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Abstract

This paper investigates low-rank structure in the gradients of the training loss for two-layer neural
networks while relaxing the usual isotropy assumptions on the training data and parameters. We
consider a spiked data model in which the bulk can be anisotropic and ill-conditioned, we do not
require independent data and weight matrices and we also analyze both the mean-field and neural-
tangent-kernel scalings. We show that the gradient with respect to the input weights is approximately
low rank and is dominated by two rank-one terms: one aligned with the bulk data—residue, and
another aligned with the rank one spike in the input data. We characterize how properties of the
training data, the scaling regime and the activation function govern the balance between these two
components. Additionally, we also demonstrate that standard regularizers, such as weight decay,
input noise and Jacobian penalties, also selectively modulate these components. Experiments on
synthetic and real data corroborate our theoretical predictions.

1. Introduction

Feature learning is a critical driver behind the success of deep learning. Despite this, a theoretical
characterization of it remains elusive. In order to drive understanding, a line of research [2, 9—
11, 20, 30] has emerged studying two-layer networks whose inner weights are trained or updated
via one step of gradient descent. In this context, feature learning can be characterized through the
emergence of a low-rank structure in the network weights. Ba et al. [2] proved that a ridge estimator
trained on such features can outperform random feature models and other kernel methods. However,
these prior investigations require idealized conditions, for example isotropic data or weights, which
diverge from real-world scenarios where data typically exhibits anisotropy or an ill-conditioned
covariance. In addition, the effects of regularization in this context have also been underexplored.

This paper addresses two questions: /) how do low-rank gradient phenomena arise and behave
under more general conditions of anisotropy and ill-conditioning? and 2) what impact do common
regularizers have on feature learning in this context? Our analysis accommodates spiked data with
an anisotropic ill-conditioned bulk. This allows us to explore the effect of the size of the data spike,
controlled by a parameter v > 0, as well as spectral decay profiles of the bulk, controlled by a
parameter o > 0. Our central finding is that the gradient of the inner-layer weights is generically
well approximated by a rank-two matrix. This structure arises from the interplay of two primary
rank-one components: Sj, driven by the input bulk and target residue, and .Sy, driven by the
leading eigenvector of the data covariance. The relative prominence of these components, and
consequently the direction of feature learning, is determined by the interplay of data properties, the
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scale of the network parametrization, the choice of loss and activation function as well as the use

of regularization. We corroborate our theoretical findings with experiments on both synthetic data

(Section 3 and appendix D) and real data (MNIST, CIFAR-10 embeddings).! A summary of our key

contributions is:

* Generalized Theory of Low-Rank Gradients: We provide a theoretical framework (Section 3,
Theorems 1 and 3) characterizing the low-rank structure of the gradient under significantly relaxed
assumptions on data and weight matrices (anisotropy, ill-conditioning; Section 2).

* Identification of a Dominant Rank-Two Structure: We show (Theorems 1 and 3) that the
gradient is often better approximated by a rank-two matrix than the rank-one structures identified in
prior specialized settings. We provide conditions under which each of these components dominates.

* Modulation by Activation Function and Regularization: We show how activation functions and
common regularizers selectively modulate the components of the gradient. We reveal that ReLU
can suppress the contribution from the residue .S (Section 3), while input noise and a Jacobian
penalty can promote the residue component and data spike component (Appendix D) respectively.

* Mean Field (MF) versus Neural Tangent Kernel (NTK) scaling: We demonstrate differences in
dominant spike alignments, 57 ~ X gy in MF vs. S ~ X }gr in NTK, at initialization (Section 3)
and the subsequent impact during training.

2. Setup and Assumptions

In this section, we provide the technical details required for analysis. A summary of notation and
discussion of examples of when the assumptions hold can be found in Table 1 and Appendix A. We
consider shallow networks with d input dimensions, m hidden neurons, and n training data points.

Assumption 1 (Proportional scaling) Let ¥1,19 € Ry g be fixed constants. We consider m, n as
functions of d such that n/d — {1 < 1 and m/d — 12 as d — .

Data: We consider random input data z; € R? for i € [n], sampled i.i.d. These are stored row-wise
in a matrix X € R™*¢, For each x;, the corresponding label is y; € R, and labels stored as y € R".

Assumption 2 (Input features distribution) Ler 3 e Réxd Jor which there exists an o > 0 such
that the k-th eigenvalue satisfies \y(3) = k= fork = 1,...,d. Let ¢ € S% 1 and define ¢ = n”
for some v > 0. We assume each input data point x; is sampled i.i.d. from a multivariate Gaussian
distribution N (0, X)), where the full covariance %> € R¥*4 js given by ¥ = S+ CqqT.

Network: We consider a two-layer neural network with input-output map f : R¢ — R defined
as f(z) = ymala(Wz) € R. The parameter 7, € R+ is a non-trainable scaling constant that
depends on the network width m.

Assumption 3 (Network parameters) We assume the following for W, a and ~,,,. Outer weights:
a; are sampled i.i.d. from Uniform({—1,1}). Inner weights: Rows w; of W have unit length,
w; € STL. Scaling parameter: ~,, = ©(1/\/m) (NTK scaling) or v, = ©(1/m) (MF scaling).

Assumption 4 (Activation function) 7he activation function o : R — R satisfies the follow-
ing. Smoothness: o' and o”, first and second derivatives of o, exist almost everywhere on R.
Lipschitzness: o and o' are L-Lipschitz for some constant L > 0. Non-trivial expected deriva-
tive: For x ~ N(0,%) and W, let j1; = Ez[a’(ijx)]. We assume j1; = Q(1) for all j. Let

=1, i)t We define o', (Wz); = a’(w]TJ:) — 1.

1. All code is available at the anonymous Github repository: Link


https://anonymous.4open.science/r/Low-Rank-Gradient-1F08/README.md
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Figure 1: Singular value distribution of the gradient GG for varying activation, loss and v and weight
distribution. Red, and blue lines show the singular value of S, and .S, respectively.

Parameter update via GD: Let £ : R x R — R>( be a function which measures the loss between a
label and a prediction. We define the loss given a dataset (X, y) = (x4, ¥i) ;e[ With respect to the
inner-layer weights W as L(W) = 1 S°"_ ¢(f(x;),y;). We consider an update to W arising from

n =1
one step of GD with step size > 0. We define the residue:
r=[00(f(z1),y1)/0f (x1),...,00(f(xn), yn)/Of (zn)]T € R™ (1

To motivate this terminology, consider that for the Mean Squared Error (MSE) loss, r corresponds to
the vector of residues [f(x;) — v;];- More generally, for many losses 7 can typically be interpreted as
the component of the targets not captured by the predictions of the model (see Appendix A.3). For
our results to hold we require the following technical assumption on the residues.

Assumption 5 (Residue concentration) Under the proportional scaling regime (Assumption 1),
with probability 1 — o(1) over the training data (X, y), the residue r satisfies [LilE— (%)

Tl —

We emphasize that Assumption 5 is a mild condition: it ensures that no single component of
the residue vector disproportionately dominates its overall /> norm. Our analysis also depends on
the alignment between the residue r and specific structural components of the input data X. From
Assumption 2 we have the following decomposition of the input features,

X = Xp+ X5 = Xp+Czq" € R 2)

where X g has rows sampled i.i.d. from A/(0, 2), z ~ N(0,1), and ¢ is a unit vector. For sufficiently
large ¢, z is approximately the principal eigenvector of X X”. We will consider the degree of
alignment between the residue vector r and the spike component z of the input data. The projection
of the residue r onto the principal eigenvector of X X7 is a natural statistic of interest and has been
considered in prior works [14, 25]. In Appendix A.5 we provide ( estimates for 192 scenarios.

\/ﬁiTHQZ’TT‘ =0(dP/?).

Assumption 6 (Residue alignment) With probability 1 — o(1),

3. Spiked Data Leads to a Low-Rank Gradient

We demonstrate that for a spiked data covariance the gradient GG is either approximately rank
one or rank two, depending primarily on the size of the spike. To demonstrate this we define the
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following three rank-one matrices, where 2 = [2"((ra")oo| (XWT))]:

T

Ym 5T T Ymb = zr T
Sy =" (Xpr)(aop)', Sy = -""qE, Sz = yml —— q(aop) .

n n n

ResidISpike Data Spike Interpolant

The key contribution of this section is Theorem 1, which characterizes the approximate low rank
structure of the gradient for small-to-moderate spike sizes. For large data spikes (v > 0.5), we note
that the C? smoothness of the activation function and independence between W and X are no longer
required and is discussed in Appendix C.

We also note that Theorem 1 generalizes [2, Proposition 2] by covering a broader range of
covariance structures, loss functions and initialization scalings>. In the small spike setting, v €
[0,1/4), the gradient is approximately rank one and aligns with the residue plus interpolant Sy + S1s.
By contrast, in the moderate spike setting, v € [1/4,1/2), the gradient becomes rank two. We
empirically verify these our theoretical results (Figures 1) across a range of activation and loss
functions under the NTK scaling.

Theorem 1 (Gradient approximation) Suppose Assumptions 1, 2, 3, 4, 5, 6 are satisfied, X and
W are independent, and o is a C? function. Define E = G — S1 — Sio — So. Then, for all v, o € R>o,

|G —S1 — Siz2]l2 |G — S1 — S12 — Sa2]|2
V] eo VI Ym ||7 | oo

with probability 1 — o(1) as d,n,m — co. Moreover, if v < % then with the same probability

1, _a v T 1 X T
uslng_Q(m ) HSzIIz_Q(n [z 0r)"a) ( W>|12>’ @

=0 (Iwn2). | —o(Iwn3) @

IEll2 —  \logn|W]|l IEll2 — \logn o/ (XWT)|
8
[|S12]l2 n2"2 _s. _ |ISi2ll2 _Bia
=Qf—, Q(n’"2) < <O’ z2%z). (5
1E]l2 log n||W |2 15112

Observe that for v < 1/4, if |[W||2logn = o(n%ﬂ’ ~%) then G is approximately equal to the
rank-one matrix S1 4+ Syo. Further, if 5 > 2v + « then the gradient is dominated by S; and the spike
is aligned with the data-residue term X gr. However, if 5 < 2v then the gradient term is dominated
by Si2, which is aligned with the data spike ¢. In addition, for v € [1/4,1/2), if |W||2logn =

llo’, (XWT)]l2
zor)To! (XWT)]l2
matrix S1 + S12 + So. Note this is distinct from prior works [2, 3, 11, 30] where the gradient is only
ever approximately rank one.

