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1. Introduction

Different from element sparse data in conventional sense, a wide class of data, like segments and features,
usually have natural grouping structures. Recently, group sparsity reconstruction has received a great deal
of attention. The target is to restore z° € R~ which has few nonzero groups rather than elements, from a
noisy observation d € RM:

d= Ax° 4+, (1)

where A € RM*N(M < N) is the measurement matrix, and ¢ € RM is the measurement error like the
most common Gaussian noise.

Using convex #; minimization to recover sparse vectors has lasted for a long history [1-3]. Therefore, one
natural idea is to consider the group version of ¢; minimization to obtain group sparse vectors, i.e., Group
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Lasso (f2,1) minimization. Group Lasso was firstly introduced for grouped variable selection in statistics
in 2006 [4], and then was applied to other areas like DNA microarrays [5,6], dynamic MRI [7], source
localization [8], color imaging [9] and so on. However, these ¢; based minimization methods suffer from
some frustrations in practical applications, and the solutions obtained are much less sparse than expected
[10-14].

Instead, as shown in [15,16], the group sparsity of x can be better measured by nonconvex ¢, , “norm”,
defined as

|

1
n q
pg T <Z ||mg1||g)> ’ p 2 170 <g< 1’
=1

where xg, is the ith group of x (see Section 2 for more details about group structure). Clearly, when all group
sizes equal 1, |[z[|, , degenerates to be ||z[|I = Zj\;l |z;]9. Meanwhile, since ||z||2 4 regularization performs
better than a general ||z, in most cases [15,16], we focus on the following ¢» , regularized minimization
in this paper:

min F(a)i= Az —d|? +allolf, 0<q<1, (2)
where o > 0 is the regularization parameter.

Generally speaking, the minimizers of F(z) are not 2° in (1), thus it is important to estimate the distance
between them. There is quite a lot of literature on the recovery of conventional (non-group) ¢, minimization.
Their results were established under some mild conditions on A, such as the restricted isometry property
(RIP, [17-22,14,23]) and restricted eigenvalue condition (REC, [24]). For group sparse minimization, see
[25-27,15]. By generalizing RIP to group sparse case, namely GRIP, [25,26] showed that the convex Group
Lasso is guaranteed to exactly recover group sparse signals. [27] also established the robust recovery for
constrained {3 ; model under GRIP conditions. For the recovery property of unconstrained ¢ , minimization,
[15] is the only work, as far as we know. Their local and global recovery bounds were established based
on group restricted eigenvalue condition (GREC). However, the local recovery result in [15] is given under
some assumptions like the activeness and group support conditions. To the best of our knowledge, a general
form of local recovery bound for unconstrained ¢3 , problem is still undiscovered.

It is well known that the nonsmooth and non-Lipschitz ¢ , minimization is a great challenge in algorithm
design and convergence analysis. Some existing solvers include majorization minimization approach in [16],
proximal gradient method with explicit subsolvers for ¢ = 1/2,2/3 in [15], a support-shrinking iterative
reweighted ¢; (IRL1) algorithm with two loops of iterations in [28] extended from the references in it.
Especially, motivated by the great success of the iteratively reweighted least square (IRLS) method for
conventional ¢, minimization problem (which smoothes the objective function at first and then solves a
series of linear systems) [11,29-31], [27] generalized this IRLS with smoothing algorithm to the unconstrained
{3 4 minimization. Although this IRLS algorithm is simple to implement and performs well in numerical
experiments, the sequence generated is shown to have only convergent subsequences.

In this work, starting from a lower bound theory of local minimizers of F'(x), we show both local and
global recovery bounds of F'(x) and propose an effective and globally convergent IRLS with thresholding
algorithm. We also provide a sufficient condition for a stationary point of F(z) to be a local minimizer. Our
main contributions are summarized below.

e We show a uniform lower bound for nonzero groups of local minimizers of F(x); see Theorem 3.1. Com-
pared with the smoothed ¢5 , regularized model, the solutions of F(x) are sharper; see Proposition 6.1.
o Under the group restricted isometry property (GRIP) [26] assumption, we provide a recovery bound for
each point x satisfying F(x) < F(x°). Meanwhile, if z is also a local minimizer with the columns of A
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corresponding to its support linearly independent, a local recovery bound is derived by the means of the
lower bound theory in Theorem 3.1; see Theorem 4.3. The assumptions we need are weaker than those
for 51 model, which implies the better group sparse recovery ability of the nonconvex /5 ; model.

o A sufficient condition for a stationary point of F'(x) to be a local minimizer is proven; see Theorem 5.3.
Since most algorithms for this problem can only converge to stationary points, this helps to identify
whether an algorithm solution is a local minimizer.

o Motivated by our lower bound theory, we propose a new IRLS with thresholding algorithm for F(z); see
Algorithm 2. In each iteration, the groups whose norms are less than a threshold are truncated, and then
fixed to be 0 in the following steps. Compared with the classical IRLS with smoothing algorithm, our
algorithm is superior in both global convergence and computational efficiency. An error bound analysis
of our algorithm is also given.

The rest of this paper is organized as follows. In Section 2, there are some basic notations and prelimi-
naries. In Section 3, we show a uniform lower bound for nonzero groups of local minimizers. In Section 4,
both local and global recovery bounds for F(z) are established. In Section 5, we aim at the relationship

between stationary points and local minimizers. In Section 6, the focus is on two algorithms. Numerical
experiments are discussed in Section 7. Conclusions are presented in Section 8.

2. Notations and preliminaries
In this paper, we use z = (:r:gl, .. ,xgn)T eRY, ie.,

_ T
T=(T1, BN, TN 415 s EN 4Ny s EN—Np+1° " HEN) (3)

rgy TGy TGy

to represent a predefined group structure of x. Here, g, denotes the ith group of z where G, is an index
subset of {1,2,...,n}, N; is the group size of the ith group, and n is the group number. For a group zg,,
zg, = 0 means z; = 0 for all j € G;. There is no overlapping between any two groups, i.e., G; N Gy = 0 for
any i # k. Obviously, if N; = 1 for all 4, the group structured signal degenerates to be a conventional signal.

Denote I = {1,2,...,n},J = {1,2,..., N}. For a vector z € RY, we denote the (group) support set of
x by

supp(x) :=={j € J : z; # 0}, gsupp(z) :={i € I : xg, # 0}. (4)

For any S C J, let S¢ C J be the complementary set of S. For any G C I, let G C I be the complementary
set of G. We denote x, as the subvector of z indexed by S, and denote Ag as the submatrix of A consisting
of columns indexed by S. For S C J, we construct 7, € RY as an extension of Tyt

(T5)s = x5, (T5)se = 0. ()
Without loss of generality, we use || - || to represent ¢5 norm, i.e., || || = || - ||2- Note that ||z||o denotes the
number of the nonzero entries in x. In particular, for z € RN, ||z|l2.2 = ||2], ||2]l20 = #{i € T : x¢, # 0},
and |[z[lz,00 = maxier [ zg, |-
We denote
oty (@)= min |z —y|f,, where ¢ >0. (6)

lyll2,0<t
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If 0, 4 () is small, we say = has a very small tail. Then, if Sy C J where Sy is the indices over the first ¢
largest groups of x, we have oy (z) = ||z — EHS,q,. Here, the first ¢ largest groups mean the first ¢ groups
after a rearrangement of the vector with decreasing group £2 norms.

Lemma 2.1. ([52]) Let 0 < s < s’ < co. Then, for all z € R,

lzlls < llalls < N*-

Moreover, for x € RN with group structure in (3), we have
1_1
[2]l2,s < [lzll2,s < 0= 7 22,0 (8)
We then introduce the concept of RIP.

Definition 2.2. (RIP, or, restricted isometry property, [17]) For ¢ = 1,2,..., N, the restricted isometry
constant d; € (0,1) of matrix A is the smallest number such that

(1 =d)ll=l” < |[Az]* < (1 +6,)|l«|*, V€ RVsatistying ||z[|o < t. (9)
For simplification, we say matrix A satisfies RIP of order ¢ with constant &;.

