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Abstract

Understanding deep neural networks remains a central challenge in machine learning. In particular,
the theoretical properties of even two-layer ReLLU networks, especially in the presence of weight de-
cay, remain poorly understood. To this end, we derive a sufficient condition on the hyperparameter
settings under which the global minima collapse to the zero solution. Interestingly, our experiments
reveal that using AdamW as an optimizer prevents the collapse of the learned parameters, whereas
using SGD does not, which may help explain the success of AdamW in deep learning training.
In addition, when restricting the input dimension to one, we derive an analytical solution for the
globally optimal parameter sets of two-layer ReLU networks and show that ¢5-regularization has a
width-invariant effect on connectivity, but its dimensionality-reducing effect becomes stronger as
the network width increases. These results provide insight into how width-dependent hyperparam-
eters influence the geometry of regularized loss landscapes.

1. Introduction

Loss landscape analysis characterizes quantitative variations of the loss function in finite-width ma-
chine learning models, and studying the loss landscape of two-layer linear unit activation networks
(ReLU) [29] has been a key topic of interest in the machine learning community [4, 17, 18, 34, 35].
Recent work has extended the theoretical analysis to />-regularized two-layer ReLU networks, in-
cluding characterizations of global optima and their geometric structure [4, 18]. However, the effect
of explicit width-dependent hyperparameter scalings [15, 39] on these regularized loss landscapes
does not appear to have been studied in a systematic way.

In this paper, we analyze the global minima of two-layer ReLU neural networks for /»-regularized
loss in a width-dependent hyperparameter setting. We show that, when the ¢5-regularization coef-
ficient scales faster than the scaling of the network, zero is the unique global minimum for a suffi-
ciently overparametrized model, and experimentally show that whether the learned parameters col-
lapse to zero depends on the choice of optimizer. We further analyze the effects of ¢5-regularization
on the dimension and connectivity of global minima for one-dimensional input. Our results imply
that the effect of /5-regularization on the connectivity of global minima is negligible regardless of
how the model width is scaled up, whereas its dimensional reduction effect becomes stronger.

Problem Setting. The network model fy : R* — R is

fo(x) = =) (wuy) 4w, (D

m
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where the trainable parameter of the model is 6 = (u;, w;)™; € (RIXR)™ =0, U= (u1, ... ,Um) €
R>™ and W = (w1, ... ,wm)T € R™ are the first and second layer weights, m is the number of
hidden neurons, (-)+ = max{-,0} is the ReLU activation, and the hyperparameter 1/o > 0 is the
scaling factor. Each component in the parameter is initialized independently by ug ;~ N (0,72)
and w? ~ N(0,72) where 71,72 € R are hyperparameters. By abuse of notation, for input data
X € R™4, we write f(X) to denote the output of the model (f(x1), ..., f(z,))T € R™. We aim
to analyze the effects of adding ¢2-regularization gz;n:ﬂu? + w?) to the loss function. The value
of the hyperparameter 5 > 0 matches the weight decay coefficient for the gradient descent method.
We introduce width-dependent hyperparameter setting & = m?, 7, = m =%, 7 = m =2, § =m0,

2. Effects of width-dependent /,-reguralization on loss landscape

2.1. Collapse of global optima due to />-regularization

Theorem 1 shows that § < a is a sufficient condition for a hyperparameter setting with which only
the zero weight is the globally optimal parameter for the model (1) with sufficiently large m. This
collapse of global optima to zero happens for most of the convex loss functions ¢(6) used in practice.
We will discuss this result with numerical experiments in Section 3.

Theorem 1 We consider minimizing the following loss function

m

. p 2, 2
B L) = 0) 3 3 (sl + ) @
where { is finite and convex on all of R".

When 6 < a and the width m is sufficiently large, argming.gq L;(6)={(0,0)", }.

Theorem 1 and experimental results (Section 3 and Appendix F) tell us undesirable values of the
weight decay coefficient 5 for the gradient descent algorithm.

2.2. Change in dimension and connectivity of global optima due to />-regularization

When § > a, the regularization is not necessary strong enough to force the global minima to col-
lapse, and our focus becomes how ¢»-regularization changes the geometry of the nontrivial global
minima. This question is motivated by recent work showing that /-regularized two-layer ReLU net-
works admit exact convex formulations, which is used to study optimal solution sets [28, 30]. We
specifically focus on the one-dimensional ReLLU setting (3). This setting exposes geometric struc-
ture that is difficult to access in the higher-dimensional setting considered by [28, 30], which then
allows us to derive closed-form descriptions of the ¢3-regularized or unregularized global minima
(Theorem 2, 3) and to compare their dimension, boundedness, and connectivity directly.
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For notations, we introduce D(S) := Diag(1[X > 0]) and D(S¢) := Diag(1[X < 0]) where
1[X < 0] is an indicator vector with (1[X < 0]); =1[x; < 0]. Also, Xg:=Diag(1[X > 0])X and
Xge :=Diag(1[X < 0])X. To prevent trivial solutions, we assume that X has at least one positive
element and one negative element (so || Xg||2 # 0 and || X g ||2 # 0), that the input training data X
and the output training data Y are independent of m, and that 0 < min{| XY, |chY| }.



EFFECTS OF WIDTH-DEPENDENT HYPERPARAMETERS AND {5-REGULARIZATION ON TWO-LAYER RELU

(a) Projection of ¢*(m) (b) Projection of ¢*(3) in (c) Projection of ©*(3) in (d) Projection of ©*(3) in
in u-coordinates w-coordinates u-coordinates w-coordinates

Figure 1: Illustration of global optima of width-3 two-layer ReLLU neural netwwork (1) in the pa-
rameter space. More details of this figure are in Appendix E.

Theorem 2 The set of globally optimal parameters ©*(m) := {6 € R*™ : §=argmingcgam L()
with B = 0} for unregularized squared loss is

. aXJY aXdY
© (m)Z{(Uj,wj)Tﬂ ‘ Y wwy= ﬁ Y wjwy = ||XSH2} S
jiu; >0 Sl2 <0 seli2
Adding /-regularization (5 > 0) restricts the solution set because we need |u;| = |w;| Vi € [m)]

for all globally optimal parameters (u;,w;)!",. (See the proof of Theorem 3 in Appendix B.2.)
The visualization of global minima in Figure 1 (details are in Appendix E) illustrates that adding
£o-regularization significantly restricts the set of globally optimal parameters.

Theorem 3 The set of globally optimal parameters ©*(m) == {0 € R*™ : §=argmingcpam L(0)
with 8 > 0} for ly-regularized squared loss is

sign(vp) ui  (u; > 0),
o (m) = {(wwty | 3 uP=ppl 3 o = il wi= { signrf)ws (us < 0),}

i u; >0 2w <O 0 (Uz — 0)
(X3Y) Sap(X5cY) ©
« _ Sap(XTLy « _ Sap(XLY . B _
where v}, = « X512 and vy = « X3 (Sap(b) = sign(b) max(|b] — af,0) =

sign(b) max(|b| — m®9,0) is the soft-thresholding operator.)

The ReLU output is decomposed into the sum of different contributions based on activation patterns,
and the original minimization problem (2) can be written as a convex problem [12, 30]. The proofs
of Theorem 2, 3 (Appendix B.2) utilize the fact that we can remove the constraints for the convex
problem introduced in [12, 30] if the data is one-dimensional (Proposition 25). This simplification
is not feasible for general d-dimensional input because the activation patterns are more complicated.

2.2.1. CONNECTIVITY

In this section, we discuss how the connectivity of globally optimal solutions ¢*(m) and ©*(m)
changes with respect to m. For a set S, we say =,y € S are connected in S if 3 a continuous
function f : [0,1] — S that satisfies f(0) = x and f(1) = y. We say S is connected if, for any
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two points z,y € S, x and y are connected in S. Theorem 4 shows phase transitional behavior of
the connectivity of the global minima for the unregularized squared loss.

Theorem 4 We have the following connectivity results for the solution set p*(0) to the unregular-
ized squared loss.

(1) Form =1, p*(m) = 0.

(2) For m = 2, ¢*(m) has exactly 2 connected components.

(3) For m > 3, ¢*(m) is connected.

If we add the ¢>-regularization term, we find critical widths M and M for phase transition behaviors,
which depend on the hyperparameter setting.

Theorem 5 Assume § > a. Define M*(m) = 1| XLY| > mo0) + 1| XLY| > m2%, M =
min{m € N> | M*(m) > 1} and M = min{m € N>y | M*(m) = 2}. M and M are well-
defined because M*(m) € {0, 1,2} is increasing with m and M*(m) = 2 for sufficiently large m.
We have the following connectivity results for the solution set ©* () to the {y-reguralized loss.

(1) Form < M, ©*(m) is a singleton ({(0,0)", }).

2)IfM=M=m=1,0%*m) = 0.

B)IfFM <m=1<MorM <M <m =2, ©%(m) is afinite set.

(4) Otherwise, ©*(m) is connected.

Theorem 5 implies that there are only three connectivity behaviors for ©*(m) # (. As Kim et al.
[18, Theorem 2] showed, this is not always the case for general d-dimensional input data. We
provide explanations for this limited connectivity result for the one-dimensional input data from a
perspective on the roles of unnecessary neurons (Appendix C.1) and a convex formulation of neural
networks introduced by Pilanci and Ergen [30] (Appendix C.2).

2.2.2. DIMENSION

In this section, we compare the dimensionality and bounds for the set of optimal parameters. For
a subset A C R?™, we define the dimension of A denoted by dim(A) to be the maximum k such
that A contains a k-dimensional embedded C'' submanifold (equivalently, the maximal stratum
dimension). For unregularized squared loss, the globally optimal parameters are dense and spread
out without a bound outside the sphere of radius ||6*||2, where * € ©*(#), in the parameter space
R?™. The dimensional difference between ¢*(m) and the parameter space R?™ is two, which is
independent of m as long as m is sufficiently large.

Proposition 6 For sufficiently large m, dim(¢*(m)) = 2m — 2.

Proposition 7  For sufficiently large m, ©*(m) is unbounded. Especially, ¥n > §, 3y (m) C
*(m) 5.8, 95, € ¢(m), 6412 = O(m™) and dim(g,(m)) = 2m — 2.

We find that adding the ¢5-regularization term reduces the dimension of the set of optimal parameters
by m and imposes a bound on the set. There is always (m + 2)-dimensional difference between
©*(m) and the parameter space R?>™. The dimensional difference grows with order m by increasing
the width m.

