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ABSTRACT

Despite the widespread empirical success of ResNet, the generalization properties
of deep ResNet are rarely explored beyond the lazy training regime. In this work, we
investigate scaled ResNet in the limit of infinitely deep and wide neural networks,
of which the gradient flow is described by a partial differential equation in the
large-neural network limit, i.e., the mean-field regime. To derive the generalization
bounds under this setting, our analysis necessitates a shift from the conventional
time-invariant Gram matrix employed in the lazy training regime to a time-variant,
distribution-dependent version. To this end, we provide a global lower bound on the
minimum eigenvalue of the Gram matrix under the mean-field regime. Besides, for
the traceability of the dynamic of Kullback-Leibler (KL) divergence, we establish
the linear convergence of the empirical error and estimate the upper bound of
the KL divergence over parameters distribution. Finally, we build the uniform
convergence for generalization bound via Rademacher complexity. Our results
offer new insights into the generalization ability of deep ResNet beyond the lazy
training regime and contribute to advancing the understanding of the fundamental
properties of deep neural networks.

1 INTRODUCTION

Deep neural networks (DNNs) have achieved great success empirically, a notable illustration of
which is ResNet (He et al [2016), a groundbreaking network architecture with skip connections.
One typical way to theoretically understand ResNet (e.g., optimization, generalization), is based
on the neural tangent kernel (NTK) tool (Jacot et al., |2018). Concretely, under proper assumptions,
the training dynamics of ResNet can be described by a fixed kernel function (NTK). Hence, the
global convergence and generalization guarantees can be given via NTK and the benefits of residual
connection can be further demonstrated by spectral properties of NTK (Hayou et al.| 2019 |Huang
et al.}[2020; Hayou et al., 2021} [Tirer et al.,2022). However, the NTK analysis requires the parameters
of ResNet to not move much during training (which is called lazy training or kernel regime (Chizat
et al.,|2019; Woodworth et al.,|2020; |Barzilai et al., 2022)). Accordingly, the NTK analysis fails to
describe the true non-linearity of ResNet. Beyond the NTK analysis thus received great attention in
the deep learning theory community.

One typical approach is, mean-field based analysis, which allows for unrestricted movement of the
parameters of DNNs during training, (Wei et al.l|2019; [Woodworth et al.| [2020; |Ghorbani et al.| [2020;
Yang & Hul 2021 |/Akiyama & Suzuki, [2022; |Ba et al.| |2022; Mahankali et al., [2023; [Chen et al.}
2022} [Mei et al.| 2018 Rotskotf & Vanden-Eijnden, 2018} Nguyen, [2019; |Sirignano & Spiliopoulos,
2020b). The training dynamics can be formulated as an optimization problem over the weight space of
probability measures by studying suitable scaling limits. For deep ResNet, taking the limit of infinite
depth is naturally connected to a continuous neural ordinary differential equation (ODE) (Sonoda &
Muratal, [2019; [Weinanl, [2017; [Lu et al.l [2018; [Haber & Ruthottol [2017;|Chen et al.| |2018)), which
makes the optimization guarantees of deep ResNets feasible under the mean-field regime (Lu et al.|
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2020; Ma et al.,[2020; Ding et al., 2021; 2022} Barboni et al.,|2022). The obtained optimization results
indicate that infinitely deep and wide ResNets can easily fit the training data with random labels, i.e.,
global convergence. While previous works have obtained promising optimization results for deep
ResNets, there is a notable absence of generalization analysis, which is essential for theoretically
understanding why deep ResNet can generalize well beyond the lazy training regime. Accordingly,
this naturally raises the following question:

Can we build a generalization analysis of trained Deep ResNets in the mean-field setting?

We answer this question by providing a generalization analysis framework of scaled deep ResNet
in the mean-field regime, where the word scaled denotes a scaling factor on deep ResNet. To this
end, we consider an infinite width and infinite depth ResNet parameterized by two measures: v over
the feature encoder and 7 over the output layer, respectively. By proving the condition number of
the optimization dynamics of deep ResNets parameterized by 7 and v is lower bounded, we obtain
the global linear convergence guarantees, aiming to derive the Kullback—Leibler (KL) divergence of
such two measures between initialization and after training. Based on the KL divergence results, we,
therefore, build the uniform convergence result for generalization via Rademacher complexity under
the mean-field regime, obtaining the convergence rate at O(1/4/n) given n training data.

Our contributions are summarized as below:

* The paper provides the minimum eigenvalue estimation (lower bound) of the Gram matrix of the
gradients for deep ResNet parameterized by the ResNet encoder’s parameters and MLP predictor’s
parameters.

» The paper proves that the KL divergence of feature encoder 7 and output layer v can be bounded
by a constant (depending only on network architecture parameters) during the training.

* This paper builds the connection between the Rademacher complexity result and KL divergence,
and then derives the convergence rate O(1/+/n) for generalization.

Our theoretical analysis provides an in-depth understanding of the global convergence under minimal
assumptions, sheds light on the KL divergence of network measures before and after training, and
builds the generalization guarantees under the mean-field regime, matching classical results in the
lazy training regime (Allen-Zhu et al.,[2019; |Du et al., [2019b). We expect that our analysis opens the
door to generalization analysis for feature learning and look forward to which adaptive features can
be learned from the data under the mean-field regime.

2 RELATED WORK

In this section, we briefly introduce the large width/depth ResNets in an ODE formulation, NTK
analysis, and mean-field analysis for ResNets.

2.1 INFINITE-WIDTH, INFINITE-DEPTH RESNET, ODE

The limiting model of deep and wide ResNets can be categorized into three class, by either taking the
width or depth to infinity: a) the infinite depth limit to the ODE/SDE model (Sonoda & Muratal [2019;
‘Weinan, 2017} Lu et al.,[2018;|/Chen et al.,[2018; [Haber & Ruthottol 2017 Marion et al., [2023)); b)
infinite width limit, (Hayou et al., 2021; |[Hayou & Yang} 2023} [Frei et al., [2019); ¢) infinite depth
width ResNets, mean-field ODE framework under the infinite depth width limit (L1 et al., [2021; Lu
et al.,[2020; IDing et al., 2021} 2022} Barboni et al.| |[2022)

In this work, we are particularly interested in mean-field ODE formulation. The deep ResNets
modeling by mean-field ODE formulation stems from (Lu et al.| [2020), in which every residual
block is regarded as a particle and the target is changed to optimize over the empirical distribution
of particles. |[Sander et al.[(2022) discusses the rationale behind such equivalence between discrete
dynamics and continuous ODE for ResNet under certain cases. The global convergence is built under
a modified cost function (Ding et al.|2021), and further improved by removing the regularization
term on the cost function (Ding et al.,[2022). However, the analysis in (Ding et al., [2022) requires
more technical assumptions about the limiting distribution. [Barboni et al.|(2022)) show a local linear
convergence by parameterizing the network with RKHS. However, the radius of the ball containing



Published as a conference paper at ICLR 2024

parameters relies on the N-universality and is difficult to estimate. Our work requires minimal
assumptions under a proper scaling of the network parameters and the design of architecture, and
hence foresters optimization and generalization analyses. There is a concurrent works (Marion et al.,
2023) that studies the implicit regularization of ResNets converging to ODEs, but the employed
technique is different from ours and the generalization analysis in their work is missing.

2.2 NTK ANALYSIS FOR DEEP RESNET

Jacot et al.| (2018)) demonstrate that the training process of wide neural networks under gradient flow
can be effectively described by the Neural Tangent Kernel (NTK) as the network’s width (denoted as
> M) tends towards infinity under the NTK scaling (Du et al., [2019b). During the training, the NTK
remains unchanged and thus the theoretical analyses of neural networks can be transformed to those
of kernel methods. In this case, the optimization and generalization properties of neural networks
can be well controlled by the minimum eigenvalue of NTK (Cao & Gu, [2019} |[Nguyen et al., [2021).
Regarding ResNets, the architecture we are interested in, the NTK analysis is also valid (Tirer et al.,
2022; Huang et al., [2020; Belfer et al.| 2021)), as well as an algorithm-dependent bound (Frei et al.|
2019) in the lazy training regime. Compared with kernelized analysis of the wide neural network,
we do not rely on the convergence to a fixed kernel as the width approaches infinity to perform the
convergence and generalization analysis. Instead, under the mean field regime, the so-called kernel
falls into a time-varying, measure-dependent version. We also remark that, for a ResNet with an
infinite depth but constant width, the global convergence is given by (Cont et al.[(2022) beyond the
lazy training regime by studying the evolution of gradient norm. To our knowledge, this is the first
work that analyzes the (varying) kernel eigenvalue of infinite-width/depth ResNet beyond the NTK
regime in terms of optimization and generalization.

2.3 MEAN-FIELD ANALYSIS

Under suitable scaling limits (Mei et al., 2018}; Rotskoff & Vanden-Eijnden, 2018}, |Sirignano &
Spiliopoulos| 2020a), as the number of neurons goes to infinity, i.e. M — oo, neural networks work
in the mean-field limit. In this setting, the training dynamics of neural networks can be formulated
as an optimization problem over the distribution of neurons. A notable benefit of the mean-field
approach is that, after deriving a formula for the gradient flow, conventional PDE methods can be
utilized to characterize convergence behavior, which enables both nonlinear feature learning and
global convergence (Aratjo et al.,|2019; Fang et al., 2019; [Nguyen, [2019; Du et al.| 2019a; Chatter;ji
et al.}2021; Chizat & Bach}2018; Mei et al., 2018 |Wojtowytsch, 2020; Lu et al.| [2020; [Sirignano &
Spiliopoulos}, 2021} [2020b; [E et al., [2020; Jabir et al.| [2021).

In the case of the two-layer neural network, (Chizat & Bach| (2018)); [Mei et al.| (2018)); 'Wojtowytsch
(2020); |Chen et al.| (2020); Barboni et al.|(2022) justify the mean-field approach and demonstrate
the convergence of the gradient flow process, achieving the zero loss. For the wide shallow neural
network, (Chen et al.| (2022) proves the linear convergence of the training loss by virtue of the Gram
matrix. In the multi-layer case, Lu et al|(2020); Ding et al.| (2021} 2022) translate the training process
of ResNet to a gradient-flow partial differential equation (PDE) and showed that with depth and width
depending algebraically on the accuracy and confidence levels, first-order optimization methods can
be guaranteed to find global minimizers that fit the training data.

