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Abstract

We investigate why deep neural networks suffer from loss of plasticity in deep
continual learning, failing to learn new tasks without reinitializing parameters.
We show that this failure is preceded by Hessian spectral collapse at new-task ini-
tialization, where meaningful curvature directions vanish and gradient descent
becomes ineffective. To characterize the necessary condition for successful train-
ing, we introduce the notion of 7-trainability and show that current plasticity
preserving algorithms can be unified under this framework. Targeting spectral
collapse directly, we then discuss the Kronecker factored approximation of the
Hessian, which motivates two regularization enhancements: maintaining high
effective feature rank and applying L2 penalties. Experiments on continual su-
pervised and reinforcement learning tasks confirm that combining these two reg-
ularizers effectively preserves plasticity.

1 Introduction

Human intelligence is marked not by mastering a single task, but by the ability to accumulate
knowledge, refine it, and adapt to new challenges. Likewise, a central aspiration of artificial in-
telligence is to create systems that can learn and adapt throughout their lifetimes. Achieving this
capacity in artificial systems would ensure that agents that master preconceived benchmarks re-
main useful, relevant, and robust in the open world (Javed & Sutton,|2024).

Deep learning and deep reinforcement learning have demonstrated remarkable progress, reach-
ing human and even superhuman performance in image recognition (Siméoni et all |2025), game
playing (Silver et al.,[2017), and reasoning (Bakhtin et al.l|2022). But these advances have largely
been realized under stationary data distributions. Continual learning concerns a system’s ability
to perform well through a sequence of evolving tasks. Within this framework, two complemen-
tary objectives are often distinguished: (i) maintaining plasticity, meaning the capacity to acquire
new knowledge (Dohare et all|2024), and (ii) preventing catastrophic forgetting, where the learner
forgets how to solve tasks it previously mastered (Parisi et al.||2018; Kirkpatrick et al.;2017).

Our work focuses on the first objective. Despite significant empirical progress in the area (Lyle
et al.l|2023}|2024;|Abbas et al.|[2023), there remains no unifying consensus on what drives plasticity
loss (Klein et all2024). Several disparate explanations have been investigated, including inactive
neurons which output constants regardless of the inputs (Bjorck et al.,[2021;|Sokar et al.l|2023), the
reduction in feature expressiveness associated with large parameter norms (Lyle et all|{2024), and
overfitting (Igl et all|2020). We argue these seemingly disparate phenomena are in fact different
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facets of the same phenomenon, which we call spectral collapse: a degeneration of the Hessian
eigenspectrum, indicating loss of curvature in most directions.
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Figure 1: (Left) lllustration of gradient descent (GD) versus curvature-regularized GD in a toy two-
minima setting (Right) 2D loss landscape slices projected onto the top two principal directions.
(Top) Standard backpropagation, (Bottom) L2-ER. Red dots denote the current parameters.

To illustrate the importance of second order information in continual learning, we consider a toy
problem that involves sequentially optimizing two functions fi, f : R? — R in Figure [1] Each
function has one bowl-shaped minimum with rich curvature information, and a second valley-
shaped minimum with curvature in mostly one direction. We obtain f; as a fixed linear reparam-
eterization of f7, modeling a task switch. In the first task, standard gradient descent (GD) finds
the valley, while curvature-regularized GD finds the bowl. After switching to the second task,
GD, now initialized in the valley region, exhibits symptoms of ill-conditioning (zig-zagging and
slow progress), whereas curvature-regularized GD converges rapidly. We show that our proposed
method, L2-ER, provides one such practical instantiation of this idea. The 2D loss-landscape on
Continual ImageNet at Task 800 initialization closely mirror this toy example: standard backprop-
agation (BP) finds an elongated, flat valley, whereas L2-ER, our curvature-preserving algorithm,
maintains a well-conditioned, bowl-shaped landscape (see Fig. [1]and Appendix [A] for additional
views). Indeed, this toy example reflects what we observe at scale: spectral collapse, and the re-
sulting low-curvature initialization, is strongly tied to poor task-level training performance and a
progressive loss of plasticity.

These insights motivate the central themes of this work. Building on them, we make three key con-
tributions. First, through an extensive empirical study of the Hessian eigenspectrum across three
continual learning tasks, multiple architectures, and a range of algorithms, we identify spectral
collapse as a consistent driver of loss of plasticity. Second, we define 7-trainability as a framework
for analyzing successful training in continual learning, and show that the number of inactive neu-
rons upper bounds 7-trainability via their effect on the Hessian rank. Finally, motivated by this
theoretical perspective, we introduce L2-Effective Feature Rank (L2-ER), a simple regularizer that
stabilizes the Hessian spectrum. Across diverse benchmarks, L2-ER prevents spectral collapse and
maintains plasticit

2 Related Work

Causes of Plasticity Loss Several pathologies have been proposed to explain loss of plasticity,
in both continual supervised and reinforcement learning (Lyle et al|2023; Klein et all 2024). For
example, dormant neurons, (which output a positive value on all inputs), reduce a network’s
expressive power, while dead neurons (output zero on all inputs) prevent gradient flow (Montufar
et all[2014;/Sokar et al.;|2023). Reductions in effective feature rank, which measures the intrinsic
dimensionality of feature representations and directly relates to the persistence of dead neurons,
has also been linked to loss of plasticity (Roy & Vetterli||2007; Dohare et al.;|2024), as has parameter
norm growth, which leads to ill-conditioned Hessians that cause numerical instability (Obando-
Ceron et al.;[2024;|[Lyle et al.l|2024). [Lyle et al[(2024) propose a “swiss cheese" model that attempts
to preserve plasticity by targeting all these pathologies simultaneously.

We release an |open-source JAX implementation and benchmark to support future research.


https://anonymous.4open.science/r/lop-jax-E17B/README.md

Mitigating Plasticity Loss Existing methods for mitigating loss of plasticity are targeting one
or more of the aforementioned pathologies (Klein et al.;|2024). Broadly speaking, these approaches
fall into two categories: (i) continuous interventions, which apply at every step of the optimization,
and (ii) intermittent interventions, which periodically reset or perturb parameters (Juliani & Ash|
2024). For example, Lyle et al.|(2024) shows that combining L2 regularization (to control parameter
norm growth) with layer normalization (to stabilize pre-activation distributions) is highly effective.
Other approaches regularize the singular values of the layer-wise Jacobians (Lewandowski et al.,
2024a) to maintain parameter distributions close to a random initialization (He et al.;|2015; Hinton
& Salakhutdinov,|2006). Architectural changes such as PELU (Godfrey}|2019), CRELU (Shang et al.,
2016;|Abbas et al.}|2023), and adaptive rational activations (Delfosse et al.,|2021) avoid the saturation
of neurons. In contrast, periodic interventions, such as Shrink & Perturb (Ash & Adams}|2020), con-
tinual backpropagation (CBP) (Dohare et al.,|2024), and ReDo (Sokar et all|{2023), selectively reset
dormant neurons. Empirically, hybrid strategies—typically involving L2 regularization combined
with either architectural or periodic interventions—exhibit the strongest performance (Lyle et al.|
2024; Juliani & Ash, 2024), implying that plasticity loss can emerge from multiple mechanisms.

Curvature Based Methods Our work contributes to a recent line of inquiry that connects loss
of plasticity to the second-order properties of neural networks. Prior work by Lewandowski et al.
(2024b) provides strong empirical evidence that loss of plasticity correlates with a decline in the
stable rank of a partial Hessian, proposing a Wasserstein penalty to maintain characteristics of
the initial parameter distribution. In a complementary approach, Lewandowski et al.| (2024a) fo-
cus on the spectral properties of the layer-wise weight matrices rather than the Hessian, using
spectral regularization to keep the largest singular value near one, thereby maintaining favorable
conditioning and gradient diversity. Our contributions advances this frontier in several key ways.
First, where prior work only shows correlation, we develop a more formal, curvature-centric the-
ory of trainability based on the full Hessian rank—a direct measure of the number of actionable
optimization directions. Second, our proposed L2-ER regularizer is derived directly from this the-
ory; by maximizing effective feature rank with a calibrated L2-penalty, it provides a principled
mechanism for provably increasing the rank of the Hessian’s Gauss-Newton approximation. Fi-
nally, our theoretical framework is unifying: it provides a lens through which disparate plasticity-
preserving techniques, like continual backpropagation (Dohare et al.,2024) and Shrink & Perturb
(Ash & Adams,|2020), can all be understood as mechanisms that prevent spectral collapse.

