‘4710%(%) < + 4/ T*(“)A ) and A = max; |p; — y.

Proof. Fix some (o-Gaussian) instance ©° = v of complexity 7* () = Ty € (Tinin, Timax)-

In
N = min

For some ¢ € (0,1) to be fixed later, define the instance of mean p+' = (=12 + (1 — ¢~ V/?)y.
We then have ¢("T*(u®) = T*(u™) by hypothesis. We can thus construct a sequence of instances of

length N as long as ¢V > %

A A S (S el S R VT el )
202 o 202

< w(l _ <1/2)2

202
We apply Theorem on the reversed sequence (Vn—;), <i<N'

log( 1/5 iy A2
Py(Rs > N) > 1= N(20+¢) — | 12 XZ Lt [T*(n) sup Y wigg(1—CV/2
( WEAK . 202
i= i€[K]
~log 1/6
>1—
> 1 N<25+c+ st |1 202

>5/8 = N(20+¢)

¢ = <1+4N2710g< )( 202 ) )
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Tmin 202

2
We can apply Lemma with p = (” ) ,k=1,0=0,and a = 4ylog(1/9) < T*(uo)N) _
We get that a sufficient condition is

1 L)
N S Tmin (5)

R 2
In ((111 %’f)) max {e, C})
2
with C = 1 + 4~log(1/5) (1 n W) ,

Therefore, by picking IV that satisfies (5) and N <

we have that P, (Rs > N) > O

1
8(264—(') ’ 2
Lemma B.8 (Batch lower bound on affine sequences, expectation constraint). For problems on
which Assumption is satisfied; for any §-correct algorithm such that, for any Gaussian instance v
satisfying T*(p) € (Twin, Tmax) Ev[7s] < vlog(1/8)T*(p), we have for any o-Gaussian instance
v of complexity T* () € (Tinin, Tmax), for the corresponding y € R given by Assumption 2.2 for p
that P,(Rs > N) > 1/2 for

In T (p)
N > min Tmm

In ((ln TT*T(”) max{e Cs}

*(u) 1

1
) ’ 3 mm 35

Tmin 202

with C§ = max{e 1+ 47ylog(1/8) In T (1 + T*(“)N) } and A = max; |p; — yl.

Proof. For instance v, for some algorithm satisfying E, [7s] < ylog(1/§)T™*(u), we have by the
Markov inequality that P, (75 > (v/c)T* () log(1/6)) < c. Applying Lemma B.7, P, (Rs > N) >
1/2 for

T (1) 1
Tmin

* 2 ’
ln((an) max{e,C}) 20+c

2
with C' = 1 4 4v/clog(3) ( + T*;';%A2> and A = max; |u; — yl.

N = min

. -1 . -1
Choosing ¢ = max {(5, (log q;nf‘:)) } if § < (log q;n—(‘:)) , then

1 i (l‘) * )
N 2 min T'min

T
1 ( T* (u) ’ 3 Thin
n| (In7 max{e Cs}

with C’é max{e 1+4’710g(1/5)1nT (u) (1+ T*éﬁ%m> }

If6 > <logT (”)) 1,

In T (1) 1
N > min Linin —

* 2 ’
ln<<ln7;n£i’:)) max{e,C(’S}) 30
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B.3 The top-£ and BAI settings

All that remains is to show that our problems satisfy Assumption 2.2. We start with top-k, and first
give a technical result giving a simple formula for 7* ().

Lemma B.9. For any w € Y,

A | D widlu A | = min wod(pas pras) + wod (11, )
1€[K] a<k
Wa fra+Wh 16

where [iqp = (arms are assumed to be ordered, |11 > o > ... ).

Wq +Wp
Lemma B.10. In the top-k problem, setting p’ = xp + (1 — )y where y is a constant vector and
x>0, Aty = Alt,, A* = zAY and (T* (')~ = 22(T*(p)) L.