In terms of the generalization of a trained neural network under the mean-field regime, current results
are limited to two-layer neural networks. For example, |Chen et al.| (2020) provides a generalized
NTK framework for two-layer neural networks, which exhibits a "kernel-like" behavior. |Chizat &
Bach| (2020) demonstrate that the limits of the gradient flow of two-layer neural networks can be
characterized as a max-margin classifier in a certain non-Hilbertian space. Our work, instead, focuses
on deep ResNets in the mean-field regime and derives the generalization analysis framework.

3 FROM DISCRETE TO CONTINUOUS RESNET

In this section, we present the problem setting of our deep ResNets for binary classification under the
infinite depth and width limit, which allows for parameter evolution of ResNets. Besides, several
mild assumptions are introduced for our proof.
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3.1 PROBLEM SETTING

For an integer L, we use the shorthand [L] = {1,2,...,L}. Let X C R be a compact metric
space and Y C R. We assume that the training set D,, = {(x;, ;) }— is drawn from an unknown
distribution p on X x Y, and px is the marginal distribution of p over X. The goal of our supervised
learning task is to find a hypothesis (i.e., a ResNet used in this work) f : X — ) such that f(x; ©)
parameterized by © is a good approximation of the label y € ) corresponding to a new sample
x € X. In this paper, we consider a binary classification task, denoted by minimizing the expected
risk, let £o—1(f,y) = 1{yf < 0},

mgn Lo—1(®) :=Eg ) lo-1(f(;0),y) .

Note that the 0 — 1 loss is non-convex and non-smooth, and thus difficult for optimization. One
standard way in practice for training is using a surrogate loss for empirical risk minimization (ERM),
normally convex and smooth (or at least continuous), e.g., the hinge loss, the cross-entropy loss.
Interestingly, the squared loss, originally used for regression, can be also applied for classification
with good statistical properties in terms of robustness and calibration error, as systematically discussed
in/Hui & Belkin| (2020); Hu et al.[(2022)). Therefore, we employ the squared loss in ERM for training,

let £(f,y) = 5(y — f)?,
H%-Dln L Zf w,, ) Eac~Dné(f(w§ 6)’y($))v €]

where D, is the empirical measure of px over {x;}?_; and note that y is a function of .

We call the probability measure p € P2 if p has the finite second moment, and p € C(P?; 0, 1]) if
p° € P2,Vs € [0,1]. For p1, p2 € P2, the 2-Wasserstein distance is denoted by Wh(p1, p2); and for
p1, p2 € C(P%;[0,1]), we define Wa(p1, p2) := sup,e(o,1) Wa(pi, p3)-

3.2 RESNETS IN THE INFINITE DEPTH AND WIDTH LIMIT

The continuous formulation of ResNets is a recent approach that uses differential equations to model
the behavior of the ResNet. This formulation has the advantage of enabling continuous analysis of
the ODE, which can make the analysis of ResNets easier (Lu et al., [2020; Ding et al.| 2021} [2022;
Barboni et al.|2022). We firstly consider the following ResNet (He et al., 2016) of depth L can be
formulated as zo(z) = € R?, and

M
zi1(x) = zi(x Z x),0,.,) €RY, le[L-1],
" 2

K
A
fQK,(")L ]\/] *?Z szwk 7
k=1

where & € R? is the input data, a, 3 € R, are the scaling factors. @1,y = {6y, € RFv} M

is the parameters of the ResNet encoder o : R? — R? ( activation functions are implicitly included
into o), and Qx = {wy, € R¥7}X s the parameters of the predictor 4 : R? — R. We introduce
a trainable MLP parametrized by w in the end, which is different from the fixed linear predictor in
Lu et al.| (2020); Ding et al.| (2021} [2022)). We make the assumptions on the choices of activation
function o and predictor A later in Assumption Different scaling of «, 8 leads to different
training schemes. Note that setting o« = v/M, 8 = v/K corresponds to the standard scaling in the
NTK regime (Du et al [2019b), while setting & = 8 = 1 corresponds to the classical mean field
analysis (Mei et al., 2018 Rotskoff & Vanden-Eijnden, 2018; |Lu et al.| [2020; |Ding et al., 2022). We
will keep «, 8 as a hyperparameter in our theoretical analysis and determine the choice of «, f in
future discussions. Besides, the scaling 1/L is necessary to derive the neural ODE limit (Marion
et al., 2022)), which has been supported by the empirical observations from Bachlechner et al.|(2021));
Marion et al.| (2023)).

We then introduce the infinitely deep and wide ResNet which is known as the mean-field limit of
deep ResNet (Lu et al., 2020; Ma et al., 2020; Ding et al., |[2022).
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Infinite Depth  To be specific, we re-parametrize the indices { € [L] in Eq. (2) with s = + € [0, 1].
We view z in Eq. as a function in s that satisfies a coupled ODE, with 1/L being the stepsize.
Accordingly, we write 6,,(s) := 0,,(l/L) = 6}, and © /(s) = {60,,,(s)}*_,. The continuous
limit of Eq. () by taking L — oo is

M
% — ;;mZ:lo'(z(m, 8),0m(s)) = a/Rku o(z(x,s),0)dvy(0,s), =z(x,0)=z, (3)

where the discrete probability va(6, s) is defined as vp1(6, s) := 4 Zf\il d6,,(s)(0). Accordingly,
the empirical risk in Eq. (I)) can be written as

E(QK,GA{) = EmNDn g(f“}(,@]u (:c),y(:c)) . (4)

Infinite Width The mean-field limit is obtained by considering a ResNet of infinite width, i.e.
M — oco. Denoting the limiting density of v/(0,s) by v(0,s) € C(P?;[0,1]), Eq. (3) can be
written as

dz(zx, s)

= / o(z(x,s),0)dv(0,s), se€[0,1], =z(x,0)==x. ®)
ds Rkv

We denote the solution of Eq. (5) as Z, (x, s). Besides, we also take the infinite width limit in the
final layer, i.e. K — 0o, and then the limiting density of w is 7(w). The whole network can be
written as

frol@) =6 | (7@ 1),w)drw). ©®

and the empirical loss in Eq. (I)) can be defined as:
L(r,v) = Bonp, U fru(@),y(@)). ™

3.2.1 PARAMETER EVOLUTION

In the discrete ResNet (2), consider minimizing the empirical loss Z(Q K, ©r, ) with an infinitesi-
mally small learning rate, the updating process can be characterized by the particle gradient flow, see
Definition 2.2 in|Chizat & Bach|(2018)):

A (1)

2~ —KVa, L(Qk (1), Op (1)), ®
OLnl) _ [ \Ye, , Li(t). O1.10(1) ©

1

777 mass to each particle,

where ¢ is the rescaled pseudo-time, which amounts to assigning a % or
and is convenient to take the many-particle limit.

In the continuous ResNet (3)), we use the gradient flow in the Wasserstein metric to characterize the
evolution of 7, v (Chizat & Bach,[2018). The evolution of the final layer distribution 7(w) can be
characterized as

%(w,t} -V, - <T(w,t)vw ‘ﬁf;’ V) (w,t)) L t>0, (10)
where
D) () = By, [8 - (e ) — 9(@)) - h(Zul. 1)) 1

In addition, the evolution of the ResNet layer (6, s) can be characterized as

@(e,s,t) — V- (u(@,s,t)vedLE;;V)

ot (0,8775)> , t>0. (12)
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From the results in|Lu et al.| (2020); Ding et al.|(2022;/2021), we can compute the functional derivative

as follows:
6/\ v 8Zy Pl 6Zl/ ?
E)(6.5) = Ban, 8 (o) — yla)) - G2 E0B 0] 1y

=Eanp, [B- (fro(@) —y(®) - p) (x,5) - - 0(Z,(x,5),0)],  (14)

where p,, € RFv, parameterized by x, s, v, is the solution to the following adjoint ODE, with initial
condition dependent on 7:

dPI T
(x,s) = —a-p, (x,s) V.o(Z,(x,s),0)dv(0,s), (15)
ds Rk
p;r(alc7 1) = Vh(Z,(x,1),w)dr(w). (16)
RFT

For the linear ODE (T3)), we can directly obtain the explicit formula, p, (z, s) = p, (z,1)q, (z, 5),
where g, (x, s) is the exponentially scaling matrix defined in Eq. . The correctness of solution
(17) can be verified by taking the gradient w.r.t. s at both sides.

1
atws)=ow (o [ [ V.olz@s).0m0.0). an
s Rkv

3.3 ASSUMPTIONS

In the following, we use the upper subscript for ResNet ODE layer s € [0, 1], and the lower subscript
for training time ¢ € [0, +00). For example, 7(w) := 7(w,t), and v} (0) := v(0, s,t). First, we
assume the boundedness and second moment of the dataset by Assumption 3.1}

Assumption 3.1 (Assumptions on data). We assume that for x; # x; ~ px, the following holds
with probability 1,

il =1, [y(z:)| < 1, (xi, @) < Crax < 1,Vi,j € [n].

Remark: The assumption, i.e., ;, x; being not parallel, is attainable and standard in the analysis of

neural networks (Du et al.,|2019b; |Zhu et al., [2022)).

Second, we adopt the standard Gaussian initialization for distribution 7 and v.

Assumption 3.2 (Assumption on initialization). The initial distribution 1y, vq is standard Gaussian:
2 2

(10, v0)(w, 0, 5) x exp (—M) ,Vs € 10,1].

Next, we adopt the following assumption on activation o, h in terms of formulation and smoothness.
The widely used activation functions, such as Sigmoid, Tanh, satisfy this assumption.

Assumption 3.3 (Assumptions on activation o, h). Let 6 := (u,w,b) € R*, where u,w €
RF b e R, ie. k, =2d + 1; w := (a,w,b) € R*", where w € R¥ | a,b € R, i.e. k, = d+ 2.
For any z € R*, we assume

0(2,0) =uoo(w'z+b), h(z,w)=aco(w'z+b), oo:R—=R. (18)

In addition, we have the following assumption on oo. |og(z)| < Cymax(|z|,1),|o(z)| <
Cy, oy (z)| < C1, and let p;(0g) be the i-th Hermite coefficient of oy.

Based on our description of the evolution of deep ResNets and standard assumptions, we are ready to
present our main results on optimization and generalization in the following section.

4 MAIN RESULTS

In this section, we derive a quantitative estimation of the convergence rate of optimizing the ResNet.
Our main results are three-fold: a) minimum eigenvalue estimation of the Gram matrix during the
training dynamics which controls the training speed; b) a quantitative estimation of KL divergence
between the weight destruction of trained ResNet with initialization; ¢) Rademacher complexity
generalization guarantees for the trained ResNet.
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4.1 GRAM MATRIX AND MINIMUM EIGENVALUE

The training dynamics is governed by the Gram matrix of the coordinate tangent vectors to the
functional derivatives. In this section, we bound the minimum eigenvalue of the Gram matrix of the
gradients through the whole training dynamics, which controls the convergence of gradient flow.