Proposition 8 Under Assumption § > a, for sufficiently large m, dim(©*(m)) = m — 2.
Proposition 9 Under Assumption § > a, for sufficiently large m, ©*(m) is bounded and

* * * Sap(XLY Sag(XdL.Y a
VO* € ©(m), [0 |]2:\/2a<| el BB tl) — g(md).
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Figure 2: Final Test loss (above) and Final /5-norm of parameters (bottom, y-axis values are taken
in logarithmic base 2) over weight decay coefficient 5 (plotted in logarithmic scale) after
training width-1024 two-layer ReLLU networks initialized by 7,=75=0.01 (b;=b2=0) and
scaled by 1/a = 1/1024 with SGD (left) or AdamW (right) for 40000 epochs on Yacht
Hydrodynamics [14].

3. Numerical Experiments

Theorem 1 itself does not inform us whether the learned parameter collapses to zero. For behaviors
of learned parameters, several works discuss convergence to global minima using Adam [19] or
stochastic gradient descent (SGD) (details are in Appendix A). We trained two-layer ReLLU neural
networks (1) with different widths (m= 64, 128, 256, 512, 1024, 2048) using the Yacht Hydrody-
namics data [14] (squared loss), and MNIST [21] (cross entropy loss). We trained them with SGD
or AdamW [24] using 5 as weight decay coefficient, with a fixed learning rate. (More details are
in Appendix F.) Our numerical experiments show that when § > a (i.e. 5 > é), the learned pa-
rameters by SGD collapse as expected by Theorem 1 (e.g. Figure 2 left), while using AdamW [24]
prevents the learned parameters from collapsing to zero (e.g. Figure 2 right). This phenomenon
is seen across different hyperparameter settings or widths. The results for other hyperparameter
settings, different widths, and for MNIST are shown in Appendix F.

4. Conclusion

We analyzed the set of globally optimal parameters for two-layer ReLU networks under width-
dependent hyperparameters and ¢,-regularization, and derived a sufficient condition for the collapse
to the zero-weight solution, showing that width, output scaling, and weight decay can qualitatively
affect the regularized loss landscape. For one-dimensional inputs, we explicitly characterized the
globally optimal parameter sets, showing that /5-regularization has a width-invariant effect on con-
nectivity while its dimensionality-reducing effect strengthens with width. Experiments show that
SGD follows the predicted collapse, whereas AdamW prevents it; this may be related to decoupled
weight decay, which is not equivalent to optimizing the explicit £2-regularized objective for adaptive
methods [24], and to AdamW’s implicit bias toward /..-constrained optimization [38]. Explaining
this optimizer-dependent behavior theoretically remains as future work.
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Appendix A. Related Work

Geometrical Analysis of Global minima.

There are many works analyzing the geometrical properties of the loss landscape [1, 9, 37]. Analyz-
ing global minima has also been an active research topic [8, 20, 32, 40]. For example, Simsek et al.
[32] explicitly describes the manifold of global minima. Cooper [8] analyzes the dimension of the
manifold in global optima for overparameterized neural networks. Zhao et al. [40] and Kuditipudi
et al. [20] study global optima connectivity. The global optima for two-layer ReLU neural networks
trained with ¢s-regularized loss are analyzed by Kim et al. [18]. While they use the convex for-
mulation of neural networks introduced by Pilanci and Ergen [30] nicely to avoid the difficulty of
analyzing non-convex loss, they did not provide an analytic solution for the globally optimal param-
eter set nor take into account the effects of scaling hyperparameters with respect to width. Inspired
by their work, we explicitly consider the effects of width-dependent hyperparameter setting.

Convergence to Global minima.

Although the learned parameters do not necessarily converge to a global minimum, there are sev-
eral works confirming the convergence to global minima [2, 6, 22, 23, 33, 34]. Akiyama and Suzuki
[2] shows that, under a specific teacher-student setting, an overparameterized two-layer ReLU stu-
dent trained with sparse/path-norm regularization, which is closely related to ¢o-regularization, and
norm-dependent gradient descent can recover the teacher parameters with high probability. On the
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other hand, Reddi et al. [31] shows that the Adam [19] algorithm fails to converge to a global opti-
mum. We experimentally demonstrated differences in convergence results depending on the choice
of optimizers in a setting distinct from previous work.

Hyperparameter setting and Training Dynamics.

Different training dynamics behaviors are observed to be dependent on a choice of hyperparmeters.
In one regime (linear regime, lazy training, kernel regime), the training can be approximated by
kernel gradient descent [7, 11]. In the other regime, nerual networks learn features beyond their
initialization [10, 13]. A well-known example in this regime is mean-field regime [26, 27], and
the training admits feature learning [39] or learns adaptively from samples [36]. These training
dynamics regimes relate to the performance of neural networks. For example, the poor generaliza-
tion performance of lazy training has been reported. [5, 7]. The hyperparameter settings for our
numerical experiments includes both for the kernel regime and for the mean-field regime.

Appendix B. Proofs for main
B.1. Proofs for Subsection 2.1

Theorem 10 (Theorem I in main) We consider minimizing the following loss function

min Ly (6 ﬁZu —I—w

0cO

Assume that £ is finite and convex on all of R™. If § < a, then there exists mg € N such that for all
m > my, argmingeg L¢(#) = {(0,0)i, }.

Proof Theorem 10 is proven by the following lemmas. Lemma 11 proves that Theorem 10 holds
when 94(0) # (). Lemma 12 proves that 9¢(0) # () holds when / is finite and convex on all of R™.
|

We now prove Lemma 11 and Lemma 12.

Lemma 11 Assume that 90(0) # 0. If § < a, then there exists mg € N such that for all m > my,
argmin Ly(0) = {(0,0);~, }.
0c®
Proof Fix an element gy € 94(0).

Since / is convex, by the subgradient inequality, Vz € R™, £(z) > £(0) + (go, ). By applying this
inequality to z = fp(X), we obtain

Le(0) = £(0) + (go, fo(X

w\m

m
Z 13 +

Now we are going to lower bound (go, fo(X)).

(Xuj)llz < [[Xujll2 < 1 X lop [[ugll2-
Hence,

1y X lop <~
1£o(Xl2 < = > losl I1(Xuy)ll2 < 7= 3 fos 1o
j=1 j=1

10
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Using the basic inequality 2ab < a® + b%, we further obtainy " | |wy| [lu;ll2 < § 372, (|lusll3 +

2
w?).
Therefore,

1ol < ’X”°p2 (5113 + 2).

It follows that

(do- Fo)) > —lgollz 7o (X2 > — 190120 Xllow 5>y 2y

2a ‘
Jj=1

By substituting this into the lower bound for Ly(6), we obtain

Le(6) 2£(0)+% (ﬁ ”gOHQ‘XHOp) Z g 13 + ).

a—4

In our hyperparameter setting, a3 = m®~°, so the assumption § < a implies a5 — oo as m — oo.

Therefore, there exists mg € N such that for all m > mg, 5 > %. For such m, we have

m
Ly(0) > £(0) + ¢, Z(HUJH% + w5) for some positive constant ¢, > 0.

j=1
On the other hand,
Le((0,0)i21) = £(0).
Thus, for every nonzero 0,
Le(0) > Le((0,0)i%1).
Hence, (0, 0)7", is the unique global minimizer of L, for all sufficiently large m. |

Lemma 12 If { is finite and convex on all of R™, the assumption 9¢(0) # () holds. If ¢ is differen-
tiable at 0, one may take go = V£(0) in the proof of Lemma 11.

Proof Recall that the subdifferential of £ at 0is 9¢(0) = {g € R™ : £(z) > £(0) + (g,2) Vz e R"}.
If ¢ is differentiable at 0, 9¢(0) = {V¢(0)}.

Now we assume more generally that £ : R™ — R is finite and convex. Consider the epigraph
epi(f) = {(z,7) e R" xR :r > {(2)}.

As ¢ is convex and finite everywhere, ¢ is locally Lipschitz at every point, and so is continuous
on all of R™. Take any sequence (zx, %) € epi(¢) such that (z,7;) — (z,7) € R™ x R. Then,
ry > £(z) for all k, and by continuity of £, » > ¢(z). Hence, (z,7) € epi({), and so epi(¥) is closed.

As ¢ is convex, epi({) is a convex set. The point (0,¢(0)) lies on the boundary of epi(¢). By
the supporting hyperplane theorem, there exist non-zero (a,b) # (0,0) € R™ x R such that

V(z,r) € epi({), (a,z) + br > (a,0) + b£(0).

11
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We prove b > 0 by contradiction. If b < 0, then for any fixed z, letting » — oo contradicts the
inequality above. If b = 0, (a, z) > 0 for all z € R™. Applying this also to —z yields (a, z) = 0 for
all z. This leads to a = 0, a contradiction. Therefore, b > 0.

For every z € R™, the point (z, £(z)) belongs to epi(¢), so {(a, z) + bl(z) > bl(0). By rearranging
the equations,
a
Vz € R™, £(z) > £(0) + <—7, z> .

Hence, —¢ € 0¢(0) and therefore 0£(0) # 0. [ |

B.2. Proofs for Subsection 2.2

Theorem 13 (Theorem 2 in main) The set of global optimal parameters
* 1
p*(m) = {0 € R*™ : arg min = | fo(z) - YI[3}
geRr2m 2

for squared loss is
aXlY aXlY
90*(m) {(ujaw] ) Z u]wj HXSH Z 'LL]‘L{)J‘ ||XS ” }
jiuy >0 jiug <0 sell2
Proof By writing yp =}, .~ wiw; and yny = ;. <o Uiws,

XSC
~Y 3.

1
[ fo(z) =Yz = H& (Xuj)pw; — YH = ||7P7 + N
=1

By solving the KKT condition, (LHS) is minimized at (yp, yn) = (75, Yy) Where

XS XSC XSCT
0—7p|| 23— =2 ¥, 0= Rl =5 - Y
. ongY . 0XgY
<~ Tp = y TN = :
1 X513 [ Xse|l3
Hence,
Xg Xge
H—Z Xug)wj — YH > =2+ = Y I
. o aXly aXl.Y
with equality iff Zj:ujzo UjWj = TxXs]2 and Zj;ujgo %5 = Xse2 .

For the one-dimensional input case, we prove that the minimum value for the original non-convex
problem (3) with 5 > 0 equals the minimum value for the convex problem (6) in Lemma 14.

