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Frontier Language Models Struggle to Copy:
Text Can Be Better Viewed in 2D

Anonymous Authors1

Abstract
While large language models (LLMs) can solve
advanced reasoning problems in seconds, we
show that even frontier models fail to perform a
much simpler operation: exactly copying an input
string that lies well within their context windows.
We attribute this failure to positional encodings in
Transformer architectures, whose inductive bias
favors copying through a shortcut based on match-
ing local contexts rather than carefully locating
the corresponding input positions. To address this
issue, we introduce 2D-RoPE, which organizes
text into a 2D grid rather than a 1D sequence and
assigns each token a row ID and a column ID.
Under this view, copying becomes simply retriev-
ing input tokens from the same column, which
makes the task easy to learn. In synthetic copy ex-
periments, shallow Transformers with 2D-RoPE
achieve perfect copying at input lengths hundreds
of times longer than those seen during training,
whereas standard positional encodings fall far be-
hind. We further pretrain 2D-RoPE language mod-
els on DCLM at scales up to 1.4B parameters and
show that 2D-RoPE substantially improves per-
formance on copy and NIAH tasks. Overall, our
results suggest that viewing text in 2D can benefit
language modeling, and we hope this encourages
future work to further explore the potential of 2D
positional encodings.

1. Introduction
While large language models (LLMs) have achieved tremen-
dous success on a wide range of complex reasoning prob-
lems, we show that they still struggle with a seemingly
simple task: given a string as input, reproduce the exact
same string as output, possibly with minor adaptations to

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.
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match a required output format. We refer to this as the copy
task and specifically consider the following two variants:

• Binary Copy. We give the model a simple string con-
sisting of two types of tokens (such as 0 and 1) and the
model is instructed to output the exact same sequence
of tokens.

• Python List Conversion. We generate a comma-
separated list of data points from synthetic physical
experiments, feed it to the LLM, and ask the LLM to
convert the data into a Python list that can be used to
generate plotting code for the data.

Although solving these copy tasks may not require the same
level of intelligence as an LLM, it is arguably a fundamental
capability that any intelligent agent should possess. For
example, an agent may need to copy parameters from a
configuration file for function calling, or organize unstruc-
tured user input into a specific format for downstream pro-
cessing. After all, if current LLMs are already intelligent
enough to achieve gold-medal performance in Olympiad-
level mathematics and competitive programming (OpenAI,
2025; Luong & Lockhart, 2025; Lin & Cheng, 2025), why
shouldn’t we expect them to perform this very basic copying
task perfectly?

However, as shown in Figure 1, all the frontier LLMs we
evaluate, including GPT-5.5, Gemini 3.1 Pro, and DeepSeek
V4 Pro, fail on a substantial fraction of input strings that are
well within their context lengths. Their copying accuracy
drops further on longer inputs, often falling well below 50%.

Understanding the Failure of Copying. Our experimen-
tal design is motivated by the following conjecture: LLMs
may not copy a string by directly using the absolute index i
to retrieve the i-th character from the input. Instead, copying
may be implemented in a way closer to the induction head
mechanism (Olsson et al., 2022; Chen et al., 2024b): the
model searches for a previous occurrence of a similar local
context and then predicts the token that appears right after
this occurrence.

Under this view, repeated substrings create ambiguous local
matches and can therefore interfere with exact copying. In-
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Copy the text below exactly as-is (keep every character): 
0111111111111110111111111111111111111111111111110111
1111111111110111011101

0111111111111110111111111111111111111111111111110111
1111111111110111011101

</> Python 

[-0.33, -0.33, -0.22, 2.55, 0.08, -0.33, -0.33, -0.22, 2.55, 0.08]

(a) Binary Copy

Convert this sequence of physical sensor readings into a 
Python list:
-0.33,-0.33,-0.22,2.55,0.08,-0.33,-0.33,-0.22,2.55,0.08

(b) Python List Conversion
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Figure 1. Top-row: Examples of Binary Copy and Python list conversion prompts. Bottom-row: Frontier language models struggle to
copy strings perfectly, while our 2D-RoPE models achieve significantly better performance. See Section 3.1 for details on the benchmark
construction.

deed, in our experiments, the tested strings are not arbitrary
but are deliberately chosen to contain repeated substrings.
For example, in the Python List Conversion task, part of
the data is generated from periodic sine or triangular waves.
Our further experiments in Figure 2 show that copying ac-
curacy is negatively correlated with the degree of repetition
in the input strings.

In Section 3, we develop expressivity theory and mecha-
nistic interpretability results to support this conjecture, and
show that the copying failure is closely tied to the positional
encoding used in Transformers. Although RoPE has appeal-
ing properties such as shift-invariance, it does not provide
a sufficiently strong inductive bias for the model to align
the source and target tokens by their relative positions. As a
result, the learned attention patterns are not cleanly aligned
with the corresponding source positions, but are instead
easily attracted by locally similar substrings.

Our Method: 2D Positional Encoding. This analysis
points to a natural design goal: a positional encoding with
a stronger inductive bias towards copying from the corre-
sponding position in the input. To this end, a key obser-
vation is that the copy task has an implicit 2D structure.
When copying an input string x1, . . . , xn into an output
string y1, . . . , yn, if we only view the whole context as
a 1D sequence, for example x1, . . . , xn,<\n>, y1, . . . , yn,
then producing an output token yk requires the model to
locate the corresponding input token xk in this 1D sequence
through careful arithmetic over positions. To do so, the
model may first have to identify the boundary between the
input and output, since the relative positions of xk and yk

depend on the input length n. It is thus no wonder that
models may fall back to an easier shortcut such as match-
ing similar substrings. Instead, if we arrange the input and
output strings into two rows and use the position k within
each string as the column index, then producing yk reduces
to simply retrieving a token from the same column.

