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Abstract001

Training large language models (LLMs) at 4-002
bit precision offers substantial efficiency gains003
but remains challenging due to the limited dy-004
namic range and coarse numerical resolution.005
Existing 4-bit training pipelines typically rely006
on max-scaling, which is ill-suited for heavy-007
tailed LLM tensor distributions and leads to008
severe under-utilization of the FP4 quantiza-009
tion grid in the low-magnitude region. This010
effect causes pronounced representation col-011
lapse and large rounding errors for the val-012
ues that dominate LLM computation. In this013
work, we derive the theoretically optimal scal-014
ing for FP4 under heavy-tailed inputs, re-015
vealing why max-scaling is intrinsically sub-016
optimal. Guided by this analysis, we pro-017
pose Half-S, an efficient scaling strategy that018
bridges theory and practice by halving the019
max-based scale when appropriate and safely020
reducing to max-scaling otherwise, achieving021
near-optimal scaling under real LLM statistics022
theoretically via a simple exponent shift. Ex-023
tensive experiments on large-scale pretraining024
and downstream fine-tuning show that Half-025
S matches BF16 convergence and final model026
quality while delivering up to 1.8× end-to-end027
training speedup. These results establish Half-028
S as a minimal yet fundamental correction that,029
for the first time, enables practical and near-030
lossless 4-bit LLM training.031