Proof. First of all, for any two arms 4, j, j1; — p; = @(p; — p15) with z > 0. Therefore, the ordering of
arms is conserved, and Alt,,, = Alt,. Moreover, since AY = puf — pj = x(p; — ppy1) = A

fori < kand A¥ = pj — ul = xA¥ otherwise, we do have A¥ = zA¥.

Furthermore,
(T (') it (3w )
= su in w;
H wEEpK Ac€Alty, |\ 202
(K]
I 2 I N2
= sup min w, (e 'Z"’b) + wp (5 ’Z“b)
WEX i b>k+1 20 20
a<k
with
’ Wally + wbﬂz
- = xu, 1—
fhap (W) — Tpay + (1 — )y
So that
2 2
T (')~ = 22 . (Na - Nab) (,Ub - Mab)
(7" (1)) * wseusz bohi1 0T 242 o 202
a<k
= 2*(T" ()"
O
With these results, we can apply Lemmas and B.8. We see that the value of y does not impact the

proof: we thus choose the value that minimizes max; |j1; — y|, which is gy = X2Xi fetmini ji;

B.4 The thresholding setting

Lemma B.11. In the thresholding bandit problem, setting ' = xp + (1 — )T where T is the
constant vector of value T the threshold and x > 0, Alt,,, = Alt,, A = zA¥ and (T*(p'))~! =
a?(T* ()~

Proof. First of all, for any arm ¢, p) — 7 = x(u; — 7) with > 0. Therefore, Alt, = Alt,.

Moreover, Af/ = | — 7 = @|ps — 7| = :L“Af/,
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Furthermore,

@) = swp w3 w, = 2i)
wes e ANEAI, | 202
i€[K]
(- 7"
= Sup sup wi-——5 5 —
weX K i€[K]| 20
(pi —7)°

=2? sup sup w; 5
weTk i€[K] 20

= (T ()

C Concentration and threshold for the stopping rule

We suppose that each arm is sampled once during the first K time steps.

Theorem C.1. Suppose that the arm distributions are o*-sub-Gaussian. Let fi; j, be the average
of arm k at time t and Ny j, be the number of times arm k is sampled up to time t. With probability
1—46, forallt > K,

K K

1 (e — ) K— em? 2 9 2 1

= N;py—————— < —W |21 —1 14+ 1In N, —In=- | .

2; N "6 +Knk-1:[1(+nt’k) TR
C.1 Proof of the concentration theorem
We can assume w.l.o0.g. that yj, = 0 for all k and 0% = 1.

S¢

Let S; 1 = Zi:l X, 1I{ks = k}. We want a bound on 1 Zszl W’;

We first remark that x = SUpy AT — %)\2 . Apply that to x = S; 1, /+/ Ny 1 to get

18 K 1 )
2N = sup Z AeStr — §Nt,k-)\k
k= AL AR T
sup Z)\ 1)\
= ks<\s,ks ks
ALy AR g 2

The advantage of that formulation is that we can concentrate the sum for any fixed value of A (or any
distribution on A) thanks to a martingale argument.

Lemma C.2. For all p € P(RX), the process t — Exn, {exp (Zi:l Mo Xs ko — %)\%)} is a
non-negative supermartingale with expectation bounded by 1.
Corollary C.3. Forall p € P(RE) and z > 0,

) . ]
1
P <3t, InEx, |exp (Z A, Xk, — 2Ai5> > x) <e®
L s=1 i

Equivalently, for all 6 € (0, 1],
[ ‘ 1., ) 1
P <3t, InEy, |exp (Z_} A X h, — 2A§5> > In 5) <94.

Proof. Use Ville’s inequality and the fact that the process is a non-negative supermartingale. O

We don’t want to bound an integral over A ~ p, but the supremum over A, so we need to relate the
two quantities. We do that for Gaussian priors over .
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Lemma Cd4. For p = N(0,diag(o, %)),

InEs. Mo X b — =2 B In(1 4+ N, = N o
1y pleXP<§ ks ks 9 k5>] 2; ( + tkO—k‘ +2§ ka.+0'k)
Proof.