Theorem 1 requires the activation to be C2. As detailed in the proof, this is needed to estab-

lish that ||o’, (XWT)||y < O(HWHn””L%). Indeed, when |[W|; = ©(1) and v < % we have

|0’ (XWT)||2 = o(n), which is key for S to separate from the bulk spectrum. However, ReLU is
not C2. To understand, the effect of using ReLU we provide Proposition 2.

o(n%_” _%) and n¥ = w <1og I > , then the gradient is approximately the rank-two

Proposition 2 (ReLU gradient) If2v > 1 — «, and the row of W are i.i.d. from the unit sphere,
then with probability 1 — o(1) we have that o' (XWT) = 1 sign(z;) sign(Wq)T.

2. [2, Proposition 2] requires ¥ = « = 0, isotropic data and MSE loss with MF scaling.
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Figure 2: ReLU suppresses the residue spike (.51) compared to smooth activations. Fixed parameters:
v=1/8, a=5/9,n="750,d= 1000, and m = 1250.

From Proposition 2 we see that for ReLU the operator norm of o] (XW7) is ©(n). This is a
significant increase compared to the o(n) scaling for C? activations and suggests that the norm of
E and S5 are larger for ReLU. The increased size of E, S results in the relative suppression of the
contribution of S7 and an enhancement of the contribution of S5 to the spectrum of the gradient. We
empirically verify this phenomenon in Figure 2 where we compare ReLU to its C? activations ELU,
Swish, and Softplus. We see that, for ReLU the relative residue contribution (S7) is significantly
smaller when compared with its smooth approximations.

Impact of the Scale Parameter: MF vs. NTK Scaling We consider the implications of our results
for the two scaling regimes and highlight three important distinctions. As with prior work, we
consider the large step-size regime. Specifically, we use a step size of v,,!. To avoid exploding
gradients deploy Weight Normalization (WN) [24]. We limit our focus to the MSE loss. See
Appendix E for a discussion of which assumptions hold during training and a deeper discussion.
In particular, we show that the spike in the gradient for the NTK and MF scaling are qualitatively
different. In particular, in the MF the scaling the residue aligns with the targets y and for NTK aligns
with the residual r. See Figure 7. Next the spike direction for MF is stable during training, while the
spike direction for NTK is not stable (Figure 8).

Effect of Regularization We analyze three regularization techniques: /o weight decay, isotropic
input noise, and Jacobian penalization. We show that {5 can suppress both spikes. On the other
hand, isotropic gaussian noise only suppresses the data spike while promoting the residue spike.
Contrastingly, the Jacobian penalty only suppress the residue spike and promotes the data spike. The
complete theoretical discussion can be found in Appendix D along with validation on real data.

4. Conclusion

This work shows that in two-layer neural networks, the hidden-layer gradient is approximately
rank-two, driven by data-residual (S7) and data-spike (S2) components connected by an interpolant
(S72). We show that activation function choice, scaling, and regularization can result in qualitatively
different gradients. In particular, we have the following rule of thumb for the number of spikes.
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‘ S1 (residue spike) ‘ & 22U < min{%, B — a,1 — a} or Large isotropic input noise

‘ S12 + S5 + S35 (data spike)‘ & {

(7) 2v > min{1, B}, or (ii) Strong Jacobian penalty,
or (i47) ReLU and 2v > 1 — «

If none of the above holds, both spikes remain, and the gradient is typically rank-two.

The coexistence and interplay of the two spike components offer a nuanced understanding of
the gradient. We believe that the residue-aligned part propels the network towards fitting the current
errors for the specific task, while the data-aligned part reflects the network’s adaptation to or influence
by the inherent structure and biases present in the input data distribution. This dual influence provides
a potential mechanism for reconciling how networks can be both task-specific and data-adaptive.
This is an interesting avenue for future work.
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Table 1: Notation

Symbol Meaning Where first defined / used
d Input dimension Assumption 1
n Number of samples Assumption 1

m
’lPl:n/d7 ¢2=m/d
¥

T =5+C%q"

A = k7@
a>0
(=n",v>0
ge St

z € R

X =Xp+ Xs

XpB
Xs=Czq"
W e Rm,xd
a€{+1}m
Ym

o, 0_/70//

p=Eylo' (W)

ol =0 —p
.
B
S

Hidden-layer width
Proportional-scaling ratios
Bulk covariance matrix

Full covariance (bulk + spike)
Bulk eigen-spectrum
Spectral-decay exponent

Spike magnitude

Spike direction

Latent coordinates of the spike
Data split bulk + spike

Bulk part (A (0, ) rows)
Rank-1 spike part

Inner-layer weight matrix
Outer weights (fixed)

Width scale (NTK = 1/4/m, MF = 1/m)
Activation and derivatives
Mean derivative vector
Centered derivative

Residue vector

Alignment exponent (szr)
Residue-aligned rank-1 term
Data-spike-aligned rank-1 term
Interpolant rank-1 term

Full gradient wrt W

Error term G — S7; — S19 — 5o

Error term G — S15 — S5 (large-spike version)

Bulk error from Jacobian-penalty gradient

Data-aligned rank-1 term induced by Jacobian penalty

Reg. strength and Jacobian penalty
Variance of isotropic Gaussian noise
Hadamard / outer products

Assumption 1
Assumption 1
Assumption 2
Assumption 2
Assumption 2
Assumption 2
Assumption 2
Assumption 2
Equation (2)
Equation (2)
Equation (2)
Equation (2)
Assumption 3
Assumption 3
Assumption 3:
Assumption 4
Assumption 4
Assumption 4
Equation (1)
Assumption 6
Section 3
Section 3
Section 3
Prop. 12
Thm. 1

Thm. 3

Prop. 6

Prop. 6
Appendix D
Appendix D

11
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Appendix A. Assumption Discussion
A.1. Data and Network Assumptions

Assumption 2 models a bulk component via S and a spike component via ¢ (magnitude () and
allows general forms of ill-conditioning with Ag(3) — 0if a > 0, and A;(2) — oo if v > 0. This
generalizes typical data distribution assumptions like isotropic Gaussian (3 = I;) or uniform on
a sphere [2, 11, 20, 22, 30], anisotropic data with a bounded condition number [12, 13], divergent
largest eigenvalue and bounded smallest eigenvalue [3, 15, 17, 21, 27], or bounded largest eigenvalue
and decaying smallest eigenvalue [4, 6, 29].

he assumption on a is standard. The assumption on W (unit-norm rows) relaxes typical literature
requirements (e.g., isotropic Gaussian or uniformly spherical w;). This allows modeling anisotropic
weights, possibly dependent on X, to analyze updates throughout training, not just at initialization.
The scaling parameter ~,, defines two common regimes: NTK (v, ~ 1/y/m) [1, 14, 16, 18],
associated with lazy training where inner weights vary little [8, 18], and MF (~,,, ~ 1/m), asso-
ciated with feature learning [7, 19, 23, 26]. These scalings yield different initial output variances
(Var(f(x)) = ©(1) in NTK vs. o(1) in MF), impacting dynamics.
A.2. Activation Function Properties

We verify the smoothness and lipschitzness conditions for several common activation functions.

A.2.1. SiGMOID FUNCTION

Let o(u) = (1 +e %)~ L
Smoothness: The Sigmoid function is infinitely differentiable (C'*°) for all u € R.

o'(u) = o(u)(1 - o(u))
o (u) = o' (u)(1 = 20(w)) = o(u)(1 — o(w))(1 = 20(u))

Both ¢’(u) and ¢ (u) exist for all u € R.

Lipschitzness: Since Sigmoid is bounded and all derivatives of the sigmoid can be written as a
polynomial of sigmoid, we see that the derivatives are bounded and hence lipschitz.

Non-Vanishing Derivative Here we show that if the weight vector w; is drawn uniformly from the
unit sphere S¢1, then the expected derivative y1; = E;[o (w x)]is (1) when v < 1/2.

The derivative o’ (u) = o(u)(1 — o(u)) is bounded. We can see that the argument u; = w;‘rx
is Gaussian N(0,07, ), with variance o7 = w!Sw; + n* (w!q)?. Then the behavior of yu; is
such that if oﬁj = O(1), then p; = Q(1). Specifically, if aﬁj — 0, then p; — o/(0) = 0.25. If
Uﬁj — 00, then p; — 0.

Spike Contribution Vs = n2”(ijq)2: For a fixed ¢ € S~ ! and random w; € S¢1, the term (ijq)2
concentrates around its mean E[(w; T9)?] = 1/d. With high probability for large d, (w;--rq)2 = 0(1/d).
Then in proportional regime, we have that, Vs = n?” - O(1/n) = ©(n?~1). Since v < 1/2,
2v—1<0,s0 Vg =o0(1) asn — oo.

Bulk Contribution Vg = w]Tﬁle: For random w; € Sa-1 wjrf)wj concentrates around E[ijfle] =
éTr(fJ). The eigenvalues )\k(i) ~ k¢,

« Ifa=0: Tr(2) = O(d), so Vg = O(1).

12
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« If0<a<1:Tr(E) =0(d' ), s0 Vg = O(d~*) = ©(n~*) = o(1).

A

e Ifa=1:Tr(X) = ©(logd), so Vg = O((logd)/d) = ©((logn)/n) = o(1).
« Ifa>1:Tr(E) = 0(1),s0 Vg = O(1/d) = ©(1/n) = o(1).

Thus, Vg is either O(1) (for « = 0) or o(1) (for a > 0).

A.2.2. HYPERBOLIC TANGENT (TANH) FUNCTION

Let o(u) = tanh(u).
Smoothness: The Tanh function is C'*° for all v € R.

(u) = 1 — tanh?(u) = sech?(u)

O_/
0" (u) = —2 tanh(u)sech?(u)
Both o/ (u) and " (u) exist for all u € R.

Lipschitzness:
* For o(u): max|o’(u)| = ¢/(0) = 1. Thus, o(u) is 1-Lipschitz.

* For ¢/(u): max |o”(u)| occurs at v = arctanh(#1/+/3), giving |o” (u)| =
Thus, o’(u) is Lipschitz with L ~ 0.77 (or L = 1 as a looser bound).