Lemma 14 Consider the optimization problem
Xs Xge

min *||'7P7+'7N7_YH%+B(|’YP|+"YND' (6)
P INER 2

12
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The optimal argument (5, ) is uniquely determined as

Sap(XTY)  Sup(XL.Y)
(b i) = (a a
1Xsl3 | Xse|3

where Sg(b) := sign(b) max(|b| — f3,0) is the softmax function.

(N

Proof Note that the minimization problem (6) is a convex minimization problem. By KKT condi-
tion,

Xg XgT
0¢€ hpll;H% - Y +BS|S € 0lypl}

at yp = vp. O|yp| is the subdifferential of the absolute value function |yp| at yp found as

{1}7 Yp > 07
{_1}7 Tp < 0.

Substituting 0|yp| gives the solution form as follows

sign(52"Y) max(1327y| - 8,0) _ Sp(55"Y) | Sup(XEY)

TP = X X =« 5
12113 172113 X5
T
YN = a% is found by replacing Xg by Xge. |
cli2

We derive the exact solution to the global minima for regularized squared loss by using Lemma 14

Theorem 15 (Theorem 3 in the main). The global optimum ©*(m) = {0 € R*™ : arg mingcgem L(0)}
with 3 > 0 is

~—

sign(vp) ui  (u; > 0),
O (m) = {(wwits | 3 w2=pl Y ¥ =kl wi= { sien(vi)u (s <0)

——

i u; >0 2 u; <0 0 (uz — 0)
., ; (®)
Sap(XLY) Sap(XL.Y)
* af3 S * B S
where yp = N b and vy = « Xse 2

Proof By writing

vp = Z Ui, YN = Z ww;, Xg = Diag(1[X >0])X, and Xge= Diag(1[X <0])X,
i:u; >0 iu; <0

13
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wecanwriteHéZ L(Xuj)yw; — YH as | ypas + v 35S — Y 3. Also,

IB m
52_: u +w
>éz QZ(% 2) (equality holds iff u; = 0 = w; = 0) 9
Z 3 u+w +2 uj + wj equality holds iff u; = wj = (&)
Jiui>0 Jiu;j<0
>8> ullwil +8 D lujllwsl =8 D Jujwsl +8 Y lujw;l  (equality holds iff ¥ j, |u;| = |wj])
Gy >0 §ru; <0 Jiu; >0 jiu; <0
(10)
D wwi| 48] Y wiws| = Blyel + Bl (1
Jiuj>0 Jiui <0

(equality holds iff Vj, 4 s.t. the product uju; > 0, sign(u;w;) = sign(u;w;)).

Hence,
X Y2 B, o 2
o S+ 2
XS XSC
> min *||7P +7N7_YH§+B(|7P|+|’7N|) (12)
vpYNER 2 o
Xs XS . .
*HVP*+’7N7*Y||§+B(|7p|+|’m|)'

The equality in the last holds by Lemma 14 where (75, v3) is defined as (7).
By (9), (10) and (11),

1 < 2 5 - 2 2 1 *XS * Se
ala S =¥, + 300+ ) = g2 +h ]
. 2

2
, + Blyvpl + By
7=1

holds iff (u;, w;)™; = (uf,w])™, such that

Vol = | Y wiwi| = > ui?l= > u? (13)

iuy >0 i:uy >0 i:u; >0

al =1 D wwi| = Y u? (14)
2:u; <0 2:u; <0
sign(vp)u;  (uf > 0),

wi = < sign(vi)ur  (uf <0), (15)
0 (uf =0

(10) and (11) imply that Zi:u’-‘zo uiw! = Zi:u’.‘ZD u;k2 or—> . ur >0 U7 2. This implies (13). Simi-
larly, (10) and (11) imply (14). '

14
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To satisfy vp = D ;.0 wjw; and vy = >« <o uiw; under (10) and (11), we need (15).
Hence, (u},w})™, € ©*(m) if and only if it satisfies (13) (14) (15). [

B.3. Proofs for Subsection 2.2.1

Theorem 16 (Theorem 4 in main) We have the phase transitional behavior of the solution set for
the unregularized squared loss.

(1) Form =1, ¢*(m) = .

(1) For m = 2, ¢*(m) has exactly 2 connected components.

(2) For m > 3, ¢*(m) is connected.

Proof (1) m = 1:
Since 0 < min{|XZY],

aXly ozX Y
S
oz @04 2w, <0 Wi = X

jiu;>0 UjWi =

2)m = 2:
The sign pattern for w; and ug is (ug, u2) = (+ —)o ( , ). For (ug,u2) = (+, —), (w1, we) =

aXly aXd.y ) aX Y aXly
S = For (uq,u9) = (— (w1, w ( S )
(UJHXSH’ ual[Xsel3 (u1,u2) = (=, +). (w1, w2) zuuxscu’ u2l| X513

Hence, ¢*(m) consists of two connected components 7 (m) and ¢3(m) such that

T T
9 aXSY aXSCY
o1 (m :{u,w- i ‘u1>0, Uz <0, w = —2—, w2:7}7
1) = i XT3 2wl Xs T}
aXlY aXd.Y
w5 (m) = {(u-,w‘)gz ‘uz >0, u; <0, wp = —3— w = 75}
? v uz|| Xs|3 ]| Xsell3
©i(m) and 3(m) are disjoint because u; # 0 and ug # 0.
B3)m > 3:
T T
For simplicity, write A := aXSZ and B = 9%se)
1Xsll3 [Xsell3”
Fix any 0 = (u,w) € ¢*(m), where v = (uq,...,up) and w = (w1,...,wn). Define the strict

sign index sets
P(u) :={j € [m] : u; > 0}, N(u) ={j € [m] : u; <0}.

We must have P(u) # () and N (u) # (). Choose any indices p € P(u) and n € N (u).

Keep u fixed and define w(t) for ¢t € [0,1] b

wj(t) = (1—t)w; forallj¢ {p,n},

and

t
wp(t) = wp + Z Ujw;j, wn(t) =wp + — Z ujwj.
]EP (u)
J#p J#n

15
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Then, for all ¢ € [0, 1],

Z ujw;(t) = upwp(t) + Z uj(l —t)w; = Z ujwj = A,
Jiu >0 JEP(u) jeP(u
J#p
and likewise

Z wjw;(t) = upwn(t) + Z uj(l —t)w Z ujw; = B.

J:u; <0 JEN(u) JEN (u)
i#n
Hence 0(t) == (u,w(t)) € ¢*(m) forall t. Att =1, we have w;(1) = 0forall j ¢ {p,n}, so only
the two indices p and n carry the constraints uyw,(1) = A, u,wy(1) = B and all other products
are ujwj(l) =0.

After this deformation, for every j ¢ {p, n}, keep w; fixed and define u;(t) for ¢t € [0, 1] by

Uj(t) = Uj(l — t).

For other indices, define as follows

u, if u, =1 A
uy(t) = P P Wy = :
»(0) { 1+(17:—1)t it up # 1, P ()

) { up if u, = —1, B
U = . . Wy, = .
" 1+(:3n*1)t lf 'I,Ln# _17 " Un<t)

Then, u,(t) > 0 and w,(t) < 0 forall ¢ € [0,1]. u;(t)w; = 0 forall t € [0,1]. w,(t)wy(t) and
up, (t)wn (t) are unchanged over ¢ € [0, 1]. Hence, both constraints remain unchanged.
Thus, § € ¢*(m) is connected to a point in ¢ . (m) where

Orin(m) = {(ui,wi)gl)ﬂp,n € [m] s.t. (uj,w;) = (0,0) forall j & {p,n}, up = =A u,=-1,w, =

To prove the connectivity of ¢*(m), it is enough to show that all elements in ¢, ;. (m) are connected
in ¢*(m).

All elements in ¢} . (m) are permutations of each other. Denote by S, the symmetric group on
{1,2, ..., m}. S, is the set of all permutations on {1,2, ... ,m}. It is enough to show that

V(ui,wi)iZy € Oin(m), Yo € Sy, Ja continuous path in " (m) connecting (u;, w;)i%y and (Uy (i), Wo (i) )izt -

Pick any (u;, w;)"y € ). (m). Asm > 3 and (u;, w;)"™, has exactly two non-zero elements,
dp,n,j € [m] such that u, =1, u, = —1, u; = 0. Also, for all j € [m], the set of transpositions
T; ={(,7) | i € [m] s.t.i # j} (We denote by (i, j) a transposition) generates Sy, so it is enough
to show that

VT € T; where u; = 0, Ja continuous path in " (m) connecting (u;, w;);”; and (uz(y, Wr(;) )iz -

Take any T' € T;.

16
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EFFECTS OF WIDTH-DEPENDENT HYPERPARAMETERS AND {5-REGULARIZATION ON TWO-LAYER RELU

(case 1) If ur(y) = 0(T = (Z,]) for i # n, p), then (ui, wi)ﬁl = (uT(i),wT(i))ﬁl.

(case 2) Consider the case ur(jy = up (T' = (p, j)).
Construct a path C' as
C(s) = (ui(s), wi(s))iZ1, s € [0,1]

S.t.

(up(s), wp(s)) = (V1 =5, AV1 =),
(u;(s), wj(s)) = (v, AV/s),
(ui(s),wi(s)) = (ui,wi) Vi # j,p.

C(s) is well-defined and connected. As u;(s), u,(s) > 0 and u;j(s)w;(s) + up(s)wp(s) = AVs €

[0,1], C(s) € p*(m). C(0) = (uj,w;)i%; and C(1) = (up(), wr())iz,. Thus, C(s) is a continu-
ous path in ¢*(m) connecting (u;, w;)i%y and (up(y, Wre) )it -

(case 3) Consider the case up(jy = u, (T = (n, j)).
Construct a path C' as
C(s) = (ui(s),wi(s))iZ1, s € [0,1]

s.t.

(un(s),wn(s)) = (—vV1—s,—Bv1—3s),

(Uj(S), w](s)) = (_\[7 _B\/g)a

(ui(s),wi(s)) = (us,wi) Vi # j,n.
C(s) is well-defined and connected. As u;(s), un(s) < 0and u;(s)w;(s)+ un(s)wn(s) = BVs €
[0,1], C(s) € p*(m). C(0) = (us,w;)i2; and C(1) = (up(), wr))iz;- Thus, C(s) is a continu-
ous path in ¢*(m) connecting (u;,w;)i; and (up(), wr())is: -

Thus, the claim is proved. |

We firstly prove the connectivity result of global optimal parameters ©*(m) using notations
a =m®and 8 = m~? in two different ways.