1 Introduction032

Large Language Models (LLMs) have achieved033

transformative success across a wide range of ap-034

plications, from natural language understanding to035

complex reasoning (Vaswani et al., 2017; Brown036

et al., 2020; Chowdhery et al., 2022; Wei et al.,037

2022; Touvron et al., 2023; OpenAI, 2023). How-038

ever, the rapid scaling of these models imposes im-039

mense computational and memory demands dur-040

ing training. To mitigate these costs, modern ac-041

celerators have introduced native support for low-042

precision arithmetic, including 8-bit and even 4- 043

bit integer or floating-point instructions (NVIDIA, 044

2022; Advanced Micro Devices (AMD), 2023). 045

While 8-bit floating-point (FP8) training has been 046

successfully validated by industry deployments 047

such as DeepSeek (DeepSeek-AI, 2024), stable 048

and near-lossless 4-bit training remains a signifi- 049

cant challenge due to the severely constrained dy- 050

namic range and numerical resolution. 051

Recent efforts to improve 4-bit training have ex- 052

plored more fine-grained scaling strategies to map 053

real-valued tensors into the FP4 range, such as 054

block-wise scaling adopted in MXFP4. However, 055

these methods still compute the scale from the ab- 056

solute block maximum, i.e., max-scaling, which 057

prioritizes avoiding clipping but inflates the scale 058

and induces large rounding errors for most values. 059

Some subsequent works modify the treatment of 060

large values by rescaling the upper representable 061

range (e.g., [4, 6]) (Cook et al., 2025), yet they 062

remain focused on large magnitudes and neglect 063

the small- and medium-magnitude values in [0, 4] 064

that dominate LLM tensors, leading to a substan- 065

tial loss gap in 4-bit training. 066

In this work, we first identify a fundamental 067

limitation of max-scaling in 4-bit training: un- 068

der heavy-tailed LLM tensor distributions, max- 069

scaling severely under-utilizes the FP4 quantiza- 070

tion grid in the low-magnitude region, leading to 071

pronounced representation collapse. In practice, 072

although FP4 provides 15 non-zero representable 073

values, max-scaling often allows only a small sub- 074

set of low-magnitude levels to represent the ma- 075

jority of values in a block (e.g., 6 levels), causing 076

many distinct inputs to collapse onto identical rep- 077

resentations and resulting in large rounding error. 078

Motivated by this observation, we propose Half- 079

S, a simple yet effective scaling correction that 080

halves the max-scaling factor to alleviate repre- 081

sentation collapse in the low-magnitude region. 082

We provide a theoretical analysis that character- 083

1



izes the error-optimal clipping threshold for heavy-084

tailed inputs under the non-uniform FP4 quantiza-085

tion grid, showing that the scale implied by the086

empirical maximum is systematically inflated by087

outliers. We then bridge theory and practice by088

demonstrating that halving the max-based scale089

closely matches the theoretical optimum in real090

LLM tensors, while admitting an extremely effi-091

cient implementation via a single exponent shift092

and safely reducing to Max-scaling when Half-S093

is not theoretically appropriate.094

We evaluate Half-S through large-scale pretrain-095

ing on OLMo-7B with 12B tokens and down-096

stream fine-tuning on Llama-2-7B. Experimen-097

tal results show that Half-S matches BF16 con-098

vergence and final model quality while preserv-099

ing the full performance benefits of 4-bit arith-100

metic, achieving up to 1.8× end-to-end through-101

put speedup. Together, these results demonstrate102

that Half-S constitutes a minimal yet fundamental103

correction for enabling practical, stable, and near-104

lossless 4-bit LLM training on modern hardware.105

Our contributions are summarized as follows:106

• We identify representation collapse in the107

low-magnitude region as a key problem of108

max-scaling, leading to large rounding errors.109

• A theoretically optimal scaling is derived for110

FP4 under heavy-tailed inputs, revealing why111

max-scaling is intrinsically suboptimal and112

providing guidance for improved strategies.113

• We propose Half-S, an efficient scaling strat-114

egy that bridges theory and practice by appro-115

priately halving the max-based scale, achiev-116

ing near-optimal scaling theoretically.117

• Extensive pretraining and fine-tuning exper-118

iments demonstrate that Half-S for the first119

time achieves BF16-level convergence under120

MXFP4 while delivering 1.8× speedup.121

2 Related Work122

2.1 Low-precision Training123

To circumvent memory and communication bot-124

tlenecks, training paradigms have progressively125

shifted from 32-bit precision to 16-bit for-126

mats like FP16 (Micikevicius et al., 2017) and127

BF16 (Kalamkar et al., 2019; Shoeybi et al., 2019;128

Rasley et al., 2020), and more recently to 8-129

bit floating point (FP8) workflows (Micikevicius130

et al., 2022; Dettmers et al., 2022). While early131

FP8 systems like Transformer Engine (NVIDIA 132

Corporation, 2025) focused on linear layers, subse- 133

quent efforts such as FP8-LM (Peng et al., 2023) 134

and ZeroQuant (Yao et al., 2022) extended quan- 135

tization to activations and gradients. To fur- 136

ther maximize efficiency, recent systems includ- 137

ing COAT (Xi et al., 2024) and DeepSeek-V3 (Liu 138

et al., 2024) introduced fine-grained quantization 139

for activations and optimizer states, a direction 140

also explored by 8-bit optimizers (Dettmers et al., 141

2021) and innovations like QLoRA (Dettmers 142

et al., 2023), which enables 4-bit fine-tuning. 143

However, as noted by MOSS (Zhang et al., 2025), 144

excessive granularity can incur prohibitive dequan- 145

tization overheads, necessitating designs that bal- 146

ance compression rates with kernel efficiency. 147

2.2 Block-scaled Quantization 148

Quantization has evolved from coarse tensor-wise 149

scaling to fine-grained Block-scaled Quantization 150

(Microscaling) to maintain precision at lower bit- 151

widths. The OCP Microscaling standard (Rouhani 152

et al., 2023) formalized this by partitioning ten- 153

sors into blocks (e.g., k = 32) sharing a hardware- 154

efficient E8M0 exponent. This structure decouples 155

dynamic range from local precision. Building on 156

this, NVFP4 further reduced block sizes (k = 16) 157

to facilitate direct 4-bit training on next-generation 158

architectures (Abecassis et al., 2025), establishing 159

the foundation for ultra-low precision scaling. 160

2.3 Scaling Strategies 161

The standard Max-scaling strategy (Rouhani et al., 162

2023) specifically sets the clipping threshold to 163

the block’s absolute maximum to strictly pre- 164

vent overflow. However, aligning the scale with 165

extreme outliers stretches the quantization grid, 166

which causes severe resolution loss for the dense 167

central peak. While adaptive methods like "Four 168

Over Six" (Cook et al., 2025) attempt to optimize 169

thresholds, they still focus on large values and ig- 170

nore the large error in the low-magnitude region. 171

3 Preliminary 172

FP4 and MXFP4: FP4 is a low-precision 173

floating-point format with a non-uniform set of 174

representable magnitudes. For the E2M1 layout, 175

the positive representable magnitudes form a non- 176

uniform grid Q+ = {0, 0.5, 1, 1.5, 2, 3, 4, 6}, 177

with sign symmetry for negative values. Due to 178

the limited intrinsic dynamic range of FP4, real- 179

valued tensors must be scaled before quantization, 180
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which can be expressed as:181

X̂ = S ·Q
(
X

S

)
, (1)182

where X denotes the original tensor, S is the scal-183

ing factor, and Q(·) denotes rounding to the near-184

est FP4 representable value. For E2M1, the quan-185

tization function Q(·) is given by:186

Q(x) =


1
2⌈2x⌋, |x| < 2,

⌈x⌋, 2 ≤ |x| < 4,

2⌈x2 ⌋, 4 ≤ |x| ≤ 6,

(2)187

where ⌈·⌋ denotes rounding to the nearest integer.188

This piecewise definition reflects the non-uniform189

spacing of the FP4 grid, with denser levels near190

zero and sparser levels at larger magnitudes.191

MXFP4 is a practical FP4 variant that applies192

block-wise scaling. A block of n values (e.g., n =193

32) shares a common scaling factor S, which is194

stored in E8M0 format and therefore restricted to195

powers of two. As a result, the scale is selected196

per block as the largest power-of-two value that197

accommodates the block maximum.198

Max-scaling: A commonly used choice for the199

scaling factor is max-scaling, which aligns the200

largest magnitude in the tensor with the maximum201

representable FP4 value:202

Smax =
max(|X|)
Vmax

. (3)203

In MXFP4, this value is further quantized to the204

nearest power of two to satisfy the E8M0 con-205

straint. Max-scaling strategy strictly avoids over-206

flow and is widely adopted due to its simplicity.207

While computationally efficient, this greedy strat-208

egy stretches the quantization grid to accommo-209

date rare outliers, significantly inflating rounding210

noise for the dense majority of values near zero.211

4 Methodology212

In this section, we show that max-scaling causes213

severe representation collapse, and introduce214

Half-S, a theory-guided half-scaling correction215

with safe reduction to Max-scaling.216

4.1 Motivation217

We show that the severe representation collapse218

of max-scaling in FP4 is induced by quantization219

grid under-utilization, mapping many distinct val-220

ues onto a small set of representations and degrad-221

ing training dynamics.222
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Figure 1: Tensors in LLMs exhibit heavy-tailed value
distributions. The majority of values concentrate near
zero, while rare outliers extend far into the tails.

