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Abstract

We consider nonlinear networks as perturbations of linear ones. Based on this approach, we
present a novel generalization bound that become non-vacuous for networks that are close
to being linear. The main advantage over the previous works which propose non-vacuous
generalization bounds is that our bound is a priori: performing the actual training is not
required for evaluating the bound. To the best of our knowledge, it is the first non-vacuous
generalization bound for neural nets possessing this property.

1 Introduction

Despite huge practical advancements of deep learning, the main object of this field, a neural network, is not
yet fully understood. As we do not have a complete understanding of how neural networks learn, we are not
able to answer the main question of deep learning theory: why do neural networks generalize on unseen data?

While the above question is valid for any supervised learning model, it is notoriously difficult to answer
for neural nets. The reason is that modern neural nets have billions of parameters and as a result, huge
capacity. Therefore among all parameter configurations that fit the training data, there provably exist such
configurations that do not fit the held-out data well (Zhang et al., [2021). This is the reason why classical
approaches for bounding a generalization gap, i.e. the difference between distribution and train errors, fall
short on neural networks: such approaches bound the gap uniformly over a model class. That is, if weights
for which the network performs poorly exist, we bound our trained network’s performance by performance of
that poor one.

As we observe empirically, networks commonly used in practice do generalize, which means that training
algorithms we use (i.e. gradient descent or its variants) choose "good" parameter configurations despite the
existence of poor ones. In other words, these algorithms are implicitly biased towards good solutions.

Unfortunately, implicit bias of gradient descent is not fully understood yet. This is because the training
dynamics is very hard to integrate, or even characterize, analytically. There are two main obstacles we could
identify. First, modern neural networks have many layers, resulting in a high-order weight evolution equation.
Second, activation functions we use are applied to hidden representations elementwise, destroying a nice
algebraic structure of stacked linear transformations.

If we remove all activation functions, the training dynamics of gradient descent can be integrated analytically
under certain assumptions (Saxe et al.l |2013]). However, the resulting model, a linear network, is as expressive
as a linear model, thus loosing one of the crucial advantages of neural nets.

Idea. The idea we explore in the present paper is to consider nonlinear nets as perturbations of linear
ones. We show that the original network can be approximated with a proxy-model whose parameters can be
computed using parameters of a linear network trained the same way as the original one. Since the proxy-
model uses the corresponding linear net’s parameters, its generalization gap can be meaningfully bounded
with classical approaches. Indeed, if the initial weights are fixed, the result of learning a linear network to
minimize square loss on a dataset (X € R4X™ Y € RdoutX™) i determined uniquely by Y X T € Rdeutxd and
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XXT € R4 where d, dyy; are the input and output dimensions, and m is the dataset size. The number of
parameters in these two matrices is much less than the total number of parameters in the network, making
classical counting-based approaches meaningful.

Contributions. Our main contribution is a generalization bound given by Theorem [5.2] which is ready to
apply in the following setting: (1) fully-connected networks, (2) gradient descent with vanishing learning
rate (gradient flow), (3) binary classification with MSE loss. The main disadvantage of our bound is that it
diverges as training time ¢ goes to infinity. We discuss how to choose the training time in such a way that the
bound stays not too large while the training risk diminishes significantly, in Section We validate our
bound on a simple fully-connected network trained on a downsampled MNIST dataset, and demonstrate that
it becomes non-vacuous in this scenario (Section [§). We list advantages and disadvantages of our bound over
that of existing generalization bounds in Section[2] We discuss the assumptions we use, as well as possible
improvements of our bound, in Appendix[A] Finally, we discuss how far the approach we choose in this work,
i.e. generalization bounds based on deviation from specific proxy models, could lead us in the best case

scenario (Appendix [B]).

2 Comparison to previous work

Advantages. The bound of our Theorem has the following advantages over some other non-vacuous
bounds available in the literature (e.g. Biggs & Gued] (2022)); |Galanti et al.| (2023); [Dziugaite & Roy| (2017));
Zhou et al.|(2019)):

1. It is an a priori bound, i.e. getting the actual trained the model is not required for evaluating it. To
the best of our knowledge, it is the first non-vacuous a priori bound available for neural nets. All
works mentioned above, despite providing non-vacuous bounds, could be evaluated only on a trained
network thus relying on the implicit bias phenomenon which is not well understood yet.

2. Related to the previous point, to the best of our knowledge, our bound is the first to incorporate
the implicit bias of gradient flow explicitly. This is done by demonstrating that the model does not
deviate much from a specific proxy model. The class of realizable proxy models has a small number
of effective parameters. Informally, this indicates that this class is "simple"; hence the gradient flow
is biased towards this simple class, and our bound exploits this property.

3. It does not require a held-out dataset to evaluate it, compared to |Galanti et al.| (2023)) and coupled
bounds of |Biggs & Guedj (2022)). Indeed, if one had a held-out dataset, they could just use it directly
to evaluate the trained model, thus questioning the practical utility of such bounds.

4. Tt does not grow with network width. In contrast, PAC-Bayesian bounds, |Biggs & Guedj (2022);
Dziugaite & Roy| (2017)); Zhou et al.| (2019), might grow with width.

5. Similarly to Biggs & Guedj| (2022); |Galanti et al.| (2023)), we bound the generalization gap of the
original trained model, not its proxy. In contrast, Dziugaite & Roy| (2017)) introduces a Gaussian
noise to the learned weights, while [Zhou et al.|(2019) crucially relies on quantization and compression
after training.

Related to the second point, we bound the generalization gap for the proxy model with a simple parameter-
counting bound (similar to that of [Vapnik & Chervonenkis| (1971))), thus demonstrating that, contrary to a
common judgement, such bounds could be useful in the context of models with many more parameters than
data points.

Disadvantages. For a fair comparison, we also list the disadvantages our present bound has:

1. The bound of our Theorem becomes non-vacuous only when the following two conditions hold.
First, a simple counting-based generalization bound for a linear model evaluated in the same setting
should be non-vacuous. Such a bound is vacuous even for binary classification on the standard
MNIST dataset, but becomes non-vacuous if we downsample the images.
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2. Second, the activation function has to be sufficiently close to being linear. To be specific, for a
two-layered leaky ReLU neural net trained on MNIST downsampled to 7x7, one needs the negative
slope to be not less than 0.99 (1 corresponds to a linear net, while ReLU corresponds to 0).

3. One may hope for the bound to be non-vacuous only for a partially-trained network, while for a
fully-trained network the bound diverges.

4. Even in the most optimistic scenario, when we manage to tighten the terms of our bound as much as
possible, our bound stays non-vacuous only during the early stage of training when the network has
not started "exploiting" its nonlinearity yet (Appendix . However, the minimal negative ReLU
slope for which the bound stays non-vacuous is much smaller, 0.6.

3 Related work

Non-vacuous generalization bounds. While first generalization bounds date back to|[Vapnik & Chervo;
nenkis| (1971)), the bounds which are non-vacuous for realistically large neural nets appeared quite recently.
Specifically, Dziugaite & Roy| (2017)) constructed a PAC-Bayesian bound which was non-vacuous for small
fully-connected networks trained on MNIST and FashionMNIST. The bound of |Zhou et al| (2019)), also of
PAC-Bayesian nature, relies on quantization and compression after training. It ends up being non-vacuous for
VGG-like nets trained on large datasets of ImageNet scale. The bound of Biggs & Guedj| (2022) is the first
non-vacuous bound that applies directly to the learned model and not to its proxy. It is not obvious whether
their construction could be generalized to neural nets with more than two layers. The bound of [Galanti et al.
(2023) is not PAC-Bayesian in contrast to the previous three. It is based on the notion of effective depth: it
assumes that a properly trained network has small effective depth, even if it is deep. Therefore its effective
capacity is smaller than its total capacity, which allows for a non-vacuous bound. See the previous section for
discussion of some of the features of these bounds.

A priori and a posteriori generalization bounds. Most of the generalization bounds available in
the literature are a posteriori. That is, some PAC-Bayesian bounds (Dziugaite & Roy), [2017} [Neyshabur
et al.l 2018} Biggs & Guedj), |2022), as well as Rademacher complexity-based bounds (Bartlett et al., [2017)),
depend on norms of learned weights, or distances between the learned weights and their initializations, so
they cannot be computed before these norms or distances are known. The bound of [Zhou et al.| (2019)
depends on the trained model size after compression and quantization, which cannot be predicted before
training and compression. That is, this bound implicitly relies on the fact that the training procedure prefers
well-compressible models; to the best of our knowledge, this fact does not have a solid explanation yet. The
bound of |Galanti et al.| (2023|) depends on a so-called effective depth of a learned model, which also cannot be
predicted in advance.