Theorem 17 We have a critical width M* = 1[Sa(XLY) # 0] + 1[Sap(XLY) # 0] that
determines the phase transitional behavior of the solution set.

(1) For M* =0, ©*(m) is a singleton ({(0,0)", })

(2) Form < M*, ©*(m) =0

(3) Form = M* > 0, ©*(m) is a finite set.

(4) For m > M* > 0, ©*(m) is connected.

The first proof is simply to use the explicit form of ©*(m). The second proof follows the
principal ideas introduced by Kim et al. [18]. We provide the first proof in this section, and the
second proof is given in the next section (Appendix D.1).

Proof (The first proof)

M* = 1[Sap(X5Y) # 0) + 1[Sap(X5:Y) # 0] = 1[|vp| # 0] + 175 | # 0].

17
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(1) M* = 0:

M* = 0, implies |y5| = 0 and |y%| = 0. For (u;,w:1)™, € ©*(m), Zzu>0 2 = 0and
Zz‘:uigou? =0,s0Vi € [m], u; = 0. Also, Vi € [m], |u;| = |w;|, so Vi € [m], w; = 0.

2)ym < M*:

©*(m) = ( because we need at least M* non-zero neurons for Y., ~ou; = [ypland 3., o ui =
|vA| to hold.

B)ym=M*:
To satisfy (13) (14) (15),

(ui, wi) M, € ©(M*) = Vi € [M*], (us, w;) € {non—zero elements in

(bl sign(e)y D), (=il —sign(i /i

Hence, |©*(m)| < 2M" and ©*(m) is a finite set.

@) m > M*:
Define the u-projection

U*(m) = {u eR™

Youwi=hpl Y U?Zl'ﬁvl}-

i:u; >0 7:u; <0

Define €) : R”™ — R™ coordinatewise by

sign(vp)u;  (u; > 0),
Qi(u) = < sign(vy)ui  (u; <0),
0 (u; = 0).

|sign(vp)|, |sign(yy)| < 1 implies that |Q;(a) — ©;(b)| < |a — b|, so €; is Lipschitz, hence is
continuous. As each €; is continuous, € is continuous. We can write ©*(m) as

0% (m) = {(u, Aw))| u € U (m)}.

Therefore, the map F' : U*(m) — ©*(m) defined as F(u) = (u, 2(u)) is a homeomorphism with
inverse given by the projection (u,w) > w. Thus, it suffices to prove that U*(m) is path-connected.
Define the minimal optimal subset as

mm { \/ ”7P| € — \/ ’7N| 6]

where (e;)™ , are the standard basis vectors.
We prove the following two claims.

i,7 €41,. m},i#j}CU*(m),

1. Elements in U}, (m) are connected to each other in U*(m) when m > M*.

Proof We prove by a direct construction of a path. Denote by .5,,, the symmetric group on
{1,2, ...,m}. Sp, is the set of all permutations on {1, 2, ..., m}. Denote u = (u1, ..., up) €

18
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R™ by (ui)iZ;.

From the construction of U, (m), it is enough to show that

V(u;)ity € Upin(m), Yo € Sy, Ja continuous path in U™ (m) connecting (u;);2; and (ug(;)i%; -
Pick any (u;)", € U,.(m). Asm > M* = 1(|vp| # 0) + 1(|vx| # 0), 3j € [m] such
that u; = 0. Also, for all j € [m], the set of transpositions T := {(i,7) | i € [m] s.t. i # j}
(We denote by (i, j) a transposition) generates S,,, so it is enough to show that
Vt € T where u; # 0, 3 a continuous path in U"(m) connecting (u;);~; and (urp(;))iZ;-
Take any t € Tj. If uy(jy = 0, (w;)i%y = (uy(i))ityi- If ugjy # 0, construct a path C' as
C(s) = (wils))y, 5 € [0,1]

S.t.

w; if i # jandi # t(j),

ui(s) = w(vs if i=j,
ut(j)\/l —s if i= t(])

By direct calculation, C(s) is a continuous path in U*(m) that connects (u;);2; and () )i -
Thus, the claim holds. n

2. Elements in U*(m) are connected to an element in U}’ . (m).

Proof We prove by direct construction of a path along which we decrease the number of
non-zero elements. Take any u € U*(m) and apply the following steps.

Step 1
Define sets of indices.

P={iem]:u; >0}, N:={i€[m]:u; <0}
If |[P| <1land|N| <1, uisapointin U}

min

(m). If not, move to Step 2.

Step 2
Sinse |P| > 1or|N|> 1,3k <lsuchthatk,l € Pork,l € N. For such k, [, construct a
merging path M (s) as
M (s) = (ui(s))iZ1, s € [0,1]
S.t.
u; if i# kandi # 1,

ui(s) = \Juiu? cos(0(1 —s)) if i =k,

uiu?sin(f(1 —s)) if i=1.

0 € [0, 2m) satisfies u, = y/uiu? cosd and w; = y/uju? sin§. By direct calculation, M (s)
is a continuous path in U*(m) and M (0) = u. Apply Step 1 to M (1) and repeat this merging
process until we reach a pointin U}, (m). The number of non-zero elements in M (1) is less

than that of M (0), so the process terminates in a finite number of steps. |

19
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These two claims prove that ©*(m) is connected for m > M*. [
The second proof is provided in Appendix D.1.
Theorem 18 Assume a < 8. Define M*(m) = 1[|XLY| > m®0] + 1[|X1.Y| > m®?]. Define

M = min{m € N>y | M*(m) > 1},
M = min{m € N> | M*(m) = 2}.

M*(m) € {0, 1,2} is increasing with m and M*(m) = 2 for sufficiently large m. Hence, M and
M are well-defined.

We have the following connectivity results.

(1) Form < M, ©*(m) is a singleton ({(0,0)" }).

2)IfM =M =m=1,0%*(m) = 0.

B)IfFM<m=1<MorM <M <m =2, ©*(m) is afinite set.

(4) Otherwise, ©*(m) is connected.

Proof m®9 is strictly decreasing and m®~% — 0 as m — oc. Hence, M*(m) € {0,1,2} is

increasing with m and M*(m) = 2 for sufficiently large m.
Sap(X5Y)

Sap(XgcY)
1Xs113

As the product o3 depends on m, vp = « [Xsell3
cll2

and vy = « depends on m.

M*(m) = 1| X§Y| > m* ] + 1| XEY| > m*°] = 1[}vp| > 0] + 1[vi] > 0].

Also,
M*(m)=0 < m< M, (16)
M*(m)=1 <= M <m<M, (17)
M*(m) =2 < M <m. (18)
(Hm < M:

From (16), M*(m) = 0, so the result from Theorem 17 (1) implies that ©*(m) is a singleton.
QM=M-=m=1:

We need at least M*(m) non-zero neurons for » ;< u? = |vpland Y, i <0 u? = |v%/| to hold.
Hence, ©*(m) = () iff m < M*(m). As M*(m) € {0,1,2}, m < M*(m) happens iff m = 1 and
M(1)=2.As1 < M < M and by (18), M(1) = 2 holds iff M = M = 1 = m.
AOM<m=1<MoM<M<m=2:

As M*(m) € {0,1,2}, m = M*(m) iff 1 = m = M*(1) or 2
l=m=M*(1)iff M <1=m < M.By(18),2=m = M*(2) iff

m = M*(2). By (17),
<m=2.

=

(4) Otherwise:

From the above arguments, m < M*(m) iff conditions for (2) hold, m = M*(m) iff conditions for
(3) hold, and M*(m) = 0 iff conditions for (1) hold. Thus, m > M*(m) > 0 for this case. By the
result from Theorem 17 (4), ©*(m) is connected. [ |

20



EFFECTS OF WIDTH-DEPENDENT HYPERPARAMETERS AND {5-REGULARIZATION ON TWO-LAYER RELU

B.4. Proofs for Subsection 2.2.2

Notation: For a subset A C RY, we define dim(A) to be the maximum k& such that A contains a
k-dimensional embedded C'' submanifold (equivalently, the maximal stratum dimension).

Lemma 19 Under Assumption 6 > a, for sufficiently large m,
Sap(XIY) #0ASap(XLY) #0

Proof Denote {min{|XZY], |X §CY|} by C. By our assumption, C' is positive and independent
of m. Form > 1,

Sap(XIY) £ 0N Sap(XLY) #0
1
— fB< amin{|X§Y|, XY} <= m ™ <m @C
— —d<—-a+log,C <= a—d<log,C.

log,,, C — 0 as m — co. Under Assumption 0 > a, a — d < log,,, C holds for sufficiently learge
m. |

Proposition 20 (Proposition 8 in main) Under Assumption § > a, for sufficiently large m,
dim(©*(m)) =m — 2.

Proof By the explicit form of ©*(m) as in Theorem 15, w; is uniquely determined by u; for every i;
hence the degrees of freedom of ©* (m) are entirely captured by the vector u = (uy, ..., upy) € R™.
We have two conditions )., squi = |yp|and Y2, ~gui = |[yx|. Since v (resp. 73) is a
nonzero scalar multiple of S,5(X 1Y) (resp. Sps(X3.Y)), we have

Y AOANYN 0 <= Sap(XIY) #0AS,(XLY) #0.

By Lemma 19, this holds for sufficiently large m. Therefore, both of the quadratic equalities impose
nontrivial conditions on wu.

To satisfy these equalities, we need both {i : u; > 0} and {i : u; < 0} to be non-empty. The
two constraints are independent because they involve disjoint sets of indices ({7 : u; > 0} # {i :
u; < 0}). Hence, in R™, the dimension is reduced by exactly one for each condition. |

Proposition 21 (Proposition 9 in main) Under Assumption § > a, for sufficiently large m, ©*(m)
is bounded and

[Sap(XgY)| | [Sap(Xg.Y)]
VO* € 0% (m), |02 = \/2a ( +
1 Xs1l5 | Xsell3

= @(m%).
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Proof By the explicit form of ©*(m) in Theorem 3,V 6* = (u;, w;)", € ©*(m),

ez =2{ > wi+ > uf

2 u; >0 i u; <O
= 2(]vp| + [vwl)
o <!3aﬁ(X5TY)! |SaB(X;CY)|>

1Xs113 [ X3

16°]13 = &(m*) = [|6°[|> = &(m?). =

For the rest of the proofs, keep in mind that we made an assumption that 0 < min{|XZY], |X gCY| }.

