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Abstract001

Self-reflection capabilities emerge in Large002
Language Models after RL post-training, with003
multi-turn RL achieving substantial gains over004
SFT counterparts. Yet the mechanism of how005
a unified optimization objective gives rise to006
functionally distinct capabilities of generating007
solutions and evaluating when to revise them008
remains opaque. To address this question, we009
introduce the Gradient Attribution Property to010
characterize how reward gradients distribute011
across policy components, formalized through012
the Two-Stage Decision-Sampling (DS) Hy-013
pothesis, which decomposes the policy into014
sampling (πsample) for generation and deci-015
sion (πd) for verification. We prove that sur-016
rogate rewards exhibit Balanced Gradient At-017
tribution, while SFT and KL penalties exhibit018
Unbalanced Gradient Attribution, with length-019
weighting creating asymmetric regularization020
that constrains πsample while leaving πd under-021
optimized, providing an theoretical explana-022
tion of why RL succeeds where SFT fails. We023
also empirically validate our theoretical pre-024
dictions on arithmetic reasoning demonstrates025
that RL’s superior generalization stems pri-026
marily from improved decision-making (πd)027
rather than sampling capabilities, providing a028
first-principles mechanistic explanation for self-029
correction in thinking models.030

1 Introduction031

Self-reflection capabilities—the ability to verify032

reasoning, detect errors, and revise incorrect an-033

swers—emerge spontaneously in large language034

models after RL post-training (DeepSeek-AI et al.,035

2025; OpenAI et al., 2024; Bercovich et al., 2025;036

Zhao et al., 2024). This emergent behavior cor-037

relates strongly with substantial performance im-038

provements, particularly in mathematical reasoning.039

Yet despite widely documented gains, the mech-040

anism by which RL produces these qualitatively041

different capabilities remains theoretically opaque.042

It is unclear how a unified reinforcement learning 043

objective gives rise to functionally distinct abili- 044

ties—generating candidate solutions versus eval- 045

uating when to accept or revise them—and why 046

RL succeeds where supervised fine-tuning (SFT) 047

consistently fails. 048

While existing literature extensively records 049

what occurs—the emergence of verification and 050

revision behaviors—it lacks an anatomical explana- 051

tion of how the training objective fundamentally al- 052

ters the model’s policy. Specifically, it remains un- 053

clear which optimization processes drive the func- 054

tional separation required for self-correction. To 055

bridge this gap, we must examine the underlying 056

gradient dynamics that govern this behavioral bi- 057

furcation. 058

In this paper, we view learning to self-reflect as 059

learning to multitask with a shared policy function. 060

Under this framework, we introduce the Gradient 061

Attribution Property to characterize how reward 062

gradients distribute across policy components. We 063

formalize this through the Two-Stage Decision- 064

Sampling (DS) Hypothesis, which decomposes 065

the model’s unified policy into a sampling pol- 066

icy πsample for content generation and a decision 067

policy πd for verification and stopping. When a 068

model develops self-reflection, it primarily learns 069

to improve πd( judgment about when to trust versus 070

revise outputs) rather than (or in addition to) im- 071

proving πsample. Transforming the question about 072

"emergent self-reflection" into a question about gra- 073

dient flow: how does the RL objective differentially 074

update these policy components? 075

We prove that different reward structures in- 076

duce fundamentally different learning dynamics. 077

Surrogate rewards exhibit balanced gradient at- 078

tribution: variations in the reward signal map 079

cleanly to whichever policy component was re- 080

sponsible, creating symmetric learning pressure on 081

both πsample and πd. In contrast, KL-divergence 082

penalties exhibit imbalanced gradient attribution: 083
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length-weighting in token-level calculations cre-084

ates asymmetric regularization that heavily con-085

strains πsample while leaving πd relatively uncon-086

strained. This explains why RL succeeds—its ob-087

jective mathematically favors learning better πd,088

while SFT, which resembling a KL-divergence ob-089

jective without countervailing reward, systemati-090

cally fails to develop genuine self-reflection.091

We make several contributions. First, we formal-092

ize the DS-Hypothesis and mathematically char-093

acterize when gradient signals can be cleanly at-094

tributed to specific policy components. Second,095

we provide a first-principles mechanistic account096

of why RL algorithms like GRPO induce self-097

reflection while SFT does not. Third, we empir-098

ically validate the framework on arithmetic rea-099

soning tasks, demonstrating that: (i) the frame-100

work accurately predicts model performance; (ii)101

RL improves πd more than πsample; and (iii) out-102

of-distribution generalization is primarily limited103

by πsample. Finally, we explain documented phe-104

nomena including the "echoing effect"1 and why105

reflection-rich SFT data improves first-answer ac-106

curacy without enabling genuine self-correction.107

The remainder proceeds as follows. Section108

2 reviews policy gradient methods, mathemati-109

cal reasoning generalization, and the evolution of110

self-correction. Section 3 develops the theoretical111

framework. Section 4 presents empirical valida-112

tion. Section 5 applies insights to explain SFT’s113

limitations. Section 6 concludes.114

2 Related Work115

Our work lies at the intersection of three research116

streams: the control-theoretic foundations of policy117

gradients, mathematical generalization in Trans-118

formers, and the evolution of self-correction from119

prompting to learned RL behaviors. To develop120

the Gradient Attribution Property framework: we121

borrow analytical tools for decomposing reward122

gradients from policy gradient theory; we adopt123

arithmetic tasks as a controlled testbed from the124

mathematical reasoning literature. Then we take125

the empirical puzzle from the self-correction litera-126

ture to motivate the setting of the DS-Hypothesis127

and showed that our theoretical framework can the-128

oretically explain these puzzles. Our contribution129

is showing that gradient attribution properties of130

training objectives determine whether models learn131

1(Kang et al., 2025) found that SFT-trained thinking mod-
els never discriminate between correct and incorrect answers;
post-reflection answers largely echo pre-reflection ones.

genuine decision-making or merely imitate reflec- 132

tive patterns. We review each literature stream 133

below. 134

2.1 Foundations and Practices of Policy 135

Optimization Methods 136

The transition from supervised imitation to rein- 137

forcement learning in reasoning models rests fun- 138

damentally on policy gradient theory. (Sutton 139

et al., 1999a) introduced options—temporally ex- 140

tended actions within semi-Markov decision pro- 141

cesses—providing theoretical justification for treat- 142

ing multi-token Chain of Thought as optimizable 143

sequences rather than mere predictions; (Agar- 144

wal et al., 2020) reviews the theory and conver- 145

gence properties.2 Policy gradient methods have 146

been widely applied in LLM post-training (Ouyang 147

et al., 2022; Stiennon et al., 2020), with promi- 148

nent algorithms including TRPO (Schulman et al., 149

2017a), PPO (Schulman et al., 2017b), and DPO 150

(Rafailov et al., 2024).3 Most relevant to our set- 151

ting, (Shao et al., 2024) introduced GRPO, which 152

eliminates value networks by normalizing rewards 153

within group samples, enabling thinking models 154

with emergent self-reflection (DeepSeek-AI et al., 155

2025).4 156

2.2 Mathematical Reasoning and 157

Generalization 158

Arithmetic reasoning serves as a rigorous testbed 159

for Transformer generalization. (Nogueira et al., 160

2021) and (Anil et al., 2022) established that stan- 161

dard Transformers, despite scale, exhibit catas- 162

trophic length extrapolation failures, suggesting 163

they learn surface heuristics rather than robust al- 164

gorithms. (Lee et al., 2023) challenged the ne- 165

cessity of scale, showing small models can master 166

arithmetic via data formatting (scratchpads, reverse- 167

order generation), with sharp phase transitions in- 168

dicative of "grokking." (Xu et al., 2025) formalized 169

these mechanics through a unified framework link- 170

ing generalization to architecture-task symmetry 171

alignment. Beyond simple arithmetic, benchmarks 172

like GSM8K, MATH, and MetaMathQA are widely 173

2We do not address convergence here; this motivates our
single-dimension demonstration.

3TRPO constrains updates via KL-divergence; PPO simpli-
fies this through clipping and has become standard for RLHF.

4Our theoretical analysis abstracts away clipping and trust-
region constraints to preserve tractability. Although GRPO
is closest to our setting, our framework generalizes across
policy-based algorithms rather than formalizing any specific
one.
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used to measure LLM reasoning ability (Cobbe174

et al., 2021; Hendrycks et al., 2021; Yu et al., 2024).175

We adopt mathematical reasoning for its clarity in176

evaluating learning effects.5177

2.3 RL-Reflection and Self-Correction178

Self-correction capabilities have evolved from179

prompt engineering to learned behaviors. While180

(Wei et al., 2022) and (Feng et al., 2023) estab-181

lished the computational necessity of intermedi-182

ate reasoning steps, critical surveys by (Kamoi183

et al., 2024) and (Huang et al., 2024) revealed184

that "intrinsic self-correction" in SFT models is185

often illusory or Oracle-dependent. (Kumar et al.,186

2024) (SCoRe) identified SFT’s distribution mis-187

match—training on others’ mistakes versus cor-188

recting one’s own—and proposed multi-turn RL189

on self-generated traces. Subsequent frameworks190

including Self-Rewarding Correction (Xiong et al.,191

2025) and PAG (Jiang et al., 2025) unify solver192

and critic into a single policy. Most relevant, (Zhao193

et al., 2025) and (Ma et al., 2025) explicitly decom-194

pose policies into answer generation and verifica-195

tion, demonstrating performance gains from this196

breakdown. We focus instead on the implicit policy197

decomposition driving emergent self-reflection in198

models like DeepSeek-R1.199

3 Formalization of The200

Decision-Sampling Hypothesis201

We develop a formal framework explaining why RL202

produces self-reflection while SFT fails. The key203

concept is the gradient attribution property, char-204

acterizing how reward gradients distribute across205

policy components. When a model performs multi-206

ple functions through a single policy, balanced gra-207

dient attribution enables learning all functions ef-208

fectively, while imbalanced attribution causes some209

functions to be learned ineffectively. We model an210

LLM solving query Q as a sequential decision pro-211

cess where at each iteration k ≥ 1, the model: (i)212

samples a candidate answer Ak with reasoning Tk,213

then (ii) decides whether to STOP or RESAMPLE.214

We prove that surrogate rewards6 exhibit balanced215

attribution while KL-penalties exhibit imbalanced216

attribution—explaining why SFT-trained models217

lack genuine self-reflection.218

5Ideally, our framework would apply more generally; de-
veloping valid measurements in other domains remains chal-
lenging.