The matrix 2-norm is denoted by || A]|2, which equals the largest singular value of A. We denote

(4) := IAz]® RY, det (AT 0 10)
0 := min || ||2 VIS supp(x) SUPP(T) # (

Next, we present the generalization of RIP in group sparse setting.

Definition 2.3. (GRIP, or, group restricted isometry property, [26]) For integer ¢ = 1,2,...,n, the group
restricted isometry constant d; € (0,1) of matrix A over G = {Gy, ..., Gy} is the smallest number such that

(1= d)lzl? < Az]* < A+ ) ]z]?, Vo € RVsatisfying [|lz[|2,0 < t. (11)
For simplification, we say matrix A satisfies GRIP of order ¢ over G with constant ;.

As shown in [26], the GRIP constant is typically smaller than the standard RIP constant. Furthermore,
if A is a random matrix, it satisfies GRIP almost surely.

Lemma 2.4. Given A € RM>*N | we have
[(Az, Ay)| < & (A)llzlllyll,  Va,y € RY satisfying |z]2,0 < ¢, [lyll2.0 < t. (12)
Proof. It follows from
A +9)I* < (1 + 05 (Al +yl?, —[Az - y)lI* < (1 = 5 (A)llz —yl*. ©
A point whose subdifferential contains 0 is called a stationary point. Moreover, the well known Fer-

mat’s rule remains barely unchanged, i.e., if  is a local minimizer of a function ¢, then 0 € d¢(z). The
subdifferential of F'(x) at x is given by Vj € J with j € G;,
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(O (2)),; = {{ZAJT(M —d) + agllag, |22, if zg, # O;

(=00, +0), otherwise.
See Appendix 9.1 or Section 3.1 of [28] for more details. Thus, if x is a local minimizer of F'(x), we have

247 (Az — d) + o [ qlleg, " %2g, ] ;e =0, (13)

where G = gsupp(z), S = Ui Gi-
3. Lower bound theory

In this section, we aim at the lower bound theory about the local minimizers of F(z), i.e., there is a
uniform lower bound for nonzero groups of any local minimizer of F(x).
Our lower bound theory applies to a general ¢, ,(p > 1) regularized minimization:

m}ilnN FP(z) = ||Az — d|I” + al|||g ,, where a >0, 0<g¢g<Ll. (14)
TE

Note that F(x) defined in our paper equals F?(x) here.

Theorem 3.1. (Lower bound theory) For any d € RM, if FP(x) has a local minimum at x*, then for all
1 €1,

1
”xgi”p > (2|AQ> , when 1<p<2,
2

rg #0, = 1 (15)

agl—q) \™"
p > (%) ,when p > 2.
2N, Al

lzg,

Proof. Denote S = supp(z*). Since z* is a local minimizer of FP(x), z* is also a local minimizer of the
following problem:

min FP(x).
z€RN, x5, =0

T
It follows that y* := 27 with ((yé—l)T, cee (yén)T) as a group formula of y*, ie.,, Vi=1,2,...,n,
37 €1, such that yé— =Tgns)

is a local minimizer of the following problem:

min  H(y) = [A;y —d]* + ) [lyg,

q
9
yeRN i=1 :

where N = #S, N; = #G;. Then, it is sufficient to find the lower bound for each yé—
We can see that H(y) is smooth at y*, and its first order derivative at y* is

allyg, 1577 Twp P~ tsen(v)) | g,
2AT(Ay" —d) +a : =0

allys, 157 [ly;IP~"sen() ],
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To obtain its second order derivative at y*, for all i = 1,2,...,7n, we define
¢i(y) = dllyg, I3 7Py, [P 'sen(y;), if je G
Take k € G;. If k # j, we have

0, _ _ _
S gt )l Il sen(on) -l sg()

If £ = j, we have when p > 1,

99;(y) - _ _ _ _
—aJy = q(q = p)llyg, 1372 - ly; "~ "sen(y;) - ly; [P~ 'senly;) + alp — Dllyg, 15 ly; P~
J
when p =1,
9%;(y) _ _ _
—Efy} = q(q—p)llyg 1572 - ly; 1P~ sen(y;) - ly;[P~ sen(y;).
J

Thus, the second derivative of H at y* is

M'+D' 0 0
VZH(y*) = 24T A, +a 0 0 =0,
0 0 Mm"+ D"

where M?, Dt € RNV xNi
M =q(g = p)llyg 137 wini . D' =alp—Dllyg, |57 diag(dy),
and p;,d; € RNi,
[(yg 1P sen( (y5)1) (Y5 )P~
Wi = : ;A= :
|(yg ) w, P~ sen((y5,) &, ) (v w1772
Note that D* = 0 when p = 1.

Let i € {1,2,...n}. We define z € RY as

yg it L =1,

2 =
g
: 0, otherwise.

Therefore,
0< 2I'V?H(y*)z
= 2|| Az 2|1* + aqla — p)llyg 157 ((y5,) " 1i)* + aqlp — 1)llyg 1377 (v5,)" diag(di)yg,
= 2] A 2% + aqlq — p)lyg, 13- llyg,

< 2/ A5 13llyg, 1 + eala = Dllyg, I,

2 4 aglp — Dllys 1277y 112
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followed by,

aq(l = )llyg, I < 2l Asl3llyg, 11>

If p < 2, then ||y% |l < [ly I, by (7). Thus, combining it with [|Ag[l2 < [|All2, we can deduce

1
. ag(l—q)\*°
o | 2(7) .
a.ll =\ ~ga]2

11
If p > 2, then ||y57||2 <N?? HyaHp by (7), implying

=g
. aq(l —q)
lyg,llp = T T—
2N "|IAll3
Finally, (15) is obtained by using y* = Tpp(e) O
The corresponding result for the non-group case
f(z) = || Az — d||* + o|z||4, where o >0, 0<g¢g<]1, (17)

was already given in Theorem 2.1 of [33]. However, due to the group structure of  in F'(x), it is not trivial

to generalize their result here.
4. The recovery bound

This section aims at conditions on the exponent g and matrix A to guarantee the local and global recovery
for F(z), e.g., to estimate the distance between the local (global) minimizers of F'(x) and the target signal
x® in (1).

Instead of the unconstrained ¢5 , group sparse minimization, most existing analysis focuses on recovering
element ¢ sparse z° via constrained ¢, minimization. We therefore mainly review some results for ¢, mini-
mization. Among the first is to ensure the uniqueness of the solution. It is easy to verify that the solution,
at sparsity level ¢, of the linear system Ax = d is unique provided that

2T AT Az

= >0 18
lalo<2e ]2 1

p2t(A)

see [15] for more details. However, it is not enough to recover z° from ¢, minimization. Note that pa; > 0 is
satisfied if A has RIP of order 2¢ with constant do; € (0, 1) as defined in Definition 2.2. Most of the recovery
analysis has been built under different assumptions on RIP condition. For instance, §;(A)+02:(A)+d3:(A) <
1in [19], 03 (A)+304(A) < 2in [20], and d2,(A) < 0.3333,0.4142,0.4531, 0.4731 in [21,22,14,23] respectively.
Many random matrices with i.i.d. entries satisfy those requirements, but when do; — 1, all of these conditions
fail. To handle this problem, Sun proved that the exponent ¢ can be chosen to be about 0.6796 x (1 — da;)
so that x° can be recovered from constrained ¢, minimization in [18]. For {3 , group sparse optimization,
[27] also established the robust recovery for constrained ¢, ; model by using GRIP defined in Definition 2.3.
Inspired by the work above, we propose a recovery bound theory for F(x) under GRIP assumption.
Especially, by the means of the lower bound theory, we derive a recovery bound for the local minimizers.
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We adopt a continuous function b(g, C') with (¢,C) € (0,1) x (0,1) as [18]:

B 1+ 2C 2y
b(q,C) :=C~' inf max{i, su , 19
¢ O<e<t (1+ z1C9)1/a ﬂ(l—z)CI;QSyfl (14 279/2y2+a)l/a (19)
ap Y i}
Va(-nc<y<t LY Gy (L+y)t/a )

Lemma 4.1. (/18]) Let 0 < ¢ < 1,5 > 1 be a positive integer, and let {z;};>1 be a finite decreasing sequence
of nonnegative numbers with

=
-

> (Zzi+> s (Z z?) 5,

k>1 \i=1
for some C € (0,1). Then,
s } z
Z ( zisﬂ-) < Cb(q,C)s* "7 Z ).
k>1 \i=1 j>1

Lemma 4.2. Let G C I, T = U;egGi C J. Then, for any x,y € RN, we have

(@ = 9)rell3 g < M@ =)o 15, + Cl2lls,, — 95,4 + 2llyrell3,4)- (20)
Proof. It is due to
@ = )re gy =D @ —v)a.|I”
i2G
<> (lzgll + Iy l)?
i2G

< wrell3g + lyell3.,
= 2113, = 2212, = 1Yl15 + 112, + 2llyrell

<@ =9)rllzq + Ulzq = lwlzq + 20y l2,)- DO

With preparations above, we can show the following result.

