The Two-Stage Decision-Sampling Hypothesis: Understanding the
Emergence of Self-Reflection in RL-Trained LLMs

Anonymous ACL submission

Abstract

Self-reflection capabilities emerge in Large
Language Models after RL post-training, with
multi-turn RL achieving substantial gains over
SFT counterparts. Yet the mechanism of how
a unified optimization objective gives rise to
functionally distinct capabilities of generating
solutions and evaluating when to revise them
remains opaque. To address this question, we
introduce the Gradient Attribution Property to
characterize how reward gradients distribute
across policy components, formalized through
the Two-Stage Decision-Sampling (DS) Hy-
pothesis, which decomposes the policy into
sampling (7 sqmpie) for generation and deci-
sion (7g) for verification. We prove that sur-
rogate rewards exhibit Balanced Gradient At-
tribution, while SFT and KL penalties exhibit
Unbalanced Gradient Attribution, with length-
weighting creating asymmetric regularization
that constrains 744 pie While leaving 74 under-
optimized, providing an theoretical explana-
tion of why RL succeeds where SFT fails. We
also empirically validate our theoretical pre-
dictions on arithmetic reasoning demonstrates
that RL’s superior generalization stems pri-
marily from improved decision-making (74)
rather than sampling capabilities, providing a
first-principles mechanistic explanation for self-
correction in thinking models.

1 Introduction

Self-reflection capabilities—the ability to verify
reasoning, detect errors, and revise incorrect an-
swers—emerge spontaneously in large language
models after RL post-training (DeepSeek-Al et al.,
2025; OpenAl et al., 2024; Bercovich et al., 2025;
Zhao et al., 2024). This emergent behavior cor-
relates strongly with substantial performance im-
provements, particularly in mathematical reasoning.
Yet despite widely documented gains, the mech-
anism by which RL produces these qualitatively
different capabilities remains theoretically opaque.

It is unclear how a unified reinforcement learning
objective gives rise to functionally distinct abili-
ties—generating candidate solutions versus eval-
uating when to accept or revise them—and why
RL succeeds where supervised fine-tuning (SFT)
consistently fails.

While existing literature extensively records
what occurs—the emergence of verification and
revision behaviors—it lacks an anatomical explana-
tion of how the training objective fundamentally al-
ters the model’s policy. Specifically, it remains un-
clear which optimization processes drive the func-
tional separation required for self-correction. To
bridge this gap, we must examine the underlying
gradient dynamics that govern this behavioral bi-
furcation.

In this paper, we view learning to self-reflect as
learning to multitask with a shared policy function.
Under this framework, we introduce the Gradient
Attribution Property to characterize how reward
gradients distribute across policy components. We
formalize this through the Two-Stage Decision-
Sampling (DS) Hypothesis, which decomposes
the model’s unified policy into a sampling pol-
ICY Tsample fOr content generation and a decision
policy 7y for verification and stopping. When a
model develops self-reflection, it primarily learns
to improve 7g( judgment about when to trust versus
revise outputs) rather than (or in addition to) im-
proving msqmpie- Transforming the question about
"emergent self-reflection” into a question about gra-
dient flow: how does the RL objective differentially
update these policy components?

We prove that different reward structures in-
duce fundamentally different learning dynamics.
Surrogate rewards exhibit balanced gradient at-
tribution: variations in the reward signal map
cleanly to whichever policy component was re-
sponsible, creating symmetric learning pressure on
both 7s4mple and m4. In contrast, KL-divergence
penalties exhibit imbalanced gradient attribution:



length-weighting in token-level calculations cre-
ates asymmetric regularization that heavily con-
strains 7sqmple While leaving g relatively uncon-
strained. This explains why RL succeeds—its ob-
jective mathematically favors learning better mg,
while SFT, which resembling a KL-divergence ob-
jective without countervailing reward, systemati-
cally fails to develop genuine self-reflection.

‘We make several contributions. First, we formal-
ize the DS-Hypothesis and mathematically char-
acterize when gradient signals can be cleanly at-
tributed to specific policy components. Second,
we provide a first-principles mechanistic account
of why RL algorithms like GRPO induce self-
reflection while SFT does not. Third, we empir-
ically validate the framework on arithmetic rea-
soning tasks, demonstrating that: (i) the frame-
work accurately predicts model performance; (ii)
RL improves mg more than 7sqy,p¢; and (iii) out-
of-distribution generalization is primarily limited
by Tsampie- Finally, we explain documented phe-
nomena including the "echoing effect"! and why
reflection-rich SFT data improves first-answer ac-
curacy without enabling genuine self-correction.

The remainder proceeds as follows. Section
2 reviews policy gradient methods, mathemati-
cal reasoning generalization, and the evolution of
self-correction. Section 3 develops the theoretical
framework. Section 4 presents empirical valida-
tion. Section 5 applies insights to explain SFT’s
limitations. Section 6 concludes.

2 Related Work

Our work lies at the intersection of three research
streams: the control-theoretic foundations of policy
gradients, mathematical generalization in Trans-
formers, and the evolution of self-correction from
prompting to learned RL behaviors. To develop
the Gradient Attribution Property framework: we
borrow analytical tools for decomposing reward
gradients from policy gradient theory; we adopt
arithmetic tasks as a controlled testbed from the
mathematical reasoning literature. Then we take
the empirical puzzle from the self-correction litera-
ture to motivate the setting of the DS-Hypothesis
and showed that our theoretical framework can the-
oretically explain these puzzles. Our contribution
is showing that gradient attribution properties of
training objectives determine whether models learn

l(Kang et al., 2025) found that SFT-trained thinking mod-

els never discriminate between correct and incorrect answers;
post-reflection answers largely echo pre-reflection ones.

genuine decision-making or merely imitate reflec-
tive patterns. We review each literature stream
below.

2.1 Foundations and Practices of Policy
Optimization Methods

The transition from supervised imitation to rein-
forcement learning in reasoning models rests fun-
damentally on policy gradient theory. (Sutton
et al., 1999a) introduced options—temporally ex-
tended actions within semi-Markov decision pro-
cesses—providing theoretical justification for treat-
ing multi-token Chain of Thought as optimizable
sequences rather than mere predictions; (Agar-
wal et al., 2020) reviews the theory and conver-
gence properties.> Policy gradient methods have
been widely applied in LLM post-training (Ouyang
et al., 2022; Stiennon et al., 2020), with promi-
nent algorithms including TRPO (Schulman et al.,
2017a), PPO (Schulman et al., 2017b), and DPO
(Rafailov et al., 2024).3 Most relevant to our set-
ting, (Shao et al., 2024) introduced GRPO, which
eliminates value networks by normalizing rewards
within group samples, enabling thinking models
with emergent self-reflection (DeepSeek-Al et al.,
2025).4

2.2 Mathematical Reasoning and
Generalization

Arithmetic reasoning serves as a rigorous testbed
for Transformer generalization. (Nogueira et al.,
2021) and (Anil et al., 2022) established that stan-
dard Transformers, despite scale, exhibit catas-
trophic length extrapolation failures, suggesting
they learn surface heuristics rather than robust al-
gorithms. (Lee et al., 2023) challenged the ne-
cessity of scale, showing small models can master
arithmetic via data formatting (scratchpads, reverse-
order generation), with sharp phase transitions in-
dicative of "grokking." (Xu et al., 2025) formalized
these mechanics through a unified framework link-
ing generalization to architecture-task symmetry
alignment. Beyond simple arithmetic, benchmarks
like GSM8K, MATH, and MetaMathQA are widely

“We do not address convergence here; this motivates our
single-dimension demonstration.

3TRPO constrains updates via KL-divergence; PPO simpli-
fies this through clipping and has become standard for RLHF.

*Our theoretical analysis abstracts away clipping and trust-
region constraints to preserve tractability. Although GRPO
is closest to our setting, our framework generalizes across
policy-based algorithms rather than formalizing any specific
one.



used to measure LLM reasoning ability (Cobbe
etal., 2021; Hendrycks et al., 2021; Yu et al., 2024).
We adopt mathematical reasoning for its clarity in
evaluating learning effects.’

2.3 RL-Reflection and Self-Correction

Self-correction capabilities have evolved from
prompt engineering to learned behaviors. While
(Wei et al., 2022) and (Feng et al., 2023) estab-
lished the computational necessity of intermedi-
ate reasoning steps, critical surveys by (Kamoi
et al., 2024) and (Huang et al., 2024) revealed
that "intrinsic self-correction” in SFT models is
often illusory or Oracle-dependent. (Kumar et al.,
2024) (SCoRe) identified SFT’s distribution mis-
match—training on others’ mistakes versus cor-
recting one’s own—and proposed multi-turn RL
on self-generated traces. Subsequent frameworks
including Self-Rewarding Correction (Xiong et al.,
2025) and PAG (Jiang et al., 2025) unify solver
and critic into a single policy. Most relevant, (Zhao
et al., 2025) and (Ma et al., 2025) explicitly decom-
pose policies into answer generation and verifica-
tion, demonstrating performance gains from this
breakdown. We focus instead on the implicit policy
decomposition driving emergent self-reflection in
models like DeepSeek-R1.