4.1.1 Heavy-tailed LLM Tensors 223

Tensors in modern large language models ex- 224

hibit pronounced heavy-tailed distributions, where 225

most values concentrate near zero while rare out- 226

liers extend far into the tails, as shown in Figure 1. 227

Although the majority of elements lie in a narrow 228

central range, these rare large-magnitude values 229

dominate the maximum statistics. 230

4.1.2 Representation Collapse of Max-scaling 231

Under heavy-tailed distributions, quantization grid 232

under-utilization directly leads to representation 233

collapse. We analyze this phenomenon at both the 234

single-block and cross-block levels. 235

Single block analysis. We first illustrate this ef- 236

fect at the block level using Figure 2. In this ex- 237

ample, a block contains 32 values, among which 238

30 values lie within half of the maximum magni- 239

tude. However, under Max-scaling, these values 240

can only be represented by a limited subset of the 241

MXFP4 quantization grid. Specifically, although 242

MXFP4 provides 15 non-zero representable lev- 243

els, only 6 low-magnitude levels are available to 244

represent the majority of values in this block. As 245

a result, many distinct inputs are forced to col- 246

lapse onto identical discrete representations, leav- 247

ing much of the quantization grid unused. This se- 248

vere under-utilization leads to substantial rounding 249

distortion, yielding a block-wise mean squared er- 250

ror (MSE) of 0.50 despite the absence of clipping. 251

Cross blocks analysis. The representation col- 252

lapse problem is not an isolated case for block 253

level, but persists across the model at scale. As 254

shown in Figure 3, after applying Max-scaling, 255

93.12% of quantized values across multiple blocks 256
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Figure 2: Quantization grid under-utilization and representation collapse at the block level under Max-scaling. In
this block of 32 values, 30 values lie within half of the maximum magnitude, yet they can only be represented by
6 available MXFP4 quantization levels. As a result, many distinct inputs collapse onto identical representations,
leaving much of the quantization grid unused and leading to large rounding error.

fall within the low-magnitude interval [0, 4]. Yet,257

due to representation collapse, a substantial frac-258

tion of these values are mapped to zero or to a259

small number of identical low-magnitude levels.260

This widespread collapse sharply reduces the ef-261

fective number of distinct responses during train-262

ing, diminishing signal diversity and leading to de-263

graded optimization dynamics.264
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Figure 3: Representation collapse under Max-scaling
is pervasive across blocks. We have statistics over
10k tensors and over 93% of values lie within the low-
magnitude range after Max-scaling, and many of them
collapse to zero or to a small set of identical levels, in-
dicating a widespread loss of representational diversity.

Together, Figure 2 and Figure 3 show that265

Max-scaling severely under-utilizes the quantiza-266

tion grid, causing representation collapse and large267

rounding error in the low-magnitude region that268

dominates LLM computation, which directly mo-269

tivates the need for a corrected scaling strategy.270

4.2 Efficient Half-Scaling Framework271

Motivated by the representation collapse induced272

by Max-scaling, We reformulate scale selection273

via an explicit clipping threshold α and derive a274

hardware-efficient correction termed Half-S.275

4.2.1 Theoretical Basis 276

Max-scaling sets the shared scale using the ob- 277

served maximum max(|X|), which is dominated 278

by rare outliers under heavy-tailed LLM tensors. 279

To analyze the MSE-optimal scaling from first 280

principles, we instead parameterize the scale by an 281

explicit clipping threshold α: 282

S =
α

Vmax
, Vmax = 6, (4) 283

where Vmax is the maximum value of FP4 (E2M1). 284

Objective. With the above parameterization, the 285

total error decomposes into clipping and rounding: 286

MSE(α) = Ec(α) + Er(α), (5) 287

where Ec(α) = E[(X − Xc)
2] is the clipping 288

error with Xc = clip(X,−α, α), and Er(α) = 289

E[(Xc − Q(X,S))2] is the rounding error within 290

the clipping range. This decomposition holds be- 291

cause the two error terms have disjoint supports. 292

Part I: Clipping error. Assume a zero-mean 293

Laplace input X ∼ Laplace(0, b) (evidence in Ap- 294

pendix A) with density p(x) = 1
2b exp(−|x|/b). 295

For symmetric clipping to [−α, α], the clipping 296

MSE admits a closed form: 297

Ec(α) = E
[
(|X| − α)2+

]
= 2b2 exp

(
−α

b

)
. (6) 298

Part II: Rounding error. As introduced in Sec- 299

tion 3, FP4 (E2M1) employs a non-uniform quanti- 300

zation grid with positive representable magnitudes 301

Q+ = {0, 0.5, 1, 1.5, 2, 3, 4, 6}. Let {qi}7i=0 302

denote the ordered elements of this grid. The 303

corresponding decision boundaries are defined as 304

m0 = 0, mi+1 = qi+qi+1

2 for i = 0, . . . , 6, and 305

4



m8 = 6. Within the clipping range, the rounding306

mean squared error (MSE) can be expressed as a307

piecewise integral over the FP4 quantization bins:308

Er(α) =

7∑
i=0

∫ mi+1S

miS
(x−qiS)2

1

b
exp

(
−x

b

)
dx,

(7)309

which explicitly captures the effect of non-uniform310

FP4 grid geometry on rounding distortion.311

Optimal solution. Based on the MSE objective312

Equation 5 derived above, the optimal clipping313

threshold is obtained by solving the first-order con-314

dition d
dαMSE(α) = 0. We normalize by the315

Laplace scale b and define α̂ = α/b and Ŝ =316

S/b = α̂/6. Let Φ(α̂) ≜ Er(α)/b
2 denote the nor-317

malized rounding error, which depends on α only318

through α̂. The normalized objective becomes:319

MSE(α)