Motivated by this key observation, we introduce 2D-RoPE.
The construction is inspired by prior uses of 2D positional
encodings in vision models that view images as a 2D
grid (Jeevan & Sethi, 2022; Heo et al., 2024; Chu et al.,
2024). Given any text, 2D-RoPE uses the line break token
<\n> (also called the newline token) as the row separator
and views the text as a 2D grid, where each token is as-
signed a 2D position ID pair (row ID, column ID). RoPE
attention is then applied to this 2D grid to encode relative
positions along both axes. In this view, copying a string
can be implemented by a single attention layer that retrieves
tokens from the same column, which is arguably a simpler
structure for the model to learn.

Empirically, 2D-RoPE leads to strong length generaliza-
tion on the copy task. Here, length generalization refers to
the ability to generalize from short training sequences to
longer test sequences. In synthetic copy experiments, we
train 2D-RoPE models on the binary copy task and show that
one-layer models achieve perfect copying with up to 1000×
length generalization, while 12-layer models maintain the
perfect performance up to 100× length generalization. The-
oretically, we also prove that one-layer Transformer with
2D-RoPE can provably learn copying with length general-
ization.
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Beyond this synthetic setting, many natural documents also
contain explicit 2D structures induced by line breaks, such
as lists, tables, and code, which today’s LLMs do not di-
rectly encode in their positional encodings. We therefore
pretrain 2D-RoPE models ranging from 0.3B to 1.3B pa-
rameters on DCLM (Li et al., 2024). After finetuning, these
models exhibit length generalization on copy tasks and sig-
nificantly improve the long-context retrieval performance on
the Needle In A Haystack (NIAH) task (Hsieh et al., 2024)
across lengths from 512 to 4K.

Finally, since the 2D structure in natural documents may
not always be explicitly marked by line breaks, we intro-
duce Auto-2D-RoPE, which learns a data-dependent trans-
formation to automatically assign 2D coordinates to each
token. Our experiments show that Auto-2D-RoPE main-
tains length generalization on binary copy even without line
breaks, whereas the original 2D-RoPE does not.

Overall, our results suggest that viewing text in 2D can
benefit language modeling, and we hope this encourages
future work to further explore the potential of 2D positional
encodings.

2. Related Works
Comparison with Jelassi et al. (2024). Jelassi et al.
(2024) is most closely related to our work, which stud-
ies synthetic copy tasks and gives a two-layer Transformer
construction based on context matching. Our focus is dif-
ferent in several aspects. First, we show that frontier LLMs
fail to copy user-provided strings exactly, even within their
context lengths. Second, their construction and analysis
focus on the uniform data setting and do not imply perfect
copying for arbitrary strings with repeated substrings or pro-
vide the length-generalization guarantee considered in our
work. Finally, their construction is context-based, whereas
our results suggest that repeated substrings make context
matching unreliable, and further, we propose 2D-RoPE to
solve copy. See Appendix B for additional related works.
3. Language Models Fail to Copy
In this section, we first introduce our copy benchmarks in
detail, and then present our analysis to diagnose the failure
of LLMs on the copy tasks.

3.1. Our Copy Benchmarks
For a testbed of LLMs’ copy capabilities, we construct the
following copy tasks. See example prompts in Figure 1 and
full prompt templates used in our experiments in Appendix
M.

Binary Copy Task. In binary copy, we fix a vocabulary
V of size |V| = 2, which means that the input string s only
consists of two types of tokens. Given an input string s, the
model is required to output an exact copy of s. For example,
the input string can be s = “011010101010100”, with

the vocabulary fixed to V = {0,1}. We generate such input
strings from three different distributions:

• Uniform Generation: Each token is sampled indepen-
dently and uniformly from V .

• Imbalanced Generation: We fix a probability set
p ∈ {0.05, 0.15, 0.3, 0.5, 0.7, 0.85, 0.95}. For each
string, we first sample p uniformly from this set, and
then each input token is sampled as the first token
in V with probability p and the second token with
probability 1− p.

• Recursive-Flip Generation: We initialize s with a
single token sampled uniformly from V . Then we
iteratively update s ← s + c + s for several rounds,
where c is a randomly sampled token from V in each
round. After K rounds, we obtain a string s with length
2K+1 − 1, which contains a complicated recursive
structure as well as many random flips. When we
need to generate a string with an arbitrary length n, we
simply truncate s to its first n tokens.

Python List Conversion Task. We generate a comma-
separated list of data points from synthetic physical exper-
iments and ask the LLM to convert the data into a Python
list. This mimics the scenario where an agent needs to copy
user inputs into a specific format for downstream process-
ing with Python code, such as visualizing the data. Our
evaluation includes 9 synthetic experiments in total, each
data-point list is generated randomly from one of the 9 ex-
periments. These experiments can be further categorized
into three types: smooth periodic oscillations, piecewise or
reset-driven oscillations, and nonlinear or pulse-like signal
responses. See Appendix C.2 for details.

3.2. Evaluation of Frontier LLMs
Figure 1 shows that frontier LLMs fails to perform per-
fect copying on both binary copy and Python list con-
version tasks. For binary copy, we test the models on
Recursive-Flip and Imbalanced data. For each length in-
terval [2k, 2k+1 − 1) with k ∈ {7, 8, 9, 10, 11}, we gener-
ate 50 samples with lengths sampled uniformly from that
interval, and report the average copying accuracy within
each interval. For Recursive-Flip, the vocabulary is either
{“0”, “1”} or {“000”, “111”}, depending on whether the
model’s tokenizer tends to merge consecutive 01 characters
into a single token. For Imbalanced data, we fix the same
vocabulary for all models: {“ a”, “ b”}. See details of the
evaluation in Appendix C. For the Python List Conversion
task, we evaluate four list lengths, 200, 300, 400, 500, with
50 samples for each length. See details of the evaluation in
Appendix C.1.