6We analyze simple surrogate rewards for tractability; prac-
tice uses clipped variants for stability.

Section 3.1 introduces our formal setting; Sec- 219

tion 3.2 defines gradient attribution; Section 3.3 220

analyzes both reward components. Section 5 ap- 221

plies these results to SFT behavior. 222

3.1 Settings and Preliminary 223

State Space The state at step k is sk = 224

(Q,Ak, Tk), encoding the query and the model’s 225

current candidate solution. 226

Policy Decomposition The overall policy πθ 227

decomposes into two components: 228

• Sampling policy πsample(·|sk−1; θ): distribu- 229

tion over (Ak, Tk) given context 230

• Decision policy πd(·|sk; θ): distribution over 231

STOP,RESAMPLE given current state 232

Trajectory Probability Factorization: A trajec- 233

tory τ of length T consists of a sequence of samples 234

and decisions: 235

τ = (A1, T1,RESAMPLE, . . . , AT , TT ,STOP) 236

Lemma 1. The probability of trajectory τ under 237

policy πθ factorizes as: 238

P (τ |Q; θ) =

[
T∏

k=1

πsample(Ak, Tk|sk−1; θ)

]
239

·

[
T−1∏
k=1

πd(R|sk; θ)

]
· πd(S|sT ; θ) 240

Corollary 1. The log-probability gradient sepa- 241

rates into sampling and decision components: 242

∇θ logP (τ |Q; θ) =
T∑

k=1

∇θ log πsample(Ak, Tk|sk−1)

+
T∑

k=0

∇θ log πd(ak|sk)
243

where ak ∈ {RESAMPLE, STOP} denotes the de- 244

cision at step k. 245

Reward Function: For query Q with ground truth 246

answer A∗
Q, the reward of trajectory τ ending at 247

step T is R(τ) = I(AT = A∗
Q). Thus, for a given 248

policy πθ and reward function R, define: 249

Qπ
R(s, a) = Eπθ

[ ∞∑
k=t

γk−tRk

∣∣∣ st = s, at = a

]
250

where γ ∈ (0, 1] is the discount factor. 251
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Lemma 2. The gradient of the expected return252

decomposes as:253

∇θJ(θ) = Eτ∼πθ

[
T∑
t=0

(
∇θ log πsample(a

′
t|st−1)Q

π
sample

+∇θ log πd(a
′′
t |st)Qπ

d

)]254

where a′t = (At, Tt) denotes sampling actions and255

a′′t ∈ {RESAMPLE, STOP} denotes decision ac-256

tions.257

3.2 Gradient Attribution Property258

We formalize gradient attribution through the infor-259

mation structure of Q-values.260

Definition 3.1 (Gradient Attribution Property).261

Consider a reward function R and the induced Q-262

values Qπ
sample(s, a

′) and Qπ
d (s, a

′′) under policy263

πθ.264

A reward R exhibits balanced gradient attribu-265

tion7 if the Q-values admit a decomposition:266

Qπ
sample(sk−1, a

′
k) = fsample(sk−1, a

′
k,Φ(sk))267

268
Qπ

d (sk, a
′′
k) = fd(sk, a

′′
k,Φ(sk+1))269

where Φ : S → R is a scale-invariant sufficient270

statistic and the weighting functions fsample, fd are271

of comparable magnitude: fsample = Θ(fd)272

A reward exhibits unbalanced gradient attribu-273

tion8 if the Q-values decompose as:274

Qπ
sample(sk−1, a

′
k) = r

sample
k + γ · V π(sk)275

276
Qπ

d (sk, a
′′
k) = rdecision

k + γ · V π(sk+1)277

where the immediate reward components satisfy278

|rsample
k | = ω(|rdecision

k |) systematically (i.e., scale-279

separated by more than a constant factor across280

typical trajectories).281

Remark (balanced attribution). In the case of bal-282

anced attribution, we can identify Φ(s) = V π(s)283

7Interpretation: Balanced attribution means both Q-values
can be expressed in terms of the same information about future
rewards (the sufficient statistic Φ), just evaluated at different
states along the trajectory. This allows the unified network to
learn a consistent representation of "future value" that both
πsample and πd can use.

8Unbalanced attribution means the Q-values require differ-
ent information about the future (Φsample vs Φd). The unified
network cannot learn a single coherent representation of fu-
ture value—attempting to do so leads to "mismeshing" the
gradient signals, where updates intended for one conceptual
function interfere with learning the other.

as the state value function. This is the standard 284

Bellman decomposition: 285

Qπ(s, a) = E[R(s, a) + γV π(s′)|s, a] 286

The key is that the same V π appears in the decom- 287

position for both policy components. 288

Remark (When unbalanced attribution arise?). Con- 289

sider a reward structure where: 290

• The immediate reward for sampling depends 291

on sequence length: rsample ∼ O(Lk) 292

• The immediate reward for decisions is scalar: 293

rd ∼ O(1) 294

• Future value recursively depends on these 295

asymmetric immediate rewards 296

Then Φsample must encode "accumulated future 297

sampling costs" while Φd encodes "accumulated 298

future decision costs", which are fundamentally dif- 299

ferent scales. This is precisely what happens with 300

the KL penalty, as we show in the section 3.3. 301

Remark. Operational Identification of Decision Ac- 302

tions he decomposition into πsample and πd is an 303

analytical abstraction—the model architecturally 304

remains a single next-token predictor. However, 305

decision actions can be operationalized through 306

identifiable proxy tokens that signal verification 307

or revision intent. In our experiments, we detect 308

decision boundaries via lexical markers including 309

"I’ll go back and check", "Let me recompute", "I 310

made a mistake" and similar verification phrases. 311

The token sequence following such markers until 312

the next candidate answer constitutes a decision 313

action, while extended generation of reasoning and 314

answers constitutes sampling actions. This oper- 315

ationalization enables the calibration reported in 316

Section 4.2: we estimate pd|C and pd|W by observ- 317

ing stopping and resampling behavior conditional 318

on answer correctness, where "resampling" is iden- 319

tified by the presence of revision markers followed 320

by a new solution attempt 321

3.3 Gradient Attribution of Surrogate 322

Reward and KL Penalty 323

In this subsection, we analyze the gradient attri- 324

bution properties of two fundamental reward func- 325

tions used in RLM training. 326
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3.3.1 Simple Surrogate Reward Has Balanced327

Gradient Attribution328

The simple surrogate reward with advantage Ai for329

trajectory τi is:330

Lreward(θ) = Eτi∼πold

[
πθ(τi|Qi)

πold(τi|Qi)
Ai

]
331

where Ai is the group-relative advantage measuring332

whether trajectory τi is better or worse than the333

average trajectory for query Qi.334

Theorem 3.1. For the surrogate reward objective335

with trajectory-level advantage Ai, the Q-values336

satisfy:337

Qπ,reward
sample (sk−1, a

′
k) = γ

∑T
j=k len(Aj ,Tj) ·Ai338

339

Qπ,reward
d (sk, a

′′
k) = γ

∑T
j=k len(Aj ,Tj) ·Ai340

The sufficient statistic Φ(sk) = γ
∑T

j=k len(Aj ,Tj)Ai341

is scale-invariant: it enters both Q-values as an342

identical multiplicative factor. Consequently, the343

advantage Ai weights gradient contributions to344

πsample and πd symmetrically.345

Proof Sketch. The advantage Ai is a trajectory-346

level scalar measuring overall quality. From the347

policy gradient theorem, the gradient is:348

∇θLreward = Eτi

[
Ai
∑T

k=1∇θ log πsample(·) +Ai
∑T

k=0∇θ log πd(·)
]

349

The advantage multiplies both gradient components350

equally. Since both πsample and πd contributed to351

producing the trajectory that received advantage352

Ai, and the advantage reflects the coupled out-353

come (correct answer + appropriate stopping), both354

Q-values equal the length-discounted advantage.355

The key observation is that the advantage Ai is a356

trajectory-level scalar that does not decompose into357

action-specific components. From the policy gradi-358

ent theorem, the advantage multiplies both gradient359

sums identically. There is no action-specific im-360

mediate reward that could create magnitude asym-361

metry—both policy components receive gradient362

signal proportional to their log-probability scores363

weighted by the same scalar Ai. This is the for-364

mal sense in which attribution is "balanced." See365

Appendix A.2 for complete proof. 2366

Interpretation. The sufficient statistic Φ =367

γ
∑

len(·)Ai encodes: "this trajectory will yield ad-368

vantage Ai at the end, discounted by the temporal369

distance." Both πsample and πd use this same infor-370

mation when evaluating their actions. This enables371

coherent learning in the unified network.372

3.3.2 KL Penalty: Unbalanced Gradient 373

Attribution 374

In RLHF and GRPO, the KL divergence penalty 375

regularizes the learned policy πθ against a reference 376

policy πref (typically the SFT model). Following 377

standard practice, we consider the token-level KL 378

penalty added to the reward:9 379

J(θ) = Eτ∼πθ

[
R(τ)− w

∑|τ |
t=1 log

πθ(at|st)
πref (at|st)

]
380

where w ≥ 0 controls the regularization strength. 381

Under our policy decomposition, the per- 382

trajectory KL penalty decomposes as: 383

Dtoken
KL (τ) =

T∑
k=1

Lk∑
j=1

log
πsample,θ(tokenk,j | ·)
πsample,ref(tokenk,j | ·)︸ ︷︷ ︸

Sampling KL:
∑

k Lk terms

+

T∑
k=1

log
πd,θ(ak | sk)
πd,ref(ak | sk)︸ ︷︷ ︸

Decision KL: T terms

384

The structural asymmetry is immediate: sam- 385

pling actions contribute
∑T

k=1 Lk terms while deci- 386

sion actions contribute only T terms. Since typical 387

reasoning traces have Lk ≫ 1 (hundreds of tokens 388

per attempt), the sampling component dominates. 389

Define the immediate KL penalties for each ac- 390

tion type: 391

d
sample
k =

Lk∑
j=1

log
πsample,θ(tokenk,j | ·)
πsample,ref(tokenk,j | ·)