In the lazy training regime (Jacot et al.| 2018)), the Gram matrix converges pointwisely to the NTK
as the width approaches infinity. Hence one only needs to bound the Gram matrix’s minimum
eigenvalue at initialization, and the global convergence rate under gradient descent is bounded by the
minimum eigenvalue of NTK. In our setting under the mean-field regime, we also need similar Gram
matrix/matrices to aid our proof on the training dynamics, but we do not rely on their convergence to
the NTK when the width approaches infinity. Instead, we consider the Gram matrix of the limiting
mean-field model Eq. (6).

For the ResNet parameter distribution v, we define one Gram matrix G1(7,v) € R"*" by
1
1(T7 V) = / Gl(Tvya S)dS, Gl(T,I/7S) :EGNV(‘,S)Jl(T7 V7075)J1(Ta V7075)T ) (19)
0

where the row vector of J; is defined as
(Ji(7,v,0,5)), . = pj(a:i7s)V90'(Zl,(wi,s),0), 1<i<n,

where the dependence on 7 on the right side of the equality is from the initial condition p, (z, 1).
We also define the Gram matrix for the MLP parameter distribution 7, G (7, v) € R™"*" by

Ga(1,v) = Epor () J2 (v, w) I (v, w) ', (20)
where the row vector of J5 is defined as
(J2(v,w)); = Voh(Zy(xi,1),w), 1<i<n.
We characterize the training dynamics of the neural networks by the following theorem (the proof

deferred to Appendix [C.T), which demonstrates the relationship between the gradient flow of the loss
and those of functional derivatives.

Theorem 4.1. The training dynamics of E(Tt, V) can be written as:

2
dL Tt’yt = // dl/t(e,S)—/
RFv Rkv

2
From the definition of functional derivatives M (0, s) and M (w), we immediately obtain

Proposition[4.2] an extension of Theorem .1} Wthh demonstrates that the training dynamics can be
controlled by the corresponding Gram matrices.

2

dry(w).

(SL Tt, Vt)

Ut

——(0,5)

Proposition 4.2. Let by = (fr, 1, (x1) —y(x1), -, fr,0.(®n) — Y(x4)), using the Gram matrix
defined in Eq. and , the training dynamics of L(1y,v4) can be written as:

dL Tty U, 2
(dii&t) = —%bf(a2G1(n, vi) + Ga(7i,10))br

Our analysis mainly relies on the minimum eigenvalue of the Gram matrix, which is commonly used
in the analysis of overparameterized neural network (Arora et al., 2019} |Chen et al., [2020). The
minimum eigenvalue of the Gram matrix controls the convergence rate of the gradient descent.

We remark that the Gram matrix G (7, v;) is always positive semi-definite for any ¢ > 0, and
G1(70,v0) = 0, % Therefore, we only need to bound the minimum eigenvalue of G (7, v). First,
we present such result under initialization, i.e., the lower bound of Ay (G2 (70, v0)) by the following
lemma. The proof is deferred to Appendix [C.2]

Lemma 4.3. Under Assumption there exist a constant A := A(d), only depending on
the dimension d, such that Amin |G (70, 10)| is lower bounded by

>\0 = Amin(C;(TOa VO)) Z )\min(GZ(TOa VO)) Z A(d) .
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Remark: Using the stability of the ODE model, we derive the KL divergence by virtue of the
structure of the ResNet, build the lower bound of A\,in (G2), and prove the global convergence. In
fact, our results, e.g., global convergence, and KL divergence can also depend on G; by taking
A(t) :== @®Mpin[G1(t)] + Amin(G2) in Lemma Due t0 Amin[G1(t)] > 0 for any ¢, we only use
Amin(G2) > A(d) in Lemmald.3|for proof simplicity. Our model degenerates to a two-layer neural
network if the residual part is removed (can be regarded as an identity mapping).

Second, for 7, v different from initialization 7y, 1y, we first prove in the finite time ¢ < tyax, We
have the minimum eigenvalue is lower bounded Apin (G2(7¢, 1¢)) > Ao /2. In the next, we choose a
proper scaling of «, 3, such that ¢,,,,, = 00, so that we obtain a global guarantee.

The proof is deferred to Appendix [C.2]

Lemma 4.4. There exists Tmax, such that, for v € C(P?0,1]) and 7 € P? satisfying
max{Ws (v, 1), Wa(7,70)} < max, we have Apin(G2(7,v)) > %
Remark: The radius is defined as rp,x := min {\/&, %}, where A(d) is defined in
Lemma.3|and Cg (d, o) is some constant depending on d and «, used for the uniform estimation of
G (7, v) around its initialization, refer to Lemmal|C.2] We detail this in Appendix[C.3]

Definition 4.5. Define
tmax = sup{to, s.t.Vt € [0, to], max{Wa(v4,v9), Wa(7t,70)} < Tmax}

where Ty« is defined in Lemma .4

4.2 KL DIVERGENCE BETWEEN TRAINED NETWORK AND INITIALIZATION

Based on our previous results on the minimum eigenvalue of the Gram matrix, we are ready to prove
the global convergence of the empirical loss over the weight distributions 7 and v of ResNets, and
well control the KL divergence of them before and after training. The proofs in this subsection are
deferred to Appendix|[C.4]

We first present the gradient flow of the KL divergence of the parameter distribution.

Lemma 4.6. The dynamics of the KL divergence KL(¢||10), KL(vt||vo) through training can be
characterize by

ALim) __ [ (g, S v LG ) 4,
dt Rkr 5Tt 5Tt

L) [ (g, B (g 0 9.5
RFv x[0,1] ovy 7

dt v oy

Since the evolution of 74, 1, is continuous, we define the notation ¢,,,x > 0 in the following, such
that the minimum eigenvalue of Go(7¢, 1¢) can be lower bounded for ¢ < t;,ax. In our later proof,
we will demonstrate that ¢,,,,, = oo can be achieved under proper « and 3.

Combining Lemma and Definition we immediately obtain that Apin(G(7¢, 1)) >
)\min(GQ(Tta Vt)) Z )\O 2fort < tmax-

By choosing certain «, 3, we could prove ty,.x = oo, which leads to the bound KL(7||7), and
KL(v||vo) uniformly for all ¢ > 0. (c.f. Theorem[4.7).

Theorem 4.7. Assume the PDE (10) has solution 7, € P?, and the PDE (12) has solution v, €
C(P?;10,1]). Under Assumption Sfor some constant Cxy, dependent on d, o, taking
B = % > LCKLM’Q), the following results hold for all t € [0, 00):

Armax

L(rm) < e 5L (ro, ). KL(rflrg) < TELD ey 5y < FKLL )

AQBQ ’ - A252

We also derive a lower bound for the KL divergence. In Lemma[C.T0] we have that the average
movement of the KL divergence is in the same order as the change in output layers.
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4.3 RADEMACHER COMPLEXITY BOUND

After our previous estimates on the minimum eigenvalue of the Gram matrix as well as the KL
divergence, we are ready to build the generalization bound for such trained mean-field ResNets. The
proofs in this subsection are deferred to Appendix [C.5]

Before we start the proof, we introduce some basic notations of Rademacher complexity. Let
Dx = {x;}!, be the training dataset, and 7y, - - - , 7, be an i.i.d. family of Rademacher variables
taking values +1 with equal probability. For any function set H, the global Rademacher complexity
is defined as R, (H) := E [sup,eqy £ Y0 mih(w;)].

Let F = {fru(x) =B [ h(Z,(x,1),w)dT(w)} be the function class of infinite wide infinite
depth ResNet defined in Section [3] We consider the following function class of infinite wide infinite
depth ResNets whose KL divergence to the initial distribution is upper bounded by some r > 0:
Fir(r) = {frp € F : KL(7||70) < r,KL(v||rp) < r}. The Rademacher complexity of Fir,(r) is
given by the following lemma.

Lemma 4.8. Under Assumption ifr < rg = O(1/y/n), the Rademacher complexity of Fx1,(r)
can be bounded by R, (Fx1(r)) S B+/7/n, where < hides the constant dependence on d, o

Now we consider the generalization error of the 0-1 classification problem,

Theorem 4.9 (Generalization). Assume 7, € C(P?;[0,1]) and v, € P? be the ground truth
distributions, such that, y(x) = Ey~r, WM Z,, (2,1),w). Under the Assumption and we
set 8 > Q(y/n). For any 6 > 0, with probability at least 1 — §, the following bound holds:

Eanpixlo-1(fr. v, (), y(®)) S 1/vn + 6+/10g(2/0)/2n,
where < hides the constant dependence on d, c.

Remark: Our results of O(1/+/n) matches the standard generalization error in the NTK regime (Du
et al.,|2019b). However, in contrast to setting o = VM , 8= VK in Eq. as the NTK regime, we
directly analyze the ResNet in the limiting infinite width depth model in Eq. (6)), and select proper
choice of «, 5 independent of the width. We also validate our theoretical results by some numerical
experiments in Appendix [C.6]

5 CONCLUSION

In this paper, we build the generalization bound for trained deep results beyond the NTK regime
under mild assumptions. Our results demonstrate that the KL divergence between the distribution of
parameters after training and initialization of an infinitely width and deep ResNet can be controlled
via lower bounding the eigenvalue of the Gram matrix during training. Under some stronger data
assumptions, e.g., k-sparse parity problem (Suzuki et al.,[2023), we may ensure that the limiting
distribution of deep ResNet moves far away from its initialization in terms of KL divergence, which
cannot be derived under the current setting. We leave it as the future work.
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A OVERVIEW OF APPENDIX

We give a brief overview of the appendix here.

* Appendix [B] In Appendix [B.T] we prove some lemmas that will be useful. In Appendix [B.2]
we provide the estimation of the activation function o. In Appendix [B.3] we provide the prior
estimation of Z,,, p,,.

* Appendix In Appendix we prove the gradient flow of 4& and %. In Appendix we
bound the minimal eigenvalue at initialization. In Appendix @1 we bound the perturbation of
minimal eigenvalue. In Appendix [C.4] we bound the KL divergence in finite time, and choose
scaling parameters to prove the main results in Theorem[4.7] In Appendix [C.5] we bound the KL
divergence and provided the generalization bound.