3 Formalization of The
Decision-Sampling Hypothesis

We develop a formal framework explaining why RL
produces self-reflection while SFT fails. The key
concept is the gradient attribution property, char-
acterizing how reward gradients distribute across
policy components. When a model performs multi-
ple functions through a single policy, balanced gra-
dient attribution enables learning all functions ef-
fectively, while imbalanced attribution causes some
functions to be learned ineffectively. We model an
LLM solving query () as a sequential decision pro-
cess where at each iteration k£ > 1, the model: (i)
samples a candidate answer Ay with reasoning T},
then (ii) decides whether to STOP or RESAMPLE.
We prove that surrogate rewards® exhibit balanced
attribution while KL-penalties exhibit imbalanced
attribution—explaining why SFT-trained models
lack genuine self-reflection.

>Ideally, our framework would apply more generally; de-
veloping valid measurements in other domains remains chal-
lenging.

We analyze simple surrogate rewards for tractability; prac-
tice uses clipped variants for stability.

Section 3.1 introduces our formal setting; Sec-
tion 3.2 defines gradient attribution; Section 3.3
analyzes both reward components. Section 5 ap-
plies these results to SFT behavior.

3.1 Settings and Preliminary

State Space The state at step k is s =
(Q, Ak, T,), encoding the query and the model’s
current candidate solution.

Policy Decomposition The overall policy 7y
decomposes into two components:

* Sampling policy Tsample(+|Sk—1;6): distribu-
tion over (Ag, 7)) given context

* Decision policy m4(-|s; #): distribution over
STOP, RESAMPLE given current state

Trajectory Probability Factorization: A trajec-
tory 7 of length T’ consists of a sequence of samples
and decisions:

T = (Al, Tl, RESAMPLE, ey AT, TT, STOP)

Lemma 1. The probability of trajectory T under
policy my factorizes as:

T
P(7'|Q; 9) = [H 7Tsample(Ak:> Tk|5k—1§ 9)]

k=1
T-1

: [H Ta(R|sy; 0)
k=1

Corollary 1. The log-probability gradient sepa-
rates into sampling and decision components:

. 7Td(S|ST; 0)

T

Vg 1Og P(T‘Q7 9) = Z Vi log 7Tsample(Alm Tk|5k—1)
k=1
T

+Y " Vylog ma(alsi)
k=0

where aj, € {RESAMPLE, STOP} denotes the de-
cision at step k.

Reward Function: For query ) with ground truth
answer Ap), the reward of trajectory 7 ending at
step T'is R(7) = [(Ar = Ap,)). Thus, for a given
policy mp and reward function R, define:

o0
Z’ykitRk ‘ St = S8,a; = a]

k=t

Qr(s,a) = Eq,

where v € (0, 1] is the discount factor.



Lemma 2. The gradient of the expected return
decomposes as:

T

3 (Ve 108 Taanpte (0} 5-1) Qe

t=0

VoJ(0) =E;mn,

+ Vg log Wd(a§/|5t)Q§)]

where a), = (Ay, Tt) denotes sampling actions and
aj € {RESAMPLE, STOP} denotes decision ac-
tions.

3.2 Gradient Attribution Property

We formalize gradient attribution through the infor-
mation structure of Q-values.

Definition 3.1 (Gradient Attribution Property).
Consider a reward function R and the induced Q-
values Qf (s, a’) and QF (s, a”) under policy
.

A reward R exhibits balanced gradient attribu-
tion’ if the Q-values admit a decomposition:

Q;rample(Sk—la a;q) = fsample(sk—l, a;q;) D(sk))

Qi (s, ay) = fa(sk, ay, ®(skr1))

where ® : & — R is a scale-invariant sufficient
statistic and the weighting functions fsample, f4 are
of comparable magnitude: fomple = ©(fa)

A reward exhibits unbalanced gradient attribu-
tion® if the Q-values decompose as:

sample

Q;;mple(sk’—l? a;c) =T + - Vﬂ(sk)

Qi (sk, ay) = e 44 - V7 (sp.41)

where the immediate reward components satisfy

rzample| = w(|recision|) systematically (i.e., scale-

separated by more than a constant factor across
typical trajectories).

Remark (balanced attribution). In the case of bal-
anced attribution, we can identify ®(s) = V7 (s)

"Interpretation: Balanced attribution means both Q-values
can be expressed in terms of the same information about future
rewards (the sufficient statistic ), just evaluated at different
states along the trajectory. This allows the unified network to
learn a consistent representation of "future value" that both
T sample and Tq can use.

8Unbalanced attribution means the Q-values require differ-
ent information about the future (®umpie vs ®q). The unified
network cannot learn a single coherent representation of fu-
ture value—attempting to do so leads to "mismeshing" the
gradient signals, where updates intended for one conceptual
function interfere with learning the other.

as the state value function. This is the standard
Bellman decomposition:

Q"(s,a) = E[R(s,a) + 7V (s)]s, ]

The key is that the same V™ appears in the decom-
position for both policy components.

Remark (When unbalanced attribution arise?). Con-
sider a reward structure where:

* The immediate reward for sampling depends
on sequence length: rempie ~ O(Ly,)

¢ The immediate reward for decisions is scalar:
rq ~ O(l)

* Future value recursively depends on these
asymmetric immediate rewards

Then ®@gymple must encode "accumulated future
sampling costs" while ®,; encodes "accumulated
future decision costs", which are fundamentally dif-
ferent scales. This is precisely what happens with
the KL penalty, as we show in the section 3.3.

Remark. Operational Identification of Decision Ac-
tions he decomposition into mqmpre and mq is an
analytical abstraction—the model architecturally
remains a single next-token predictor. However,
decision actions can be operationalized through
identifiable proxy tokens that signal verification
or revision intent. In our experiments, we detect
decision boundaries via lexical markers including
"I’ll go back and check", "Let me recompute", "I
made a mistake" and similar verification phrases.
The token sequence following such markers until
the next candidate answer constitutes a decision
action, while extended generation of reasoning and
answers constitutes sampling actions. This oper-
ationalization enables the calibration reported in
Section 4.2: we estimate pg|C and p,|W by observ-
ing stopping and resampling behavior conditional
on answer correctness, where "resampling” is iden-
tified by the presence of revision markers followed
by a new solution attempt

3.3 Gradient Attribution of Surrogate
Reward and KL Penalty

In this subsection, we analyze the gradient attri-
bution properties of two fundamental reward func-
tions used in RLM training.



3.3.1 Simple Surrogate Reward Has Balanced
Gradient Attribution

The simple surrogate reward with advantage A; for

trajectory 7; is:

2 )|
7
Tod (73| Qi)
where A; is the group-relative advantage measuring

whether trajectory 7; is better or worse than the
average trajectory for query Q;.

Lreward(e) = ETz‘"’ﬂ'old |:

Theorem 3.1. For the surrogate reward objective
with trajectory-level advantage A;, the Q-values
satisfy:

Qﬂ' ;reward
sample

(Sk_1, @) = yoi=klen(A5.T5) | 4,

Qﬂ' reward(s ak) _ 72?:k len(A;,Tj) A,

The sufficient statistic ®(sy) = fyZJ'T:k len(45,T5) 4,
is scale-invariant: it enters both Q-values as an
identical multiplicative factor. Consequently, the
advantage A; weights gradient contributions to
Tsample and mq symmetrically.

Proof Sketch. The advantage A; is a trajectory-
level scalar measuring overall quality. From the
policy gradient theorem, the gradient is:

vG‘Creward = IE-rq Ai Z;{Zl VG log 7rsample(') + A1 Z{:O VQ IOg Wd(')]

The advantage multiplies both gradient components
equally. Since both mgayple and w4 contributed to
producing the trajectory that received advantage
A;, and the advantage reflects the coupled out-
come (correct answer + appropriate stopping), both
Q-values equal the length-discounted advantage.
The key observation is that the advantage A; is a
trajectory-level scalar that does not decompose into
action-specific components. From the policy gradi-
ent theorem, the advantage multiplies both gradient
sums identically. There is no action-specific im-
mediate reward that could create magnitude asym-
metry—both policy components receive gradient
signal proportional to their log-probability scores
weighted by the same scalar A;. This is the for-
mal sense in which attribution is "balanced.”" See
Appendix A.2 for complete proof. O

Interpretation. The sufficient statistic ® =
A2-1en() A; encodes: "this trajectory will yield ad-
vantage A; at the end, discounted by the temporal
distance." Both mgample and 74 use this same infor-
mation when evaluating their actions. This enables
coherent learning in the unified network.