L = 2 serves as a common upper bound.

4

S

~ 0.7698.

Non-vanishing Derivative: Let o(u) = tanh(u). Its derivative is o’(u) = sech?(u). This derivative
is always positive, 0 < o’(u) < 1, with a maximum of ¢/(0) = 1, and o’/ (u) — 0 as |u| — oco. The
analysis of the expected derivative 11; = Ey[o” (ijx)} parallels that of the Sigmoid function.

A.2.3. RECTIFIED LINEAR UNIT (RELU) FUNCTION

Let o(u) = max(0, u).
Smoothness: Here we see that the derivatives for u # ( are as follows

0 ifu<O
"(u) = , "(u)=0 foru#0
o) {1 tuso. 0 #

Lipschitzness:

 For o(u): |o'(u)| < 1a.e. Thus, o(u) is 1-Lipschitz.

 For o/(u): o'(u) is a step function. It is bounded, but not Lipschitz over R due to the

discontinuity at u = 0. However, its values are O or 1.

Non-vanishing Derivative: Since Wx is symmetric, we get that the mean is 0.5.

13
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A.2.4. EXPONENTIAL LINEAR UNIT (ELU) FUNCTION

U ifu>0
et —1 ifu<0
Smoothness: The derivatives are as follows.

1 ifu>0 0 ifu>0
J/(u):{u 1Iru O_//(u):{u 1Tu

e ifu<0 e* ifu<0

Let o(u) =

Here we have that ¢’ is continuous, and ¢” is defined everywhere except for 0.

Lipschitzness:

e For o(u): Foru > 0, 0'(u) = 1. Foru < 0, 0/(u) = € € (0,1]. Thus |¢/(u)| < 1. So o(u)
is 1-Lipschitz.

e For o/(u): Foru > 0, 0" (u) = 0. Foru < 0, 0" (u) = € € (0,1). On [—1, 1], the function
is continuous. Hence lipschitz. Thus, we have global lipschitzness.

Non-vanishing Derivative: The derivative dominates the ReLU case. Hence 1 is at least 0.5.

A.2.5. SWISH FUNCTION

Let o(u) = u - sigmoid(u) = u(1 + e~%)~L
Smoothness: This follows from smoothness of Sigmoid.

Lipschitzness: Let S(u) = sigmoid(u) = (1 +e~%)~!. Then o (u) = uS(u).
* For o(u): The first derivative is:
o' (u) = S(u) + uS'(u) = S(u) +uS(u)(1 — S(u))

This is a continuous function that decays to zero. Hence is bounded.

* For o/(u): The second derivative of o (u) is:

d
o (u) = @(S(u) +uS'(u)) = S (u) + (S (u) + uS" (u))
= 25" (u) + uS" (u)
This is a continuous function that decays to zero. Hence is bounded.

e For ¢”(u): The third derivative of o (u) is:

dd (28 (u) + uS" (u)) = 28" (u) + (" (u) + uS" (u))

u

= 35" (u) + uS" (u)

0_/// (U)

This is a continuous function that decays to zero. Hence is bounded.

14
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Therefore, o(u), o’ (u), and ¢” (u) are all Lipschitz for Swish with 8 = 1.

Non-vanishing Derivative: The expected derivative y; is:
pj = Elo’ (u;)] = E[S(u;) + u; S (uy)]
= E[S(y;)] + E[w; S ()]

We evaluate each term:

For E[S(u;)]: The function g(u) = S(u) — 1/2 is an odd function. Since u; ~ N (0, 0’3]_) has a
probability density function symmetric about 0, the expectation of any odd function of u; is 0. Thus,
E[S(u;) — 1/2] = 0, which implies E[S(u;)] = 1/2.

For E[u;S(u;)]: The derivative of sigmoid, S’(u) = S(u)(1 — S(u)), is an even function:
S'(—u) = S(—u)(1 — S(—u)) = (1 — S(u))S(u) = S’(u). The product h(u) = wS'(u) is
an odd function, being the product of an odd function (u) and an even function (S’(u)). Since
uj ~ N (0, agj) has a symmetric PDF about 0, E[u;S5’(u;)] = 0.

Combining these results:
pi=1/24+0=1/2

The value 1/2 is a positive constant, independent of other parameters such as d, n, m, v, «, or the
specifics of 3 (provided it is positive definite) and w; (provided w; € S d=1y,

A.2.6. SOFTPLUS FUNCTION

Let o(u) = log(1 + e*).

Smoothness: The Softplus function is C'* for all u € R.

o'(u) = : j_ i sigmoid(u)
o’ (u) = (1‘*?767‘)2 = sigmoid(u)(1 — sigmoid(u))

Both ¢’(u) and ¢ (u) exist for all u € R.
Lipschitzness: The lipschitzness follows from the boundedness and lipschitzness of sigmoid.

Non-vanishing Derivative: Following the argument presented for the Swish activation function, the
mean is 0.5.

A.3. Loss Function Derivatives
Let us see what this is for some common loss functions.

* For the Mean Squared Error (MSE) loss,

LX) = SIFC0) ol = 5 30 (Fla) —9)®  and L'(f(@) = f(a) — .
=1

15
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* For the Binary Cross Entropy (BCE) loss, we assume the network produces logits z = f(X) € R”

with associated class-one probabilities p = sigmoid(z) = —-— € R"™ computed component wise.

1+e
Then, for given output data y € {0,1}",
LX) = = [un) + (=) n(1=p)],  L'(F(X)) =p—y = sigmoid(f(X)) .
i=1
* For the Hinge loss for binary classification with output datay € {—1,1}", f(X) € R™ and
L(f(X)) =) max (0, L —y; f(x2)) -
i=1

Then L'(f(X)) is the vector whose ith entry is given by the subgradient

of (xi) —yi, ify; f(z;) < 1.
A.4. Residue Concentration
1. Suppose the training labels satisfy y; = f.(x;) + &, where f, is Lipschitz and &; are i.i.d.
subgaussian random variables. Then, for independent W and X, lipschitz activation functions
and for either the MSE or Binary Cross Entropy (BCE) loss the residues are subgaussian variables
and satisfy this assumption.

2. For binary classification with the hinge loss, then since a; ~ Unif(+1) we have with probability
1 — o(1) that at least a constant fraction of the data points satisfy 1 — y; f(x;) > 0, and therefore
r; = £1. As a result the assumption holds at initialization.

A.5. 0 Alignment

Here we consider Sigmoid, ReLU, Tanh, ELU, Softplus, and Swish activation functions.
For each activation function, we consider three different loss functions - MSE, BCE, and Hinge.
Then for for each activation and loss function combination, we consider (v, ) € {1/8,3/8,5/8} x
{0,1/2}. This gives us 96 scenarios. We do each each scenario for the Mean Field and NTK scalings.
For each scenario we let 1)1 = 0.75 and 12 = 1.25. We consider n € {750, 1500, 2250, 3000, 3750}.
We use triple index targets

f(x) = sigmoid(67 x) + tanh (52 ) + relu(51 )

for three unit vectors (1, B2, 83. For each value we do 50 trials to get the mean inner product
| \/ﬁlllv“ll zT'r|. Then we then estimate beta using linear regression.

Figure 3, presents the estimates 3s. Here we see that 5 has a mode around 1. Recall if 21, 29
are independent uniformly unit norm vectors. Then z{ z5 ~ d~!. Figure 3, however, that many s
are bigger than 1. This suggest z, r are rapidly becoming orthogonal. Note that negative s are
cases, where the alignment improves, so z, r are becoming parallel. Eventually, the inner product
will saturate at 1 and 8 should be close to zero. The reason we get negative s is due to the limited

range of n used for the experiments.
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Distribution of Beta Estimates NTK Distribution of Beta Estimates MF
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Appendix B. Empirical Details
All code for the experiments can be found at Link.

The following details are common for all experiments.

Hardware: All experiments were run on Google Colab using an A100.

Data X: We sampled g uniformly randomly from the unit sphere and we used a diagonal S
1 Estimation: We estimate p using 10000 samples.

Targets: The triple index model we used is as follows.
f(z) = sigmod(B{ ) + tanh(BL z) + relu(8L z)

For three unit vectors 31, 82, 3.

When using MSE loss, we let

for standard gaussian noise €.

When using BCE loss, we use
y = f(z).

Note that these y are not necessarily in [0, 1]. However, the BCE loss is still well defined.

When using Hinge loss,
y = sign(f(x) — 0.5).

Note this dataset can be imbalanced.

17
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Alignment determination: To plot the red and blue lines in Figures 1,2,3,7,8, we use the following
procedure. We let B = S + S12 + S2 (+ S5 for the gradient penalty). Then we compute its leading
left singular vectors for B. We then check if with ¢ and X gr. Thus, how we get the associated
singular value and we plot the corresponding lines.

B.1. Figure 1

For non-isotropic W, we generate Wg by sampling the rows i.i.d. from the unit sphere. We then
introduce anisotropy, by adding n~*/41¢” to Wy and then renormalizing to unit norm. This results
in the weight concentrating around q.

B.2. Figure 4

For Figure (b), we generate Wg by sampling the rows i.i.d. from the unit sphere. We then introduce
anisotropy, by adding n'/21¢™ to W and then renormalizing to unit norm. This results in the weight
concentrating around q.

For Figure (c¢), we generate Wg by sampling the rows i.i.d. from the unit sphere. Then we project
onto the ortho-complement of ¢ and renormalize the rows.

For Figure (d), we generate Wg by sampling the rows i.i.d. from the unit sphere. We then let
W = WsXT X and renormalize the rows. This results in a W that is highly dependent on X

B.3. Figure 7
Here we use ( = 0, « = 0. Hence applies for prior work from [2, 20].

We let n € {100,200, 300, 400, 500, 600, 700, 800} and use d = n/2 and m = n/3.

B.4. Later in Training Experiments
Here both network are initialized with the same weight matrix for both the inner and outer layers.

We use a step size of = ~,,,1. Additionally, after each iteration, we re-normalize the rows of W to
have unit norm.

For Figure 8(c), the mean principal angle in the following quantity. Given orthonormal basis
u1,...,u and vy, ..., v for two subspaces, we form the matrix A via

T
AU_uiUJ

We the compute cos(o;(A)). These are the principal angles between the subspaces. We then report
the mean of angels.