∼ O(Lk)

ddecision
k = log

πd,θ(ak | sk)
πd,ref(ak | sk)

∼ O(1)

392

Theorem 3.2. For the token-level KL penalty, the 393

Q-values satisfy the Bellman recursions: 394

Qπ,KL
sample(sk−1, a

′
k) = dsample

k + γ · Eπθ
[QKL

d (sk, a
′′
k)]

Qπ,KL
d (sk, a

′′
k) = ddecision

k + γ · Eπθ
[QKL

sample(sk, a
′
k+1)]

395

where the immediate penalties satisfy: 396

dsample
k =

Lk∑
j=1

log
πsample,θ(tokenk,j | ·)
πsample,ref(tokenk,j | ·)

∼ O(Lk)

ddecision
k = log

πd,θ(ak | sk)
πd,ref(ak | sk)

∼ O(1)

397

The scale separation |dsample
k |/|ddecision

k | ≈ Lk cre- 398

ates systematic gradient magnitude asymmetry. 399

9This corresponds to the “KL in reward” placement used
in GRPO and PPO-based RLHF implementations.
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Proof Sketch. The key observation is that dsample
k400

sums over Lk token-level divergences while401

ddecisionk is a single scalar, yielding |dsample
k | ≈402

Lk · δ versus |ddecisionk | ≈ δ for token-level403

divergence magnitude δ. Working backwards:404

at step T , QKL
d (sT ,STOP) = ddecisionT ∼405

O(1), while QKL
sample(sT−1, a

′
T ) = dsample

T + γ ·406

QKL
d (sT ,STOP) ≈ O(LT ). This asymmetry prop-407

agates: QKL
sample is dominated by immediate O(Lk)408

penalties, while QKL
d has small immediate terms.409

No unified sufficient statistic Φ exists since satisfy-410

ing both Φ(sk) ≈ O(Lk) + γΦ(sk+1) (sampling)411

and Φ(sk) ≈ O(1) + γΦ(sk+1) (decision) is in-412

consistent when Lk ≫ 1. See Appendix A.5.413

Interpretation. The KL penalty creates asymmet-414

ric regularization: changes to πsample incur imme-415

diate penalties proportional to Lk, while changes to416

πd incur O(1) penalties. Combined with the surro-417

gate reward’s symmetric push (Theorem 3.1, where418

Qreward
sample = Qreward

d = γ
∑

len(·)Ai), the net effect419

is differential learning: πd receives sustained gradi-420

ents with minimal KL constraint, while πsample is421

heavily regularized.10422

4 Experiment and Calibration423

The theoretical framework predicts that RL’s bal-424

anced gradient attribution enables coherent learn-425

ing of both πsample and πd, while SFT’s unbalanced426

attribution leads to miss-meshed gradients that fail427

to develop an effective decision policy. We design428

experiments to validate these predictions and to429

decompose observed performance gains into their430

constituent policy components. The experiment431

set-up432

4.1 Experimental Setup and Results433

Table 1 presents model performance across multi-434

plication tasks of increasing difficulty. The 3× 3435

and 3 × 4 tasks constitute the training distribu-436

tion; all others are out-of-distribution (OOD). Both437

RL and SFT (reflection) achieve near-ceiling in-438

distribution performance (96–98% on 3 × 3, 91–439

92% on 3×4) and remain comparable on 3×5. The440

critical divergence emerges at 3× 6: RL maintains441

90% accuracy while SFT (reflection) drops to 49%.442

This gap widens dramatically further OOD—on443

10This “unbalanced attribution” concerns gradient magni-
tude distribution, not existence of a unified V π—which exists
by standard theory. The distinction is whether immediate
rewards differ by O(1) (balanced) or O(L) (unbalanced) fac-
tors.

3× 9, RL achieves 34% versus SFT (reflection)’s 444

0%. 445

SFT (reflection) substantially outperforms both 446

Base and SFT (no reflection) across all task dif- 447

ficulties, indicating that reflection-rich training 448

data does improve performance. However, the 449

steep degradation pattern suggests this improve- 450

ment reflects memorization of in-distribution pat- 451

terns rather than learned generalization. Later in 452

the section, we develop a statistical approach to 453

estimate the performance of πsample and πd, de- 454

composing the performance gap between RL and 455

SFT (reflection) into contributions from each policy 456

component. 457

4.2 A Simple Calibration of the Model 458

To decompose the performance gap between RL 459

and SFT into contributions from πsample and πd, 460

we construct a calibration model that abstracts 461

the LLM’s behavior into the two-stage decision- 462

sampling process. 463

Sampling Accuracy (πsample). We model the 464

sampling policy by a single probability ps = 465

P (Ak = A∗
Q), representing the likelihood that any 466

given sample is correct. 467

Decision Policy (πd). We model the decision pol- 468

icy as a classifier with two parameters: 469

pd|C = P (STOP | Ak = A∗
Q), 470

pd|W = P (RESAMPLE | Ak ̸= A∗
Q). 471

The parameter pd|C captures the probability of cor- 472

rectly accepting a correct answer; pd|W captures 473

the probability of correctly rejecting an incorrect 474

answer. An effective decision policy requires both 475

to be high. The framework predicts that RL de- 476

velops high pd|W through the surrogate reward’s 477

balanced gradient attribution11. 478

Model Accuracy. Under the two-stage model, 479

overall accuracy is: 480

Model Acc =
ps·pd|C

1−(ps·(1−pd|C)+(1−ps)·pd|W ) . 481

We estimate (ps, pd|C , pd|W ) from model out- 482

puts: ps from first-attempt accuracy, and the deci- 483

sion parameters from observed stopping and resam- 484

pling behavior conditional on answer correctness. 485

Figure 1a presents calibrated parameters for the 486

RL-trained model. The close agreement between 487

11Also it’s reasonable to conjecture that negative sampling
and negative reward would tend to develops high pd|C .
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Table 1: MODEL PERFORMANCE ON ARITHMETIC TASKS

3×3 3×4 3×5 3×6 3×7 3×8 3×9

(1) (2) (3) (4) (5) (6) (7)

A. Baselines

Base 74.0 34.0 5.0 1.0 4.0 3.0 1.0

(65.4, 82.6) (24.7, 43.3) (0.7, 9.3) (-1.0, 3.0) (0.2, 7.8) (-0.3, 6.3) (-1.0, 3.0)

SFT (no reflection) 75.0 32.0 6.0 2.0 1.0 0.0 1.0

(66.5, 83.5) (22.9, 41.1) (1.3, 10.7) (-0.7, 4.7) (-1.0, 3.0) (0.0, 0.0) (-1.0, 3.0)

B. Reflecting Methods

SFT (reflection) 96.0 92.0 94.0 49.0 4.0 1.0 0.0

(92.2, 99.8) (86.7, 97.3) (89.3, 98.7) (39.2, 58.8) (0.2, 7.8) (-1.0, 3.0) (0.0, 0.0)

RL 98.0 91.0 92.0 90.0 72.0 53.0 34.0

(95.3, 100.7) (85.4, 96.6) (86.7, 97.3) (84.1, 95.9) (63.2, 80.8) (43.2, 62.8) (24.7, 43.3)

NOTE: Columns (1)–(7) report accuracy percentages and 95% confidence intervals (n = 100) for arithmetic tasks of increasing
complexity. Panel A displays results for baselines trained without retry patterns. Panel B displays results for models trained on
trajectories with explicit reflection or reinforcement learning. All models are based on Qwen2.5-7B-Instruct (Qwen et al.,
2025).

(a) RL Thinking Model (b) SFT Thinking Model

Figure 1: Calibrated Policy Parameters Across Arithmetic Task Sizes. Comparison of the RL model (a) versus
the SFT model (b). ps: sampling accuracy (approximated by 1st try accuracy); pd|C : probability of stopping
conditional on getting a correct answer; pd|W : probability of resampling conditional on getting an incorrect answer.
Note that while pd|C remains high for both, the SFT model fails to maintain pd|W on harder tasks.

predicted and observed accuracy validates the488

two-stage decomposition. Three patterns emerge:489

(1) sampling accuracy ps degrades monotonically490

with task difficulty, from approximately 80% in-491

distribution to below 20% on the most challenging492

OOD tasks; (2) decision parameters exhibit remark-493

able stability, with pd|C near ceiling and pd|W sus-494

taining 40 60% even far out-of-distribution; (3)495

the calibrated model accurately predicts observed496

accuracy across the full difficulty range.497

Figure 1b reveals a starkly different pattern for498

SFT. While pd|C similarly remains high, pd|W col-499

lapses toward zero on OOD tasks—the model fails500

to reject incorrect answers, instead echoing first at-501

tempts. Sampling accuracy ps also degrades more502

precipitously than RL. The critical distinction: RL503

maintains discriminative ability (pd|W > 0) where504

SFT does not, confirming that RL’s superior gener- 505

alization stems from learning an effective πd that 506

enables error correction even when πsample falters. 507

5 Towards Understanding the 508

Insufficiency of SFT, and the Power of 509

RL 510

5.1 SFT Echo Chamber 511

Recent systematic analysis reveals that SFT con- 512

sistently fails to develop self-correction despite 513

extensive efforts to engineer reflection-rich train- 514

ing data. (Kang et al., 2025) constructed SFT 515

datasets with varying reflection steps and correc- 516

tive F → T transition proportions (0% to 100%). 517

Models trained on maximum-reflection data out- 518

performed minimal-reflection variants by 4.05%, 519

7



Figure 2: (Chu et al., 2025): ID/OOD performance
comparison between SFT/RL

yet decomposition reveals first-candidate accuracy520

accounts for 3.75% while reflection contributes521

only 0.3%. More critically, p(F → T ) showed no522

meaningful improvement across any configuration523

Table 2.524

Table 2: (Kang et al., 2025): FT Training Cannot Im-
prove Self-Correction

F→T Ratio in Data p(F→T) Llama3.1-8B p(F→T) Qwen2.5-7B

100% 0.053 0.036

50% 0.058 0.045

0% 0.050 0.041

Note: p(F → T ) remains flat regardless of
corrective reflection exposure.