3.3.2 KL Penalty: Unbalanced Gradient
Attribution

In RLHF and GRPO, the KL divergence penalty
regularizes the learned policy my against a reference
policy m,..r (typically the SFT model). Following
standard practice, we consider the token-level KL
penalty added to the reward:’

J(@):ETW[ (r) — w1, 1OgM}

‘frref(at|st)

where w > 0 controls the regularization strength.
Under our policy decomposition, the per-

trajectory KL penalty decomposes as:

T Ly
Dt}(éken Z Z log Trsample,§ tOkenk g | )
k1 =1 71'satmple ref(tOkenk J | )

Sampling KL: 3, Ly terms

+21

Decision KL: T terms

7Td9 ay \ Sk)
7Tdref ag \ Sk)

The structural asymmetry is immediate: sam-
pling actions contribute Z;‘::l Ly, terms while deci-
sion actions contribute only 7" terms. Since typical
reasoning traces have L >> 1 (hundreds of tokens
per attempt), the sampling component dominates.

Define the immediate KL penalties for each ac-
tion type:

Tlsample, 0 tOkenk] ‘ )
Trsample, ref(t0kenkg | )

sample

Zl

7a0(ak | sk)
ﬂd,ref(ak | Sk')

O(Ly)

d%ecision =1lo ~0 ( 1 )

Theorem 3.2. For the token-level KL penalty, the
Q-values satisfy the Bellman recursions:

KL I
Qample (k-1 a1,) =A™ + v - By [Qq" (sk, ay)]

KL
QZ’ (Ska a;c) = ddeuston + v ]Eﬂ'a [qumplc (Skv a’k+l )}

where the immediate penalties satisfy:

Tsample,d tOkenkJ ‘ )
7Tsample ref(tOkenk ‘ )

sample __
dk

Zl

map(ak | sk)
Td ref(ak | k)

O(Lg)

dZecision =1lo ~ O ( 1)

The scale separation |d)"" le|/ |ddecision| ~ Ly, cre-

ates systematic gradient magnitude asymmetry.

°This corresponds to the “KL in reward” placement used
in GRPO and PPO-based RLHF implementations.



Proof Sketch. The key observation is that d;"""” le
sums over Lj token-level divergences while
ddecision is a single scalar, yielding ]diamplﬂ ~
Ly - & versus |dfecision| ~ § for token-level
divergence magnitude 6. Working backwards:
at step T, QKE(sr,STOP) ddecision
O(1), while QISh . (s7—1,df) = dF"™ + 7

KL(sp, STOP) ~ O(Ly). This asymmetry prop-
agates: ngnpl . is dominated by immediate O(Ly,)

~

penalties, while Qf L has small immediate terms.
No unified sufficient statistic ® exists since satisfy-
ing both ®(s) ~ O(Lg) + vP(sk+1) (sampling)
and ®(sg) ~ O(1) + yP(sk+1) (decision) is in-
consistent when L > 1. See Appendix A.5. [

Interpretation. The KL penalty creates asymmet-
ric regularization: changes to Tsgmple incur imme-
diate penalties proportional to Ly, while changes to
mq incur O(1) penalties. Combined with the surro-
gate reward’s symmetric push (Theorem 3.1, where

rewand — Qreward — y2.1ent) 4;), the net effect
is differential learning: w4 receives sustained gradi-
ents with minimal KL constraint, while 7 gqpp1e 18
heavily regularized.'®

4 Experiment and Calibration

The theoretical framework predicts that RL’s bal-
anced gradient attribution enables coherent learn-
ing of both Tgample and 74, while SFT’s unbalanced
attribution leads to miss-meshed gradients that fail
to develop an effective decision policy. We design
experiments to validate these predictions and to
decompose observed performance gains into their
constituent policy components. The experiment
set-up

4.1 Experimental Setup and Results

Table 1 presents model performance across multi-
plication tasks of increasing difficulty. The 3 x 3
and 3 x 4 tasks constitute the training distribu-
tion; all others are out-of-distribution (OOD). Both
RL and SFT (reflection) achieve near-ceiling in-
distribution performance (96-98% on 3 x 3, 91—
92% on 3 x 4) and remain comparable on 3 x 5. The
critical divergence emerges at 3 x 6: RL maintains
90% accuracy while SFT (reflection) drops to 49%.
This gap widens dramatically further OOD—on

10This “unbalanced attribution” concerns gradient magni-
tude distribution, not existence of a unified V™ —which exists
by standard theory. The distinction is whether immediate
rewards differ by O(1) (balanced) or O(L) (unbalanced) fac-
tors.

3 x 9, RL achieves 34% versus SFT (reflection)’s
0%.

SFT (reflection) substantially outperforms both
Base and SFT (no reflection) across all task dif-
ficulties, indicating that reflection-rich training
data does improve performance. However, the
steep degradation pattern suggests this improve-
ment reflects memorization of in-distribution pat-
terns rather than learned generalization. Later in
the section, we develop a statistical approach to
estimate the performance of Tgample and g, de-
composing the performance gap between RL and
SFT (reflection) into contributions from each policy
component.

4.2 A Simple Calibration of the Model

To decompose the performance gap between RL
and SFT into contributions from mgmple and 74,
we construct a calibration model that abstracts
the LLM’s behavior into the two-stage decision-
sampling process.

Sampling Accuracy (7gample). We model the
sampling policy by a single probability p; =
P(Ay, = Ap)), representing the likelihood that any
given sample is correct.

Decision Policy (7). We model the decision pol-
icy as a classifier with two parameters:

pajc = P(STOP | A, = Ap),
payw = P(RESAMPLE | Ay # AY).

The parameter pg|c captures the probability of cor-
rectly accepting a correct answer; pgjyy captures
the probability of correctly rejecting an incorrect
answer. An effective decision policy requires both
to be high. The framework predicts that RL de-
velops high pgy- through the surrogate reward’s
balanced gradient attribution!!.

Model Accuracy. Under the two-stage model,
overall accuracy is:

PsPd|C
1—(ps-(1=pgjc)+(1=ps)-payw)

Model Acc =

We estimate (ps, pd|cypd|w) from model out-
puts: ps from first-attempt accuracy, and the deci-
sion parameters from observed stopping and resam-
pling behavior conditional on answer correctness.

Figure 1a presents calibrated parameters for the
RL-trained model. The close agreement between

" Also it’s reasonable to conjecture that negative sampling
and negative reward would tend to develops high pg|c.



Table 1: MODEL PERFORMANCE ON ARITHMETIC TASKS

3x3 3x4 3x5 3x6 3x7 3x8 3x9
(1) () (3) 4) (5) (6) (7
A. Baselines
Base 74.0 34.0 5.0 1.0 4.0 3.0 1.0
(65.4,82.6) (24.7,43.3) (0.7,9.3) (-1.0, 3.0) 0.2,7.8) (-0.3,6.3) (-1.0, 3.0)
SFT (no reflection) 75.0 32.0 6.0 2.0 1.0 0.0 1.0
(66.5,83.5) (229,41.1) (1.3,10.7) (-0.7,4.7) (-1.0,3.0) (0.0, 0.0) (-1.0,3.0)
B. Reflecting Methods
SFT (reflection) 96.0 92.0 94.0 49.0 4.0 1.0 0.0
(92.2,99.8) (86.7,97.3) (89.3,98.7) (39.2,58.8) (0.2,7.8) (-1.0, 3.0) (0.0, 0.0)
RL 98.0 91.0 92.0 90.0 72.0 53.0 34.0
(95.3,100.7) (85.4,96.6) (86.7,97.3) (84.1,95.9) (63.2,80.8) (43.2,62.8) (24.7,43.3)

NOTE: Columns (1)—(7) report accuracy percentages and 95% confidence intervals (n = 100) for arithmetic tasks of increasing
complexity. Panel A displays results for baselines trained without retry patterns. Panel B displays results for models trained on
trajectories with explicit reflection or reinforcement learning. All models are based on Qwen2.5-7B-Instruct (Qwen et al.,
2025).
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Figure 1: Calibrated Policy Parameters Across Arithmetic Task Sizes. Comparison of the RL model (a) versus
the SFT model (b). ps: sampling accuracy (approximated by 1st try accuracy); pqc: probability of stopping

conditional on getting a correct answer; pgjy: probability of resampling conditional on getting an incorrect answer.
Note that while pg;c remains high for both, the SFT model fails to maintain p4jy on harder tasks.

predicted and observed accuracy validates the
two-stage decomposition. Three patterns emerge:
(1) sampling accuracy ps degrades monotonically
with task difficulty, from approximately 80% in-
distribution to below 20% on the most challenging
OOD tasks; (2) decision parameters exhibit remark-
able stability, with pgc near ceiling and pg)y sus-
taining 40 60% even far out-of-distribution; (3)
the calibrated model accurately predicts observed
accuracy across the full difficulty range.

Figure 1b reveals a starkly different pattern for
SFT. While pg|c similarly remains high, pgy, col-
lapses toward zero on OOD tasks—the model fails
to reject incorrect answers, instead echoing first at-
tempts. Sampling accuracy ps also degrades more
precipitously than RL. The critical distinction: RL
maintains discriminative ability (pgy > 0) where

SFT does not, confirming that RL’s superior gener-
alization stems from learning an effective 74 that
enables error correction even when mgample falters.