* Appendix|[C.6 We provide the experimental verification.

B USEFUL ESTIMATIONS

B.1 USEFUL LEMMAS

Lemma B.1 (2-Wasserstein continuity for functions of quadratic growth, Proposition 1 in Polyanskiy
& Wul| (2016)). Let p, v be two probability measures on R® with finite second moments, and let
g : RY — R be a Cy function obeying

IVg(w)ll2 < erllwllz + 2, Vw € RY
for some constants c1 > 0 and co > 0. Then
‘Euwug(w) - Euwvg(w)| < (Cla' + CQ)WZ(,Ua V) s

2

where 0% = maX{EwNMHwH%,Ew~l,||w\|§}

Lemma B.2 (Corollary 2.1 in|Otto & Villani| (2000)). The probability measure vo(0) x exp(— (L )
satisfies following Talagrand inequality (in short T(%) ) for any v € P?(RF)

Wi (v, vp) < 4KL(v||v).

Lemma B.3 (Donsker-Varadhan representation (Donsker & Varadhan, |1975)). Let p, A be probability
measures on a measurable space (X, X). For any bounded, ¥.-measurable functions ® : X — R:

/ Odp < KL(p)|A) —Hog/ exp(P)dA.
p's X

B.2 ESTIMATION OF o

Lemma B.4 (Boundedness of o'(z, 0)). Under Assumption[3.3| for x € R?,0 € R¥, we have

lo(2,0)]2 < Co(llzll2+ 1|65 + 1), (21)
IV.0(2,0)|r < Co(||0]3 + 1), (22)
Voo (z,0)|lr < Co(|lz]l2 + 1)([|0]]2 + 1), (23)
1Ag0(2,0)|l2 < Co(||2]153 + 1)([|6]|2 + 1), (24)
IVe(Veo(z,0)-0)||r < Co(]|0]l2 + 1)(||2]]2 + 1), (25)
IVoAgo(z,0)|r < Col|0]2+1)(||2]5 + 1), (26)

where A is the Laplace operator. Let o = (0;)%, (Ve0)ij = V.04 (Veo)i; = Vg, 04
(Ago’)z = AQUZ', (VQO' . 0)11 = (VQO')ijej.

Proof of Lemma We prove the relations directly in the following:
lo(2,0)]l2 = [uoo(w "z +b)ll2 < Cullullzlw 2 +b] < Ci(lz]2 + 1)(|0]5 + 1), @7
IV20(2,0)l|r < ||lul2lwog (w2 +b)| < [ull2 - Cillwll2 < C1(|6]I3 +1). (28)
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We can write Voo (z,0) € R4** by

ogo(w 'z +b) j =1,
o, jAil1<j<d,
wioh(w 'z +b) j=2d+1.
Therefore,
d
Voo (2,0)[1% = [og(w 2z +b) +ul(o(w" 2z +b))* (1+2]3)]
i=1
< dCF (|wll2llzll2 + b)* + CEllull5(1 + [[2]I3)
< 240 (|wll3]|z115 4+ b*) + CEllull5(1 + [12]13)
< 2dCH(1+ || 2]15) (w3 + [lull5 +b* + 1)
=2dCT(1+ || 2[3)(1 + [10]13) < 2dCT (1 + [|z])*(1 + [|6]]2)*.
Therefore,
Voo (2,0)]r < V2dCy (1 + [|2])(1 + [6]2)- (30)
For i € [d]
|Ago(z,0);] = |u2 (14 ||z]|3)0 (w z +b)‘ < Ch-ui(]|2])3 +1). 31
Therefore,

[Aga(2,0)]l2 < Ci(]lz]I3 +1) - ZUQ < Ci(ll=lI3 +1) - (|6l +1). (32)
i=1

By Eq. (29), we obtain
(Voo (2,0);.,0) = uiog(w 2z +b) +uj(w' z +b)og(w'z+b), 1<i<d.
Hence,

oo(w z+b) + (w'z+b)oh(wTz+b)  j=i,

0 ji#i,1<j<d,
Vo{Veo(z,0);.,0)); = .
(VolVaor(z,6)is60i = o (ohm) + Woh @) ymwrass  d+1<j<2d,
s ((y) + (o)) [y e s j—2d11.

By Assumption[3.3] we have
[Ve(Veo(z,8):.,0)|3 = (00w z+b)+ (w'z+b)oy(w'z+b))?

+ (ui (00(y) + o0 ()) ly=w2+6)* (1 + 12]13)
< 2C1([18]12 + 1)([lz]l2 + 1]* + 4ufCT (1 + [|=]3)

Hence,

sH

IVe(Voo(2.0),0)[3 = IVe(Voo(z,6)s.0)[3

=1
< 4dC7 (1|62 + 1)*([|z]l2 + 1)* + 4][u|3CT (|| z]]2 + 1)?
< (4d+4)CE(|10]12 + 1)*(||z]l2 + 1)? (33)

For the last part, by Eq. (31),
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(1 + |z3)o§ (w = + ) j=i
0 j#i1<j<d
Ngo(z,0);; =
VoReo (00 T sy (1 2o w2 1) At 1S <2
w4 |2B)o” wz40)  j=2d+1

Therefore,

|VeAga(z,0)||r < Ci(1+]2]2)

< VdCy(|l213 + 1) (16]2 + 1) < 3VdC1([8]]2 + 1)(1=]3 + 1)

The last inequality is from that, for x > 0

then, we have

(1+2%)3 <

d
> 1+ud(1+2)13)
=1

£3+£3>3 2
2 2 79

)

w\m

5

‘ 2 f
(1+x2)(1+z):1+x+1’2+x3§(1+x3)(1+?3)<3(1+9:3).

(34)

From Eq. , Eq. , Eq. , Eq. , Eq. , and Egq. , taking C} = 4/dC}, the proof is

finished. We defer the definition of C,, later.

Lemma B.5 (Stability of o (z, 0)). Under Assumplionfor x € R?, 0 € R¥, we have
||o-(zly 0) - U(Zg, 0)”2 S Ca'

[V20(21,0) — VzU(Zz,B)HF < Cq
|V.0(2,6,) —V.0(z,02)||r < Cq
Voo (z,61) — Voo (z,02)|r < Co
Voo (z1,0) — Veo(z2,0)|r < Co

(
(
(
(

(

10]I5 + 1)[21 — 222
(1613 + Dllz1 — 222

[01]]2 + [|62]]2 + 1)[|01 — 622
“(llzll2 +1)[|01 — 022
(10113 + D[ z1 — 22l

Proof of Lemma(B-3] By the mean-value theorem, we have there exists € € [0, 1]

lo(21,0) — 0(22,0)]2 < [[Vz0(21 + €(22 — 21), 6

rllz1 — 222

V20(22,0)|p < uw’ (o5(w 21 +b) — o5 (w22 +b))||r
(10113 + 1)lz1 — 222

< Cg - (1613 + Dllz1 = 222
Denote by 8 = (u, w, b), we have
IV20(21,0) —
<c,
and
[Vzo(z,601) —

<Cpllurw, — usw; ||p < Coll(ur — u2)(wy —
<2CL([161]12 + ||02]]2 + 1)]|61 — 62]|2

In the next, we have
(Voo (z,01) — Veo(z,07));;

ao('wsz + bl) — Uo(w;Z + bg)
0,

16

’1.02)—r

ulzj_qoh(wi z + by) — uZzj_qof(wg z + by)
uloh(w] z + b)) — uial(wg z + by)

T

V.0(2,0)||r < |uiw of(wy z + by) — usw, of(wy z + ba) | r

+ (w1 — ug)wy + ug(w;

J=1,
i#i1<j<d,
d+1<j<2d,
j=2d+1.

O

(35)
(36)
(37
(38)
(39)

—w2)"||r
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and then,
Cq - w1 — w2zl =14,
0, Jj#i,1<j<d,
(VQU(Z7 1))] (VGU(Z 2))]| C;. | 217U12|Z‘7_d d+1 g] S 2d,
CL - |u} —u? Jj=2d+1.

Therefore,
Voo (2,01) — Voo (z,0:)|r < V2dCL(||z]2 + 1) - [|61 — 2|2
Similarly, we have

(VQO'(Zl, 0))” - (VOO'(ZQ, 0))23

UO(UJTZl +b) 70’0(’U)T22+b) _] :i,
)0, J#i,1<j<d,
B uiz}_do(’)(w—'—zl +b) — UiZ?_dU(/)(wTZQ +0b) d+1<j<2d,
wioh (w21 +b) — uioh(w ' z2 +b) j=2d+1,
and then
Cq - |wll2llz1 — 22|z j=1i
_ )0, J#4,1<j<d,
<VBO'<Z, 01))2] (VGO'(Z7 62))zg| - C}, . U@\Zjl',d N ?7d| d+1< ] < 2d7
Cy - uillz1 — 22wl j=2d+1.
Therefore,
IVo0r(21,6) — Voo (z2,0) 1 < VACL(I613 + 1)}z — 221l
taking C2 = v/2dC, the proof is finished. O

Combined with the estimation in the proofs of Lemma[B.4]and Lemma[B.3] we let
Co :=6d-Cy (40)

B.3 PRIOR ESTIMATION OF ODE
The Lemma [B-6and Lemma [B.7]establishes the boundedness and stability of Z, and p,, with respect
to v.

Lemma B.6 (Boundedness and Stability of Z,). Suppose that Assumption[3.3|holds and that x is in
the support of X. Suppose that vy,v, € C(P?;(0,1]) and Z,,, Z,, are the corresponding unique
solutions in Eq. .Then the following two bounds are satisfied for all s € [0, 1]:

120, (z, 5)ll, < Cz([mll3; ),

and
1Z,,(,5) = Zy, (2, 5)|l, < Cz (%, [v2]l2; @) - Wa(vi, ),

where Cz(||v1||%, [|v2l%; @) is a constant depending only on ||v1||%, ||v2||% and o, and for
v € C(P?;0,1]), we denote by ||v||%, := SUDPse0,1] ngy(.ys)HBH% < oo.

Proof of Lemma[B.6] We firstly demonstrate that Eq. (3] has a unique C; solution and then prove the
boundedness of Z,, under different probability measures.

By Lemma[B.3] we have

/ (0(21,0) — 0(22,0))dv1 (0, s)
Rk

< Callzr = 22 [ (1613 + 1 (6.5)
R

< Collz1 — z22(lr1 1% + 1), (41)

2
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which implies that [,, o(z1,0)dv(0,s) is locally Lipschitz. Combining this with the a-priori
estimate, the ODE theory implies that Eq. (5) has a unique C; solution.