For Recursive-Flip, the vocabulary is either {“0”, “1”} or
{“000”, “111”}, depending on whether the model’s tok-
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Figure 2. Repeat-structure copy test for frontier LLMs. Accuracy decreases as repetitions are preserved more strongly, suggesting that
repetitions make exact copying harder; see Appendix C.3 for details.

enizer tends to merge consecutive 01 characters into a single
token. For Imbalanced data, we fix the same vocabulary for
all models: {“ a”, “ b”}.

There are two notable features in the results. First, as the
input length increases, the accuracy of all models decreases.
This suggests that the models may only have learned an
ad-hoc copy rule that works for some specific input length
range, rather than a rule that can be generalized to all lengths.
Throughout the paper, we use the term length generalization
to refer to the ability of a model to perform well on inputs
with lengths beyond the training range.

Second, frontier LLMs perform especially poorly on strings
with many repeated substrings. To see this, we sample a
short binary base string, repeat it multiple times to generate
a fixed-length long string, and independently flip each token
with probability 1− p. As we increase p from 0 to 1, each
repeated substring becomes less likely to be corrupted, and
thus the input contains more repeated substrings. As shown
in Figure 2, the copying accuracy consistently decreases
as the number of repeated substrings increases in this way.
Details of this experiments can be found in Appendix C.3

3.3. Why Do LLMs Fail to Copy?

Motivated by the above observations, we now state our
conjecture on why frontier LLMs fail to copy. There are
two natural algorithms for solving the copy task:

• Position-based algorithm: to output the k-th output
token yk, derive some representation of the index k
and use it to retrieve the corresponding input token xk.

• Context-based algorithm: first identify the local con-
text around the current output token yk, such as
yk−3yk−2yk−1, and then find a similar local context in
the input, and then copy the token associated with that
matched context.

The position-based algorithm sounds the most natural, but
implementing it in a Transformer requires careful arithmetic
over positions, since the relative position between xk and

yk depends on the input length n, which may vary across
input strings. Without handling this dependence properly,
the model may learn to copy only for some input lengths
but not others.

The context-based algorithm is more flexible and can be
implemented with a few attention layers, but it is NOT a
correct algorithm in general: if there are many repeated
substrings in the input, the context-based algorithm may not
be able to locate the correct input position.

It is clear from the imperfect copying accuracy that LLMs do
not exactly implement either of the two algorithms above,
but what do they do instead? We conjecture that LLMs
instead implement a mixture of the two algorithms. In other
words, LLMs exhibit an inductive bias towards a mixture of
position-based and context-based copying algorithms. This
conjecture is supproted by the two failure modes: copying
accuracy decreases as either the input length or the degree
of repetition increases.

3.4. Diagnosis via Expressivity Theory and Synthetic
Experiments

To further support our conjecture and understand why the
inductive bias does not favor the position-based algorithm
exactly, we analyze the problem via expressivity theory and
synthetic experiments.

3.4.1. EVIDENCE FROM EXPRESSIVITY THEORY

First of all, we ask: can Transformers express the position-
based copying algorithm? The answer is mixed. Given the
apparent simplicity of the copy task, one might expect a
single Transformer layer to be expressive enough to solve
it. This expectation is natural: single attention layers are
closely related to associative recall (Ramsauer et al., 2021;
Bricken & Pehlevan, 2021; Smart et al., 2025), and posi-
tional encodings can in principle support retrieval tokens
at a fixed relative offset (Vaswani et al., 2017; Weiss et al.,
2021). Perhaps surprisingly, this is not the case for binary
copy. We show that even for input strings with length at most
5, one-layer Transformers cannot exactly perform copying.

Theorem 3.1. No one-layer Transformer with shift-
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Figure 3. Length generalization on the Recursive-Flip distribution. All models are trained on Imbalanced strings with lengths from 1 to
100, so Recursive-Flip is an out-of-distribution. Full results on all test distributions are shown in Appendix D, Figure 6.

invariant positional encoding can perform the binary copy
task for all input strings with length n ≤ 5.

Note that shift-invariant positional encodings cover a wide
range of positional encodings, including RoPE, NoPE, AL-
iBi, etc. This follows from a simple proof by contradiction.
Intuitively, one-layer transformer fails to copy since copy
requires retrieval at a length-dependent offset rather than a
fixed offset. Thus, the failure of one-layer models reflects
a lack of capability for processing length-dependent tasks.
The formal statement of this theorem and its proof are in
Appendix J.

Beyond one layer, we show that two-layer Transformers
with RoPE can express binary copy.
Theorem 3.2. There exists a constant embedding dimension
d ≥ 1 such that for any norm constraint ρ > 104, there exist
RoPE frequencies β and a parameter vector θ with ∥θ∥2 ≤
ρ such that the Transformer with embedding dimension d,
RoPE frequencies β, parameters θ can perfectly perform
copying for all lengths 1 ≤ L ≤ O(ρ2/ log ρ).

The key intuition here is that with multiple layers, the model
can construct intermediate positional features and use them
to align each output position with its corresponding input
position. The proof of this theorem is in Section K.

Putting these two theorems together, we can conclude that:
(1) the inductive bias induced by standard positional encod-
ings, including RoPE, are not strong enough to support per-
fect copying for one-layer Transformers; (2) Transformers
with multiple layers can express the position-based copying
algorithm, suggesting that training, rather than expressiv-
ity alone, biases Transformers away from position-based
algorithms.