5 Towards Understanding the

Insufficiency of SFT, and the Power of
RL

5.1 SFT Echo Chamber

Recent systematic analysis reveals that SFT con-
sistently fails to develop self-correction despite
extensive efforts to engineer reflection-rich train-
ing data. (Kang et al., 2025) constructed SFT
datasets with varying reflection steps and correc-
tive F' — T transition proportions (0% to 100%).
Models trained on maximum-reflection data out-

performed minimal-reflection variants by 4.05%,
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Figure 2: (Chu et al., 2025): ID/OOD performance
comparison between SFT/RL

yet decomposition reveals first-candidate accuracy
accounts for 3.75% while reflection contributes
only 0.3%. More critically, p(F' — T') showed no
meaningful improvement across any configuration
Table 2.

Table 2: (Kang et al., 2025): FT Training Cannot Im-
prove Self-Correction

F—T Ratio in Data p(F—T) Llama3.1-8B p(F—T) Qwen2.5-7B

100% 0.053 0.036
50% 0.058 0.045
0% 0.050 0.041

Note: p(F — T) remains flat regardless of
corrective reflection exposure.

The gradient attribution framework explains this
pattern. SFT operates similarly to a KL-divergence
between mg and 7444, maximizing likelihood of
entire trajectories without decomposing credit be-
tween "good decision to RESAMPLE" versus
"good sampling." Even with abundant F' — T pat-
terns in training data, SFT teaches 74qmpie to pro-
duce reflection-like text but provides misattributed
gradient signal for 7,4 to learn when to trigger cor-
rection, creating the *SFT echo chamber’.

5.2 Memorization vs. Generalization.

If SFT primarily improves Tsqmpre Without de-
veloping 74, it is natural to predict SFT models
will memorize training distributions rather than
learn generalizable decision rules. (Chu et al.,
2025) test this directly across four task variants.
The results are stark: SFT degrades OOD per-
formance by 8-80% while RL improves it by
3-61%. Crucially, this pattern persists even when
SFT uses sub-optimal trajectories containing er-
rors—memorization stems from the training objec-
tive’s structure, not data quality.

5.3 Why do Dynamic Fine-tuning Works
Better

(Wu et al., 2025) prove that SFT’s gradient is equiv-
alent to policy gradient with an implicit reward
inversely proportional to model confidence ( 7%9).

This 7%9 weighting creates policy-entangled rewards
where Q-values depend on future policy probabil-
ities rather than outcomes, precluding a joint Q-
function for 7sqpe and 7g'2. DFT rescales the
objective by 7y, mitigating this entanglement'? so
that Q-values depend more on trajectory outcomes.
Their empirical gains are substantial: on Qwen?2.5-
Math-7B, standard SFT degrades AIME24 from
6.68 to 2.48, while DFT improves it to 8.56.

6 Conclusion

We develop the Two-Stage Decision-Sampling
Hypothesis as a mechanistic framework explain-
ing why RL post-training produces self-reflection
while SFT fails. We introduce the gradient attri-
bution property—a novel analytical tool charac-
terizing how reward gradients distribute between
multitasking policy components under the DS-
Hypothesis. We prove that standard surrogate re-
wards exhibit balanced gradient attribution, where
both policy components receive proportional learn-
ing signals through a unified sufficient statistic.
In contrast, KL-divergence penalties exhibit im-
balanced gradient attribution: length-weighting in
token-level objectives creates asymmetric regular-
ization that heavily constrains 7 g,y While leav-
ing w4 under-optimized. This asymmetry explains
the fundamental mechanistic gap between RL and
SFT.

Empirical validation on arithmetic reasoning
confirms the framework’s predictions. The cali-
brated two-stage decomposition reveals that RL’s
superior out-of-distribution generalization stems
primarily from learning an effective decision policy
rather than improved sampling. We further demon-
strate how the gradient attribution framework ex-
plains multiple empirical phenomena: SFT’s echo-
ing effect, memorization versus generalization pat-
terns, DFT’s effectiveness.

1ZRefer to Appendix A and B for proof of unbalanced gra-
dient attribution.

BThough not fully canceling it due to length asymmetry;
we provide rigorous proof in Appendix D.



Limitations

Our analysis abstracts away clipping, trust-region
constraints, and other stabilization mechanisms
standard in practical implementations (e.g., PPO,
GRPO) to preserve analytical tractability and re-
sult generality. These mechanisms sacrifice ana-
lytical properties in favor of training stability. Ex-
tending the gradient attribution framework to ex-
actly match specific algorithmic implementations—
characterizing how clipping interacts with the re-
ward structure or how trust regions modify the ef-
fective gradient flow—requires additional theoreti-
cal work.

We adopt mathematical reasoning as our empiri-
cal context for its clarity, well-defined correctness
criteria, and controllable difficulty. Although the
theory is not domain specific, to empirically vali-
date the theory prediction in other domains such
as code generation, open-ended reasoning, or cre-
ative tasks remains requires careful methodological
innovation on developing valid decomposition mea-
sures and correctness criteria.

We analyze binary correctness rewards R(7) =
I(Ar = Af)). Many practical applications employ
more nuanced reward functions, including partial
credit, process-based rewards, or learned reward
models. The gradient attribution properties under
these alternative reward structures may differ and
warrant separate investigation.
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A Proofs for Gradient Attribution
Property Framework

This appendix provides complete mathematical
derivations for all results in Section 3.

A.1 Proof of Lemma 3.1 (Trajectory
Factorization)

Proof. We prove this by applying the chain rule of
probability to the sequential generation process. A
trajectory 7 of length 71" is:

T = <A1,T1,CL1,A2,T2,CL2, s 7AT7TT70’T)

where a; € {RESAMPLE,STOP} for k =
1,...,7 — 1 and ar = STOP (by definition, the
trajectory ends with STOP).

By the chain rule:

P(r]Q;0) = P(A1,Th|Q; 0)

P(CL1|A17T1’Q;0)
P(A27T2|a1,A1,T1,Q;9) e

Sequentially we write it to be:
P(T|Q; 9) = 7Tsample(Al» T1|30; 9)
- m4(RESAMPLE]s;; 6)

: Wsample(AZa T2|51§ 9) te

- m4(RESAMPLE|s7_1; 0)
: 7I'sample(ATa TT’5T71§ 9)

. ﬂ'd(STOP|ST; 9)

Thus:

(T‘Q 9 [H 7Tsample AlmTk’Sk 15 )]

k=1

T-1
: [H 74(R|sk; 6)
k=1

Wd(S’ST; 9)

|

A.2  Proof of Corollary 3.1 (Gradient
Decomposition)

Proof. From Lemma 3.1:

T
log P(T|Q§ 9) = z log 7I'sample(Ak:, Tk‘sk—l; 9)
k=1
T—1
+ > log mq(RESAMPLE|sy; 0)
k=1

+ log 74(STOP|s7; 0)

12

Taking the gradient with respect to 6:
T
Vg log P(T|Q (9 Z V@ log 7T<ample Alm Tk‘sk 15 9)
k=1

T-1

+ ) Vylog mg(RESAMPLE|sy; 0)
k=1

+ Vg log mq(STOP|s7; 6)

Rewrite the decision gradient more compactly
by defining:

* a, = RESAMPLE fork=1,...,T —1
* ap = STOP

¢ a9 = START (initial action, could be included
for notational completeness)

Then:
T
Vo log P(T|Qa 9) = Z Vg log 7Tsz1mple(Ak7 Tklsk’fl; 9)
k=1
T
+ Y Vglogma(ar|sk;0)
k=0

where we interpret w4 (ag|sg) = 1 (deterministic
start) and thus Vylog m4(ag|sg) = 0. This com-
pletes the proof. O

A.3 Proof of Lemma 3.2 (Policy Gradient
Theorem - Applied)

Proof. We adapt the standard policy gradient theo-
rem to our factorized policy structure.

Standard Policy Gradient Theorem The stan-
dard policy gradient theorem (Sutton et al., 1999b)
states that for a policy my and expected return
J(0) = Eqprg[R(7)):

V@J(@):/Sp”(s

where p™ (s) is the discounted state visitation mea-
sure.

) /A Vom(als;0)-Q™ (s,a) dads

A.3.1 State Visitation Distribution in Our
Setting

Define p](s) as the probability of visiting state
s=(Q,A,T) at step t:

st) =D pici(si-1)

St—1

Td(RESAMPLE]|s;_1) - Tsampte (A¢, T¢|5t—1)

This says: to reach state s; at time ¢, we must have
been at some state s;_q at time ¢ — 1, chosen to
RESAMPLE, and then sampled (A, T}).