In the next, we aim to prove the boundedness of Z,,. For any s € [0, 1], by Eq. in Lemma
we have

‘ /Rk o(z,0)dv1(0,s)

To prove the boundedness of Z,,, , using Eq. (5) and Lemma[B-4] we have
d|Z,, (=, 5)|3 dZ,,(z,s)
ds ds

< 20Co (| 2y, (2, 5)|13 + || 2, (w>S)H2)/Rk(I\9||§ + 1)dn (6, s)

2
< [ otz )lladn (6.9) < Collzlla + 1) | (1615 + 1) (6.5).

2

.
=27, (z,s)

< 1aCy (|2, (@ 9+ 1) [ (1615 + Db (6.9)
R

By Gronwall’s inequality, and Z,, (,0) = x, we have

1)1 < e (20 [ [ 1018010, +1) ) el +1

< exp(2aCo (||v1 ]2 + 1)) (l2]l2 + 1)

By Assumption 3.1} ||z||2 < 1, we thus have a priori estimate of Z,,. Let CL(||v1||%; @)
2exp(20Cq ([ + 1)), we have || Z,,, (z, 5)[l, < C([[n]3; 0).

In the next, to estimate the difference under different measures v and v, define
0(x,s)=2,,(x,s) — Z,,(x,s),
and we can easily obtain
M =2« <6(:c, 5),/ o(Z,, (x,s),0)dv(0,s) — / o(Z,,(x,s),0)dv (0, s)>
ds Rk Rk
=2 (d(x, s), () + (B)), (42)
where, by Eq. (#I)), we have

Wl = [ @(20(.5.0) - 0(Z,(0.5).0)a10.5) | < Collé@ )l + 1),

2

(B) := /]Rk o(Z,,(x,s),0)dv(0,s) — /Rk o(Z,,(x,s),0)dvy(0,s) .

By Lemma[B.1|and || Voo (Z,,(x, s),0)|r < Co-(||Z,,(x,s),0)|2+1)(]|@]]2+1), we can bound
(B) by
[B)ll2 < Co - (120, (, 5),0)[2 + 1) - ([|0]]2 + 1) - Wa(vi,v5)
< Co - ([1Zy,(x,5),0)]2+1) - (\/maX{HVfH%a [vsll3} +1) - Wa(vy,v3)
< Co - (Cx(alie; @) + 1) - (V2 + vellZ + DWa(vi, ve).

Plugging the estimate of (A) and (B) into Eq. (42), we have

d||8(zx, s)]|3
W@ I < g0, (166,531 +1)

+18(z, 9)[l2(CH ([ ]%0; @) + DV % + lv2]lZ + 1) - Wa(vr, 1))
< 2aC,([|6(x, 5)[15 + W5 (v1,12)) (V2 + 2]z + D*(Cx ()% @) +1)%.

Since d(x, 0) = 0, by Gronwall’s inequality, we have, Vs € [0, 1],
18(, 5)]l2 < (exp(aCo) = 1) - (V[[1llZ + 2]l + D(CZ (I llZs @) + 1) - Wa (v, ve),

which concludes the proof. O
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Lemma B.7 (Boundedness and Stability of p,). Suppose that Assumption [3.3| holds and that x
is in the support of X. Suppose that v1,vs € C(P?;[0,1]) and p,, (x, s), pu,(x, s) are defined in
Eq. . Then the following three bounds are satisfied for all s € [0,1]:

1P, (, )1, < Cp([lnllZ, I713; @), 43)
and
v, (2, 5) = Doy (, 5) ||y < CplllallZe, lv2llZe, I7113; @) - Wa(vr, va) (44)

where Cp(||v1| %, [[v2|%, |T||3; @) is a constant depending only on ||v1||%, |v]|%, |73 and «,
and for T € P2, we denote by || 7|3 := Ewpor ()| 7]13 < 0.

Proof of Lemma[B.J} For any s € [0, 1], by Eq. and the estimation of V.o in Eq. 22)), we have

dllp, (=, 5)13 _  dpy, ()
ds =2 ds P, (T, 5)

‘
< 2a|lp]. (2, 9|12 \

[, V02 (@5).0)am(6.5)
Rk

F

< 20C, I}, (@.5)I3 [ (1615 + D) (6.5).
It follows from the estimation of V.o in Eq. (22)),

/m, Vah(Zy, (2,1),w)dr(w)|| < Co - (I7]3+1).

IpI (2, Dlls = \
2

Therefore, by the Gronwall’s inequality

1
I )l < Cor - 13 1) 0x0 (o€ [ [ (1613 + 1)m0,9))
0o Jrk
< Oz, I7113; @) -
In the next, we deal with Eq. (#4), define
52(337 S) =Py ([E, S) — Du, (wa S) 9

we have (taking s = 1)

Joate )z = | [ Vb2 1)) = V(2o 1 )

2
< Colllz +1) - 1120, (2,1) = Zyy (2, 1) ]2

< ClmllZe; w23, 171135 ) - Wa (v, ve) -

The following ODE is satisfied by 8 (, s) by Eq. (15),

.
% =—a-8 (x,w.s) | V.o(Z, (x,5),0)dv1(8,s) + o p,(x,5) D, ,,(x,s),
Rk
with
D, ., (x,s) = V.o(Z,,(x,s),0)drs(0,s) — V.0(Z, (x,s),0)dv1(0,s).

Rl« Rk
Furthermore, we also split D,, ,,(x, s) as

1Dy (@, ) < ]

/]Rk V.0(Z,,(x,s),0)ds(0,s) — V.0(Z,,(x,s),0)dvi(0,s)

Rk

F

(8)

+ ‘ / (Veo(Z,,(x,s),0) —Vy0(Z, (x,s),0))dv(0,s)
Rk}

F

(B)
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Clearly, (B) can be estimated by
(B) < Cz(llvalZ, lvall3ei @) - Co - (lvallZe +1) - Wa(vr, va).

To estimate (A), denote 7} € II(v§,v$) such that Egg, g,)~r: 01 — O2]5 = W3(v§,v5), by
Lemma|[B.3] we then have

(8) <E(o,.0,)~m; V20 (20, (2, 5),02) = V20(Z0,(2,5),01)||

< Co \[3E 0, by 1011 + 10213+ 1+ /Eo, ) 161 — 0513
< Co - V3T + Toall% + 1) - Walwn, o).

Combining the estimate of (A) and (B), we have

1Dy s (2, 5)ll P < ]l 2ll3e; @) - Wa(vr, 1)
Accordingly, we are ready to estimate d5(x, s).

d|dz(x, 5)|13
ds

=2 (a 6" (x,8) V.0(Z, (x,5),0)dv1(0,5) + a p,,(x,s) D, ., (z, s)> da(x, s)

Rk
<20 (1aw ) (1+ [ 1920020 (0.5, 0)r4s(0,9)) + (2.5 Doy (2513
R

< af|da(z, 5)[3(1 + Co - (1 + [11]1%)) + 2a[C I, [[v2llZe, [I7115: )] - Wa(vr, 12)?
< Ol lvells I7113; @) - (182(2, $) 13 + Wa (v, 12)?) -

By the Gronwall’s inequality, [|02(z, s)[2 < Cp(|[1]l%, [|v2]|%, | T]13; @) - Wa(v1,v2), and the
proof is finished. O

C MAIN RESULTS

C.1 GRADIENT FLOW

Proof of Theorem To prove Theorem[4.1] we need to estimate

~

L(r, 1) = Ly, v15) = %EMW [(Fron (@) = y(@)* = (Friy oy (®) = y(@))’]

=Eonp, (Froy g (@) = Y(@) (Frov (@) = Frogong (@) + 0| Fryn (&) = Frog g (®)]),

by (a + €)? — a® = 2ae + o(|e|), where o(-) denotes the higher order of the error term. Then, we

~

estimate f,, ,,(x) — Jrig i (),

ﬁ't,l/t (Jf) - ﬁ'to,l/to (w) = B : RF h(Zl/t ((B, ].),w)th(W) - h(ZVtO (w7 1),(.4))th0 (w)

=5 / h<ZVt ($7 1)> w)(th(w) - tho (w)) +/ (h(ZVt (CL‘, 1)’ w) - h(ZVtO (:B, 1)’ w))tho (w)
Rk~ Rk~

() (B)

20



Published as a conference paper at ICLR 2024

We estimate Z,, (x, s) in the following, in which we assume 6] ~ v;(-,5),0; ~ vy, (-, s) in the
expectation. Similar to the derivation in Lu et al.|(2020); |Ding et al.| (2022), we have

1 d(ZVt 7Zl/t0)(was)

=E (0(Z,.(x,5),0]) —0(Z,,,(x,5),6;))

« ds

E (0(Z0,(,5),6}) — 0(Zun, (2,5),09)) + E (0(Zuy, (,5),05) — 7(Zu, (2,5), 65))

E 0.0 (Zuy, (,5), 0)(Zo, (2. 5) — Zoy, (2, )) + E 00 (Zo,, (1, 5),05,)(65 — 65,) + o[t — to])
B 0.0 (Zuy, (2,5),03,) (Zus(,5) — Zun, (.5)) + E Bp0r(Zuy, (,5), 65,)(65 — 05,) + o[t — to])
B 0.0(Zos, (25),03,) (Zo (,5) — Zon, (2.5))

B 90 (Zu, <m,s>,efo>ve%j%)<efo, )t — to) + ot — tol)

We therefore have, by the definition of g, in Eq. (I7)),
(Zlft - ZVtO )(w7 1)

~

5L (Tto y Vto )
thO

=- / Qu, (@.5) - E (a%a(zum(w,s),efo)ve <0,s>> - (t = to)ds + o[t — to])

and then we have [|(Z,, — Z,, )(x,1)|l2 = O(|t — tol). Using this fact and by the evolution of 7 in
Eq. (I0), we estimate (A),

(4) = WMZy,, (1), w)(dr(w) — d7y, (W)

RFr
+/ W2y, (2,1), w) = W(Zy,, (x,1),w))(d7(w) — A7y, (w))
RFr

=— /R’“ h(Z,, (x,1), w)Vw%ot’Vto)(w)(t — to)d7, (w) + o[t — to])

We can also estimate (B), in which % is hidden in the definition of p,, in Eq. (T7),

©) = [ Py (@) (20, Zu )@, Didry (0) + of|t ~ o)