! 1
Ex~, |exp (; Ao Xs ks — 2>\is>]

1
= HE)\kNN(o7g;2) |:eXp ()‘kSt,k — 2Nt,k)\i):|
k

g Rl
= H _— exp
k 2770,;2 Ak

1 / 1 2 Siw N1 Sik
- exp | —5 Nk +0i) <>\k - ' > + - ’ dAg
1;[ \/(1+Nt,k0;2) V21 (New +03) =1 ( 2 (Nt g +03) 2 Ny + o},

M)
_ - exp _ Ptk
k (1 + Ny oy, ) 2Ntk+0'k

1 2 UI% 2
Stk — §Nt7k)\k — 7)% dA,

O
Corollary C.5. Let p = N(0,diag(c;, %)), 1t max = maxy, N—Q and M min = miny N
;Zl - (1 7 max) (mmw [exp <§ A Xs ke, — ;)\i> + gln(l + m,éﬁn)>
Proof. Using Lemma C .4,
lii InE t)\X Ly 1K11N 2
2 £ Npy + 0} Avp eXp(; Feosks T g ’“s) +2’;n( + Newkoy, ™) -
Then
K 52 1 K ngk 1 1 K 52
ZNtk+0k 52 1+77tmax) 1+ Nt max 2 Ntk
Finally, Ny k0% < 1 i O

If N, was a known, unchanging number, we could choose U,% o< Ny i, to g6t Nt max = Mt min» and
we would choose it to minimize the right hand side. The strategy to use that “known Ny ;” case even
if they are random is to put geometric grids on the number of pulls of each arm, define distributions
that are adapted to each cell of the grid, and combine them into a mixture of Gaussians.

Let (Mn,....nx )n1,...nxeN be non-negative real numbers that will be chosen later. For i € N, let

w; = The weights (w;) satisfy >, yw; = 1, hencealso > (Hszl wp, ) = 1.

6 1
72 (i+1)2°

Let pny . nx = ®sz1 N(0,e=™sn, ). This is a product distribution, with each marginal
being a Gaussian with mean 0 and variance that depends on the number of grid cell.

With probability 1 — 6, for all (n4,...,nx) € N¥ and all ¢,

t K
1 1 1
I Ex~p, e [GXP (Z e, Xs by — 2%)] <In 3 =+ Zln o
nk

k=1
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This is simply an union bound using Corollary C.3, with weight HkK:1 W, fOT Py, g

In particular, there exists (ny,...,ny) such that for all k € [K], e < Ny < e" 1. For that

. ,”Lk n ) . .
choice, e‘lnnh o < ()"N% < Mn,,....nx- For those values, using Corollary with
0% = €™ Ny, . ny» With probability 1 — 4,

2 N
k=1

t,

§(1+77n1’ ) <ln+21 w (1+e77n1, ,nK)>
Nk

ko

< (L4 My ecoinic) (ln (1+77n11,...,nK)>

y K
= (1 + 777117m,7l1<) <ln (\/671—2/6)[{ I—(ng:l(nk . 1)2 + [2( In (1 + nfm, ,nx))

This is where we choose 7y, ... n, to minimize the right hand side.

By Lemma A.3 of [Degenne, 2019], the minimal value is attained at some 7y, ... », such that

2/6)K [Ty (nk + 1) | K
(1+nn1,...,nK)<ln Wer/o) 1}’“—1(”’“ : + 5 0 )

_K (fﬂz/G)KH (g +1)?
—2W<1+K =117k )

By the choice of n, it satisfies nj, < In Ny ;. We get that with probability 1 — ¢, for all ¢,

K 2 K

S _ 2 K 2

E < EW 1+ z In (V/em?/6) Hk:1(1 +1In N; )
Ntk 2 K )

K
K 2, 2 1
W( <e7r2/6 kli[llJrlnNtk )+K1n5>.