B.5. Real Data Experiments

MNIST Dataset: We load the standard MNIST dataset, divide by 256 to have all entries in

[0,1]. We use 1000 centered and flattened MNIST images to form X € R1000%784 We estimate
v =~ 0.784 > 1/2. The data is highly ill-conditioned, suggesting a large effective «.

CIFAR Dataset: We use n = 1000 CIFAR-10 training images, processed through a pretrained

ResNet-18 (on ImageNet) to extract 512-dimensional penultimate-layer activations, forming X €
R1000%512 We estimate v ~ 0.3572 < 1/2 and a ~ 0.6.
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Specifically, the code for the transformations are as follows.
resnetl8 (weights=ResNetl1l8_Weights.DEFAULT)

transform = transforms.Compose ([
transforms.Resize (224),
transforms.ToTensor (),

transforms.Normalize (mean=[0.485, 0.456, 0.406], # ResNet defaults

std=[0.229, 0.224, 0.225])
1)

Appendix C. Large Spike (v > 0.5): Non C? Activations and Dependence between 11/
and X

Theorem 3 (Large data-spike gradient approximation) Suppose Assumptions 1, 2, 3, 4, 5, and
6 are satisfied, and define E;, = G — S12 — Sa. Then, with probability 1 — o(1) for v > % we have

8
1 ELll2 — o) ISi2llz _ (, (772} 1522 :Q< n” H(ZOT)TU'L(XWT)HQ)
Vmym||r |l IEL]2 logn | "||EL|2 logn  [lo (XWT)]|

(6)

Note this is a generalization of [3], which required alignment between the targets y and the spike
q. Theorem 3 shows that if v > g or if

o’ (XW )l ) -

n’ =w|logn

( I(z 0 r)To (XWT)]|2
holds, then the gradient is approximately rank one. In contrast to the v < i case, this rank-one
gradient aligns closely with the data spike plus interpolant Sq2 + So rather than the residue S;. This
is empirically verified in Figure 4 for non-C? activations ReLLU, as well as dependent and independent
W and X.

1400 35000 60000
1200 30000 50000
21000 25000 H

]
220 —= Datas,
-=- Residue S;

9
2 40000
z —— Data$;

2 800 —-- Datas, 2 20000 —- Datas; T
5 5 £ 30000 --- Residue 5,

--- Residue 5 £ —-- Residue S; 315
215000 £ E

ol ¥ 20000
400 10000 10

200 5000 5 10000

0 0
0 200 200 600 800 1000 4 200 400 600 800 1000 [ 200 400 660 800 1000 [ 200 400 600 800 1000
singular Index Singular Index singular Index Singular Index

(a) ReLU, Isotropic W (b) Swish, Ws + /ng1” (c) Sigmoid, Ws | 4 (d) ELU, WsXTX

Figure 4: Singular value distributions of the gradient G' under various activation functions and weight
matrix initializations and structures, with a large data spike v = 3/4. W denotes the random matrix
with rows drawn mutually i.i.d. uniformly from the unit sphere. The rows of Wy , are uniform on
the sphere and orthogonal to ¢q. All weight matrices are subsequently normalized to have unit norm
rows. Fixed parameters: bulk decay exponent o = 0, n = 750, d = 1000, m = 1250, NTK-like
scaling (v, = 1/4/m), MSE loss, and triple-index model targets.
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Appendix D. Regularization

For what follows let G(9) denote the un-regularized gradient matrix derived in Proposition 12.

(5 weight decay. Adding the term 5 ||TV||2 to the loss function modifies the gradient to G =
GO 4 A\W. Theorem 4 implies that if A||W |2 = o(y/m~m) it cannot suppress S or S, however,
it \||W 2 = w(y/my,n”) then it suppresses both spikes.

Proposition 4 Given Assumptions 1, 2, 3, 4, and 6. If ||r||2 = O(\/n), then with probability 1—o(1)
we have that ||S1||2 < O(v/mym), < O(\/m%nn”_g), and ||Sz2||2 < O(v/mymn?).

Isotropic Gaussian input noise. This regularization technique involves adding independent isotropic
Gaussian noise & ~ N (0, 2] ) to each input x; without changing the corresponding labels y;. [5]
showed that training with input noise is equivalent under certain conditions to adding a Tikhonov
regularizer to the loss, often related to >, ||V, f(2;)||3. More recent work [31] connects adding
isotropic noise to the data to controlling the trace of the Hessian of the loss function.

Let us define 2 = = x; + &. This changes the input data distribution, effectively modifying the
bulk covariance from StoY =3+ 72 Consequently, derived quantities such as the residue
vector 7/, the alignment parameter (', the gradient components S}, S5, S7,, the error term E’, and
the effective bulk spectral decay o’ are denoted with primes.

Proposition 5 (Isotropic Gaussian noise) Assume the setup of Assumptions 1, 2, 3 with indepen-
dent X and W. Assume o satisfies Assumption 4 for the noisy data X'. Additionally, suppose the
modified residues satisfy r; = O(1) with probability 1 — o(1), and Assumption 6 holds for v’ with
scaling parameter 3'. If 72 = n” and ||’ (X'WT)||2 = o(n), then with high probability:

151112 15512 —ey 11552l P
> w(l), < 0O(n""2), <o(n'"277).
1|2 1E" ]2 1|2

Proposition 5 analyzes the effect of input noise. It indicates that the residue spike S} remains
prominent relative to the error term E’. Conversely, if the noise is sufficiently strong, the data
spike components S} and S7, become suppressed relative to E’. Intuitively, adding noise with
variance 72 = n” increases the variance of the bulk data component. This boosts the overall scale of
terms involving (X }S)T. Simultaneously, the added noise tends to make the pre-activations W7 X’
more isotropic, which can reduce the operator norm ||o’, (X'W7) |5 relative to its Frobenius norm,
potentially limiting the growth rate of || E’||2, ||S%]|. This predicted relative enhancement of S} and
suppression of S} is verified empirically. As discussed in Section 3 (cf. Proposition 2), ReLU can
hinder residue spike S;. However, Figure 5 shows that with small amount of input noise 72 = 0.25,

an initially suppressed S| re-emerges, while S is diminished relative to S} and the bulk.

Jacobian penalization. Another form of regularization penalizes the sensitivity of the network output
to changes in the inner weights. We consider the Jacobian penalty Lycq = A5 > [|0w f (z:)||3.
To analyze this effect of L., on the gradient, we derive the gradient of L., with respect to .

Proposition 6 (Gradient penalty) Let Diag(||x;||?) be the n x n diagonal matrix, whose entries
are ||x;||. If o is twice differentiable, then

1 .
Vi Lreg = — Mg, (o (WXT) © o (WXT)) Diag(]|*) X
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Figure 5: Effect of regularization. Panels (a), (b) are for isotropic Gaussian noise. Parameters:
n = 750,d = 1000, m = 1250,v = 1/8,a = 8/9 (for original data), triple-index targets, ReLU
activation, MSE loss. Panels (c), (d) are for Jacobian norm penalization. As ) increases, the size
of S does change, size of the bulk F» grows, and the size of the data spike S3 grows. Parameters:
NTK, v = 3/8, a = 0, Sigmoid and MSE, and triple-index model targets.

The gradient of the regularizer factorizes into a data-aligned rank-one spike Ss and error Fs:

1 1 '
53 = HVE”XE‘I“ By = ;’Vng‘l” ¥ = Diag(||lz[|*) (¢! (XWT) 0 o”(XWT)).

Proposition 7 Given Assumptions 1, 2, 3, 4, and 6. If ||| = ©(y/n), a < 1, and a constant
fraction of the entries of o' (XWT) © o"(XW™) are bounded away from 0, then

[AE2]|2 -2 1 -3
>\ (n YT2T 4 2“) .
15112

A (nQV_%_% + n1_230) > \/E’Ym

Ifv> % + 5, then we have that asymptotically the residue spike does not escape the bulk for
any \ = 0O(1). If v < %, we see that increasing A suppresses the residue spike. For the data spike,
we have that A\S3 will grow as A grows. Hence this enhances the data spike. We empirically verify
that increasing A kills the residue spike while promoting the data spike (Figure 5).

Real-Data validation. The identified low-rank spike-plus-bulk gradient structure and the dis-
cussed regularization effects are observable in two standard vision datasets - MNIST and CIFAR10.
For MNIST, we estimate v =~ 0.784 > 1/2 and the data is highly ill-conditioned, suggesting a
large effective a. Theorem 3 predicts a gradient dominated by data-aligned components (Panel (c)
of Figure 6). Adding isotropic Gaussian noise with 0> = 100 (Panel (d)) suppresses the original
data-aligned spike and enhances the residue-aligned spike S1, consistent with the analysis in Sec-
tion D. For CIFAR-10 we use a pretrained ResNet-18 (on ImageNet) to extract 512-dimensional
embedding. We estimate v ~ 0.3572 < 1/2 and « = 0.6. For these parameters Theorem 1 suggests
S1 (residue-aligned) can be prominent. Panel (a) of Figure 6 shows a dominant S;. Applying
Jacobian regularization with A\ = 10° (Panel (b)) suppresses S; and promotes a data-aligned spike
(akin to S3), consistent with the behavior analyzed for Jacobian penalization in Section D.

Appendix E. Later in Training

1) Alignment at initialization: residue r versus target vector y. Recall from Theorem 1 that
in the small spike regime the gradient is dominated by S;. Further, for the MF scaling the residue r
is approximately equal to the target y, while for the NTK scaling the residue can be quite distinct
from y. This implies the alignment of the gradient may differ significantly depending on whether an
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Figure 6: Gradient singular value spectra on real datasets. Each panel displays the singular values of
the gradient matrix G under the specified conditions.
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Figure 7: Empirical alignment (normalized inner product) of the top singular vector of the gradient
G with XLy, XZr and w for data from a single-index model y = Sigmoid(w” =) + noise. We use
isotropic X, ReLLU activation, and MSE loss. We average over 500 samples of a, W, X, y. The error
bars are the 25th and 75th percentile.