Theorem 4.3. Let t be an integer with 2t < n, and d = Az° 4+ £ with ||€|| = . Then the following statements
hold.

(i) (global recovery bound) Assume A satisfies GRIP of order 2t with 83, € (0,1) and

(Q7éét) € {(Q75/2t) : 05' < 1} U {(qvéét) : 05/ > 17b(Q7 1/05') < 1}7 (21)
where Cy = %. Then for all x € RN satisfying F(x) < F(2°), we have
62 q q q
|z — x°| g S+ caopg(2°) + c3t! T2l 4 eytt T2 F(2)2, (22)
' e

where ¢1, ca, c3, ¢4 are positive constants depending on A, q.
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(i) (local recovery bound) Let x be a local minimizer of F(xz). Under the assumptions in (i) and that the

columns of AT

supp(x) 0T linearly independent, we have

2
2 —=2°l5, < 01% + o014 (2°) + est' T F el 4 e5t' " Indara; (23)

or, under the assumptions that the columns of Agpp(z) are linearly independent and supp(x®) C supp(x),

we have

le = 2| < cie + chara, (24)
where cs, ¢y, cy are positive constants depending on A, q.
Proof. (i). For better presentation, we set n := x — 22,

G := {indices of the first ¢ largest groups of z°} C I, T = U g, CJ,

ieG
and partition the complement of T as T¢ =Ty UT, U - - -, where
G := {indices of the ¢ largest groups of n in T¢ } C I, T) = U g, CJ, (25)
i€Gy

G2 := {indices of the next t largest groups of n in T°¢ } C I, Ty = U G; CJ,

i€Go
By Lemma 4.2, we obtain
M3, < 13,4 + Clll3,, = 12703 4 + 2[5 115 4 )-
It follows from F(x) < F(z°) that
l2lg, < 2P@) < 2P = S + ool
zll2,q < S F(@) < —F(°) = — 2|3 -
Thus, we get
— —q e o
17rcllz,g < 1712, + — +2004(2°), (26)
and
q —1q q —y £ o
17112, = 172112, + [7rell2,q < 20rll2,q + — + 208,4(2°). (27)

Step 1: find a preliminary bound for |77, |24
We first observe that
_ _ L 1 .
0P+ 112 = 17+ 7 7 < e AT + 7)1
(1 —d5)

= ﬁ<A(n—@—E—m)A(W+ﬁ)>
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G 715/ ){ (An, Ay + 7)) + Y [ (A7) A + (A(=177,), A7) ]}
2t k>2

(Ba (12)] < =g { 1l JAGT + TDl+ 83 S L) -+ - I

k>2

1 n_ mn_ —_— —_— _
< sy 14nl VL 07 + T+ 8 7 |- (7l + 7 )
(1)
2t =
v/ 1+ 04 o o
< | ooy Ml + =5 ol | (el + s
k>2

where [ Equ. (12) ] denotes Equation (12) as the reason for next step. We use this reasoning notation
throughout the paper, when needed. Denote

146, o5 -
(= 7””%1 I, Bi== D=7l
k>

1-45,°

Then we have

BB [y CHBZ] (€ +BT)
el = S5 | - S22 | < 2R

which implies

L _1+v2 142
el < 22 am) ama il < 2R (). (28)
It follows from (8) and ¢ < 2 that
_ 11, 1 +\/_ 11 1
7712, < a7 27 ll2 < TE3(+ Cpti 3 (29)

Step 2: find the bound of ¥ in three cases.
Take k > 1. Then, by (25), we have Vi € Gy, |Ing,| = max{|ng |, € Gr41} = |75, ll2,00, which
indicates

o [Equ.(8)] ;
Tl = (3 n6l?)* = a5 5 oz = £ e
1€Gy,
Therefore,
. 1_1 . [Equ. (7)) 1 1 11
=Sl < A Tl E A (S ) = A e (30
k>2 k>1 E>1

The bound for ¥ in (30) always holds. However, when Cs: > 1, we have a better bound. Since b is a
continuous function and b(g,1/Cs/) < 1, there must exists e > 0 such that

0<— 1 <1, and b(q,(

1
—_ 1.
(1+e)Cy e e)C’&/) =

If ¢ > eBY, then
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¢
y< =, 31
< (31)
If ¢ < eBX, by (28), one has
1 1
(14 /2)68 ’ 1 i
el < (1t o) sm—e s, de, S=) | Y Il | = 77| D lInal?
1 2(1—05%,) = \.5%. (1+e)Cs =,
Recall Lemma 4.1. It implies
1 1 11
< b( , )tra =20 32
= Tracy O iracy )1 Il (32)

Now we have obtained the bound (30) (31) (32) for ¥. Thus, we are ready to give the bound for [n|3 ,
except for the bound of ¢ left in step 4.

Step 3(a): find the bound of ||7[|3 , when Cj < 1.

Since Cs < 1, combining (29) and (30) gives

1+v2 1 1 .
2EE 4 Ol (33)

77 ll2.4 <

Substituting (26) into it, we have

_ 1+v2\" | . _ g2
g, < (F52) e €01 (Il + S+ 200l ). (34)

Therefore, we obtain

_ 1 1+v2\" |, v g2
||77Tg,q<m< 5 >?51 2(“—: E—s—Qat,q(x") ,

where v := (Cs)? < 1. Finally, plugging it into (27) gives

1+v &2 _1+v 2 1+v2\! 1 4
7 < Lo 2 o ttT 29, 35
Step 3(b): find the bound of ||7||5 , when Cs: > 1 and ¢ > ef%.
Under the assumption, combining (29) and (31) yields
_ 11, 1++2 1\ 11
el < ¢ H e < 5% (14 ) i
which indicates
g2 . 1+v2\’ 1N\, .
Inll3,, < —t 20,q(z%) + 2 ( 5 ) (1 + E) =43¢, (36)
Step 3(c): find the bound of ||7||5 , when C5 > 1 and ¢ < efX.
Under the assumption, combining (29) and (32) yields
14+v2 .1 4 1 1
Tello.o < Th b( , ) 2.0
1llag < 5=t 20+ 20 gy, el
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Substituting (26) into it gives

1+v2\" |, 1 1 a €2
e < 1-3 |12 - ©
mit, < (F50) ot s (o raes) (11 5 4 2o ) D)

and thus,

_ 1 (1+v2\! v (€ 0
s, < s (F5) ters 2 (S 2ot ).

11—~ 2

q
where v/ := (H}e)qb(q, (1+el)05/) < 1. Finally,

1+~ €2 144 2 T+v2\? | .
||77||g’q§ 1_—1/-—4’2—3/0},(1(.%0)_’_ f tl QC‘I.

« 1-— (38)

Step 4: find the bound of (7.
Note that d = Az°® + £. Then,

[Az — d||* = [ Az — (Az° + &)|I* = | An — &|I* = (| An]| — )*,
implying
[An]| <&+ [[Az —d||.
Since F(z) < F(2°), we have F(2°) > F(z) > ||Ax — d||?, and

[An| < e+ /F(2°).