= 7\/1‘ pyto(m,S)T

5L
(]E Vo0 (Z,, (. 5), 07 1V 2 Tto: V1o)

dl/to

(07,:8) - (t = to)) drio (w) + o[t —to])

= —/ (pl,t0 (x,5)" - aVeo(Z,, (z,s),0)
RET xRkv x[0,1]

6E(Tt0 s Vtg )
61/t0

Vo (0,5))d1/t0(0,5) (t—to) + o(|t — to]) -

Combine the estimation of (A) and (B), we have
E(Tfn Vt) - E(Ttoa Vto) = ]EwNDnIB(ﬁ'tO,VtO (SE) - y(lﬁ))((A) + (B))

= B, g @) 0@ [ ), @)t

| (ZIO (@, 19, L)

5Tt0

5Z(Tt07 Vto)

+ p;rto (x,s) - aVeo(Z,,, (x,s),0)Ve (0,s) +o(|t — t0|)>

5l/t0
i) . | i), |
T,V T,V
= Ew~7t07(973)~Vt0 VGT(07 8) + ||V 5T (w) (t - tO) + 0(‘t - t0|) )
2 2

from the definition of functional gradient in Eq. (IT) and Eq. (T4). In all, the theorem is proved. [
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Proof of Proposition We expand the function derivative:

/ 6L(Tt, Vt)
RET xRkv x[0,1]

Vo 50,
2.2 n R
o 2 @) = v@) (@) w2

2
dre(w)dre (0, s)
2

(0,5)

i,5=1
. pl (x;,8)Voo(Z,,(xi, ), O)VJJ(ZW (zj,s),0)py, (x;,s)dr(w)dr (0, s)
a2B2
/B b Gl(Tt7Vt)bt7
and simllarly,
~ 2
oL 2
/ vu(g#”t)(w) dry(w) = ﬂ 6] G711y
Rk Tt 9
In all, the lemma is proved. O

Proof of Lemma We use the expansion of the gradient flow:

dKL(7¢||70) / OKL(7¢||70) d7e / OKL(7¢||70) 5E(Tt, V)
SRATRNT0) ORATIT0) BTt g = OB ATEITO) 7 9T P ) g
dt Rk Ty dt @ RE+ o7y Ve (nwv Ty “

() (),

Similarly, we have

dKL(VfHVS):/ SKL(v; ||Vt)th
de Rkv 6Vt

:/ OKL(v, ||Vt 5L Tt,vt)( 0.5) ) do
Rkv §Vt V¢ ’

G ((; ”Vt)>< M((sT;;Vt)(@,s)) a6,

Therefore, the proof is completed. O

de

C.2 MINIMUM EIGENVALUE AT INITIALIZATION

Proof of Lemma#-3] In the proof, similar to Assumption we assume 0 = (u,w,b) €
R24+L ' = (a,w,b) € R¥T2 u,w € R% a,b € R. At initfalization, we notice that 1/0(0 s) o
exp (—@), and 7o(w) o exp (—@) are standard Gaussian. Since the distribution of u, a is
symmetric, and independent from other parts of 8, w respectively, we have

Zl/ 9
dZ,(x,5) _ / W oo(w T Zy, (, 5) + b)dvo(w, w, b, 5)
dS RFkv
_ / T dvp (u) / oo(w T Zy (m,5) + b)dvo(w, b, 5) = 0,¥s € [0, 1],
R Rkv—d
dpjo

P (z,8) = —a -pIO (x,s) V.0(Z,,(x,s),0)dvy(0,s)
Rkv

=—a-p, (z,3) /Rk ww' oy(w' Z,,(x,s) + b)dvy(u,w, b, s) = 0,
Do (2,1) = ) VIinZ,,(z,1),w)drn(w)
RFET

_ / awo(wT Zy, (2, 1) + b)ro(a, w, b) = 0.
Rk~
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From the first two equations, we have
Zy,(x,s) =x,¥s py(x,s) =py(x,1)=0
By the definition of G2 (79, 1), we have
G2(70,00) = E(a,u,0)~n (0,1 V(X , w)V LA (X, w)
= E(a,w,0)~N(0,1) (@0 ((X )( b)), a0 (X, 1)(w, b)), o (X, 1)(w, b)))
(o0((X, 1)(w, b)), Wo(( 1) (w, b)), o (( ,1)(w, b)) 7,
> E(a,w,0)~N(0,1)F0 (X, 1)(w, b)) oo (X )(wab))

Letx = (x,1), by Assumption the cosine similarity of &; and &, is no larger than (1 + Ciyax)/2.
Then we bound Ay, (G):

)\min(G(Q)) 2 Al‘ﬂin (EwwN(O,Hd+1)[Ul (X’LU)O'l (Xw)T]>

= Amin ( > ps(01)? Oiy (XX’T)) (Nguyen & Mondelli, 2020, Lemma D.3)

2 log(2n)>

> 11 (01)* Mnin leX'X'T (takmg r> -
max

> pr(oq) <m1n H:/cl||2 (n—1) max (@i, &;)|" > [Gershgorin circle theorem]

> pr( 012<1 (n—1) (1+§max> >,
> (o 2<1 ( 1og£2n)) )

> pr(01)? (1= (n—1) exp(— 10g(2n)))

)2
> Ur(01)2/2a

_ log(2n) ) r

where the last inequality holds by the fact that (1 is an increasing function of 7.

C.3 PERTURBATION OF MINIMUM EIGENVALUE

In this section, we analyze the minimum eigenvalue of the Gram matrix.

Lemma C.1. The perturbation of Go(T,v) can be upper bounded in the following, for any i,j € [n],
|Ga(7,v) = Ga(ro,10)li; < CallI7lf3. V)13 d, @) (Wa(r, 70) + Wa(v, o)),

where G is defined in Section[d.1} and 79, v satisfies Assumption

Proof of Lemma[C.1} We deal with G(7,v) in an element-wise way. Let (w,wq) ~ 75 be the
optimal coupling of Ws (7, 79), the difference can be estimated by

|Ga(7,v) — Ga(T0, 10,5
<E|Voh(Z, (@, 1), w)VLh(Zy(25,1),w) = Voh(Zy, (@i, 1), w0) VS h(Zy, (@5, 1), wo)
§E|th( y($i7 )’w)(vwh( V(:L']ﬁ 1)"“)) - vwh(zl’o(wjv 1)’w0))T‘
(4)
+E|(Voh(Z,(xi,1),w) — Vo h(Z,, (x;, 1),w0))VIh(Z,,O(:Bj, 1), wop)| -
(B)

23



Published as a conference paper at ICLR 2024

We then estimate (A) and (B ( ) separately. The term (A) involves

IVoh(Zy(2,1),w) = Vuh(Zy, (2, 1), wo) 2
<IVoh(Zy(2,1), w) = Voh(Z, (2, 1),w0)ll2 + [[Voh(Zy (2, 1), w0) = Vwh(Zy, (2, 1), wo) |2
<Co - (|12, (2, 1)ll2 + 1) : ||w —woll2 + Co - (lwnoll3 +1) - |2, (2, 1) = Zuy (,1)]2

<Co  (Cz(IWl5;0) +1) - w = woll2 + (lwoll + 1) - Cz([V[IZ, [0ll2e; )Wa(v, v0)) |
where we use Lemmas-and-m our proof. Besides, the term (B) involves

IVoh(Zy(2,1),w)l2 < Co - ([[Z0 (2, 1|2 +1) - ([[wll2 + 1)

< Co - (Cz(Ivl3i0) +1) - (lwll2 + 1).

Therefore, by E||wol|3 = 3k, = 3(d + 2).
(A) + (B) < C(lIv 1% I0lle; ) E(llw — woll2 + (lwoll3 + 1)Wa(v, v0)) (w2 + llwoll2 +2)
ClIv 1% lIvollZe: ) E(l|lw — woll2 + (llwol|3 + 1)Wa (v, vo)) (lwll3 + [lwoll3 + 4)
CITl3: Il V1%, 0]1%: d: @) (Ellw — woll2(lwl3 + llwolI3 + 4) + Wa (v, o))
CUIT13: o3, 17112 10125 ds @) [(Bllw — wol3) 2 (E([[wll3 + [lwoll3 + 4)*)2 + Wa(v, v0)]
CITI3: Il V1%, I0]120: dy ) Walr, 70) + Wa(v, vo))

<
<

<
<

since El|w — wyl|3 = (Wa(r,70))?, by the definition of optimal coupling. Since |03 = d +
2, [[vo||%, = 2d + 1, we can drop dependence of C on ||7y]|3, ||v0||%, and replace them by d. In all,
the lemma is proved. Specifically, we could set

Ca(lI7ll3, [VII3: d, )
:=16(d + 1)CZ(Cz([v]%; @) + 1) + Cz([vl%, 2d + 1;0))* (|I7]l5 + d + 1)
O

Lemma C.2. If v € C(P%0,1]),7 € P? Wh(v,v0) < Vd, and Wy(1,70) < Vd, we have
Vi, j € [n],

|Ga(T,v) — G2(10,0)|i,; < Cal(d, o) - Walve, vo) + Wa(Te, 10))
Proof of Lemma([C.2] Forany s € [0,1], let (6%, 05) ~ 7. be the optimal coupling of Wh (v*, 1/§).
213 = E[|6°]13 < 2E(6° — 653 + [165113) = 2W3 (v*,155) + 2(2d + 1) < 6d + 2.
where the last inequality holds, since Wy (v%, 1§) < Wa(v, 1), Vs € [0, 1].
We also let (w,wq) ~ 7 be the optimal coupling of Wh(7, 79).
7113 = Ellw|3 < 2E(Jw — woll3 + llwoll3) = 2W3 (7, 70) +2(d + 2) < 4(d +1).

Therefore, ||V|oo < V6d + 2, ||7]|2 < 2v/d + 1.

By Lemma replacing ||7||3, ||v||%, with their upper bound w.r.t. d in the definition of
Ca(|I7113, I¥]%; d, @), there exist Cg(d, o) satisfying Lemma O

For ease of description, we restate Lemma[4.4] with more details here.
Lemma C.3. Ifv € C(P%[0,1]),7 € P% Wa(v,vp) < rand Wa(1,70) < 1, we have

A A
Amin (Ge(T,v)) > E,with T := Tmax(d, @) = min {\/&, m} .
where A is defined in Lemma and Cg(d, o) is defined in Lemma
Proof of Lemma|[C.3] By Lemma|C.2] let

"= min {\/&’ 4nCGA(d, Q) } ’
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By Lemma4.3| we have Vi, j € [n],

A
|G2(7,v) = G2(10,10)i; < Cald; @) - (Wa(v, o) + Wa(T,70)) < o
By the standard matrix perturbation bounds, we have

Amin (G2(7, 1)) > Amin(G2(70, 10)) — |G2(7,v) — G2(70,10) |2
> Amin(G2(70,10)) — n||G2 (7, v) — G2(T0, 10) /00,00

>

-

5.