MF or NTK scaling is used. Suppose y = sigmoid(w”x) + ¢, then Figure 7 presents the normalized
inner products between the leading left singular vector of G and three candidate directions X gy,
X }gr, and w. For the MF scaling, we see that the gradient’s dominant direction aligns well with
X};r, X gy, consistent with Theorem 1 and [2]. For the NTK scaling, consistent with Theorem 1,
the gradient exhibits strong alignment with X }gr. This differs notably from both X }gy and the w
alignment directions predicted in [20] which we believe to be erroneous.

2) Stability of the gradient during early training. Let GG; denote the gradient after ¢ iterations of
GD. In Figure 8 we plot the alignment between the leading left singular vector of GGy and subsequent
leading left singular vectors of Gy under both MF and NTK scalings. The following is quite striking:
the dominant gradient direction under the MF scaling remains stable throughout training while for
the NTK scaling it evolves significantly. This leads to a divergence in the trajectories of the weight
matrix even with identical initialization and training data.

Towards explaining this, suppose the conditions of Theorem 1 hold at least approximately up
to some iteration ¢ < 7. Then under an MF scaling the gradient is approximated by a rank-one
matrix whose left singular vector is nearly constant X grt ~X gy. Therefore it remains stable over a
number of iterations. If the NTK scaling is used instead, then as .S is proportional to X grt % X ng
and the gradient depends on the residuals r; which evolve throughout training.

3) Phase transitions both by epoch and data spike size. In Figure 9 we observe the evolution
of the alignment of the gradient versus the data spike and the residue under the MF scaling. Moving
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NTK vs MF
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(a) MF scaling (b) NTK scaling (¢) Mean principal angle in degrees
(notice the small range) (oscillatory) between W for the NTK and MF.

Figure 8: Evolution of the gradient direction and weight matrix during training under GD with
Weight Normalization (WN) for the MF and NTK scalings. Fixed parameters are v = 0, = 0
while using the Sigmoid activation function and the MSE loss. Plots (a) and (b) show the alignment
(normalized inner product) between the leading left singular vector of the initial gradient G (epoch
0) and that of GGy (epoch t). Plot (c) shows the mean principal angle between the weight matrices
learned under the MF and NTK scalings with identical initialization and training data.
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Figure 9: Evolution of the alignment of the leading left singular vector of G; with data spike ¢ and
residue (Xgrt) during training. Fixed parameters: MF scaling, Tanh activation, MSE loss, o = 0.

from small to large spike sizes we observe a transition in the gradient alignment from the residue
X};r to the data spike q. We remark that this is as predicted by Theorem 1 and Theorem 3 at
initialization. Of particular interest is the middle spike size setting, where we witness a phase
transition during training of the gradient alignment from residue to data spike. We only pause to
highlight this interesting phenomenon here and leave a more thorough analysis to future work.

E.1. Assumption Satisfactions
For Theorem 1 and Theorem 3 to apply beyond initialization, during training we require certain
assumptions to hold. We begin by considering the common assumptions needed for both theorems.

1. Assumption 1 concerns the proportional regime and hence holds during training.
2. Assumption 2 concerns the data generation process and hence also holds during training.

3. Assumption 3 concerns the network initialization, and scaling, hence the assumptions on a and
Ym continue to hold during training. Moreover, through the use of weight normalization the
assumption that the rows of W are on the unit sphere also holds.

4. Assumption 4 concerns the activation function, namely its smoothness and Lipschitzness which of
course also hold during training. However, it is not clear that the assumption on the non-vanishing
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gradient is satisfied. Despite this, we empirically verify as per Figure 10 that it does hold during
training at least for small v. For moderate v = 7/16 we observe that ji,,;, appears to decrease,
hence later in training this assumption may be violated. For large v = 3/4,the assumption only
appears to hold for the first iteration. We remark that this results in the suppression of 57 and S12
but does not effect Sy or E. As a result, we suspect that the data spike ¢ remains dominant.

5. Assumption 5. This is the assumption that

e (lozn),

7]l vn

Figure 11 shows that while this ratio grows, the change is very small. Hence, we believe that this
assumptions holds.

6. Assumption 6. This is about the alignment between z and r. Figure 12 shows that while this ratio
grows, the change is very small. Hence, we believe that this assumptions holds.

For the additional assumptions required for Theorem 1, clearly if the activation is C? at initializa-
tion then it is also C? throughout training. Finally, although clearly the independence of W; and X
is violated, due to the near constant gradient direction, (at least for the MF scaling) the correlation
between W and X remains small.

Appendix F. Proofs

Notation In the appendix, we shall use f < g to mean that f = O(g) with probability 1 — o(1).
F.1. Regularization Proofs
Proposition 8 Given Assumptions 1, 2, 3, 4, and 6. If ||r||2 = O(y/n), then with probability 1 —o(1)

_B
we have that ||S1]|2 < O(v/mym), |S12]l2 < O(Vmymn”~2), and ||S2]|2 < O(v/mymn”).

Proof These bound immediately follow from Theorem 13, Theorem 14, and Theorem 15. |

Proposition 9 (Isotropic Gaussian noise) Assume the setup of Assumptions 1, 2, 3 with indepen-
dent X and W. Assume o satisfies Assumption 4 for the noisy data X'. Additionally, suppose the
modified residues satisfy r; = ©(1) with probability 1 — o(1), and Assumption 6 holds for v’ with
scaling parameter (3'. If 72 = n” and ||’ (X'WT)||2 = o(n), then with high probability:

1512 oy 11972l

157112 e
> < o@b), <
1£7]|2

(1) 5
= W s ~
e L

(=5

).
Proof We prove each bound in turn.

S} Bound: Recall that S| = 22 (X},)7r/(a o p/)T". Since d > n, and X}; € R™* is full rank
with probability 1, we have that with probability 1, for any vector v

1(X5) 02 2 Tmin(X)][0]l2
Since the smallest eigenvalue of 3/ is n?, with probability 1 — o(1), we have that
Umzn(XlB) > n%+g~
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Applying to S7, we get

.
15112 2 Ymn?/?||a o //H2H7|12

Then using Assumption 4, the fact that the entries of @ are £1, and 7, = O(1), we get

11112 Z ymn?*Vim

E Bound: Next, we have that £/ = 22 (X})T((r'a™) o o/ (X'WT)). Using the fact that with
probability 1 — o(1), r; = ©(1) and a; = £1, we have that with probability 1 — o(1)

I(r'a®) 0 o (X'W)||2 = [0, (X'WT)]2.
Thus, we have that
~
[P2RPS f\IXEIIQ\\Ui(X’WT)Ilz
S I ant 2ol (XWT) o
Since d > n and X if full rank with probability 1, we have that with probability 1,

I(XB)" ((r'a") 0 o (X' W)z = omin(Xp)((r'a") 0 ' (X' WT)) ]2
= Omin(Xp) |0’ (X' W)z

Hence we get

y
122 2 Fm\/ﬁnmllal(X’WT)Hz

S, Bound: Recall that
Sy = Tn"qz"((a") 0 o (X'WT))
n

Hence we get that

Ym
13112 = =" lall2 |2 ((r'a™) 0 o' (X'WT))]l2

Tm v
el Izl1201(('a™) 0 o' (X' W)

< It o (X))
n

1, Bound: Recall that

U _’Ym nu

12 = 7 qz"1'(ao M/)T
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Thus, we have that

"
I1S5all2 = —=n™ =" r(a 0 4)]2

= I 1Ty (@ o 1) o

I ll2ll2ll21l(a o 1)]l2

_g
S Vmymn' 2

< ’Yimnnu—ﬁ’/Q
~n

Relative Bounds: Thus, we have that using ||, (X'WT)||2 = o(n)

||S£H2 > n :w(l)
1E"l2 ™ [0’ (X' W)l
For the upper bounds we see that
IS4l g IStallz o umog BOLXWDl gty )
1E 2 ™ COEl n '

Proposition 10 (Gradient penalty) Let Diag(||x;||?) be the n x n diagonal matrix, whose entries
are ||z;||%. If o is twice differentiable, then

1 :
Vi Lyeg = ﬁk’y?n ('WXT) © 0" (WXT)) Diag(||zil|*)X.

Proof Letting Z = W X7 and f; = f(x;) then note

fi=a'o(Wa;) = a’h;, and Oy, f; = a.

It follows that
0z fi = On, fi © 0’ () = a © ' (%).
Recall 07
rC
W = l{c:k}era
then

Oij p— 0Zic 8ij Zi '

and therefore

Owfi=(a®d (Wa;))a]
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Let g; = a ® ¢’(h;), then

low fill T = llgii I = Zgz] i, = llgal3ll:l13.

Now

0
aW ||g’LH2 8Wrc ga‘] aWrc

(2a (]T i)o (w]TJ:Z))mZC

(U)TSUZ)2

The term inside the brackets is independent of ¢ while the term outside the brackets is independent of
r. As a result this is an outer product and

owllgills =2 (a*® © o' (W) © 0" (Way)) 2l

Note above a°? refers squaring operation being applied elementwise to the vector a. Therefore

1 n
dwR=5Y owlowfil: (®)
i=1
1 n
=35 Z il 130w [lg: 3 ©)
i=1
- Z ||:E1”% (ao2 o (W) o J//(WJEZ')) xZT (10)
i=1
= (a1 o o/ (WXT) 0 0" (WXT)) Diag(|2s]|*) X (11)
= (o/(WXT) o o”(WXT)) Diag(]|z:]|*) X (12)
|

Proposition 11 Given Assumptions 1, 2, 3, 4, and 6. If ||r||l2 = ©(y/n), a < 1, and a constant
fraction of the entries of o' (XWT) © o"(XWT) are bounded away from 0, then

A (an’_%—% + nl_zga) > \/Efym ”||)\»52H‘2 >\ (an’_%_l + n‘%“) .
12

Proof We begin by noting that since o, o’ are lipschitz, we have that o/, 0’ are bounded. Hence
O'/(XWT) ® O'”(XWT)

has an operator norm that is at most O(n). Since a constant fraction p of the entries are at least some
universal constant ¢, then in the proportional regime, we have that

lo'(XWT) © " (XWT)|2 > \}HIIU’(XWT) © " (XWh)||F 2 Vme = Q(v/n)
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Recall that 1

By =~
n

VmX g Diag(||zi[|*) (o' (XWT) © o"(XWT)).
Then since d > n, X Diag(||z;]|?) is full rank with probability 1, we have that