b2
= 2e−α̂ +Φ(α̂), (8)320

yielding the optimality condition:321

Φ′(α̂∗) = 2e−α̂∗
. (9)322

Solving this one-dimensional equation numeri-323

cally gives α̂∗ ≈ 5.86453 (more details in Ap-324

pendix B), hence α∗ ≈ 5.86b. For a Laplace dis-325

tribution, σ =
√
2b, leading to:326

α∗ ≈ 5.86√
2
σ ≈ 4.14σ. (10)327

4.2.2 Half-S: Bridging Theory and Practice328

Given the optimal threshold scales with σ, we next329

connect this result to empirical LLM statistics and330

derive a hardware-friendly solution.331

Empirical maximum-to-σ ratio. To quantify332

the empirical relationship between the block max-333

imum and σ, we compute the ratio max(|X|)/σ334

over 10k tensor blocks. As shown in Figure 4,335

the block maximum is frequently dominated by336

rare outliers, with max(|X|) commonly reaching337

∼ 10σ. This systematic inflation implies that338

the default Max-scaling strategy selects a clipping339

threshold far into the tail of the distribution, sub-340

stantially exceeding the theoretical optimum.341

Half-scaling: Bridging theory and practice.342

Motivated by the gap between the empirical block343

maximum (∼ 10σ) and the theoretical optimum344

(α∗ ≈ 4.14σ), we propose Half-S, which applies345

a single half-scaling operation:346

Half-S: S ← 1

2
Smax. (11)347
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Figure 4: Distribution of the empirical maximum-to-σ
ratio. Most blocks exhibit max(|X|)/σ ≈ 10, reflect-
ing outlier-dominated maxima.

Equivalently, this corresponds to setting the clip- 348

ping threshold α ← max(|X|)/2. This choice 349

yields α ≈ 5σ, closely matching the MSE-optimal 350

threshold while retaining the simplicity and effi- 351

ciency of Max-scaling. We further introduce a 352

lightweight fallback based on max(|X|)/σ, where 353

σ is computed alongside the maximum in one pass 354

via Welfords algorithm with little additional cost. 355

Half-S is applied when the ratio lies in [8, 12], oth- 356

erwise reverting to Max-scaling with guaranteed 357

no worse performance and full compatibility. 358

Improved grid utilization and reduced error. 359

Half-S directly alleviates the representation col- 360

lapse identified in Section 4.1 by reallocating 361

quantization resolution toward the dense low- 362

magnitude region. At the block level, as shown 363

in Figure 5, Max-scaling maps the majority of val- 364

ues (e.g., 30 dominant values) onto only 6 FP4 365

levels, whereas Half-S increases the number of ac- 366

tively utilized levels to 10, substantially improv- 367

ing grid utilization and preserving representational 368

diversity. As a result, the rounding error is re- 369

duced from 0.12526 under Max-scaling to 0.0197 370

with Half-S. At scale, Figure 6 shows that Half- 371

S (Smax/2) achieves the global minimum aggre- 372

gate MSE across shared-exponent shifts, while 373

more aggressive scaling (Smax/4) incurs rapidly 374

increasing error due to dominant clipping. 375

Hardware efficiency. Half-S incurs negligible 376

overhead by implementing division by two via bit 377

shifting; under MXFP4 with E8M0 scaling, this re- 378

duces to a single shared-exponent decrement. As 379

a result, Half-S preserves high efficiency while im- 380

proving accuracy. 381
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Figure 5: Improved quantization grid utilization at the block level under Half-S. In the same setting as Figure 2,
Half-S enables 10 active MXFP4 quantization levels to represent the dominant values, substantially alleviating the
representation collapse observed under Max-scaling. As a result, the rounding error is significantly reduced from
0.12526 to 0.0197, reflecting more effective use of the quantization grid in the dense low-magnitude region.
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Figure 6: Smax/2 (exponent shift=-1) achieves the
global minimum error, empirically validating our the-
oretical analysis established in over 10k tensor blocks.