Therefore,

7= <7\/1+5§t”14n|> < <7V1"H;/2t> (gq —s—F(x")%) . (39)

1 -4, 1 -4,

Step 5: conclusion.
From step 3 and 4, one can see that if F(z) < F(z°), there exist ¢y, ca, c3,¢4 > 0 such that

2

3
||7]||g q S c1— + CQUt,q(on) —+ C3t17%€q + C4t17%F(JSO)%,
’ «

This completes the proof of (i).
(7i) Let = be a local minimizer. Denote G = gsupp(z) and S = supp(z). Since z is a local minimizer, it
satisfies the first order necessary condition:

24T (Ajzy —d) + aw, =0,

where w; = ¢||zg,||9 %z; for any j € SNG;,i € G.
Assume that the columns of A% are linearly independent and the assumptions in (i) hold. Like o(A) in
(10), we introduce

[AS Yl

R y € RM S’ C J such that det (As'AL) # 0} > 0.
Y

o'(A) = min{
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Back to the step 4 in the proof of (i), we have,

(A (Az — d)|* < || A5 (Az — d)|®

a
= O,
a2q? -
= 4 Z ngl 2a=2
zg, #0
2¢—2
a’¢’n (aq(l—q)\ >
[ Theorem 3.1] < < > .
4 2||AlI3

It then follows that,

[An|| < e+

q <ﬁ1—®>gq barts
2¢/0'(4) \ 2[4l

and

CQS (V 1+6l2t>q

1 — 04,

. ¢ (al-q)\ qn%aﬁ
= (2\/9/@4)( AT ) ) ] ' (40

Similar to the proof of (i), there exists ¢5 > 0 such that

2
54 < 016_ +201,(2%) + cst' T + c5t! "Entar.
Mi2,q @ 'q

Now, we assume that the columns of Ag are linearly independent and supp(z°) C supp(x). Since
supp(z°) € S, we have d = A 2% 4§ and

24T (Ajz, — Aga? — &) + aw, = 0.
It follows that
_ o _
zy —af = (ATA,)TATE - E(AZAS) Lw,.
Thus,
o — a _
los — 22|l < (AL As) T ATEN + 5||(AZAS) fwg |

_ « _
< NATA) AT - llel + S I (AT A) M- flws |

q—1
1Al aqg 1 (aq(lq)>“
< €+ nz .

o(A) " 20(4) 2[1AlI3
Therefore, there exist ¢/, ¢4 > 0 such that

|z — 2°|| < che + chaT.
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Fig. 1. The optimal ¢* to minimize the recovery bound R(g; ) in (41) in terms of o under the setting of Remark 4.4.

Remark 4.4. Given A € RM*¥ and noise level . We can see that the recovery bound, the right hand of
(23), is related to the regularization parameter «, and g. Then, we define the recovery bound in (23) as a
function in terms of o and g¢:

2
13 q qa g
R(a,q) = c1(q)— + 2(9)01,4(2°) + es(q)tt 267 + c5(q)t T Tn2ara, (41)

where o > 0,¢ € (0,1). For any given ¢, we can obtain that there exists an optimal o* such that

o = argmin R(a; q) = (

since 9, R(c;q) < 0 when o — 0; 9, R(c;¢) > 0 when @ — o0; and 9,R(e; ¢) = 0 has only one solution.
However, for any given «, an optimal ¢* to minimize R(g; «) is hard to obtain. Thus, we show the optimal ¢*
in terms of « for a specific example in Fig. 1. We set n = 120,¢ = 12,05, = 0.4, = 0.1, ¢'(A) = 0.1, || Al|]2 =
2,0¢,4(x°) = 0.001. As can be seen, the optimal ¢* is decreasing in terms of o. When « is small, the optimal
q* is nearly 1; as a approaches 0.5, the optimal ¢* drops rapidly to 0.46; then, ¢* continues to decrease.
Unfortunately, we have to admit that due to many inequalities used in our proof, this recovery bound is

hard to provide a good reference of optimal parameters; see also [15,18] and references therein.

Remark 4.5. In Theorem 4.3, Cy < 1 means &5, < 0.4531. The feasible set of (q,d5,) € (0,1) x (0,1)
satisfying (21) is depicted in Fig. 2. We can see that whatever 05, is, there exists some ¢ € (0,1) such
that any group sparse signal can be recovered approximately from its noisy measurements via solving ¢ 4
regularized minimization. This result is much stronger than the recovery theory for Group Lasso (f21)
minimization in [26] which holds only when d5, < 0.414. Thus, the nonconvex minimization method can
enhance performance of group sparsity recovery.

In the proof of the recovery bound of local minimizer, the lower bound theory of local minimizers helps
to make || An|| bounded by a term of parameter «, instead of function value F'(2°) which is always unknown.
Since the (3, regularization is nonconvex, the global minimizer is barely obtained, and thus this local
recovery bound is meaningful. Furthermore, we can see from the recovery bound that less noise and smaller
sparsity level of 2° both lead to a smaller distance between minimizers of F'(z) and z°.

For an intuitive understanding of our recovery bound, we give the following corollary.
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Fig. 2. The feasible region of (q,d5,) € (0,1) x (0,1) satisfying (21).

Corollary 4.6. (Recovery bound for noiseless data) Let t be an integer with 2t < n and d = Ax® with
|z°|2,0 < t. Assume that A satisfies GRIP of order 2t with 85, € (0,1) and (g, d4,) satisfies (21). Then for
all z € RN with F(z) < F(2°), we have

lz —2°ll3 , < &1t' "2 F(2%)3,

where ¢ is a positive constant depending on A, q. Furthermore, let x be a local minimizer of F(x). Under

the same assumptions and that the columns of AT

supp(x) OT€ linearly independent, we have

q

|z — 2°)13,, < &at'Fndaza;
On the other hand, under the assumptions that the columns of Agupp(s) are linearly independent and
supp(x®) C supp(x), we have
o =]l < &,
where ¢y, are positive constants depending on A, q.

Remark 4.7. Since an optimal solution z* of F(x) is also a local minimizer of F'(z) and satisfies F'(z*) <
F(z°), the recovery bound for global minimizers is obvious.

From Corollary 4.6, we can see that the sparse solution 2° can be recovered near perfectly by the solutions
of F(x), as long as « is sufficiently small. Applying Lemma 2.1, we have the order of our recovery bound

lz — 2°||* = O(az=7), (42)

which equals the one under group restricted eigenvalue condition of A assumptions (see Theorem 9 in [15]).
When ¢ approaches 1, this bound approaches the classical recovery bound O(a?) for group Lasso ({21
minimization) under GRIP assumptions [34,35].

Remark 4.8. For non-group case f(z) in (17), the columns of Agypp(+) Where 2* is a local minimizer are
linearly independent [33]. Thus, a local recovery bound, like (24), of f(x) can be easily obtained under
supp(z°®) C supp(z*).
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5. From a stationary point to a local minimizer

Due to the nonconvexity of F'(x), most algorithms can only find a stationary point of F(z). Although a
local minimizer is a stationary point, the inverse is usually not true. Thus, it is important to find when a
stationary point is a local minimizer.

We begin with an easy but instructive result.

Proposition 5.1. For any d € R™ a > 0,4 € RM*N 0 is a strict local minimizer of F(x).

Proof. It follows from

F(z) = F(0) = || Az — d||* + a||z]3 , — |d|I?

> —2d" Az + o|z||3,

= > [allwg)? —2(d" A)g,ag,]
iEH,xgi7§0

> > [allzg)l* = 20(d" g, - llw,]
iEH,xgi7§0

= Y el (allzg, | = 21I(d" A)g, 1)
iEH,xgi7§0

> 0,

when z is sufficiently close to 0. O
Remark 5.2. In a similar way, we can prove that 0 is a trivial local minimizer of F?(z) defined in (14).
Since 0 is a trivial local minimizer of F'(z), initialization with zero in algorithms is not suitable.

Theorem 5.3. Suppose that x* is a stationary point of F(x) with the columns of Agypp(z+) linearly indepen-
dent. If for all i € gsupp(z*),

then x* is a strict local minimizer of F(x).