3 Preliminaries

Deep Neural Networks A multi-layered-perceptron (MLP), also called a feedforward neural
network, is constructed by chaining together L functions, i.e., F'; o --- o F}, one per layer. Given
an input (resp. output) dimension of M;_; (resp. M;), the function at layer [, for [ € {1,...,L},

isamap F, : RMi-1 — RM:i_ These dimensions correspond to the number of neurons. The total

number of hidden neurons is M = ZZL:? M;. The function F atlayer [, againforl € {1,...,L},

is the composition of an element-wise non-linear function o; : R — R and a weight matrix
W, € RMixMi—1 g6 that F, = 0;0W,. Our non-linearity of choice is the ReLU activation, defined
as max{0, z}. We collect all parameters into a single vector using the vec operator, so that the MLP
parameterization is represented by 6 = vec (Wy,..., W) € R”, where P = Zlel MyM;_; is
the total parameter count. Denoting the input (resp. output) dimension of the MLP by I = M,
(resp. O = M), we can now express the MLP map as F, : R — RO, A task 7 is described
by a loss function ¢, and a data distribution d.. Given such a task 7, a learning algorithm seeks
neural network’s parameter values that minimize its expected loss g,(8) = Eq_[(-(Fy(x),y)]
on the task. The Jacobian is defined as the vector of first derivatives of the loss function w.r.t.
the network parameters, i.e., J = Vgl € R¥, while the main object of our investigation, the
Hessian, is the matrix of second derivatives, i.e., H = Vg& € RPXP, Together, the Jacobian and

the Hessian capture up to second-order changes in the loss, i.e., when the parameters change by a
vector § € R”, the loss can be approximated as: £,(8 + &) ~ (,(0) + Vol 6+ 16T V5L.0.

The Hessian The Hessian offers valuable insight into the loss landscape of a neural network
(Pouplin et al.;2023). For example, one line of research is concerned with large connected regions in
weight space where the error remains approximately constant (Hochreiter & Schmidhuber||1997);



such regions may be less prone to overfitting and result in smaller generalization gaps (Cha et al.,
2021). Since the Hessian H is symmetric, there exists an orthonormal basis of eigenvectors {v;,}
and real eigenvalues {\;} satisfying Hv, = A\,v,, for all i € {1,..., P}. Each eigenvalue )\,
measures the second-order curvature of the loss in the direction of the eigenvector v,. A large
eigenvalue indicates a steep change in the loss in the direction of the corresponding eigenvector,
while a small eigenvalue indicates a flat change. Given the importance of the eigenvalues of the
Hessian, the distribution of all eigenvalues, known as the eigenspectrum, can provide even richer
insights into a neural network’s loss landscape.

4 Continual Learning

We define the continual learning problem is over a sequence of Ttasks and an agent, represented by
a neural network with parameters § € R . Each task comes equipped with an evaluation metric
fr : R™ — R, such as accuracy for supervised learning or expected returns for reinforcement
learning. Formally, we define the continual learning problem as finding a sequence of parameters
{6317 s.t. * maximizes the evaluation metric f, (@) for task 7: i.e., find 8* € argmax, f, (),

for all tasks 7 € {0,...,T— 1}.

Since these evaluation metrics may not be directly optimizable (e.g., they may be non-
differentiable), we further assume a (possibly regularized) surrogate expected loss function ¢, :
R™ — R, for each task 7, which is intended to maximize the evaluation metric, but is generally
better behaved. Additionally, we assume the learner has a budget of K learning steps per task.

A solution to the continual learning problem is generated by an algorithm A : R™ — R™, which
takes as input a function of the parameters learned during the previous task (e.g., the parameters

for task 7 are initialized to be the learned parameters of task 7 — 1: i.e., 030) = 0512) and outputs
the parameters it learns for the current task 7, by optimizing 7’s surrogate loss function g..

5 Plasticity Through the Lens of 7-Trainability

Dead neurons are known to impede a network’s ability to learn, by limiting expressive capacity
(Maas et al.|[2013). Accordingly, prior work (Shin & Karniadakis, [2020) ties the number of active
neurons at initialization to successful training.

Definition 5.1 (Successful Training). Given a continual learning problem, we write H(G.(FK) €

argmaxy f,(0)) to indicate successful training on task 7. Moreover, we say a neural network is
plastic if]I(OSK) € argmaxy f.(0)) =1, for all tasks T € [T).

In (Shin & Karniadakis||2020), a network is defined to be trainable if it is initialized with fewer than
m dead neurons, where m is task-dependent. A network being trainable is a necessary but not suf-
ficient condition for successful training. Among other pathologies, strong gradient collinearity can
reduce functional expressivity and impede learning, as argued by Lyle et al. (2023) and evidenced
in Section

We generalize this notion of trainability to continual learning. Like Shin & Karniadakis|(2020), we
rely on a task-dependent threshold, but our threshold relates to the rank of the Hessian, and there-
fore curvature. Curvature is known to be an important factor in successful training. For instance,
Du et al.[(2018) show that, under overparametrization, a linear convergence can be proved when
the empirical Gram matrix has its minimum eigenvalue bounded below by a positive constant.

Definition 5.2 (7-Trainable). A neural network is said to be T-trainable if its Hessian rank at task T
initialization is at least p, a task-dependent threshold. Let T, denote the event that a neural network
is T-trainable. The probability of a neural network being T-trainable is referred to as T-trainability.

We say a Hessian suffers from spectral collapse when the majority of its eigenvalues cluster around
zero at a task initialization. To more precisely quantify spectral collapse, we define e-rank(H) =
#{i | |\;(H)| > €}, the number of Hessian’s eigenvalues whose absolute values exceed a threshold
€ > 0. The e-rank(H) indicates the number of directions with non-negligible curvature, while the
eigenvalues’ magnitudes quantify how much curvature exists in those directions. When spectral
collapse occurs, the optimization landscape becomes effectively flat in most directions, rendering



gradient-based updates ineffective. We demonstrate, in Figure[2|(left), a strong association between
the e-Hessian rank and classification accuracy on Continual ImageNet. For example, a normalized
e-Hessian rank of at least 0.5 is a necessary condition for achieving ~80% classification accuracy
on Continual ImageNet, further motivating definition
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Figure 2: (Left) Accuracy (i.e., successful training) vs. Curvature (i.e., normalized e-rank(H)) E] on
Continual ImageNet. A linear fit (dotted line) highlights the positive association between curvature
and accuracy. (Top Right) l: BP Hessian eigenspectrum before spectral collapse at task 100. (Bottom
Right) A: BP Hessian eigenspectrum after spectral collapse at task 1400.

On the contrary, a low e-rank(H) representing spectral collapse is strongly related to unsuccessful
training. We run extensive experiments across diverse architectures and settings (see Section to
support the claim that preventing spectral collapse is necessary for successful training in continual
learning. The detailed results including the evolution of Hessian eigenspectrum, are presented in
Appendices|Fto[ll along with experiments on Permuted MNIST and Incremental CIFAR.

6 Dead Neurons Upper Bound 7-trainability

This section examines the dynamics of dead neurons across task shifts in continual learning. We
first formalize the concept of dead neurons and then, in Theorem we establish that their count
imposes an upper bound on the rank of the Hessian. We subsequently characterize the probability
that a neuron remains dead following a task shift, which allows us to derive a probabilistic bound
on the network’s 7-trainability. These results provide a unifying framework, showing that various
neuron-resetting approaches can be understood as mechanisms that aim to preserve the Hessian
rank required for 7-trainability. Proofs of all our theoretical results can be found in Appendix B}
Throughout this section, we study a two-layer MLP with ReLU activations and parameters 8 =
{W,,b,,W,,b,} with W, € RIXI b, ¢ R, W, € RO*H b, ¢ RO, where I is the input
dimension, H is the hidden dimension, and O is the output dimension. Let . C R! be the domain
of training inputs for task 7. We assume normalized input data, so that for all 7 € [T], X C B,.(0).
We denote unit j in layer [ by W[j WL

Definition 6.1 (7-Dead Neurons). We say a hidden unit j in layer is T-dead when its output is 0
after activation i.e., U(W[—;#]Jﬂ_l(w) +b) =0, forallx € X_. Furthermore, giveny > 0, we say
neuron j is y-margin dead for task 7 lfW[—; ] () +b < =, forallx € X

The following theorem upper bounds the Hessian rank of a task 7, and in turn, 7-trainability, in
terms of the number of dead neurons at its initialization.

Theorem 6.2. Let P = H(I + 1) + O(H + 1) be the full parameter dimension, and let k. be the
number of dead neurons on X_ at task 7’s initialization. The Hessian rank satisfies rank(H(TO)) <

The z-axis is normalized e-rank(H), i.e., erank(H)/ 4 (eigenvalues of 1}, for € = 0.1.



P—rank(H(®)

P—FE.(I+0O+1). Equivalently, the number of dead neurons satisfies k, < TTo+1 - Moreover,
P— Pr

Pr(T,=1)<Pr{k, <———|. 1

r( )< r( _I+O+1> @

Dead Neurons Across Tasks Dead neurons need not persist across tasks, as a previously con-
stant output value may vary with new data. Previous work on trainability (Shin & Karniadakis,
2020) has explored the probability of a neuron being born dead under different initialization
schemes. In our setup, the learner’s parameters for task 7 are initialized as the learned param-
eters on task 7 — 1. We study dead neurons across pairs of consecutive tasks by measuring the
worst-case shift in inputs, which we call a task shift. Let the Hausdorff distance between two
training sets be defined as A- = max{sup,cx infaecx ||@ —'||,supy ey  infocx 2’ —2|}.

