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Abstract

We analyze the global convergence of the single-timescale actor-critic (AC) algo-
rithm for the infinite-horizon discounted Markov Decision Processes (MDPs) with
finite state spaces. To this end, we introduce an elegant analytical framework for
handling complex, coupled recursions inherent in the algorithm. Leveraging this
framework, we establish that the algorithm converges to an e-close globally opti-
mal policy with a sample complexity of O(e~3). This significantly improves upon
the existing complexity of O(e~?) to achieve e-close stationary policy, which is
equivalent to the complexity of O(e~%) to achieve e-close globally optimal policy
using gradient domination lemma. Furthermore, we demonstrate that to achieve
this improvement, the step sizes for both the actor and critic must decay as O (k™ §)

with iteration &, diverging from the conventional O (k~ %) rates commonly used in
(non)convex optimization.

1 Introduction

Actor-critic algorithm, initially introduced in[Konda and Tsitsiklis| (1999), consist of two key com-
ponents: the actor, which refines the policy towards an optimal solution based on feedback from
the critic, and the critic, which evaluates the value of the current policy (specifically the Q-value).
It has been adapted in various forms|Schulman et al.| (2017 and have emerged as one of the most
successful methods in reinforcement learning (Mnih et al., [2015} Silver et al., [2017; OpenAl et al.}
2019; Schrittwieser et al.| [2020).

Despite their remarkable empirical success, the theoretical convergence of actor-critic algorithms
remains not well understood. One line of research explores a two-timescale version where the actor
and the critic are effectively decoupled, greatly simplifying the analyses. This can either be achieved
via a double-loop version, where the critic evaluates the policy in the inner loop, and the actor updates
the policy in the outer loop (Yang et al., 2019 |Agarwal et al., [2020; |Wang et al., |2022; Kumar et al.|
2023 [Wang et al.l [2019), or via single-loop structure but the critic updates much faster than the
actor (Borkar, [2022). In the later setup, the ratio of the learning rates of the actor and critic tends to
zero with the number of iterations. Essentially, the critic perceives the actor as nearly stationary, while
the actor views the critic as almost converged. [Konda and Tsitsiklis| (1999); [Bhatnagar et al.|(2009a);
Chen et al.| (2023); [Hong et al.| (2022); Wu et al.|(2022); |Xu et al.|(2020b). It is important to note that
both frameworks are artificial constructs to ease the analysis, but they are often sample-inefficient
and therefore seldom used in practical implementations (Olshevsky and Gharesifard} 2023]).

In this work, we focus on a single time-scale actor-critic framework where both the actor and the critic
are updated with each sample using similar step sizes [Sutton and Barto| (2018]). While this framework
is more versatile and practical, but the theoretical analysis of single-time actor-critic algorithms faces
significant challenges due to the strong coupling between the actor and critic. Since both components
evolve inseparably together with similar rates, the analytical challenge lies in understanding a stable
error propagation schedule.
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For the first time, |Castro and Meir| (2009)) established asymptotic convergence of the single time scale
actor critic to a neighborhood of an optimal value. This was followed by the recent works |Chen
et al.| (2021); (Olshevsky and Gharesifard| (2023)); |Chen and Zhao| (2024) demonstrating a sample
complexity of O(e~?) for achieving an e-close stationary policy, where the squared norm of the
gradient of the return is less than ¢, under various settings. This corresponds to a sample complexity
of O(e™*) for achieving an e-close globally optimal policy (see Proposition . The question of
whether this O(¢~%) complexity can be further improved remains open, and this paper provides a
favorable answer.

In this work, we first formulate the recursions for actor and critic errors which are quite complex.
None of the actor and critic errors are monotonically decreasing. We then identify a Lyaponov term
(sum of actor error and squared of critic error), and obtain its recursions independent of all the other
terms. This Lyapunov recursion is monotonically decreasing but more challenging than in the exact
gradient case found in [Xiao| (2022a)); Zhang et al.[(2020b), due to the presence of a time-dependent
learning rate. To address this, we develop an elegant ODE tracking methodology for solving these
recursions, yielding significantly improved bounds. Additionally, when this ODE tracking method is
applied to the recursion for the exact gradient case, it produces better results compared to existing
bounds, such as those in|Mei et al.| (2022)).

Our contributions are summarized as follows:

1. Improved Global Convergence Rate: We establish a sharper global convergence result for
single-timescale actor-critic algorithms in softmax-parameterized discounted MDPs. Our
analysis shows a sample complexity of O(¢~3) to compute an e-optimal policy, improving
upon the prior best rate of O(e~4).

2. ODE-Based Methodology with Direct Global Guarantees: Our core technical innovation
is a streamlined ODE-based analysis for resolving the interdependent actor and critic updates.
Unlike previous approaches that first bound convergence to stationary points (e.g., O(e~?)
for e-stationary policies), we directly bound the global sub-optimality gap J* — J™*.

3. Broad Applicability of Techniques: The techniques developed are concise and modular,
and may extend naturally to related settings such as minimax optimization, bi-level opti-
mization, robust MDPs, and multi-agent reinforcement learning and could be of independent
interest.

1.1 Related works

Policy gradient has been used in practice with many empirical success, for a long time now Sutton
and Barto| (2018); [Schulman et al.| (2015)); Mnih et al.|(2015). Naturally, its convergence properties of
policy gradient has been of a great interests. Only, asymptotic convergence of policy gradient has
been well-established in Williams| (1992); |[Sutton et al.| (1999); [Kakade| (2001b); Baxter and Bartlett
(2001) until very recently as summarized below.

Projected Policy Gradient (PPG): Given oracle access to gradient, Bhandari and Russo| (2024);
Agarwal et al.|(2020) established global convergence of the projected policy gradient (tabular setting)
with an iteration complexity of O(e~?) in discounted reward setting. Following up, an improved
recursion analysis, led to complexity of O(e~1) Xiao| (2022a)). Recently, [Liu et al.|(2024a) obtained
an linear convergence was obtained for an large enough learning rate and also for aggressively
increasing step sizes. Further, PPG is proven to find global optimal policy in finite steps Liu et al.
(2024b).