Proof. We denote

G* := gsupp(z™), S = U Gi, i := #G*, g = mz,
i€G*

T _
with ((g_;;l)T, oo (T )T> as a group structure of §* € RV, ie., Vi=1,2,...,7,

3l €1, such that gjg =g,

. L . T T
where N = #S5, N; = #G,. Note that ((Q;)T, ceey (gjé )T) is different from ((y;—l)T, ce (ya )T) in the
proof of Theorem 3.1. Since z* is a stationary point of F(x), it is not hard to check that §* is a stationary
point of H(y) defined as
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H(y) = |Agy —dl* +a_ llygII

i=1
Similar to (16), we have H(y) is smooth at §* with
M'+D' 0 0
[T ( ~% T .
VQH(y):QASAS—l—a 0 .. 0 ,
0 0 M"+D"

where M¢, D ¢ RNixNi
M =q(q =255 1 * 95 @5)", D' =dllgg |1

Clearly, for any z € RY ,

VA = 2)A, zu2+2[ 0q(2 — 0)135, 15 55,)? + aal5, 1225 =,

’

> 2|4, z\|2+2[ aq(2 = )17, 11226, 2 + aqllgg, 11212,

> 20(A)|2lI* = > aq(1 - )75, 197 II26, 11>
i=1

2 agl=g\ =]
(Eau. (13)] > 20(4)]2| —aq(l—q>l(m) ] I«
=0.

Hence, V2H (§*) is positive definite and §* is a strict local minimizer of H (y).
Let v € RY be sufficiently close to 0. Then,

F(a* +v) = [|A(z" +v) = d|* + af2” + 0],

= [|Agevg — (d— A" +0) )P +a Y Tta Y @ g
1€(G*)e ieG*

The second step is due to 27 = 0. When v, # 0, we can regard (d — A (2" +v),), @) ;G-
in last step above as constant Then, applymg Proposition 5.1 with N = #5¢ gives

(" +v)g |7

F(z" +0) > |4z - 0= (d = A (@™ + o) )P+ D 09+ a Y [z +v)g, |

ie(G*)e 1€G*
= A5 +vg) —dP +a Y (@ +v)g, ||
€G>
= Ij[(g* +Ug)
> H(j")
= F(z*).

When v, =0, we can deduce
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F(a* +v) = H(G" +v,) > H(7") = F(a*),

~%

from that §* is a strict local minimizer of H(y).

This shows that * is a strict local minimizer of F'(z). O

Remark 5.4. According to the theorem above and Theorem 3.1, we have that if F'(z) has a local minimum

Conversely, if 2* is a stationary point of F(z) with the columns of 4

at x*, then

Vi€ gsupp(z®), |zg,

supp(e+) linearly independent and

Denote 7 > 0 as the bound in (45), and ¢ > 0 as the bound in (44). Clearly, for a stationary point, if

Vi€ gsupp(z®), |zg,
then x* is a strict local minimizer of F(z).

its minimal ¢5 norm of nonzero groups is greater than z, it is a local minimizer; if its minimal ¢ norm of
nonzero groups is less than ¢, it is definitely not a local minimizer; if the norm is between ¢ and 7, we are
not sure whether it is a local minimizer.

6. Algorithms

In this section, we present two IRLS based algorithms to minimize F(z). Generally, in each iteration of
IRLS method, one needs to solve

N
k41 _ . 2, @ k. \2
2 = arg min Az —d|* + 5 ;(wj ),
where w* is the weight vector dependent on z*. The first algorithm in [27] is a generalization of classical
IRLS with smoothing algorithm for the ¢5 ; regularized minimization. It generates a sequence which has
convergent subsequences, and the cluster points are critical points of smoothed F(z). The second is our novel
IRLS with thresholding algorithm. It not only has global convergence with the limit being a critical point
of F(z), but also greatly improves the computation efficiency. From the comparisons of the two algorithms,
we show the superiority of thresholding technique.

6.1. IRLS with smoothing algorithm

The function F(x) is non-Lipschitz since the ¢, quasi-norm is non-Lipschitz around 0. Thus, the classical
IRLS algorithm starts with the following smoothed objective function:

Fo(z) = Az = dI* + a ) (g, + )%, (46)

i=1

where € > 0 is the smoothing parameter. If x* is a local minimizer of Fi(z), then it satisfies the first-order
necessary condition as follows:

2AT(A:£*—d)+aq[(||x5i||2+e)%_1xa =0

<i<n
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We first provide a bound analysis of Fi(z).
Proposition 6.1. There exists ¢g > 0 such that when 0 < € < €g, any local minimizer x* of Fe(x) satisfies
Viel, either |lxg, || <61 or |xg, | > 62, (47)
where 01 < Oy are positive constants.

Proof. Note that F.(x) is smooth everywhere. Following the process in (16), the second-order condition

indicates
MY+ D' 0 0
VQFE(CC*) =24TA + a 0 0 =0,
0 0 M"4+ D™

where M*, D* € RNixNi,

M= ala =25 P+ ¥ g w5)T. D' =allag, [+t

7

N

Take ¢ € I. We then wish to find an upper or lower bound for nonzero zg . Define 2 € R™ as a unite

vector whose group support is {i}:

0, otherwise.
Therefore,
0 < 2T'V?F (2)2

= 2| Az|1* + aqlq — 2)(l2g, 1> + €2 2 ((26,)T25,)? + aq(lleg,|> + ) ¥ (26,) zc,
< 2| A3 + aq(llzg, I1? + )2 [(g = DllagII? +¢] -

We introduce a function ¢ : [0, +00) — R as follows
¢(t) = 2| All3 + aq (t +¢)* (g - 1)t + .
Then, we solve ¢(t) > 0. One can see that ¢(0) > 0, and the derivative of ¢(t) is

¢'(t) = aq(l — ¢/2)(t + )2 *[(1 - q)t — 3¢].

Thus, ¢(t) is decreasing in [0, 3¢/(1—¢q)) and increasing in (3¢/(1—¢q), +0). If $(3¢/(1—q)) < 0, equivalently,
€ < € where ¢ := (%)2/(2_(1)(%)(q_4)/(2_Q)7 there exist 61,02 such that 0 < 67 < 3¢/(1 — ¢q) < 63 and
{t>0: ¢(t) >0} =[0,08] U[03,+00). That is, ||z, ||* € (0,07] U [#3,+00), indicating the result. O

From the above proposition, we can see that there is no lower bound for local minimizers of the smoothed
model. That is, it may allow some small values in its solution, making the solution approximately sparse but
not exactly sparse. This result is not surprising, since the 5 ; “norm” is smoothed and there is less penalty
for values close to 0. The IRLS with smoothing algorithm for ¢, ; regularized minimization is summarized
in Algorithm 1. By using ¢, large values in the weight vector wy, are avoided (see [27] for more details).
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Algorithm 1 IRLS with smoothing (IRLS-sm) [27].

Input: z° such that Az® =b,eg =1,8 € (0,1) and estimated sparsity level s.
for k=0,1,2,... do
Set the weight vector w® € RV:

vied, wh=q(af |I>+ )7 i e g
Solve the following linear system for z*+1:
2AT (Az" ! — d) + adiag(w®)z" T = 0. (48)

Update ¢**! = min(e®, 8- r(z"*1).41) where r(z**1) is the rearrangement of the group norms of z®*?! in decreasing order.
end for

6.2. IRLS with thresholding algorithm

Motivated by the sparsity of local minimizers of F(z) as shown in Theorem 3.1, we can adopt a threshold
on nonzero groups of ¥, making x* sparse. Meanwhile, we keep the zero groups of z* in the following
iterations. That is, at the (k + 1)th iteration, we solve

k+1 _ - 2 | @ k.. \2
z""" =arg min, |Az — d|| t5 E E (wiz;)7,
ieGr jeg; (49)

st. xg, =0, Vid¢GF,

where G* = gsupp(z*). Our algorithm is summarized in Algorithm 2.

Algorithm 2 IRLS with thresholding (IRLS-th).

Input: threshold 7 > 0, z° € R¥ such that ||35%L|| >7,Viel
for k=0,1,2,... do
Set: G* = gsupp(z®), S* = UiegrGi, AF = Agi, N* = #S* and the weight vector w* = w,, where w € RY:

vje sk, w; = qllzg |72, ifj € Gi.