The only a priori bounds we are aware of are the classical uniform bounds based on VC-dimension and
Rademacher complexity, see |Vapnik & Chervonenkis| (1971). These bounds grow with model expressivity,
hence with both width and depth, which make them vacuous in most of the practical scenarios involving
neural nets. The reason they are vacuous is also related to the fact that among all models that interpolate
the data, one can often find a model that does not generalize well, see empirical results of |Zhang et al.| (2021)).
Uniform bounds bound the generalization gap in the worst case, hence if a "bad" model exists in our model
class, the whole generalization bound has no chance to be good.

Overall, generalization bounds that use some complexity of the whole function class fall short due to the
trade-off they impose: low complexity = provably good generalization, high complexity = maybe poor
generalization. Modern neural architectures are deep and wide, hence they have high complexity, while they
still generalize well. The reason is that the training procedure we often use is likely to be implicitly biased
towards well-generalizing solutions. If we bound the generalization gap uniformly over the whole function
class, we ignore this effect. The a posteriori bounds we discuss above do take some form of implicit bias into
account (i.e. low weight norm, compressibility etc.). So does our bound: we exploit the fact that a nearly
linear network is close to a proxy which uses only weights of a linear network. In their turn, the trained
weights of a linear network depend only on a few parameters as long as their initialization is given. The
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difference is that our bound does not need any prior info about the learned weights (only on their initialization
and the optimization procedure); hence it is a priori.

Linear networks training dynamics. The pioneering work that integrates the training dynamics of a
linear network under gradient flow to optimize square loss is Saxe et al.| (2013). This work crucially assumes
that the initial weights are well aligned with the eigenvectors of the optimal linear regression weights Y X T,
where (X,Y) is the train dataset. As the initialization norm approaches zero, the learning process becomes
more sequential: components of the data are learned one by one starting from the strongest. [Li et al.| (2021)
conjecture that the same happens for any initialization approaching zero excluding some set of directions of
measure zero. They prove this result for the first, the strongest, component, but moving further seems more
challenging. See also [Yun et al.| (2021)); |Jacot et al.| (2021). We note a recent result of [Tu et al.| (2024)) who
propose a so-called mized dynamics for two-layered linear networks that does not suffer from this issue.

Nearly-linear neural nets. Our generalization gap bound decreases as activation functions get closer
to linearity. While nearly-linear activations do not conform with the usual practice, nearly-linear networks
have been studied before. That is, [Li et al.| (2022) demonstrated that when width n and depth L go to
infinity with constant ratio, the hidden layer covariances at initialization admit a meaningful limit as long as
the ReLU slopes behave as 1 + ﬁ, i.e. become closer and closer to linearity. [Noci et al.| (2024]) explored a
similar limit for Transformers (Vaswani et al.| [2017). Another example is Kumar et al.|(2024)), who used a
toy small-e model to explain the phenomenon of grokking (Power et al., |2022)) as delayed feature learning.

Linearized training of neural networks and NTK. It is important to emphasize that linear networks
we consider in the present work are fundamentally different from the NTK model introduced by [Jacot et al.
(2018) resulted from linearized training of a neural network. That is, by a linear network we mean a network
fo(x) who is linear in its input, 2, but not necessarily in its weights §. Whereas if we linearize the training
procedure, the trained model becomes linear in 6, but not in z. Jacot et al.| (2018) demonstrated that
training a neural network becomes equivalent to training a kernel method under specific (non-standard)
parameterization as width goes to infinity (NTK limit). Since training a kernel method is equivalent to
training a random feature model with sufficiently large number of features, the corresponding training
procedure is indeed linear in weights. See also [Yang & Littwin| (2021)) for proving NTK limit for general
architectures, and (Chizat et al.| (2019)) for demonstrating linearized training for large weight initializations.

As in the NTK limit training a neural net becomes equivalent to training a kernel method, features the model
uses stay the same over the whole process of training. In other words, the model does not enjoy feature
learning when training is linearized. In contrast, even a linear network with two layers trained with gradient
descent does demonstrate feature learning: see |Saxe et al.[ (2013); |Tu et al.| (2024)). The feature learning it
exhibits is kernel alignment and a so-called momentum effect: the associated kernel (NTK), or equivalently,
the features the model uses, aligns over strong components of the data and extends along them [Tu et al.
(2024)). This way, these strong components get learned first, before weak components, often resulted from
data noise.

We also emphasize that the proxy models we use to prove our results, while exploiting weights of a trained
linear network, are not linear themselves; neither in z, nor in weights. Therefore they do not suffer from
expressivity issues as linear networks (which are all functionally equivalent to linear models © — Wx), while
they do enjoy feature learning (since linear networks do).

Therefore our approach is quite orthogonal to NTK and generalizability of kernel methods. In terms of
high-level methodology, the closest paper we could mention is |Arora et al. (2019), where they consider a
two-layer NTK-parameterized MLP, and prove a generalization bound for it when width is sufficiently large.
For this, they combine a generalization bound for the infinite-width limit when the kernel is constant, and a
term that takes into account the fact that the kernel for finite width deviates from the limit one. Whereas
what we do is we combine a generalization bound for a proxy model that exploits the weights of a linear
network and a proxy deviation bound. The bound of |Arora et al.| (2019) becomes good when the width
is large (hence the finite-width NTK is close to the limit NTK), while our bound becomes good when the
activation functions are close to be linear (hence the proxy does not deviate from the original model much).
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4 Our approach

Before formally stating our main bound, we present the high-level approach for constructing generalization
bounds we take in our work.

Generalization bound based on proxy models. Let f be a model trained on a binary classification
task. We will look for a proxy model g that satisfies the following properties: (1) it is close enough to f, and
(2) the generalization gap for g could be bounded well enough. Given such g, we bound the distribution risk
of f as follows:

RV < B lf]+ (RSls) = S10]) + ~Bmlf(2) = o |+**Z|f (20) — gl (1)

where v > 0 and we used three different risk functions:

1. Misclassification risk: r(y,§) = [yg < 0],
2. Margin risk: 7 (y,9) = [yg < 7],

3. Continuous margin risk: r,?(%gj) = [yg < 0] + (1 - %) lyg € [0,7]],

giving rise to the distribution risk R[f] = E, ,~pr(y, f(z)), and similarly R,[f] and Rg [f], and its empirical
counterpart R[f] = L LS 7(yk, f(zr)), and similarly R.,[f] and Rg [f]. Here D is the data distribution,
and (zg, yr) P, is the training dataset samled from D in an iid manner.

We derived Equation (/1)) simply from the fact that 7'5 (+,y) is 1/~-Lipschitz, and r < rg <, see Equation
below for a more elaborate derivation. The first term on the right hand side of Equation is the empirical
margin risk of the original model f. The second term is the generalization gap of the proxy-model g (with
respect to continuous margin risk) which we assume to be easy to bound. The two remaining terms are
deviations of g from f averaged over the whole data distribution D and the dataset, divided by ~. The
parameter vy controls the trade-off between the first term and the other three: the first term increases with
(eventually reaching 1), while the other three decrease.

Proxy models for a nearly-linear network. The problem now boils down to finding a good proxy ¢ that
approximates the trained model f well, and whose generalization gap could be well-bounded. Let f§(x) be a
neural network with parameters 6, input = € R?, scalar output, and activation functions ¢ (2) = z + ep(2),
1 is a positively homogeneous map (e.g. ReLU). That is, f§(x) is linear in = (but not necessarily in ), and €
characterizes the deviation from linearity.

Let f§. be the trained model whose generalization gap we would like to bound, and let fgo be a linear
model trained the same way. We consider the following proxies: gi(x) = ff(x) and g2(z) = g1(x) +
(fs(X) — 1(X)) X, where X € R™™ is a matrix with rows (zx)7,, and X is its Moore-Penrose
pseudo-inverse.

In words, the first proxy is a nonlinear network that uses weights of the trained linear one, while the second
proxy results from linearly correcting the first one on the train dataset. These proxies deviate from the
original model as follows: |g,(z) — f5. ()| = O(e*) for k € {1,2} and any given z € R%.