Softmax Parametrized Policy Gradient Often in practice, parametrized policies are used and
softmax is an one of the most popular parametrization. Softmax policy gradient (I)) enjoys iteration
complexity of O(e‘l) for global convergence |[Mei et al.[(2022); |Liu et al.[(2024a). This complexity
is matching with lower bound of O(e~!) established in|Mei et al. (2022); Liu et al.|(2024al).

Stochastic Policy Gradient Descent Often the gradient is not available in practice, and is es-
timated via samples. Vanilla SGD (stochastic gradient descent) and stochastic variance reduced
gradient descent (SVRGD) has sample complexity of O(e~?2) and O(e_%) respectively, for achieving
[VJ™||3 < e (where J™ is return of the policy ) Xu et al.| (2020a). This local convergence yields
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global convergence of iteration complexity of O(e~*), O(e_%) for SGD and SVRGD respectively us-
ing Proposition[3.2] Further, SGD achieves second order stationary point with an iteration complexity
of O(e~?Y)|Zhang et al.| (2020a).

Single Time Scale Actor-critic Algorithm: It is a class of algorithms where critic (gradient, value
function) and actor (policy) is updated simultaneously. This is arguably the most popular algorithms
used in many variants in practice Konda and Tsitsiklis| (1999); Bhatnagar et al.| (2009a)); |Schulman
et al. (2015} 2017). |Castro and Meir| (2009)) first established asymptotic convergence of the single
time scale actor-critic algorithm. Later, Olshevsky and Gharesitard| (2023);|Chen and Zhao| (2024);
Olshevsky and Gharesifard (2023)) established the local convergence of single time-scale actor-critic
algorithm with ( see Table[I)) sample complexity of O(e~2) for achieving |[V.J7||3 < e. This yields
global convergence (J* — J™ < e, where J* optimal return) with sample complexity of O(e~*)
using Gradient Domination Lemma as shown in Proposition [3.2]Olshevsky and Gharesifard| (2023).

Two Time Scale (/Double Loop) Actor Critic Algorithm. First, Konda and Tsitsiklis| (1999)
showed convergence of actor-critic algorithm to a stationary point using two time scale analysis of
Borkar| (2022). The work |Gaur et al. (2024} establishes 0(6_3) sample complexity of a actor-critic
algorithm variant (see Algorithm 1|Gaur et al. (2024))). The algorithm uses O(e~3) new samples for
the global convergence. However, it maintains the buffer of O(¢~2) samples at each iteration. For
achieving e-close global optimal policy, the algorithm requires O (e~ !) iteration, and each iteration
repeatedly uses the samples from the buffer, O(¢~%) many times. In conclusion, the algorithm uses
O(e~?) new samples, using them O(e~%) times in total, thereby significantly inflating the memory
requirements and computational complexity. In comparison, our algorithm does not use any buffer
and use new sample in each iteration.

Natural Actor Critic (NAC) Algorithms. NAC algorithm is another class of algorithms |Amari
(1998); [Kakade| (2001a); |Bagnell and Schneider|(2003); [Peters and Schaal (2008)); Bhatnagar et al.
(2009c) proposed to make the gradient updates independent of different policy parameterizations.
It has linear convergence rate (iteration complexity of O(loge™!)) under exact gradient setting
Bhatnagar et al.[(2009a)) which is much faster the vanilla gradient descent. Similarly, the sample
based NAC algorithms |Ganesh et al.|(2024) also enjoys better sample complexity of O(¢~2). Xu
et al.[(2020c)) establishes the global convergence of the natural actor-critic algorithm with a sample
complexity of O(e~*) in discounted reward MDPs. However, the natural actor-critic algorithm
demands additional computations, which can be challenging. |Yuan et al.| (2022) too establishes
global convergence with sample complexity of O(e~3), however, it requires an additional structural
assumption on the problem which is highly restrictive. However, NAC requires the inversion
of the Fisher Information Matrix (FIM) in the update rule. This inverse computation makes the
implementation difficult and sometimes unfeasible (for an instance, FIM is not invertible in direct
parametrization, if d™ (s) = 0 for some s). We note that actor-critic is a very different algorithm than
NAC, arguably the most useful and versatile, hence deserving its own independent study.

2 Preliminaries

We consider the class of infinite horizon discounted reward MDPs with finite state space S and
finite action space A with discount factor y € [0, 1) [Sutton and Barto|(2018); [Puterman|(1994). The
underlying environment is modeled as a probability transition kernel denoted by P. We consider the
class of randomized policies IT = {7 : § — A A}, where a policy = maps each state to a probability
vector over the action space. The transition kernel corresponding to a policy 7 is represented by
PT .S = S, where P™(s'|s) = ), 47(a|s)P(s'|s,a) denotes the single step probability of
moving from state s to s’ under policy 7. Let R(s, a) denote the single step reward obtained by taking
action a € Ain state s € S. The single-step reward associated with a policy 7 at state s € S is
defined as R™(s) = > .. 4 m(als)R(s, a). The discounted average reward (or return) J™ associated
with a policy 7 is defined as:

Jﬂ-:E ZlynRﬂ(sk)|ﬂ’vaON,u :MT(If’YPﬂ—)ilRﬂ—,
n=0

where ;1 € A S denotes the initial state distribution. It can be alternatively expressed as J™ =
(L=7)"' Y, csd™(s)R™(s), where d™ = (1 — ~v)u” (I — yP™)~" is the stationary measure under
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Table 1: Related Work: Sample Complexity of Single Time Scale Actor Critic

Work Convergence | Sample Actor | Critic Sampling
Complexity | Step Step
size g | size Bk

Olshevsky  and | |[VJ™|| <€ | O(e™) kmz | k2 iid.
Gharesifard| (2023)

Chen etal|(202T) | [|[VJ™||<e | O(e™?) k=2 |k | iid
Chen and Zhad | |[VJ™||<e | O(e™?) k2 k2 Markovian
2024)

Ours | Jr—Jm<e|O€®) | k5 kS| iid

IVJ™|| <e = J* — J™ < ce for some constant ¢, see Proposition These works
are for different settings such average reward, discounted reward, finite state space,
and infinite state space, please refer to the individual work for more details.

the transition kernel P™. Value function v™ := (I — vP™) ! R™ satisfies the following Bellman
equation v™ = R™ 4 yP™v™ (Puterman, |1994; Bertsekas, [2007). The Q-value function Q™ € RS xA
associated with a policy 7 is defined as Q™(s,a) = R(s,a) + 73 g P(s[s,a)v™(s) for all
(s,a) € S x A. For simplicity, we will also assume || R/ < 1.