This ends the proof of the theorem.

C.2 Upper bounds on 5(¢,0) and on ~,
We choose the threshold
K en?\ 2 s ) 2.1

We can get an upper bound that is not random by maximizing over (N x)re[x) under the constraint
Zszl N =t. We get

B(t,9) < [2(W<21n(eg2)+4ln<1—|—1n;<>—|—l2{ln(1s> .
We can get further upper bounds by using W (z) < 2 + Inz + 1/2 < 2z. This gives
B(t,6) <2KIn <e7:> +4KIn (1 +1nt) +21n%
2
<2Kln< 5 >+4Kan+21 5
The right asymptotic for 5(t,0) as § — 01s In(1/0). We lost a factor 2 in the upper bound above.
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Lemma C.6. Let vy, be the solution to 3(t,,0) = 7, , for t, = 2(Kly /Ty + )T, and 1y, =
32T, In(2v2KT,). Then

1
7r < 4ln 5 + 8K In(T;) +4K(11 + I K) .

Proof. We use an upper bound for 3(¢,0): v, is bounded from above by the solution ~,. to

2
en

=2KIn| —
v =2k (%

Then either v, < 8K In(2v/2KT;.) or ;. is less than the solution to

2
v =2KIn (eg) 14K In (107T ) +2ln%
1

) +4Kn (2(32 In(2V2KT,) + %)Tr) +2 ln% .

K

50em? YT,
—2Kln( 3 >+4KIH(K)+2IH6'

That is,

— /(1 1 1. 800er?
= 4K — In - + In(T; -1
T W(QK“5+D( A )

800e7?

1
<4In 5 +8KIn(T,) + 4K In

At this point, we get
800e7?

1
¥ < max {4111 — 4+ 8K 1In(T,) + 4K In

5 8K 1n(2\/ﬁTr)}

1 2
< 8K In(T}) 4 max {4111 5 TAK 800%7 SK 111(2\/2K)}

800em?

1
<SKIn(T,) +4In < + 4K In + 8K In(2v2K)

1 400er?
< 8KIn(Ty) +4In 5 +4KIn (“g”K)

1
< 8KM(T;) +4In < +4K(11 + I K) .

D Proofs related to the algorithm

D.1 Additional Lemmas

Lemma D.1. Let (X;);en be i.id. o2-sub-Gaussian random variables with mean . For n € N, let
[in, be the average of the first n random variables. Then

M)

Ne

P(3n > N, fi, > p+e) <e 207

Ne2

P(E3n >N, fi, <p—c)<e 27 .

Proof. Given (X1,..., Xn), the process M, () : n s }SE" (Ximm=3(N+m)o®X* jg 5 non-
negative supermartingale for any A € R by the sub-Gaussian hypothesis, with expectation
€>\ Zf:l(xi_ﬂ)_%NU2k2 atn = 0.

By Ville’s inequality,

B(3n, Ma(A) > 1/6 | X1,..., Xy) < 6> Da(Ximm =3 nots?
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Forall A € Randall 6 € (0,1),
<3n >N, AZ n02/\2 > 111(1/5)) E[P(3n >0, M,(\) >1/6| X1,...,Xn)]

< OE |:e>‘ E'fil(Xt—[L)—%NOZ)\2:|

Reordering, we get, for A > 0,

]P’(EIn>N fin > p1+ U2A+ml 5><IP’<EIn>N/fL >+ U2A+—1 6)

IA
S

Ne2 .
Choose 6 = e~ 202 and \ = % to obtain

2

Ne
P(En >N, jin > p+e) <e 207
The second inequality is obtained similarly, with A < 0. O

Lemma D.2. The probability of £, satisfies
P(E) > 1 — 2K exp(—2"1y 62 /207) .