Discounted state visitation:
o
P(s) =D 2'pf(s)
t=1

At each state s = (Q, Ay, Tk), there are two
types of actions:

 Sampling actions ' = (A, T) drawn from

Wsample('|5k—1)

* Decision actions a”” € {STOP, RESAMPLE}
drawn from 74(-|sg)

However, these occur at different points in the tra-
jectory:

» After state s;_;, we take sampling action
a), = (A, Ty) to reach state sy,

e At state si, we take decision action a’k’ €
{STOP,RESAMPLE}

For sampling actions at state s;_1:

/ VOWSample,G(aqSkfl) . Qﬂ(,9k717 a,) dad
Asample

= Eo'mmmpe | V0108 Tample,0 (@' [5-1) - QFmpre (-1, @")]

For decision actions at state s:

>

a”€{STOP,RESAMPLE}
=By, [Vologmao(a”|sk) - Q7 (s, a”)]

Vomao(a”|sg) - Q" (sk,a”)

Combining over all states in a trajectory of
length T*:

V()J(Q) =Ern

T
Z V9 lOg Tsample, 0 (a,t|8t*1) : Q;:lmple(st*17 a;):|
t=1

T
+ ETNﬂ‘H |:Z V(‘) 10g ﬂ'd,@(a/t/‘st) : Q:i((siv a:ﬁl):|

t=1
We can combine these into a single expectation:

T

)3 <V0 10g Txampe (041511 - Qg (511, 0]

t=0

VHJ(G) = IETNﬂ'g

+ Vo logma(a|st) - QF (s, aé’))}

where we use the convention that terms with ¢t = 0
correspond to the initial action. O
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A.4 Proof of Theorem 3.1 (Balanced
Attribution of Surrogate Reward)

The surrogate reward for trajectory 7; is:

7o (73| Qs)

Liewar =Er~n Ai
d(e) i~ Told |:7Told(7—i’Qi) :|

where:

* A; is the advantage for trajectory 7;, computed
using Group Relative Advantage Estimation
(GRAE)

* For query (); with multiple sampled trajecto-
ries {71,...,7¢} (the "group"):

R(7;) — mean(R(1y),...,R(1¢))
std(R(m1),...,R(1q))

A; =

* The reward function is R(7) = [(Ar = Ap)

Taking the gradient with respect to 6:

779(Tz‘\Qi))> 'Ai:|

Lrew r = ET'NW
VG al d(g) i old |:v0 (Wold(Ti ’Qz

Using the log-derivative trick:

Ve< > _ mo(7il Qi)

ol (7i| Qi)
From Corollary 3.1:

o (7i|Q:)
Told (73| Qi)

'V@ log 7Tg(Ti|Qi)

T;
Volog mo(7ilQi) = Vo108 Tample. (A, Tk|sk—1)
k=1
T
Vg log m4,0(ak|sk)
k=0

+

Therefore, when sampling from 7,14 and using
importance weighting:

mo(7:] Qi)

Liewara(6) = Toia(7iQi)
Vo Lrewara(6) Told (73| Q4)

ETL ~Told

T; T;

: (Z Vg log 71'sampleﬁ(') + Z Vg log 7rd4,9(‘)> :|

k=1 k=0
By importance sampling, this equals:

T

Z Vglog 7rsamplc,é)(Akv Tk|sk—1)

v(9[/1'e:ward (9) = ]En~7rg |:A1 (
k=1

T;

+ Z Vo log ﬂ'd,@(aksk)>:|

k=0



Comparing with the policy gradient decomposi-
tion from Lemma 3.2, we identify the Q-values by
noting that the gradient must have the form:

T;

Vo Lreward(0) = Eryomy Z Vo log Tsample,o(*) - Q;;,Irzglfzrd(')
k=1
T;
+ Z Vo log 7Td,0(') . Qzlr,reward(.)

k=0

For the surrogate reward, both Q-values equal
the length-discounted advantage:

T
25k

er,reward

len(A;,T;) 4.
sample Al

(sp—1, (Ap, Tx)) =

Z g len(A; T )AZ

er reward(s ak)

Define:

Y

(I)(Sk) ZJTl:k len(AjvTj)Ai

=7
This is the sufficient statistic of future rewards at
state si. It encodes: "the trajectory will receive ad-
vantage A; at the end, which is at temporal distance
Z]T’:k len(A;, T;) from now." Then:

ard
Qample (k-1 ay,) = P(sr,)
inr,reward(sk7 a/]é) _ (I)(Sk)

Both Q-values can be expressed using the same
sufficient statistic ®, evaluated at the appropriate
state. This satisfies Definition 3.1 for Balanced
Gradient Attribution. O

A.5 Proof of Theorem 3.2 (Unbalanced
Attribution of KL Penalty)
We analyze the gradient attribution properties of

the token-level KL penalty.

KL Penalty Formulation. The standard token-
level KL penalty, computed on trajectories sampled
from the current policy, is:

7]

Z log

t=1

Wa(at\st)
Wref(at‘st)

Dighen(r) =

where the sum runs over all tokens in trajectory 7.
The RL objective includes this as a penalty:

J(0) = Eqer, | R(7) = w- D" (7)
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Decomposition Under the Two-Stage Frame-
work. A trajectory 7 of length T (ie., T
sampling-decision cycles) consists of:

T sampling actions, where the k-th sampling
action (Ay, Ty ) comprises Ly, tokens

T decision actions ag €
{RESAMPLE, STOP}, each a single
token

The total number of tokens is || = "1_, L

T. The KL penalty decomposes as:

T Ly
Dploken - Z Zl Tsample,0 (tokeny, ; | context)
S Tsamle, ref(tokeny, ; | context)

Sampling component

Ta0(ak | sk)
'/Tdref ag | Sk)

+Zl

Decision component

Immediate Penalties. Define the immediate KL
penalty attributed to each action:
For sampling actions:

dzample Tsample,0 (tokeny, j|context)

Ly,
= log

j; Tsample,ref (tokeny, j|context)
This is a sum over L;, terms. If individual token-
level log-ratios have typical magnitude § (which
may be positive or negative depending on whether
the current policy assigns higher or lower probabil-
ity than the reference), then:

T sample,0 (tOkenk,j ‘ )
Tsample,ref (tOkenkJ ‘ )

sample
|, <

For decision actions:

7a.0(ak|sk)

ddecision -1
Td,ref (ak ‘ Sk:)

This is a single scalar:

|dﬁecision| ~ 0(5)

The ratio of magnitudes is approximately L : 1.
For typical reasoning traces with Ly ~ 100-500
tokens, this represents a two-orders-of-magnitude
asymmetry.

~ O(Lg-9)



Q-Value Recursions.

Proof. The policy gradient for the KL penalty takes
the standard form:

VoEry [DRE(T)] = Erromy 32 Vologmo(as | st) - Q¥ (s, ay)]

where Q%L (s;, ay) is the expected cumulative KL
penalty from taking action ay at state s;.

We derive the Q-values by working backwards
from the terminal state.

Terminal state (STOP at step 7'):

KL

d (8T7 STOP) = d%ec’ision

There are no future actions, so the Q-value equals
the immediate penalty. Magnitude: O(1).
Final sampling action (step 7):

gwanple(ST—la a&“) = d;ample‘i"Y'Qé(L(ST, STOP)
Substituting:

Qarmple (ST—1, 4p) = dy™ Ay deetien
~ O(Ly)+0O(1) = O(Ly)
The immediate sampling penalty dominates.

Penultimate decision (RESAMPLE at step
T—1):

QM (571, RESAMPLE) = dfio" + - By, [QIS,

sample (ST*] ) a,T)}

Magnitude:
QX E(sp_1,RESAMPLE) ~ O(1) + - O(Lt) =~ O(vLr)

The future sampling penalty dominates, but note:
the immediate contribution is only O(1).
General recursion (for £ < T'):

)t
Qg];nple(sk—la aﬁv) = d;jlmp °+ v Eﬂ'@ [QgL(Skv a%)]

i~ (sk, RESAMPLE) = di*™™" 4+ ~ - B, Qb e (5, a4 1)]

Scale separation analysis. Define the accumulated
future KL from state sy.:

VEE(sp) = Eny | D 4" dy | 51

t>k
For the sampling policy at step k:
!
Qample(sk—1, af) = A" - VI (s1)
N——
~O(Lg)
For the decision policy at step k:
QY sk, af) = die™™" 4 - VEF (5141)

~O(1)
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Although VEL(s;.) and VEL (s, 1) are similar
in magnitude (both accumulate future penalties),
the immediate contributions differ by a factor of
Ly.

Impossibility of unified sufficient statistic.
Suppose a single sufficient statistic ® : S — R
exists such that:

QsKafnple(Sk—la a;g) = fsample(sk—la a;qv (I)(Sk))

QE (s, al) = fa(sk, af, ®(sk+1))

From the Bellman-style recursions, ® must sat-
isfy:

®(s) = O(Ly) +vP(sk41)
®(s) = O(1) + vP(s+1)

Subtracting: 0 = O(Ly) — O(1), which is a
contradiction when L; > 1.