£0(5,0)

Mei et al.[(2022). The objective is to obtain an optimal policy 7* that maximizes the return J". We

denote J* as a shorthand for the optimal return J™ . The exact policy gradient update is given as

In this paper, we consider soft-max policy parameterized by € RS X as my(a|s) =

0k+1 =0 + nkVJﬂ—gk, (1)

where 7y, is the learning rate, in most vanilla form [Sutton and Barto| (2018)). The policy gradient can
be derived as

i = (L= ) (s)molal) A7 (5.0).

where A™(s,a) := Q™ (s,a) — v™(s) is advantage function Mei et al.[(2022). The return J™ is a
highly non-concave function, making global convergence guarantees for the above policy gradient
method very challenging. However, the return J™° is L = ﬁ-smooth with respect to 6 |Mei et al.

(2022), leading to the following result.

Lemma 2.1. (Gradient Domination Lemma, Mei et al.|(2022)) The sub-optimality is upper bounded
by the norm of the gradient as

c

VJ"% ||y > ——
IVIlle = 7o

-]

where Cpr, = maxy| }%Hoo is mismatch coefficient and ¢ = miny ming 7y, (a*(s)|s),

The result states that the norm of the gradient vanishes only when the sub-optimality is zero. In other
words, the gradient is zero only at the optimal policies. This, combined with the Sufficient Increase
Lemma, directly leads to the global convergence of the policy gradient update rule in (I).

However, the above lemma requires the mismatch coefficient Cpy, to be bounded, which can be
ensured by setting the initial distribution p(s) > 0 for all states. Unfortunately, failure to ensure
1 > 0 may lead to local solutions |Kumar et al.|(2024). Additionally, the result requires the constant c
to be strictly greater than zero. This condition can be satisfied by initializing the parameterization
with §y = 0 or by ensuring it remains bounded. Furthermore, as the iterates progress towards an
optimal policy, the constant ¢ remains bounded away from zero.
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3 Main

In this work, we focus on the convergence of the widely used single time-scale actor-critic algorithm
(1), where the actor (policy) and critic (value function) are updated simultaneously [Konda and
Tsitsiklis| (1999)); Sutton and Barto| (2018); |(Chen et al.|(2021)); Olshevsky and Gharesifard| (2023);
Chen and Zhao|(2024). Notably, this algorithm operates with a single sample per iteration, without
relying on batch processing or maintaining an experience replay buffer.

Algorithm 1 Single Time Scale Actor Critic Algorithm
Input: Stepsizes 1y, Bk

1: while not converged; k = k + 1 do
2:  Sample s ~ d™ ,a ~ Ty, (-|s) and get the next state-action s’ ~ P(:|s,a),a’ ~ mp, (:|s) .

3:  Policy update:
Orr1(s,a) = Ox(s,a) + ne(1 — )"t A(s, a),
where A(s,a) = Q(s,a) —v(s)and v(s) = > 7, (a]s)Q(s, a).

4:  Q-value update:

Qs,0) = Q(s,a) + B | Rls,a) +1Q(s',a) = Q(s.a)

5: end while

Our objective is to derive a policy 7 that maximizes the expected discounted return J™ using sampled
data. However, due to the stochastic nature of Algorithm[T} we focus on analyzing the expected return
E[J™] at each iteration k.

Note that the algorithm requires samples s; ~ d"% from the occupation measure at each iteration,
which is a common assumption in most works on the discounted reward setting Zhang et al.| (2020b);
Konda and Tsitsiklis| (1999)); Bhatnagar et al.| (2009a); |Chen et al| (2021); |Kumar et al.| (2023));
Olshevsky and Gharesifard| (2023). This can be achieved by initializing the Markov chain with
S0 ~ W, and at each step ¢, continuing the chain with probability by sampling s;11 ~ P™ (+|s;),
or terminating the chain with probability (1 — 7). Once the chain terminates, we randomly select
a state uniformly as si. This process ensures that the state s is sampled from d™°+ . However, this
approach increases the average computational complexity by a factor of ﬁ There are potentially
more efficient approaches to achieve this sampling, and several studies Xu et al.|(2020b); [Wu et al.
(2022);\Chen and Zhaol| (2024) have investigated convergence analysis using Markovian sampling.
However, we omit these considerations here for simplicity.

Assumption 3.1. [Sufficient Exploration Assumption] There exists a A > 0 such that:
(@ —Q,D™(I —vPr)Q™ — Q) 2 \|Q™ - Q3

where Pr((s',a’), (s,a)) = P(s'|s,a)n(d’|s") and D™((s',d’), (s,a)) = 1 ( (s',d') = (s,a) )
d™(s)m(als).

Throughout this paper, we adopt the exploration assumption mentioned above, which is standard and,
to the best of our knowledge, has been made in all prior works |Olshevsky and Gharesifard (2023);
Chen et al.|(2021); \Chen and Zhao| (2024)); Bhatnagar et al.| (2009a); Konda and Tsitsiklis| (1999);
Zhang et al.| (2020b). Note that the both actor and critic evolving simultaneously, with actor updating
the policy with the imprecise critic’s feedback (Q-value) and critic tracking the Q-value of the
changing policies. This complex interdependent analysis of error is the core subject of investigation
of this paper. However, the above assumption provides the bare minimum condition that the critic
convergence to the Q-value of any fixed policy in expectation.Specifically, for any fixed policy 7, the
Q-value update given by (line 4 of Algorithm|I)):

Qm+1(57 a‘) = Qm(S, a) + Bk |: R(Sv a) + ’VQm(S/a a/) - Qm(sv a) ]7 (2)

where s ~ d",a ~ w(:|s),s" ~ P(:|s,a),a’ ~ m(:|s'), Q. converges to the true Q-value Q™ in
expectation, under this exploration assumption, More precisely, || EQ,, — Q™ || < ¢™ for some ¢ < 1



198
199
200

201
202
203
204
205

206
207

208
209

210
211

212
213

214

215
216
217
218

219
220
221

222
223
224
225
226
227
228

229
230
231
232
233
234

235

237

238

(see Lemma[A.T)).The above assumption is satisfied if all the coordiantes of Q-values are updated
often enough. This can be ensured by having strictly positive support of initial state-distribution on
all the states (min, (s) > 0) and having sufficient exploratory policies.