L o

—Ymmin (X Diag([|zil|")) [l (XWT) © " (XWH)]l2 S || Ball>

and
1 .
[ E2]l2 S E’Vﬁlamam (X% Diag(||lz]*)) o' (XWT) © 0" (XWT)||,

Due to Assumption 2, with high probability 1 — o(1), we have that
11—«
Umaz(XB) § \/ﬁ and Umin(XB) Z noz

Then since ||z;]|? concentrates to n?” + n!~% (for a < 1), we have that

2
a2 S %m\/ﬁ(n” +n!7) o' (XWT) © " (XWT)|2

and
2

l1—«a
122 2 %mnT(n” +n! 7)o (XWT) © 0" (XWT)]

Then using the O(n) upper bound on ||/ (XW7) ® ¢”(XWT)||o, in the proportional regime, with
high probability 1 — o(1), we get that

1Eslla S mA2 (n® 2 +n3279)

Using our ©2(y/n) lower bound on ||o/(XW7T) ® o”(XWT)||2, we get

1Eslla 2 my2,(n® =5~ 40~ 5)

On the other hand, if ||7||2 = ©(y/n) we have that
Va2 5 151z £ Vimvm
For the NTK regime, we have that

a_ 1—

P58 4 0T > v ||||;32|||2 > p=§-1 4 p—to
112
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F.2. Spikey Gradient Proof
Proposition 12 (Gradient of the loss) If Assumption 4 holds and R is differentiable, then

G:=VyrL=X"[(ra") oo/ (XW")] + AVyyr R(W) € RP*™
exists for almost every W in R™*4,

Proof The first thing we need to do is to compute the gradient. To begin, we compute

m d
fla) =Y ajo (Z wjk@z‘)k)
j=1 k=1

Thus, we see that

) 13 / 9 m d
Fo LUE@) = 23 C(F@))go— | D_aio | D winlwi

P j=1 k=1
1<, N0 :
== @)Y g (a <Z wnk@z)k))
1=1 j=1 e k=1
1 — , - T 9 :
= 5 Zé (f(fUz)) a;o (w] xl) ow (Z w]k(xz)k)
=1 Jj=1 " \k=1
LS o () ()
=1
= S )i’ (XWX
=1
- %(XT[(L’(f(X))a) o' (XWT)])sr

We begin by decomposing the gradient

G= ’%”XT ((ra") o o’ (XWT)).

This algebraic decomposition holds for the current state (X, W, r, a), irrespective of any statistical
dependence between W and X . Recall the data decomposition

X =Xp+ Xg=Xp+Czq" e R™*?
where rows of X are from N(0,%), z ~ N(0,1), |lg]| = 1 and the activation derivative de-

composition o (XWT) = 1,uT + o/ (XWT), where u = E,[o’(Wz)] depends on the current
wW.
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Substituting these into the gradient expression yields:
G= %nXT ((ra™) o [Lop + o (XWT])
= %RXT (rtaop)” + (ra™) o o’ (XWT))
= (XE + X3) (rlao ) + T (XE + XT) ((ra") 0 o (XWT))

= ’y?ngr(a o)’ + %Xgr(a op)t

Sl 512
+ 2 XE((ra") 0 o (XWT)) + 22 XF(ra") 0 0!, (XWT)).

So E

Using Xg = (zq', we identify the components explicitly:

XZy
S1="m B (aou)T
n
2Ly
S12 = Ym( (n) glaop)”

5 = 84 (7 (ra") 0 o (X W)
E= %Xg((raT) oo (XWT)).

Note that Sy shares its right singular vector (a o p) with S (up to scaling) and its left singular
vector ¢ with Sy. Understanding the gradient structure requires bounding the norms of these terms,
which depends on the properties of the current W, r, i, and the data statistics.

F.2.1. UPPER AND LOWER BOUNDS

Given our helper results, we now provide bounds for the S1, 512,52, and E appearing in Section 3.

Lemma 13 (S; Bound) Let W be the weight matrix (e.g., at step t) with unit norm rows, and let

T
S = ’ymy(a o )T Suppose X is from Assumption 2, a has fixed &1 entries (Assumption 3), r
is the current residual, and . = E, [0’ (W )| satisfies p, = O(1) for all k (Assumption 4). Assume
d > n. Then with high probability:

a+

Vi ptminllrllzn ™% < 1S1ll2 € vimm pmaxlrlln 2,
where i = ming x| = (1) and jiax = max | = O(1).
Proof The operator norm is
181l = T2 XFrllla o pl.
First, consider a o u, where aj, = &1 and yy, = E, [0’ (w] z)]. By assumption, fimin = miny, || =
Q(1) and prmax = maxy |k = O(1) (since ¢’ is bounded). We have:

m m
laopl3 = ajuy =>_ 1.
k=1

k=1
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Thus, we see that
,umin\/a < HCL o HH2 < ,Ufmax\/E~

By Assumption 2, if d > n we have that with high probability
11— 1
n 7 |l S 1XErll2 S n2 7.

Substituting the bounds for || X}r(|2 and ||a o p|2 into the expression for [|S |2 = 22 || X Lr|2la o
ull2:

l-a _a+tl
Lower: [|S1][2 2 LTT(H 2 [[rll2) (Vmpimin) = YV Mipimin|7]]2n” 2

1 _1
Upper:  [[S1l2 £ LTT (n2]7[l2) (Vmimax) = YmVMpmax|r[l2n” 2.

This completes the proof. |

Lemma 14 (S12 Bound) Let W be the weight matrix (e.g., at step t) with unit norm rows. Let
T

S12 = 1 (5 )q(a o ). Suppose z,q,( = n” are from Assumption 2, a has fixed 1 entries

(Assumption 3), p = By [0/ (Wx)] satisfies p, = O(1) (Assumption 4), and the current residual r

satisfies ]inq = O(||r|lan=P/>=Y/2) (Assumption 6). Assume d > n. Then w.h.p.:

_bB_1
ISizllz = © (Vi rflan” =5 %).

Proof Since Si2 is a rank-1 matrix and ||¢||2 = 1, its operator norm is:

2Ty
— | llao plla.
n

ZTT "
[S12]l2 = |¥mC g llallzlla o pll2 = ymn

By Assumption 6 applied to the current residual r, we have

=0 (Jlrllan=27%).

ZT’I"

Substituting this scaling, we get

B_1
2

_B_1 _B+1
121l = 3mr’® (Ilrllan37%) llao ullo = © (un™F lirllallac pls)

As established in the proof of Theorem 13, using the assumptions on a and p (specifically i, = ©(1)),
we have ||a o pu]|2 = ©(y/m). Combining these gives the final result:

_B+1 L_B_1
18122 = © (3= F 20 (vim) ) = © (Vimymllrllan®=57%).
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Lemma 15 (S Bound) Let W be the weight matrix (e.g., at step t) with unit norm rows. Let
Sy = MQZT [(raT) oo’ (XWT)]. Suppose z,q,( = n¥ are from Assumption 2, a has fixed
n

+1 entries (Assumption 3), i = B, [0’ (Wx)| satisfies u, = O(1) (Assumption 4), and the current
residual r satisfies \inq = O(||r||lan=P/>~1/2) (Assumption 6).Then, w.h.p.:

_B_ . _1
Y™ 2 |7 |20min (0! (XWT)) S [1S2ll2 S Ymv/m ||7[loe min(n”, [[W||2n*~2).
Where < hides universal constants Cy, Co.

Proof The operator norm is

Ymn”

1S2ll2 = 12" ((ra") o o/ (XWT))J2.

Upper Bound: Using Theorem 20 and Assumption 3 that a; ~ Unif(+£1), we have the upper
bound

127 ((ra™) o o (XWT))ll2 S l|2l2llrllcllalloo |0 (XWT)) 12
S lllzll7 loollo’ (XWT))]l2-

Then with probability 1 — o(1), since z ~ N(0, I), we have that ||z|2 < C'v/n. Hence we get that
127 ((ra") 0 o (XWT))ll2 S Cllrllsslo’ (XWT))[2v/n.

Then since we have Assumption 4, we can use Theorem 19 to bound the norm ||, (XWT)||2, which
gives us that with probability 1 — o(1),

17 ((ra") o oL (XWT))lz S Cllrlloev/mmin (n, v/l WE12]]5)
= C|lr||ccv/nmin(n, [[W[an”1/2).
Thus, we get that
[S2llz S 22n¥ Cllrl|o/mmin(m, [ W [an**1/2)
= OV Irlo min(n”, [W]2n*~7),
where we used the proportional scaling of n and m, Assumption 1, in the second line.
Lower Bound: For a lower bound, we start by writing
(ra’) o o/ (XWT) = Diag(r) o/, (XW7) Diag(a).
Thus, we have that

¢z" ((ra”) o o’ (XWT)) = ¢ (" Diag(r)) o/ (XWT) Diag(a)
= q(zor)T o' (XWT) Diag(a).
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Taking the norm and recalling that ( = n”, we get
I¢gz" ((ra®) 0 o' (XWT)) [|l2 = n"|lq]| [|(z 0 )" o' (XWT) Diag(a)]|.
Since the entries of a are -1 and ¢ has unit norm, we have that this is the same as
n”||ql| H(z or)T Uj_(XWT)H =n" H(z or)T aj_(XWT)H .
By Cauchy-Schwarz, we have using Assumption 6 |277//n||r||2| = ©(d—?/2) that

n n T
[ny zimil _ el s
(zimi)? > H=ELE = = Q(n~%|r2).
Z T VELT Vel

Thus, we get that for some constant C'

[zor| =

1 , 8
152l Z Cym 12 7| 20min (o' (XWT)).

Lemma 16 (Upper Bound on F) Assuming Assumption 1], Assumption 3, Assumption 2, and
Assumption 4, we have that with probability at least 1 — o(1)

. _1
|Ell2 S Cv/mamllrlloo min (1,073 |W2)
Proof Recall E = 2= XT((ra”) o o/, (XWT)). Using Theorem 20, we have that

n
ot LELERS IX5ll2llrllscllalloo o’ (XWT)]l2.

m

Then using Assumption 2, whereby the rows of X p are iid from N (0, ﬁ)), we have with probability
1 — o(1) that
1 X5l < CVn,

and using Assumption 3, we trivially have that
lalloo = 1.