3.4.2. SYNTHETIC EXPERIMENTS
Setup. We further analyze what Transformers learn
through synthetic experiments by training on the binary
copy task. Here we consider two settings: Transformers

with 1 layer and 2 attention heads, and Transformers with 12
layers and 12 attention heads. For each setting, we consider
4 position encodings: RoPE, ALiBi (Press et al., 2021),
NoPE, and RNoPE (Yang et al., 2025b).

Uniform Data. We first train these models on uniform
data with lengths from 1 to 100. While they perform per-
fectly on uniform data, they perform poorly on other data
distributions, such as Imbalanced (see Figure 7). This sug-
gests that the models may have learned a context-based
algorithm.

Imbalanced Data. Instead, when we train these models
on imbalanced data for sufficient iterations, they can per-
form almost perfectly on imbalanced data as well as the
other data distributions we construct. However, all the posi-
tion encodings mentioned above fail to generalize to longer
inputs. See Appendix D for more details of experimental
setups.

Attention Patterns. We further show that these models
use a mixture of position-based and context-based algo-
rithms when copying. To see this, we analyze the attention
patterns of a trained RoPE model on binary copy under the
imbalanced distribution. We consider a small model with 2
heads in the first layer and 1 head in the second layer, trained
on sequences with lengths from 1 to 100. Figure 4 shows
the attention maps of all layers and heads on representative
copy examples.

We first inspect the last layer, since exact copying requires
each output position to align with its corresponding input
position. However, even for a failed sample with length
100, which is within the training range, the learned atten-
tion is not a clean position-based alignment. As shown in
the zoomed attention map, the final-layer head attends not
only to the correct diagonal positions, but also periodically
assigns large attention scores to nearby wrong tokens. This
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Figure 4. Attention map of a RoPE model on a failed sample with sequence length within training length. In Layer 0, attention heads
exhibit both horizontal patterns (attending to special tokens before and after the input string) and diagonal patterns (semantic/induction-
style behavior). In Layer 1, RoPE would attend to wrong tokens near themselves periodically.

suggests that the final copy decision is affected by ambigu-
ous local patterns.

We then inspect Layer 0 to understand where this imper-
fect alignment comes from. We observe two types of
patterns: horizontal stripes on special boundary tokens
such as [<\n>,<I:>,<O:>], which behave like locator
heads and provide position-related signals; and diagonal
patterns, which resemble local-context or induction-style
behavior (Olsson et al., 2022; Singh et al., 2024; Jelassi
et al., 2024). Together, these attention maps suggest that the
trained RoPE model does not implement a purely position-
based copy rule. Instead, it combines locator-style positional
signals with context-based matching, and this mixture can
be confused by repeated local structures. We provide further
discussion beyond the training length in Appendix E.
4. 2D Positional Information Encoding with

2D-RoPE
Given that current LLMs exhibit inductive bias towards
a mixture of position-based and context-based algorithms
when copying and can fail, a natural question is whether
we can design a positional encoding that explicitly favors
the position-based algorithm. In this section, we propose a
novel architecture based on 2D-RoPE (Section 4.1). We first
show the superior performance of 2D-RoPE in copying (Sec-
tion 4.2). For readers who are interested in theory, we also
present a theoretical analysis of 2D-RoPE (Section L) both
in expressivity and global minima.

4.1. 2D-RoPE Architecture

2D Position ID Generation. The key idea of 2D-RoPE
is to assign each token a pair of position IDs instead of a
single position ID. We use the line break token <\n> as
a row separator. Let the 2D position of token i be (ri, ci),
where ri is the row index and ci is the column index within
that row. We set the first token position to (r1, c1) = (0, 0).

For each subsequent token i > 1,

(ri, ci) =

{
(ri−1, ci−1 + 1), i− 1 is not line break,

(ri−1 + 1, 0), i− 1 is a line break.

Thus, tokens on the same line share the same row index,
and their column index records the offset within the line.
In a copy task, this representation makes the source token
xk and the target token yk share the same column index, so
copying can be reduced to retrival from the same column.
This assumes that the input and output are separated by a
line break. For the case where the separator is not a line
break, we propose Auto 2D-RoPE to automatically identify
the separator (see Appendix H).

From 1D RoPE to 2D-RoPE. Standard RoPE (Su et al.,
2024) applies a positional rotation to the query and key
vectors according to the 1D token position. In 2D-RoPE,
we apply the same idea separately to the row and column
coordinates. Concretely, we split the head dimension into
two equal-sized parts: one encodes relative row positions,
and the other encodes relative column positions. This gives
the model direct access to both row differences and column
differences. For copy, the column coordinate is especially
useful, because source and target tokens that should be
aligned have the same column ID, although their 1D distance
depends on the input length.

We now give the formal definition. Let d be the head dimen-
sion, divisible by 4. For an input X ∈ RT×d, a 2D-RoPE
attention layer is defined as

Attn(X) = S
(
MASK

(
R(XQ)

(
R(XK)

)⊤))
XV ,

where S is the row-wise softmax, MASK is the causal atten-
tion mask, and Q,K,V are trainable projection matrices.

It remains to define the rotation function R.
For any matrix Z ∈ RT×d, the i-th row
Zi is mapped to ZiR

⊤
ri,ci , where Rri,ci =

diag
(
R1(ri), . . . ,Rd/4(ri),R1(ci), . . . ,Rd/4(ci)

)
.
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Each block Rj(t) =

[
cos(tβj) − sin(tβj)
sin(tβj) cos(tβj)

]
is the usual

RoPE rotation matrix, where βj is the frequency parameter.
In our synthetic experiments in Section 3.4, we use
βj = θ−4j/d where θ = 100. In our LLM experiments
in Section 5, we set θ to 1000. For the original RoPE
architecture, see Appendix I. We also discuss differences
from prior vision 2D-RoPE variants in Appendix F.