The gradient attribution framework explains this525

pattern. SFT operates similarly to a KL-divergence526

between πθ and πdata, maximizing likelihood of527

entire trajectories without decomposing credit be-528

tween "good decision to RESAMPLE" versus529

"good sampling." Even with abundant F → T pat-530

terns in training data, SFT teaches πsample to pro-531

duce reflection-like text but provides misattributed532

gradient signal for πd to learn when to trigger cor-533

rection, creating the ’SFT echo chamber’.534

5.2 Memorization vs. Generalization.535

If SFT primarily improves πsample without de-536

veloping πd, it is natural to predict SFT models537

will memorize training distributions rather than538

learn generalizable decision rules. (Chu et al.,539

2025) test this directly across four task variants.540

The results are stark: SFT degrades OOD per-541

formance by 8–80% while RL improves it by542

3–61%. Crucially, this pattern persists even when543

SFT uses sub-optimal trajectories containing er-544

rors—memorization stems from the training objec-545

tive’s structure, not data quality.546

5.3 Why do Dynamic Fine-tuning Works 547

Better 548

(Wu et al., 2025) prove that SFT’s gradient is equiv- 549

alent to policy gradient with an implicit reward 550

inversely proportional to model confidence ( 1
πθ

). 551

This 1
πθ

weighting creates policy-entangled rewards 552

where Q-values depend on future policy probabil- 553

ities rather than outcomes, precluding a joint Q- 554

function for πsample and πd
12. DFT rescales the 555

objective by πθ, mitigating this entanglement13 so 556

that Q-values depend more on trajectory outcomes. 557

Their empirical gains are substantial: on Qwen2.5- 558

Math-7B, standard SFT degrades AIME24 from 559

6.68 to 2.48, while DFT improves it to 8.56. 560

6 Conclusion 561

We develop the Two-Stage Decision-Sampling 562

Hypothesis as a mechanistic framework explain- 563

ing why RL post-training produces self-reflection 564

while SFT fails. We introduce the gradient attri- 565

bution property—a novel analytical tool charac- 566

terizing how reward gradients distribute between 567

multitasking policy components under the DS- 568

Hypothesis. We prove that standard surrogate re- 569

wards exhibit balanced gradient attribution, where 570

both policy components receive proportional learn- 571

ing signals through a unified sufficient statistic. 572

In contrast, KL-divergence penalties exhibit im- 573

balanced gradient attribution: length-weighting in 574

token-level objectives creates asymmetric regular- 575

ization that heavily constrains πsample while leav- 576

ing πd under-optimized. This asymmetry explains 577

the fundamental mechanistic gap between RL and 578

SFT. 579

Empirical validation on arithmetic reasoning 580

confirms the framework’s predictions. The cali- 581

brated two-stage decomposition reveals that RL’s 582

superior out-of-distribution generalization stems 583

primarily from learning an effective decision policy 584

rather than improved sampling. We further demon- 585

strate how the gradient attribution framework ex- 586

plains multiple empirical phenomena: SFT’s echo- 587

ing effect, memorization versus generalization pat- 588

terns, DFT’s effectiveness. 589

12Refer to Appendix A and B for proof of unbalanced gra-
dient attribution.

13Though not fully canceling it due to length asymmetry;
we provide rigorous proof in Appendix D.
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Limitations590

Our analysis abstracts away clipping, trust-region591

constraints, and other stabilization mechanisms592

standard in practical implementations (e.g., PPO,593

GRPO) to preserve analytical tractability and re-594

sult generality. These mechanisms sacrifice ana-595

lytical properties in favor of training stability. Ex-596

tending the gradient attribution framework to ex-597

actly match specific algorithmic implementations—598

characterizing how clipping interacts with the re-599

ward structure or how trust regions modify the ef-600

fective gradient flow—requires additional theoreti-601

cal work.602

We adopt mathematical reasoning as our empiri-603

cal context for its clarity, well-defined correctness604

criteria, and controllable difficulty. Although the605

theory is not domain specific, to empirically vali-606

date the theory prediction in other domains such607

as code generation, open-ended reasoning, or cre-608

ative tasks remains requires careful methodological609

innovation on developing valid decomposition mea-610

sures and correctness criteria.611

We analyze binary correctness rewards R(τ) =612

I(AT = A∗
Q). Many practical applications employ613

more nuanced reward functions, including partial614

credit, process-based rewards, or learned reward615

models. The gradient attribution properties under616

these alternative reward structures may differ and617

warrant separate investigation.618
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A Proofs for Gradient Attribution814

Property Framework815

This appendix provides complete mathematical816

derivations for all results in Section 3.817

A.1 Proof of Lemma 3.1 (Trajectory818

Factorization)819

Proof. We prove this by applying the chain rule of820

probability to the sequential generation process. A821

trajectory τ of length T is:822

τ = (A1, T1, a1, A2, T2, a2, . . . , AT , TT , aT )823

where ak ∈ {RESAMPLE,STOP} for k =824

1, . . . , T − 1 and aT = STOP (by definition, the825

trajectory ends with STOP).826

By the chain rule:827

P (τ |Q; θ) = P (A1, T1|Q; θ)

· P (a1|A1, T1, Q; θ)

· P (A2, T2|a1, A1, T1, Q; θ) · · ·
828

Sequentially we write it to be:829

P (τ |Q; θ) = πsample(A1, T1|s0; θ)830

· πd(RESAMPLE|s1; θ)831

· πsample(A2, T2|s1; θ) · · ·832

· πd(RESAMPLE|sT−1; θ)833

· πsample(AT , TT |sT−1; θ)834

· πd(STOP|sT ; θ)835

Thus:836

P (τ |Q; θ) =

[
T∏

k=1

πsample(Ak, Tk|sk−1; θ)

]
837

·

[
T−1∏
k=1

πd(R|sk; θ)

]
· πd(S|sT ; θ)838

2839

A.2 Proof of Corollary 3.1 (Gradient840

Decomposition)841

Proof. From Lemma 3.1:842

logP (τ |Q; θ) =
T∑

k=1

log πsample(Ak, Tk|sk−1; θ)

+

T−1∑
k=1

log πd(RESAMPLE|sk; θ)

+ log πd(STOP|sT ; θ)

843

Taking the gradient with respect to θ: 844

∇θ logP (τ |Q; θ) =

T∑
k=1

∇θ log πsample(Ak, Tk|sk−1; θ)

+
T−1∑
k=1

∇θ log πd(RESAMPLE|sk; θ)

+∇θ log πd(STOP|sT ; θ)

845

Rewrite the decision gradient more compactly 846

by defining: 847

• ak = RESAMPLE for k = 1, . . . , T − 1 848

• aT = STOP 849

• a0 = START (initial action, could be included 850

for notational completeness) 851

Then: 852

∇θ logP (τ |Q; θ) =
T∑

k=1

∇θ log πsample(Ak, Tk|sk−1; θ)

+

T∑
k=0

∇θ log πd(ak|sk; θ)

853

where we interpret πd(a0|s0) = 1 (deterministic 854

start) and thus ∇θ log πd(a0|s0) = 0. This com- 855

pletes the proof. 2 856

A.3 Proof of Lemma 3.2 (Policy Gradient 857

Theorem - Applied) 858

Proof. We adapt the standard policy gradient theo- 859

rem to our factorized policy structure. 860

Standard Policy Gradient Theorem The stan- 861

dard policy gradient theorem (Sutton et al., 1999b) 862

states that for a policy πθ and expected return 863

J(θ) = Eτ∼πθ[R(τ)]: 864

∇θJ(θ) =

∫
S
ρπ(s)

∫
A
∇θπ(a|s; θ)·Qπ(s, a) da ds 865

where ρπ(s) is the discounted state visitation mea- 866

sure. 867

A.3.1 State Visitation Distribution in Our 868

Setting 869

Define ρπt (s) as the probability of visiting state 870

s = (Q,A, T ) at step t: 871

ρπt (st) =
∑
st−1

ρπt−1(st−1)

· πd(RESAMPLE|st−1) · πsample(At, Tt|st−1)

872

This says: to reach state st at time t, we must have 873

been at some state st−1 at time t − 1, chosen to 874

RESAMPLE, and then sampled (At, Tt). 875
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Discounted state visitation:876

ρπ(s) =
∞∑
t=1

γtρπt (s)877

At each state sk = (Q,Ak, Tk), there are two878

types of actions:879

• Sampling actions a′ = (A, T ) drawn from880

πsample(·|sk−1)881

• Decision actions a′′ ∈ {STOP,RESAMPLE}882

drawn from πd(·|sk)883

However, these occur at different points in the tra-884

jectory:885

• After state sk−1, we take sampling action886

a′k = (Ak, Tk) to reach state sk887

• At state sk, we take decision action a′′k ∈888

{STOP,RESAMPLE}889

For sampling actions at state sk−1:890

∫
Asample

∇θπsample,θ(a
′|sk−1) ·Qπ(sk−1, a

′) da′

= Ea′∼πsample

[
∇θ log πsample,θ(a

′|sk−1) ·Qπ
sample(sk−1, a

′)
]891

For decision actions at state sk:892

∑
a′′∈{STOP,RESAMPLE}

∇θπd,θ(a
′′|sk) ·Qπ(sk, a

′′)

= Ea′′∼πd

[
∇θ log πd,θ(a

′′|sk) ·Qπ
d (sk, a

′′)
]893

Combining over all states in a trajectory of894

length T :895

∇θJ(θ) = Eτ∼πθ

[
T∑
t=1

∇θ log πsample,θ(a
′
t|st−1) ·Qπ

sample(st−1, a
′
t)