Thus, we have that n
,THEHz S CValrfollo (XWT)]fo.
m

Then using Theorem 19, we have that with probability 1 — o(1)

o (XWT)]l2 5 C i (m, /a2 )

Since ||%1/2|| = n¥, we get the result in the proportional scaling of Assumption 1. |
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Theorem 1 (Gradient approximation) Suppose Assumptions 1, 2, 3, 4, 5, 6 are satisfied, X and
W are independent, and o is a C? function. Define E = G — S1 — S1o — So. Then, for all v, o € R>o,

Vmym|[rllso Vmym|rlloo
with probability 1 — o(1) as d,n,m — co. Moreover, if v < % then with the same probability
812 _ ¢y (0275 [S2ll2 _ Q< n” H(zor)Tai(XWTNb) "
1E]2 logn||[Wl2 |7 1E]2 logn  [lo’ (XWT)[)2 ’
1_B
[[S12]|2 n2" 2 _e, _ ||S12]2 _Bia
= —— . Qn""2) < <O 272). (5

112 log n[[ W2 151l

Proof We start with the gradient decomposition derived in Section 3:

G=851+S92+S+FE

where
XLy
S1="m B (GON)T
2Ty
S12 = Ym( <n> q(ao M)T

S = 10 (7 (ra") 0 0!, (XWT)
E= %Xg((mT) oo (XWT)).

We assume the conditions of the theorem hold, including the scaling \/m~,, = O(1) and the residual
concentration ||7]|2/||7]lcc = ©(v/n/logn) (Assumption 5).

Proof of Upper Bounds:

For the first upper bound, we have G — S; — S12 — S2 = E. Using the upper bound on || E|2
from Theorem 16 and the assumption /m~,, = O(1):

|G =51 =512 = Sall2 _ || E]f2
7]l 00 I7lloo
C'v/mym min (Ln”_%HW!h)
I7llso

=0 (min(l, ||W||2n”_%)) .

~

For the second upper bound, we have G— 51— 512 = Sy+ E. Using the triangle inequality and the
upper bounds on ||.S2||2 from Theorem 15 and || E||2 from Theorem 16, along with \/m~,, = O(1):

G = 51 = Sial2 _ [1S2ll2 + [ E]l2
17]loo - 17 /loo

: v—1 . v—1
Vil (e, [ a5 4) + Vi o i (1,53 1)

~

[17{loo

= O (min(n”, [Wlzn®~) + min(1, | W]2n" %))
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Proof of Lower Bounds:
We establish lower bounds for the ratios ||S1||/||E||, ||S12||/||£]|, and ||S2||/||E||. These rely
on the lower bounds for [|Sy|],||Si2||,||S2]| and the upper bound for | E|. We use the result

I7ll2/lI7llc = ©(v/n/logn).
Ratio ||S1]|/||E|: Using Theorem 13 (lower bound) and Theorem 16 (upper bound), we have

that
_oatl
H51||2 > \/m'}/mﬂmin||7ﬂ||2n 2
1Bl ™ i oo min (1,772 W)
- ”THQ n—(a+1)/2
™ I7floo min(1, [W]jgnr—1/2)
\/,ﬁ n—(a+1)/2

~ logn min(1, |[W]anv—1/2)
nfa/Z

~ log nmin(L, [W]2nr—1/2)’

If v < 1/2 and we assume || W ||an”~ /2 = O(1) is the dominant term in the minimum, the ratio
is
Q n1/2—1/—a/2 '
log n|[W{l
If v > 1/2 and assume |W||zn”~1/2 > Q(1), the minimum is O(1). The ratio is
Q (”_a/2> .
logn

Ratio || S12]|/|| E||: Using Theorem 14 (lower bound) and Theorem 16 (upper bound)

Vmym||r||2n P2

[S12]l2 <
IE]l2 ™~ /mAml|r]|o min(L, | W]|2nr=1/2)
Irlls  nvmP2L2
™ [Irlloc min(1, [W(|2nr—1/2)
\/ﬁ nV—B/Z—l/Q
~ logn min(L, |[W]anv—1/2)
nuf,B/Q

- log nmin(1, ||[W||gnv—1/2)

If v < 1/2 and assume ||W||an”~'/2 = O(1) dominates the minimum, the ratio is

nl/2-8/2
Ql — | .
log n[|W{|2

If v > 1/2 and assume |W|[an”~1/2 > Q(1), the minimum is O(1). The ratio is
Q (”V_M) .
logn
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Ratio || S2|/|| E||: We have that

1Sell o Zmnli(z 0 )0 (XWT)]
[B] ~ [ Xalalrole, KW

> nl/—% HZ © THK, (O'i(XWT))
T

17/l

pe n”‘%‘g ’I|r|:|2 K (UL(XWT))
T|loo
nv—%
> / XWT
=~ lognﬁ(UL( ))

Relative Sizes Next, we prove the relative bounds. First, we have that

ISuzll _ IXErlllao ull _ n¥ 33 el
1Sl I XErllla o pll el
Then since
2 irlly S 1XErlla S Vallrls,
we get that
-4 < [ES R
s

For the second relative bound, we have that

it
ISl _ w4 S rlalleo sl _ o ? 2
15l = wlizon o (KXW ~° \[i(zorTo, (XWT)]

For a lower bound, we get that

_B
ISl o o lrllz w72 1
1Sall ™~ llzll2lirll2 prta s
For an upper bound, we have that
(B3] '3 |7y - n
< =

1921l ™ 3= 2 7 | ammin (' (XWT))  Omin(@L (XWT))
|

Theorem 3 (Large data-spike gradient approximation) Suppose Assumptions 1, 2, 3, 4, 5, and
6 are satisfied, and define E;, = G — S12 — Sa. Then, with probability 1 — o(1) for v > % we have
_B
L2 ISi2llz _ (, (n"72 ) [IS2ll2 _ Q( n” |l(zor)To (XWT)H2>
Vmym||rlloo

=0(1), = ,
IEL]2 logn | " || ELll2 logn [l (XWT)|2

(6)
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Proof This proof is exactly the same as Theorem 1. Except we use the following upper bounds.
Data Spike: The operator norm is

Ymn”

1S2ll2 = 12" ((ra") 0 o/ (XWT))J2.

Using Theorem 20 and Assumption 3 that a; ~ Unif(41), we have the upper bound

127 ((ra™) 0 /L (XWT))ll2 <[22l llso lalloo o, (XTWT))]12
S llzl2llrlloollo’, (XWT))]l2.

Then with probability 1 — o(1), since z ~ N (0, I), we have that ||z||2 < C'y/n. Hence we get that
127 ((ra™) 0 'L (XWT))l|2 S Cllrlloc oL (XWT))l|2v/n.
Then since we have Assumption 4, we can bound the norm ||o’, (XW7T)||2 by O(n)
127 ((ra™) 0 o' (XWT))[|2 S Clirflscv/nn
Thus, we get that
1S2ll2 S CVmm [Irlleo ",

where we used the proportional scaling of n and m, Assumption 1, in the second line.
Error Term: Recall E = 22 X[ ((ra’) o o/, (XW7)). Using Theorem 20, we have that

n
ot LELERS IX5ll2llrllocllalloo o’ (XWT)]l2.

m

Then using Assumption 2, whereby the rows of X are iid from A/(0, 33), we have with probability
1 —o(1) that
Xl < CVn,

and using Assumption 3, we trivially have that
lallc = 1.

Thus, we have that
n
TIIEllz S CVn|rllsollo’ (XWT)l2.
m

Then
o’ (XWT)[|2 < O(n).

Since ||X1/2|| = n¥, we get the result in the proportional scaling of Assumption 1. [
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F.2.2. HELPER RESULTS: SUBGAUSSIANITY AND CONCENTRATION

Lemma 17 Let Z € R" 4 pe a matrix with standard normal IID entries. If n < d, then as
n/d — c € (0,1), we have that with probability 1, the eigenvalues oféZZT are ©(1). Further,

omin(Z) = O(Vd =), omax(Z) = O(WVd + /n).

Proof As %Z ZT is a Wishart matrix, the limiting empirical spectral distribution almost surely weakly
converges to the Marchenko-Pastur distribution supported on [(1 — /)2, (1 + /¢)?]. [ |

Lemma 18 Let X € R™*% have IID rows from N'(0, ), where Ay (3) ~ k= as per Assumption 2.
Then with probability 1 — 2 exp(—cn) for positive universal constants ¢, we have that

0 (n;> < | X5l <O (nl)

Proof We can write Xp = %127 where Z € R"*¢ has IID standard normal entries. Using
Theorem 17, we have that in the proportional regime (Assumption 1), || Z|l2 = ©(y/n). The result
follows using the fact that

oumin(E1) 1 Zl|2 < 1 XBll2 = [£2Z]2 < omax(EY?) 1 Z]l2,

and noting that
Tmin(ZY2) = O(n™?) and opmax (2?) = O(1).

Lemma 19 Let W be a given fixed matrix indepedent of X. If Assumption 4 is satisfied and o is C,
then we have with probability 1 — C exp(—cn) for positive universal constants c,C, that

o (XWT)]la < " min (n, /| WE25)
for some constant C' > 0. Here ¥ = S+ C%qq" is the full data covariance from Assumption 2.

Proof Since o is L-Lipschitz (Assumption 4), its derivative o’ is bounded by L. As u = E, [0/ (Wz)],
the centered term o, (XW7T) = ¢/(XW7T) —1,,u” has entries bounded by some M (e.g., M = 2L).
Thus, using the relation between operator and Frobenius norms:

o (XWE)5 < o' (XWT)[7 < Mnm.
Thus, we have that in the proportional regime
o’ (XWT)|l2 = O(n).

On the other hand, ¢/, (X WT) represents mean-centered features and is Lipschitz, using Corol-
lary 25, with probability 1 — C' exp(—cn), we have that

loL (XWT)]l = O (VallWs22).

The overall bound follows by taking the minimum of the two derived bounds. |
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Lemma 20 For any vectors u, v and matrix A, we have that

min [u;] min fvg | A2 < 1(wv™) 0 All2 < [[ullos|vlloclAll2-
Proof This follows from the observation that

(uv?) o A = diag(u)Adiag(v),
where diag(u) is the diagonal matrix with u in the diagonal. Then using the fact that
omin(B)||All2 < [[AB|l2 < omax(B)]| Al|2,
where oy, 1s allowed to be zero and noticing that
Oumex(diag(u) = [uloe and Gy (diag(er)) = min .