4.2. Empirical Results of 2D-RoPE

Results of Binary Copy Test. In Figure 1, the 2D-RoPE
model maintains near-perfect accuracy on Recursive-Flip
strings, suggesting that explicitly aligning source and target
positions provides a more reliable inductive bias for copying
than relying on local-context matching alone. The model
in the figure has 1.4B parameters and is finetuned on the
imbalanced binary copy task.

Results of Python List Conversion Test. In the right
subfigure in Figure 1, our fine-tuned 2D-RoPE model in
Section 5 is trained only on lists with 50 to 150 data points
and periods between 2 and 8. Although the training data
are easy, the 2D-RoPE model maintains substantially higher
accuracy than all tested LLMs. This result is consistent with
the binary copy experiments: when the input contains re-
peated local patterns, as in periodic or oscillatory sequences,
exact copying is difficult for standard position encoding
while 2D-RoPE provides an explicit positional alignment
between the source data points and their copied output posi-
tions.

Results of Synthetic Experiments on Binary Copy. Fig-
ure 3 shows that 2D positional structure provides a strong
inductive bias for binary copy. 2D-RoPE-based methods
exhibit much stronger length generalization than standard
positional encoding. In the 12-layer setting, positional en-
codings with 2D structure substantially improve over stan-
dard positional encodings. The advantage is even clearer in
the 1-layer setting: the 2D-RoPE model maintains perfect
accuracy up to more than 1000× its training context length.
This suggests that the row-column alignment introduced
by 2D-RoPE directly supports the position-based copy rule
needed for systematic extrapolation.

5. Experiments on LLM Pretraining
To validate the effectiveness of 2D-RoPE in empirical lan-
guage modeling, we first pretrain Transformer language
models from scratch and compare 2D-RoPE against RoPE.
Then, we finetune our different models on the synthetic bi-
nary copy dataset and the Python List Conversion datasets.

Model Configuration. We experiment with the
Qwen3 (Yang et al., 2025a) architecture, which is one
of the most widely used open-source LLMs. To ensure

fair comparison, we keep everything unchanged and only
replace RoPE with 2D-RoPE. We experiment with different
models sizes (350M, 730M, and 1.4B parameters). See
Appendix G.1 for more details.

Pretraining Configuration. The models are pretrained
with the DCLM corpus (Li et al., 2024) with 2K context
length using the typical optimizer, LR scheduler, and hyper-
parameters (see Appendix G.2 for more details). We use
a data-to-parameter ratio of 20 (i.e., Chinchilla law (Hoff-
mann et al., 2022)). Furthermore, we experiment with an
overtrained setting that is common in state-of-the-art LLMs,
where a 730M model is pretrained on 100B token.

Finetuning Configuration. Each model is finetuned on
the imbalanced binary copy task (described in Section 3),
using 200K examples and 2K context length (1K maximum
input/output tokens). For each model, we swept learning
rate (LR) values of {3 × 10−5, 5 × 10−5, 1 × 10−4} and
arrive at 5× 10−5 because it has best overall performance.
See Appendix G.5 for more details.

Hybrid RoPE. In order to show the effectiveness of 2D-
RoPE, we construct a Hybrid-RoPE (H-RoPE) model be-
tween RoPE and 2D-RoPE, in which RoPE and 2D-RoPE
are used alternately across Transformer blocks. H-RoPE
serves as an investigation on whether partial use of 2D posi-
tional structure is sufficient to improve length generalization
in copying.

5.1. LLM Evaluation Details.
We evaluate the models on the following benchmarks. See
Appendix G.4 for more details.

Common-Sense Reasoning (CSR). A set of eight zero-
shot question-answering tasks that measure a model’s gen-
eral language modeling abilities.

Needle-in-a-Haystack (NIAH). A set of tasks where the
objective is to retrieve a specific “needle” from a document.
We use the NIAH (single) tasks from RULER (Hsieh et al.,
2024), but with newline characters around the needle.

Binary Copy. We evaluate on the Imbalanced and
Recursive-Flip binary copy tasks as described in Section 3.1.
The first task is an in-domain copy task (since the models
are finetuned on it), and the second task is an out-of-domain
task that tests the transferability of our method on copying.
5.2. LLM Results
As shown in Table 1, LLMs with 2D-RoPE have superior
length generalization in the binary copy tasks, in both in-
domain (Imbalanced) and out-of-domain (Recursive-Flip)
settings. This result shows that 2D-RoPE can exhibit its
advantage in copying in practical large-scale LLM training.
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Figure 5. Fine-tuning results on copy-related tasks using 730M models pretrained on 100B DCLM tokens. The gray region indicates the
training context length range during finetuning.

PT NIAH Copy (Imbalanced) Copy (Recursive-Flip)
Model Param Data CSR 512 1K 2K 4K 1K 2K 4K 8K 1K 2K 4K 8K

RoPE 350M 7B 41.4 93.7 92.1 87.0 1.9 97.2 14.8 0.0 0.0 14.4 7.8 0.0 0.0
H-RoPE (ours) 350M 7B 41.2 93.1 98.8 94.4 57.9 99.6 57.8 0.0 0.0 96.9 92.2 35.1 0.0
2D-RoPE (ours) 350M 7B 40.4 91.9 97.9 93.9 92.8 97.4 69.2 33.4 2.4 96.9 89.3 56.4 36.4

RoPE 730M 15B 44.0 100.0 98.4 96.7 26.4 97.0 11.0 0.0 0.0 15.5 7.8 1.1 0.0
H-RoPE (ours) 730M 15B 45.5 95.9 97.9 90.0 4.5 95.4 11.4 0.0 0.0 14.4 5.8 0.0 0.0
2D-RoPE (ours) 730M 15B 45.2 93.0 98.2 92.4 91.3 99.4 74.6 12.8 0.0 92.8 76.7 45.7 10.9