Therefore, no single sufficient statistic ® exists.
The Q-values require distinct information struc-
tures:

(from sampling Q-value)

(from decision Q-value)

cI)sample<3k) = dzample + 7®d(3k+1) ~ O(Lk) + 7()

(I)d(sk) = dgECiSion + ’Y(I)sample(sk) ~ 0(1) + 7()

This establishes Unbalanced Gradient Attribu-
tion. O



(a) Trajectory Generation Process

a Sample W R Sample @

Tsample (lots of tokens) Tample (lots of tokens)

t==k t=N #Try

t=k

Reward Calculation
Trajectory 7 = (W, RESAMPLE, C, STOP)

Trajectory 7 = (W, RESAMPLE, C, STOP)

{ {
Final Answer: C = A* v/ Final Answer: C # A* v/
b b
R(t) =+1 R(t) =40
{ {
Advantage: A; = + Advantage: A; = —
Gradient Propagation
Reward A; N A; N A, N A; N
Track: ~ - - ~
KL long length Agg (‘ short length Agg @ long length Agg Q short length Agg @
Track:

(b) Surrogate Reward (Balanced) (¢) KL Penalty (Unbalanced)

Reward Gradient
\Y 0 Ji reward

Vo JxL

‘ KL Gradient ’

A

dg

‘ S [Veologm - Q™] ’

N

S [Velogm - Q™K

KL
Qsam le
P

XA,

Vo TUsample

KL Different

Q;:)mple ~ QJ ~ A;; (length discounted A;) Qghple

£ 1 KL
dPC L B[y Qg ]
- Z LA KL decisi KL
Vegd =~ : Vg log 7l'sample(Ak: Isk—1) - Aik Qq =d N + ]Eﬂ'sample [v- Qsample]
Vol - A;
+ Ek ologmg(ag|sk) - Ak QSI;anle % QKL with circular dependency

balanced gradient attribution Imbalanced gradient attribution

16



B Alternative Proof of Theorem 3.1 and
Theorem 3.2

The probability of a trajectory 7 under the com-
bined policy can be expressed as:

T

P(1]Q:0) <H7rmmple A, T | sp-13 ))
k=1

T-1
. <H 74(RESAMPLE | sk;9)> - 74(STOP | 57 6)

k=1
(1)
Taking the logarithm:

T
log P(7 ‘ Q; 6 ZIUBT"mmple Ak Tk ‘ Sk—13 6)

T
+ Z:llog 74(RESAMPLE | s;60) + log mq(STOP | s730)
=1
2
Important: The sampling log-probability

log Tsampie (Ak, Tk|sk—1) decomposes at the token
level as:

Ly
log T'sample (Alw Tk, | 5/@71) = Z log 7Tsample(t()kenlc,j | Sk—1,
j=1
tokeny, 1, ..., tokeny ;_1)

3)
The gradient with respect to 6:

T
Vo log P( | Q;0) ZW log msample (Ak, Th | $1-1;0)

+ TZlVg log m4(RESAMPLE | sy 6) + Vg log 74(STOP | s7;60)
=1
C))
For convenience, we denote Ag, Tp = 0.
B.1 Policy Gradient Decomposition
Using the policy gradient theorem adapted to our
factorized policy structure (see Appendix A.3):

T

>

t=0

VoJ (0

TNTI'Q

<v9 log 7l'sample,t‘)(afff | St) : Qﬂ'(stz a;)

+ Vologmaa(ay | st) - Q" (st, ai’))}

)
B.2 Attribution Analysis for Surrogate
Reward
Surrogate Reward Term.
76 (7i|Qs)
Lyin(0) =E .~ — A 6
Cllp( ) Ti~Told |:7T0ld(Tl|Ql) 1 ( )

where A; is the group-relative advantage com-
puted via GRAE:

R(7;) — mean(R(1y), ...

std(R(r), ...

, ’(76))

A= “R(15))

(N
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The probability ratio factorizes as:

( —Z )
k=1
Samphng ratio

Tﬁl 79.4(RESAMPLE | s;,)
1 7To]d7d<RESAMPLE | Sk)

mo(7i | Qi)
Told (T3 | Qi)

7T@,sample(AkaTk | Skfl)
7T'old,sample(AlmT/c | Sk—l)

)

Resampling ratio
79,4(STOP | s7;)
Told,d(STOP | s1;)

Stopping ratio
(®)
Neglecting the clipping for analytical tractability,
the gradient is:

e

/
Vo Leward < A; Z Vg log Wﬁ,sample(ak; ‘ 5k—1>
k=1

T;
+ Z VQ 10g W@,d(a/k/ | Sk)
k=0

©)

Balanced attribution: The advantage A; multi-

plies both sampling and decision gradients equally.

Both Q-values reduce to the same sufficient statis-
tic:

Teward

Qreward

T —
" len(Aptj,Tiy))
sample ™ Y=o / / A

(10)

B.3 Attribution Analysis for KL Penalty

Token-Level KL Decomposition. The KL

penalty decomposes at the token level:

T, L
SO ST
k=1 j=1 7Tsample,ref(tOkenk,j | )
d;c;r;l:le g
T;
a S
+Zlog md0(ak | Sk)
=1 7Td,ref(ak ‘ Sk)
d%;;ion

(11)

The immediate penalties are:

« Sampling: 4 = 1 log(my m,c) s
a sum of Ly, terms = O(Ly)

* Decision: d{ecision
gle term = O(1)

= log(mg/myey) is a sin-



Q-Value Recursions.
the terminal state:
Value of final STOP action:

Working backwards from

KL

XL(s1,, STOP) = dfees™ ~ O(1)  (12)

Value of preceding sampling action:

Czé(a]r_lnp]e(STagfl7 a,Tl) = d%mple +7- QdKL(STi ) STOP)
~O(Ly,) +O(1) = O(Ly,)
(13)
Value of RESAMPLE action:
Q" (sk, RESAMPLE) = di*™* + - Er, [Qpre (K, @ 1))
~O(1) + O(vLi+1)

(14)
Asymmetric Gradient Attribution. The gradi-
ent contributions are:
T;
Sampling: Z V9108 Tample,6 (a4, | sk—1) - Qaimple (Sk-1, @)
k=1
T;
Decision: ZVH log map(al | s1) - QX" (s, af)
k=1
(15)

The Q-values have incompatible sufficient statis-
tics:

KL .
sample*

penalty

dominated by immediate O(Ly)

« QXL: immediate penalty is O(1), accumu-
lates future sampling penalties

This structural asymmetry arising from the sum
over Lj tokens in sampling versus single-token
decisions creates Unbalanced Gradient Attribu-
tion.

C Numerical Hlustration of Gradient
Attribution

To make the theoretical derivations in the preced-
ing sections concrete, this section presents a sim-
plified numerical example focused on a key sce-
nario: where correct and incorrect answers have
the same length. The objective is to trace the
flow of gradients from the two primary compo-
nents of the Group Relative Policy Optimization
(GRPO) objective—the surrogate reward'* and the
KL penalty—back to the parameters of the sam-
pling policy (Tsqmpie) and the decision policy (7q).
This exercise will quantitatively demonstrate
that the asymmetric regularization effect is not
dependent on incorrect answers being more ver-
bose. Instead, it is an architectural consequence of
the length-weighted formulation of the KL penalty,
which applies a significant penalty to any long gen-
erated sequence from 74, While applying a neg-
ligible penalty to the single-step actions of 7 .

C.1 Scenario and Policy Parameterization

We establish a minimal yet illustrative scenario to
examine the gradient dynamics under the condition
of equal answer lengths.

Problem Setup The model is tasked with a sim-
ple arithmetic problem: "What is 7 * 87".

Action Space

 Sampling Policy (7s4pc): Generates an an-
swer. We consider two outcomes: a Correct
answer (C), "56", or a Wrong answer (W),
H54H.

* Decision Policy (7;): Evaluates the generated
answer and chooses to STOP or RESAMPLE.

Policy Parameterization Each policy choice is
modeled using a logistic sigmoid function, o(x) =
1/(1+ e™"), applied to a single learnable logit (6).

» Sampling Policy (7sumpic): Governed by a
single parameter, 6. The probability of gener-
ating a correct answer is P(C|0s) = o(0s).
We initialize 05 = 0.4, yielding P(C)
0.5987 and P(W) =1 — P(C) ~ 0.4013.

~
~

* Decision Policy (7;): Conditioned on the an-
swer from 7 sqmpie-

“We also simplify the clipped part away
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— For a correct answer, the stop proba-
bility is P(STOP|C,04.c) = o(b4c).
We initialize 64¢ 2.2, yielding
P(STOP|C) =~ 0.9002.

— For a wrong answer, the resample prob-
ability is P(RESAMPLE|W,0,w) =
U(ed,W)- We initialize Qd,W = 14,
yielding P(RESAMPLE|W) ~ 0.8022.

Length Assignment This is the critical modifi-
cation for this example. We set the lengths of both
correct and incorrect answers to be equal and sig-
nificant.

* Length of Correct answer: len(C) = 8 to-
kens.
* Length of Wrong answer: len(W) = 8 to-

kens.

Reference Policy (7,.;;) The KL penalty regu-
larizes the current policy (7g) against a reference
policy (morig), typically the initial SFT model.

. stmg 0.3 -
0.5744, P,iq(W) ~ 0.4256.