Under certain assumptions, 6°, the trained linear model weights, depend only on Y Xt € R?, where Y € R*¢
is a row-vector of targets. Since g is fully described by #°, the class of models realizable by it has only d
parameters. Since g is merely g1 plus a linear correction, its respective class of models has only d 4+ d = 2d
parameters. In both cases, the number of parameters the proxy has is much smaller than the total number of
weights of the network, which is (d + 1)n + (L — 2)n?. Then classical uniform bound techniques (Vapnik

& Chervonenkis| [1971) result in a generalization bound for proxy models that grows as y/%‘j. This bound
depends neither on width of the network, nor on its depth.
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5 Main result

Notations. For integer L > 0, [L] denotes the set {1,...,L}. For integers | < L, [I, L] denotes the set
{l,...,L}. For a vector z, ||z|| denotes its Euclidean norm, while ||z||; denotes its l;-norm. For a matrix X,
|| X denotes its maximal singular value, while || X|| denotes its Frobenius norm.

5.1 Setup

Model. The model we study is a fully-connected LeakyReLU network with L layers:

fo(x) = Wrah (), zho(7) = 2, rh,(r) = ¢° (Wlmez 1 (w )) vie[L-1], (2)

where § € RY denotes the vector of all weights, i.e. § = cat({vec(W;)}£ ), W, € RmX™-1 Y] € [L], and ¢¢ is
a Leaky ReLU with a negative slope 1 — ¢, that is:

¢°(z) = © — emin(0, z). (3)

Since we are going to consider only binary classification in the present work, we take ny = 1. We also define
d = ng to denote the input dimension.

Data. Data points (z,y) come from a distribution D. We assume all z from D to lie on a unit ball, ||z|| < 1,
and y € {—1,1}. During the training phase, we sample a set of m points iid from D to form a dataset (X,Y),
where X € Rde and Y € R1*m,

Training. Assuming rk X = d (which implies m > d, i.e. the data is abundant), we train our model on

(X,Y) with gradient flow to optimize square loss on whitened data, i.e. on (X,Y) for X = X 1/ZX, where
Yx = %X X T € R™4 ig an empirical feature correlation matrix. That is,

2

awew) ? (2’171 [ - i,

1 — vl vl e [L). (4)

Note that XX T = mIj.

Inference. To conform with the above training procedure, we take the model output at a point = to be
f§ (£71/22), where ¥ is a (distribution) feature correlation matrix: ¥ = E (, ,yop(zz") € R¥?. We assume
this matrix to be known; in practice, we could substitute it with X x.

Performance measure. Recall the definitions of r, r,, and rg from Section Slightly abusing the
notation, we define the empirical (train) risk on the dataset (X,Y") and the distribution risk of the model
trained for time ¢ as

= > (e S 20) . B = E gy (3 Fie o (5720 (5)

k=1

S\H

We define RS (t) and RS<(t) analogously to R¢(t), and ]%;(t) and I%ge(t) analogously to R¢(t).

5.2 Generalization bound
We will need the following assumption on the training process:

Assumption 5.1. vt > 0 ||(Y = fi.(, (% ))XT’2 <[ (v = f () XTH

o
~ 112 - 112

Note that HY = foe ) (X)H < HY = fo:(0) (X)H since we minimize the loss monotonically with gradient
F F

flow. This implies that the above assumption holds automatically, whenever X is a (scaled) orthogonal matrix
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(which happens when m = d). It is easy to show that it provably holds for a linear network (e = 0), see
Appendix [E] and we found this assumption to hold empirically for all of our experiments with nonlinear
networks too, see Figure [7]

We are now ready to formulate our main result:

Theorem 5.2. Fiz 8,7 >0,t>0,6 € (0,1), e € [0,1], and k € {1,2}. Let p be the floating point arithmetic
precision (32 by default). Under the setting of Section and Assumption for any weight initialization
satisfying ||WF(0)|| < BVl € [L], wp. >1—6 over sampling the dataset (X,Y),

R Ay p(t)e”

R(0) < R5(0) + T, + 22205, (©

for the terms in the rhs defined as

kpdIn2+1n(1/4) _
R N T R () )
m
where

LVd+ 1+ (L —1)p, k=1 .
STV D [ (E - DpVE 20+ (-] m=2 ®)
where p = % is the square root of the stable rank of the input layer at initialization, and the definitions

of ug and vg are given below.

Define

—1/2
o s = [yxreY

’ ;o 1=1+pp%;
o Fora givenr >0, 5 = (1—¢€)(s+ pBL) +ey/r(L—1)(1+ pBr);

5—5: 46— L = — B3
© 5=3515 8= 1, B=pB%.

We have
wsty = {7 Lo )
(B*E —(L-2)5t)> ", L=>3;
L—1 2-1 ug®
va(t) = T 78T uf T (Ofw(us(t) — w(Ble T, (10)
where [
1 2—L ur s 2 ul
wlu) = =30 <L’ ) —r5t (, ) : (11)

This theorem gives an a priori bound for the generalization gap R — Rfy, i.e. it could be computed without
performing the actual training.

Dimension dependency. Our bound does not depend on width n; VI € [L — 1], in contrast to the bounds
of Dziugaite & Roy| (2017)); |Zhou et al.| (2019); Biggs & Guedj (2022)). However, both penalty terms of
Theorem Y, and Ag . (t), grow as v/d with the input dimension.

1T is an upper-incomplete gamma-function defined as I'(s,z) = f:o ts—le—t dt.
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5.3 Choosing the training time

As we see, Ay g(t) diverges super-exponentially as ¢t — oo for L = 2 and as t — % for L > 3, so the
bound eventually becomes vacuous. For the bound to make sense, we should be able to find ¢ small enough
for A, 5(t) to stay not too large, and at the same time, large enough for the training risk Rfy (t) to get
considerably reduced.

In the present section, we are going to demonstrate that for values of ¢ which correspond to partially learning
the dataset (i.e. for which RS (t) € (0,1)), the last term of the bound, A, s(t)/v, admits a finite limit as

B%Oﬂ

We do not know how ]:Zf/ (t) decreases with ¢ in our case. However, when the network is linear, this can be
computed explicitly when either the weight initialization is properly aligned with the data, or the initialization
norm 3 vanishes. We are going to perform our whole analysis for L = 2 in the main, and defer the case L > 3

to Appendix [D-2]
That is, consider an SVD: Y X1 = ﬁYXT(XXT)’l/2 = PSQT, where P and @ are orthogonal and S

is diagonal; note that S;; = s. Observe also that s = [|[YX || < ||[YV||||XF| < 1 since y = £1. |Saxe et al.
(2013)E| have demonstrated for linear nets (e = 0) and L = 2 that when the weight initialization is properly
aligned with P and ¢fY} [[WP(t)|| = |[WS(t)|| = u(t), where @ satisfied’]

dii(t)
dt

=a(t)(s —a*(t)),  u(0)=p, (12)

which gives the solution in implicit form:

= Jatm - wt (R wm) w

One could resolve u explicitly to get

se2st

u(t) = ———. 14

i) = 7 (14)
Saxe et al.| (2013) observed this expression to hold with good precision for random (not aligned) initializations
when £ is small enough. This is supported by further works (Li et al., 2021; |Jacot et al.; 2021)): when a linear
network is initialized close to the origin and the initial weights do not lie on a "bad" subspace, the gradient

flow nearly follows the same trajectory as studied by |[Saxe et al.| (2013)).
Plugging u%(t) = as into Equation , we get the time required for a linear network to learn a fraction a of
the strongest mode:
1 a(s —3?)
tr =—In({— ). 15
Clearly, the learning time t* (5) diverges whenever 8 — 0, or av — 1.

Since t} (/) is the time sufficient to learn a network for e = 0, we suppose it also suffices to learn a nonlinear
network. Thus, we are going to evaluate our bound at ¢ = t},. Since we need R, (t}) < 1 for the bound to be
non-vacuous, we should take v small relative to . We consider v = o /q for v,q > 1.

Since the linear network learning time ¢} (3) is correct for almost all initialization only when /5 vanishes, we
are going to work in the limit of 3 — 0. Since we need a € (32/s,1), otherwise the linear training time is
negative, we take a = gﬂ* for A € (0,2] and r > 1.

2In the linear case (e = 0), this corresponds to the saddle-to-saddle regime of |Jacot et al.| (2021)).

3Saxe et al.[(2013) assumed XX T = I, and ||[Y X || = s, while not introducing the factor L as we do in Equation ‘ It is
easy to see that the our gradient flow has exactly the same dynamics as the one studied by |[Saxe et al.[ (2013)).

