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Abstract

Submodular functions, crucial for various applications, often lack practical learning
methods for their acquisition. Seemingly unrelated, learning a scaling from oracles
offering graded pairwise preferences (GPC) is underexplored, despite a rich history
in psychometrics. In this paper, we introduce deep submodular peripteral networks
(DSPNs), a novel parametric family of submodular functions, and methods for
their training using a GPC-based strategy to connect and then tackle both of the
above challenges. We introduce newly devised GPC-style “peripteral” loss which
leverages numerically graded relationships between pairs of objects (sets in our
case). Unlike traditional contrastive learning, or RHLF preference ranking, our
method utilizes graded comparisons, extracting more nuanced information than
just binary-outcome comparisons, and contrasts sets of any size (not just two). We
also define a novel suite of automatic sampling strategies for training, including
active-learning inspired submodular feedback. We demonstrate DSPNs’ efficacy in
learning submodularity from a costly target submodular function and demonstrate
its superiority both for experimental design and online streaming applications.

1 Introduction and Background

This paper jointly addresses two seemingly disparate problems presently open in the machine
learning community.

The first is that of identifying a useful practical scalable submodular function that can be used for
real-world data science tasks. Submodular functions, set functions that exhibit a diminishing returns
property (see Appendix B), have received considerable attention in the field of machine learning.
This has fostered new algorithms that offer near-optimal solutions for various applications. These
applications include detecting disease outbreaks [56], modeling fine structure in computer vision [41],
summarizing images [102, 72, 26, 37], active learning [34, 32, 25], compressed sensing, struc-
tured convex norms, and sparsity [4, 24], fairness [17, 43], efficient model training [57, 58, 70, 69]
recommendation systems [71], causal structure [114, 97], and brain parcellating [85] (see also the re-
views [101, 12]). Despite these myriad applications, most research on submodularity has been on the
algorithmic and theoretical side which assumes the submodular function needing to be optimized is al-
ready at hand. While there has been work showing the theoretical challenges associated with learning
submodularity [5, 7, 6], there is relatively little work on practical methods to produce a useful submod-
ular function in the first place (a few exceptions include [60, 92, 103]). Often, because it works well,
one uses the non-parametric submodular facility location (FL) function, i.e., for A ⊆ V with |V | = n,
f(A) =

∑n
i=1 maxa∈A sa,i where sa,i ≥ 0 is a similarity between items a and i. On the other hand,

the FL function’s computational and memory costs grow quadratically with dataset size n and so FL
can become infeasible for large data or online streaming applications. There is a need for practical
strategies to obtain useful, scalable, general-purpose, and widely applicable submodular functions.
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The second problem we address in this paper is the following: how best, in a modern machine-learning
context, can one learn a scaling from oracles that, for a given query, each provide numerically graded
pairwise comparisons between two choices? That is, given two choices,A andB , an oracle provides
a scoreScore(A; B ) 2 R which is positive ifA is preferred toB , negative ifB is preferred toA, zero
if indifferent, and where the absolute value provides the degree of preferenceA or B has over the
other. The oracle could be an individual human annotator, or could be a combinatorially expensive
desired target function — in either case we assume that it is infeasible to optimize over the oracle but
it is feasible to query. Learning a “scaling” means learning a scalar-valued functionf that respects
these graded pairwise scores in thatf (A) � f (B ) � Score(A; B ).

A special case of such preference elicitation from human oracles have been studied going back
many decades. For example, the psychometric “Law of comparative judgment" [99] focuses on
establishing numeric interval scales based on knowing preferences between pairs of choices (e.g.,
A vs B ). The Bradley-Terry [14] model (generalized to ranking elicitations in the Luce-Shephard
model [65, 90]) also involves preferences among elements of pairs. These preferences, however,
are not graded and rather are either only binary (A � B or B � A), ternary (allowing also for
indifference), or quaternary (allowing also for incomparability). Thus, each oracle query provides
minimal information about a pair. Therefore, multiple preference ratings are often aggregated where
a collection of (presumed random i.i.d.) oracles vote on the preference between items of the same
pair. This produces a histogram of preference ratingsCij (a count of how many timesi is preferred
to j [91]) and this can be used in modern reinforcement learning with human feedback (RLHF)
systems [109, 19, 76, 111, 105] for reward learning (i.e., inverse reinforcement learning [3, 1]).
Overall, the above modeling strategies are known in the �eld of psychometric theory [33] as “paired
comparisons” where it is said that “paired comparison methods generally give much more reliable
results” [74] for models of human preference expression and elicitation.