Lemma 6.3. Let X and X_, be input datasets for two consecutive tasks. If neuron j is y-margin
dead on X, then neuron j remains dead on X,_,, if 72 > AW 4l

Definition 6.4. Ifa neuron j is dead at the end of task T, we define £. as the indicator function that
neuron j remains dead throughout task 7' i, £ = 1 {fyﬁ > AW, ] } Furthermore, we let
pl = Pr(&2 = 1) denote its persistence probability.

If v and W[j ) are constants that result from training a neural network on task 7, then ¢ is a

random variable on the task shifts A .. Our next result, Theorem states, if the number of dead
neurons is large at the end of task 7 and the probability of the dead neurons staying dead is large
from task 7 to 7/, then the probability of task 7’ being trainable is small.

Theorem 6.5. Consider a 2-layer ReLU network with n neurons and hidden layer dimension H and
a sequence of tasks T € {1,...,T}. At the end of task T, define D, to be the set of T-dead neurons

P—p.,
(ie,|D-|=k;). Let m, = Hiopj-l be the maximum allowable number of dead neurons so that task
7' is trainable. Ifzj pl > H — m,, then the one-sided Chebyshev (Cantelli) inequality yields the

ollowing upper bound on 7' -trainability:
g upp Y

Pr(T, =1)<Pr (> &<n-m.|< Yar(zj &) ;

Remark 6.6. Theorem bounds the probability of T-trainability via the sum S = Zj &I of the
indicator variables that neuron j remains dead at the end of task 7. The bound is tighter when S
is large and the £1’s are (approximately) independent and Zj pl — (n — my) is small, or when the
variance of S is small —conditions under which the Cantelli inequality closely tracks the tail. Moreover,

j I
Lemma gives a lower bound pi. > 1 — 2exp <1ogN - N (HVVV*TW) ), if each task dataset
[3,:],1

)

consists of N points drawn i.i.d. from the uniform distribution on B,.(0), which implies p’. grows with
the sample size N, and shrinks with the input dimension I. In particular, in low-intrinsic-dimension
regimes (e.g., images), if the number of dead neurons is large at the end of task T, then Zj P is large

and the probability of task ' being trainable is small.

A Unified Framework Our analysis formalizes the mechanism behind plasticity loss: when
many neurons are dead and stay dead across tasks, the expected number of live neurons falls
below what is needed to satisfy the next task’s minimal curvature threshold p,  required for 7-
trainability. Similarly, it has been found that growing parameter norms may lead to gradients with
sparse and/or co-linear gradient covariance matrices, which in turn results in a low rank Hessian
(Obando-Ceron et al.;|2024; Lyle et al.l|2023). Our characterization of y-dead neurons also explains
why dead neurons can unfreeze after a suitably large task-shift (Lyle et al.,|2024), which explains
why low-dimension regimes, like images, are unlikely to revive these neurons. Our analysis also
unifies revival methods like continual backpropogation (Dohare et al.,|2024) and curvature-based
regularization (Lewandowski et al}|2024a) under a single mechanism. Revival operations act by
mechanistically reducing probabilities p? of dead neurons. Curvature regularizers act by distribut-
ing curvature to prevent concentration in a few directions, effectively raising the Hessian rank.



Both interventions aim to maximize 7-trainability, either by lowering > j &J or by increasing the

attainable rank(HY). This equivalence explains why seemingly disparate techniques improve plas-
ticity in continual learning: they target the same limiting factor, the availability of independent
curvature directions.

7 Mitigating Spectral Collapse

To maximize 7-trainability, we introduce a loss regularizer that directly targets the approxi-
mate Hessian rank. We implement our regularizer via Kronecker-factored approximate curvature
(KFAC) (Martens & Grossel 2015) applied to fully-connected MLPs with ReLU activations. The
Hessian admits a natural layer-wise block structure; KFAC keeps only the block-diagonal {H, };cr,
and further approximates each block by a Kronecker product of features and backpropagation sec-
ond moments. This block-diagonal view has long been observed to preserve the salient curvature
needed for efficient optimization (LeCunl|1998).

Formally, for losses £(z,y), where z = Fy(x), the Hessian decomposes to:

Y,
ViL=J'H (T + Vazi. 3)
——— p 3Zi
HGGN
R

To build a linear approximation of Fj, at 8, we drop the residual term R, which yields the gener-

alized Gauss-Newton (GGN) matrix H ., a faithful proxy for the Hessian (Dangel et al., [2025).
For a single linear layer with weight vector vec(W),), H, 5 can be expressed as a sum over input
and output data samples, indexed by n and o:

N
T T
HGGN =A Z Z(XLXL ) ® (g’f’L,Og’f‘L,O)' (4)

n=1 o

l

Here, x;,

€ RMi-1 is the nth input to layer /, and gflyo is the gradient of the log-likelihood for

output o with respect to I’s pre-activations, and A is an accumulation facto The term xﬁle;
- . T . -

captures the input statistics, while gfw giw captures the output gradient statistics. The sum of

Kronecker products is computationally intractable; however, with KFAC we can approximate it by

decoupling the expectations over the inputs and gradients (Dangel et al.; 2025):

N N N
Hoay =A Z Z(X%Xg) ® (9517095:,0) ~ (A Z XLXZTLT) ® (Jif Z lenxﬁj). (5)
n=1

n=1 o n=1 o

The approximation error is:

T T T T T T
x(x'x' gl g ) —EX (' .g'¢" ) +EX Jx(x.g'.g" ). (6)
where y (+) denotes the statistical cumulant of its arguments; the higher-order equivalents of mean

and variance, and the expectation is over the data distribution of inputs to layer I. This approx-

imation error is bounded and small when the joint distribution over xt, x!T, gl, and gl is a

multivariate Gaussian, which appears to hold in practice (Martens & Grosse, 2015). Alternatively,
the approximation can be viewed as an assumption of statistical independence between x!,x,, and

gl gi;, which holds for deep linear networks with squared-error loss (Bernacchia et al.l|2018). The
Lyl

rank of the layer-wise H .,y is monotone in the rank of both the input covariance matrix x;, x;,
and the gradient covariance matrix g/, giLT. Zhao et al. (2024), who encode ReLUs with a diagonal
mask matrices and express H ., in that masked form; their extension from a deep linear network

to a two-layer ReLU shows the same per-layer Kronecker-style reasoning applies.

Maximizing the Rank of the Input Covariance Matrix The rank of the input covariance matrix

E, [x, inT] at layer [ is the same as the rank of the input representation of layer [ itself, namely

*Typical choices are 1/, 1, etc. (Dangel et al.||{2025).



x! . This latter rank, namely rank(x!, ), which is called the effective feature rank (ER), has been
shown to be an indicator of plasticity (Dohare et al|2024; Lyle et al.,[2023). In fact, the ER of the
input representation is differentiable, so it is natural to design a regularizer that directly maximizes
this quantity.

Maximizing the Rank of the GGN Adding L2 regularization is required to ensure the rank of the
Hessian is sufficiently high, since acting on H, 5 does not take into account the contribution of
the residual R. In Theorem|B.3] we show that there exists a suitable L2 regularization parameter to
guarantee that increasing rank(H,; 5 ) implies increasing rank(H). Then, using the rank property
1 T

of Kroneker products implies that >, ; (rank(E, [x},x!, ])rank(E, [g}, g,f;})) > pr is a sufficient

condition for task 7 to be 7-trainable.

n

L2-ER Regularization Given task 7, with data distribution d__ and loss function ¢,, standard gra-
dient descent minimizes Eq_[{-(F,(x),y)]. We propose the L2-ER regularizer, which combines
effective rank and L2 penalties, leading to a theoretically grounded and practical objective:

ming,(0) = min E |:€7—(F9 (z), y)} — erank ZE" [xfl xﬁj] + )93
6 0 d_ el ——
R 7 L2 regularization

Loss Effective rank penalty

8 Experiments

We conduct experiments across a range of continual learning tasks adapted from supervised and
reinforcement learning environments.

1. Permuted MNIST (Goodfellow et al.,[2013): a variant of the MNIST dataset (LeCun,|1998) where
new tasks are created by permuting the pixels in all images in the same way. Each permutation
represents a new task.

2. Continual Imagenet (Dohare et al.||2024): an adaptation of Imagenet (Krizhevsky et al.,|2012)
where pairs of classes are randomly sampled for binary classification. Distinguishing the two
classes in each new class pair is a new task.

3. Incremental CIFAR (Dohare et al.|[2024): an adaptation of the CIFAR-100 dataset (Krizhevsky
et al}[2009) where classes are added incrementally. Starting with 5 classes, each task adds 5 new
classes until all 100 classes are included.

4. Slippery Ant (Dohare et al.,[2024): a continual reinforcement learning environment where the
friction between the ant and the ground changes every T timesteps, forcing the agent to con-
tinually adapt its policy.

We compare L2-ER against four baselines: vanilla backpropagation (BP), backpropagation with
standard L2 regularization (L2), backpropagation with effective rank regularization (ER), and con-
tinual backpropagation (Dohare et al.,|2024) (CBP). In Incremental CIFAR, tasks become more dif-
ficult as the number of classes to be classified increases. To decorrelate performance loss due to
loss of plasticity from increasing task difficulty, we include an additional baseline (RESET), which
reinitializes a new set of model parameters when task changes. Algorithms that perform better
than RESET on Incremental CIFAR are considered to maintain plasticity.