Local Convergence To Global Convergence. Convergence of single time-scale actor-critic (Al-
gorithmE]) has been studied for a long time, [Konda and Tsitsiklis| (1999); Bhatnagar et al.| (2009b);
Zhang et al.| (2020b); |Olshevsky and Gharesifard|(2023); |Chen et al.|(2021)); Chen and Zhao| (2024).
These works establish local convergence bounding the average expected square of gradient of the
return, with following state-of-the-art rate

K 9
—EB|VJ™|2 < O(K™?).
kZ:lK | | <O(K™2)

This local sample complexity of O(e~?2) translates to global sample complexity of O(e~*), as shown
in the result below.

Proposition 3.2. A local e-close stationary policy is equivalent to an \/e-close global optimal policy.
That is
E|VJ™|? <O(k™%) = J"—EJ™ <O(k™7).

Proof. The proof follows directly from Gradient Domination Lemma [2.1] and Jensen’s inequality,
with more details in the appendix. O

Now we present below the main result of the paper that proves the convergence of the Algorithm
with sample complexity of O(e~?) to achieve e-close global optimal policy.

Theorem 3.3 (Main Result). For step size B, i = O(k_%) in Algorithm we have
J*—EJ™ <O(k™3), Vk>0.

The above result significant improves upon the existing sample complexity of O(e~*)|Olshevsky
and Gharesifard (2023)); |Chen et al.|(2021)); |(Chen and Zhao| (2024} as summarized in Table|1} The
convergence analysis consists of following three main components, discussed in details in the section
next.

1. Deriving Recursions for Actor and Critic Errors: The first step involves formulating the
recursions for the actor and critic errors, which are inherently complex and interconnected.
This step is inspired by the approach outlined in|Chen and Zhao|(2024)).

2. Identifying a well behaved Lyapunov Term: While prior works utilize the standard
convex-optimization technique to rearrange the recursion, expressing the “norm of the
gradient” through a telescoping sum to establish local convergence |Chen and Zhao| (2024),
this work takes a novel direction. Specifically, it leverages the additional problem structure,
encapsulated in the Gradient Domination Lemma, to identify a Lyapunov term—defined
as the sum of the actor error and the square of the critic error—and derive a Lyapunov
recursion.

3. Developing an elegant ODE Tracking Method to Bound the Lyapunov Recursion: The
derived Lyapunov recursion poses significant challenges compared to the exact gradient case
studied in|Xiao| (2022b)), primarily due to the presence of time-decaying learning rates. To
address this, we develop an elegant ODE tracking methodology that enables us to establish
bounds on the Lyapunov recursion. These bounds, in turn, yield precise characterizations of
both the actor and critic errors.

4 Convergence Analysis

In this section, we present the convergence analysis of Algorithm [T} but first, we introduce some
shorthand notations for clarity. Throughout the paper, we use the following conventions:

Jk _ Jm’k-7 Ak: _ Aﬂ'gk, Qk _ Qm;k, dk — d™o .

Additionally, we define:
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s aj, := E[J* — J*], which represents the expected sub-optimality.

e 2 := /E||Qr — Q%||?, which denotes the expected critic tracking error.
* y := /E|VJ¥||?, which denotes the expected norm of the gradient.

We summarize all the useful constants in the Table d] We begin by deriving an actor recursion,
which is essentially a sufficient increase lemma for our noisy and biased gradient ascent (Line 3 of
Algorithm [I)). This recursion arises from the smoothness properties of the return and serves as an
extension of its non-noisy version presented in Mei et al.| (2022).

Lemma 4.1. [Actor Recursion] Let 0y, be the iterates from Algorithm|l| then the sub-optimality
decreases as
apt1 < ak — YR + CaMkYrzi + C3Tli-

The recursion above illustrates the dependence of sub-optimality progression on various terms. The
second term, 7{’1 Y 1/2“, indicates that the sub-optimality decreases proportionally to the square of the
gradient norm and the learning rate, which is consistent with the expected behavior of gradient ascent
on a smooth function in standard optimization. The term 2"{“_% represents the bias arising from
the error in Q-value estimation (critic error), implying that higher critic estimation error reduces the

2
improvement in the policy. Finally, the term (352’34 accounts for the variance in the stochastic update

of the policy .

Now, we shift our focus to the critic error. The exploration Assumption [3.1]ensures the evaluation
of the policy (Q-value estimation in expectation) through samples with respect to a fixed policy.
However, in Algorithm[I] the policy changes at every iteration, which makes the derivation of the
result below somewhat more challenging.

Lemma 4.2. [Critic Recursion] In Algorithm[l} critic error follows the following recursion

zhi1 < (1= caBi)zi + csBr + comp + Crneyr 2,

where constants c; are defined in the appendix.

The term (1 — c4/3; )27 represents the geometric decrease of the critic error, as the Q-value is a
contraction operator. The terms c537 and cgn3 arise from the variance in the critic and policy updates.
Finally, the term c7nyy 2, reflects the effect of the "moving goalpost,” where the critic evaluates a
policy that changes in each iteration by an amount proportional to y.

Lemma 4.3 (Gradient Domination). The sub-optimlaity is upper bound by gradient as

ar < cgYk-

The result anove upper bounds the sub-optimality with the gradient, which follows Lemma 2.1) and
Jensen’s inequality. To summarize, we have the following recursions:

Actor:  apqy < ap — CLRYR + CoMkYkZk + C3T 2k 3
Critic: z,fﬂ < z,% — C4ﬁk2i + 056,3 + 06772 + MYk 2k
GDL: Qe < C8Yk -

Solving these interdependent recursions is highly challenging and constitutes the core technical
contribution of this paper. It is important to note that the gradient norm yy, is lower bounded by ay,
allowing us to ensure an upper bound on ay4; using the lower bound of y;. However, we lack an
upper bound on the gradient norm yj, which means we cannot upper bound the critic error 27 41-In
other words, we cannot guarantee that the critic error will decrease at all.