Solve the following linear system for z°t! € RM":

2(AF)T (AR — d) + a diag(w™)z"T = 0. (50)

k41 _ ~k+1 , k+1
Set: :Es:r = gkt ,w(;ky =0.

Thresholding: Vi € 1,25 =0, if |5 (| <
end for

In Algorithm 2, since [[z§ || > 7, we can avoid large values in w*. Meanwhile, the constraints in (49)
help to eliminate the number of variables, thus reducing the dimension of linear equations solved in each
iteration. We mention that the support-shrinking strategy therein was also derived in [28,36,37], but for
reweighted ¢y variants with two-loop algorithmic structure for different signal and image reconstruction
problems. Similar to these IRL1 variants, we have finite convergence property of the group support in our
one-loop Algorithm 2.

Lemma 6.2. In Algorithm 2, the group support set sequence {G*} satisfies Vk > 0,G**1 C G*, and thus
converges. Specifically, there exists K > 0 and G* C I such thatVk > K,

G* =G*. (51)
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6.2.1. Convergence and error bound analysis of Algorithm 2

In this part, we analyze the convergence of z* generated by Algorithm 2, and give an error bound for its
limit point. The convergence of x* relies on the Kurdyka-Fojasiewicz (KL) property of F(x). We establish
our result by proving three conditions critical to the convergence under KL framework, i.e., that 2* is
bounded, the function value sequence F'(x*) has sufficient descent and the subdifferential sequence OF (z*)
is bounded relatively. See Appendix for more details. Note that our algorithm does not have a proximal
term.
Lemma 6.3. For all x,yy € RN with 2 # 0,

_ T q —
l2l1” = llyl* = allz*7* (@ = )"y = Sl |z = ] (52)

Proof. Tt is obvious by modifying the proof of Lemma 2.3 in [31], where we replace the scalar product with
vector inner product. O

We give some notations at first. Let k& > 0. Note that #¥*! in (50) belongs to RM". We denote ##+1 € RN

as an extension of #+T1:

PHlg =gt GRHL e =0, (53)
that is, its support supp (W) C S*. Also, we denote
Pkl FEET _ gt (54)
so its support supp(r¥+1) C S¥\S**1 and its group support gsupp(r**!) C G*¥\G**+1. Then, we have
Axk = AFah, Akt =4 (W - r’”l) , and  AZFH = ARghtL (55)
When GFt1 = G¥, one has r¥t1 = 0 and AzFt! = Akgh+1,

Lemma 6.4. (Boundedness, and sufficient descent of objective function value) Let {x*} be the sequence
generated from Algorithm 2. The following statements hold:

(i) there exists C > 0 such that
C>|zg | > VieGF, k>0 (56)
(ii) there exist a > 0,7 > 0 such that
F(a*) = F(2*1) > alla® — 212, (57)

holds for all k > K where K is defined in Lemma 6.2; meanwhile, (57) holds for all k > 0 when the
threshold T < 7.

Proof. (i). Let k > 0. Note that G**! C G* according to Lemma 6.2.
When G*+! = G*, we have r*T1 = 0 and

F(J,‘k) _ F(:CkJrl)
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(| Az* — d|f? + allz*]|§ ) — (A"t — d|)? + al|lz**113 )

=(|A*at — d|* — A —d)?) +a D (2117 = llagh 1)
i€GF
= || AFaf — AR 4 2(ARER T — )T (APag — AR o > (b 17— agtt 1)
icGFk
- T -
> [2(AN)T (AR — )] (b — 2T +a D (2117 - llagt 1)
icGF
[Equ. (50)] =[—adiag(w®)#* )T (25, — #41) + a Z & (|19 — (|5 +9)
icGk
=a Y [z, 119 = =& 17— qllab, 172 (xf, — 2§ ) b ]
icGFk
q
[ Equ. (5 Z ||xg7 7™ 2ka+1 $g1||2 (58)
icGk

implying F(2*) — F(2**!) > 0 when G**! = G*.
When G**! C G*, we have

Fet) — F) = [Fat) - FE)] - [F) - r@).

where 7511 is defined in (53). The next is to find a lower bound for F(z*) — F(#*+1) and an upper bound
for F(z¥*+1 — F(7++1)). Similar to (58), one has

F(a%) — F(zFH1)

aq k — 20~k k
27 Z ||$gz||q 2||xk+lgz: 7xg1:H2

i€Gk
a—2|| . k+1 k(12 Z aq .k
|z, + 5 zg,

= Z 9 H 91 xgi

i€GRt+L i€GR\GF+1

q— 2||,rk+1 k

= |12 (59)

Meanwhile, applying r**! = zk+1 — gF+1 yields

F(a*) — F@E) = (| A = d|® — [|AZFT —d))*) + a(lla" 13, — |1Z5FT)13,,)

= A2 = 2(AFFT — )T () —a 3T e

Gk\Gk+l
It follows from AZF+1 = AFzF+1 and gsupp{r¥*'} C G*\GF*!, that
lArs 2 < Y AP

iEGF\GR+1

and
QAT )T (A = ST 2 (A (A - a))”
iEGR\GHH
[Equ.(50)] = Y aqllag |1 ?Irg >

i€GR\Gh+1
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It then follows that

F) —F@E+) < > [(1AIP +agllag, 192 DIrg 17 = alrg™ 9] - (60)
i€GF\GF+1

Since ||rg +1|| <7 and [lzf || > 7 for i € GF, we get
P~ FE) < Y (JAIP + agrt) = #(GNGH) - (AP + agr).
1€GF\GFH1
Recall (59) which indicates F(z*) — F(#++1) > 0. Therefore, one has
F(a*) = F(a") 2 —#(GM\G* ) - (| A|*r* + agr?). (61)

It follows from F(z*) — F(z¥*1) > 0 when G**! = G* and (61) when G**! C G* that
k
F(a"*) < #GNG) - (JAIPT? + agr?) < n(||A[PT* + agr?),
1=0

which means F(z**1) < F(2°) 4+ n(||A|?>7% + agr?), i.e., F(z"T!) is bounded. Thus,

1 1 n
k+1 _F k+1 <_FO _A22 ay.
#4415, < LR < TP+ 211 + agr)
Considering [|2°]]3 , < ~F(2°), there exists C' > 0 dependent on z° such that 7 < ||lzg || < C, for any
i € G*. Thus statement (i) can be obtained.
(ii). By Lemma 6.2, if k > K, we have G* = G*T! = G*. Recall (58). We can see that when k > K
F(z*) is decreasing, and

F(xk)— ( k+1 Oéch 2 Z ka+1 xgl

2 _ %Cq_QH.ﬁk _ $k+1||2.
1eG*

Let a = 22C72, then (57) is true for all k > K.

Next, we will prove (57) for k£ > 0 under the assumption 7 < 7 := (O‘_—
positive constant.
When G**! C G*, we take an i € GF\G*T!. Now, since

where a is an arbitrary

(IAI* + aqllag, 1972 + @) g |77 — a
<(AI? +a+ agr'=*)r* "1 — a
([AI* +a) 77 + ag — a

0,

IA

one can see that
(1A + aqllag, 1472 lrg 12 = allrgt 1T < —allrgH 2.
Substituting it into (60) gives

F@H)—F@E ) <-a Y |IrgHI* (62)
i€GF\GF+1
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Note that z8t! = 0 and 2 rk+1 zk |12 + 2|7k zk ||? for all i € GF\G**1. Combining (62) with
g; G; (8 Gi

(59), we have

F(l‘k) _ F(xk+1)

aq aq
D I e e D DI b e e N R U
i€GrtL iEGR\GF+1

k . ] aq o @

> S M- S mln{zliwaq%a}|xa—o|2
iEGHR+1 iEGR\GR+1

ind 22 a k+1 _ k|2
>3 ming IO lzg ™ — 2, 1% (63)
ieGk

Therefore, combining (58) when G**! = G* and (63) when G**! C G, one can see that if 7 < 7, F(z*)

is decreasing for all k > 0. Let @ = min {42C772, &}, Then, we have

F(z®) — F(z"1) > al|a® — 22, VEk>o0.