Lemma 22 Under Assumption 6 > a, for sufficiently large m,

Vo* € " (m), V0T € ©%(m), [|¢7(l2 = [|07]2-

Proof V ¢* € p*(m),V 6* € ©*(m),
m m
16713 = > _uf + ) wf
i=1 i=1
m
> 2 Z |uiwi| (by AM-GM inequality)
=1

i
=2 Z lujw;| + 2 Z |wicw; |

i:u; >0 iu; <0
> 2 Z Ui W5 +2 Z U;W;
i:u; >0 :u; <0
Xy XLy
—o|%2s 5 a2 5| (by Theorem 13)
X515 [ Xsell3

o (] )
IXsl3 X513

o <|Saﬂ<X§ Y) |Saﬁ<X§cY>|>
- X513 [ Xsell3
= ||6*||3 (by Theorem 21)

Proposition 23 (Proposition 6 in main) For sufficiently large m,

dim(¢*(m)) = 2m — 2.
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Proof For notations, write

aXJY

C1 = 3
1 XI5
We assume m > 2. As 0 < min{|XJ Y|, |Xd.Y|}, we have ¢; # 0 and ¢ # 0. Hence any

(uj, wj)’jnzl € ¢*(m) must have at least one strictly positive «; and at least one strictly negative u,;.
Fix a sign pattern by choosing a partition P, N C {1,...,m} with

P#+#@, N#@o, PUN={l1,....m}, PNN=g,

q aXY
an Co = .
27 1 XselI2

and consider the open orthant
UpnN = {(u,w) ER™ : u; >0(j€P),u;<0(je€ N)}

OnUp N we have {j : u; > 0} = P and {j : u; < 0} = N, so the defining conditions of ¢*(m)
become the two smooth equations
fl(u,w) = Z’LL]'W]‘ — C1 = O,
JjeEP
fg(u,w) = Z Ujw; — C2 = 0.
JEN
Let F := (f1, f2) : R®™ — R2. Then
cp*(m) ﬁZ/[p’N = {(u,w) € UP,N : F(u,w) = 0} = F_l(()) ﬁZ/lRN.

Take any (u,w) € Up . Choose j € P and k € N (possible since both are nonempty). Then

Of (0 ) = s OF2 (4 ) =
a—wj(u,w) =u; # 0, . (u,w) =0,
and of of
2 _ oJft _
@(ua OJ) = Ug 7& 0, Owp, (’LL, W) 0.

Hence the 2 x 2 submatrix of DF(u,w) formed by the columns corresponding to w; and wy, is

Uj 0
0 U ’

which is invertible. Therefore rank DF(u,w) = 2 at every (u,w) € Up . In particular, 0 € R? is
aregular value of ' onUp y. By the preimage theorem (a version of the implicit function theorem),
F~1(0) NUp, y is a submanifold of Up  with codimension 2. Hence,

dim (F~1(0) NUpN) = 2m — 2.

The set ¢*(m) is the union over all such admissible sign patterns (P, IV) of the pieces ¢*(m) N
Up, N, together with boundary parts where some u; = 0. Each interior piece has dimension 2m — 2,
while boundary parts (where at least one additional equality v; = 0 holds) have dimension at most
2m — 3. Therefore, the (maximal) manifold dimension of p*(m) is

dim(¢*(m)) =2m —2 form > 2.
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Proposition 24 (Proposition 7 in main) For sufficiently large m, ¢*(m) is unbounded. Especially,
Va = 3, 3p;(m) C ¢*(m) s.t. Ve, € pi(m), [[¢95]l2 = &m®) and dim(pg(m)) = 2m — 2.

ST XJIy XLy
Proof For simplicity, define the nonzero constants b; := HXSW # 0, by = T Xi B # 0 and
2 cli2

write ¢1(m) = aby, ca(m) = aby where &« = m®. Assume m > 2. ThenVt > 0, ¢(t) =
(ui(t), w;i(t))™, € ¢*(m) where ¢(t) is defined as

c1(m)

ca(m)

P , U =0, w; =0 (i€{3, ,m})

ulztawlz 7u2:_t7w2:

Its squared norm is ||p(¢)[|3 = 2t% + cl(m)2t+2(m)2 — oo ast — oo. Hence, ¢*(m) is unbounded
for m > 2.

As in the proof for Proposition 23, define a sign pattern partition P, N C {1,...,m} with
P#o, N#o, PUN={l,...,m}, PNN=g,
and consider the open orthant
Upn = {(u,w) ERY™ : u;>0(j€P),u<0(jc N)}

We set P = {1} and N = {2, ... ,m} and denote Up ny by U. From the proof for Proposition 23,
dim (p*(m) NU) = 2m — 2.

Pick any a > §. Introduce notations 3 := min{|b1|, |b2|} > 0 and x := g

Define ¢ (m) to be the subset of ¢*(m) N U consisting of points satisfying

uy € (m%,2m*%), ug € (—2m®, —m?),
and forj =3,...,m,
a—1 R a—1 a—1 a—1
UjE(-HTTL?,—§m2>7 wje(—mm2,/<;m2),

with (wy,ws) determined by the constraints:

c1(m) ca(m) — 3075 ujw;
wy = ; wo = .
Uq U2

From the proof for Proposition 23, ¢*(m) N is an embedded submanifold of R?™ (by the implicit
function theorem), so the manifold topology on ¢*(m) N is the subspace topology inherited from
R?™. The set of points satisfying the constraints is open in R?™. Hence, ¥ (m) is an open subset
of the (2m — 2)-dimensional manifold ¢*(m) N Y. Thus, dim(p}(m)) = 2m — 2.

ur] + ug| = O(m*) = [|Pll2 > Vui +uj = Q(m®).

%T)} = @(%Z) = @(ma_“). For j > 3 we have |u;w;| < k2m2 ! hence

Take any ¢ € ¢ (m). By construction,

Also, |w1| =

Zujwj < (m —2)r*m*t < K2mo.
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Therefore, for all sufficiently large m,

— Zujwj > |ca(m)| — Zm:ujwj > |eo(m)] — K*m® > (|be] — K?) m® > g “.
Also,
Zu]wj < ea(m)| + Zujw] < ea(m)] + K*m® < (|ba| + k?) m® < 3‘32‘ a
j=3
Hence, |ca(m) — > 75 ujwj‘ = O(m®). By using |uz| = O(m?*), we get |w2| = @(%) =

@(m“_a) .
a—1

Moreover, by construction, |u;| = |w;| = ®<m 2 ) (7 > 3). Hence,

> (Ul +wi) = 0(2(m — 2)m* ') = O(m*).
7j=3

1/2 a . a
Their total contribution satisfies (Z;n 3(uj2 + wjz)) =0 <m5> . Since a > 5, we have m2 <

1/2
me, 50 (S7g(u? +w?) " = O(me). Also, a > § implies a — a < a, 50 wi], Jws| = O(m?).
By construction, |u;|, |uz| = O(m®). Combining these bounds yields
. 1/2 . 1/2
lolle= [ Y2+ | <\ tudyfuttuds (Swted)]|  =ome.
j=1 §=3

Together with the lower bound ||¢||2 = Q(m®), we conclude Vo € % (m), ||¢]l2 = O(m®). This
completes the proof. |

Appendix C. More analysis on connectivity result

C.1. Roles of Permutation Symmetry and Inactive Neurons for Connectivity

Both of the two proofs in Appendix B.3 for Theorem 5 exploit two basic facts about the neural
network model: hidden neurons have a permutation symmetry, and overparameterized models have
unnecessary hidden neurons to express an optimal function. In this section, we explain their roles
for the connectivity result.

The neurons in the neural network model (1) have a permutation symmetry i.e. changing
(us, v)™, to (uﬂ(i),vﬂ(i))gl for a permutation 7 does not change its output or the training loss
(3). The ¢, regularization forces any neuron (u;, w;) in optimal parameter (u;, v;)™, € ©*(m) to
be an inactive neuron i.e. (u;,v;) = (0,0) or an active neuron u; # 0 and w; # 0. (See Proposi-
tion 30 in Appendix.) We define, by applying the concept of minimal optimal networks defined in
Kim et al. [18] to one-dimensional data, the set of Minimal Optimal Solutions as

Orin(m) = { (wjs )1y | Y # 4 € [m],wpwy > 0= upy < 0. 19)
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This is the set of parameters that has the least possible number of active neurons. We find that
all elements in ©7 . (m) are permutations of each other. (See Appendix Lemma 35). In Fig-
ure 1 (c) (d), Minimal Optimal Solutions are denoted by black points. A key observation from the
connectivity result is that once we have an inactive neuron in (u;,w;)"; € ©7 . (m), ©*(m) be-
comes a connected set. This is because an inactive neuron plays a role in proving that permutations
{(Ur(iy> Vr(i))izy| 7 is a permutation on {1, ... .m}} are connected in ©*(m). (See Collorary 39 in
Appendix.) Additionally, a merging process, a process that is analogous to the merging process de-
fined in Kim et al. [18], proves that all the elements in ©*(m) are connected to a pointin ©}, ;. (m).
(See Lemma 36). Paths created in the merging process are illustrated by colored paths in Figure 1

(c) (d).

C.2. Connectivity and Convex Formulation

In this section, we provide an explanation of why the connectivity phase transition is restricted for
the one-dimensional input case (Theorem 5) from a perspective on a convex formulation introduced
by Pilanci and Ergen [30]. Kim et al. [18] explored the connectivity of global optimal parameters
for general d-dimensional input data by applying the convex formulation. We follow their principle
strategies, but our proof is simpler because the analysis on one-dimensional input is enough for our
purpose. (See Appendix D.1.)

Firstly, we find the convex formulation of the non-convex problem (3). The convex formulation
of the training problem is introduced by [30]. By restricting our attention to one-dimensional input,
the convex formulation can be written as follows. By abuse of notation, we denote (vy, ve,t1,t2)

by (Uia ti)?:l‘

Proposition 25 Consider the convex problem given as a cone-constrained group LASSO

min Loy (1)1, Vg, t1, tg), (20)
v1,v2,61,02€R
v1,612>0
v2,t2<0
here Lons(v1,v2,11,12) = | (01 — 1) D(S) + (1 — 1 )D(5)) YH2
where V1, v = —||((v1 — vg — — -
conv\VU1, V2,011,102 2 1 1 2 2 o 9 (21)

+ B(Jv1| + va| + [t1] + [t2]).
The convex problem (20) and the non-convex problem (3) have identical optimal value when m > M* =

Zz’e{l,z}m;;éo 1+ Zie{l,Q}:t;‘;ﬁO 1 where (v}, t5)?_, is an optimal solution to (20).