5 Experiments382

In this section, we evaluate the practical effective-383

ness of Half-S in LLMs training, covering large-384

scale pretraining, instruction fine-tuning, ablation385

studies, and performance analysis.386

5.1 Experimental Setup387

We evaluate Half-S across two primary regimes:388

large-scale pretraining using the OLMo-7B on the389

Dolma dataset (Soldaini et al., 2024), and math-390

ematical instruction tuning using Llama-2-7B on391

the MAmmoTH corpus (Yue et al., 2023). All ex-392

periments are conducted on NVIDIA H100 GPUs393

using a custom simulated MXFP4 operator. We ap-394

ply Half-S to weights and activations while main-395

taining optimizer states in high precision. We396

compare our approach against BF16, COAT* (Xi397

et al., 2024)(COAT with MXFP4 adaptation, ex-398

cluding optimizer quantization), and the search-399

based Four Over Six (Cook et al., 2025) base-400

line(with MXFP4 adaptation).Detailed hyperpa-401

rameters and evaluation metrics are provided in 402

Appendix C. 403

5.2 Accuracy Experiments 404

5.2.1 LLM Pretraining 405

We evaluate pretraining stability on OLMo-7B and 406

OLMo-1B. As presented in Figure 7 and Table 1, 407

Half-S establishes a new baseline for 4-bit training 408

stability. 409

Achieving near-lossless convergence. The 410

most critical finding is that Half-S effectively 411

eliminates the quantization gap, achieving con- 412

vergence curves and final accuracy that are 413

statistically indistinguishable from the BF16. On 414

the primary OLMo-7B benchmark, Half-S recov- 415

ers 99% of the BF16 baseline accuracy (43.99% 416

vs. 44.86%). This capability is scale-invariant: 417

on OLMo-1B, Half-S (41.96%) even slightly 418

surpasses the BF16 baseline (41.25%), suggesting 419

beneficial regularization effects. 420

Resolving representation collapse. In stark 421

contrast, COAT* and the search-based Four Over 422

Six suffer from significant degradation (e.g., trail- 423

ing BF16 by > 4 points in PPL on 7B). These 424

baselines fail because they prioritize outlier cover- 425

age at the expense of the dense central mass. By 426

correcting this bias, Half-S restores the representa- 427

tional fidelity of small-magnitude gradients, ensur- 428

ing that the training loss trajectory remains tightly 429

coupled with the high-precision baseline through- 430

out the optimization process. 431

5.2.2 LLM Fine-tuning 432

To evaluate the robustness of Half-S under in- 433

struction tuning, we fine-tune Llama-2-7B on the 434
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Table 1: OLMo-7B (left) and OLMo-1B (right) pretraining performance. Metrics are divided into Perplexity (top)
and Zero-shot Accuracy (bottom).

Avg Loss ↓ WikiText ↓ C4 ↓ Pile ↓ Avg PPL ↓

BF16 4.0121 46.10 31.08 26.86 34.68
COAT* 4.3805 94.01 52.03 43.92 63.32 (+28.64)
Four Over Six 4.3028 77.98 47.09 38.85 54.64 (+19.96)
Half-S 4.1314 54.28 35.68 29.47 39.81 (+5.13)

COPA ↑ ARC(E) ↑ SciQ ↑ HellaSwag ↑ Avg Acc(%) ↑

BF16 54.00 40.53 55.30 29.61 44.86
COAT* 55.00 34.03 46.90 27.05 40.74 (-4.12)
Four Over Six 51.00 33.51 46.60 26.94 39.51 (-5.35)
Half-S 57.00 38.07 52.60 28.30 43.99 (-0.87)

Method Avg Loss ↓ WikiText ↓ C4 ↓ Pile ↓ Avg PPL ↓

BF16 4.3555 61.44 38.85 32.99 44.42
COAT* 4.5503 73.94 45.96 37.55 52.48 (+8.06)
Four Over Six 4.4754 74.06 47.02 37.95 53.01 (+8.59)
Half-S 4.3877 61.02 39.80 32.98 44.60 (+0.18)

Method COPA ↑ ARC(E) ↑ SciQ ↑ HellaSwag ↑ Avg Acc(%) ↑

BF16 51.00 34.91 51.50 27.58 41.25
COAT* 50.00 33.33 46.90 26.13 39.09 (-2.16)
Four Over Six 55.00 32.98 45.60 26.51 40.02 (-1.23)
Half-S 52.00 38.77 49.90 27.20 41.96 (+0.71)
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Figure 7: Pretraining loss curves for OLMo-7B (left) and OLMo-1B (right) on the Dolma dataset. Half-S (blue)
achieves accuracy close to BF16 (green) baseline (<1% difference), while others suffer from >4% degradation on
OLMo-7B.

Table 2: Llama-2-7B fine-tuning performance on math
and reasoning benchmarks. Half-S maintains high ac-
curacy across complex tasks, significantly outperform-
ing aggressive clipping strategies.

GSM8K↑ Minerva Math↑ Avg Acc(%)↑

Origin 15.01 4.76 9.89

BF16 41.17 8.00 24.59
COAT* 38.89 7.38 23.14(-1.45)
Four Over Six 34.50 5.04 19.77(-4.82)
Half-S (Ours) 41.02 7.36 24.19(-0.40)

MAmmoTH corpus and assess performance on435

mathematical reasoning benchmarks. As detailed436

in Table 2, Half-S demonstrates exceptional fi-437

delity, achieving an average accuracy of 24.19%,438

which is statistically indistinguishable from the439

BF16 upper bound (24.59%).440

Preserving fidelity in reasoning chains. Un-441

like general pretraining, mathematical reasoning442

requires preserving subtle signal differences to443

maintain the integrity of multi-step logical chains.444

The degradation observed in Four Over Six (Avg445

19.77%) reveals a critical misalignment: by opti-446

mizing for the upper tail range ([4, 6]), it wastes447

representational capacity on values that rarely ap-448

pear in fine-tuning gradients. Similarly, COAT*449

introduces excessive quantization noise by stretch-450

ing the grid to cover outliers, effectively drown- 451

ing out the fine-grained updates required for cor- 452

recting logic errors. Half-S addresses this by ex- 453

plicitly prioritizing the signal-to-noise ratio of the 454

central distribution. By doubling the effective res- 455

olution for the majority of updates, it minimizes 456

error propagation in chain-of-thought generation, 457

recovering the reasoning capabilities of the BF16 458

baseline. 459

5.2.3 Ablation Study on Scaling Factors 460

Table 3: Ablation study of scaling factors on OLMo-7B.
Aggressive scaling (Smax/4) leads to divergence due to
excessive clipping, while Half-S identifies the optimal
trade-off between grid resolution and range coverage.