We performed an extensive hyperparameter sweep for each algorithm on all environments. We
report accuracy for supervised learning environments and online returns for reinforcement learn-
ing environment. All experiments are written entirely in JAX (Bradbury et al|2018), which allows
for fast scalable experimentation; Full implementation details can be found in Appendices|G|to[]|

Performance Figure [3| depicts our results across all environments. L2-ER shows strong per-
formance, maintaining plasticity in all four environments. Standard L2 regularization also helps
preserve plasticity in most cases, but fails on Continual ImageNet. CBP maintains plasticity on
all environments except Incremental CIFAR. In contrast, ER seems to suffer from loss of plastic-
ity in all environments, although it is able to maintain plasticity during the first half of training in
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Figure 3: Performance across all four environments. Classification accuracy is reported for Per-
muted MNIST, Continual ImageNet, and Incremental CIFAR, while online returns are reported for
Slippery Ant. Results are averaged across 5 seeds for all environments, except Continual ImageNet,
where we used 10 seeds due to higher variance. Shaded regions denote a 95% confidence interval.

Continual ImageNet. Lastly, BP exhibits a severe loss of plasticity across all environments. On Per-
muted MNIST, L2-ER not only prevents loss of plasticity, but also provides a boost in performance
at the start of training, well before loss of plasticity would affect outcomes.

Single metrics are insufficient. Consistent with|Lyle et al. (2023), our results reinforce that no
existing single pathology explains plasticity loss. In Figure [6| we plot effective feature rank and
the number of dead neurons corresponding to the performance in Figure [3} While both metrics
correlate with plasticity, neither is definitive. For example, ER maintains a high effective feature
rank across environments yet still fails to preserve plasticity, whereas Ly regularization exhibits
low effective feature rank and many dead neurons but preserves plasticity in all environments ex-
cept Continual ImageNet. Taken together, these findings indicate that the number of dead neurons
and feature rank are, at best, partial proxies rather than reliable standalone indicators.

9 Conclusion

We identify Hessian spectral collapse as the central mechanism for plasticity loss in continual
learning. We introduce 7-trainability, proving that dead neurons persisting across tasks impose
a probabilistic upper bound on the Hessian rank, thereby limiting the ability to learn. Using the
KFAC approximation of the Hessian, we propose L2-ER, a simple regularizer that empirically pre-
vents spectral collapse and preserves plasticity across diverse benchmarks. These results position
spectral collapse as both a unifying explanation and a practical diagnostic for plasticity loss.

We leave adapting our theoretical framework of 7-trainability to the unique dynamics of RL, where
the Hessian is influenced by non-stationary policy and value functions for future work. Another
critical direction is to investigate how spectral collapse manifests in attention-based models.

The implications of this work extend to the long-term vision for autonomous and adaptive Al
systems (Silver & Sutton| |2025). Consider a large language model acting as a scientific assistant
on a multi-year research project, or a robot deployed in a warehouse that must continually adapt
to new products and workflows. The success of such long-horizon applications is fundamentally
dependent on an agent’s ability to integrate new information and refine its skills over its entire
operational lifetime. By providing a stable foundation for lifelong learning, our findings represent
a crucial step towards building the more capable and continuously adapting Al systems of the
future.
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A Loss Landscape Visualizations

We follow the implementation of to generate 3D loss landscapes for BP and L2-ER
at task 800 initialization in Continual ImageNet. The resulting visualizations are shown in Fig-
ures[d|and[5] The BP landscape mostly have a ’taco-shaped’ geometry, reflecting spectral collapse,
whereas L2-ER yields a ’bowl-shaped’ landscape with more curvature.

& é <

Figure 4: BP: 3D loss landscapes along the top principal directions at Continual Imagenet task 800
initialization



N -
v

Figure 5: L2-ER: 3D loss landscapes are more bowl-shaped compared to BP, corresponding to
higher curvature and therefore higher 7-trainability.
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B Proofs

B.1 Proofs For Section[6]

Theorem 6.2. Let P = H(I + 1) + O(H + 1) be the full parameter dimension, and let k. be the
number of dead neurons on X_ at task 7’s initialization. The Hessian rank satisfies rank(H(O)) <

(0)
P—E.(I+0O+1). Equivalently, the number of dead neurons satisfies k, < % Moreover,

P—p,
=1 < S i
Pr(T,=1) < Pr(kT <Tio0+ 1> (1)

Proof. Let J = {j1,...,jx} index saturated units. For each j € J, V1L = 0, Vi, ;£ = 0,

Vw[ e L = 0. Since W, € R xRI W, € RY x R¥, each dead neuron creates D; = I+0+1

0-gradient directions. Therefore, with a little bit of re-arrangement, we can rewrite the neural
network parameter as:

6 6active 76 j 6 j
Jirc V]
1 k
P—kD; kD;

where 0; = [W1[j,:], b1[j], Wa[:, j]] for j € J. the Hessian V2L therefore exhibits a block struc-

ture

s, (A|O\ }P—kD;
v (516) 1,

Here A € RP—kD;)x(P=kDj) and 0 blocks arise because:

8L 0 :
a5 Aan T — cross-terms vanish
00;00,tive ( )

dﬁ_o

07 = (flat directions)

Given a Hessian rank of rank(H_) we can obtain the desired result since rank(H, ) < P —
NULL(V2L) < P — kD;. O
Lemma 6.3. Let X and X_, be input datasets for two consecutive tasks. If neuron j is y-margin

dead on X, then neuron j remains dead on X,_,, ify2 > A, Wl

Proof. By 7;-margin dead definition:

sup hj (15) < 7 (7)
reX

where hj(z) = W, ;& + b[j].

Forany ' € X

T/

Hausdorff distance guarantees:

. I <
nt [la’ ~ @< A, ®)

Consider the pre-activation difference:
hj(a') = hj(®) = W, (' — ) ©)

By Cauchy-Schwarz and , Jx € & such that:
Wi (' —x) < Wi (' — x)]
< Wi ll-lle” —a[[< W, 1A, (10)
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Combining (9) and (10):

hi(@') < hj(@) + [[Wy; 4| A
< sup hj(x) + [[Wy; 4] Ar
TEX
<+ WA, by (1)
Under the condition ; > ATHWU ] II
hj(x') < —v; + [[W}, 1A, <0 Vo' e X, (12)
Thus neuron j remains dead on X_,. O

Lemma B.1. Let each task-dataset consist of N points drawn i.i.d. from the uniform distribution
on the I-dimensional ball B,.(0). Write the Hausdor{f distance between the two points clouds A, :=
dn (X, X_,). Then with probability at least 1 — 6,

ATSr<b“%W@)UI (13)
Furthermore, the remain dead probability p; satisfies
I
p; > 1—2exp logN—N<m> (14)

Remark B.2. This lower bound approaches 1 whenever

I

/'Y.

N|-—<2—] >logN.
(”W[j,;]” 7‘)

In particular, it increases with larger margins ;, smaller weight norms HW[j alls smaller domain

radiusr, lower dimension I, and larger sample size N. Intuitively, sufficiently negative pre-activations
on task T, together with small inter-task drift, make the neuron stay inactive on the next task with
high probability.

Proof:

Proof. Fix € € (0,7]. For a single point x € X, the probability that none of the N point from X, ;

falls inside B.(x) is
Vel N B €4 N
(R — w

Taking a union bound over the N points in X, and symmetrically over the N points in X, | gives

N
Pr(A,; >¢) <2N <1 - (E)d> (16)
r

. N

< 2N <exp (—()d)> following 1 + z < €” (17)
T
< 2exp (logN - N(e)d> (18)
T
Then with probability at least 1 — 9,
1/d

<o (20) )
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For the second claim, suppose neuron j is y,-margin dead on X",
|l Thus if Ar < 5, /|W;
[W; 4l[Ar < —7; +7; = 0, so the neuron remains dead. Therefore

I
V5 8z
p,=Pr| A, <——| > 1—2exp|logN - N | —— ,
’ ( ”W[J;:1”> Wil

aj(@") —a;(@)|< [[W; [l |2 =
, then every 2’ € X | has some x € X with a;(z’) < a;(x) +

by substituting into the tail bound just proved

O
Theorem 6.5. Consider a 2-layer ReLU network with n neurons and hidden layer dimension H and
a sequence of tasks T € {1,...,T}. At the end of task T, define D, to be the set of T-dead neurons

(ie,|D-|=k;). Let m, = % be the maximum allowable number of dead neurons so that task
7' is trainable. Ifzj pl > H — m., then the one-sided Chebyshev (Cantelli) inequality yields the
following upper bound on 7'-trainability:

. Var(}". &
Pr(T, =1)<Pr (> &<n-—my| < ' (2.;&) 5 (2)
; [, 08 = (0= mo)]
Proof. The total dead neurons at 7+ 1 initialization comprise:
kry1 = ka+ Z &+ (20)
jED,
where 7,41 counts new dead neurons from previously active neurons. Since 7,41 > 0:
kry1 > ka + Z & (21)
jED,
Taking expectations:
Elkrya] > ka+ Y Bl&l=ka+ Y P& =1) (22)
JjeD~ jED~