Remark 26 M* defined in Theorem 5 and M* defined in Proposition 25 are the same. This is
because v and 7y, introduced in Theorem 3 can be written as vp = v] — t], 7y = v5 — t5 by
Proposition 27. We call M* the critical value.

Since the problem is convex, we can solve (20) directly to find optimal solutions that satisfy the
constraints. It turns out that the solution set is a singleton.

Proposition 27 The set of global optimal solutions

* .
P* = q (v1,v2,t1,t2) | argmin  Leony (v1,v2, 11, 12)
v1,v2,t1,t2€R
v1,t1 >0
v2,t2<0
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for the convex problem (20) is P* = {(v],v3,t],t5)} where

XY —ap ) T
s — P FXIY > ap,
( 1 XslI3 s
(v1, 1) = { (0,0) if —af <XJY <ap,
XTYJroz,B)
0, —a—=—_——" ) fXJlY < —ap,
( 1 XsI3 s
—XTCY—&—aB)
0, a—" ") FXLY > ap,
( | Xse]13 5
(v§7t;): (050) UC_QBSX;YSOZ@
X;—‘Y_Faﬁ ) . T
a=2 T IfFXLY < —ap.
( | X513 s

The staircase connectivity shown in [18] arises because we can relate the connectivity results of the
cardinarity constraint set P*(m) C P* defined as

P*(m) i:{(uuvz‘)il ’ (wo)y€Pr, Y 1+ > 1 Sm}. 22)

1€[P]:vf#0 1€E[P]:tF#0

with the connectivity results of ©*(m), and P*(m) changes with respect to m. For 1-dimensional
case, P* is a singleton, so P*(m) = P* for any m > M* and we observe limited connectivity
phase transitions.

Appendix D. Proofs for Appendix
D.1. Proofs for Appendix C.2

In general, convex problems are easier to deal with than non-convex problems. Kim et al. [18]
showed that the staircase connectivity of global optimal solutions to the original non-convex training
loss minimization problem can be found by analyzing the connectivity of global optimal solutions
to its convex formulation. We apply this strategy to our problem with 1-dimensional input data.
Thanks to the simplicity coming from 1-dimensional input, we provide a simpler proof without us-
ing all the notations introduced by Kim et al. [18].

A benefit from deriving connectivity via convex formulation is that we can derive the connectiv-
ity without knowing the explicit form of ©*(m). Therefore, we pretend as if we did not know the
explicit form (8) throughout Section D.1.

Firstly, we find the convex formulation of our non-convex problem (3).

Proposition 28 (Proposition 25 in Appendix C.2) Consider the convex problem given as a cone-
constrained group LASSO

X

(%

mi

1 2
o 23] Yl ot el bl )

((vl —t1)D(S) + (v — tg)D(SC))

st v1 20,6120, 10<0, <0
(23)
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where D(S) = Diag(1[X > 0]) and D(S¢) = Diag(1[X < 0)).
The convex problem (23) and the non-convex problem (3) have identical optimal value when m > M* =
Dief1,2): v 1+ Dief1,2): 120 1 where {vf, t:}2_, is an optimal solution to (23).

Proof By our assumption in Appendix C.2, X has at least one positive element and one negative
element. Hence,

{Diag(1[Xu > 0] | u € R} = {Diag(1[X > 0]), Diag(1[X < 0]), I,.}.

(3) can be equivalently written as
m m
> (Suj)wj =Y+ 5 E_ uj + wj 24)

Consider the following convex problem

1 . X >

i 5” ((v1 — 11)D(S) + (v2 — t2)D(S) + (v — t3)In)> = - YH2 + /32(@- +[tl)

S.t. (QDZ' — In)XQ)Z' > 0, (2Di — In)Xti > 0, Vi € [3] (Dl = D(S), .D2 = D(Sc), D3 = In)
(25)

By applying Theorem 1 in Pilanci and Ergen [30] to our problem with d = 1 and input matrix %, the
convex problem (25) and the non-convex problem (3) have identical optimal values if m > M* =
226[3] VA0 1+ 216[3 0 1 where {v},t;}7_, is an optimal solution to (23). As X has both
positive ‘and negative elements,

(QDZ — In)XUi >0, (QDZ — In)th >0, Vie [3}
120,120, v2<0, 62<0,v3=1t3=0
Rewriting (25) with this condition gives (23). |

To find the connectivity of ©*(m), we use this convex formulation. We find the solution set P*
to the convex problem (23) is a singleton.

Proposition 29 (Proposition 27 in Appendix C.2) The set of global optimal solutions

* .
P = (U17U27t13t2) argmin Lconv(vlvv2at17t2)
v1,v2,t1,t2€R
v1,612>20
v2,t2<0

for the convex problem (23) is P* = {(v],v3,t],t5)} where

( Xg:Y—aB ) . T

(a ixe 00) ¥ XsY >ap
(v1,t1) =4 (0,0) if —af<XIY <ap

B X£Y+Oé,3> . T .
0, —« B if XgY < —af

(
(0, XSCY+a/D’) if chy > af,
(

\

[Xsel3
(Uzatz): Oa lf _aﬂ<XSCY<O‘53
Y
( ”SXSCT;B,O) if XLY < —ap.
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Proof

X 2
Leony(v1,v2,t1,t2) = ( v1 — t1)D(S) + (vg — tQ)D(SC)) - YH2 + B(|v1] + va| + [t1] + |t2]).

3l

By the KKT condition, at an optimal,

0e a1)1Lcom) = Ul -1 H H +Ba‘vl|

Oeatl conv — tl_'Ul H H

To satisfy the above conditions and the constraint v1,¢; > 0, optimal v}, t] are uniquely defined as

(aw,o) if XTY > afp

1Xsll5
(UT’tT) = (07 0) r if — Oé,B < ngy < Oéﬁ
_ XSY—f—afﬁ . T .
(0, ode st ) if XTY < —af

We can find optimal v3, t5 by replacing X g by Xge and by replacing the constraint by vy, t2 < 0. H

We state a constraint about the form of solutions in ©*(m). This constraint comes from the
£o-regularization.

Proposition 30 V(u;,w;)”, € ©*(m),

w;| = |w;| holds for all i € [m].

Proof Take any (u;,w;)!"; € ©*(m). We have two cases to consider.

(Case 1) u; = 0 (or w; = 0):

The choice of w; (or u; = 0) does not change the model function fy(X) defined in (??). For an
optimal parameter, we need w; = 0 (or u; = 0) to minimize the fo-regularization term. This implies
that u; = 0 <= w; = 0. Hence, |u;| = |w;|.

(Case 2) u; # 0:
From Case 1, u; # 0 = w; # 0. Vr > 0, changing (u;,w;) to (ru;,w;/r) does not change the

2 2
model function fo(X). By AM-GM inequality, 72u? + w—; > 2|u;||w;| with equality iff r2u? = %

2 .
For r > 0, r?u? = L:—é implies r = “Z:; Hence, by minimality, (u;,w;) = (ru;,w;/r) =
(Kitu, {2heor). This implies [u;] = |w]. |

We take the following steps to prove Theorem 17.

1. Construct functions that map elements in P* and elements in ©*(m). (Definition 31 and
Definition 32)

2. Introduce the notion of Minimal Optimal Solution. (Definition 34)

3. Prove that Minimal Optimal Solutions are permutations of each other. (Lemma 35)
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4. Prove that any optimal solution is connected to a Minimal Optimal Solution. (Lemma 36)
5. Form = M™*, prove that all the optimal solutions are Minimal Optimal Solutions. (Lemma 37)
6. For m > M*, prove that all the permutation solutions are connected in ©*(m). (Lemma 38)

Step 3 and Step 5 together imply that ©* (M *) is finite. Step 3, Step 4, and Step 6 together imply
that ©*(m) is connected when m > M*.

Definition 31 Suppose m > M*. Define ¥ : P* — ©*(m) as

*

¥ t: *
R :<7z, *) ( i ﬁ) 0,0)mM"
((Uz 7 )’L—l) |U:| ’vl ’ v:#o ® \/ﬁ ’ t ’ t;.k;ﬁ() @ ( )

Definition 32 Suppose m > M*. Define ® : ©*(m) — P* as

D((ug, wi)ity) = (viy i)z

v] = ZiEI ui|lwi| where T = {i|w; > 0,u; >0},

Vo = Y icrui|lwi| where T = {i|w; > 0,u; <0},

)t =) er uilwi| where T ={i|w; <0,u; >0},
ty = > ser wilwi| where T = {i|w; <0,u; <0}

(Z wilwi| =0 if T= @.)
i€T

For simplicity, we take o = 1 in the following arguments. We can prove the same connectivity
result for our case by replacing X by % (a > 0).

Proposition 33 Suppose m > M*. The maps ¥ and ® are well-defined.

Proof The function values for & and ¥ are uniquely determined for each input, so it is enough to
show that V(u;,w;)", € ©*(m), ®((us,w;)i",) = (vf,t;‘)?zl € P* and for (v;‘,t;‘)?:l e P,
U((vf,t7)iy) € ©*(m).

1771

To prove the first part, by Proposition 28, it is enough to show that Leon,(®((us,w;i)i)) =
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L((ui,w;)™) holds for (u;,w;)™; € ©*(m). We denote ®((u;, w;)™ ;) by (v, t5)3,

10

(v —t])D(S)X = g wilw;| — E wilwi| | D(S)X
i:u; >0 iuy >0
w; >0 w; <0

= Z uiwiD SHYX

2:u; >0

= Z (Xuz)erz

i:u; >0

(5 —13)D(S)X = [ D wilwil = Y wilws| | D(S)X
1wy <0 2iu; <0
w; >0 w;<0

= Z uiwiD(SC)X

22 <0
= Z (Xu;)4w;.

:u; <0

VI, Vi, j € T, sign (u;|ws|) = sign(uj|w;]), so | Y er wilwil| = 3ier [willws| = 3 3,e7 u? + w2
The last equality holds by the result from Proposition 30.

Hence, Leony(®((ui,wi)i21)) = 3l 2701 (Xuj)+ws — Y3 + B(vi] + [v3] + [6] + [t3]) =
L((ui, wi)iZy ).