Observe that ay; decreases while z,% 11 increases with the rise in y;. A crucial observation is that
the Lyapunov term z; 1 1= ag4+1 + z,% 41 exhibits a consistent decrease as ;. increases, as shown in
Figure|ll In contrast, a; does not demonstrate well-behaved monotonicity (i.e., it is not consistently
decreasing). This highlights the stability and utility of the Lyapunov term in characterizing the
system’s behavior. Now to formally prove this, we combine the actor and critic recursions, assume
Br = cany, and apply additional algebraic manipulations (detailed in the appendix). This leads to the
following recursion:

2
2 2 2 2
a1+ 21 < Gk + 2, — C12Mk (yk + zk> + c117%-
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Figure 1: Actor- Critic recursion in (3): Random ¢;, 10n, = 8, = (1 + k)’%,ao, zo = 2.

Using the Gradient Domination Lemma (GDL), we derive the Lyapunov recursion:

2 2
Tr41 < T — C13MkTy + C117%,

which can be solved as stated in the following result.

1

2 .
—_.— )3 < _
I +015k) , the recursion x4+ < g

0

Lemma 4.4 (ODE Tracking Lemma). Given n, = c14(

Clgnk$i + 01177,% satisfies the bound:

1 3
ap < | —— |,
k‘<%+ﬁ%>

Proof. The detailed steps of the proof are provided in the appendix. The key idea in solving the
recursion is to establish that x, lies below the trajectory of the following ODE:

dug 2 2
— = —C Uy + ¢ .
dk 13Nk Uy T C117
We simplify this by appropriately choosing 1y = c14u3, leading to the reduced ODE: ddik’“ = —c15u;,
1
L . 1 3
whose solution is: uy = (%) . O
“o

Using the above result, we conclude that a; = O(k~%) and 1, 8, = O(k~3), thus completing the

convergence analysis. Although, we retrospectively chose the best learning rates Sy, n, = O(k~5)
for the presentation simplifications. But we have developed a general framework in the appendix that
gives the rates for different possible step-sizes schedules.

One surprising finding is that while the actor error (sub-optimality) in our algorithm decreases as
O(k~%), which is faster than the O(k~7) rate reported in Chen and Zhao (2024), the critic error
decreases much more slowly. Specifically, our critic error follows z; = O(kz_% ), compared to the
O(kz_i) rate achieved in|Chen and Zhao| (2024).

5 Discussion

We establish the global convergence of actor-critic algorithms with a significantly improved sample
complexity of O(e~?) for obtaining e-close global optimal policy, compared to the existing rate of
O(e*) derived from O(e~2) complexity for e-close stationary policy Chen and Zhao| (2024). This
brings us closer to the lower bound complexity of O(¢~2) for reinforcement learning |Auer et al.
(2008). The framework we propose is quite general and could potentially be extended to other settings,
such as average reward, function approximation, or Markovian noise. We leave these extensions for
future work.
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305
306

307
308
309
310
311
312
313
314
315
316

317
318
319
320
321
322

323
324
325
326
327

328

329
330

331

Constant | Definition \ Remark

Jk J ™% \ Return at iterate k
AF AT ‘ Advantage value at iterate k
Q" QT \ Q-value at iterate k
d* drer \ Occupation measure at iterate k
ag E[J* — J¥] ‘ Sub-optimality at iterate k&
2k E||Qr — QF| ‘ Critic mean squared error at iterate k
Yk \/W ‘ Expected squared norm of the return at iterate k
T ay + 2} \ Lyapunov value at iterate k
1
U ( m ) : Solution to the ODE %% = —cy5u}
“o
C; Place holder constants for clarity \ See appendix

Table 2: Definitions of Useful Constants: Iterate k is generated from Algorithm|I]

Moreover, this framework for addressing the two-time-scale coupling, combined with our novel
and elegant methodology for bounding the recursions, can serve as a foundation for analyzing other
two-time-scale algorithms.

Can we improve the complexity further? Our work proposes a learning rate schedule for both
the critic and actor, decaying as k=3 with iteration k, which we believe through our investigation,
achieves the optimal sample complexity of O(e~?) that these recursions can possible yield. Conse-
quently, we need to shift our approach in deriving these recursions for improvement in the sample
complexity. All prior approaches, including our own, focus on bounding the variance of the critic
error \/IE||QF — Qy||?. However, for the analysis of the actor’s recursion, it suffices to bound the
bias ||Q* — EQ}||. Through careful investigation, we have come to believe that our current analysis,
which relies on variance bounds, has reached the sample complexity limit of O(e~3). In contrast,
an analysis based on bias has the potential to achieve further improvements, possibly reducing the
complexity to the theoretical lower bound of O(e~2).

A key insight lies in the fundamental difference between variance and bias: even for a fixed policy,
variance remains non-zero, whereas bias vanishes. Specifically, current variance-based approaches
necessitate diminishing learning rates for both the actor and the critic to ensure decreasing variance.
In contrast, the bias term can tend to zero even with a constant critic learning rate, requiring only a
diminishing learning rate for the actor. This observation suggests that focusing on bias may be a more
promising direction, but it also presents significant analytical challenges that remain unexplored.

In summary, we hypothesize that the current sample complexity of O(e~3) could be improved to
O(e72) by focusing on bias rather than variance. This shift in focus may allow for a constant (or
very slowly decaying) critic step size, only requiring diminishing actor step size. Further, we believe
our new methodology for solving recursions may play crucial role in unlocking these new research
directions and opportunities.
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> A Supporting Results

4!

@

433 A.1 Sufficient Exploration

s34 Lemma A.1. Under the Assumption[3.] the update rule (2, converges as

IEQr — Q™2 — ak”EQo - Q"|2,

435  where o = \/@ taking By = %

436 Proof. From Proposition[A.3] we have | EQj41 — Q|| < a||EQp+1 — Q™ ||, from which the result

437 follows.