The bounds follow from applying the matrix norm inequality twice. |
Lemma 21 (Sub-Gaussianity) For z ~ N(0,%), a fixed vector w € R%, and an L p-Lipschitz

function f : R — R, the random variable f(w” x) is sub-gaussian with subgaussian norm at most
C,C?c w5123 for some constant C. Furthermore,

E[lf(w2)]) = 1F0)] + O (L4052 = O + Lyl|jwTS2)).

Proof Using Lipschitzness,

’f(J:Tw) - f(OTw)’ < LylaTw — 0] = Ly|zTw).

The variable w”z ~ N(0,02) where 02 = |[wTS1/2||3. Thus, w”z is (02 )-sub-gaussian. For
t>0,
T T t2
Pr[|f(z"w) — f(0)] > t] <Pr[Lylz"w|>t] <2exp —m .

Thus, we see that

T (t —c)?

where ¢ = | f(0)|. For the expectations, taking expectations, we get that

E [|f(a"w) - (0)]] < B [£slaTwl] = £74/ 2 [wTS123.

Using | f(w”z)| < |f(wTz)—f(0)|+]f(0)] and the triangle inequality for expectations, E[| f (w’ z)|] <
E[Lf(w ) — FO)] + 1£(0)] = |£(0)] + O(Lse,), giving the result .

40



Low RANK GRADIENTS AND WHERE TO FIND THEM

Lemma 22 (Covariance Operator Norm Bound) Let W € R™*% be a fixed matrix whose rows
have unit norm and let x ~ N (0,X). Suppose that f : R — R is L Lipschitz respectively. Define
the population second moment matrix

® = E,[f(Wa) f(Wa)'],
where f is applied element-wise to the vector Wx € R™. Then
1@l < B, [f(Wa)][l3 + [WE'2]5C3
for some universal constants C1, Cs.

Proof We note that ® is the uncentered covariance matrix. However, to bound the operator norm of
® we need to consider the centered covariance matrix ©

& =E [f(Wa)f(Wa)T] —E[f(Wa)|E [f(Wz)]"

P

Then we see that

[, = sup v @0
= HSlHlEl vl Py — (E [va(Wx)])2
:amEUJﬂW@ﬂﬂﬂwmfy4Ewym@mz

[[of=1

= sup Var (va(Wx))
[[v]l=1

We want to bound this using the Gaussian Poincare inequality. Which we recall here (Link). Let
g: R — RbeaC! function then

Var. wo.(9(2)) < Eeuon [IV9(:)I7]

Since z ~ N'(0, %), we can write it as z = $'/22. Thus, define the function

m

o(2) i= FOVa) = o f (WE22) = 3 (w] 1/20)
k=1
Let us then define )
u = [Ulf/ (w?zl/Ql.) o Umf/ (wg;zlmw)]

Then we see that
Vg(2)" = kaf’ (w,{Zl/%) (w,le/?) = 4T Wxl/?
k=1

Thus, we see that

E. [[IV=9(2)I17] < B, [IWS23]lull?] < IWSY2|ZE, [Jul?]
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Then using Lemma 21 and noting that f” is bounded by £, we get that

£ (S| = 3ote (el
k=1 k=1
S <13
k=1

Thus, we have that
E[IVg(2)?] < [WSY2|3L5

Thus, using the Gaussian Poincare inequality, we see that
¥ 1/2)2 p2
1], = W55

Thus, we see that
@2 < ||® — @2 + WS35

Finally, we see that
|& - @||, = |[ELrValELrva)|
= [[E[f(Wa)]l3

2

Thus,
@]z < [ELf (W)l + WS35 - L3

We are going to instantiate a few corollaries for cases that we care about. Specifically, we shall
f = o', as the non-linearity. In this case we have that E [f(Wz)] = 0.

Corollary 23 [fE[f(Wz)] = 0, we have that
182 < [WE|3L3.

We shall also need to bound the norm of the expectation. In the case, when o is bounded, we get
that the expectation

Lemma 24 (Feature Norm Bound) Ler x; ~ N(0,X) be 1ID for i = 1...n, forming rows of
X. Let W € R™*4 pe a fixed matrix whose rows w; have norm ||w;||2 = 1. Let f : R — R be
L ¢-Lipschitz. Define the population second moment matrix

O =B, [f(Wa)f(Wz)"]

(as in Theorem 22). Then with probability 1 — 2e~ " for some universal constant ¢ > (),

2§ <1+C’\/T)\/W

42
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Proof Since x; are IID, we have the rows of f(XW7) € R™™ are IID. Additionally, by Lemma 21
the entries are £2 ||wTEl/ 2||2 sub-gaussian entries. Thus, we have that
- 1

X — xwT
Lymaxi=1..m ||w;[21/2||2f( )

has IID rows whose sub-Gaussian norm is at most a universal constant. Let
. 1 S 1
d="E[XTX] =
n [ ] L3 maxi=1_m [|w] 2|3

Then using Equation 5.26 from [28], there exists universal constant C, ¢ such that

1 . N ot2 /m t
— — > — - R
Pr[ o ) max(d, 0 )H@Hg] < 2e , 0=C o + Jn

Thus, with probability 1 — 2¢=<”, we have that

< max(8, 6%) |||l

1o .
ZXTX —d
n 2

Using the reverse triangle inequality, we have that

| | . . .
LIxTx), < HxTX — | + 18]
n n

2

Thus, with probability at least 1 — 2¢<*, we have that
1, o7 . .
EIIXTX||2 < [|®]l2 + max(6, 8%)[| |2

Thus, we get that

jﬁufcuz < \/Ill2 + max(s, 52) ]

Multiplying both sides by £ max;—1...m HwiTEl/2 |l2, we see that
< £y max [ D [o(1+ ')/ @]
< (1+0'9) 25 s, [ 2312

< (1+C'8) V2|2

Using t = \/m, we see that with probability 1 — 2e =™,

Hence, we can again instantiate some simple corollaries.

H (WoXT)

2

H (WoXT)
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Corollary 25 [fE[f(Wz)] = 0, we have that
|FxT)||, < £CIw s 2oy

Another important case, if f is uniformly bounded. This is the case, when we apply it for o’, o”.
Here we either have the expectation is zero. In which Corollary 25 applies. If the mean in non-zero
then we get the following.

Corollary 26 If |E[f(2)]| = M, we have that
|romax™)|| < ¢ [+ ws2svia) .

F.3. ReLU Data Alignment

Lemma 27 Let M = uv’ be a non-zero rank 1 matrix, where u € R™ and v € R™. Assume that
all entries of u and v are non-zero, i.e., u; # 0 foralli =1,... , mandv; # 0 forall j = 1,.

Let M be the matrix wzth entries Mw = 5ulvj>(] Let M = M 0.5J, where J is the m X n matrzx

of all ones. Then, rank(M) = 1.

Proof Let v/, u” € {0,1}" and v/, v” € {0, 1}" be indicator vectors defined as follows:
* U = du;>0
° Ug’/ = 5u7;<0

/!
° Uj - 5’Uj>0

U;/ = 611]' <0
Since we assume u; # 0 and v; # 0 for all 7, j, every entry in u is either positive or negative, and
similarly for v. This means 1,, = v/ + u” and 1,, = v/ + v”, where 1 denotes a vector of all ones of
the appropriate dimension.

The entry M;; = 5uivj>0 is 1 if and only if (u; > 0 and v; > 0) or (u; < 0 and v; < 0). This
can be written as:

M — u/(v/)T + u//(ﬂ//)T

The all-ones matrix J can be written as .J = 1,,1%. Using the property that 1 = u’ 4+ u” and
1= 40"
J= (ul + U”)(Ul + ’U”)T

= u ( ) Y ( ) + UH(’U/)T + UH(’U”)T

Now we compute M =M —0.5J:

M: (U/(UI)T+U//(U//)T) ( ( ) ( )T_’_u//(U/)T_’_u//(U//)T)
= 0.5¢/(v")T 4+ 0.5u" (v")T — 0.5¢/ (") — 0.5u" (/)"
= 0.5 [u/ ()" =/ (") =" ()" + 0" (0")]
= 0.5 [u/ ()" = (v )T) u"((v)" = ("))

= 0.5(u' —u")((V)" = (v")7)
_ 0'5(u/ _ u//)(vl o U//)T
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Let sign(u) denote the vector with entries sign(u; ), where sign(x) = 1 if z > 0 and sign(z) = —1if
x < 0. Since no w; is zero, (v’ —u”); = 0y, >0 — du;<0 = sign(w;). Similarly, (v' —v”); = sign(v;).

Thus, we have shown:

M = 0.5 - sign(u) - sign(v)”
Since M = wv” is non-zero, both u and v must be non-zero vectors. Because we assumed no
zero entries, the vectors sign(u) (containing only +1) and sign(v) (containing only £1) are non-
zero vectors. The matrix M is expressed as the outer product of two non-zero vectors. Therefore,

~

rank(M) = 1. [ |

Proposition 28 (ReLU gradient) If2v > 1 — «, and the row of W are i.i.d. from the unit sphere,
then with probability 1 — o(1) we have that o’ (XWT) = 1 sign(z;) sign(Wq)T.

Proof Recall the data decomposition x; = (z;q + x4, where the spike direction q € R? is unit-norm,
z; ~ N(0,1), the bulk component ; ; has spectrum exponent «, and the spike magnitude scales
as ¢ = n". Since each row w} of W is uniform on S¢~1, ||Wql||2 ~ \/m/d with high probability.
Using standard concentration for random projections, with probability 1 — o(1),

d @(dl_a) a <1,
Wapills < Cllawills = CY 5% = {O(logd) a =1, (13)
=1 o(1) a>1.

For the spike term | W (Cziq)|l2 = |z C|[Wall2 2 n”\/%|zi| > n”, since |z;| > ¢ with
probability 1 — o(1) for some universal ¢ > 0. Hence, whenever 2v > 1 — «, the spike contribution
W ({ziq) dominates the bulk, so that sign(Wx;) = sign(W ((z;q)). Then Lemma 27 then implies
for ReLU that

ol (XWT) = 3 sign(z;) sign(Wq)7.
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