Avg Loss ↓ WikiText ↓ C4 ↓ Pile ↓ Avg PPL ↓

BF16 4.0121 46.10 31.08 26.86 34.68
MXFP4 (Smax) 4.3805 94.01 52.03 43.92 63.32 (+28.64)
MXFP4 (Smax/4) 4.7102 406.83 211.47 138.85 252.38 (+217.70)
Half-S (Ours) 4.1314 54.28 35.68 29.47 39.81 (+5.13)

COPA ↑ ARC(E) ↑ SciQ ↑ HellaSwag ↑ Avg Acc(%) ↑

BF16 54.00 40.53 55.30 29.61 44.86
MXFP4 (Smax) 55.00 34.03 46.90 27.05 40.74 (-4.12)
MXFP4 (Smax/4) 59.00 27.37 38.60 26.69 37.91 (-6.95)
Half-S (Ours) 57.00 38.07 52.60 28.30 43.99 (-0.87)

To validate the optimality of the half-scaling 461

strategy, we compare Half-S against the standard 462

baseline and an aggressive scaling variant. As 463

shown in Table 3, the choice of scaling factor 464

involves a critical trade-off between grid utiliza- 465
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Table 4: OLMo-1B attention verification. We compare
PPL and Accuracy across different implementations of
Half-S. (A+L) refers to Attention and Linear layers.

Method Train Loss ↓ WikiText ↓ C4 ↓ Pile ↓ Avg PPL ↓

BF16 3.3725 61.44 38.85 32.99 44.42
COAT*(A+L) 3.5620 76.12 46.99 38.63 53.91 (+9.49)
Half-S (A+L) 3.4151 61.42 40.49 34.26 45.39 (+0.97)

Method COPA ↑ ARC(E) ↑ SciQ ↑ HellaSwag ↑ Avg Acc(%) ↑

BF16 51.00 34.91 51.50 27.58 41.25
COAT*(A+L) 50.00 34.04 47.00 26.57 39.40 (-1.85)
Half-S (A+L) 50.00 35.78 50.80 27.49 41.01 (-0.24)
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Figure 8: Stability of Attention Layer quantization.
Half-S (purple) effectively eliminates the significant
gap of 4% observed in COAT* (red), reducing it to be-
low 1% and achieving BF16-level convergence.

tion (rounding error) and dynamic range coverage466

(clipping error).467

The trade-off zone of scaling. Standard468

MXFP4 (Smax) ensures zero clipping but suffers469

from coarse granularity, resulting in a degraded470

PPL of 63.32 due to representation collapse in the471

dense central region. Conversely, the aggressive472

MXFP4 (Smax/4) strategy pushes the quantization473

threshold too low (≈ 2.5σ). This triggers catas-474

trophic clipping of activation outliers, causing the475

training to diverge with a PPL of 252.38.476

Optimality of Half-S. Half-S effectively identi-477

fies the operational sweet spot (≈ 5σ). By halv-478

ing the scale, it doubles the representational den-479

sity for the majority of values without crossing the480

critical clipping boundary that destroys model con-481

vergence. This balance allows Half-S to achieve a482

PPL of 39.81, recovering 99% of the BF16 base-483

line performance (34.68) and significantly outper-484

forming both the conservative max-scaling and the485

overly aggressive MXFP4 (Smax/4) approach.486

5.2.4 Verification of Half-S on Attention487

Attention layers are notoriously sensitive to quan-488

tization noise due to the heavy-tailed nature of ac-489

tivation outliers. Hence, we extend our evalua-490

tion to the attention modules (Q,K, V projections) 491

of OLMo-1B to verify generalizability in Table 4 492

and Figure 8. 493

Recovery of attention fidelity. Quantizing at- 494

tention heads typically triggers severe perfor- 495

mance collapse due to the inability of standard 496

metrics to handle outlier-dominated distributions. 497

Table 4 reveals that while standard MXFP4 causes 498

PPL to spike to 53.91, Half-S (A+L) achieves 499

near-lossless recovery, attaining an Average PPL 500

of 45.39 and Zero-shot Accuracy of 41.01%. 501

These metrics are within 1% of the BF16 base- 502

line, demonstrating that Half-S effectively pre- 503

serves signal fidelity in outlier-heavy projections 504

without requiring higher-precision retention. 505

Convergence stability. As shown in Figure 8, 506

Half-S exhibits remarkably stable convergence be- 507

havior. It achieves a final training loss of 3.4151, 508

significantly outperforming the standard 4-bit con- 509

figuration (3.5620) and matching the BF16 trajec- 510

tory. By preventing the under-utilization of the 511

quantization grid in Q,K, V projections, Half-S 512

minimizes the quantization noise that typically dis- 513

rupts the attention mechanism, thereby ensuring 514

stable end-to-end 4-bit optimization. 515

5.3 Efficiency Analysis 516

We analyze the computational efficiency on 517

NVIDIA GB200 assuming native FP4 support. 518

For memory-bound 7B models, 4-bit quantization 519

effectively quadruples the available bandwidth. 520

Concretely, the BF16 baseline requires 10 seconds, 521

whereas MXFP8 reduces the runtime to 7.1 sec- 522

onds (yielding a∼1.4× speedup), and MXFP4 fur- 523

ther reduces it to 5.5 seconds, corresponding to an 524

estimated 1.8× speedup over BF16. Crucially, the 525

simple bit-shift correction of Half-S incurs negligi- 526

ble computational overhead, allowing these theo- 527

retical bandwidth gains to be fully realized in prac- 528

tice. 529

6 Conclusion 530

In this paper, we identify representation collapse 531

as the core limitation of max-scaling in 4-bit LLM 532

training. Guided by theoretical analysis, we pro- 533

pose Half-S, an efficient correction that halves the 534

max-based scale. Extensive experiments show that 535

Half-S enables stable, near-lossless training and 536

up to 1.8× end-to-end speedup. 537
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7 Limitations538