Let S; =3 . p & withmean yus = >, p; and variance 0% = > pi(1—p;) wherep; = P(§; =
1). Then

P(7 + 1 trainable) < P(S, <n —m.y1 — kq) (23)
By Chebyshev’s inequality:
o
P(|Sr —ps|>t) < 2 (24)
Setting t = g — (n — M1 — kq):
o2
P(S, <n—mpy1 —ka) < 5 5 (25)
s — (n —mry1 — kq)]
iy
_ Z] pj( ;) . (26)
>.ipj— (n—mrp1 — ka)
O
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B.2 Proofs For Section/[7]

Theorem B.3. Suppose a L-layered MLP F,,; : Rl — RO, and all input data lies on ,.(0), and
either means-sqaured error or softmax-cross-entropy losses {. Let the network be x — Fy(x) be
L ¢-Lipschitz on BB, (0) and let the logit-gradient, z — V ,{(z,y) be Ly-Lipschitz. Define: I'(0) :=
SUDg g, (0),1<i<0||V52i(®;0) |2 and z = Fy(x) Then, the residual R. of the Hessian on task 7+ 1
obeys the following operator-norm bound:

RO%) s VOTO,)(_sup  [Vatla)] + L@ X)) = B (@)

z€supp(X,)

Proof. We start with the definition of the residual term of the Hessian:

o
ROU) = B | Y Vatlen)Via@io)] 28)
XL i
Next we apply linearity and operator norms:
o)
RO =| B[S Vetn)Thaaio,)]| @)
X~ 1 i
0
< E D IVat(z,y)ll2 Vo zi(a: 6,)l2 (30)
Tty

and apply a deterministic worst-case bound followed followed by the Cauchy-Schwartz inequality
to obtain:

IR(02, )< sup  [|V=l(z;,y)]l2VOT(0) (31)
x €supp(X’)

Let 7 be a coupling measure on X’ and X’, and denote h(xz;0) = V £(F,(x),y). First operating
inside the supp, we apply the triangle inequality:

IV=h(z;0)ll2 < [[h(z'; 0)[|l2+(h(2; 0) — h(z";0)]2 (32)
< ||h(x';0)|2+LsLyd(X,X’") Applying Lipschitz assumptions. ~ (33)
Now, operating inside the supp w.r.t. 7 we obtain:

sup  |[h(z;:0)]2=  sup  [[A(x";0)[2< sup  [|h(2';0)]2+LyLyd(X, XT)
x Esupp(X) (a,x’)Esupp(m) x’ Esupp(X’)
(34)
Finally, bounding the RHS of the inequality from above by an arbitrary constant B yields the
desired result. O

Corollary B.4. We can use Weyl’s inequality to show the existence of an appropriate L2 regularizer to
guarantee that increasing rank(H ., ) implies increasing the rank(H). Suppose ordered eigenvalues
of Hogy (e, A (1) > ...\, (), then by applying Wely’s inequality we obtain

Ai(Hgen + R-)N(R) < [R]2 (35)
AiHgoy +R) 2 Ai(Hgoy) — [[R]|2 (36)
A(H) = X(Hgan) — IRl (37)
Amin () 2 A5 (Hegn) — [Rf2. (38)
The L2-regularized Hessian becomes:
Amin(H +219) > A, (Hoen) — [Rl2+29 (39)
> Aiin(Heen) = [Bll2+2g, (40)

s0 if2q > |R|l2=A%, (Hoqy), then every positive eigenvalue of He,y remains positive in the
q-regularized H.

20



Remark B.5. Theorem|B.3and Corollary[B.4 justify why L2 is needed alongside ER regularization.
Under softmax-cross-entropy loss and mean-squared-error loss with bounded targets, h(x; @) is also
bounded which ensures the theorem is well-posed. The theorem also requires T'(0) to be uniformly
bounded which can be achieved by techniques like spectral regularization (although we do use it in
our experiments) (Yoshida & Miyato,|2017). In practice, we find that small choices of L2 regularization
are needed which we report in table[3 table[4 and table[q
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C Toy Landscapes, Task Transformation, and Curvature Regularization

Let § = (01,02) € R% Eachtask 7 € {1,2} is built from two primitives: canyon C; (low curvature
/ low rank) and bowl B, (high curvature / high rank). The task loss is a soft minimum of the two:

Li(6) = soft min(C(6), B:(6)) = —r log(exp(— Cu(9)/m) + exp( ~ Bi(6)/m)),  (4)

where 7 > 0 controls the blend between components.

C.1 Task 1 (base landscape)

Cl<9) =cr1 (91 + 1)2 + a 987 (42)
B1(0) = cr1 (01 —zp1)* + by (62 — yr1)*.

We use 11 = 0.13, a3 = 0.02, by = 6.0, cp; = 6.0, crp1 = 2.0, (xr1,yr1) = (0.8,0.25).
The low-curvature canyon minimum is near (—1,0) and the high-curvature bowl minimum near
(zRr1,YR1):

C.2 Task 2 (explicit transformation of Task 1)

Task 2 preserves the structure in but applies an affine rotation/translation to the canyon and re-
locates the bowl. Let 1 = (L2, cLys) and Ry = ( fiin ziﬁ) Define local canyon coordinates
() = Ry(6 — ). Then

Cs(0) = ¢y u? + ax v’ + 02, (43)
Bs(0) = by (61 — 2R2)* + by (62 — yr2)*.
We use 75 = 0.18, ¢ = 35° pu = (—4.1,2.0), ¢, = 10.0, az = 107, & = 107, (2p2,yr2) =

(1.8,—0.6), and (bz, by) = (5.0,9.0). Thus, the Ly — Lo map is explicitly 8 — (u,v) = Ry(0 —p)
in Cy, with a separate relocation of Bj.

C.3 Curvature regularizer and the optimized objective

To promote high-curvature (well-conditioned) basins, we penalize flatness via a log-barrier on the
Hessian eigenvalues of the task loss Ly:

Reurve(0; Ly) := Zlog [(0; Li)? + e), (44)

where \;(0; L;) are the eigenvalues of V2L;(0) and € > 0 ensures stability (we use ¢ = 1075).
The optimized objective for curvature-regularized GD is

FiO) = Li(0) + o Ranel65L0) + 5 013, (45

with small isotropic shrinkage 5 > 0 (we use 8 = 0.006) and task-dependent weight o; (we use
a1 = 0.12, ap = 0.10).

Gradient update. Both baselines use identical step sizes 7; the only difference is the objective
(Lt VS. Ft)t

GD: 9k+1 =0 — nVLt(Gk), (46)
Curv-Reg-GD: O = O — 1 (VLi(0k) + 01 VReurve Ok L) + B05). (47)

In our toy implementation, VL; and V R¢y,ve are computed via finite differences of the corre-
sponding scalars.
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D Algorithm

D.1 Baselines

Backpropagation (BP): We optimize the objective with stochastic gradient descent (SGD) on
cross-entropy loss over the current task. Let 6 denote all trainable parameters and D; the data
for task . The objective is

min By, [L(fo(z). )]

Vanilla Effective Rank (ER): In addition to BP, we collect the output features of each dense
layer (excluding convolutional layers) over a fixed number of steps (er-batch in Table [1). From
these stacked features, we compute the effective rank (Roy & Vetterli,2007) for each layer and sum
across all layers. Then we maximize the effective rank of the network representations.

L
cER:—%ZER(FZL BR(F}) = exp( - ZPE’) togp”),
=1

where F, € R"*% is the stacked feature matrix for layer ¢, s;(F}) are its singular values, and
20 = si(Fr)
o si(FY)
L2 normalization (L2): We add weight decay to BP. Now the objective becomes:
min E.y)~p, [L(fo(2),9)] + Awllf3,

where \,, is the weight-decay coefficient (weight-decay in Table|[T).
Continual Backpropagation (CBP): We follow the architecture in Dohare et al.|(2024).

D.2 Effective Rank with L2 normalization (L2-ER)

The pseudocode for our implementation of L2-ER is shown in Algorithm (i} L2-ER augments the
standard task objective with two additional regularizers: (1) an effective rank penalty and (2) an
L2 weight decay term. At each step, the task loss L,k together with the weight decay term is
minimized via standard backpropagation. Simultaneously, the hidden features Fj are collected
over a fixed window L of updates. Every L steps, these stacked features are used to compute the
effective rank (Roy & Vetterli, 2007) of the representation at each layer. The effective rank losses
are averaged across layers. Note that a gradient descent step is taken on this loss only every L
steps.