There are other models of preference elicitation besides paired comparisons. We explore “graded
pairwise comparisons” (GPC) which also have been studied for quite some time [87, 9, 10]. Quite
recently, it was found that “GPCs are expected to reduce faking compared with Likert-type scales and
to produce more reliable, less ipsative trait scores than traditional-binary forced-choice formats” [61]
such as paired comparisons. An intuitive reason for this is that, once we get to the point that an
oracle is asked only ifA � B or B � A, this does not elicit as much information out of the oracle
as would asking forScore(A; B ) even though the incremental oracle effort for the latter is often
negligible. As far as we know, despite GPC's potential information extraction ef�ciency advantages,
GPC has not been addressed in the modern machine learning community. Also, while histograms
Ci;j are appropriate for maximum likelihood estimation (MLE) of non-linear logistic and softmax
style regression [19, 76, 115, 111], MLE with a Bradley-Terry style model is suboptimal to learn
scoring from graded preferencesScore(A; B ) 2 R which can be an arbitrary signed real number.

In the present paper we simultaneously address both of the above concerns via the introduction and
training ofdeep submodular peripteral networks(DSPNs). In a nutshell, DSPNs are an expressive
theoretically interesting parametric family of submodular functions that can be successfully learnt
using a new GPC-style loss that we introduce below. In our work, since the teacher will be an
expensive FL function and the learner is a DSPN set function, we can view this as a form of
knowledge distillation. Our offering, therefore, is very far from incremental — rather, we introduce
a new provably more expressive model family (DSPNs), and a new learning paradigm (GPC-style
learning) for distilling an expensive FL set function down to an expressive parametric learner.

An outline of our paper follows. In §2 we de�ne the class of DSPN functions, motivating the
name “peripteral”, and offering theoretical comparisons with the class of deep sets [110]. Next, §3
describes a new GPC-style “peripteral” loss that is appropriate to train a DSPN but can be used in
any GPC-based preference elicitation learning task. For DSPN learning, this happens by producing
a list of pairs of subsetsE; M that can be used to transfer information from the oracle target to the
DSPN being learnt. §4 describes severalE; M pair sampling strategy including an active-learning
inspired submodular feedback approach. §5 empirically evaluates DSPN learning based on how
effectively information is transferred from the target oracle and performance on downstream tasks
such as experimental design. We �nd that the peripteral loss outperforms other losses for training
DSPNs, and show that the DSPN architecture is more effective at learning from the target function
than baseline methods such as Deep Sets and SetTransformers. We also �nd that the grading in GPC
indeed improves performance over binary-only comparisons.
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While the above introduction situates our research and establishes the setting of our paper in the
context of previous related work, our relation to and advancement overother related work is fully
explored in our Appendix in §A. The appendices continue (starting at §B) offering further details of
DSPN novelty (§C) and learning via the GPC-style peripteral loss.

2 Deep Submodular Peripteral Networks

Before starting this section, it may assist the reader to consider our brief overview of submodularity,
matroids, and weighted matroid rank in §B, and a brief review of deep submodular functions in §C,
both provided in the appendix.

A deep submodular peripteral network (DSPN) is a new expressive trainable parametric nons-
mooth subdifferentiable submodular function. A DSPN has three stages: (1) a "pillar" stage; (2) a
submodular-preserving permutation-invariant aggregation stage; and (3) a "roof" stage. When consid-
ered together, these three stages resemble an ancient Greek or Roman “peripteral” temple as shown
in Figures 1 and 10. In this paper, all DSPNs are also monotone non-decreasing and normalized (see
§B). As a set functionf : 2V ! R+ , a DSPN maps any subsetA � V to a non-negative real number.
We consider sets as objectindicessoA might be a set of image indices whilef x i : i 2 Ag are the
objects being referred to. Hence, w.l.o.g.,V = [ n].

The �rst stage of a DSPN consists of a set ofjAj pillars one for each element in a setA that is being
evaluated. The number of pillars changes depending onjAj the size of the setA being evaluated.
Each pillar is a many-layered deep neural structure� wp : DX ! Rd

+ , parameterized by the vector
wp of real values, that maps from an object (from domainDX which could be an image, string, etc.)
to a non-negative embedded representation of that object. For anyv 2 V and objectxv , then� wp (xv )
is a d-dimensional non-negative real-valued vector(� wp (xv )1; � wp (xv )2; : : : ; � wp (xv )d) 2 Rd

+ .
The parameterswp are shared for all objects. Also,� wp (x :) j 2 Rn

+ refers, for anyj 2 [d], to the
n-dimensional vector of thej th pillar outputs for allv 2 V .