RoPE 1.4B 28B 45.9 84.5 87.2 82.3 10.0 99.6 26.8 0.0 0.0 21.6 8.7 0.0 0.0
H-RoPE (ours) 1.4B 28B 47.2 93.4 98.5 94.5 62.3 100.0 73.6 3.6 0.0 100.0 98.1 55.3 5.5
2D-RoPE (ours) 1.4B 28B 46.8 98.3 96.4 92.6 86.0 100.0 100.0 92.0 61.8 100.0 98.1 92.6 87.3

RoPE 730M 100B 46.0 76.9 80.9 70.5 0.4 99.6 29.2 0.0 0.0 76.9 80.9 70.5 0.4
H-RoPE (ours) 730M 100B 46.2 83.7 89.9 89.3 38.3 99.2 52.1 0.0 0.0 83.7 89.9 89.3 38.3
2D-RoPE (ours) 730M 100B 46.2 87.3 93.1 88.6 86.5 100.0 96.3 72.8 15.8 87.3 93.1 88.6 86.5

Table 1. Large-scale pretraining results of 2D-RoPE, H-RoPE, and RoPE. Each model is pretrained on DCLM, and then finetuned on the
copying data with imbalanced distribution.

Models with 2D-RoPE (2D-RoPE and H-RoPE) also show
better NIAH performance when the context length exceeds
the maximum training context length, implying that copy-
ing abilities is beneficial to real-world in-context retrieval
tasks. Finally, models with 2D-RoPE outperform RoPE
models in CSR except for the smallest-scale model, imply-
ing that learning copying does not result in degraded general
language modeling capabilities at scale.

5.3. Ablation Experiments

Python List Conversion Task. To demonstrate the practi-
cal importance of the ability to copy, we finetune the 730M
model (overtrained) on the Python List Conversion task (de-
scribed in Section 3.1). After finetuning, 2D-RoPE achieves
perfect generalization to sequences up to 3 times longer
than those seen during training. In comparison, H-RoPE
also generalizes to about three times the training length, but
underperforms 2D-RoPE. Meanwhile, RoPE shows limited
length generalization.

Auto 2D-RoPE: Beyond the Line-Break Separator. 2D-
RoPE constructs 2D positional coordinates using the line-
break token <\n>, so it loses its main advantage when
the input contains no explicit line breaks. To reduce this
reliance, we introduce Auto 2D-RoPE, which learns to con-
struct 2D position IDs directly from the input sequence.
Auto 2D-RoPE updates the 2D position ID of each token
through a cumulative product of learnable transformation
matrices generated from hidden states. This allows the
model to adaptively decide how position IDs should evolve
along the sequence.

Auto 2D-RoPE Results. Empirically, when we replace
<\n> with another character ∗, standard 2D-RoPE can no
longer identify row boundaries and largely loses length
generalization, while Auto 2D-RoPE still learns useful 2D
positional structure and generalizes to longer sequences, as
shown in Figure 5. We provide the full architectural details
in Appendix H.
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A. Conclusion
In this paper, we show that even the most advanced LLMs still struggle with exact copy tasks together with a hard copy
benchmark which makes the LLMs fail, even when the inputs are well within their context lengths. Our experiments
and analysis suggest that repeated local structures make copying difficult, and that reliable copying requires a stronger
position-based alignment between source and target tokens. Motivated by this observation, we introduce 2D-RoPE, which
views text as a 2D grid and reduces copying to same-column retrieval. This simple positional bias leads to strong length
generalization on synthetic copy tasks and improves long-context retrieval in pretrained LLMs. We further introduce Auto
2D-RoPE to reduce the reliance on explicit line breaks. For future works, it remains important to better understand why
multi-layer RoPE Transformers fail to learn length-invariant copying, how to scale Auto-2D-RoPE to practical LLM training,
and whether our global-minima analysis can be extended to broader classes of rotation-based positional encodings.

B. Additional Related Works
Positional Encoding. The attention mechanism relies on position encoding methods to model the positional information
of tokens (Vaswani et al., 2017). Most state-of-the-art LLMs employ RoPE (Su et al., 2024), which have demonstrated
strong language modeling performance and length generalization. Kazemnejad et al. (2023) shows that attention with just
a causal mask can reconstruct absolute and relative position information. More recently, Yang et al. (2026) proposes a
position encoding scheme based on accumulating Householder transformations and showed that it can solve NC1-complete
problems under AC0-reductions. Critically, no previous works have explored the influence of position encoding on the
copying abilities of language models.

Length Generalization. Many early studies showed that transformers sometimes succeed and sometimes fail at length-
generalization, correlated with multiple factors such as positional encoding, data format, and other training hyperparam-
eters (Bhattamishra et al., 2020; Anil et al., 2022; Kazemnejad et al., 2023; Awasthi & Gupta, 2023; Jelassi et al., 2023;
Wang et al., 2024a; Zhou et al., 2023; 2024; Chang & Bisk, 2025; Jelassi et al., 2024). Specifically on the copy task,
Transformers trained to copy short strings often do not generalize well to longer strings when the input string includes
repeated substrings (Zhou et al., 2024; Morwani et al., 2024). Theoretically, Huang et al. (2024) introduced a formal
framework, proving that Transformers can solve a class of problems expressible by the C-RASP formalism (Yang & Chiang,
2024). Unfortunately, the repeated copy is provably difficult in the sense of C-RASP expressiveness.