O

a8 We define Pr((s,a’), (s,a)) = P(s'|s,a)w(a’|s") and D™((s',a’), (s,a)) =1 ((s,a’) = (s,a))

w0 (1 =) XnZo V" # (PT)"(s)-
a40  Proposition A.2. ¢, = max, g W <1+1.

Proof.
ID™(I = vPr)Q < [|D"Q| +~[| D" P Q|

<QI+ADPQl.  (as Y _|D((s,a), (s,a)| = 1)

=1Ql+7, /> (dis,a){Pe(l(s,0)),Q) )7,

<11Ql+7, /> (dls,a)[Px(l(s anlllQl ),

< QI +QI /S (d(s,a) ) 1P (:I(s, )|,

<lQl+~lel, > dls,a)llPx(I(s, )3,

= (1 +lel.

441

a2 Proposition A.3. For any policy , given T;Q = Q + SD" [ R+~P:,Q — Q |, we have

)\2
Q7 ~ 750l < \/1- 5107 @l

Proof.

U:=Dr" [Rf(IffyPﬂ)Q}
— D" { Q" —AP,Q" — (I — vP)Q } (using Q™ = R+ v P, Q™)
=D" (I-vP:)(Q"-Q)

443 Lets look at

Q™ = TFQI? = lQ" —Q — BU|?,  (definition of TFQ = Q + SU)

= Q™ - Q| + B|U|]> — 28(Q™ — Q,U)

<[|Q™ — Q|I* + AU |* — 28)\|Q™ — Q|3 (from Assumption [3.T))

< (14282 -28N)Q™ — Q|13 (from Proposition [A2)

Az : A
<(1=F)Q" = Qlls,  (taking 8 = 2).

13

“
&)

(6)

N

®

©))

(10)

(11)
(12)
13)



444 O

445 A.2 Local to Global

s Proposition Ad. If E|VJ*|2 < O(k™2) then J* — EJ™ < O(k™%).

447 Proof. From Gradient Domination Lemma[2.T|and Jensen’s inequality, we have
2
SChL

E|VJ*|2> E [J* J’“] [J*—EJ’“F

ss  Hence if E||VJ™|3 < O(k

449

%) then [ J* — BT } < O(k™%), implying J* — EJ* < O(k~1).

0 B Deriving Recursions

ss1 Notations. Recall that J* = J™ Ak = A" QF = Q™% d* = d™ ,a, = E[J* — J*],yx =
w2/ E|VJ*|2, 2 E||Qx — Q%||? are used as shorthands. Further @y, Ay, are iterates from
453 Algorlthm' 1] and 1, € {0, 1} * A is indicator for (s, ax) in the Algorlthml 1] We refer Hadamard

454 product by ®, defined as (a @ b)(i) = a(i)b(i).
Constant | Definition \ Remark
A | Sufficient Exploration constant
L et ‘ Smoothness constant
Cg % ‘ GDL constant
LT = l70,. . — o, || < LT||0ks1 — Okl | Lipschitz constant of policy w.r.t. 6
.= 2(3113%%’{ Q% — Q" < cqmi ‘ Lipschitz constant
=142 Ukl < e |
L3 |QF — Q¥ + VQF (O41 — 0k)|| < LLE||6k41 — On]* | smoothness of Q)
c, = % 1Qr — QF|| < c. ‘ Upper bound on zj,
cg = 5—: 127—/\7 ( %1’{5)‘3 (137) )2 ‘ Actor-critic scale ratio
n 2%+ rthye + 26 + i |
c 4 mm{@(ﬁ 2/\”3 } ‘ ODE constant

Table 3: Constants

455 In this section, we derive the following recursions:

UL 21 4L77}%
< a.n —
Okl S Ok = 7 7yk Tz 7ykzk + =)
ax < CqYk
2L3 29V S A
221 < (1—2)\Bk)2k + 26287 + 2cq77k + A=)t §)4 nezy + (17_77)37716%%,

456 where the constants are described in Table 3
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457 B.1 Actor Recursion

458 Lemma B.1 (Sufficient Increase Lemma). Let 0, be the iterate obtained Algorithm[I] Then,

2Ly,
ElJEL _ gk > 77kE k2 kb o (A, — AF)) —
= I 2 PR [V (9 e (A - A9) - s
459 Proof. From the smoothness of the return, we have
L
B[ I = J* ]2 B [ (VIF 81 = 00) = 5601 — 00 ]
Mk k Ly o . ,
>F | —— A 1) — ——2 A1 i date rule in Algorith
> [1_7<VJ, £ O 1k) 31—~ L k}, (from update rule in AlgorithmT]
Mk k gk 2L k 2
> e L ~ <_Z
> (VI8 d" @ Ay) T |: Cas(oran) ~ dio and | Ago < )
Mk k|2 k gk k 2Ln k k k
> - - = :
,1_7E[HVJ 12+ (VJ*, d* & (A — AF)) (1_7)3], (as VJF = dF @ Ay
460 D

461 Proposition B.2. We have

B [(9J%,d" © (4 — 49) |< 2/ BIV T2 Bl Qs — @

462 Proof. We have

(VJF d* ® (Ap — AF)) ‘S IVJE|||d* © (Ax — AR)]], (from Cauchy inequlaity) (14)
<IVIFI Ak = A oo, (as Y (aibis)® < (mgxaf)(z b7)) (15)
<V AR = Ao, Cas 1= [l = [ld*]2) (16)

(17)