Algorithm 1 Continual Learning with Effective-Rank Regularization (L2-ER)

Input: Task datasets {{(x?,y?)}Y '} =}; model f(-;W); learning rates « (task), 3 (ER);
weight decay A; ER update interval U (in steps)
State: Per-layer feature buffers {8}, _, with capacity U
forr=0to7T —1do
for:=0,...,N—1do
(9, {Fi}i_,) < f(zi; W) {g is the model prediction}
Vel : By < enqueue(By, Fy); if |By|> U then drop oldest
Liasi < Loss(g,y5) + W3
W+ W — aVw Liask
if (i + 1) mod U = 0 then
Lerank < —+ 37, ER(SVD(Stack(By))) {(Roy & Vetterli, 2007)}
W W - 6VWLerank
By« 0
end if
end for

end for
Return: W
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E Dead Neurons and Effective Rank

Permuted MNIST Continual ImageNet Permuted MNIST Continual ImageNet
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Figure 6: Number of dead neurons (left) and effective rank (right) corresponding to Figure

Here, we present number of dead neurons and effective rank corresponding to Figure[3| An impor-
tant observation to note here is that dead neurons in Incremental Cifar is decreasing rather than
increasing. This effect arises due to the following two reasons: First, at the beginning of train-
ing, the environment contains only 5 classes, which gradually increase to 100. As more classes
are introduced, the evaluation set becomes much larger, increasing the likelihood of encountering
samples that activate a given neuron (i.e., produce nonzero outputs). Second, to accommodate the
changing number of classes, we mask the outputs of the final layer to match the number of active
classes in each task. In the early tasks, this masking leads to a sharp rise in the number of dead
neurons, since the network tends to overfit to the small set of available classes. As more classes are
added, this effect diminishes. Therefore, we also measured the number of dead neurons and effec-
tive rank in RESET for comparison. Learning curves that lie above RESET indicate an increase in
dead neurons due to loss of plasticity, whereas curves below suggest relatively fewer dead neurons.
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F Epsilon Hessian Rank
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Figure 7: Curvature vs. Accuracy on Permuted MNIST (Left) and First 10 Task Incremental CIFAR
(Right). A linear fit (dotted line) highlights the positive association between curvature and accu-
racy.

F.1 Measuring the Hessian Spectral Density

To empirically demonstrate the relationship between dead ReLUs and the rank of the Hessian, we
estimate the Hessian spectrum over continual learning tasks (Ghorbani et al.,[2019). The spectral

density is defined as v (u) = + Zil 0(u — ;) where 0 is a Dirac delta operator. Since the
naive approach to estimating the density would involve calculating every eigenvalue, we turn to a
Gaussian relaxation (Ghorbani et al.,[2019):

P

Yol = 53 Fs,0%)

i=1

_ 2
where f(\;;u,0?) = o\}ﬁ exp(— (uzjjé) ) and o2 is the variance. When o2 is small, 1, provides a

tight estimate of the spectral density. Since materializing the full Hessian is prohibitively expensive,
we estimate the density with the stochastic Lanczos quadrature algorithm (Golub & Welschl[1969;
Ghorbani et al||2019), which takes advantage of the fact that accessing Hessian-vector-products
(HVP) is a computationally efficient operation (Pearlmutter||1994). Given H is diagonalized and f
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has a closed-form equation, we can define f(H) = Qf(A)Q' where f(A) acts on the diagonal.
Now we estimate the spectrum of Hessian through the HVP with v ~ N (0, %I px p) which gives:

Y, = ;tr(f(H,u,02)> =E[v' f(H,u,o%)Vv]

In practice, each vy is approximated by m-steps of the Lanczos algorithm resulting in a m x m
tridiagonal matrix with m locations-weight pairs (¢;,w;) so that:

v

Yo (u) = Y wif(l;u,0%) =4 (u)
j=1

Moreover, ¥ (-) is an unbiased estimator of 1, (-) and 0 (u) converges exponentially fast around

its expectation over samples of v (Ghorbani et al.l[2019)[Claim 2.3] resulting in a computationally
efficient and accurate estimation of the spectral density, even for large neural networks.

Throughout our experiments, we measure the Hessian eigen-spectrum at the beginning and at the
end of each new task. Our results show that the spectrum of standard back-propagation narrows as
the task number grows. In fact, a complete loss of learning corresponds to a complete collapse of the
spectrum. Furthermore, we show that loss of plasticity mitigation like continual backpropagation
and our own L2-ER method preserve the spectrum.

In the following sections, we present the details of each environment, their corresponding hy-
perparameter sweeps and selected best hyperparameters, followed by the analysis of the Hessian
spectrum.

F.2 Epsilon Hessian Rank vs Accuracy
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Figure 8: Curvature vs. Accuracy on Full 20 Task Incremental CIFAR. A linear fit (dotted line)
highlights the positive association between curvature and accuracy.

In addition to Figure [2| we provide the epsilon rank of the other two supervised learning envi-
ronments in Figure [7] Continual ImageNet and Permuted MNIST’s data points on the graph are
calculated by an average across 5 seeds.

Putting all the Incremental Cifar tasks into one plot does not yield as clear a positive relationship
as Permuted MNIST or Continual Imagenet. This is due to the offset in measuring both successful
training and 7-trainability. All the tasks in Permuted MNIST or Continual Imagenet are about the
same level of difficulties for 7 € {1,---, T}, which gives us the ability to easily measure success-
ful training through task accuracies. In Incremental Cifar, each task 7 is composed of classifying
5 * 7 classes of images using the same computational budget, which makes it a challenge to iso-
late unsuccessful training due to loss of plasticity from increasing task difficulties. We report the
performance difference between algorithms and a freshly initialized network as a measure of suc-
cessful training. Furthermore, neural network tends to find a lower-rank solution regardless of
initialization Hu et al.[(2022). Since we always report the e-Hessian rank of the Full databatch, the
percentage of data the neural network has already been trained on becomes larger and larger as 7
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grows. For example, at task 2 initialization, we trained on 5 classes and acquired a low rank rep-
resentation, then 5 classes are added and the e-Hessian rank is high; while at task 20 initialization,
we trained on 19 classes and are evaluating on 20, this is basically the same as the eigenspectrum
at task 19 convergence, which is a low rank solution. In short, due to the non-uniform property
of the tasks, e-Hessian rank is not an accurate measure of Spectral Collapse in Incremental Cifar.
When we group the first ten tasks (fig.[7), we can see that the positive relationship is clearer since
the task difficulties are more similar.
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G Permuted MNIST

We now detail environments and architectural details in all experiments. All algorithms are written
in JAX (Bradbury et al.l|[2018). Although each environment is independent, our training procedure
is designed to be easily generalizable. In the following sections, we provide detailed descriptions
of each environment.

Permuted MNIST (Dohare et all [2024) is a variant of the original MNIST dataset (LeCun, 1998)
where the pixels are permuted randomly in the same way for each image in the original dataset.
Each permutation defines a new task for the learner. In total, we evaluate on 800 tasks, each of
which is a 10-class classification problem.

G.1 Network Architecture

We employ a standard multilayer perceptron (MLP) with three hidden layers of hidden size 1000
each followed by a ReLU activation. All weights are initialized with Kaiming uniform. The archi-
tecture can be summarized as follows:

MLP(
Sequential(
(0): Dense(init=kaiming_uniform, out_dims=1000, bias=True)
(1): ReLUQ)
(2): Dense(init=kaiming_uniform, out_dims=1000, bias=True)
(3): ReLUQ)
(4): Dense(init=kaiming_uniform, out_dims=1000, bias=True)
(5): ReLUQ
(6): Dense(init=kaiming_uniform, out_dims=10, bias=True)
)
)

G.2 Hyperparameters

In Table [1] we present the default hyperparam of our experiments. Unless otherwise specified,
experiments use the default hyperparameters.

G.3 Experiments

Prior work (Dohare et al| [2024), along with our own experiments, shows that the learning rate
is a critical factor in continual learning: using a smaller learning rate consistently yields only
marginal differences in performance. To better highlight the phenomenon of loss of plasticity, we
fix the learning rate to 1 x 1072 and sweep over the remaining hyperparameters in Table 2} We
report the results in Figure [| and the selected best hyperparameters in Table[2] For completeness
of our experiments, we also evaluate the best learning rate for each algorithm by sweeping all the
hyperparameters in Table[2] with results shown in Figure[9|and the corresponding hyperparameters
summarized in Table 2

Performance Dead Neurons Effective Rank
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Figure 9: Best Learning Rate Performance, dead neurons, and effective rank in Permuted MNIST.
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Hyperparam Name Default Description

study_name test experiment name

seed 2024 base random seed

debug False true to enable debug mode

platform gpu {cpu, gpu}

n_seeds 1 number of seeds

env permuted_mnist environment name

agent 12_er agent options: {er, bp, 12, snp_12, snp, cbp, 12_er}
activation relu activation options: {relu, tanh}

1r [0.01] learning rate(s)

optimizer sgd {adam, sgd}

weight_decay 0.001 L2 weight decay

num_features 1000 hidden size for the mlp
change_after 10 x 6000 steps between task switches
to_perturb False whether to perturb the input data
perturb_scale 1x107° magnitude of input perturbation
num_hidden_layers 3 number of hidden layers in the mlp
mini_batch_size 1 minibatch size

no_anneal_lr True if true, do not anneal the learning rate
max_grad_norm 0.5 gradient clipping threshold
num_tasks 800 number of tasks used in training/eval
effective rank

er_lr [0.01] ER learning rate

er_batch 100 batch size for er computation
er_step 1 ER update frequency

evaluation

evaluate True evaluate after each task
evaluate_previous False evaluate on previous task

eval_size 2000 number of evaluate samples per task
compute_hessian False whether to compute hessian spectrum
compute_hessian_size 2000 samples used for hessian computation

compute_hessian_interval 1 interval in tasks between hessian runs

continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x10°6 CBP replacement probability per step
decay_rate 0.99 exponential decay for CBP statistics
maturity_threshold 100 steps before a unit is considered “mature”

Table 1: permuted MNIST default hyperparameters

G.4 Permuted MNIST Hessian Spectrum

We use the best hyperparameters in Table[2|and rerun it with 5 seeds to plot the hessian spectrum
during our training. We calculate the approximated hessian matrix every fixed number of tasks
(compute-hessian-interval in Table [1). The corresponding performance is shown in Figure [3|and
Hessian spectrum of seed 2025 is shown in Figure [10} where the orange curve corresponds to the
Hessian spectrum on the test set and the blue curve corresponds to the training set. Since plotting
all tasks is impractical, we present only a subset of representative tasks.