The second stage of a DSPN is a submodular preserving and permutation-invariant aggregation.
Before describing this generally, we start with a simple example. Each element� wp (xa) j of
� wp (xa) is a score forxa along dimensionj and so a non-negative modular set function can
be constructed viamj (A) =

P
a2 A � wp (xa) j . Such a summation is an aggregator that, along

dimensionj simply sums up thej th contribution for every object inA. A simple way to convert
this to a monotone non-decreasing submodular function composes it with a non-decreasing concave
function yieldinghj (A) =  (mj (A)) — performing this for allj yields ad-dimensional vector of
submodular functions. More generally, any aggregation function� that preserves the submodularity
of hj (A) =  (� a2 A mj (a)) would suf�ce so long as it is also permutation invariant [110] (see
Def. 7). For example, with� = max (i.e., max pooling), the function (maxa2 A mj (a)) is again
submodular. We show that there is an expressive in�nitely large family of submodular preserving
permutation-invariant aggregation operators, taking the form of the weighted matroid rank functions
(Def. 6) which are de�ned based on a matroidM = ( V;I ) and a non-negative vectorm 2 RjV j

+ .

Lemma 1 (Permutation Invariance of Weighted Matroid Rank). The weighted matroid rank function
rankM ;m (�) for matroid M = ( V;I ) with any non-negative vectorm 2 RjV j

+ is permutation
invariant.

A proof is in Appendix B. We identify the aggregator� as� a2 A mj (a) = rankM ;m j (A) and produce
new submodular functions8j , hwp

j (A) =  (rankM ;� w p (x : ) j (A)) , where then-dimensional vector
� wp (x :) j constitute the weights for the matroid. Depending on the matroid, this yields summation
(using a uniform matroid), max-pooling (using a partition matroid), and an unbounded number of
others thanks to the �exibility of matroids [77]. In theory, this means that the aggregator could also
be trained via discrete optimization over the space of discrete matroid structures (in §5, however,
our aggregators are �xed). The second stage of the DSPN thus aggregates the modular outputs
of the �rst stage into a resultingd-dimensional vector for any setA � V , namelyhwp (A) =
(hwp

1 (A); hwp
2 (A); : : : ; hwp

d (A)) 2 Rd
+ . This can also be viewed as a vector of submodular functions.

We presume in this work that each aggregator uses the same matroid and each pillar dimension is
used with exactly one matroid, but this can be relaxed leading to ad0 > d dimensional space — in
other words, many different discrete matroid structures can be used at the same time if so desired.
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The third and �nal “roof” stage of a DSPN is a deep submodular function (DSF) [23]. Deep
submodular functions are a nested series of vectors of monotone non-decreasing concave functions
composed with each other, layer-after-layer, leading to a �nal single scalar output. Each layer
contained in a DSF has non-negative weight values which assures the DSF is submodular. It was
shown in [13] that the family of submodular functions expressible by DSFs strictly increase with
depth. DSFs are also trainable using gradient-based methods analogous to how any deep neural
network can be trained. A DSF is de�ned as a set function, but we utilize the “root”2 [13] multivariate
multi-layered concave function w r : Rd ! R+ of a DSF in this work. That DSPNs signi�cantly
extend DSFs, as well as a DSF primer, is further described in §C. The �nal stage of the DSPN
composes the output of the second stage with this �nal DSF viaf w (A) =  w r (hwp (A)) where
w = ( wp; wr ) constitute all the learnable continuous parameters of the DSPN (assuming the discrete
parameters, such as the matroid structure, is �xed). While the roof parameterswr must be positive,
the pillar parameterswp are free, but the pillar must produce non-negative outputs.
Theorem 2(A DSPN is monotone non-decreasing submodular). Any DSPNf w (A) =  w r (hwp (A))
so de�ned is guaranteed to be monotone non-decreasing submodular for all valid values ofw.

The proof of Theorem 2 is found in Appendix §D. We immediately have the following corollary.
Corollary 3 (Submodular Preservation of Weighted Matroid Rank Aggregators). Any weighted
matroid rank function for matroidM = ( V;I ) with any non-negative vectorm 2 RjV j

+ , when used
as an aggregator in a DSPN, will be submodularity preserving.