Porig (C)

® ed,C’,orig =20 = Pgrig(STOP‘C)
0.8808.

%

* ed,W,orig 1.2
Pyrig(RESAMPLE|W) ~ 0.7685.

Part 1: Symmetric Gradient Push from the
Surrogate Reward

First, we analyze the gradient from the surrogate
reward. This calculation is entirely independent
of sequence length, demonstrating its symmetric
nature.

Trajectory and Advantage We consider a single
successful trajectory 7;: the model initially gener-
ates a Wrong answer, correctly chooses to RESAM-
PLE, then generates a Correct answer and correctly
chooses to STOP. GRPO is a "critic-less" algo-
rithm that estimates advantage relative to a group
of trajectories. We assume this trajectory is better
than the group average and assign it a normalized
advantage of A; = +0.5.

Gradient Calculation The gradient of the
reward objective is VgJRreward(6) A; -
Vg log P(7;|0). The log-probability of the trajec-
tory is: The gradient for each parameter is calcu-
lated as follows:
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* For 0
VGS JReward = Ai'

= 0.5 [~a(bs) + (1 — o (65))]

(Sampling Policy):

= 0.5 [~0.5987 + 0.4013] = —0.0987

e For Oaw (Decision Policy):

VouwJ Reward = Ai - Vi, 1og P(RESAMPLE|W, 4y1)

=05 (1—0(Baw))

=0.5- (1 — 0.8022) = +0.0989

* For Oa,c (Decision Policy):

VGd,cJReward = Al . VQd’C log P(STOP‘C, 0d7c)

=05-(1-0(b4,0))
=0.5-(1 —0.9002) = 4+0.0499

The advantage A; is applied as a scalar mul-
tiplier to all responsible parameters. The result-
ing gradients are of a similar order of magnitude,
demonstrating a symmetric push for improvement.

Part 2: Asymmetric Gradient Drag from the
KL Penalty

Next, we analyze the gradient from the KL penalty.
The asymmetry arises because the immediate
penalty for a sampling action is explicitly weighted
by its length, whereas the penalty for a decision
action is not.

Calculating KL Penalties and Q-Values We
first calculate the immediate KL penalty (dy) for
each step in our trajectory. This measures the "in-
formation loss" when the current policy deviates
from the reference policy.

e Step 1 - Sample W: df“mple 8 .
(—log 39913) = 8- (0.0588) ~ +0.4704
+Step 1 - Resample:  dfecision  —

—log 8:?%% ~ —0.0429
« Step 2 - Sample C: 43" e =~ 8.
(—log 32987) = 8 - (—0.0415) ~ —0.3320
* Step 2 - Stop: ddc“*sin = —log 8:228% ~

—0.0218

Next, we compute the state-action values (Q™5%)
by working backward from the end of the trajectory
(with discount factor v = 1).

e Value of final action (STOP):
Q1 (s2,STOP) = dgecision = —(.0218



¢ Value of preceding action (Sample
C): Qxr(s1,sample O) d;ample +
QK 1(s2,STOP) —0.3320 — 0.0218
—0.3538

* Value of preceding action (RESAM-
PLE): Q1 (s1, RESAMPLE) = dfecision 1
Qxr(s1,sample C') = —0.0429 — 0.3538 =

—0.3967

* Value of first action (Sample W):
Q1 (s0,sample W) — diample 4
Qxr(s1,RESAMPLE) = 0.4704 —

0.3967 = +0.0737

Gradient Calculation The gradient of the KL
penalty objective is proportional to ), V log 7 -
QK 1.+~ This gradient acts as a "drag" force, pulling
the policy back toward the reference.

* For 0, (Sampling Policy):
Ve, JxL Vg, log P(W|0s) - Qkv(s0, W)
+ Vg, log P(C0;) - QkL(s1,C)
o (=0 (05)) - (0.0737) + (1 — a(6s)) - (—0.3538)
o (—0.5987) - (0.0737) + (0.4013) - (—0.3538)
= —0.0441 — 0.1420 = —0.1861

* For 60, (Decision Policy):

Vouw JKL Vo, log P(RESAMPLE|W) - Qv (51, RESAMPLE)
X (1 - O’(tgdyw')) . (703967)
= (0.1978) - (—0.3967) = —0.0785

* For 0, ¢ (Decision Policy):
Vo,.cJkL x Vi, . log P(STOP|C) - Qkv(s2, STOP)
x (1 =0(bac)) - (—0.0218)
= (0.0998) - (—0.0218) = —0.0022

The results are starkly different from the reward
gradients. The gradient magnitude for the sampling
policy, |V, Jkr| =~ 0.186, is more than double
that for the first decision parameter (|Vy, ,,, Ji 1| ~
0.079) and over 80 times larger than for the second
(Vo cJrr] = 0.002). This is the asymmetric
drag.

C.2 Synthesis: The Net Parameter Update

The final update to the policy parameters is the
sum of the gradients from the surrogate reward (the
"push") and the KL penalty (the "drag").

D Gradient Attribution Properties of SFT
and DFT

We analyze the gradient attribution properties
of Supervised Fine-Tuning (SFT) and Dynamic
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Fine-Tuning (DFT) within our two-stage decision-
sampling framework. We show that SFT ex-
hibits imbalanced gradient attribution due to policy-
entangled Q-values, while DFT removes this entan-
glement, achieving improved (though not perfectly
balanced) gradient attribution.

D.1 SFT as Policy Gradient with Implicit
Reward

Lemma 3. The SFT gradient is equivalent to a
policy gradient with implicit per-token reward:

T Ly

VG»CSFT =E,.p Z Z Vi IOg Tsample (Z‘Okel’lk’j | )
k=1 j=1
T
+> Vglogma(ay | s)
k=1

(16)
where the implicit reward at each token is ry =
1, but weighted by 1/my in the gradient (since
Vologm = %ng).

D.2 SFT: Imbalanced gradient attribution via
Policy-Entanglement

Theorem D.1 (SFT has Imbalanced gradient attri-
bution). For SFT, the implicit Q-values are:

L

QS (i1, tokeny. ) = >

J'=j+1

1

Tampie (tokeny j)

1
malak | sk)

— - decision at step k
remaining tokens in step k

1 1
+
Tsampte (tokeny 1) wa(aw | )
1

T Ly
(8 )
j'=1
* ma(aw | Sk')>

K'=k+1
5
a7

These Q-values exhibit policy-entanglement:

future steps

T
QF (skoax) =

K =k+1

1
Tsample (tokenyy jr)

. fon{ple depends on g through

1/mq(ag|sk) and 1/mq(ag|sk) terms.

the

« QT depends on Tampe through the
1/7Tsample(tOk€nk’7j/) terms.

Proof. The SFT gradient can be written in policy
gradient form:

VoLsrr = Z Vo logmg(als:) - Q3 (si, ar)
7

(18)
where Q57T (s;, a;) represents the "future value"
from taking action a; at state s;. Since each token
contributes gradient Vylogm = Vgm/m, the im-
plicit reward is effectively 1/m weighted. Working
backwards from the terminal state:



Table 3: Breakdown of KL Penalty Gradient Attribution

Step Action di, (Penalty) Vi (s') (Future) Qg (Total) Vologm Parameter Contribution
2 STOP -0.0218 0 -0.0218 1—0(04,c) =0.0998 Oac -0.0022
2 Sample C -0.3320 -0.0218 -0.3538 1—o0(6s) =0.4013 0 -0.1420
1 RESAMPLE -0.0429 -0.3538 -0.3967 1—0(04w)=0.1978 Oaw -0.0785
1 Sample W +0.4704 -0.3967 +0.0737 —o(6;) = —0.5987 0, -0.0441
Table 4: Summary of Gradient Attribution and Net Update
Parameter Policy Reward (Push) KL (Drag) Net Gradient Interpretation
0 Tsample -0.0987 -0.1861 -0.2848 Heavily regularized; stable.
Oaw T4 +0.0989 -0.0785 +0.0204 Learning signal overcomes drag.
Oa.c T4 +0.0499 -0.0022 +0.0477 Learning driven by reward.
At the final decision (STOP at step 7): Lemma 4 (Cancellation of 1/7 weighting). The
DFT gradient satisfies:
QS (s7, STOP) = 0 (19) & i
At the final sampling step T, token j: T Vylogrm =1 Vo Yy 25)
T
QS (s, tokeny ) = Y0 cihr s et Therefore:
(20)
. L
Recursively, for step k < T": T Lk
Lprr = E;n tokeny, ;
Q5" (51, RESAMPLE) = QST (s, tokeny.411) VG DFT 7P ; z:l V97Tsamp le( koj )
Ly 1 1 =17J=
Qlampie(s-1. tokeny,) = Pt Toample (tokeny, ;1) mq(ak | si) + QI (5w ax) T
@1) + Y Voma(ar | si)
The policy-entanglement is evident: forgple con- k=1
SFT (26)

tains 1/my terms, and @3 contains 1/7gample
terms through the recursive dependency. These
Q-values change as my updates during training, pre-
venting clean credit assignment. O

Corollary 2. No unified sufficient statistic ® exists
for SFT. Following the logic of Theorem 3.2, define:

1 1
®ample (%) = ( ,,L> (22)
sample( ) f Tsample’ Td
SFT 1 1
Qd (Sk) =g s L (23)
T sample Td
Both depend on the full policy my, making

(I)SFT

SFT ;
sample # ®2" in general.