Our method is general and not tied to a specific539

4-bit format. In this work, we focus our experi-540

mental evaluation on MXFP4, while the applica-541

bility of Half-S to other formats such as NVFP4542

and HiF4 remains to be explored. We leave valida-543

tion on these formats for future work.544
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A Empirical Validation of the Laplace 685

Assumption 686

To empirically validate the Laplace distribution as- 687

sumption used in our clipping and scaling analy- 688

sis, we conduct a goodness-of-fit test on both for- 689

ward activations and backward gradients collected 690

at 1000 training iterations of OLMo-1B. 691

Given a tensor x, we assess its fit to a Laplace 692

distribution, Laplace(0, b), where the scale param- 693

eter b is estimated via maximum likelihood as 694

b̂ = E[|x|]. 695

We fix the location parameter to zero, which is em- 696

pirically justified by the near-zero sample means 697

observed in both cases. Due to the large tensor 698

dimensionality, we randomly subsample 5 × 105 699

elements for statistical testing. 700

We apply the Kolmogorov–Smirnov (KS) test 701

to quantify the discrepancy between the empirical 702

distribution and the fitted Laplace model. In addi- 703

tion, we report skewness and kurtosis as diagnostic 704

statistics to characterize symmetry and tail behav- 705

ior. 706

For the forward tensor, we obtain an estimated 707

scale parameter b̂ = 0.41, with negligible skew- 708

ness (0.01) and a near-zero sample mean. The em- 709

pirical kurtosis, however, reaches 59.99, substan- 710

tially exceeding the theoretical Laplace value of 6, 711

which indicates the presence of rare but extreme 712

outliers. This results in a KS statistic of 0.074. We 713

note that such a statistical discrepancy is expected 714

in large-sample regimes and is primarily driven by 715

tail discrepancies rather than deviations in the cen- 716

tral mass. Since the MSE-optimal clipping thresh- 717

old is dominated by the central distribution, and 718

the bulk of the activation distribution exhibits a 719

near-linear decay in log-density consistent with a 720

Laplace model, we find it appropriate to adopt the 721

Laplace assumption for our theoretical analysis. 722

In contrast, the backward gradient tensor aligns 723

very closely with the Laplace assumption. The em- 724

pirical kurtosis is 7.02, nearly matching the theo- 725

retical value of 6. The KS statistic is also excep- 726

tionally small at 0.0073, signifying a high degree 727

of fit between the empirical data and the model. 728

While statistical tests are sensitive to minuscule 729

deviations in large samples, the combination of 730

closely matched moment statistics and a mini- 731

mal distributional distance provides strong evi- 732

dence to model the backward gradients as Laplace- 733

distributed. 734
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Figure 9: Half-S (Smax/2) achieves the global minimum MSE for both forward and backward tensors, empirically
validating our theoretical optimality bounds over 10,000 tensor blocks(10333 tensors).

Taken together, these results justify the Laplace735

modeling assumption for both forward and back-736

ward tensors in practice, with particularly strong737

agreement observed for backward gradients. This738

empirical evidence supports the validity of the clip-739

ping and scaling optimality analysis developed in740

Section 4.2.1.741

B Optimal Clipping Threshold for742

MXFP4 under Laplace Distribution743

The analysis explicitly accounts for the non-744

uniform floating-point grid of MXFP4 and decom-745

poses the error into clipping and rounding compo-746

nents.747

Problem setup. Let the random variable X fol-748

low a zero-mean Laplace distribution,749

p(x) =
1

2b
exp

(
−|x|

b

)
, (12)750

where b > 0 is the scale parameter. We apply sym-751

metric clipping to the interval [−α, α] and subse-752

quently quantize using MXFP4 with a shared scal-753

ing factor754

S =
α

6
. (13)755

The set of representable positive values of MXFP4756

(E2M1) is757

Q+ = {0, 0.5, 1, 1.5, 2, 3, 4, 6}. (14)758

MSE decomposition. The total MSE is decom-759

posed as760

MSE(α) = Ec(α) + Er(α), (15)761

where Ec denotes the clipping error and Er de-762

notes the rounding error induced by MXFP4 quan-763

tization within the clipping range.764

Clipping error. For a Laplace distribution, the 765

clipping MSE can be written as 766

Ec(α) = E
[
(|X| − α)2+

]
=

∫
|x|>α

(|x| − α)2 p(x) dx

= 2

∫ ∞

α
(x− α)2

1

2b
exp

(
−x

b

)
dx,

(16) 767

where the factor of 2 follows from symmetry. Eval- 768

uating the integral yields the closed-form expres- 769

sion 770

Ec(α) = 2b2 exp
(
−α

b

)
. (17) 771

Rounding error for MXFP4. Let {qi}7i=0 de- 772

note the ordered elements of Q+. The bin bound- 773

aries on the positive axis are defined as 774

m0 = 0,

mi+1 =
qi + qi+1

2
, i = 0, . . . , 6,

m8 = 6.