The proof of statement (ii) is completed. O
Lemma 6.5. (Relatively bounded subdifferential) For each k > 0, there exists uk™! € OF (zFT1) such that

[t < blla® — 2 (64)

where b is a positive constant.

Proof. Let k > 0. According to (13), we denote

Vie Gk+1, uléj—l — Q(Agi)T(ACCkJrl _ d) + OL(]HJIQ—HHQ 2 I§+1
Vig GFHLugtt =o0.

For any i € G, since 2(Ag, )T (AF# 1 — d) + aq|lzf, 9225 = 0, one has

ugH! = aglagh |72 ag! +2(Ag)T (AR — d) — 2(Ag)T ArM,
— agllak 2k — agllal 920k — 2(Ag,)T AP
Then, we denote & € RN as
. k - k
Vie GF g, —aq||:cg+1|\q Zxéjrl aqu’él a= ngjrl = agq (ngHHq 2 — [Jzg, 2) xgjl,
Vig GMoag, = 0.
It follows that
[ = [luGEh | = laser — 2(Agen)TAPFHH] < flage || + [12(Agne) T ArFHY|.
Take i € GF*1. Since 7 < ||k Y < € and ¢(¢ ~2 is Lipschitz-continuous on [r, C] with
Gi Gi
Lipschitz constant /-, we obtain
g, | < aqCle | ag | = N8Il | < aqCl[lag!" — o || = bllagH" — ¢, I,
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followed by

liigeo | < Bllattly — oo .

where b := aqCl,.
Note that gsupp(r¥*1) € G*\G**!. Since for all i € GF\G**1, HTSHH <7, a:é“ =0and [[zf || > 7, we
have

I < b sons | = Nt — o guesll

Therefore,
[ < Dl — 2 |+ 20| AP

< max{b, 2041} (Il — 2 | + ooy guea))

S bekJrl _ ka

where b = v/2max{b, 2| A|*}. O

Now, we are ready to prove the global convergence of our algorithm. Meanwhile, we also will provide an
error bound for the limit point of sequence generated by our algorithm.

Theorem 6.6. (Global convergence and error bound) Let {x*} be the sequence generated by Algorithm 2. The
following statements hold:

(i) 2 converges to a stationary point x* of F(x).
(ii) Suppose x° is t group sparse, i.e., ||z°|2,0 < t. Assume that Az® = d and A satisfies GRIP of order 2t
with 8y, < 1. When the threshold 7 < 7 with 7 defined in Lemma 0.4, we have

|z* — 2°|| < Civa+ Cay/ot2(z*), (65)
where Cy, Cy are positive constants depending on 2%, A,t, 8h,.

Proof. (7). In Lemma 6.4, since {z*} is bounded, there exists a subsequence {x*'} converging to a point
r* € RM. Recall (57) and (64). By Theorem 2.9 in [38] (see Lemma 9.4 for details), we obtain that z*
converges to a stationary point 2* of F(x).

(ii). The following argument is a group extension of the one in Theorem 2.2 in [31]. When 7 < 7, F(2*)

142" — dl| < V/F(z*) < VF(2%) = \/al|2°]3 ,.

Let G° be the index set of nonzero group of z° with T° = U;cg.G;. Let G be the index set of the first ¢
largest groups of #* with T' = U;cg G;. Note that [|2°[|20 <t and 2* —2° = (z* — 2°)pure + (2% — 2°) (pure)e.

is decreasing and

Then, we have

2% — 2°l| < [[(2* = 2°)rure || + [[(2* — 2°) (7uTe)el]
1 T 0\ * o
< ——A(z* — 2°)ure || + (2" — 2°) (rure)e ||
V1 — 05,
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! 41
< —|Az* —d||+ | ——==+1 x* —x° o)e
< ——rllAa | ( = 1) I = )aurer]
! 41
= —|Az" —d||+ | —=+1] ||z} o)e
40" —d| ( = 1) et

1 1A
< a2, + +1 ot2(2"),
< s VeIl + (s 41 ) oo

which proves (65). O

We can see that the new IRLS with thresholding algorithm globally converges to a stationary point of
F(z); by contrast, IRLS with smoothing algorithm has only local convergence (subsequence convergence).
Meanwhile, the limit is away from the true solutions by a factor of \/a plus the tail oy 2(2*) of z*. If both
« and the tail are small, then z* is close to the true sparse signal. In addition, if the threshold 7 is equal or
larger than the bound proven in Theorem 5.3, the limit of 2* is also a local minimizer of F(z).

7. Numerical experiments

Here, we present some numerical results of our IRLS with thresholding (IRLS-th) algorithm, as well as
comparisons with some state-of-the-art algorithms. All of the tests were performed using Windows 7 64-bit
and Matlab 2018A, on a HP workstation Z840 with Intel Xeon CPU E5-2667.

Now, we give a general experiment setting. Unless otherwise noted, we use this setting in the whole
section. Firstly, we set M = 28, N = 210 = 27 and N; = 8 for any i € 1. That is, the original signal
x° € RY is split equally into 128 groups, with indices of its non-zero groups chosen randomly. The sparsity
level is t/n where t is the number of nonzero groups in x°, and is not fixed. The non-zero values in z° are
i.i.d. generated from standard Gaussian distribution. We also randomly generate an i.i.d. Gaussian matrix
A € RMXN " and normalize it to satisfy AA” = I. Then, the noisy simulated observation is

d = Az° 4 0.001 - randn(M, 1).

For our IRLS-th algorithm, the regularization parameter o = 1073||A7d||s, the threshold 7 = 0.01, expo-
nent ¢ = 0.5, initial vector 2° = 1.
For all of the algorithms, the stopping criterion is

[la* — 21| 4
— 0 < 107",
[l*= 1
The recovery result z* is regarded as successful if
* _ .0
Il =27} 1.
||z

The success rate is the ratio of success over 100 trials.
7.1. Convergence of IRLS-th algorithm

In this subsection, we will show the convergence of IRLS-th algorithm. We set the sparsity level to 10%,
i.e., we have 12 nonzero groups; see Fig. 3.

It can be seen from Fig. 3(b) that the group support size of x* is decreasing and converges. As
demonstrated in Fig. 3(c), the value of the objective function is monotonically decreasing and converges.
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Fig. 3. Convergence of proposed IRLS-th algorithm for a group sparse recovery problem with sparsity level 10%.

By Fig. 3(d), the relative error is decreasing and converges. As shown in Fig. 3(e), the recovery error

k o
Log(%) at each iteration is decreasing, meaning that the approximation becomes more and more ac-
curate and perfectly recover x° in the end. This experiment clearly justifies the global convergence property

of IRLS-th algorithm shown in Theorem 6.6.
7.2. Choice of T

In this subsection, we discuss the choice of 7. Recall the lower bound theory in Theorem 3.1. The
established lower bound is supposed to provide a reference value for 7. However, this bound is independent
of observation d and local minimizers, and it might be too rough since we used a lot of inequalities to
estimate it. Thus, for a specific problem, we may use a larger threshold to speed up the computation, while
preserving the recovery accuracy.

Under our experimental settings, the theoretical lower bound is 0.0027. We therefore test our algorithm
with different 7 among {1076,1073,0.0027,1072,107%,1} in terms of the sparsity level. The success rates
and average running time are plotted in Fig. 4. As can be seen, the success rates with different 7 are equal
when 7 < 0.01, but the average running time (only successful recovery is considered) is decreasing as 7
increases. Therefore, in the following experiments, we use 7 = 0.01.
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Fig. 4. The success rates and average running time of IRLS-th algorithm with different threshold .
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Fig. 5. The success rates of IRLS-th algorithm with different exponent q.

7.8. Choice of q

In this subsection, we will discuss the performances of our algorithm with different ¢ among {0.1,0.3,
0.5,0.7,0.9} in terms of the sparsity level. For each sparsity level, we generate 100 independent z°. For each
2°, we run the IRLS-th algorithm with different q. The success rates of the results are shown in Fig. 5.
We can see that when ¢ = 0.9 with the objective function approximately convex, our algorithm performs
worst. Similar to [15,31], when ¢ = 0.5, it performs best. Therefore, in the following experiments, we choose
q=10.5.