4That is, when W2 (0) = PS’;/2RT, W1(0) = Rgi/zQT, where R is orthogonal, and S; and Ss are constructed from S by
adding or removing zero rows and columns.

50ur @ corresponds to u'/(Ni=1) of [Saxe et al.|(2013).
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Let us compute the quantities which appear in our bounds, at t = t%(8):
afs — ﬁ2)> Sp 1+£(3-1)
s =BINT _ 5,5 1+ 0(8)), (16)
where we omitted the argument t* (3) for brevity.

Since I'(0, ) = —Ei(—2) = —Inz 4+ Oy0(1) and I'(1,2) = e=* = Oz—0(1), we have w(f) = % n(8?)+ 0(1).
Similarly, whenever 1+ £ (3 — 1) > 0, we have u = o(3), and w(u) = L =In ([32+ (A=2) ) +0

W]

w =

Consider first A < 2 and suppose v = 1. In this case, w(u) — w(f) = ( )ln(ﬁg) O(1), and

2uw 55 qri'l )\
e

Qmw%u+mumm> (17)

Sincga § > s, this expression diverges as § — 0. Note that we get the same order divergence even also for
1+2 % - ) < 0. Clearly, for v > 1, we get even faster divergence.
_ 2
()nthe(nherhand,ﬁﬂk::2thenqu@0——u(ﬁ)::%ln(s é>4kCKﬂ),and
1
Quv V8 52
— = Lgri VIl | 2Lt | 21+ 0(B)). (18)
Y 5% 51

We get a finite limit only for ¥ = 1, i.e. when v o« «. In this case, the last term of the bound Equation (@
becomes

K 2 _
Awe_lﬁ 1Am<%*>&u+mmy (19)
Y 257 $1

Summing up, we expect the empirical risk Rv (t%) to be smaller than % for large enough ¢ (i.e. for small
~ compared to «), and the last term to stay finite as 8 — 0 and vanish as €*. Therefore as long as T, is
not large enough (i.e. when kpd is small compared to m), the overall bound becomes non-vacuous for small
enough € at least at the (linear) training time t}. We are going to evaluate our bound empirically in the
upcoming section.

6 Experiments

Setup. We consider an L-layer bias-free fully-connected network of width 64 and train it to classify 0-4
versus 5-9 digits of MNIST (i.e. m = 60000). In order to approximate the gradient flow dynamics, we run
gradient descent with learning rate 0.001. By default, we take L = 2, the floating point precision to be
p = 32, downsample the images to 7x7, and initialize the layers randomly in a standard Pytorch way (plus, we
rescale the weights to match the required layer norm ). For some experiments, we consider deeper networks,
half-precision p = 16, downsample not so aggresively, or enforce the input layer weight matrix to have rank 1.

Observations:

o When we take k = 2 and 8 < 0.1, the bound becomes nonvacuous up to ¢ = 0.001 (Figure [1) and
even up to € = 0.01 if we enforce p =1 (Figure [3));

o We can have a non-vacuous bound also for 14x14 MNIST if we take e = 0.001, half-precision (p = 16),
and enforce p = 1 (Figure ; the bound slightly exceeds the random guess risk for the full-sized,
28x28 MNIST;

e The bound for k = 2 is much stronger than that for k = 1 (Figure ;
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Figure 1: ~ We consider 7x7 binary MNIST, L = 2, k = 2, € = 0.001, and vary 3. The bound of Theorem [5.2]
converges as 3 vanishes and increases as 8 grows. The bound stays non-vacuous for a small enough 5 and a
properly choosen v. We consider v = 32/q for ¢ € {1,10,100}.

7x7 MNIST; = 0.001,£ =0.001,p=3.93, k=2 7x7 MNIST; = 0.001,£ =0.001,p=3.93, k=1
i

12 12
-=--- train risk,ﬁ

10 \— test risk, R 1.0
> —— full bound, lgye {—-8, -7, —6} >
o i o P 5
é 08 random guess risk § o8 oo i
® % — testrisk, R
A 4 — full bound, lgy< {— 8, —7, — 6}
n 08 106 - random guess risk
I T e # .
c c

04 0.4

02 ——— 02

0 1 2 3 4 5 0 1 2 3 4 5
training time, t training time, t

Figure 2:  We consider 7x7 binary MNIST, L = 2, 8 = 0.001, ¢ = 0.001, and compare different kappas of
Theorem [5.2} The bound for £ = 2 is much stronger than that for x = 1.
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Figure 3:  We consider 7x7 binary MNIST, L = 2, 8 = 0.001, ¢ = 0.01, x = 2, and vary the stable rank at
initialization p and floating point precision p. Initializing the input layer with a rank one matrix considerably
improves the bound. Moreover, it also improves the convergence speed.
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12 7x7 MNIST; B = 0.001, € =0.01, p=3.93, k=2 12 7x7 MNIST; B =0.001, € =0.01, p=3.93, k=2 12 7x7 MNIST; B=0.001, £ =0.01, p=3.93, k=2
—--. train risk, R | / / ==+ train risk, R
10 — testrisk, R 1.0 1.0 — testrisk.R
> —— full bound, Igye {-8, -7, — 6} > / > — Ryt
e random guess risk e / in risk, R o
S 08 9 5 08 / ===- trainrisk, R 508 + random guess risk
o0 S0 S 0
B 2 — testrisk, R g
- - / Ry+ e -
| 06 | 06 - / | 06
v v ~—_ === random guess risk e
& 2 2
04 0.4 04
0.2 0.2 0.2
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
training time, ¢ training time, ¢ training time, t

Figure 4:  We consider 7x7 binary MNIST, L = 2, g = 0.001, ¢ = 0.01, x = 2, and compare different
components of the bound. The left figure corresponds to the full bound, while for the central one we forget
about the generalization gap bound for the proxy model T, and for the rightmost one, we forget about the
deviation term 2%£<° We see that both terms are of the same order; one therefore has to work on reducing
both in order to reduce the overall bound.
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Figure 5:  We consider binary MNIST, L = 2, g = 0.001, ¢ = 0.001, k = 2, p = 16, rank one input layer
initialization, and vary image dimensions. In this "gentle" scenario, the bound stays non-vacuous for 14x14
MNIST, and only slightly exceeds the random guess risk for the full-sized, 28x28 MNIST.
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Figure 6:  We consider binary 7x7 MNIST, g = 0.001, ¢ = 0.001, x = 2, p = 16, rank one input layer
initialization, and vary depth. Even in this "gentle" scenario, the bound gets considerably worse with depth.
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Figure 7:  We consider binary MNIST, L = 2, § = 0.001, € = 0.001, and measure the differences £(0) — L(?)
-2
(solid lines) and Lx (0) — Lx(t) (dashed lines). Here L(t) = 7 HY Joe )HF is the loss at time ¢, while

T
Lx(t) =5 H (Y - fge(t)(X)) XTHF is the "projected" loss at time ¢. While £(¢) should clearly decrease for

gradient descent with small enough steps, it is not a priori clear that Lx (t) also does. As we see from the
plots, it does for 8 large and small, and for € up to 1, which corresponds to conventional ReLU activations.
These results validate our Assumption Note that we added a small quantity 10~ in order to make zero
visible.

o The bound improves and converges as  vanishes (Figure [1f);

e Assumption holds empirically (Figure ;

e The bound improves if we enforce p = 1; this also results in faster convergence (Figure [3));
o The bound slightly improves for the half floating point precision (Figure [3));

o For e = 0.01 at the training time, all components of our bound are of the same order, while for larger
€, the last one starts to dominate (Figure [4]);

e The bound deteriorates consideraly when we increase depth (Figure @

7 Proof of the main result

7.1 Proof of Theorem for k=1

We start with approximating our learned network fj. with fj,, i.e. with a nonlinear network that uses the
weights learned by the linear one. This approximation deviates from the original network the following way:

vz e R4 e € 0,1],
/ 0fi-(x )dTH < sup
0 or T7€[0,¢]

since we use Leaky ReLLUs. We omitted the argument ¢ for brevity. We get a similar deviation bound on the
training dataset:

awl

ofs. (x L
987' H_ Z

Oe] —

s @)~ Fn@)l = -

[TIWEllizl (20)

k£l

L

[TIWEl+ sup Z

Fp—o TE[Oe]l2

OWT X
or

il

450~ (D)) < swp

T€[0,€]

meF11|Mwmn
ke[2:LI\{l}

We complete the above deviation bound with bounding weight norms and norms of weight derivatives:

Lemma 7.1. Under Assumption V7 € [0,1,t >0 \/%HWf(t)XHF < pu(t),

and VI € [L] |W] ()| < wu(t), agl;{ (t)H <w(t) for u, v defined in Theorem .