C.4 ESTIMATION OF KL DIVERGENCE.

Inspired by Lemma[C.3] we propose the following definition:
Definition C.4. Define

tmax := sup{to, s.t.¥t € [0, o], max{Wa (v, Vo), Wa(7t,70)} < Tmax},
where Twax is defined in Lemma -4

By Lemma and Lemma [C.3| for t < tpax, we have max{||v||%, ||||3} = O(d), and
Amin (Ga(7¢,14)) > %

We first prove the linear convergence of empirical loss under finite time.

Lemma C.5. Assume the PDE (10) has solution 7, € P2, and the PDE (@ has solution v; €

C(P?;[0,1]). Under Assumption for allt € [0, tmax), we have

=~ _82A, Cxr(d, o Ck(d, a
L(Tt,l/t) S e 2n tL(To,V(]), KL(’Tt”T()) S Ijté(ﬁ?)’ KL(VtHI/[)) S KIEQ(BQ) (45)
Proof of Lemma|[C.3] Please see LemmalC.6] Lemmal[C.7] and LemmalC.§] O
Lemma C.6. Assume 7,1y is the solution to PDE (10) and (12), we have for t < tuax,
—~ 2 o~
L(r, 1) < ef%tL(To, v),
where A is defined in Lemma
Proof of Lemma([C.6] By Lemma for t < tmaxs> Amin(G (T, 1)) > %,
oL 2 20 27
% = —%bj(&2G1(Tt, Vi) + Ga(y,1¢))by < —%L(Tt’l/t) < —%L(Toﬂ/o)-
Therefore, we have
o~ 2 o~
L(re, 1) < 6_%tL(T0, V) -
O

Lemma C.7. Assume the PDE (12) has solution v, € C(P?;[0,1]), and the PDE (10) has solution
7; € P2 Under Assumption then for all t € [0, tymax ), the following results hold,

s1l,,S 1
KL 1) < 1575

< AQBQ CKL(da O[), Vs € [07 1]

2
Proof of Lemma([C.7} By Gaussian initialization of 1§, log 15(0) = — ”6'2"2 + C, and we thus have

ng = Vg logv; + 6. Combining this with Lemmaand Eq. li we have

ovy
OKL (v ||v5)
ot

= _EmNDnﬁ : (f‘rtyut ((B) - y(w))

e Vg(p,I (x,8)0(Z,,(x,s),0)) - (Veologr; + 0)dv;(0).
Rkr
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Define
T (@,0) 1= —a -y, (@,5)" (Voo (Zu,(@,5),0) - 0 — Ro0(Z,,(2,5),6) ).

By the definition of J{(x, ), and integration by parts, we have

OKL(; ||5)

ot =B Egnp, [(fro(2) — y(w))E9~Vf Ji (z,0)].

We can obtain the gradient of J; w.r.t. 8,

VoJ:(z,0) = —a - py,(x,5)" (vg(vga(zyt (z,5),0)-0) — VolAoo(Z,,(z,s), 0)).

Therefore, by Lemma and the estimate || Z,, (z, s)|2 < Cz(||v¢]|%; ) from Lemma we
have

Co - ([0]l2 +1) - (Cz(llel3e; @) + 1)

IV(Veo(Z,,(,s),0) - 0)||r <
0)llr < Co - (101l +1) - (Cz([[v2]l%; ) + 1).

||VQA90'(ZW (.’1}, S)a )

Therefore, we can estimate Vg .J7 (x, 0),

113
113

s 3
IVeJ; (. 0)ll2 < 2Co - (Cz(|lvell%; )" + D)([18]l2 + 1)[pu, (2, 5)]2
3
<205 (Cz([ll3ei0)” +1) - CplllvellZ, Imell3; ) - (1612 + 1)
< ClImel3, llvelize: @) - (1161]2 + 1)

By Lemma [B.T|and Lemma|B.2]
Eys J; (2, 0) = By J5 (2, 00) < C(lwlle, 1713 e)Wa (v, v5)

< ClllvellZe, Imel3s o)/ KL (v [|).

For ¢t € [0, tiax), bY Deﬁnition we have [|14|%, |7:]|3 = O(d). We have

Eyts J: (CL‘, 0) — EVS JS(IB, 00) < C'(d7 Oé)\ / KL(Z/le/S)
Since p,, (x, s) = 0,
Therefore,
OKL(v||vg)

8t = /8 : Ewan (th,ut (w) - y(w)>EVf J; ((B, 0)

=B Eenp, (fr,0n(®) — y(@)E0; (7 (2, 0) — J§ (2,0))
< B C(d, )\ KL ||v5)Exn,, (fr, 0 (®) — y(2))

< B+ C(d, 0)\[KLOZ 1) \/Efr, () — ()2

= B-C(d,a)\/KL(v§||v§)\/ L(re, 1),

where the last inequality holds owing to the Jesen’s inequality.

By the relation d2/z = da//x,

a <2\/KL(V$|IV8)> < 8- C(d, o)/ Ivp m)t

We have for t € [0, tmax)s

—~ B2A , ~

L(ts,v4) < e 2 ' L7, 10).
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Hence,

4Cd =
2\ /KL(vs|lvg) < 8- C da/\/ (1, 7, )dto < 4C(d, ) (70, %) -

Since 79 (u) is standard normal distribution, we have
Frowe (@) =F-a’ / u'og(w'’ Z,,(x,1) + b)dro(u, w,b) = 0,
RFET xRFT XR

and |y(x)| < 1 (Assumption , we have L(7y, vo) < 1. Therefore, we obtain
Cx(d, @)
A2 52 ’
where C¥x, is a constant dependent only on d, «. O

Lemma C.8. Assume the PDE (12) has solution 7, € P2, and the PDE (I0) has solution 7, € P?.
Under Assumption[3.3| 3.1} B.2] then for all t € [0, tmax), the following results hold:

KL(v}[lvg) <

1
KL(TtHTo) S fCKL(d, Oé).

HwH

Proof of Lemma|[C.8] By Gaussian initialization of 79, log7o(w) = —*52 + C, and we have
Vo W = V., log 74 + w. Therefore, by Lemma and Eq. , we have

Tt

OKL(7¢||10)
ot
=-6/ (Eznp, (from (@) — y(@))Vuh(Zy, (2, 1),w)) - (Vo log 7t + w)dv (6).
RET
Define
0:(0) := Exnp, [(fro () — y(x)) VLh(Z, (2, 1), w)],

we have

KL

76 (72l[7) =—a- / 710t - (Ve logn + w)dw = —a - / Tt - w =V, - 07]dw.
ot RE~ Rk~

We also define

Ii(z,w) == —(th(Z,,t (z,1),w)  w—ALWZ,,(x, 1),w)).

By the definition of I;(x, w),

% =p- EwNDn[(f-rhyt (x) — y(w))EwNTt[t(m,w)].

Similar to the estimate J;, we have the estimation of I; as
Er Ii(z,w) — Er lo(z,w) < C(||73, |74 ]13; ) VKL (7| |70).
and we can have, by setting w = (a, w, b), we have
E. Io(x,w) =E, (—V,h(z,w) w+ Ay h(z,w))
= E(gw,6)~N(0.1)(—a00(w T + b) — a(Vyoo(w 'z + b))w — aboj(w ' x + b))
+ B w,)~n0,1) (Awoo(w @ + b) + ao (w @ + b)) =
Therefore, we obtain the KL divergence in a similar fashion.

CxL(d, o)

KL(7¢||70) < A2
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Lemma C.9 (Lower bound on the KL divergence). For any 7,7 € P?, v,/ € C(P?;[0,1)), if
7',V satisfy the Talagrand inequality T(%), (ref Lemma We have the lower bound for the KL

divergence of 7,7’ and v, V', such that for constant Cioy (|| T||3, [|7'1|3, |71 %, [|V]|%; ),
Ewrh(Z,(2,1),w) — Eprnr h(Zy (2,1),w’)
Crow (17113 17113, 11120 1711255 )

VEL(7[[7") + VKL(v[[v') =

Proof of Lemma[C.9) We have the following estimaation
Ewnrh(Zy(2,1),w) = Ewrnr h(Zy (2, 1), )
= Eunrh(Zy(@,1),w) = Bwnr h(Zy(2,1),0"))
(8)
+ Eurarh(Z,(2,1),w) — Eprarh(Zy (2,1), 0")),
(®)

By Lemma [B.4] we have
IVoh(Z,(2,1),w)l2 < Co - (|20 (2, 1)[]2 + 1) - (|wll2 + 1),
and by Lemma[B.T] Lemma[B.6|and Lemma|[B.2] we have
(8) <Co - (120 (, 1)l|2 + 1) - max{|[ 7[5, |13} - Wa(r, ")
<Co - (Cz([[1]3; @) + 1) - max{|[ 7|3, | 7'33Wa(r, 7).
<2Co - (Cz(|lv1lZe; @) + 1) - max{||7]I3, |13} VKL(r[|7").
Besides, by Lemma [B-3]and Lemma[B.2] we have
(B) < Euor Co([wl3 + 1) - (120 (1) = Zo (a2, 1)]]2)
< (1713 +1) - Cz vl lvalles @) - Walv, ve)
<2(I713 +1) - Cz(lnll. 2]l @) - VKL(v[lv).
We let Clow be
Crow (IT113, 177113, 7113, 17125 )
=min{2Co - (Cz([[n1]3; ) + 1) - max{|[7[3, |73}, 2017115 + 1) - Cz ([l llZe, lv2llZes )}
Therefore, we have
Ewrh(Zy(x,1),w) — Eprnrh(Zy (2,1),w")
VLG + VRG] > 2 n .
Crow (17113, 713, 112 11711305 )
Since ||7(13, ||17'113, 7|12, |V/]|2%, = O(d), we have that the average movement of the KL divergence
is on the same order as the change in output value.