7.4. Adaptability to group size

In this subsection, we test the sensitivity of our IRLS-th algorithm on the group size. With the group
number n = 128, we change the group size N; to be 22,23 2% and 2°. The corresponding (M, N) are
(27,29), (28,210), (29,211), and (219, 212). For each pair of (M, N), we generate 100 independent z° to test
the success rate. By Fig. 6, we can see that when the group size becomes larger, the success rate increases.
This is reasonable because larger groups contain more information for recovery.
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Fig. 6. The success rates of IRLS-th algorithm for recovery problems with different group size N;.
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Fig. 7. The success rates of IRLS-th algorithm with different measurement matrix A.

7.5. Adaptability to different types of A

In this subsection, we test our algorithm with different measurement matrices A, i.e., random Gaussian
matrices and random Bernoulli matrices. Also, A is normalized by AAT = I for the random Bernoulli
matrices. The results are shown in Fig. 7. We can find that the IRLS-th algorithm could achieve almost the
same success rate with different types of A.

7.6. Adaptability to different kinds of original signal x°

In this subsection, we generate z° from different kinds of distribution, i.e., the standard Gaussian distri-
bution, uniform distribution and Bernoulli distribution (0.5). For each distribution, we generate 100 original
signal x°. The results are in Fig. 8. We can see that our algorithm would fit different kinds of signal with
comparable success rates.
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Fig. 9. Comparison of success rates and average running time between IRLS-th algorithm and state-of-the-art group sparse opti-
mization algorithms.

7.7. Comparisons to some state-of-the-art algorithms

In this subsection, we compare our IRLS-th algorithm with several state-of-the-art group sparse opti-
mization algorithms, i.e., IRLS with smoothing (IRLS-sm) algorithm [27], Group Lasso algorithm [4], and
PGM-GSO algorithm [15]. The comparisons include the success rates and the average running time (only
successful recovery is considered) in terms of sparsity level.

The results are shown in Fig. 9. Overall speaking, both IRLS algorithms perform better than PGM-GSO
algorithm and Group Lasso algorithm. In Fig. 9(a), the success rate curves of IRLS-th algorithm and IRLS-
sm algorithm coincide with each other, which means our IRLS-th algorithm perfectly keeps the excellent
recovery ability of the classical IRLS-sm algorithm. From Fig. 9(b), we can see that our IRLS-th algorithm
shows significant superiority in running time. It is at least 50% faster than IRLS-sm algorithm. When the
sparsity level increases, the advantage is more obvious.
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8. Conclusion

In this article, we have studied the ¢; , regularized minimization model, including lower bound the-
ory, recovery bound, algorithms and so on. Our work not only shows theoretical merits of the nonconvex
group sparse optimization model, but also provides a new way to improve IRLS method in terms of global
convergence and numerical performance.

Our study so far is only concerned with the group sparse signal recovery without overlapping group
structure. While in many real applications, such as the gene expression data in bioinformatics, elements in
different groups could potentially be overlapped. Besides, instead of the squared /5 fidelity term considered
here, the fidelity term would be in other forms in applications with different types of measurement noise.
All these extensions will be part of our future research.

9. Appendix
9.1. Subdifferential

The following is the definition of subdifferential.

Definition 9.1. (Subdifferential, [39]) Let ¢ : RY — (—o0,+00] be a proper and lower semicontinuous
function. The domain of ¢ is defined as dom¢ = {z € RY : ¢(x) < +oc}. For a point z € doma,

1. the regular subdifferential of ¢ at x is defined as

do(z) = {u € RV : lim inf y) = 9@) = (wy =) > O} ;
yFe YT ly — =]

2. the subdifferential of ¢ at x is defined as

2¢(x) = {u e RY : 2% — z, ¢(2F) — ¢(2) and 5¢(xk) Suf = u, as k — oo}.
9.2. Kurdyka-Lojasiewicz property

The foundational works on the Kurdyka-Fojasiewicz(KL) property are given by Lojasiewicz and Kurdyka
[40,41]. Recently, there were great successes for the applications of KL property in optimization theory; see
[42-45,38,46]. This subsection is a brief introduction of KL property, and most of the results are from [45].

For any subset S C R™ and any point z € R, the distance from = to D is defined by dist(z, D) :=
inf{|ly — z|| : y € D}. When D =}, we have that dist(z, D) = +o0.

Definition 9.2. (KL property, [45])

1. The function ¢ : RN — (—o00, +o0] is said to have the Kurdyka-Fojasiewicz property at 2* € dom d¢ :=
{z € RN : 9¢(x) # 0} if there exists n € (0, +00], a neighborhood U of z*, and a continuous concave
function 4 : [0,1) — (0, +0o0] such that

(i) ¥(0) = 0;

(ii) ¢ is continuous differentiable on (0,7);

(iii) for all ¢t € (0,n), ¥'(t) > 0;

(iv) forall z € UN{y € RN : ¢(z*) < é(y) < ¢(z*) + n}, the Kurdyka-Lojasiewicz (KL) inequality

holds:

U ((x) — d(a”))dist(0, 0¢(x)) = 1.
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2. If ¢ satisfies the KL property at each point of domd¢, ¢ is called a KL function.
There is a rich class of KL functions defined based on o-minimal structure (see definition below).

Definition 9.3. (o-minimal structure on R, Definition 4.1, [45]) Let O = {O,, },,en such that each O, is a
collection of subsets of R™. The family O is an o-minimal structure on R, if it satisfies the following axioms:

(i) Each O, is a boolean algebra. Namely () € O,, and for each A, B in O,, AUB, AN B, and R"\ A
belong to O,.

) For all Ain O,, A x R and R x A belong to O,,41.

) For all Ain Opyq, II(A) :={(z1,...,20) € R" : (21,..., 20, Tpnt1) € A} belongs to O,

(iv) Foralli # j in {1,2,...,n}, {(z1,...,2,) € R" : 2; = z;} belongs to O,.
) The set {(z1,22) € R?: z1 < 13} belongs to Os.
) The elements of O; are exactly finite unions of intervals.

Let O be an o-minimal structure on R. We say that a set A C R" is definable on O if A € O,,. A map
f:R™ = R™ (resp. a real-extended-valued function f : R™ — R U {400}) is definable if its graph is a
definable subset of R™ x R™ (resp. R™ x R). It is known that any proper lower semicontinuous function
definable on an o-minimal structure is a KL function (see Theorem 4.1 in [45]). Note that o-minimal structure
has very stable properties as follows:

(1) finite sums of definable functions are definable;
(2) indicator functions of definable sets are definable;
(3) compositions of definable functions or mappings are definable.

A class of o-minimal structure is the log-exp structure (see Example 2.5, [47]). By this structure, the
following functions are all definable:

1. semi-algebraic functions (see Definition 5 in [46]), such as real polynomial functions, and absolute value
function f: R — R defined by z — |z|.
2. power function f: R — R defined by

', x>0
T —
0, x<0,

where r € R.

For f(x) and F(z) defined in this paper, ||[Az — d||? is semi-algebraic functions. Using properties (1)
and (3) of definable functions, their regularization terms are both finite sums and compositions of definable
functions. Thus, f(z) and F(x) are KL functions. See also [28,36].

9.3. Convergence of descent methods for KL functions

For KL functions, [38] has proven a very useful abstract convergence result for descent methods provided
that three essential conditions are satisfied. See below.

Theorem 9.4. (Theorem 2.9, [38]) Let ¢ : RN — R U {+oc} be a proper lower semi-continuous function.
Consider a sequence {z*} that satisfies the following conditions:
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e JaceRTt, stVEk>1, gb(gjk) — ¢)(xk+l) > a||xk _ :L‘k+1||2;
e JbeRY, st.VEk>1, FuFtt € dp(at ) such that |[uF T < bljab — 2P
o Ja subsequence {z*7} and z*,  s.t. 2% — z* and p(z7) — P(x*).

If ¢ has the KL property at x*, then {x*} converges to x*, and x* is a stationary point of ¢. Moreover {z*}
has a finite length, i.e.,

oo
Z |2* 1 — 2F|| < 400.
k=0
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