]

+ Eτ∼πθ

[
T∑
t=1

∇θ log πd,θ(a
′′
t |st) ·Qπ

d (st, a
′′
t )

]896

We can combine these into a single expectation:897

∇θJ(θ) = Eτ∼πθ

[
T∑
t=0

(
∇θ log πsample(a

′
t|st−1) ·Qπ

sample(st−1, a
′
t)

+∇θ log πd(a
′′
t |st) ·Qπ

d (st, a
′′
t )

)]898

where we use the convention that terms with t = 0899

correspond to the initial action. 2900

A.4 Proof of Theorem 3.1 (Balanced 901

Attribution of Surrogate Reward) 902

The surrogate reward for trajectory τi is: 903

Lreward(θ) = Eτi∼πold

[
πθ(τi|Qi)

πold(τi|Qi)
Ai

]
904

where: 905

• Ai is the advantage for trajectory τi, computed 906

using Group Relative Advantage Estimation 907

(GRAE) 908

• For query Qi with multiple sampled trajecto- 909

ries {τ1, . . . , τG} (the "group"): 910

Ai =
R(τi)− mean(R(τ1), . . . , R(τG))

std(R(τ1), . . . , R(τG))
911

• The reward function is R(τ) = I(AT = A∗
Q) 912

Taking the gradient with respect to θ: 913

∇θLreward(θ) = Eτi∼πold

[
∇θ

(
πθ(τi|Qi)

πold(τi|Qi)

)
·Ai

]
914

Using the log-derivative trick: 915

∇θ

(
πθ(τi|Qi)

πold(τi|Qi)

)
=

πθ(τi|Qi)

πold(τi|Qi)
·∇θ log πθ(τi|Qi) 916

From Corollary 3.1: 917

∇θ log πθ(τi|Qi) =

Ti∑
k=1

∇θ log πsample,θ(Ak, Tk|sk−1)

+

Ti∑
k=0

∇θ log πd,θ(ak|sk)

918

Therefore, when sampling from πold and using 919

importance weighting: 920

∇θLreward(θ) = Eτi∼πold

[
πθ(τi|Qi)

πold(τi|Qi)
·Ai

·

(
Ti∑
k=1

∇θ log πsample,θ(·) +
Ti∑
k=0

∇θ log πd,θ(·)

)] 921

By importance sampling, this equals: 922

∇θLreward(θ) = Eτi∼πθ

[
Ai

(
Ti∑
k=1

∇θ log πsample,θ(Ak, Tk|sk−1)

+

Ti∑
k=0

∇θ log πd,θ(ak|sk)

)] 923
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Comparing with the policy gradient decomposi-924

tion from Lemma 3.2, we identify the Q-values by925

noting that the gradient must have the form:926

∇θLreward(θ) = Eτi∼πθ

[
Ti∑
k=1

∇θ log πsample,θ(·) ·Qπ,reward
sample (·)

+

Ti∑
k=0

∇θ log πd,θ(·) ·Qπ,reward
d (·)

]927

For the surrogate reward, both Q-values equal928

the length-discounted advantage:929

Qπ,reward
sample (sk−1, (Ak, Tk)) = γ

∑Ti
j=k len(Aj ,Tj)Ai930

931

Qπ,reward
d (sk, ak) = γ

∑Ti
j=k len(Aj ,Tj)Ai932

Define:933

Φ(sk) = γ
∑Ti

j=k len(Aj ,Tj)Ai934

This is the sufficient statistic of future rewards at935

state sk. It encodes: "the trajectory will receive ad-936

vantage Ai at the end, which is at temporal distance937 ∑Ti
j=k len(Aj , Tj) from now." Then:938

Qπ,reward
sample (sk−1, a

′
k) = Φ(sk)939

940

Qπ,reward
d (sk, a

′′
k) = Φ(sk)941

Both Q-values can be expressed using the same942

sufficient statistic Φ, evaluated at the appropriate943

state. This satisfies Definition 3.1 for Balanced944

Gradient Attribution. 2945

A.5 Proof of Theorem 3.2 (Unbalanced946

Attribution of KL Penalty)947

We analyze the gradient attribution properties of948

the token-level KL penalty.949

KL Penalty Formulation. The standard token-950

level KL penalty, computed on trajectories sampled951

from the current policy, is:952

Dtoken
KL (τ) =

|τ |∑
t=1

log
πθ(at|st)
πref (at|st)

953

where the sum runs over all tokens in trajectory τ .954

The RL objective includes this as a penalty:955

J(θ) = Eτ∼πθ

[
R(τ)− w ·Dtoken

KL (τ)
]

956

Decomposition Under the Two-Stage Frame- 957

work. A trajectory τ of length T (i.e., T 958

sampling-decision cycles) consists of: 959

• T sampling actions, where the k-th sampling 960

action (Ak, Tk) comprises Lk tokens 961

• T decision actions ak ∈ 962

{RESAMPLE,STOP}, each a single 963

token 964

The total number of tokens is |τ | =
∑T

k=1 Lk + 965

T . The KL penalty decomposes as: 966

Dtoken
KL (τ) =

T∑
k=1

Lk∑
j=1

log
πsample,θ(tokenk,j | context)
πsample,ref(tokenk,j | context)︸ ︷︷ ︸
Sampling component

+
T∑

k=1

log
πd,θ(ak | sk)
πd,ref(ak | sk)︸ ︷︷ ︸

Decision component

967

Immediate Penalties. Define the immediate KL 968

penalty attributed to each action: 969

For sampling actions: 970

dsample
k =

Lk∑
j=1

log
πsample,θ(tokenk,j |context)
πsample,ref (tokenk,j |context)

971

This is a sum over Lk terms. If individual token- 972

level log-ratios have typical magnitude δ (which 973

may be positive or negative depending on whether 974

the current policy assigns higher or lower probabil- 975

ity than the reference), then: 976

|dsample
k | ≤

Lk∑
j=1

∣∣∣∣log πsample,θ(tokenk,j |·)
πsample,ref (tokenk,j |·)

∣∣∣∣ ∼ O(Lk·δ) 977

For decision actions: 978

ddecisionk = log
πd,θ(ak|sk)
πd,ref (ak|sk)

979

This is a single scalar: 980

|ddecisionk | ∼ O(δ) 981

The ratio of magnitudes is approximately Lk : 1. 982

For typical reasoning traces with Lk ≈ 100–500 983

tokens, this represents a two-orders-of-magnitude 984

asymmetry. 985
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Q-Value Recursions.986

Proof. The policy gradient for the KL penalty takes987

the standard form:988

∇θEπθ
[Dtoken

KL (τ)] = Eτ∼πθ

[∑
t∇θ log πθ(at | st) ·QKL(st, at)

]
989

where QKL(st, at) is the expected cumulative KL990

penalty from taking action at at state st.991

We derive the Q-values by working backwards992

from the terminal state.993

Terminal state (STOP at step T ):994

QKL
d (sT ,STOP) = ddecisionT995

There are no future actions, so the Q-value equals996

the immediate penalty. Magnitude: O(1).997

Final sampling action (step T ):998

QKL
sample(sT−1, a

′
T ) = dsample

T +γ·QKL
d (sT ,STOP)999

Substituting:1000

QKL
sample(sT−1, a

′
T ) = dsample

T + γ · ddecisionT1001

∼ O(LT ) +O(1) ≈ O(LT )1002

The immediate sampling penalty dominates.1003

Penultimate decision (RESAMPLE at step1004

T − 1):1005

QKL
d (sT−1,RESAMPLE) = ddecisionT−1 + γ · Eπθ

[
QKL

sample(sT−1, a
′
T )
]

1006

Magnitude:1007

QKL
d (sT−1,RESAMPLE) ∼ O(1) + γ ·O(LT ) ≈ O(γLT )1008

The future sampling penalty dominates, but note:1009

the immediate contribution is only O(1).1010

General recursion (for k < T ):1011

QKL
sample(sk−1, a

′
k) = d

sample
k + γ · Eπθ

[
QKL

d (sk, a
′′
k)
]

QKL
d (sk,RESAMPLE) = ddecision

k + γ · Eπθ

[
QKL

sample(sk, a
′
k+1)

]1012

Scale separation analysis. Define the accumulated1013

future KL from state sk:1014

V KL(sk) = Eπθ

∑
t≥k

γt−kdt

∣∣∣∣ sk
1015

For the sampling policy at step k:1016

QKL
sample(sk−1, a

′
k) = dsample

k︸ ︷︷ ︸
∼O(Lk)

+γ · V KL(sk)1017

For the decision policy at step k:1018

QKL
d (sk, a

′′
k) = ddecisionk︸ ︷︷ ︸

∼O(1)

+γ · V KL(sk+1)1019

Although V KL(sk) and V KL(sk+1) are similar 1020

in magnitude (both accumulate future penalties), 1021

the immediate contributions differ by a factor of 1022

Lk. 1023

Impossibility of unified sufficient statistic. 1024

Suppose a single sufficient statistic Φ : S → R 1025

exists such that: 1026

QKL
sample(sk−1, a

′
k) = fsample(sk−1, a

′
k,Φ(sk)) 1027

QKL
d (sk, a

′′
k) = fd(sk, a

′′
k,Φ(sk+1)) 1028

From the Bellman-style recursions, Φ must sat- 1029

isfy: 1030

Φ(sk) = O(Lk) + γΦ(sk+1) (from sampling Q-value) 1031

Φ(sk) = O(1) + γΦ(sk+1) (from decision Q-value) 1032

Subtracting: 0 = O(Lk) − O(1), which is a 1033

contradiction when Lk ≫ 1. 1034

Therefore, no single sufficient statistic Φ exists. 1035

The Q-values require distinct information struc- 1036

tures: 1037

Φsample(sk) = dsample
k + γΦd(sk+1) ∼ O(Lk) + γ(·) 1038

Φd(sk) = ddecisionk + γΦsample(sk) ∼ O(1) + γ(·) 1039

This establishes Unbalanced Gradient Attribu- 1040

tion. 1041
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(a) Trajectory Generation Process