OWT X
|z, <0
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See Section and Appendix for the proof.

Now we can relate the risk of the original model with the risk of the approximation. Since r < rff <r, and

7“5(-, y) is 1/~-Lipschitz for any fixed y,

R(f5e) — Ry(fs) < RS (f5) — RS (f50)

~ 1 - 22
g(feo)*Rf(féoH;EHfoi(f) feo(f||+ ere — foo X, @2)

1/2

where the expectation is over the data distribution D, and & = ¥~ "/“x is the actual input of the network.

As for the last term, the deviation on the train dataset, we use that ||z||y < /m/||z|| for any z € R™, and
Equation . As for the deviation on the test dataset, due to Equation and Lemma in order to
bound the last term, it suffices to bound E ||Z||. Since ¥ = E [zz "], we get

E|="Y2z)2 =E [mTE_lx] =E tr [mTz—l] = tr[ly] = d. (23)

This gives E [|[S~1/2z| < /E|[|S-1/222 < Vd.

The first two terms is a generalization gap of the proxy-model. We use a simple counting-based bound:

RC (fgo(t)) ~RS (feeo(t)> - \/m | F£(t:6(0)] —Ind. (24)

2m

w.p. > 1 — d over sampling the dataset (X,Y"), where F5(¢;6(0)) denotes the set of functions representable
with fgo (t) for a given initial weights 6(0), where 6°(¢) is a result of running the gradient flow Equation
for time t. As long as we work with finite precision, this class is finite:

Lemma 7.2. V0(0),¢e,t > 0, |Ff(t;60(0))] < 274,

Proof. Since we run our gradient flow Equation on whitened data to optimize squared loss, the initial
weights are fixed, and the network we train is linear, the resulting weights depend only on Y X T which has d
parameters. Since each function in our class is completely defined with the resulting weights, and each weight
occupies p bits, we get the above class size. O

We could have used a classical VC-dimension-based bound instead (Vapnik & Chervonenkis| [1971). However,
we found it to be numerically larger compared to the counting-based bound above.

This finalizes the proof of Theorem for k = 1.

7.2 Proof of Theorem for k =2

What changes for k = 2 is a proxy-model. Consider the following:

Fio,0c (@) = foo (@) + (f5:(X) = f5o(X)) X Fa. (25)

That is, we take the same proxy-model as before, but we add a linear correction term. This correction term
aims to fit the proxy model to the original one, f§., on the training dataset X. We prove the following lemma

in Appendix
Lemma 7.3. Under the premise of Lemma Vt >0 Ve € [0,1] Vo € R? we have

o) (®) = Foay e 0@)| < (L= DL+ 1+ p(L = )al " (Bu(e) ] (26)

|50 (%) = Fiooy0 00 (D) < 208 = DA+ p(E = D)ub ot Vime?. (27)
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The deviation now scales as €2 instead of e.

What remains is to bound the size of Fs(t;6(0)), which denotes the set of functions representable with our
new proxy-model fgo ) g, for given initial weights 6(0). Since Jo0(6),0¢(1) 18 & sum of fgo,) and a linear
model, its size is at most 2P¢ times larger:

[ F5(8;6(0))] < | F5(t;6(0))[28 < 2274, (28)
This finalizes the proof of Theorem [5.2] for k = 2.
7.3 Proof of Lemma [7.1]
Below, we are going to present the proof only for L = 2, and defer the case of L > 3 to Appendix

7.3.1 Weight norms

Let us expand the weight evolution Equation :

dwy 5 dwg 5
1 [DTQWQT,TET] X, 2 =7 [DT@W{)(}T, (29)
dt dt
where we define .
== — (Y- W5 [DToW[X]), (30)
and D™ = (¢¢) (W7 X) is a n x m matrix with entries equal to 1 or 1 — 7. We express it as D7 =

(1 =7)lpxm +7A, where A is a n x m 0-1 matrix.
Let us bound the evolution of weight norms:

d|Wyl| _ ||dW{ >
i <[ I%1. )

<A-DIWg X7+ 7 [aowsTE

Since multiplying by a 0-1 matrix elementwise does not increase Frobenius norm, we get

|aowsT=r| <|laewsTe| <iwsliE"E (32)
Noting that =7 and "X | are row matrices, this results in
VN < (= =X + =R 19 (3)
By a similar reasoning,
VL < (4 — i & 1w+ 7= 1wy X (34)
Consider the following system of ODEs:
WO _ 2w, 2O _ g0, 00 =65 w0)=5 (39)

We then make use of the following lemma which we prove in Appendix [C.2}

Lemma 7.4. || = |Z-|lF < ﬁ(l + pBL). If we additionally take Assumption then |2, X 7| =
IZ-XTlr < s+ pB~.

This lemma implies g1(t) > (1 —7)(s + pB°)[|WT (&)]| +7(1 + pB°)IWT ()X || and ga(t) = W3 (1)]].

The above system of ODEs could be solved analytically:

g1(t) = B+/5, — 51 cosh (St + tanh ™ (?)) ) go(t) = 1/ % — 32 sinh (st + tanh ™ (?)) ,  (36)

p Sp
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where 3 =3 g—’l’ This gives the bound for the input layer weight norms:

Wr@)l < 5+§/t92(t) dt = B — B+ /3% — B2 cosh (§t—|—tanh1 <(§1)> . (37)
0

Sp
For further analysis, we will need simpler-looking bounds. Consider a looser bound: g¢»(f) < wu(¢) and
g1(t) < su(t), where

du(t) 5,
o = sul), U(O)—Bg (38)

This ODE solves as u(t) = Sest.
So, we have ||W7 (t)|| < u(t). As for the input layer weights, we get

Wi §ﬁ+s/0tu<t)dt=/3—/6’+u(t) (30)

Similarly, \/%HWf(t)XHF = Bp— B +u(t). As we do not want additive terms, we bound from above:
IWT @O < u(t) and = [[WT (6)X]| < pu(t).

7.3.2 Norms of weight derivatives

In Appendix we follow the same logic to demonstrate that H dz[f , % H dzvff( H , and H dZV"‘T are all
m T F T
bounded by the same v which satisfies
dv 2,z 7 2
Ezv[(l—i—p)u +5] +u[l+pu?], v(0)=0. (40)

It is a linear ODE in v(t), and u(t) is given: u(t) = Be*t. We solve it in Appendix to get v(t) from
Theorem [5.21

8 Conclusion

We have derived a novel generalization bound for LekyReLU networks. Our bound could be evaluated
before the actual training and does not depend on network width. Our bound becomes non-vacuous for
partially-trained nets with activation functions close to being linear.

Broader Impact Statement

This is a theoretical work studying generalization in neural nets; its main result is a form of a generalization
guarantee. Having a good generalization guarantee is necessary to make the models we use in practice more
reliable. We do not foresee any negative societal or ethical impact our research could potentially cause.
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A Discussion

A.1 Assumptions

Whitened data. Overall, the assumption on whitened data is not necessary for a result similar to
Theorem to hold. We assume the data to be whitened for two reasons. First, it legitimates the choice
of training time t* (/) since it is based on the analysis of [Saxe et al| (2013), which assumed the data to be
whitened. If we dropped it, we could still evaluate the bound of Theorem at t = t%(8), but it would be
less clear whether the trainining risk ]:27 becomes already small by this time.

Second, we had to bound || X|| throughout the proof of Theorem |5.2 and || X T in the proof of Lemma
For whitened data, these are simply v/m and 1/4/m, which is a clear dependence on m, making the final
bound look cleaner. Otherwise, they would be random variables whose dependence on m would be less
obvious.

Third, if we considered training on the original dataset (Y, X)) instead of the whitened one, (Y, X ), we would
have to know YX T and XX T in order to determine 6°(¢) for a given ¢ and initialization #°(0). These two

matrices have d 4+ 44D parameters, compared to just d for Y X T. This way, T, would grow as d instead of

V. i

Gradient flow. We expect our technique to follow through smoothly for finite-step gradient descent.
Introducing momentum also seems doable. However, generalizing it to other training procedures, e.g. the
ones which use normalized gradients, might pose problems since it is not clear how to bound the norm of the
elementwise ratio of two matrices reasonably.