The Representation Power of Transformer. There is a long line of work studying the representation power of Trans-
former (Pérez et al., 2021; Yao et al., 2021; Chiang & Cholak, 2022; Sanford et al., 2023). Merrill & Sabharwal (2024);
Feng et al. (2023) analyze the representation power of Transformer with Chain-of-Thought. Wen et al. (2025) compares
the expressive ability of Transformer with Recurrent Neural Networks. Later, Chen et al. (2024a) showed the limitation of
multi-layer Transformers’ expressive power.

Copy Capability of Transformers. Copying from context has been studied in several related settings. Some works use
synthetic copy tasks to study Transformer length generalization (Kazemnejad et al., 2023; Huang et al., 2024; Jelassi et al.,
2024), while other benchmarks include copying as part of broader LLM evaluations (Chen et al., 2025; Wang et al., 2024b;
Hsieh et al., 2024). However, these works do not isolate exact copying of user-provided strings as a standalone failure mode
of frontier LLMs, nor do they provide a positional-encoding-based remedy. In contrast, we directly evaluate modern LLMs
on exact copy tasks, connect the failure to positional alignment, and propose 2D-RoPE to better align source and target
tokens.

C. Test Details of the LLMs in Binary Copy and Python List Conversion
We give the details of our Copy benchmarks. All the prompt templates can be found in Appendix M

Choice of V . Our preliminary design is to set V = {0, 1} and use the above generation methods to test LLMs’ copy
abilities. However, we found some of the tested LLMs’ tokenizers would merge three consecutive 01 characters into a single
token. To make our comparison fair, for these models, we set V = {000, 111}, and for others, we set V = {0, 1}; thus
the actual number of tokens in the tested input is aligned. In our fine-tuning experiments in Section 5, we use the Llama2
tokenizer (Touvron et al., 2023) for which no such merging happens, so we set V = {0, 1}.
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C.1. Binary Copy Evaluation

For the binary copy evaluation in Figure 1, we test frontier LLMs on two challenging string distributions: Recursive-Flip and
Imbalanced Generation. In both settings, the model is asked to reproduce the input binary string exactly. The Recursive-Flip
distribution creates strings with many repeated substrings due to its recursive construction, while the Imbalanced distribution
makes one symbol appear much more frequently than the other. These two distributions create different forms of local
ambiguity. In Recursive-Flip strings, the same local substring may appear at many positions due to the recursive structure.
In Imbalanced strings, short contexts become less informative because many positions contain the dominant symbol. As
the string length increases, the number of possible false local matches grows, and the tested LLMs show a clear drop in
exact-copy accuracy. This supports the view that frontier LLMs often rely on local-context matching rather than a purely
position-based copy algorithm.

C.2. Python List Conversion Evaluation

We provide more details for the Python List Conversion task used in Figure 1. Each example is generated from a synthetic
one-dimensional physical signal. We first sample one scenario uniformly from 9 physical signal families:

• simple harmonic motion

• triangle wave motion

• sawtooth scan motion

• rectified AC signal

• clipped sensor oscillation

• relaxation oscillator

• Fourier periodic waveform

• pulse train

• pendulum-like oscillation

These scenarios cover three broad types of structured sequences: smooth periodic oscillations, piecewise or reset-driven
oscillations, and nonlinear or pulse-like signal responses. For each example, we sample a period p from a specified range, in
our fine-tuning experiment in Section 5.1, p ∈ [2, 8], and in Figure 1, p ∈ [2, 10]. Then we generate one cycle of length p.
The final sequence of length n is then obtained by repeating this cycle through indexing, i.e.,

yk = cyclek mod p, k = 0, . . . , n− 1.

This ensures that the periodic structure is exact at the value level, rather than relying on recomputing trigonometric functions
at shifted phases. We then round each value to a fixed number of decimal places, using two decimals in our experiments,
and represent the input as a comma-separated sequence of numeric values. The target output is the same sequence wrapped
as a Python list, with the form

[y1, y2, . . . , yn]

Thus, the task requires the model to preserve every numeric token while changing only the output format.

The signal families are generated as follows. For smooth periodic signals, we use simple sinusoidal motion, Fourier periodic
waveforms with 2 to 4 harmonics, and pendulum-like oscillations with a small third-harmonic component. For piecewise or
reset-driven signals, we use triangle waves, sawtooth waves, and relaxation oscillators. For nonlinear or pulse-like signals,
we use rectified AC signals, clipped sinusoidal sensor readings, and periodic Gaussian pulse trains. Each sample also
includes randomized physical parameters such as amplitude, phase, offset, clipping level, relaxation time, pulse width, and
pulse center when applicable. Finally, the user instruction is sampled from a set of prompt templates, all asking the model to
convert or copy the given physical sensor sequence into a Python list. This keeps the task objective fixed while avoiding
dependence on a single prompt wording.
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Table 2. Copying accuracy of repeat flip 0 1.

Model 128-255 256-511 512-1023 1024-2047 2048-4095

GPT-5.5 0.88 0.84 0.54 0.44 0.06
Gemini 3.1 Pro 1.0 0.98 0.86 0.68 0.38
DeepSeek V4 Pro 0.72 0.70 0.48 0.32 0.12
Qwen 3.6 Plus 0.94 0.80 0.32 0.16 0.04

Table 3. Copying accuracy of 95% imbalanced a b.

Model 128-255 256-511 512-1023 1024-2047 2048-4095

GPT-5.5 0.74 0.52 0.46 0.32 0.04
Gemini 3.1 Pro 0.94 0.76 0.4 0.2 0.02
DeepSeek V4 Pro 0.74 0.84 0.58 0.62 0.34
Qwen 3.6 Plus 0.96 0.88 0.72 0.52 0.26

C.3. Repeat-structure copy test for frontier LLMs

In our test, we generate string by repeat a base string for multiple times until reaches length 1000. Each token in the base
string is generated by uniformly selecting ” a” and ” b”. The length of base string is among {4, 6, 8, 10}. Then, we choose a
flipping ratio p ∈ {0.02, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3}. Each token of the whole string is randomly flipped with probability
p. For each length and flipping ratio, we sample 40 strings and test the models’ copying accuracy. The x-axis means the
ratio of base strings such that none of the tokens are flipped. The larger the ratio is, the structure of this string contains more
repetition.