Proof. &, is the event that ||pt — " ||co < &, and ||t — 27 ]| < &,. We use an union bound over
the arms to bound the probability of the complement £F. For each ¢ € [K], i} and i} are empirical
means of at least 2"/, ,. samples. We can thus apply Lemma (twice, once for deviations from
above and once for deviations from below). O]

Lemma D.3. Let p, € (0,1]. For the choice &, = /22

P&) > 1—p,.

ln , the probability of the event &, is

D.2 Proof of Lemma

Proof. By the condition on /V;, then the fact that ﬂ € Band ﬁnally definitions of w* and T,

N >
Aeuzgt Z Nd(.uqu)_'VT 1nf Zw d(fii, Mi)

>~T"(B) inf _inf B)d(vi, i) =7 -
2T (B) jf ik ) wi(B)dvi, M) =1

D.3 Proof of Lemma

7T (BT) > T, then the algorithm does not enter the second batch of the phase by definition of the
algorithm.

If T*(Br) < T, then by the choice of -, and Lemma 3.4, under &£, the stopping condition is triggered.

We now prove the complexity upper bounds. Let C,- be the event that the algorithm attains phase
r and does not stop at that phase. We proved that {T*(Br) < T.}NE. CC¢ for all r. That is,
C. CECU{T (B,) > T}

Recall that R* = min{r | V"' > r, £ = T*(BT/) <T.}.

+oo
Rs = ZH(Crfl) + H(Crfl A {T*(Br> < Tr}) .

+oo
§R*+2 Z H r—1 +Z r— 1/\{T )STT})

r=R*+1
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By definition of R*, for r > R* we have {T" (B,) > T,} C £°. Using that property and the
inclusion we proved on C, we have, for r > R*,

Cr1 C 57?71 U {T*(Brfl) > Trfl} < gﬁ—l :
Therefore,

+oo
Rs <R +2 > I +Z 1 AT (B) <T}).
r=R*+1

When &, happens T* () < T (B,), hence {T"(B,) < T,} C £¢U{T*(pn) < T}.

400 R* R*
Ry <R +2 Y IE_)+ Y IE)+ Y I{T*(p) < T})
r=R*+1 r=1 r=1

+oo
SR+ 1+2) I(E)+ D (T (m) <T,}) .

Finally, "7 I({T* (k) < T,}) = max {o, R — [mgg TTW)] +}, with [2], = max{0, [2]}.

We now bound the sample complexity 7. Since £,. is an upper bound on the sample complexity up to
phase r,

—+o0
75 < Z {rﬂ{cr—l}

r=1
+o00o

<ip+ Y GO}
r=R*+1
+oo

<tp+ Y, HI{ES,}
r=R*+1

D.4 Proof of the batch and complexity upper bounds

By Lemma 3.7, we can bound the batch and sample complexities by finding an upper bound of
R* = min{r |Vr' >r, &+ = T (B,") < T} and bounding the probability of &,.

Let 7o = min{r | 2, < b(w)}, where b(p) is defined in Assumption 3.8. Then for any r > 7o,
under &, B, = Boo (fir,&r) C Boo (4, 264, ) and thus for any p’ € B, lnT*(BT) —InT*(p') <1
. Hence in the event &,, we get T (B,) < eT™* () since p € B,.

Let 1y = min{r | T, > eT™*(p)}. Then for r > max{rg,r1}, in the event &, T, > eT*(u) >
T"(B,). We get that R* < r* := max{rg, 1 }.

202
27l

By concentration, since we suppose o2-sub-Gaussian arm distributions, for &, = log QP—K we

have P(&,.) < p,.. We can thus bound the expected batch and sample complexities.

T*
E[Rs] <7r* +max{0,r* - {logQ 15“)—‘ } +1, Elrs] « + Zpr r+1 -
0 1+

With our choices of p,., ¥, and /1 ,, we can finally compute bounds on the sums, 79 and 71 ?

In those expressions, 7* = max{rg,r1} with ro = min{r | 2, < b(p)}, 1 = min{r | T, >
eT*(p)}, and ¢, = (Kl /Ty + 27,)T, with [y . /Ty = 321In(2V2KT,).