(18) 775

The rounding MSE can be written as 776

Er(α) =
7∑

i=0

∫ mi+1S

miS
(x− qiS)

2 1

b
exp

(
−x

b

)
dx.

(19) 777

Scale normalization. Introduce the dimension- 778

less variables 779

z =
x

b
, α̂ =

α

b
, Ŝ =

S

b
=

α̂

6
. (20) 780

Substituting into Eq. (19) yields 781

Er(α) = b2Φ(α̂), (21) 782
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where783

Φ(α̂) =

7∑
i=0

∫ mi+1Ŝ

miŜ
(z − qiŜ)

2e−z dz. (22)784

Similarly, Eq. (16) becomes785

Ec(α) = 2b2e−α̂. (23)786

Therefore, the normalized MSE takes the form787

MSE(α)

b2
= 2e−α̂ +Φ(α̂), (24)788

which depends on the clipping threshold only789

through α̂.790

Optimal threshold. Minimizing Eq. (24) yields791

the optimality condition792

Φ′(α̂∗) = 2e−α̂∗
. (25)793

Equation (25) depends only on the MXFP4 grid794

structure. Consequently, the optimal clipping795

threshold scales linearly with the Laplace scale pa-796

rameter,797

α∗ = α̂∗ b. (26)798

Numerical solution via bisection. The function799

Φ(α̂) defined in Eq. (22) does not admit a closed-800

form expression due to the piecewise structure in-801

duced by the non-uniform MXFP4 grid. We there-802

fore evaluate Φ(α̂) numerically by explicitly inte-803

grating over each quantization bin.804

Specifically, for a given α̂, the normalized scale805

is Ŝ = α̂/6, and the integration domain is parti-806

tioned according to the MXFP4 decision bound-807

aries {miŜ}8i=0. Within each bin [miŜ,mi+1Ŝ],808

The rounding error is integrated as809 ∫ mi+1Ŝ

miŜ
(z − qiŜ)

2e−z dz.810

The total value of Φ(α̂) is obtained by summing811

the contributions from all bins. In practice, each812

integral is evaluated using Simpson’s rule with a813

fixed number of subdivisions, which is sufficient814

given the smoothness of the integrand.815

To obtain the derivative Φ′(α̂), We employ a816

central finite-difference approximation,817

Φ′(α̂) ≈ Φ(α̂+ h)− Φ(α̂− h)

2h
,818

with a small stepsize h. This approach avoids819

the need to differentiate the piecewise-defined in-820

tegrals analytically.821

We then define the root-finding function 822

g(α̂) ≜ Φ′(α̂)− 2e−α̂, 823

which is continuous on α̂ > 0. Since Φ(α̂) is 824

monotonically increasing and 2e−α̂ is strictly de- 825

creasing, the equation g(α̂) = 0 admits a unique 826

solution. The root is found using a bisection 827

method on an interval [α̂min, α̂max] chosen such 828

that g(α̂min) and g(α̂max) have opposite signs. 829

Using this procedure, we obtain 830

α̂∗ ≈ 5.86453, (27) 831

which corresponds to the MSE-optimal clipping 832

threshold 833

α∗ = α̂∗ b ≈ 5.86 b. 834

C Hyperparameters and Evaluation 835

Metrics in Experiment 836

C.1 Optimization and Training 837

Hyperparameters 838

All models are trained using the AdamW opti- 839

mizer (Loshchilov and Hutter, 2019) with decou- 840

pled weight decay. Unless otherwise specified, we 841

fix the optimizer hyperparameters to β1 = 0.9, 842

β2 = 0.95, and a weight decay coefficient of 0.1. 843

Global gradient norm clipping is applied with a 844

threshold of 1.0 to ensure training stability under 845

low-precision arithmetic. 846

For large-scale pretraining, models are trained 847

on the Dolma dataset for a total of 12B tokens 848

using a global batch size of 2048 and a fixed se- 849

quence length of 2048. For instruction fine-tuning, 850

we train for a single epoch on the MAmmoTH 851

mathematical reasoning corpus. The proposed 852

Half-S mechanism is applied to quantize model 853

weights and activations, while optimizer states are 854

maintained in higher precision to preserve numeri- 855

cal stability during 4-bit training. 856

C.2 Models and Datasets 857

For pretraining experiments, we use the OLMo- 858

7B and OLMo-1B architecture (Groeneveld et al., 859

2024) trained on the Dolma corpus (Soldaini et al., 860

2024). Evaluation is performed using perplex- 861

ity on standard language modeling benchmarks, 862

including WikiText-103 (Merity et al., 2016), 863

C4 (Raffel et al., 2020), and The Pile (Gao et al., 864

2020). In addition, we report zero-shot accuracy 865

on reasoning benchmarks, including COPA, ARC- 866

Easy, and HellaSwag. 867
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For fine-tuning experiments, we instruction-868

tune Llama-2-7B (Touvron et al., 2023) on the869

MAmmoTH dataset (Yue et al., 2023). Per-870

formance is evaluated on challenging mathe-871

matical and reasoning benchmarks, including872

GSM8K (Cobbe et al., 2021), and Minerva873

Math (Lewkowycz et al., 2022).874

C.3 Evaluation Metrics875

We report perplexity (PPL) for language model-876

ing performance and zero-shot accuracy for down-877

stream reasoning tasks. Unless otherwise noted,878

all reported results are averaged over the full eval-879

uation set.880
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