Clearly there is a strong relationship between DSPNs and Deep Sets [110]. In fact any DSPNs is a
special case of a Deep Set, but there is an important distinction, namely that a DSPN is assuredly
submodular. It may seem like this would restrict the family of aggregation functions available but, as
shown above, there are in theory an unbounded number of aggregators to study. Training a DSPN
also preserves submodularity simply by ensuringwr remains positive which can be achieved using
projected gradient descent (the positive orthant is one of the easiest of the constraints to maintain). A
deep set, when trained, can easily lose the submodular property, something we demonstrate in §5,
rendering the deep set inapplicable when submodularity is required. Also, as was shown in [13],
DSFs are already quite expressive, the only known limitation being their inability to express certain
matroid rank functions. With a DSPN, however, the aggregator functions immediately eliminate this
inability.
Corollary 4 (DSPN Family). LetFDSPN(resp.FDSF) be the family of DSPN (resp. DSF) submodular
functions. ThenFDSPN � F DSF.

It is an open theoretical problem if a DSPN, by varying in parameterw and combinatorial spaceM ,
can represent all possible monotone non-decreasing submodular functions.

3 Peripteral Loss

We next describe a new “peripteral” loss to train a DSPN and simultaneously address how to learn
from numerically graded pairwise comparisons (GPCs) queryable from a target oracle.

We are given two objectsE andM and we assume access to an oracle that when queried provides
a numerical scoreScore(E; M ) 2 R. As shorthand, we de�ne�( E jM ) = Score(E; M ). We do
not presume it is always possible to optimize over�( E jM ). This score, as mentioned above, could
come from human annotators giving graded preferences forE vs. M , or could be an expensive
process of training a machine learning system separately on data subsetsE andM and returning
the difference in accuracy on a development set. In the context of DSPN learning, our score comes
from the difference of a computationally challenging target submodular functionf t . As an example,
f t could be a facility location function that requiresO(n2) time and memory and is not streaming
friendly, where we have�( E jM ) = f t (E ) � f t (M ), this being a positive ifE is more diverse than
M and negative otherwise. Given a collection ofE; M pairs (§4), we wish to ef�ciently transfer
knowledge from the oracle target's graded preferences�( E jM ) to the learners graded preferences
� f w (E jM ) = f w (E ) � f w (M ) by adjusting the parametersw of the learnerf w .

We are inspired by simple binary linear SVMs that learn a binary labely 2 f +1 ; � 1g using a linear
modelh�; x i for input x and a hinge losshinge(z) = max(1 � z;0). We express the loss of a given

2"root" here is distinct from "roof".
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prediction forx ashinge(yh�; x i ) whereyh�; x i is positive for a correct prediction and negative
otherwise, regardless of the sign ofy.

Addressing how to measure� f w (E jM )'s divergence from�( E jM ), multiplying the two (as above)
would have the same sign bene�t as the linear hinge SVM — a positive product indicates the prefer-
ence forE vs.M is aligned between the oracle and learner. We want more than this, however, since we
wish to learn from GPC. Instead, therefore, we measure mismatch via the ratio� f w (E jM )=�( E jM ).
Immediately, we again have a positive quantity if preferences between oracle and target are aligned,
but here grading also matters. A good match makes� f w (E jM )=�( E jM ) not only positive but also
large. If �( E jM ) is large and positive,� f w (E jM ) must also be large and positive to make the ratio
large and positive, while if�( E jM ) is small and positive,� f w (E jM ) must also be positive but need
not be too large to make the ratio large. A similar property holds when�( E jM ) is negative. That is,
if �( E jM ) is large and negative, then so would� f w (E jM ) need to be to make the ratio large and
positive, while�( E jM ) being small and negative allows for� f w (E jM ) to be small and negative
while ensuring the ratio is large and positive.

On the other hand, a ratio alone is not a good objective to maximize, one big reason being that small
changes in the denominator can have disproportionately large effects on the value of the ratio, which
can amplify noise and lead to erratic optimization behavior.3 Ideally, we could �nd a hinge-like loss
that will penalize small ratios and reward large ratios. Consider the following:

L � (� ) = j� j log(1 + exp(1 �
�
�

)) (1)

Here, if � is (very) positive, then� must also be (very) positive to produce a small loss. If� is (very)
negative then� also must be small to produce a small loss. The absolute value of� determines how
non-smooth the ratio is so we include an outer pre-multiplication byj� j to ensure the slope of the
loss, as a function of� , asymptotes to negative one (or one when� is negative) in the penalty region,
analogous to hinge loss, and thus produces numerically stable gradients. Also analogous to hinge, we
add an extra “1” within theexp() function as a form of margin con�dence, analogous to hinge loss
that, as with SVMs, expresses a distance between the decision boundary and the support vectors. Plots
of L � (� ) are shown in Fig. 7 in Appendix F — this appendix also discusses the smoothness ofL � (� )
via its gradients, describes a few additional useful hyperparameters, and provides a numerically stable
solution to the case when� = 0 (thereby solving any�=0 issues).