Q Sample Ŵ

πsample (lots of tokens)

R

πd (few tokens)

Sample Ĉ

πsample (lots of tokens)

S

πd (few tokens)

Reject and Resample

#Try
t = 0 t = k t = k t = N

Reward Calculation
Trajectory τ = (W,RESAMPLE, C, STOP)

↓
Final Answer: C = A∗ ✓

↓
R(τ) = +1

↓
Advantage: Ai = +

Trajectory τ = (W,RESAMPLE, C, STOP)
↓

Final Answer: C ̸= A∗ ✓
↓

R(τ) = +0

↓
Advantage: Ai = −

Gradient Propagation

Reward
Track:

AiAiAiAi

KL
Track:

short length Agg Qlong length Agg Qshort length Agg Qlong length Agg Q

(b) Surrogate Reward (Balanced) (c) KL Penalty (Unbalanced)

Reward Gradient
∇θJreward

∑
[∇θ log π · Qπ ]

Ai

Qπ = Aij

∇θπsample ∇θπd

×Ai ×Ai

Q
π
sample ≈ Q

π
d ≈ Aij (length discounted Ai)

∇θJ ≈
∑
k

∇θ log πsample(Ak|sk−1) · Aik

+
∑
k

∇θ log πd(ak|sk) · Aik

balanced gradient attribution

KL Gradient
∇θJKL

∑
[∇θ log π · Qπ,KL]

dk

QKL
sample QKL

d

(Different Q)

∇θπsample ∇θπd

×QKL
sample

×QKL
d

circular dependency

Q
KL
sample = d

sample
+ Eπd

[γ · QKL
d ]

Q
KL
d = d

decision
+ Eπsample [γ · QKL

sample]

QKL
sample ̸≈ QKL

d with circular dependency

Imbalanced gradient attribution
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B Alternative Proof of Theorem 3.1 and1042

Theorem 3.21043

The probability of a trajectory τ under the com-1044

bined policy can be expressed as:1045

P (τ | Q; θ) =

(
T∏

k=1

πsample(Ak, Tk | sk−1; θ)

)

·

(
T−1∏
k=1

πd(RESAMPLE | sk; θ)

)
· πd(STOP | sT ; θ)

(1)1046

Taking the logarithm:1047

logP (τ | Q; θ) =

T∑
k=1

log πsample(Ak, Tk | sk−1; θ)

+

T−1∑
k=1

log πd(RESAMPLE | sk; θ) + log πd(STOP | sT ; θ)

(2)1048

Important: The sampling log-probability1049

log πsample(Ak, Tk|sk−1) decomposes at the token1050

level as:1051

log πsample(Ak, Tk | sk−1) =

Lk∑
j=1

log πsample(tokenk,j | sk−1,

tokenk,1, . . . , tokenk,j−1)

(3)1052

The gradient with respect to θ:1053

∇θ logP (τ | Q; θ) =

T∑
k=1

∇θ log πsample(Ak, Tk | sk−1; θ)

+

T−1∑
k=1

∇θ log πd(RESAMPLE | sk; θ) +∇θ log πd(STOP | sT ; θ)

(4)1054

For convenience, we denote A0, T0 = ∅.1055

B.1 Policy Gradient Decomposition1056

Using the policy gradient theorem adapted to our1057

factorized policy structure (see Appendix A.3):1058

∇θJ(θ) = Eτ∼πθ

[
T∑
t=0

(
∇θ log πsample,θ(a

′
t | st) ·Qπ(st, a

′
t)

+∇θ log πd,θ(a
′′
t | st) ·Qπ(st, a

′′
t )

)]
(5)1059

B.2 Attribution Analysis for Surrogate1060

Reward1061

Surrogate Reward Term.

Lclip(θ) = Eτi∼πold

[
πθ(τi|Qi)

πold(τi|Qi)
Ai

]
(6)1062

where Ai is the group-relative advantage com-1063

puted via GRAE:1064

Ai =
R(τi)− mean(R(τ1), . . . , R(τG))

std(R(τ1), . . . , R(τG))
(7)1065

The probability ratio factorizes as: 1066

πθ(τi | Qi)

πold(τi | Qi)
=

(
Ti∏
k=1

πθ,sample(Ak, Tk | sk−1)

πold,sample(Ak, Tk | sk−1)

)
︸ ︷︷ ︸

Sampling ratio

·

(
Ti−1∏
k=1

πθ,d(RESAMPLE | sk)
πold,d(RESAMPLE | sk)

)
︸ ︷︷ ︸

Resampling ratio

·
πθ,d(STOP | sTi)

πold,d(STOP | sTi)︸ ︷︷ ︸
Stopping ratio

(8) 1067

Neglecting the clipping for analytical tractability, 1068

the gradient is: 1069

∇θLreward ∝ Ai

[
Ti∑
k=1

∇θ log πθ,sample(a
′
k | sk−1)

+

Ti∑
k=0

∇θ log πθ,d(a
′′
k | sk)

]
(9) 1070

Balanced attribution: The advantage Ai multi- 1071

plies both sampling and decision gradients equally. 1072

Both Q-values reduce to the same sufficient statis- 1073

tic: 1074

Qreward
d = Qreward

sample ∼ γ
∑Ti−k

j=0 len(Ak+j ,Tk+j)Ai

(10) 1075

B.3 Attribution Analysis for KL Penalty 1076

Token-Level KL Decomposition. The KL 1077

penalty decomposes at the token level: 1078

Dtoken
KL (τi) =

Ti∑
k=1

Lk∑
j=1

log
πsample,θ(tokenk,j | ·)
πsample,ref(tokenk,j | ·)︸ ︷︷ ︸

d
sample
k

+

Ti∑
k=1

log
πd,θ(ak | sk)
πd,ref(ak | sk)︸ ︷︷ ︸

ddecision
k

(11) 1079

The immediate penalties are: 1080

• Sampling: dsample
k =

∑Lk
j=1 log(πθ/πref ) is 1081

a sum of Lk terms ⇒ O(Lk) 1082

• Decision: ddecisionk = log(πθ/πref ) is a sin- 1083

gle term ⇒ O(1) 1084
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Q-Value Recursions. Working backwards from1085

the terminal state:1086

Value of final STOP action:1087

QKL
d (sTi ,STOP) = ddecisionTi

∼ O(1) (12)1088

Value of preceding sampling action:1089

QKL
sample(sTi−1, a

′
Ti
) = d

sample
Ti

+ γ ·QKL
d (sTi ,STOP)

∼ O(LTi) +O(1) ≈ O(LTi)
(13)1090

Value of RESAMPLE action:1091

QKL
d (sk,RESAMPLE) = ddecision

k + γ · Eπθ
[QKL

sample(sk, a
′
k+1)]

∼ O(1) +O(γLk+1)

(14)1092

Asymmetric Gradient Attribution. The gradi-1093

ent contributions are:1094

Sampling:
Ti∑
k=1

∇θ log πsample,θ(a
′
k | sk−1) ·QKL

sample(sk−1, a
′
k)

Decision:
Ti∑
k=1

∇θ log πd,θ(a
′′
k | sk) ·QKL

d (sk, a
′′
k)

(15)1095

The Q-values have incompatible sufficient statis-1096

tics:1097

• QKL
sample: dominated by immediate O(Lk)1098

penalty1099

• QKL
d : immediate penalty is O(1), accumu-1100

lates future sampling penalties1101

This structural asymmetry arising from the sum1102

over Lk tokens in sampling versus single-token1103

decisions creates Unbalanced Gradient Attribu-1104

tion.1105

C Numerical Illustration of Gradient 1106

Attribution 1107

To make the theoretical derivations in the preced- 1108

ing sections concrete, this section presents a sim- 1109

plified numerical example focused on a key sce- 1110

nario: where correct and incorrect answers have 1111

the same length. The objective is to trace the 1112

flow of gradients from the two primary compo- 1113

nents of the Group Relative Policy Optimization 1114

(GRPO) objective—the surrogate reward14 and the 1115

KL penalty—back to the parameters of the sam- 1116

pling policy (πsample) and the decision policy (πd). 1117

This exercise will quantitatively demonstrate 1118

that the asymmetric regularization effect is not 1119

dependent on incorrect answers being more ver- 1120

bose. Instead, it is an architectural consequence of 1121

the length-weighted formulation of the KL penalty, 1122

which applies a significant penalty to any long gen- 1123

erated sequence from πsample while applying a neg- 1124

ligible penalty to the single-step actions of πd. 1125

C.1 Scenario and Policy Parameterization 1126

We establish a minimal yet illustrative scenario to 1127

examine the gradient dynamics under the condition 1128

of equal answer lengths. 1129

Problem Setup The model is tasked with a sim- 1130

ple arithmetic problem: "What is 7 * 8?". 1131

Action Space 1132

• Sampling Policy (πsample): Generates an an- 1133

swer. We consider two outcomes: a Correct 1134

answer (C), "56", or a Wrong answer (W), 1135

"54". 1136

• Decision Policy (πd): Evaluates the generated 1137

answer and chooses to STOP or RESAMPLE. 1138

Policy Parameterization Each policy choice is 1139

modeled using a logistic sigmoid function, σ(x) = 1140

1/(1 + e−x), applied to a single learnable logit (θ). 1141

• Sampling Policy (πsample): Governed by a 1142

single parameter, θs. The probability of gener- 1143

ating a correct answer is P (C|θs) = σ(θs). 1144

We initialize θs = 0.4, yielding P (C) ≈ 1145

0.5987 and P (W ) = 1− P (C) ≈ 0.4013. 1146

• Decision Policy (πd): Conditioned on the an- 1147

swer from πsample. 1148

14We also simplify the clipped part away
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– For a correct answer, the stop proba-1149