Assumption We use this assumption to prove the second part of Lemma [7.4 If we dropped it,
the bound would be |Z"X ||z < |Z7||p[|XT|| £ 1+ pB* instead of s + pBL. This would result in larger
exponents in the definition u in Theorem [5.2

As an argument in favor of this assumption, we demonstrate it empirically first (Figure , and we prove it
for the linear case after, see Appendix [E]

A.2 Proof

We expect the bounds on weight norms u(t) to be quite loose since we use Lemma to bound the loss.
This lemma bounds the loss with its value at the initialization, while the loss should necessarily decrease. If
we could account for the loss decrease, the resulting u(¢) would increase with a lower exponent, or even stay
bounded, as u(t), which corresponds to a linear model, does. This way, we would not have to assume e to
vanish as 3 vanishes in order to keep the bound non-diverging for small 3 at the training time t* (53). Also,
the general bound of Theorem would diverge with training time ¢t much slower. We leave it for future
work.
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As we see from our estimates, T, becomes the main bottleneck of our bound for small e. The bound we used
for T is very naive; we believe that better bounds are possible.

Indeed, since the proxy corresponding to £ = 1 depends only on #°, the trained linear model weights which
one could obtain explicitly, this proxy, fgo, is also given explicitly. One could try to estimate its generalization
gap explicitly, as done for kernel methods (Bordelon et al., 2024al) and for more complex models, which are
closer to realisic neural nets (Bordelon et all |2024b). We leave this direction for future work.

A.3 Other architectures

As becomes apparent from the proof in Appendix the proxy-model for k = 2, Equation , deviates
from the original model f§. as O(e?) for any map (€,6,z) — f§(z) as long as the following holds:

1. f2(z) is linear in z for any 6;

% fe(x) . . . .
2. =55, is continuous as a function of (e, 0, );

3. the result of learning 6¢(t) is differentiable in € for any .

This is directly applicable to convolutional networks with no other nonlinearities except for ReLU’s; in
partiular, without max-pooling layers. One may introduce max-poolings by interpolating between average-
poolings (which are linear) for ¢ = 0 and max-poolings for ¢ = 1. This is not applicable to Transformers
(Vaswani et al., |2017)) since attention layers are inherently nonlinear: queries and keys have to be multiplied.

Compared to the fully-connected case of the present work, our bound might become even tighter for
convolutional nets since d becomes the number of color channels (up to 3) instead of the whole image size in
pixels. However, the corresponding proxy-models might be over-simplistic: the linear net they will deviate
from is just a global average-pooling followed by a linear R — R map. We leave exploring the convolutional
net case for future work.

B How far could we get with our approach?

Recall our general proxy-based generalization bound of Equation :
B c AC 1 11
RU) < Bolf) + (BSlo) — £S16)) + Eoenlf@) = o)l + oS0 1f@) — (). (4)

Informally, we say that performance of f is worse than that of g at most by some deviation term.

The bound ends up to be good whenever (a) the generalization gap of g could be well-bounded, and (b) g
does not deviate from f much. That is why we considered proxy-models based on linear learned weights: their
generalization gap could be easily bounded analytically and they do not deviate much from corresponding
leaky ReLU nets as long as ReLLU negative slopes are close to one.

The biggest conceptual disadvantage of this approach is that, given both f and g learn the training dataset,
we have no chance proving that f performs better than g, we could only prove that f performs not much
worse than g. Do the proxy-models we use in the present paper perform well, and how much do they deviate
from original models? Our main theoretical result, Theorem bounds the proxy-model generalization gap
and the deviation from above. These bounds are arguably not optimal. It is therefore instructive to examine
how well the bound would perform if we could estimate Equation exactly.

B.1 Empirical validation

Setup. We work under the same setup as in Section |G’} but instead of evaluating the bound of Theorem 5.2
we actually train a linear model with exactly the same procedure as for the original model, in order to get

6We also downsample MNIST images to 14x14 instead of 7x7. The reason why we do it is that on one hand, we wanted to
test our bounds on more realistic scenarios, while on the other, X does not appear to be full-rank for the original 28x28 MNIST.
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14x14 MNIST; B = 0.001,& = 0.1, p = 5.09, p = 32 14x14 MNIST; B = 0.001,¢ = 0.1, p = 5.09, p = 32
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Figure 8: We examine the optimistic bound of Equation for the proxy-models proposed in our paper:
the k = 1 one, fgo, the K = 2 one of Equation , and also a linear proxy, fgo. The bottom row demonstrates
the full bound (green lines), while the top one depicts the two components of the bound, namely, the proxy
model generalization gap RS (g) — ]?g (9) and the proxy model deviation E |f(z) — g(z)| + E|f(z) — g(z)],
separately. Different lines of the same color (e.g. solid green and dashed black lines on the bottom row)
correspond to different values of 7. Proxy generalization gap stays low during the whole training (top left
figure), while the train risk and the model deviation over gamma contribute significantly (bottom row, two
groups of lines correspond to the minimal and the maximal v we considered). The optimistic bound for the
1st-order proxy (bottom left) gets non-vacuous only at the moment when GF escapes the origin and reaches
the linear model loss. The bound for the 2nd-order proxy (bottom right) becomes non-vacuous soon after the
original model becomes non-vacuous (but still stays near the origin), and stays non-vacuous until the model
starts exploiting its nonlinearity to reduce the loss below the optimal linear model loss level (the last drop of
purple and black lines).

14X14 MNIST; B = 0,001, € = 02, p = 5.09, K = 2, p = 32 14X14 MNIST; B = 0.00L, & = 0.4, p = 5.09, K = 2, p = 32
10 e
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Figure 9: The optimistic bound of Equation based on our k = 2 proxy stays non-vacuous up to € = 0.4
until the gradient flow starts "exploiting" the nonlinearity (the last drop of purple and black lines).

19



Published in Transactions on Machine Learning Research (12/2024)

trained linear weights #°. We then evaluate the proxy-models considered in the present work: (1) the one for
k=1, ff, (2) the one for x = 2, see Equation , and also (3) the linear network, f§,. We then evaluate
the rhs of Equation using a test part of the MNIST dataset. For this "optimistic" bound, we consider
much larger values of epsilon: € > 0.1, i.e. our model much less "nearly-linear" now than before.

Figures. We present the results on Figures 8 and [0] Dashed lines correspond to the train set, while solid
ones correspond to the test set. Black lines are risks of the actual trained model fg.,: R(t) and R, (1),
respectively. Green lines are our "optimistic' bound Equation evaluated at different values of . Purple
lines denote MSE loss of the actual trained model.

We also put three baselines on the plots. The dotted black line is the classification risk (and the MSE
loss) of a zero model f = 0. The brown dashed line is the MSE (train) loss of the optimal linear model,
f:x — Y Xz Finally, the red dashed line is the (train) classification risk of the optimal linear model.

Training phases. As we observe on risk plots (Figure |§| and the bottom row of Figure , the training
process could be divided into three phases. During the first phase, the risk decreases until it reaches the risk
of the optimal linear model, while the loss stays at the level of f = 0. This indicates that while the weights
stay very close to the origin, the network outputs already align with the outputs of the optimal linear model.
During the second phase, both the loss and the risk stay at the level of the optimal linear model. As for the
following phase, both the risk and the loss drop below the optimal linear model level. Therefore from this
point on, the network starts to "exploit" its nonlinearity in order to reduce the train loss.

Observations:

o The generalization gap stays negligible for all models and ~’s considered (Figure |8} top left);

e The proxy-model for k = 2 approximates the original model best among all three proxies considered
(Figure [8] top right);

e While the linear approximation deviates from the original model more than the one for £ = 2 during
the first phase, their deviations are similar during the subsequent phases;

e At the same time, the k = 1 approximation deviates more than that of x = 2 during the second
phase;

e The transition between the first and the second phases results in a nonmonotonic behavior of the
deviation from the original model for x = 1 and linear proxy-models;

o The resulting optimistic bound for k = 2 (green lines of Figure [8] bottom right) stays non-vacuous
during the first two phases for € = 0.1, while this is not the case for K = 1 (green lines of Figure
bottom left);

o The optimistic bound for x = 2 stays non-vacuous up to ¢ = 0.4 (green lines of Figure E[)

It is tempting to assume that the weights 8¢ follow the same trajectory as the weights of the linear model, 6°,
during the first two phases. However, if it was the case, the x = 1 proxy-model, fg,, would coincide with the
original one, fg., during this period. Then their quality would be the same; however, Figure |§] top right,
demonstrates the opposite.