The choice of p, is a trade-off between the sums and ro. We choose p, = T2 1
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Bounding the sums The sum in the batch complexity is bounded by Tj; 2 /3. The sum that appears
in the sample complexity is

+oo 400 g
_ t,

Z Dr—1ty = Z T2 -
r=max{ro,r1 }+1 r=max{ro,r1 }+1 "

We will need the values of a few sums.

e S |
;ﬁ‘;?%_ﬁ’
i"lnTr 1 Erin2+ Ty In(47y)
o Ty =1 2" T

Let ci,5 = 4In } + 4K (11 4+ In K). By Lemma C.6, v, < 8K In(7}) + ck.5 . An upper bound on
the sample complexity until the end of phase r is then

fy = (Kl1, /Ty + 27,)T;
= (32K In(2V2KT;) + 2v,) T,
< (48K In(T}) + 32K In(2V2K) + ¢ 5) T .
The sum that appears in the sample complexity is at most

X f, 48K In(4Tp) + 32K In(2v2K) + ck.s
T? T '

%
Il
-

Bound on 7* and t,-

t« < (48K In(max{T},, T}, }) + 32K In(2V2K) + cks) max{T,,, T, } -

Recall that 7 = min{r > 0| 2, < b(p)}, r1 = min{r > 0| T, > eT*(p)}.

If we get an upper bound n on T}, we then have r; < log, T% We get a bound on T}, from its

definition: if rg > 1, then T, —; < eT™* () hence in the end T;., < max{Tp,2eT™*(w)}.
If ro > 1, then since £,,—1 > b(p)/2, we get an inequality on 7., 1.

\/2“2 I (2K72) > ")

2”’711177-0_1 2

With the value of [ ,. and using 27}, 1 = T}, this becomes in the end

0.2

T?"o S maX{TO, W} .

Let Ty (p) = max{%, 2eT™*(p)}. We have proved max{T,, Ty, } < max{Tp, T, (p)}, hence

09
tre < (48K Inmax{To, Ty (p)} + 32K In(2V2K) + ck,5) max{Tp, Ty (1) }

and 7* < max{0, log, %(0”)}

Putting things together For the round complexity,

Tr Tr T
E [Rs] < max {0, log, bjsu) }+max {0, max {0, log, bjsu) } — [log2 T(/ﬂ }+1+TO_2
0 0 0o |4
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If Ty () > To, then

Ty T
E[Rs] < 2log, bT(O“ )~ log, T(O“ ) 141
Ty (w) Ty (p)
< b b
< log, T + log, T () +2

If T} (p) < To, by definition, Ty > T (p) > T* (). We then have

T*
E[Rs] <0+ max {0,10g2 bjg“) - o} + 14752
0

<1+157

So that finally,

Ty Ty
E[Rs] < max{log2 bT((;“) + log, Tb*EZ;’O} +1+T572,

E [rs5] < (48K Inmax{Tp, T} (1)} + 32K In(2V2K) + cxc5) max{To, Ty (1)}

. 48K In(4Tp) + 32K In(2v2K) + ¢k s
To ’

Let us simplify the sample complexity.

1
32K In(2V2K) + ck,s = 32K In(2V2K) + 41115 +4K(11+InK)

1

:41115 +4K(5In K + 11 +41n(8))
1

§4lng—|—20K(an+4).

1

5
1
+ (48K In(4Tp) +41n < + 20K (In K + T

E[r5] < (48K Inmax{To, Ty (1)} + 4In = + 20K (In K + 4)) max{To, T (1)}

— (41n ((15) + 20K (In K + 4)) (max{Ty, Ty (1)} + T5 ")

+ 48K (max{Ty, Ty () } In max{Ty, T (1)} + Ty ' In(4Tp)) .

D.5 Implication between the two assumptions

Lemma D.4. Forall pand p’ with |p — p'||ce < V/02/(2T*(p)),

. 8
I () — T ()] <4 57 () = o
As a consequence, if Assumption is satisfied, then Assumption is satisfied with b(p) =
Vo2 (8T*(p)).