bility is P (STOP|C, θd,C) = σ(θd,C).1150

We initialize θd,C = 2.2, yielding1151

P (STOP|C) ≈ 0.9002.1152

– For a wrong answer, the resample prob-1153

ability is P (RESAMPLE|W, θd,W ) =1154

σ(θd,W ). We initialize θd,W = 1.4,1155

yielding P (RESAMPLE|W ) ≈ 0.8022.1156

Length Assignment This is the critical modifi-1157

cation for this example. We set the lengths of both1158

correct and incorrect answers to be equal and sig-1159

nificant.1160

• Length of Correct answer: len(C) = 8 to-1161

kens.1162

• Length of Wrong answer: len(W ) = 8 to-1163

kens.1164

Reference Policy (πorig) The KL penalty regu-1165

larizes the current policy (πθ) against a reference1166

policy (πorig), typically the initial SFT model.1167

• θs,orig = 0.3 =⇒ Porig(C) ≈1168

0.5744, Porig(W ) ≈ 0.4256.1169

• θd,C,orig = 2.0 =⇒ Porig(STOP|C) ≈1170

0.8808.1171

• θd,W,orig = 1.2 =⇒1172

Porig(RESAMPLE|W ) ≈ 0.7685.1173

Part 1: Symmetric Gradient Push from the1174

Surrogate Reward1175

First, we analyze the gradient from the surrogate1176

reward. This calculation is entirely independent1177

of sequence length, demonstrating its symmetric1178

nature.1179

Trajectory and Advantage We consider a single1180

successful trajectory τi: the model initially gener-1181

ates a Wrong answer, correctly chooses to RESAM-1182

PLE, then generates a Correct answer and correctly1183

chooses to STOP. GRPO is a "critic-less" algo-1184

rithm that estimates advantage relative to a group1185

of trajectories. We assume this trajectory is better1186

than the group average and assign it a normalized1187

advantage of Ai = +0.5.1188

Gradient Calculation The gradient of the1189

reward objective is ∇θJReward(θ) = Ai ·1190

∇θ logP (τi|θ). The log-probability of the trajec-1191

tory is: The gradient for each parameter is calcu-1192

lated as follows:1193

• For θs (Sampling Policy): 1194

∇θsJReward = Ai·
= 0.5 · [−σ(θs) + (1− σ(θs))]

= 0.5 · [−0.5987 + 0.4013] = −0.0987

1195

• For θd,W (Decision Policy): 1196

∇θd,W JReward = Ai · ∇θd,W logP (RESAMPLE|W, θd,W )

= 0.5 · (1− σ(θd,W ))

= 0.5 · (1− 0.8022) = +0.0989

1197

• For θd,C (Decision Policy): 1198

∇θd,CJReward = Ai · ∇θd,C logP (STOP|C, θd,C)
= 0.5 · (1− σ(θd,C))

= 0.5 · (1− 0.9002) = +0.0499

1199

The advantage Ai is applied as a scalar mul- 1200

tiplier to all responsible parameters. The result- 1201

ing gradients are of a similar order of magnitude, 1202

demonstrating a symmetric push for improvement. 1203

Part 2: Asymmetric Gradient Drag from the 1204

KL Penalty 1205

Next, we analyze the gradient from the KL penalty. 1206

The asymmetry arises because the immediate 1207

penalty for a sampling action is explicitly weighted 1208

by its length, whereas the penalty for a decision 1209

action is not. 1210

Calculating KL Penalties and Q-Values We 1211

first calculate the immediate KL penalty (dk) for 1212

each step in our trajectory. This measures the "in- 1213

formation loss" when the current policy deviates 1214

from the reference policy. 1215

• Step 1 - Sample W: dsample
1 = 8 · 1216(

− log 0.4013
0.4256

)
= 8 · (0.0588) ≈ +0.4704 1217

• Step 1 - Resample: ddecision1 = 1218

− log 0.8022
0.7685 ≈ −0.0429 1219

• Step 2 - Sample C: dsample
2 = 8 · 1220(

− log 0.5987
0.5744

)
= 8 · (−0.0415) ≈ −0.3320 1221

• Step 2 - Stop: ddecision2 = − log 0.9002
0.8808 ≈ 1222

−0.0218 1223

Next, we compute the state-action values (Qπ,KL) 1224

by working backward from the end of the trajectory 1225

(with discount factor γ = 1). 1226

• Value of final action (STOP): 1227

QKL(s2,STOP) = ddecision2 = −0.0218 1228
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• Value of preceding action (Sample1229

C): QKL(s1, sample C) = dsample
2 +1230

QKL(s2,STOP) = −0.3320 − 0.0218 =1231

−0.35381232

• Value of preceding action (RESAM-1233

PLE): QKL(s1,RESAMPLE) = ddecision1 +1234

QKL(s1, sample C) = −0.0429− 0.3538 =1235

−0.39671236

• Value of first action (Sample W):1237

QKL(s0, sample W ) = dsample
1 +1238

QKL(s1,RESAMPLE) = 0.4704 −1239

0.3967 = +0.07371240

Gradient Calculation The gradient of the KL1241

penalty objective is proportional to
∑

t∇θ log πt ·1242

QKL,t. This gradient acts as a "drag" force, pulling1243

the policy back toward the reference.1244

• For θs (Sampling Policy):1245

∇θsJKL ∝ ∇θs logP (W |θs) ·QKL(s0,W )

+∇θs logP (C|θs) ·QKL(s1, C)

∝ (−σ(θs)) · (0.0737) + (1− σ(θs)) · (−0.3538)

∝ (−0.5987) · (0.0737) + (0.4013) · (−0.3538)

= −0.0441− 0.1420 = −0.1861

1246

• For θd,W (Decision Policy):1247

∇θd,W JKL ∝ ∇θd,W logP (RESAMPLE|W ) ·QKL(s1,RESAMPLE)

∝ (1− σ(θd,W )) · (−0.3967)

= (0.1978) · (−0.3967) = −0.0785

1248

• For θd,C (Decision Policy):1249

∇θd,CJKL ∝ ∇θd,C logP (STOP|C) ·QKL(s2,STOP)

∝ (1− σ(θd,C)) · (−0.0218)

= (0.0998) · (−0.0218) = −0.0022

1250

The results are starkly different from the reward1251

gradients. The gradient magnitude for the sampling1252

policy, |∇θsJKL| ≈ 0.186, is more than double1253

that for the first decision parameter (|∇θd,W JKL| ≈1254

0.079) and over 80 times larger than for the second1255

(|∇θd,CJKL| ≈ 0.002). This is the asymmetric1256

drag.1257

C.2 Synthesis: The Net Parameter Update1258

The final update to the policy parameters is the1259

sum of the gradients from the surrogate reward (the1260

"push") and the KL penalty (the "drag").1261

D Gradient Attribution Properties of SFT1262

and DFT1263

We analyze the gradient attribution properties1264

of Supervised Fine-Tuning (SFT) and Dynamic1265

Fine-Tuning (DFT) within our two-stage decision- 1266

sampling framework. We show that SFT ex- 1267

hibits imbalanced gradient attribution due to policy- 1268

entangled Q-values, while DFT removes this entan- 1269

glement, achieving improved (though not perfectly 1270

balanced) gradient attribution. 1271

D.1 SFT as Policy Gradient with Implicit 1272

Reward 1273

Lemma 3. The SFT gradient is equivalent to a 1274

policy gradient with implicit per-token reward: 1275

∇θLSFT = Eτ∼D

[
T∑

k=1

Lk∑
j=1

∇θ log πsample(tokenk,j | ·)

+
T∑

k=1

∇θ log πd(ak | sk)

]
(16) 1276

where the implicit reward at each token is rt = 1277

1, but weighted by 1/πθ in the gradient (since 1278

∇θ log π = 1
π∇θπ). 1279

D.2 SFT: Imbalanced gradient attribution via 1280

Policy-Entanglement 1281

Theorem D.1 (SFT has Imbalanced gradient attri- 1282

bution). For SFT, the implicit Q-values are: 1283

QSFT
sample(sk−1, tokenk,j) =

Lk∑
j′=j+1

1

πsample(tokenk,j′)︸ ︷︷ ︸
remaining tokens in step k

+
1

πd(ak | sk)︸ ︷︷ ︸
decision at step k

+
T∑

k′=k+1

 Lk′∑
j′=1

1

πsample(tokenk′,j′)
+

1

πd(ak′ | sk′)


︸ ︷︷ ︸

future steps

QSFT
d (sk, ak) =

T∑
k′=k+1

 Lk′∑
j′=1

1

πsample(tokenk′,j′)
+

1

πd(ak′ | sk′)


(17) 1284

These Q-values exhibit policy-entanglement: 1285

• QSFT
sample depends on πd through the 1286

1/πd(ak|sk) and 1/πd(ak′ |sk′) terms. 1287

• QSFT
d depends on πsample through the 1288

1/πsample(tokenk′,j′) terms. 1289

Proof. The SFT gradient can be written in policy 1290

gradient form: 1291

∇θLSFT =
∑
t

∇θ log πθ(at|st) ·QSFT(st, at)

(18) 1292

where QSFT(st, at) represents the "future value" 1293

from taking action at at state st. Since each token 1294

contributes gradient ∇θ log π = ∇θπ/π, the im- 1295

plicit reward is effectively 1/π weighted. Working 1296

backwards from the terminal state: 1297
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Table 3: Breakdown of KL Penalty Gradient Attribution

Step Action dk (Penalty) VKL(s
′) (Future) QKL (Total) ∇θ log π Parameter Contribution

2 STOP -0.0218 0 -0.0218 1− σ(θd,C) = 0.0998 θd,C -0.0022
2 Sample C -0.3320 -0.0218 -0.3538 1− σ(θs) = 0.4013 θs -0.1420
1 RESAMPLE -0.0429 -0.3538 -0.3967 1− σ(θd,W ) = 0.1978 θd,W -0.0785
1 Sample W +0.4704 -0.3967 +0.0737 −σ(θs) = −0.5987 θs -0.0441

Table 4: Summary of Gradient Attribution and Net Update

Parameter Policy Reward (Push) KL (Drag) Net Gradient Interpretation

θs πsample -0.0987 -0.1861 -0.2848 Heavily regularized; stable.
θd,W πd +0.0989 -0.0785 +0.0204 Learning signal overcomes drag.
θd,C πd +0.0499 -0.0022 +0.0477 Learning driven by reward.