C Missing calculations in Section [7]

C.1 Proof of Lemmal[7.3l

We have:

Ofg-(x)  0fs-(X) 5
or or

! 7 1
5 5 @) = Fo 0o (@) = 5

€

1
< — sup
€ 7€0,€]

/f <8f5T () 0fs (X>X+x) 0
0 or or
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Since f§, is a linear network and rk X = d, we have fJ. (v) = f5 (X)X and af‘”(T) = i (;(;)jﬁ
implies 3
A [ sy S Y o L E ST P
€ or or €llJo 0poT 0poT
2 £p 200 (%
< sup o fg- () o 9 fer(X)X+x‘
pE[0,€] opoT opoT
2 £p 2
< sup & for () T su 9 f-(X) X+
p€E[0,€] OpoT p€E[0,€] OpoT

Since we use LeakyReLU,

&1y, (x) ’ = || oWy
— | < Wl
s I B [T 1zl
82 f2 (X) D B o N owr B
| < | 252 TT i e -owrxie |5 T i
P F 1é[3,L] =2 ke[2,LI\{I}
Finally, since XX T = mly, we have | Xt| = % Combining everything together, we arrive into
e () — f@ﬂ 9< L \lowy
l
< sup Wil
(Lfl)EQHl"II Te[oe lzzl gl g
| L lowr
N B L P I 2 I ) G
el | 1=2 ke[2, L]\ {1}
1 |[owyX
s || Iz
7€[0,€] _\/"77’ or F k};[,L]

Plugging the bounds from Lemma [7.1] then gives

[1£5- (@) = fgo o (@)]| < (L= DL+ 1+ (L= 1)p)u" o]zl

By a similar reasoning,

5.(%) = Fi 00 (X Nl
(L —1)e? <2 sup [[WiX|p) |52 [T 1wl
T€[0,€] 1=2 ke[2,L\{l}
X
v s ||[PFEE) T g
r€[0,¢] TP e

Plugging the same bounds,
1£5:(X) = Fio o (X)]| < 2L = DA+ (L~ b v i,
C.2 Proof of Lemmal[l.4

Recall the definition of =7:

=7 (1) = - (¥ = WE) [DF () @ Wi () [ WE () [DT(0) o Wi X]]])
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Since m||=7||% is the loss function we optimize, it does not increase under gradient flow. Hence, since
multiplying by D] elementwise does not increase Frobenius norm,

L
ml|=" ()l < mlE7O)r < ¥ ]le + W7 X[ = [ IW7 )] (51)

We have |[W7(0)X ||z = p||[W7 (0)X]|| < [[W7(0)]|||X]|. Since all y from supp D are +1 and XX T = mly, we
get |27 ()l = (1 + pB).

Due to Assumption m||Z7X |2 does not increase under gradient flow:
) ) ) ) L
ml|ET )X e < m|ETO)X Tr < [YX e+ I XWX e [TIW7 )] (52)

Since YXT = 5, we have YX T = ms. Therefore |27 ()X ||z = s + pB~.

Finally, since =7 € R |Z7|| = |27||p and |E7X T || = |27 X || 5.

C.3 Bounding derivatives in the proof of Lemma [7.1]

Let us start with W7:

d2W1T T dW2T’T TTd‘—‘ o T A T T—=r| T
didr _lD ®< L= | X Ao ] AT (53)
WL || _ ||[dWg o . =" )
1-— =X =7 X T — =7 X||.
e H (== XTI+ = eI + I (|G| + 1870 ) 1K 9
We need a bound for HddETTH:
=7 T [A T Vv T T dwy - dWg T T Vv
m— =Wj [AoW[X]-W] {D ® dTlX] dT2 [D” @ Wi X]; (55)
=7 dW dws
m < WS W] X||r + W3 =X+ I 2 Wy X e
" " (56)
<u’py/m+u I X
-
This results in
awy d*Wy 9 1 dwyg 9 9
< 1 —_— 1-— .
H ‘ Jidr + pB° + pu? —i—u\/m g (s + (1 —=8)7+ pp~ + pu”)

Similarly, we have an evolution of W7 X:
=T

dr

(1= D)E XTI X ] + 7= [N X T ) + W5 | (\

BES

H dVV1

S HdW{

4 ||ET||F> IXTX)
F

(s + (1= )7 + pB% + pu?)ym.

<u(1+p62—|—pu +Uu— H

Finally, consider Wy :

dQW{ _dET
dtdr ~ dr

o T dWi o~ 7
(D" o W7X] +E" [DT@ dTlX—AQWlTX] ; (59)
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d*Wy3 dW7 - s = 3
ETX 2| rll X =" Wi X|F;
|G| = |5 = oz e + (hmi |55 ) v i
dI/V2 d2W27
dtdt
dWyi o awy awy
Su(l+pﬁ2 pu + u—— H LX ) H LIl (s + (1 = 8)7 + pB?) + pu? d:
f H Wy % H are all bounded by the same v which satisfies
F
do(t)

o = VOE+ 1+ p)u’ ) +ut)(IT+pu(h)),  v(0) =0,
where 5 = s+ (1 —s)7 + pB% and 1 =1 + pB2.

C.4 Solving the ODE for v(t)

Recall u(t) = fe’. We solve the homogeneous equation to get

’U(t) _ C(t)e§t+1;'—§"5262§t _ C(t)e(L—l)lnu(t)-&-il*'(ggl)pul‘(t) _ C(t)ﬁ_—lu(t)elg'f 2(15)

where C(t) satisfies

Recall for L =2, § = %E. Then

C(t) = B/e*“gﬁ(t) [1+ pu?(t)] dt

() n ()]

where we took

D Deep networks

D.1 Proof of Lemma [7.1] for L > 3

Bounding weight norms. For !l € [2, L],

awy T T T T, Tt T T T el
dtl = |:Dl @VVZ_"_;r |:DL—1 @WLyT‘: :|i| [Dl—l ®Wl—1 [Dl ®Wl X]} ;
dw; —T T =T T Y l
Hdtl < (L= D= XTI+ 7@ - DIE LW R T 1w
ke(2,LI\{l}
For I =1,

de— o T 7, T T T, T =T 1.
L — {D1®W2 ...[DL,lcaWL _HX ;
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awy =T —T % T
H L) < (= XTI+ o - DIE Rl X) T 17D 1)
ke[2,L]
dW. —T ¥ % —T " v T
|| < = o E TR - e TR TT (72)
ke(2,L]

Using Lemma[74) we get (1—T)HETXTIIIIW1TII+T(L—1)\IETIIIIWfXIIF < gu(t) and [|W7 ]| < go(t) VI € [2: L,
where

O gt 2O gk, 0i0) = BB DY), (0) = B
(73)

We have the following first integral:

% (67(t) = 5%63(1) =0, g7(0) = °g3(0) = B (1 = 7)(s + B") + 7(L = 1)1 + 5¥)p)* = %) . (74)
Therefore ot
g;t( ) _ gQL—2(t)\/§2g§(t) —52¢2(0) + g2(0), 92(0) = . (75)

Suppose p > 1. Then ¢2(0) — 52g3(0) > 0 and the solution is given in the following implicit form:

5242 _ e 2292
g5 F ()P (%, %v%ﬁﬁ((ﬁiﬁz‘)gz) -8 R (%,%, %7_‘%77/6;2,32)
(3—L)\/g3(0) — 52532 '

t =

(76)

The above expression cannot be made explicit for general L (but we could get explicit expression for
L € {2,3,4}). As an alternative, we consider a looser bound w(t):

du(t) 4 _ 35
el S ONEIRIOREES (77)
where 5, := (1 — 7)(s + %) + 7(L — 1)(1 4+ B¥)p; note that 51 = 5. We have u(t) > g2(t) and su(t) > g1(t)
Vt > 0. This ODE solves as

u(t) = (32— L)t + §>5)7°F (78)

where 3 = 822. Note that the solution exists only for t < #
S1 (L 2)

=
For the input layer weights, we get

dHWI (t)H < §’U,L_1(t). (79)
dt
The solution is given by

t L—1 1
Wi @) < ﬁ+§/0 (s@-Lyt+p2F)"Fdt=5- B+ (52~ L)t+577")"F =p—F+ult). (80)