Lemma D.5. Let v and v’ be two instances and let w,, = arg max,, infxe i, Zfil wi(pi — A2
Then

\/T*(H)—l _ \/T*(M/)—l <

= /22 ”,u_,UJ,”oo .

Proof. Forw € Y and z € RE  let ||z||, = \/Zfil w;x2. It satisfies the triangle inequality and
le]|lw < ||&||oo- For any A and w,

= Alle < " = Ml + [l = p'lles -
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We can take an infimum on both sides over lambda in Al¢,, and then apply the result to w,, to get

2T () T < i = N+ = s,
"

Either Alt,, = Alt,, and we can replace by that on the right hand side, or p’ € Alt,,. In that second
case infre anr,, |1 — Allw, =0 < infrcan,, |1 — Allw,, . We thus have

202T*(p)~1 < inf "— Al — ||, -
T )T < dnt = Nl + 2= 1,

We maximize over w to get infae ait,, [ — Allw, < /2027 (p/)~1, hence

V2T (@)1 < V20 T () 4 i s,

< V20T ()7 = oo -

After dividing by V202, this is the inequality of the lemma. O

Corollary D.6. For all p and p/,
* / * 2 % / /
InT*(p') —InT*(p) < ?T () e — ' oo -

Proof.

lnT*(/,l,/) _ IHT*([J,) —91n (1 n \/T*(N)_l _ \/T*(IJ/)—1>

T*([L/)_l
- 2\/T*(H)71 _ \/T*(u’)*l
- T*(N/)A

2
<\ ST ) o= e

O
Corollary D.7. For all p and p/ with ||pp — p/ ||oo < \/02/(2T*()),
* / * 8 * /
I T () = T ()] < 3| T () = 1o
Proof. One of the two inequalities we need to prove is due to Corollary . For the other, by the
same corollary,
* ! * 2 * / !/
InT* (') =T (p) <\ 5 T(1) 18— 1o -
O

To finish the proof of Lemma D .4, itt remains to show T*(u’) < 47*(u). By Lemma and the
the hypothesis on ||¢t — '] 0o»

1
V202

V()™ = /T (w) 7t < I = 1l < %\/T*(u)‘l :

Reordering proves the inequality.
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D.6 Proofs for Top-K and thresholding bandits

This section is devoted to the proof of Lemma . We start with a preliminary result allowing us to
compute w* (B) once we have found a suitable instance in B.

Lemma D.8. If all instances in B share the same correct answer i* and if there exists some mean
vector b € B such that

. . (i — /\i)2 . (bi — /\i)2
E . A . A
ulrelfB Ag}xfztb ; wi(®) 202 - Ag}\fltb ; wi(b) 202

(6)

where w(p) = argmax,,cs, infacan, Y ; wi (“3;21')2, thenT"(B) = max,ep T (p).

/'y .\2 .
Proof. For some w € Y, writing f(w, p') = infxcai, Y, wz% for clarity,

inf f(w,p) < f(w,b) because b € B,
veB,
< f(wp, b) from the definition of wp,
< inf f(wp,p) from the hypothesis
neBy

so that w*(b) = argmax,,¢cy,, inf, .5 f(w,v) =w*(B).

- ( | . (u;w)’l
T (B)=| inf inf w; (B)——"—

v/ EB AEAlt,, ’ 202
—1
r— )2

= (inf inf w;‘(b)(ul)>

VIEB AL, 202

—1
) e (i = X)? )

= (A ér}xfztb w} (b)(202)> by Equation (6)
=1T7(b)

hence T'(B) < max, ¢ T*(v). By definition, we have the other inequality, and we conclude.  [J

Lemma 3.11. In Top-k, including best arm identification, as well as for thresholding bandits,
Assumption holds.