To prove the second part, by Proposition 28, it is enough to show that Leon, (vF,t5)2_;) = L(¥((v},t5)2_,))
holds for (v}, t¥)2; € P*. We denote ¥ ((v},t5)2_;) by (u;,w;)™ ;.

PR R

L] ) =5 Y (Xm>+\ﬂ— > (Xj,%%\/@—yu%

i€[2],07#0 i€[2],6:#0

2 2
L 2GR ) s 2 () - ()
+5 D () S D L) (/]
2 i€[2],v;#0 ’vi ’ 2 i€[2],t1#0 ‘tz’ | \/>
1 . . i} .
25” Z (Xv7),; — Z (Xt)), —=Y[3+8 Z i+ B Z t7]

1€[2],vF#0 1€[2],t5#0 i€[2),vF#0 1€[2],t5#0
1 \
=51 > XD — D> (Xt —YIB+8 Y (il + 1))
1€[2],v}#0 1€[2],t5#0 i€[2]

Asvf, 17 > O0and v3, 15 < 0, 3 icpy, w0 (X07) = D(S)XvT + D(S¢)Xv; and
Y a0 (X)), = D(S)Xt] + D(S)Xt5. Hence, L(¥((v], £})7_1)) = Leono (v £)7-;)- W

RS RS

Definition 34 The set of Minimal Optimal Solutions is defined for m > M™ as

Onin(m) = {(uj,w;)7L1|Vp # q € [m], wpwy > 0 = upuy < 0}
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A Minimal Optimal Solution has the least possible number of active neurons. The Lemma 35 proves
that all the Minimal Optimal Solutions are permutations of each other.

Lemma 35 Denote the set of all the permutations on {1, ... ,m} by Sp,. Vn € Sy, we call
(Ur(i)s W(Z))l 1 a permutation of (u;,w;)™ . Then, every element in O, . (m) is a permutation of
W((vf, £)im).

R
Proof W((v},t)2 ;) € O}, (m) by its construction as Definition 31, vi, ¢} > 0 and v}, t} <
0. Hence, it is enough to show that V(u;,w;)i”; € OF . (m), (u;,w;)", is a permutation of
V(0] £)ie)-
For any element in O} . (m), the minimality shown in Definition 34 implies that Z introduced in

Definition 32 is a singleton or an empty set. Take any (u;, w;)/"; € ©F . (m). As T is a singleton,

O((ui, wi)fty) = (vf, )i

v = ul|w1| if Aist w; >0Au >0, 0otherwise,
T =wuilw;| if st w <O0Au; >0, 0otherwise,
vy = wu;lw;| if 3'istow; >0Au; <0, 0otherwise,
ty = uilw;| if 3'ist w; <0Aw; <0, 0otherwise.

Hence, M* =3ty oyrz0 1+ 2iequoperso L = 20301 Huiwi #0).

We write P = > 1(w; > 0)and N = >, 1(w; < 0). Using the result from Proposition 30,
P+Q=>",1(uw; #0),s0M*= P+ Q. Denote the P positive elements {w;|w; > 0} by
{wj, ... ,wjp }. Denote the N negative elements {w;|w; < 0} by {wg,, ... ,wky }-

Then,

U | Wi, |

(5, 6)E0) = W(@((us,wi)2)) = (;WL Viwenl) e (el N ~hmrl)? e 007

From Proposition 30, Vj, \/|ujw;| = |w;|. Therefore,

U((v], £)220) = W(R((ug, wi)i%y) = (uj,, |wi )2, @ (uk,, —lwr, iy @ (0,
= (uj,, w1y @ (U, wi,)y @ (0,0)™

—M*
This is a permutation of (u;,w;)™ . n

Lemma 36 For any (u;,w;)", € ©*(m), there exists a point in O} . (m) that is connected to
(wi; wi )iy

Proof It is enough to show that V(u;,w;)™, € ©*(m) \ ©} ., (m), we can construct a continuous
path that connects (u;,w;)/”; and a point in ©7, . (m).

As (uj,w;)™, ¢ ©F . (m), wlog, wiwa > 0 and ujug > 0. Denote sign(w;) = sign(wsz) by s.
Define a path

t
o) = <u1|w1| + tug|ws] T +tugw2\s>@< 1 _tm7 (1 _t)\quQp)@(uj,wj)?”;g

Vwiwr + tugws] V/ [ugwsa|

where ¢ € [0, 1].
C(t) is a part of the path connecting (u;,w;)!"; and a point in ©} . (m). To show this, we prove
the following claims.

32



EFFECTS OF WIDTH-DEPENDENT HYPERPARAMETERS AND {5-REGULARIZATION ON TWO-LAYER RELU

1. C(t) is well-defined and is continuous.

Proof wiws > 0 and ujue > 0 imply that sign(ujwy) = sign(ugws) # 0. Hence, |ujwy +
tugwsy| # 0 for t € [0,1]. Also, we # 0 implies that |usws| # 0 by Proposition 30. The
well-definedness of C'(¢) implies that C'(¢) is continuous on [0, 1]. [ |

2. The number of zero neurons in C'(1) is more than that of C'(0).
Proof By direct calculation, C'(0) = (u;,w;)!™, and
c(1) = <“1|""1|'~_“2|""2| luiwy + u2w25> @ (0,0) ® (uj,wj);-”zg. As (u1,w1) # (0,0)

Vurwr Fuswsl|’

and (ug2,ws) # (0,0), the claim is true. [ |

3. C(t) is a path in ©*(m).
Proof By substituting 6 = C(t) to fy(X) in (1), the sum of the first two terms is

t
X U1|OJ1’ + u2|W2‘ |U1LL)1 + tUQWQ|S + )(\/mM (1 - t)|UQOJ2‘S
\ulwl + tUQWQ’ " \/W n

= (X (ug|wr] + tug|wal)) . s + (1 — ) (Xuglws|) | s
= (Xuz|wi|), s+ (tXuz|wa|), s+ (1 — 1) (Xuz|wa|), s (since sign(uj|wi]) = sign(uz|wa|))
=(Xw)w1 + (Xug)ws

Hence, changing (u;,w;)!™; to C(t) does not change the model function.

2

9 2

u|wi| + tug|w 2 Ug |w

1w 2les| —|—< ]u1w1+tqu2|s) + \/1—tM +( (1—t)\u2w2]3>
|u1w1 + tUQWQ‘ |u2w2|

uq |w1| + tug|ws)? ug|wz|)?
_ (| 2|wal) +|u1w1+tu2m|+(1—t)m+(1—t)|“2w2‘
‘U1W1 + tUQLUg’ |U2W2|

wt|wr| + tus|wsl)?
:( 1’ 1‘ 2’ 2‘) +’ulwl+tu2w2’+2(1—t)’1mw2‘
|uiwy + tuswa|

=2|ujwy + tugws| + 2(1 — t)|ugws|  (since sign(wq) = sign(ws))
=2|ujwi| + 2|ugws|  (since sign(ujwi) = sign(ujwy))

2 2 2 2
:U1+W1 +U2+UJ2

Hence, changing (u;,w;)™, to C(t) does not change the ¢y-regularization term.
From the above arguments, changing (u;,w;)!"; to C(t) does not change the loss value i.e.
L(ui,w;)™,) = L(C(t)). Hence, Vt € [0, 1], C(t) is in ©*(m). [ |

We can see that C'(¢) merges the two active neurons {(u1,wi), (u2,w2)} to generate one active

neuron <M, V|u1w1 + uswe ]s) and one inactive neuron (0,0). We repeat this merging
u1wi+uswso

process until we cannot find such a pair, i.e., we reach a point in O

min

(m). This process should
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terminate since the merging process strictly decreases the number of active neurons. When the
merging process ends, we concatenate all the paths. Then, we have a continuous path in ©*(m)
starting from (u;, w; )" ,. At the end of the path, we have a point in ©7 . (m). [ |

mzn(

Lemma 37 O©*(M*) =07 . (M)

min

Proof Assume that there exists A € ©*(M*) \ ©7 . (M*). By applying the merging process
defined in Lemma 36 to A, we get a point B € © . (M*) that has at least one inactive neuron
(0,0). So, the number of non-zero neurons in B is at most M* — 1. From the proof in Lemma 35,
for B = (uj,w;)"y € ©F, (M*), M* =3 1(uw; # 0) i.e. the number of non-zero neurons
is M*. |

Lemma 38 Form > M* + 1, all permutation solutions are connected.

The idea of the proof is inspired by Kim et al. [18]. We prove it using notions of group theory,
similarly to our other proofs (e.g., the proof for Theorem 16 (3), the first proof for Theorem 17).
Proof We use S,, to denote the symmetric group on {1, 2, ... ,m}. Sy, is the set of all permutations
on{l,2, ....,m}.

Using Lemma 35 and Lemma 36, it is enough to show that

V(ui, wi)ity € O3 in(m), Yo € Sy, Ja continuous path in ©*(m) connecting

(u;,w;)i~y and (uo(i)7 Wa(z'))?ll-

We take any (u;,w;)”; € O, (m). From the same argument in Lemma 35, m > M* =
ot L(uw; # 0) implies that (u;,w;)!™, has at least one inactive neuron (0,0). Denote the in-
dex for the inactive neuron as j € [m], so (uj,w;) = (0,0). Asforall j € [m], T; = {(3,7) | i €
[m] s.t. i # j} (We use (i, 7) to denote a transposition) generates .S,,, it is enough to show

VT € T; where u; # 0, 3 a continuous path in ©(m) connecting (u;, w;);%y and (ur(y, W) )it:-

For (ur(j),wr(j)) = (0,0), applying T does not change the parameters. So, it is enough to think
about the case where (ur(;), wr(;)) # (0,0) We construct a path

C(t) = (u;(t), w;(t))jL; € RxR)™, ¢ €10,1]
S.t.
(ui,w;i) if @ # jandi# T(j),
(s(8).wi(®) = 4\ @O g v Hur@ra) 8) if i=j,

@l |\/|“T<J>WT(]>| \/ _t)’“T(j)wT(jﬂS) if i=1T(j)

where s = sign(wy(;y). We prove the following claims.