At the final decision (STOP at step T ):1298

QSFT
d (sT ,STOP) = 0 (19)1299

At the final sampling step T , token j:1300

QSFT
sample(sT−1, tokenT,j) =

∑LT
j′=j+1

1
πsample(tokenT,j′ )

+ 1
πd(STOP|sT )

(20)1301

Recursively, for step k < T :1302

QSFT
d (sk,RESAMPLE) = QSFT

sample(sk, tokenk+1,1)

QSFT
sample(sk−1, tokenk,j) =

Lk∑
j′=j+1

1

πsample(tokenk,j′)
+

1

πd(ak | sk)
+QSFT

d (sk, ak)

(21)1303

The policy-entanglement is evident: QSFT
sample con-1304

tains 1/πd terms, and QSFT
d contains 1/πsample1305

terms through the recursive dependency. These1306

Q-values change as πθ updates during training, pre-1307

venting clean credit assignment.1308

Corollary 2. No unified sufficient statistic Φ exists1309

for SFT. Following the logic of Theorem 3.2, define:1310

ΦSFT
sample(sk) = f

(
1

πsample
,
1

πd
, L

)
(22)1311

ΦSFT
d (sk) = g

(
1

πsample
,
1

πd
, L

)
(23)1312

Both depend on the full policy πθ, making1313

ΦSFT
sample ̸= ΦSFT

d in general.1314

D.3 DFT: Removing Policy-Entanglement1315

Dynamic Fine-Tuning rescales each token’s contri-1316

bution by its probability:1317

LDFT(θ) = Eτ∼D

[
T∑

k=1

Lk∑
j=1

πsample(tokenk,j) · log πsample(tokenk,j)

+
T∑

k=1

πd(ak | sk) · log πd(ak | sk)

]
(24)1318

Lemma 4 (Cancellation of 1/π weighting). The 1319

DFT gradient satisfies: 1320

π · ∇θ log π = π · ∇θπ

π
= ∇θπ (25) 1321

Therefore: 1322

∇θLDFT = Eτ∼D

[
T∑

k=1

Lk∑
j=1

∇θπsample(tokenk,j)

+
T∑

k=1

∇θπd(ak | sk)

]
(26) 1323

The 1/π weighting is exactly canceled. 1324

Theorem D.2 (DFT Removes Policy-Entangle- 1325

ment). For DFT, the implicit Q-values become 1326

policy-independent: 1327

QDFT
sample(sk−1, tokenk,j) = (Lk − j) · c+ c+

T∑
k′=k+1

(Lk′ + 1) · c

QDFT
d (sk, ak) =

T∑
k′=k+1

(Lk′ + 1) · c

(27) 1328

where c is a constant independent of πθ. 1329

Proof. With the 1/π weighting cancelled, each to- 1330

ken contributes constant implicit reward c. Work- 1331

ing backwards: 1332

At the final decision: 1333

QDFT
d (sT ,STOP) = 0 (28) 1334

At step T , token j: 1335

QDFT
sample(sT−1, tokenT,j) = (LT − j) · c+ c (29) 1336
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where (LT − j) · c accounts for remaining sam-1337

pling tokens and c accounts for the final decision.1338

Recursively, for step k < T :1339

QDFT
d (sk,RESAMPLE) = Lk+1 · c+ c+QDFT

d (sk+1, ak+1)

(30)1340

Expanding the recursion:1341

QDFT
d (sk, ak) =

∑T
k′=k+1 Lk′ · c+ (T − k) · c =

∑T
k′=k+1(Lk′ + 1) · c

(31)1342

Crucially:1343

• QDFT
sample does not depend on πd.1344

• QDFT
d does not depend on πsample.1345

The Q-values are now policy-independent.1346

D.4 DFT: Remaining Length Asymmetry1347

Although DFT removes policy-entanglement,1348

length asymmetry persists:1349

QDFT
d (sk, ak) = c·

T∑
k′=k+1

(Lk′+1) ≈ c·
T∑

k′=k+1

Lk′

(32)1350

Since Lk′ ≫ 1 (sampling sequences contain hun-1351

dreds of tokens while decisions are single tokens),1352

we have:1353

QDFT
d ∼ O

(∑
k′

Lk′

)
≫ QDFT

sample,per-token ∼ O(1)

(33)1354

The decision policy gradient is weighted by accu-1355

mulated future sequence lengths, even though each1356

decision is a single token. This creates asymmetric1357

regularization similar to (but weaker than) the KL1358

penalty analyzed in Theorem 3.2.1359

D.5 Graphical Illustration1360

We parameterize a minimal two-stage process with1361

three learnable logits: θs governing sampling accu-1362

racy, θd|C governing stop decisions given correct1363

answers, and θd|W governing resample decisions1364

given incorrect answers.1365

Figure 315 displays the training dynamics under1366

the combined GRPO objective. The center pan-1367

els decompose gradient contributions: the surro-1368

gate reward generates comparable gradient magni-1369

tudes across all parameters (center-left), while the1370

KL penalty produces gradients for sampling that1371

dominate decision gradients by nearly an order of1372

15The cyclical pattern observed in the training process is
because of reference model updating.

magnitude (center-right). This confirms the O(Lk) 1373

versus O(1) asymmetry established above in the 1374

section. The bottom-right panel quantifies this di- 1375

rectly—gradient attribution remains symmetric for 1376

the surrogate reward but exceeds 2:1 (sampling ver- 1377

sus decision) for the KL penalty throughout train- 1378

ing. 1379

The net effect (bottom-left) is differential learn- 1380

ing: πd parameters receive sustained positive gra- 1381

dients while πsample is heavily regularized toward 1382

the reference. 1383

E Task Description and Experiment 1384

Hyperparameters 1385

E.1 Task Description 1386

We evaluate models on multi-digit multiplication 1387

tasks, denoted as m × n where m and n indicate 1388

the number of digits in each operand. For example, 1389

a 3× 4 task involves multiplying a 3-digit number 1390

by a 4-digit number (e.g., 123× 4567). 1391

Each problem is presented to the model as a 1392

natural language query: 1393

Calculate [operand1] * [operand2]. 1394

Think step by step. 1395

An answer is scored as correct if and only if the 1396

final numerical output exactly matches the ground 1397

truth product. Intermediate reasoning steps are not 1398

evaluated for correctness. 1399

E.2 Dataset Construction 1400

Training Data. We construct 20,000 training ex- 1401

amples for the in-distribution tasks (4 × 5 and 1402

5× 4 multiplication). Operands are sampled uni- 1403

formly at random within the specified digit range: 1404

for an m-digit operand, we sample integers from 1405

[10m−1, 10m − 1]. The training set is balanced 1406

equally between 4× 5 and 5× 4 tasks. 1407

Test Data. For each difficulty level (3×3 through 1408

3×9), we construct a test set of 100 examples using 1409

the same uniform sampling procedure. No filtering 1410

or balancing is applied for the results reported in 1411

Table 1. For the calibration analysis in Figure ??, 1412

we exclude samples that exceed the 8,192 token 1413

generation limit. 1414

SFT Data Variants. We construct two SFT train- 1415

ing sets: 1416

• SFT (no reflection): Each example consists 1417

of a query paired with a chain-of-thought so- 1418
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Property SFT DFT RL (Surrogate Reward)

Qd depends on πsample Yes (via 1/πsample) No No
Qsample depends on πd Yes (via 1/πd) No No
Qd depends on future lengths Lk′ Yes (weighted by 1/π) Yes (constant weight) No
Sufficient statistic ΦSFT

sample ̸= ΦSFT
d ΦDFT

sample ̸= ΦDFT
d Φ = γ

∑
lenAi (unified)

Gradient attribution Imbalanced Improved Balanced

Table 5: Comparison of gradient attribution properties.

Figure 3: Single Parameter Illustration

lution leading directly to the answer, without1419

retry patterns.1420

• SFT (reflection): Each example consists of a1421

query paired with a trajectory that may include1422

multiple attempts, explicit error detection, and1423

correction steps before arriving at the final1424

answer.1425

Trajectory generation procedures are provided1426

in the replication repository.1427

E.3 Model and Training Details1428

All experiments use Qwen2.5-7B-Instruct (Qwen1429

et al., 2025) as the base model.1430

SFT Training. Supervised fine-tuning is con-1431

ducted using LLaMA-Factory (Zheng et al., 2024).1432

Hyperparameters are as follows:1433

Hyperparameter Value

Optimizer Adam
Batch size 128
Learning rate 1× 10−5

Epochs 4.0
Training examples 20,000

Table 6: SFT training hyperparameters.

RL Training. Reinforcement learning is con- 1434

ducted using verl (Sheng et al., 2024) with Group 1435

Relative Policy Optimization (GRPO). Hyperpa- 1436

rameters are as follows: 1437

23



Hyperparameter Value

Algorithm GRPO
Learning rate 1× 10−6

Train batch size 512
PPO mini-batch size 128
Rollouts per query (n) 8
KL loss coefficient 0.001
KL loss type low_var_kl
Max prompt length 1,024 tokens
Max response length 8,192 tokens
Total epochs 2
Gradient checkpointing Enabled

Table 7: RL training hyperparameters.

E.4 Evaluation Protocol1438

All models are evaluated with the following set-1439

tings:1440

• Sampling temperature: 1.01441

• Number of attempts: 1 (single generation1442

per query)1443

• Accuracy metric: Number of correct answers
Total number of questions1444

Confidence Intervals. Confidence intervals for1445

observed accuracy in Table 1 are computed using1446

the normal approximation to the binomial distri-1447

bution at the 95% level. Confidence intervals for1448

predicted accuracy in Figure 1a and Figure 1b are1449

obtained via bootstrapping: we resample the test1450

set with replacement 100 times, compute the pre-1451

dicted accuracy for each bootstrap sample using the1452

calibrated ps, pd|C , and pd|W parameters, and re-1453

port the 2.5th and 97.5th percentiles of the resulting1454

distribution.1455

E.5 Compute Resources1456

Each experiment is conducted on a cloud server1457

equipped with a single NVIDIA H100 GPU.1458
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