O

Lemma C.10. Assume the PDE (12) has solution 7, € P?, and the PDE (10) has solution T, € P>.
Under Assumption then for all t € [0,tmax), We have the lower bound for the KL
divergence of Ty and vy, we have for constant Cyoy (d; o), such that

Ewwn h(Zut (CIJ, 1)7 w)
VRL(lir0) + VKL ) 2 =70 S B,

Proof of Lemma:gm By the definition of rmax < V/d, and the proof of Lemma we
have ||7:||%, |v]|5, = O(d), and we can directly obtain ||70||3 = d + 2,||wl|2, = 2d + 1,
and Eoy~ryh(Z,,(z,1),wo) = 0. Besides, Gaussian initialization satisfies 7'(3) condition in
Lemma [B:2] We have, by Lemma|[C.9]

VEKL(7e[l70) + /KL(vlvo) >

Eymr h(Zy, (x,1),w)
Clow(d§ Oé) ’
where Cjoy, (d; @) is a constant depending on d, « derived from Cioy (|73, [|7/113, [IV]|1 %, |V/]1%; ).
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Lemma C.11. Under the Assumptions in Lemma let B > LCKLW, we have t,,, = 0.

Armax

Proof of Lemma[C.I1] Otherwise, we have the following inequality, for Vt < tpax:

X 2
Wo(vi,v) < 24/KL(v#||1?) < A—B\/CKL(CZ, a), Vse0,1].

Therefore,
Walvi,10) < ~—=/Cre(d, )
v, 1) < — , Q).
2(Vt, Vo AB KL
According to the definition of .y, we have Wa (v, 19) < rmax. Let
B Z 4 CKL (d, a)
ATmax

we have Wh (v, 1) < Tmax/2, Vt € [0, tmax ), which contradict to the definition of ¢,y in Defini-

tion O

Proof of Theorem Combine the results of Lemma [C.1T} Lemma|[C.8] and Lemma[C.7] we prove
the theorem. O

C.5 RADEMACHER COMPLEXITY

Proof of Lemma[.8] Let -y be a parameter whose value will be determined later in the proof. Let
1;, 1 <4 < n be the i.i.d. Rademacher random variables,

B
RW(J:KL(T)) =—-E sup 771 mzv 7 )

Y ! T:KL(THTU)§7',V:KL(V‘|V0)<T Z

< é S+ En sup log ]ET() exp Z 771 mu a )
Y v:KL(v||vo)<r
B ¥ -

<=-|r+E,logE, exp sup th(Z,,(a:i, 1),w)
Y v:KL(v|lvo)<r ;=1

i=

< B . <r +logE, E, exp (fy sup th(Zl,(:ci, 1),w)>> ,
v =1

v:KL(v|lvo)<r

where the first inequality is followed by the Donsker-Varadhan representation of KL-divergence
in Lemma The second inequality follows from the increasing function log(-), exp(-), and
sup, E, f(z,y) < E, sup, f(z,y), for general variable z,y and function f. The third inequality
follows from log(-)’s convexity.

By Assumption[3.3] where w = (a, w, b), we have
h(z1,w) = h(z2,w)[ < C1 - ||lz1 = 22l2 - aljw]|a.

We further estimate

Zm (@i, 1), w Zm Zyy(xi;1),w)

SCln : a”wHQ . ||Zy(xz7 1) - ZVO(w’h 1)H2
<Cin-alwlz - Cz (vl ol ) - Walv, v)
<Cin-alwllz - Cz(|v|%. lvolZ; a) - 2v7

given KL(v||vp) < r. Further, we have ||vo||%, = 2d + 1, and we have ||v||%, < 6d + 2.
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In the following, we use Cy := 2C; - C'z(6d + 2,2d + 1; «) to denote the constant.

=

Rn(fKL(r)) > — (T‘ + IOgETo]En exp < an Vo xzv )"_’V : Cd\/; an”?))

2

:%. <r+logEm exp( - Cq\/r - a||w|| exp( Zm vo (T4, 1 ,w)))
Sg . (7“ + logE., exp (ry - Cyg/1 - al|lw||z + 27? z:h?(Zl,O(:):i7 1),w))>
i=1
<§~ r+110g]E exp (27 Cqgv/r - a||w|| )+llogE exp fzn:hz(Z (x;,1),w)
7’}/ 2 T d 2 2 To Tl2 et Vo 79 )

where the first inequality follows from the previous bound; and the second inequality follows from the
tail bound: E,, exp(3_7; aym;) < exp(3 Y7, a?); and the last inequality follows from the Cauchy
ineqaulity.

Still, we set the decomposition w = (a,w,b) € R*2 we have |h(Z,,(x,1),w)| =
laco(w T Z,,, (i, 1) + b)| < |a|Cy. We have

R(FkL(r))

B 1 1 2,202
S; lr+ 5 IOgE(a,w,b)NN(O,I) exp (27 . C'd\/y7 . a”ng) + 5 1OgEa~N(O,1) exp b - 1

We remark that
1
log B¢ nr0,1) exp(Ct?) = —3 log(1 —2C) < 2C
log By ar(0,1) exp(Ct) = exp(02/2).

where the first inequality holds for C' < 1/4.
Therefore, setting v = \/nr/C7, we have

1 262C? 1
ilogEaNN(oJ) exp (7 an 1) =-1 log(1 —2r) <,

1
=108 E(q,w,0)~n7(0,1) €XP (27 - Ca/7 - al|lwl|2) = = log Benr(o,1) exp(27°Cirllwl|3)

2
1
< ~1 log(1 — 4nr?(Cyq/C1)?) < 2nr%(Cq/C1)?.

where the inequality holds iff r < 1 and nr?(Cyq/C1)? < &. We set 1o = min{1/4,1/(4y/n) -
C1/Cq}, we have for Vr < r,

R(Fr(r)) < B/v(r+2002(Ca/Cr)* + 1) < B-\/r/n-2(C1 + Ca).
where < hides constant. O

Theorem C.12 (Rademacher complexity). For any 6 > 0, with probability at least 1 — ¢, the
following bound holds ¥ f.,, € Fxy,(r):

Eanpx lo-1(frp(@), y(2)) < 4Rn(Fkr(r)) + 6/10g(2/6)/2n + \/Eon(fv,u(w) —y(x))?

Proof of Theorem We introduce the additional loss function
U(f,y) = max{min{1 — 2yf, 1}, 0}.
By definition, we have £ is 2-Lipschitz in the first argument, and

50—1(f7y) < Z(fvy) < |f - y|’
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forany f € Rand y € {£1}. Using the standard properties of Rademacher complexity, we have that
with probability at least 1 — 4, for all f € Fxr.(r)

Eux (f,y) < Ep, U(f,y) + 4R (Fi(r)) + 6 w

Therefore, we have

log(2/9)
2n

Euxlo-1(f,y) S Buxl(f,y) < VEp, (f = 9)? + 4R (Ficr(r)) + 6
Lemma C.13. Let 7, € C(P?;(0,1]) and v, € P? be the ground truth distributions, such that,
y(x) = Epnr, h(Z,,(x,1),w).
Then, we have the bound for the KL divergence, for 7., v, satisfying E(T*, ve) =0,
max{KL(7.[|70), KL(4[[v0)} < B72(x*(7yl|70) + x> (vy[|v0)) -

Proof of Lemma[C.13] We assume that {7}, '} is the solution to the following minimization prob-
lem:

{Tf‘, V;\} = arg min E(’T, v) + A(KL(7||70) + KL(v||vp)).-

Consider the mixture distribution 7,  be defined as

~ o~ -1 1
(7.9) = 1 (r0,00) + 5(1014).

and we have

E(77) = Ban, (5 BB 2o (01, 0) 4 5 - BB (2o (2, 1),0) ~ 1))
1 2
=E;op, <0+ﬁ-5-y—y> =0,

and by the definition of 7', ), we obtain
L(7), ) + MKL(1[70) + KL(v2[10)) < L(7,2) + MKL(7|| 7o) + KL(@w5)) -
This leads to
L(m2,v}) < MKL(F||m0) + KL(7||0))
KL(7||70) + KL(1||vo) < KL(F|170) + KL(D||vp) -

Taking A\ — 0, we have 7} — 7,, and v/} — v,. Accordingly, we have

~

L(7y,vi) =0
KL(7||70) + KL(v4||vo) < KL(T||70) + KL(7||vo)

We can explicitly compute the KL divergence such that

KL(7|70) < x*(7l|70) = / (65_1 + 575(2::))

2
— 1) dw = 5_2x2(7y|\7'0),

and similarly, we have
KL(7[lno) < 872X (vyllv0) -

Finally, we conclude the proof. O
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Proof of Theorem[.9] By Theorem|[C.12] for r > 0, for any > 0, with probability at least 1 — J,
the following bound holds V[, ,, € Fir,(r):

Eaepx lo-1(fr0 (@) y()) < 4R (Ficr (1)) + 61/108(2/8) /20 + \/En, (f-.(@) - y(@))?.
By Lemma|[C.13] and the definition of ¢ in Lemmafd.8] we set 3 such that

B2 (ryllmo) + X (vyllv0)) < 7o,

ie.,

To

B> \/XQ(TyllTO) 2 yllvo) _ O(vn),

and

frow. € FKL(ﬁ_z(X2(TyHTO) + Xz(Vy”VO))) .

Therefore, we apply the Rademacher complexity bound in Lemma[4.8] and we have

Ro(Ful8 2% lr) 432wy 5 g OO _ oy

n

where (3 cancels out. By Lemma , we have Z(’T*, v, ) = 0. Finally,

Eonpixlo-1(fro (@) y(®)) S O(1/v/n) + 61/10g(2/0)/2n.

C.6 EXPERIMENTS

We validate our findings on the toy dataset “Two Spirals”, where the data dimension d = 2. We use
a neural ODE model (Poli et al., 2021} to approximate the infinite depth ResNets, where we take
the discretization L = 10. The neural ODE model and the output layer are both parametrized by a
two-layer network with the tanh activation function, and the hidden dimension is M = K = 20. The
parameters of the ResNet encoder and the output layer are jointly trained by Adam optimizer with an
initial learning rate 0.01. We perform full-batch training for 1,000 steps on the training dataset of size
Nitrain, and test the resulting model on the test dataset of size niesy = 1024 by the 0-1 classification
loss. We run experiments over 3 seeds and report the mean. We fit the results (after logarithm) by
ordinary least squares, and obtain the slope is —1.02 with p-value 10~5, as shown in Figure That
means, the obtained rate is O(1/n), which is faster than our derived O(1/+/n) rate. We hope we
could use some localized schemes, e.g., local Rademacher complexity, to close the gap.
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Figure 1: Left: "Two Spirals" datasets. Right: Lj_; test error v.s. the training dataset size Nyain
(blue), OLS fitted line (red) which is close to the O(1/n) rate with p-value 107°.
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