34



EFFECTS OF WIDTH-DEPENDENT HYPERPARAMETERS AND {5-REGULARIZATION ON TWO-LAYER RELU

1. C(t) is well-defined and is continuous.

Proof Proposition 30 and (up;), wr(;)) # (0,0) imply that [upjywr(;)| # 0. So, division
by [uz(j)wr(;yl is possible and well-defined. The well-definedness of C'(t) implies that C'(t)
is continuous on [0, 1]. n

2. C(O) = (ul,wl):’ll and C(].) = (UT(Z)va(Z));?;l

Proof By direct calculation. |

3. C(t) is a continuous path in ©*(m).

Proof
t
(X ROl O ) VHurgwrls
+

1—+¢
+ (X“T(j)WT(j)\ WO)W) \/(1 — t)upwrls
+
=t (Xurg)), wrg) + (1 —t) (Xurg)) , wrg)

= (Xur() , wr()
= (Xuy), wj + (Xurg)) | wre)

Hence, changing (u;,w;)™, to C(t) does not change the function f(X).

t 2

2
<UT<j>|WT<j>| |UT(j)wT(j)|> + (\thurgwrels)

2
1—-1¢ 2
+ (uT(j>|wT<j>| \uT(j)wmn) + (0 = DlurgyergIs)

= tlurgwry)| + (1 = Olurgwre)|

= |ur(wr()|
2 2 2 2
S uj +wi +upg) W)

Hence, changing (u;,w;)/"; to C(t) does not increase the 5 term. By the optimality of
(ui,w;i)™, equality holds in the last inequality.

From the above arguments, changing (u;,w;)", to C(t) does not change the loss value,
soVt € [0,1], C(¢) is in ©*(m). [ |

From above arguments, C'(t) is a continuous path in ©*(m) connecting (u;, w;)i2; and (urp(), wr()) iz -
|
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Corollary 39

V(ui,wi)ity € ©%(m) s.t. 3k € [m] s.t (uk, v) = (0,0), Yo € Sy,

Ja continuous path in ©* (m) connecting (ui,w; )i~y and (Uq(;), Wo (i) )i -
Proof This is a corollary from the proof of Lemma 38. |

The second proof for Theorem 17
Proof (The second proof)

M* = 1[Sas(X5Y) # 0) + 1[Sap(X5eY) # 0] = 1|75 # 0] + L[|va| # 0].
1) M*=0:
M* = 0, implies |[vp| = 0 and |yy| = 0. For (u;,w1)i%; € ©*(m), >, >0 u? = 0 and
D iu<ot; = 0,50 Vi € [m], u; = 0. Also, Vi € [m], |ui| = |wi],s0Vi € [m], w; = 0.

2)ym < M*:
©*(m) = ( because we need at least M* non-zero neurons for Y., ~ouf = [ypland 3., o ui =
|vx| to hold.

B)m = M*:
As a set of permutations of a finite number of neurons is a finite set, Lemma 35 implies that

©7 ., (m) is a finite set for all m. By this and Lemma 37, ©*(M*) is a finite set.

@) m > M*:

By Lemma 35 and Lemma 38, all the elements in O} . (m) are connected in ©*(m). By this and
Lemmma 36, all elemets in ©*(m) are connected, so ©*(m) is connected. [

Appendix E. Visualizations of global minima

The Figure 3 (a) (b) show samples from ¢*(3) and (c) (d) show all the points in ©*(3). We can
visually see that adding ¢5-regularization limits the set of globally optimal parameters. We also pro-
vide visualizations for global minima of other data sets and the regularization coefficient (Figure 4,
5, 6).

Appendix F. More results from Numerical Experiments

We train two-layer ReLLU neural networks (1) with different widths (m=64, 128, 256, 512, 1024,
2048) using the Yacht Hydrodynamics data [14] (squared loss), and MNIST [21] (cross entropy
loss). For Yacht Hydrodynamics data [14] (6-dimensional input), the network is trained with
squared loss. For MNIST data [21] (784-dimensional input), the network is trained with the cross-
entropy loss. We train them with stochastic gradient descent (SGD), and AdamW [24] using (3 as
weight decay coefficient. For SGD, adding 3 as a weight decay coefficient is equivalent to adding
the explicit £o-regularization. Whereas, for AdamW, we use squared loss or cross entropy as the
minimization object and use [ as a weight decay to push learned parameters towards zero. We
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(a) Projection of ¢*(m) (b) Projection of ¢*(3) in (c) Projection of ©*(3) in (d) Projection of ©*(3) in
in u-coordinates w-coordinates u-coordinates w-coordinates

Figure 3:

Figure 4:

(Figure 1 in main) (a) (b) Projections of samples from *(3) onto v and w coordinates
(Theorem 2). The blue points are samples from ¢*(3) for X = [1, —1]7, YV = [-2 1|7,
a = 3'. w values are sampled with constraint that its £, norm is in [107%°, 2.0]. For
each sample of u, w that satisfies the constraints is sampled from the w coordinate. (c) (d)
Projections of ©*(3) onto u and w coordinates (Theorem 3). The dataset and scaling
is the same X = [1,-1]7, Y = [-2 117, o = 3!, and we additionally have weight
decay B =372 (v} = —1, 74 = —0.5). The black dots correspond to Minimal Optimal
Solutions defined in Eq. 19. Different colors for u represent different sign patterns. For

each u, corresponding w has the same color in w-coordinates.
Projection of ®"(3) onto (uy, Uz, u3)  Projection of @*(3) onto (w1, Wy, W3)

= U1 =0: upatter (0, +, +), w pattem (0, —, )
, w pattern (-, 0, =)

@  Minimal Optimal Networks
. Surface: u=0, Jul;=1(and w=-u)

The projections of ©*(3) onto u and w coordinates for X = [1,-1]7, Y =[5, &]¥

a =3 8=33(y5 = —1,7% = 0). The black dots correspond to Minimal Optimal
Solutions defined in (19). Both the surface and the colored boundaries are globally opti-
mal parameters. For each u, corresponding w has the same color in w coordinate.

’

use 0.9 as the first moment decay and 0.999 as the second moment decay for AdamW. For all the
experiments, the learning rate is set to be 0.01.

All the plots show final test loss, which does not include the /5-regularization term, (above) and
final £5-norm of parameters (bottom, y-values taken in logarithmic scale base 2). The plots show
the mean of values obtained from three independent experiments.
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Projection of ©(3) onto (u1, Uz, Us) Projection of ©(3) onto (w1, w2, w3)

® usign pattern (++-)
u'sign pattern (+-+)
u'sign pattern (+--)
u'sign pattern (-++)

u'sign pattern (-+-)
u'sign pattern (-—+)
Minimal Optimal Networks

Figure 5: The projections of ©*(3) onto u and w coordinates for X = [1,—1]T, Y = [%, %]T
a =3, 8= 32 (vp = 1, vy = —0.5). The black dots correspond to Minimal Optimal

Solutions defined in (19). For each u, corresponding w has the same color in w coordinate.

B

Projection of ©”(2) onto (uy, Uz) Projection of ©"(2) onto (w1, wy)

100 @ @ Minimal Optimal Networks 1.0 ®
0.75
08
0.50 [ ]
0.6
0.25
E g
0.00 04
-0.25
0.2
-0.50
Minimal Optimal Networks
—0.75 T T T T 0o T T ® T \P T T
-0.5 0.0 05 1.0 00 02 04 06 08 10

Figure 6: The projections of ©*(2) onto u and w coordinates for X = [1,—-1]7, Y = [, %]T

a=23=272 (vp = 1, vy = —0.5). The black dots correspond to Minimal Optimal
Solutions defined in (19). As m = M*, ©*(m) is a finite set.

B
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Table 1: Runtime hardware and software.

CPU
Model name AMD EPYC 7763 64-Core Processor
# CPU(s) 128

GPU

Product Name  NVIDIA A100-SXM4-80GB
CUDA Version 12.2

PyTorch
Version 2.7.1

We show the results when we trained the network with SGD (left) and AdamW (right). Across
all the experimental settings, training with AdamW prevents the learned parameter from collapsing
to zero.

F.1. Yacht Hydrodynamics data

* Figures 7 and Figure 8 show results for networks with scaling and initialization in the neural
tangent kernel setting [3, 7, 16, 25] (a = 0.5, by = by = 0).

* Figures 9 and Figure 10 show results for networks with scaling and initialization in the mean
field setting [6, 25, 26, 33] (@ = 0.5, by = b = 0).

* Figures 11 and Figure 12 show results for small initialization (b; = by = 0.5) for different
scalings of the network (a = 0.5 for Figurell and a = 1 for Figure 12).

F.2. MNIST

* Figures 13 and Figure 14 show results for networks with scaling and initialization in the
neural tangent kernel setting [3, 7, 16, 25] (a = 0.5, by = b = 0).

* Figures 15 and Figure 16 show results for networks with scaling and initialization in the mean
field setting [6, 25, 26, 33] (a = 0.5, by = by = 0).

F.3. Computing Environment

Experiments ran on NVIDIA A100-SXM4-80GB GPUs (CUDA 12.2) and AMD EPYC 7763 CPUs.
Table 1 provides detailed hardware and software specifications.
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Figure 7: Two-layer ReLU networks initialized by 7|
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Left column: SGD. Right column: AdamW. Rows show widths 64, 256, and 1024.

Figure 9: Two-layer ReLU networks initialized by 71
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7o = 0.01 (by = b2 = 0), scaled by
1/a = 1/m (a = 1) (mean field regime) and trained on Yacht Hydrodynamics. Left
column: SGD. Right column: AdamW. Rows show widths 4096 (240000 epochs) and
16384 (700000 epochs).
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Left column: SGD. Right column: AdamW. Rows show widths 256 and 1024.

Figure 11: Two-layer ReLU networks initialized by 7|
by 1/a =1/
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Figure 12: Two-layer ReLU networks initialized by 7;

by 1/a = 1/m (a = 1) and trained for 40000 epochs on Yacht Hydrodynamics. Left

column: SGD. Right column: AdamW. Rows show widths 256 and 1024.
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Figure 14: Two-layer ReLU networks initialized by 7

1/ao=1/y/m (a = 0.5) (NTK regime) and trained for 100000 epochs on MNIST. Left

column: SGD. Right column: AdamW. Rows show widths 4096 and 16384.

47



0), scaled by

= T9 — 0.01 (b1 = b2
1) (mean field regime) and trained for 100000 epochs on MNIST.
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Figure 15: Two-layer ReLU networks initialized by 7
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1) (mean field regime) and trained for 100000 epochs on MNIST.
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Left column: SGD. Right column: AdamW. Rows show widths 4096 and 16384.
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