Comparing with standard contrastive losses and deep metric learning [8], a peripteral loss on
� f w (E jM ) = f w (E ) � f w (M ) can be seen as a high-order self-normalizing by� generaliza-
tion of triplet loss [108] if E is a heterogeneous andM a homogeneous set of objects. We recover
aspects of a triplet loss if we setE = f v; v� g andM = f v; v+ g whereM is the positive pair
(close and homogeneous) whileE is the negative pair (distant from each other and thus a diverse
pair). With jE j > 2 andjM j > 2, we naturally represent high order relationships amongstboth the
positive groupM and the disperse groupE (which is apparently rare, see§A.1). We remind the reader
that while our peripteral loss could be used for GPC-style contrastive training for representation
learning or for RLHF-based transformer alignment, our experiments in this paper in §5 focus on the
submodular learning problem.

3.1 Augmented Loss for Augmented Data

Data augmentation is frequently used to improve the generalization of neural networks. Since
augmented images represent the same knowledge in principle, they should have the same submodular
valuation and also should be considered redundant by any learnt submodular function. Given a set
E of images, letE 0 represent a same-size set of augmented images generated after augmenting
each imagee 2 E. This means any learnt modelf w should havef w (E ) = f w (E 0) and8e 2 E,
f w (e) = f w (e0). To ensure this is the case, we use an augmentation regularizerL aug(f w ; E; E 0)
de�ned as follows:

L aug(f w ; E; E 0) = � 1(f w (E ) � f w (E 0))2 +
� 2

jE j

X

e2 E

(f w (e) � f w (e0))2 (2)

Since augmented images represent the same information, the submodular gain of augmented images
relative to non-augmented images should be small or zero meaningf w (E jE 0) = f w (E 0jE ) = 0

3In the sequel, we use� and� where theE; M pair is implicit.
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and 8e 2 E, f w (eje0) = f w (e0je) = 0 . To encourage this, we use a redundancy regularizer
L redn(f w ; E; E 0) de�ned as follows:

L redn(f w ; E; E 0) = � 3(f w (E jE 0)2 + f w (E 0jE )2) + � 4
jE j

P
e2 E (f w (eje0)2 + f w (e0je)2) (3)

In the above, we square all quantities to provide an extra penalty to larger values, while as quantities
such asf w (E jE 0) approach zero, we diminish the penalty.

3.2 Final Loss

With all of the above individual loss components now well described, our �nal total loss
L tot(f w ; �( E jM ); � f w (E jM )) for anE; M pair becomes:

L tot(f w ; �( E jM ); � f w (E jM )) = L �( E jM ) (� f w (E jM )) + L aug(f w ; E [ M; E 0 [ M 0)

+ L redn(f w ; E; E 0) + L redn(f w ; M; M 0) (4)

With a datasetD = f (E i ; M i )gN
i =1 of pairs, the total risk is:

R̂ (w; D) =
1
N

X

i 2 [N ]

L tot(f w ; �( E i jM i ); � f w (E i jM i )) : (5)

Fig. 1 shows the structure of a DSPN and its learning control �ow. Please see appendix G for more
details.

Figure 1: The structure of a DSPN and the control �ow of how a DSPN is trained; parameters are
shared between the DSPNs processing E and M sets.

4 Sampling (E,M) Pairs

DSPN training via the peripteral loss requires a datasetD = f (E i ; M i )gN
i =1 of pairs of sets where

eachE i ; M i � V . Since the DSPN starts with the pillar stage, the learnt model can then be tested on
samples that are outside ofV as we do in §5. Still, exhaustively training on all pairs of subsets fromV
is infeasible. Therefore, the pairing strategy used to incorporate the sampled sets is a critical compo-
nent in our dataset construction. We thus propose several practical, both passive and active, strategies
to ef�ciently sample from this combinatorial space. The passive strategies are heuristic-based, while
the active strategies are dependent on either the DSPN as it is being learnt or optionally the target
function if it is possible to optimize (fortunately, Table 1 shows target sampling is not necessary). Our
description here of these strategies is augmented with further discussion and analysis in appendix E.

Passive Sampling:If we assume the maximum set size to beK so thatjE j � K andjM j � K and
a training dataset to haveC classes or clusters, we may generateE; M pairs in two ways. InStyle-I,
we sample a homogeneous set of sizeK from a randomly chosen single class and a heterogeneous
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