Comparing Figure [3| with Figure [10] we observe that algorithms which eventually lose plasticity
exhibit a sparse Hessian spectrum. In contrast, algorithms that maintain plasticity preserve a rich
and dense spectrum, proving our claim that spectral collapse is strongly correlated with the loss
of plasticity. Furthermore, even subtle reductions in plasticity are reflected in the spectrum: for
instance, L2 shows a slight decline of about 1% in accuracy over training. This small change is
captured by the eigenspectrum, as shown in Figure [10] where the range of eigenvalues for L2 is
narrower than that of the other two algorithms that preserve plasticity.
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Algorithm Hyperparameter Sweep Hyperparameters Fixed LR Best Best

BP Learning rate {1x1072,1x107%, 1 x 1074} 1x 1072 1x1073
ER Learning rate {1x1072,1x1073,1x 1074} 1x1072 1x1073
Effective rank Ir {1x1072,1x107%,1x 1074} 1x 1073 1x1073
L2-ER Learning rate {1x 1073} 1x1072 1x1073
Effective rank Ir {1x1072,1x1073,1x 1071} 1x1073 1x1073
Weight decay {1x1073,1x107% 1x1075} 1x1073 1x1073
CBP Learning rate {1x1072,1x1073, 1 x107%} 1x 1072 1x1073
Replacement rate {1 x 1074, 1 x 1075, 1 x 1076} 1 x 107° 1x1076
L2 Learning rate {1x1072,1x 1073, 1 x107%} 1x 1072 1x1073
Weight decay {1x1073,1x107%,1x107%} 1x1073 1x1073

Table 2: Hyperparameter sweeps and best values for Permuted MNIST across all algorithms, with
and without fixing the learning rate.

H Continual ImageNet

Continual ImageNet (Dohare et al., 2024) is an adaptation of ImageNet (Krizhevsky et al| [2012)
in which pairs of classes are randomly sampled to form binary classification tasks. We evaluate
performance on a total of 2000 tasks.

H.1 Network Architecture

We adopt the same architecture asDohare et al.|(2024) with one key modification. In their setup, the
final layer of the network is reinitialized at the beginning of every task. To ensure fairness in com-
parison, we remove this feature and keep the final layer fixed across tasks. We use a three—block
convolutional network followed by two dense layers and a dense classifier. Each convolution is fol-
lowed by a ReLU nonlinearity and a 2 x 2 max-pool with stride 2. The architecture is summarized
as follows:

ConvNet (
Sequential(
(0): Conv2d(out_channels=32, kernel_size=5x5, bias=True)
(1): ReLUQ)
(2): MaxPool (window=2x2, stride=2)

(3): Conv2d(out_channels=64, kernel_size=3x3, bias=True)
(4): ReLUO)
(5): MaxPool(window=2x2, stride=2)

(6): Conv2d(out_channels=128, kernel_size=3x3, bias=True)
(7): ReLUQ)

(8): MaxPool (window=2x2, stride=2)

(9): Flatten()

(10): Dense(out_dims=128, bias=True)
(11): ReLUQ
(12): Dense(out_dims=128, bias=True)
(13): ReLUQ)
(14): Dense(out_dims=2, bias=True)
)
)

H.2 Hyperparameters

In Table 3| we present the default hyperparameters for our ImageNet experiments. Unless other-
wise specified, experiments use these defaults.
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Hyperparam Name Default Description

study_name test experiment name

seed 2024 base random seed

debug False true to enable debug mode

platform gpu {cpu, gpu}

n_seeds 1 number of seeds

env imagenet environment name

agent 12_er agent options: {er, bp, 12, snp_12, snp, cbp, 12_er}
alg ppo algorithm type: {actor_critic, ppo}
activation relu activation options: {relu, tanh}

1r [0.01] learning rate(s)

optimizer sgd {adam, sgd}

weight_decay 0.001 L2 weight decay

mini_batch_size 100 minibatch size

no_anneal_lr True if true, do not anneal the learning rate
max_grad_norm 1 x 10° gradient clipping threshold
num_tasks 2000 number of tasks used in training/eval
num_epochs 250 number of epochs per task

momentum 0.9 SGD momentum coefficient

effective rank

er_1r [0.01] ER learning rate

er_batch 1 batch size for ER computation
er_step 1 ER update frequency

evaluation

evaluate True evaluate after each task

eval_size 2000 number of evaluation samples per task
compute_hessian False whether to compute hessian spectrum
compute_hessian_size 2000 samples used for hessian computation
compute_hessian_interval 1 interval in tasks between hessian runs
continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x10°6 CBP replacement probability per step
decay_rate 0.99 exponential decay for CBP statistics
maturity_threshold 100 steps before a unit is considered “mature”

Table 3: ImageNet default hyperparameters

H.3 Experiments

Due to high variance, we conducted full hyperparameter sweeps from Table [4] across 10 seeds
and apply Savitzky-Golay filter (Savitzky & Golayl [1964) to the results. The best hyperparameters
selected from these sweeps are summarized in Table[4]

H.4 Continual ImageNet Hessian Spectrum

We again use the best hyperparameters from Table [4] to run over 10 seeds to plot the hessian
spectrum. We presents our results in Figure[I2and its corresponding performance in Figure[3] Note
that we categorize ER as preserving plasticity in this case because, in this single run, ER successfully
maintained plasticity rather than losing it. We present this single run hessian spectrum accuracy
in Figure[11] From Figure[12] we observe that all algorithms that lose plasticity experience spectral
collapse, whereas those that preserve plasticity maintain a wide and dense spectrum throughout
training.
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Algorithm Hyperparameter Sweep Hyperparameters Best Hyperparam
BP Learning rate 1072,1073,10~* 1074
ER Learning rate 1072, 1073, 104 104
Effective rank Ir 1073, 1074, 107 10-°
L2-ER Learning rate 1073 1073
Effective rank Ir 1073, 107, 107° 1074
Weight decay 103,104, 1075 1073
CBP Learning rate 1072, 1073, 104 10~4
Replacement rate ~ 10~%, 107>, 106 10—°
L2 Learning rate 1072, 1073, 10~* 1074
Weight decay 1073, 1074, 1073 1073

Table 4: Hyperparameter sweeps and selected best values for Continual ImageNet across all algo-
rithms.
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Figure 11: ER Accuracy correspond to Hessian Spectrum on Continual ImageNet.
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I Incremental CIFAR

Incremental CIFAR (Dohare et al. 2024) is an adaptation of the original CIFAR-100 dataset
(Krizhevsky et al.,[2009) where classes are incrementally added. Starting with 5 classes, each task
adds 5 new classes for classification until all 100 classes are included. Our setup largely follows
Dohare et al{(2024), but we remove random data transformations and learning rate annealing from
their design.

I.1 Network Architecture

We employ a standard ResNet-18 architecture adapted from [Dohare et al,| (2024). The network
begins with a 3 x 3 convolutional stem with 64 channels, followed by four sequential residual
stages. Each stage contains two BasicBlocks: Layer1 keeps the width at 64 channels, while Layers
2—4 progressively double the number of channels to 128, 256, and 512, with the first block of each
stage performing downsampling via stride-2 convolutions and 1 X 1 skip connections. After the
residual stages, a global average pooling layer reduces the spatial dimension, and then pass the
resulting feature vector through two fully connected layers with ReLU activations. Finally, a dense
classification head outputs logits for the number of classes in the current task.