D.3 DFT: Removing Policy-Entanglement

Dynamic Fine-Tuning rescales each token’s contri-
bution by its probability:

T Ly
Lprr (0) =E:p Z Z ﬂ'sample(t()kenkﬁj) -log Trsample (tOke“k,j)
k=1 j=1
T
+ ) malag | si) - logma(ay, | s)
k=1

(24)
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The 1/m weighting is exactly canceled.

Theorem D.2 (DFT Removes Policy-Entangle-
ment). For DFT, the implicit Q-values become
policy-independent:

T
lefnTp,e(sk,l,takenk,j) =(Lp—j)-ct+ec+ Z (L +1)-¢
K'=k+1
T
DM (skyak) = Y (Lw+1)-c
k' =k+1

(27)

where c is a constant independent of .
Proof. With the 1/7 weighting cancelled, each to-
ken contributes constant implicit reward c¢. Work-

ing backwards:
At the final decision:

QT (s7,STOP) =0 (28)
At step T, token j:

Qo ie(s7—1,tokeny ;) = (L — j) - ¢ + ¢ (29)



where (Lp — j) - ¢ accounts for remaining sam-
pling tokens and c accounts for the final decision.
Recursively, for step & < T*:

QPFT (53, RESAMPLE) = Ly, - ¢+ ¢+ QP (sg.41, aps1)

(30)
Expanding the recursion:
QY (s, ar) = ZATJ:kH Ly -c+(T—k)-c= Zg':k+1(l‘k' +1)-c
(3D
Crucially:
. Qg’;ﬁ)le does not depend on 7 .
. QBFT does not depend on Tgample-
The Q-values are now policy-independent. O

D.4 DFT: Remaining Length Asymmetry

Although DFT removes policy-entanglement,
length asymmetry persists:

T T

QgFT(Sk,G/k) = C- Z (Lk’+1) ~ C- Z Lk”
k'=k+1 k'=k+1
(32)

Since Ly > 1 (sampling sequences contain hun-
dreds of tokens while decisions are single tokens),
we have:

DFT
) > Qsample,per-token ~ O(1)
k/

(33)
The decision policy gradient is weighted by accu-
mulated future sequence lengths, even though each
decision is a single token. This creates asymmetric
regularization similar to (but weaker than) the KL
penalty analyzed in Theorem 3.2.

D.5

We parameterize a minimal two-stage process with
three learnable logits: 6, governing sampling accu-
racy, 04c governing stop decisions given correct
answers, and 604y, governing resample decisions
given incorrect answers.

Figure 3'> displays the training dynamics under
the combined GRPO objective. The center pan-
els decompose gradient contributions: the surro-
gate reward generates comparable gradient magni-
tudes across all parameters (center-left), while the
KL penalty produces gradients for sampling that
dominate decision gradients by nearly an order of

Graphical Illustration

5The cyclical pattern observed in the training process is
because of reference model updating.
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magnitude (center-right). This confirms the O(Ly)
versus O(1) asymmetry established above in the
section. The bottom-right panel quantifies this di-
rectly—gradient attribution remains symmetric for
the surrogate reward but exceeds 2:1 (sampling ver-
sus decision) for the KL penalty throughout train-
ing.

The net effect (bottom-left) is differential learn-
ing: w4 parameters receive sustained positive gra-
dients while 7gumpre 18 heavily regularized toward
the reference.

E Task Description and Experiment
Hyperparameters

E.1 Task Description

We evaluate models on multi-digit multiplication
tasks, denoted as m x n where m and n indicate
the number of digits in each operand. For example,
a 3 x 4 task involves multiplying a 3-digit number
by a 4-digit number (e.g., 123 x 4567).

Each problem is presented to the model as a
natural language query:

Calculate [operandl] *

Think step by step.

[operand2].

An answer is scored as correct if and only if the
final numerical output exactly matches the ground
truth product. Intermediate reasoning steps are not
evaluated for correctness.

E.2 Dataset Construction

Training Data. We construct 20,000 training ex-
amples for the in-distribution tasks (4 x 5 and
5 x 4 multiplication). Operands are sampled uni-
formly at random within the specified digit range:
for an m-digit operand, we sample integers from
[10m~1,10™ — 1]. The training set is balanced
equally between 4 x 5 and 5 X 4 tasks.

Test Data. For each difficulty level (3 x 3 through
3x9), we construct a test set of 100 examples using
the same uniform sampling procedure. No filtering
or balancing is applied for the results reported in
Table 1. For the calibration analysis in Figure ??,
we exclude samples that exceed the 8,192 token
generation limit.

SFT Data Variants.
ing sets:

We construct two SFT train-

* SFT (no reflection): Each example consists
of a query paired with a chain-of-thought so-



Property SFT DFT RL (Surrogate Reward)
(04 depends on Tgample Yes (via 1/ Tsample) No No

Qsample depends on 7y Yes (via 1/7y) No No

Q4 depends on future lengths Ly, Yes (weighted by 1/7)  Yes (constant weight) No

Sufficient statistic o5 e # 5T OO # OOFT P = 21 A; (unified)
Gradient attribution Imbalanced Improved Balanced

Table 5: Comparison of gradient attribution properties.

Policy Parameter Evolution

— 6_s (Sampling)
~—— 6_{d.C) (Stop|Correct)
—— 6_{dW) (Resample|Wrong)

0.125

0.100

0.075

0.050

0.025

Parameter Value
Gradient Magnitude

0.000
-0.025

-0.050

Mk

0 2000

-0.075
4000 6000 10000 0

Training Step

8000

2000

Net Gradients (Reward + KL)

— ¥, (Sampling)
Yo c (Stop)
— Va,w (Resample)

Gradient Magnitude
Probability

—— P(Correct Answer)

—— P(Stop | Correct)

—— P(Resample | Wror

0 2000 4000 6000
Training Step

8000 10000 0 2000

Surrogate Reward Gradients

4000

Training Step

Policy Probability Evolution

=

ng)

4000

KL Penalty Gradients

— V. (Sampling)
— Va.c (Stop)
Vo, (Resample)

— V. (Sampling)
— Va,c (Stop)
— Vaw (Resample)

25

~
°

o

Gradient Magnitude

=

05

[—

10000 o

0.0

6000 8000 2000 4000 6000

Training Step

8000 10000

Gradient Attribution: Symmetric vs Asymmetric
- e

0200 Ny (avg)

0475
0.150
0.125

0.100

Average |Gradient|

0.075
0.050

0.025

Surrogate Reward

0.000

6000 8000 10000 KL Panelty

Training Step

Figure 3: Single Parameter Illustration

lution leading directly to the answer, without
retry patterns.

* SFT (reflection): Each example consists of a
query paired with a trajectory that may include
multiple attempts, explicit error detection, and
correction steps before arriving at the final
answer.

Trajectory generation procedures are provided
in the replication repository.

E.3 Model and Training Details

All experiments use Qwen2.5-7B-Instruct (Qwen
et al., 2025) as the base model.

SFT Training. Supervised fine-tuning is con-
ducted using LLaMA-Factory (Zheng et al., 2024).
Hyperparameters are as follows:
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Hyperparameter Value
Optimizer Adam
Batch size 128
Learning rate 1x107°
Epochs 4.0
Training examples 20,000

Table 6: SFT training hyperparameters.

RL Training. Reinforcement learning is con-
ducted using verl (Sheng et al., 2024) with Group
Relative Policy Optimization (GRPO). Hyperpa-
rameters are as follows:



Hyperparameter Value

Algorithm GRPO
Learning rate 1x1076
Train batch size 512

PPO mini-batch size 128
Rollouts per query (n) 8

KL loss coefficient 0.001

KL loss type low_var_kl
Max prompt length 1,024 tokens
Max response length 8,192 tokens
Total epochs 2

Gradient checkpointing Enabled

Table 7: RL training hyperparameters.

E.4 Evaluation Protocol
All models are evaluated with the following set-
tings:

¢ Sampling temperature: 1.0

* Number of attempts: 1 (single generation
per query)

Number of correct answers
Total number of questions

¢ Accuracy metric:

Confidence Intervals. Confidence intervals for
observed accuracy in Table 1 are computed using
the normal approximation to the binomial distri-
bution at the 95% level. Confidence intervals for
predicted accuracy in Figure 1a and Figure 1b are
obtained via bootstrapping: we resample the test
set with replacement 100 times, compute the pre-
dicted accuracy for each bootstrap sample using the
calibrated ps, pg|c, and pgy parameters, and re-
port the 2.5th and 97.5th percentiles of the resulting
distribution.

E.5 Compute Resources

Each experiment is conducted on a cloud server
equipped with a single NVIDIA H100 GPU.
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