463 Additionally, from definition, we have

|Ak(sva) - Ak(87 a)| = |Qk(87 a) - Zﬂ'(a|S)Qk(8, a) - Qk(SJ a) + ZW(CL'S)Qk(Sv(I)l (18)
< |Qx(s,a) — Q%(s,a)| + |Z m(als)Qx(s,a) — Zﬂ(a|s)Qk(s,a)\, (Triangle inequality)

a

(19)
< [1Qk — Q¥[loo + Y m(al5)|Qr(s, @) — Qu(s, a)], (20)
< 2]|Qk — Q%||so- @1
464 Putting this back, we get
E | (d" @ A% d* o (A - A%) | < 2 [IVT)1Qk - @“ll . @)
<28 [|VIIQr — Q1] Gaslzllz > o) (23)
<2\/B|VI*3\/EIQ. — QH3.  (from Cauchy (E(z,y))* < Ella|PEyl”).  (24)
465 D
466 Lemma B.3. [Actor Recursion] We have
Mk 2 2Ly,
@k = Qky1 2 T yk*Zykzk*(l_,yP}
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467

468

470

471

472

473
474

475

476

477

Proof. From Sufficient

E[Jk:+1 o Jk] > Tk
= 1_7

Y

1—

Y

k2
o [ EIv

| BV -
Y

Increase Lemma[B.1] we have

Proposition B.4. [Gradient Domination] We have

Proof. From GDL, we have

B [IVJF)2 + (9%, d° © (A - AY)) - (125”;)3 B
E(VJI*, d* © (A — AF))| — (2577;)3 ] (as Ela] > —E[|al])
oL
— 2BV 2\ EQi — Q42 - %} (from Lemma[B22).
0
Sc
o < VS5CrL,
C
Tt IO”L e Akl (25)
— E[J*—JF < \FCPLEHVJ’“H (26)
VSCpr, i
< S BIV IR, @7
0

where the last inequality comes from the Jensen’s inequality (E[z])? < E[x?].

B.2 Critic Recursion

Recall that in the Algorithm we have the following updates: (s,a) ~ d* s’ ~ P¥(-|s,a),a’ ~

i (+]s), and

where ||7r11 — 7| <

Zk+1 (1-

Proof. We have
Bl Qri1 — Q*H?

=F H Qk + BrUks1 — Q! ’ :

Qry1(s,a) = Qx(s,a) + BrUky1,

e e = 0, and gy =[ R(s,a) +9Qu(s',0') = Qu(s,) |.

Lemma B.5 (Critic Recursion). In Algorithm|[I] the critic error follows the following recursion

214 29V SA
INBr)zF + 22 B2 + 26207 + _2ha L VA
) k k q k (1 7)4 k (177)3

, (from update rule of Q)

2
—E H Qk — QF + BrUsy1 + QF — QM H . (plus-minus Q%)

=B ( 1Qk = Q"I + BRI Uk1 1> + 1QF — Q%M + 281 (U1, Q" — Q1)

+285(Qk — QF, Upy1) +2(Qr — Q% Q" — Q) ) (expansion of (a + b+ c)?

<B (1= 280)1Qx —~ Q¥ + B IUx o1 + Q% — Q41 + 24U, @ — Q1)

+2(Qr — Q%, QF — Q* 1) ), (using sufficient exploration assumption)

<F (1= 280)]1Qk — Q1 + 262U | +21Q" — Q[P +2(Qi — @, Q" — Q) ),

(using ||a|®

+[bl* = 2(a, b))

<E ( (1—28:N)Qr — QF|> + 287c2 + 217,%03 +2(Qr — QF, QF — QR+ )7

(as [|Q" —

QFY| < eqnp and ||Ux|| < )
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478 Now, we only focus on

E<Qk o Qk,Qk . Qk+1>
<E(Qr — Q" Q" — Q" + VQF (k11 — 0k)) + E(Qr, — QF, VQF (0141 — 0r)), (plus-minus )
1@k = QUIIQ" = Q! + VQ (Bhsr = 01) | + (Qx = Q" VQ* (B — 1)) |, (Cauchy Schwartz)

<5 |
<K [ —L3Qk — QF110k+1 — Okl* + (Qr — Q%, VQ* (O111 — O1)) ]v (smoothness of Q7 see Table 3])
<8 [ 2L Q0 — Q¥+ 1@~ Q. V@ (10 An) | (from Algoritm[)
E[ 2L znk4HQ Q)+ (@i - Q" VQ"(d* © Ay)) |, (Conditional expectation, (s, ax) ~ d" )
<E | (fL2n’§ Q= Q"+ 12— o 2 “NIVQHa* © Al |, (Cauchy Schwartz)
< (fL%n;; \/m T@ \/E”Qk _ Qk”z\/E“va(dk ® A2, (Jensen and Cauchy inequalities )

2L§ 2 fA , iy
< ¢ 277/; E|Qx — QF|2 + 7 77k \/E”Qk — Q|2 \/E||VJ’€||2 (using Proposition [B.6])

479 To summarize, we have the following recursion:

214 29V S A
Zo1 S (1= 2XBk) 2 + 2¢5 B¢ + 2c5m; + - 7)4771321@ + (17777)3771@%21@-
480 ]
Proposition B.6.
4y2S A2
IVQ*(d* © Ap)|? < 1= I57.7%[2.
481 Proof. From definition, we have
Q"(s,a) = R(s,a) + 7Y _ P(s'|s,a)0™(s) (28)
s/
= LQW(S a) = ZP(5'|5 a)Lv“(s’) (29)
dQ(S”, an) ’ v > ) d9(8”7a”)
_ Y / T (o T(o” 9
= ﬁ%:P(s |s,a)d% (s7)AT(s”,a”). (30)
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482 This implies that

dQ"(s,a) 2
\V/ kdk: A 2 _ ( ) dk w7 ”) A w7 ” ) 31
H Q ( @ k)“ ; S” a” de(sﬂ’a”) (8 a ) k(s a ) ( )
1 2
=T SZ; ( sza: W;P(sﬂs, a)d® (s7) AR (57, a”)d"(s”,a”) Ar(s”,a”) ) , (putting back the value )
(32)
2 2
Y ( / k (oNJk (oo 9 k(oo 99 .
< —— P(s'|s,a)ds (s7)d"(s”,a”)|A%(s”,a”)||Ak(s”, a ) , (taking absolute values)
7 2 2 2 PEIs i) A a7 )
(33)
472S A 2
— (175)4< > P(s’|s,a)df/(s”)dk(s”,a”)|A"”‘(s”,a”)|) (34)
-7 s”,a”,s’
4425 A2 , . 5 . 2
< — P(s'|s,a)ds (s” (d s",a”)A%(s”,a” ) , (35)
(1_7)4877%%/ (s']s,a)dg (s7) { d*( )A™( )
(from Jensen, as Z P(s|s,a)d% (s") = A) (36)
4428 A? 2
<Gy (d(s A" (s a7) ) (as P(sls a)d(s7) < 1) 37)
425 A? £112
= JE|%. 38
IV G8)
483 O
s8¢ C Solving Recursions
485 In this section, we solve the following recursions:
486 Lemma C.1. The following recursions
2 4Ln?
Ag41 < a — 113679;% 1 ﬁk Ykzk + § _777]“)4
ar < Cglk
2L1 29V SA
ZI%—H < (1 — 2)\,8;6)2’;% + 2612“8;% + 2037],% + ﬁnizk + mmykzk,