Similarly, we have

t L—1 _
%HW{(t)XHF < Bp+ 5/0 (3(2— L)t + B>~ 5)*F dt = Bp — B + u(?). (81)
For brevity, we define
_ ) L
b=p-G=p(1-2) =-prr - - (52)
and _ L
b=t 5=5 (o= 2) == (- (59)
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Bounding norms of weight derivatives. Recall the definition of =7:

=T 1 T T T T %
== — (Y =W [Di_, @ Wi_,... [D] o W X]]); (84)
d=" = dW’ L awy
| S| < - viwr e I+ |2 xS | E T
1=2 k=2 le[2:L\{k}
= L
dwiX dW
<ul? [(L—l)dpmu—k” L Z k 1 .
F k=
(85)
For | € [2, L],
dQWT =T =T TV T
1% < (|5 + @i )iwezie T pwi)
F ke(2,LI\{1}
=T v T =T % dWJT T
+ (@ =DIE" XTI + (L = DIET|FIIW] X F) II 1wl
JE2LIN{1} kel2, LN\{l,5}
— dwy o |lawT X i
A CERIEE ] o FRTEEea i e I | U (86)
T F
ke[2,LI\{l}
L
dWT X . -
< (uL—l [(L —Dpu+ —— H L >3 + (L - 1)) put=t
F k=2
awr awy d
+ sut—2 Z ' L+ <(1 —7)(s+ 8L Wy +71(L H Wi X )uLQ.
, dr \F
Je:L\{1}
For [ =1,
a*wy N
—D|=E" X %4
%] < (|5 = le) 11 Tzl
- =Ty I =T % C“/VJT T
(O -DIE R @D R [ S T i
i=2 kel LIV}
L L
dWi X awy . awy
(u [ u+H L pz k +1(L—1)>u Z .
F k=2 =2
(87)
H AW g € [L], as well as \/» H dWl ‘ are all bounded by v(t) which satisfies
d -
di; = [(L=1D)pu + (1 + (L — 1)p)ur~to + (L — 1)1] ub + 5(L — ub~? (58)
=v[(1+ (L —-Dp)u*t"2 +5(L — D)u" 2] + (L — L)u*"" [T+ pu], v(0) =0,
where 1 =1+ g~
Solving the ODE for v(t). Recall
_ L
u(t) = (5(2—L)t+p*>"4)=" . (89)
We solve the homogeneous equation to get
o(t) = C(t)e B (GO Db 5 E) 4 EEEE e (5o e 22 74T (90)

1 L—1 1 L—1
+(§L )puL(t) +( )p L(t)

_ C(t)e(Lfl)lnu(t)Jr _ C(t)uLil(t)eTu ,
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where C(t) satisfies

dC(t 14(L-1 _
AW =1 (e 42220 = (1~ 1= (1) [T+ pu (1)) (91)
Let us introduce § = ﬁg Then

Ct)= (L - 1)/e—@ [T+ pu(t)] dt

i L () (5 ) ek (2 2) (3 2)]

(92)
This gives the final solution:
o(t) = E T Oo(ult) - w(B))e (93)
where we took ~ . .
w(u):—éF <2LL“8) —Héi’ll)pr (i”s ) (94)

D.2 Evaluating the solution at the learning time

For a properly initialized linear network, Vi € [L] [WP(t)|| = u(t), where u(t) satisfies (Saxe et al., 2013)

=a"Nt) (s —uk(t),  u(0) =B, (95)

which gives the solution in implicit form['}

e du _ath(e) 2 2 ul(t) gL 2 2 pt
to(B) = / al—1(s — al) = 52— L) R (LL - 175, . ) - s2—1L) oYy (LL — 1,L,S> . (96)

Suppose we are going to learn a fixed fraction of the data, i.e. take a(t) = (as)™/* for a € (0,1). Then

L
o, (13 - 152) - @9 aR (1 -1 B

tz(ﬁ) - S(L—2) . (97)

Since t} () is the time sufficient to learn a network for e = 0, we suppose it also suffices to learn a nonlinear
network. So, we are going to evaluate our bound at ¢ = ¢},. Since we need R,(¢},) < 1 for the bound to be
non-vacuous, we should take v small relative to . We consider v = o /q for v,q > 1.

Since the linear network learning time ¢} () is correct for almost all initialization only when /5 vanishes, we
are going to work in the limit of 3 — 0. Since we need a € (3%/s,1), otherwise the linear training time is
negative, we take a = gﬂ* for A € (0, L] and r > 1.

Consider first A < L:

08 = O (98)
M s(L—-2) ‘
Let us evaluate u at this time:
_ 3 = 2L \T°T
ea () = (77 = St o) T = ( - ) (1+0(s+22)). (o9)

75 Fy is a hypergeometric function defined as a series 2 F (a, b, ¢, 2) = 1—0—2:):1 % %, where (¢)r, = q(g+1) ... (g+k—1).
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Apparently, this expression does not make sense for p = 1 and even close to it, so we switch to A = L, which
we expect to be the right exponent:

(8 = T o (100)
« s(L —2) '
Let us evaluate u at this time:
_ 5 s N o =T 2L 3 N
u(ts(8)) = <62L —2(1-rtr) g +O(f32)> =8 <§§_L ~S (1ot 1)) (1+0(8%))
(101)

=2—L

. . S 5 2 _ . .
This expression makes sense whenever = — (1 —ri 1) > 0, i.e. when 7 is close enough to 1.
S1

Let us evaluate w at the training time now. Since I'(a,z) =T'(a) — % + O(x*1), we get

1 L L2
w(u(t () ~ w(B) = T35 T (W H () - ) + O(F)
1 L o2, , (5" 3 . (102)
=z3-71°" Bt <,§§_LS (1*“ 1) 1) +0(B%).
Then the quantity of interest becomes
Lul =1 (e (B))v(th(B)) CL—1 5p o, 1 L o, 5571 2.1 L
. = RN s G S (1) —1 ) as o)
Cqs"1TL(L=1) 10y 2L 3 2_ = 5278 5 2
“wia L (gL -5 (1) a5 (1t -1 ar o),
(103)

This expression does not diverge as  — 0 when v = 1. We will also have a finite lim;_, limg_,o whenever
eox (L—1)"L

E Proving Assumption [5.1] for linear nets

We have for [ =1,

1Y - )

R _ € e, T € €, T e il
Vii= o o7 - [D1®W2 [DL,l@WL = HX . (104)
For | € 2, L],
_ 1 9 ||Y B feef(X)Hi‘ _ € €, T € €, T—e € € € ev11 T
= i _—[Dl@WHl...[DL,l@WL HH [DZIQM/II"'[DIQWlXH(l'O5)
We also have
S\ o2
X . 1 aH(Y — ng(X)) XTHF _ € €T € &Tmev T v v 1
V= i _—[Dl@w2 ...[DH@WL =X X”X . (106)
ox 100 g () KT
L om oWy (107)
- [D; oW ... [Dz,l ® WE’TEGXTXH [Df, oW, ...[Df o Wex]]"

The statement of Assumption [5.1] follows from
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Conjecture E.1. Ve € [0,1] V£ >0 ZzL:1 tr [VEV/] > 0.

Indeed, the above conjecture states that loss gradients wrt weights and "projected" loss gradients wrt weights
are positively aligned, so, whenever loss does not increase, neither does projected loss. Since we use gradient
flow, loss is guaranteed to not increase. Below, we prove the conjecture for linear nets.

Proof of Conjecture for e = 0. Since € is zero, we omit the corresponding sup-index:
o [VEVT] = e [[Wy . WEXTR)XTX [y .. w[E] ]

- S
:tr[[W;...WLTEXT] Wy ... W]EXT] } =tr [Wy,... WoW, ... W] tr [EXTXET]
(108)
by the circular property of trace, and the fact that = is a matrix with a single row. Since d,,; = 1, both
traces are just squared Euclidean norms of vectors, hence they are non-negative: tr [V{ V]] > 0.

Let us do the same for the other layers:

tr VXV ] = [[W], . WEXTR] Wiy Wi )T (Wi i X (Wl Wi 2]

tr [[W;l LWLEXTW LW WL W ER T W ﬂ (109)
=tr Wy .. Wi W, W e [EXTW, oW Wi, A XET] >0

for the same reasons as before. O

Clearly, Conjecture should also hold for small enough € whenever it holds for ¢ = 0. However, the bound
for the maximal e for which we were able to guarantee the conjecture statement, vanishes with time ¢, as our

weight bounds are too loose. For this reason, we do not include it here. See Section [6] for empirical validation
of Assumption [5.1]
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