ResNet18(
Stem(
Conv2d(out_channels=64, kernel_size=3x3, stride=1, padding=1, bias=True)
BatchNorm()
ReLU()
)
Layer1: Sequential(
BasicBlock(64 -> 64, stride=1)(
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelU,
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelU
)
BasicBlock(64 -> 64, stride=1)(
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelU,
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelU
)
)
Layer2: Sequential(
BasicBlock(64 -> 128, stride=2)(
Conv2d(128, 3x3, stride=2, padding=1, bias=True), BatchNorm(), RelLU,
Conv2d(128, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Conv2d(128, 1x1, stride=2, bias=True) + BatchNorm(),
Add, RelLU
)
BasicBlock(128 -> 128, stride=1)(
Conv2d(128, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelLU,
Conv2d(128, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelU
)
)
Layer3: Sequential(
BasicBlock(128 -> 256, stride=2)(
Conv2d(256, 3x3, stride=2, padding=1, bias=True), BatchNorm(), RelLU,
Conv2d(256, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Conv2d(256, 1x1, stride=2, bias=True) + BatchNorm(),
Add, RelU
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)
BasicBlock(256 -> 256, stride=1)(
Conv2d(256, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelLU,
Conv2d(256, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelLU
)
)
Layer4: Sequential(
BasicBlock(256 -> 512, stride=2)(
Conv2d(512, 3x3, stride=2, padding=1, bias=True), BatchNorm(), RelLU,
Conv2d(512, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Conv2d(512, 1x1, stride=2, bias=True) + BatchNorm(),
Add, RelU
)
BasicBlock(512 -> 512, stride=1)(
Conv2d(512, 3x3, stride=1, padding=1, bias=True), BatchNorm(), ReLU,
Conv2d(512, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelU
)
)
GlobalAveragePool ()
Dense(out_dims=512, bias=True), RelLU()
Dense(out_dims=512, bias=True), ReLU()
Dense(out_dims=num_classes, bias=True)

1.2 Hyperparameters

In Table [5| we present the default hyperparameters for our ImageNet experiments. Unless other-
wise specified, experiments use these defaults.

I.3 Experiments

We conduct our hyperparameter sweep experiments over 5 seeds for all hyperparameters listed in
Table[6] and report the selected best hyperparameters in Table [6]

I.4 Incremental CIFAR hessian spectrum

We use the best hyperparameters in Table[6]to plot the Hessian spectrum over 5 seeds, with results
shown in Figure Again consistent with our previous experiments, algorithms that preserve
plasticity maintain a dense Hessian spectrum, whereas those that lose plasticity exhibit a sparse
spectrum. This demonstrates our claim that spectral collapse is a clear indicator of plasticity loss.
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Hyperparam Name Default Description

study_name test experiment name

seed 2024 base random seed

debug False true to enable debug mode

platform gpu {cpu, gpu}

n_seeds 1 number of seeds

env incremental_cifar environment name

agent 12 agent options: {er, bp, 12, snp_12, snp, cbp, 12_er}
alg ppo algorithm type: {actor_critic, ppo}
activation relu activation options: {relu, tanh}

1r [0.1] learning rate(s)

optimizer sgd {adam, sgd}

weight_decay 0.0005 L2 weight decay

to_perturb False whether to perturb the input data
perturb_scale 1x107° magnitude of input perturbation
mini_batch_size 100 minibatch size

no_anneal_lr False if true, do not anneal the learning rate
max_grad_norm 1 x 10° gradient clipping threshold
num_tasks 20 number of tasks used in training/eval
num_epochs 200 number of epochs per task

momentum 0.9 SGD momentum coefficient

effective rank

er_1r [0.01] ER learning rate

er_batch 5 batch size for ER computation
er_step 1 ER update frequency

resetting

reset False reset the network after each task
evaluation

evaluate True evaluate after each task
evaluate_previous False evaluate on previous tasks

eval_size 2000 number of evaluation samples per task
compute_hessian False whether to compute Hessian spectrum
compute_hessian_size 2000 samples used for Hessian computation

compute_hessian_interval 1 interval in tasks between Hessian runs

continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x10°6 CBP replacement probability per step
decay_rate 0.99 exponential decay for CBP statistics
maturity_threshold 100 steps before a unit is considered “mature”

Table 5: Incremental CIFAR default hyperparameters

Algorithm Hyperparameter Sweep Values Best Value

BP Learning rate {1x1072,1x1073,1x107%} 1x1072
ER Learning rate {1x1072,1x107%,1x 1074} 1x1072
Effective rank Ir {1x1073,1x107%, 1 x 1075} 1x1074
L2-ER Learning rate {1 x107%} 1x 1072
Effective rank Ir {1x1072,1x1073, 1 x107*} 1x1073
Weight decay {1x1073,1x107%,1x107%} 1x1073
CBP Learning rate {1x1072,1x1073, 1 x107*} 1x1072

{1x1074,1x107%,1x107%} 1x1076
{1x1072,1x107%,1x107%} 1x1072
{1x1073,1x107%,1x107%} 1x1074

Replacement rate

L2 Learning rate
Weight decay

Table 6: Hyperparameter sweeps and selected best values for Incremental CIFAR across all algo-
rithms.
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Figure 13: Comparison of Hessian eigenspectra on Incremental CIFAR. Algorithms are ordered by
increasing accuracy. Top: Algorithms that lose plasticity (ER, BP, CBP). Bottom: Algorithms that
preserve plasticity (L2, L2-ER).
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J Slippery Ant

Slippery Ant is a continual reinforcement learning environment where the friction between the
ant and the ground changes every 2 million steps. The agent has to adapt its policy to this new
friction. In our experiments, we use PPO (Schulman et al.,|[2017) as our base algorithm, which is an
online learning method designed for training on vectorized environments. It is parallelized using
the JAX library (Bradbury et al.l|2018) based on a batch experimentation library written in JAX (Lu
et al.,|2022).

J.1 Network Architecture

ActorCritic(
Actor(
Sequential(
(0): Dense(in_dims=hidden_size, out_dims=hidden_size, bias=True)
(1): ReLUQ)
(2): Dense(in_dims=hidden_size, out_dims=action_dims, bias=True)
(3): Categorical() or MultivariateNormalDiag()

)
)
Critic(
Sequential(
(0): Dense(in_dims=hidden_size, out_dims=hidden_size, bias=True)
(1): ReLUQ)
(2): Dense(in_dims=hidden_size, out_dims=1, bias=True)
)
)

)

J.2 Hyperparameters

The default hyperparameters is in Table[8] Unless otherwise specified, experiments use the default
hyperparameters.

Algorithm Hyperparameter Sweep Values Best Value

BP Learning rate {1x1072,1x1073,1x107%} 1x1074

ER Learning rate {1x1072,1x1072,1x 1074} 1x1074
Effective rank Ir {1x1073,1x107%, 1 x107%} 1x1077

L2-ER Learning rate {1 x 1074} 1x1074
Effective rank Ir {1x1075,1x107%,1x1077} 1x1076
Weight decay {1x1073,1x107%,1x107%} 1x1073

CBP+L2 Learning rate {1 x 1074} 1x1074
Replacement rate {1 x 107%, 1 x 1075, 1 x 1077} 1 x 1077
Weight decay {1x1073,1x107%, 1 x107°} -

L2 Learning rate {1x1072,1x107%,1x107%} 1x1074
Weight decay {1x1073,1x107%,1x107%} 1x1073

Table 7: Hyperparameter sweeps and selected best values for Slippery Ant across all algorithms.

J.3 Experiments

We swept the environment over 5 seeds for all hyperparameters in Table[7| Following the archi-
tecture of CBP in|Dohare et al|(2024), we use CBP together with L2 normalization instead of just
CBP. With the additional sweep on weight decays, we fixed the learning rate of CBP constant. The
best hyperparameters are reported in Table
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Hyperparam Name

Default

Description

env

slippery_ant

environment name

num_envs 1 number of parallel environments
gamma 0.99 discount factor

num_steps 2048 steps per rollout

update_epochs 10 number of optimization epochs per update
num_minibatches 128 number of minibatches per epoch
activation relu activation function: {relu, tanh}
optimizer adam optimizer: {adam, sgd, muon}

1r [2.5e-4] learning rate(s)

lambda@ [0.95] GAE parameter \

vf_coeff [1] value function loss coefficient
weight_decay 0.0 L2 weight decay

beta_1 0.9 Adam 7 coefficient

beta_2 0.999 Adam (5 coefficient

continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x1074 CBP replacement probability per step
decay_rate 0.99 exponential decay for CBP statistics
maturity_threshold 1 x 10% steps before a unit is considered mature
effective rank

er False enable ER regularization

er_lr [0.01] ER learning rate

er_batch 128 batch size for ER computation
er_step 1 ER update frequency

hessian computation

compute_hessian_init False compute Hessian at initialization
compute_hessian_end False compute Hessian at the end
compute_hessian_size 2000 number of samples for Hessian computation
compute_hessian_interval 1 interval (in tasks) between Hessian runs
PPO

hidden_size 256 size of hidden layers

total_steps 5 x 108 total number of training steps
entropy_coeff 0.01 entropy regularization coefficient
clip_eps 0.2 PPO clipping parameter
max_grad_norm 1 x 10° gradient clipping threshold
anneal_lr False anneal learning rate over training
evaluation

steps_log_freq 4 logging frequency in steps
update_log_freq 8 logging frequency in updates
save_checkpoints False save checkpoints during training
save_runner_state False save final runner state

seed 2020 random seed

n_seeds 5 number of random seeds

platform gpu {cpu, gpu}

debug False enable debug mode
show_discounted False show discounted returns in logs
study_name batch_ppo_test experiment name

change_every 2 x 108 steps between environment changes
friction_seed 0 seed for friction schedule

Table 8: Non-stationary policy default hyperparameters



K LLM Usage

Large Language Models were used to aid in the writing and editing of the manuscript. They are
not used to form ideas, design experiments, or construct writing from scratch. The authors take
full responsibility for the content of this manuscript and have ensured that LLM usage adhere to
ethical guidelines.
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