We prove the result separately for top-k and TBP. In both cases, we give a certain mean vector
b, and then we show it satisfies the premise of Lemma , then we use that result to show that

T (Boo(p, ) = T*(b).

Proof of Lemma for top-k. Assume without loss of generality that the arms are well ordered,
H1 2 flo 20 2 HK.

If pup, — pr+1 < 2¢, then there exists b € By (u,e) such that by = bpiq. T*(Boc(u,s)) >
max, g (u,e) 1 (V') > T*(b) = 400, therefore
T (Boo(p,e)) = max T*(1').

v’ EB (/—"75)

When p, — g1 > 2¢, define

bi = U; — € if ¢ < k

by = pi +¢ ifi >k+1
and, for any v/,

’ 2
. . )
w,, = argmax inf Wi ~————.
wer AEAlt,, 20



Let there be some v’ € By (p,e). Then for i < k, u, > u; —e = b; and for i > 1 + 1,

/L; < i +e= bi’ and Alt,,/ = Altb

‘We know from Lemma

. (s — \g)? (bt — 11;)* (us = ply;)?
Aren}l?tb Z wi(b) 202 = wa(b) 202 +w;(b) 202 7
forsomea <k <k+1<j and p = — %e® p— () /
= =J aj = wa(®)+w; (o) Ha T w () +w; (0) Hi-
o If yi; € (ba, p1g,), then
wa () (g, — poy)” + w; (B) (1 — p4;)* > 0+ w;(b) (1 — ba)?
> wa(b)(ba — ba)? + w; (b)(b; — ba)”
“ If 1, € (b, ba).
wa (B) (g, — 1) + wi(b) () — p15)* > wa () (ba — pr)* + w;(b)(by — )
¢ If:u’:zg € (M;’vbj),
wa (b) (g, — ;) + w; (b) (1 — p1;)* > wa(b) (g, — b;)* +0
> wa (b)(ba — bj)? + w; (b)(b; — b))?
In all three cases,
wa (B) (1 — 1) + wi () (1 — pil;)? 2t wa(B)(ba - A)? +w;(b)(b; — A)?
2 0o, 2 ) =2
and therefore, by Equation (7),
. i —Ni)? (b; — \i)
"eB £ N AnEA DY i)
W' € Bos(,6), AEAity - wi(b) 202 Aé{}lltb wi(b) 202
and therefore
V . (bi — o)
> .
el O i sk, 2 i) ®
We can thus apply Lemma D .8, and conclude
T(Boo(p,e)) = max T*(v).
veEB (1,e)
O

Proof of Lemma for thresholding bandits. If for some i, |u; — 7| < ¢, then there exists b €
Boo (s, €) such that b; = 7. Therefore, T (Boo (11, €)) > max, cg. (ue) 1) > T*(b) =

therefore .
T (Bso(p,e)) = max T*').
V' EBoo (115€)

When ming, [u, — 7| > ¢, define U = {i € [K] : p; > 7} and L = [K] \ U. Define

bi=pi—e ificeU
by =p;+e ifieL.

(mi—Xi)®

, - .
and for any V', wy,, = argmax,, ¢y, infacaw,, D ; wi~5-3

28
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(Bi=X)> _ (b) (#_,7‘*7)2

Let there be some v € Buo(p,€). We know minxe iz, D, wi(b) 55~ = w; L~ for

some j.

Foralli € U, p, > p; —e =b; > 7y foralli € L, p; < p; + € = b; < 7. Therefore,

(nj —7)? (bj —7)* (bi — Xi)?

()L —— > w;(b
w;(b) 202 = w;(b) 202 T A€Alty - 202

We thus have Vv’ € Boo (i, €), infac aie, Y, wl(b)% > infacan, ., wi(b) (bs ;}‘21)2 , and

2
. . (vi —Xi)? (bi — Xi)?
£ inf (b)) (b))
l,lengr Aér,}lltb - wi(b) 202 T AeAln, < 202

and by Lemma s

T(Boo(p,€)) = Velrsnaai N T (v) .
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