487 implies

1 1
2 3 1 3
ap <¢ *® (max{cn, QC%ug} ) ( T ) ,
I+ 2k

a88  with constants o, ¢y, c2 defined in Table[3]
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489 Proof. Adding the first and last recursions, and using zj, < ¢, from Table[3] we get

490

491

492

493

494

495

2
Ok+1 + 21

2 q
kY 2 2 92 AL o, 2Ly, 2 29V/SA 2
< 2 Yk 95Bya2 42 (oo + 2+ 2 i+ (
_ak+zk 1_,y Bkzk+ Cuﬂk+ (1_,7)4+ Cq+(1_,y)4 Nk (1_'7)3+1_'7
2 29V/SA 2
§ak+zi77}k{1y_kfy+2/\cﬂz,37((1’y_,y)3 1_7)ykzk]
4L 2L3c Bk
2 2 2 26z 2 _
+(2cucﬁ+<1_’y)4+20q+<1_’y)4)nk,, (asﬁfcg)
Z:Cn
- 2 2 b2
Sa+z -0 | (1%7) + 2252t |+, (using > ab with defn of cz)
i 2
Mk Y 2k .. .
=ay +2; — 2 la —k'y) + 2/\0,303(5)2 } +cnmi,s (divide-multiply)
- 2
=ay + 2 — T Ye 4 2ACBC§(Z—k)4 } +enmi, (as LS by defn of ¢, see Table i
2 L (1 — ’)/) C, Cz
- 2
Nk a 2)cg .
satd =g (ot ] vk (s < e
. a? 2Xc
<ay + 28— 2mcy [ az + 2 } +enmi, (as ¢ := 4mm{wk_7)7 02[5 b
g z

2
<ap+2p—ank < ay + 21 ) +ennis (using (a + b)? < 2(a® + b?)).
Taking ux, = ay, + z%, wk = /M, the above recursion is of the form:
2, 1 9
up < up — CnRuy, + §Cn77k~ 39)

. 2 _1 1.
Taking ¢; = ¢; and co = max{c,, 2ciud} to ensure ap = ¢y up < 273 in Lemma we get

_z 3 1 3
u<ca<ma c,2c2u3> (7> . 40
kS G x{en, 2c7up %4_% (40
0]
Note that a;, < uy as z,% > 0, yielding the desired result. O
3
Lemma C.2. [ODE Tracking for Recursion] Given d;% = f%ai,ak :( ﬁ ) , and n, =
z R

11
¢, 2 ¢y 2} the recursion,

1
2 2
Uk+1 S Uk = CLTRUE + 5 C2Tl},
_2 1 2 1 1
then uy, < ¢y *c3 oy, for all k > 0, where oig = ¢ ¢y Pug < 273

2 _1 11 2 _1
Proof. Let vy, = ci ¢, ®uy, and o, = c§ c5 /Nk. Then, multiplying both sides with ¢{ ¢, *, we get

2 1 2 1 11 2 1 20122,

eiey uen < el ui—clefme (el ey fun ) +5elein} @1
< 2. 2 1 4 42

— z/k+1_uk—ak1/k+§ak. 42)
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497

498
499

500

502
503
504
505

506
507

508
509

Now let fi,(v) = v — ajv? and assume, vy, < ay, then

1
Vi1 < fr(v) + 5@% (43)
< Sl )+1 4 (as fr(v) is increasing for v < L and vy < oy < L1 )
- v v< —5 v, —5 < —5
S Jelak 20%, k g > 20@’ kS O S 20% = 20‘%
(44)
1
= g 504%, (putting the value back of f) (45)
k+1 1
< ap— iaﬁdx, (dummy integral) (46)
z=k
k1 g
= — / §aidx7 (as a; is decreasing) an
z=k
k+1 4
< ag — / iaﬁdx, (dummy integral) 48)
z=k
L da da 1
= Id z = —— 4 49
o + /m:k e z, (as I 2a$) (49)
< Oy, (basic calculus). (50)

From induction arguments, we get vy < «y for all & > 0 given the base condition 1y < « is
satisfied. In other words,

Wl

2 _1 1

chQSukgak:(W) . (51)
73

Yo

O

D Numerical Simulations

This section numerically illustrate with convergence rate of single-time-scale Algorithm [T with
different step size schedule. All MDPs have randomly generated transition kernel and reward function,
with codes available at https://anonymous.4open.science/r/AC-C43E/| For simplicity, the
samples are generated uniformly instead of discounted occupation measure.

Figure illustrates that the learning rate n, = Sy = k=3 has the best performance. Notably, slow
decaying learning rates such as 1, = 3, = 0.01%", k3 , k™2 have better performance in the starting,

and eventually they surpassed by n, = 5 = k3. In addition, Nk = Bx = k! has the worst
performance.
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Return of the Current Policy for Different Learning Rates
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Figure 2: Convergence Rate of Algorithm[T} on random MDP with state space =50, action space = 5,
learning rate 1, = B = k¢

Return of the Current Policy for Different Learning Rates
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Figure 3: Convergence Rate of Algorithm[I} on random MDP with state space =5, action space = 2,
learning rate 10m, = B = k¢
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Return of the Current Policy for Different Learning Rates
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Figure 4: Convergence Rate of Algorithm[IT} on random MDP with state space =20, action space = 5,
learning rate g, = B = k™ °.
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