D. Details of Synthetic Experiments on Binary Copy
We conduct training-from-scratch experiments on the synthetic binary copy dataset. For each binary string s ∈ {0, 1}∗, the
input sequence takes the form

S := (s,<\n>,<O:>, s),
where the model is trained to predict the next token autoregressively, including the copied string after <O:> and the final
<EOS> token at the end of the sequence.

Data Distributions. As introduced in Section 3.1, we consider three data distributions: uniform, imbalanced, and recursive-
flip. All training is conducted on imbalanced data with string lengths from 1 to 100. For the imbalanced distribution, the
probability of sampling the first binary token is chosen from

{0.05, 0.15, 0.3, 0.5, 0.7, 0.85, 0.95},

and tokens are then sampled independently according to this probability. At test time, we evaluate on all three distributions.
Thus, uniform and recursive-flip test strings are out-of-distribution relative to the training distribution.

Model Architectures. We train Transformers from scratch under two model sizes. The shallow model has 1 layer and 2
attention heads, where each head has dimension 512. The deeper model has 12 layers and 12 attention heads, where each
head has dimension 128. Thus, the embedding dimensions are 1024 and 1536, respectively. We set dropout to 0 and use
bias-free linear layers. For each architecture and each positional encoding, we train 8 models with different random seeds
and report the average accuracy. We average over seeds because training on the copy task shows noticeable variance across
runs, especially near the boundary between interpolation and extrapolation.

Training Configuration. The two model sizes use different optimization settings. For the 12-layer, 12-head models, we
train for 30000 iterations with learning rate decayed from 10−4 to 10−6. For the 1-layer, 2-head models, we train for 60000
iterations with learning rate decayed from 5 × 10−4 to 5 × 10−5. We use cosine learning rate decay. For both settings,
we use weight decay 0.01, β2 = 0.95, and a warmup length of 100 iterations. The training batch size is 64 with gradient
accumulation over 4 steps. The maximum context length is set to 21000 for 1-layer model and 21000 for 12-layer model,
which is large enough for all training and evaluation sequences considered in these experiments. We evaluate every 500
iterations, using 50 batches for training-set evaluation and 250 batches for test-set evaluation.

15



825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879

Submission and Formatting Instructions for FoGen Workshop at ICML 2026

1 25 50 10
0

20
0

40
0

80
0

16
00

32
00

64
00

12
80

0

Length

0.0

0.2

0.4

0.6

0.8

1.0

Ac
cu

ra
cy

Uniform

1 25 50 10
0

20
0

40
0

80
0

16
00

32
00

64
00

12
80

0

Length

Imbalanced

1 25 50 10
0

20
0

40
0

80
0

16
00

32
00

64
00

12
80

0

Length

Recursive-Flip
RoPE ALiBi RNoPE NoPE 2D-RoPE (Ours) Auto-2D-RoPE (Ours) Hybrid-RoPE (Ours)

(a) Length generalization results for different positional encodings with 12 layers and 12 heads.
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(b) Length generalization results for different positional encodings with 1 layer and 2 heads.

Figure 6. Length generalization for training-from-scratch experiments.

Evaluation. During training, strings have length at most 100. At evaluation time, we test models on longer strings to
measure length generalization. We evaluate lengths beyond the training range up to the longest test length used in the
corresponding figure, with test lengths binned by interval size 50. Exact-copy accuracy is computed by checking whether
the generated copied string matches the ground-truth string exactly. This is a strict metric: a single wrong token makes the
whole example incorrect.

Results. Figure 6 shows the full length-generalization results for all test distributions. The main text reports the Recursive-
Flip setting because it is both out-of-distribution and especially challenging due to repeated substrings. Across the full
results, standard positional encodings fail to extrapolate reliably beyond the training length range, while 2D-RoPE-based
methods show substantially stronger length generalization.

Training Configuration. As discussed before, we train transformers from scratch on the binary copy task under two
model sizes. The first is a shallow model with 1 layer and 2 attention heads, where each head has dimension 512. The
second is a deeper model with 12 layers and 12 attention heads, where each head has dimension 128. For each architecture
and each positional encoding, we train 8 models with different random seeds and report the average accuracy. We average
over seeds because training on the copy task shows noticeable variance across runs, especially near the boundary between
interpolation and extrapolation.

E. Further Discussion of Multi-Layer RoPE Learns Length-Dependent Pattern
We provide a more detailed discussion of the attention patterns in Figure 4 and Figure 8. The main text shows that RoPE
does not learn a clean position-based copy map even on a failed example within the training length range. Here, we further
examine what happens beyond the training length.

Within the Training Length. In Figure 4, the last-layer attention should ideally align each output position with its
corresponding input position. However, the zoomed attention map is not a clean diagonal alignment. The head attends
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Figure 7. Length generalization for training-from-scratch experiments in 2 distributions.

Figure 8. Attention map of a RoPE-based model on a failed sample with sequence length beyond the training length. In Layer 0, attention
heads exhibit both horizontal patterns (attending to special tokens in between the input string and the output, and the tokens before the
string as a locator) and diagonal patterns (semantic/induction-style behavior). In Layer 1, one can see that RoPE would attend to wrong
tokens near themselves periodically.

not only to the correct source positions, but also periodically assigns large attention scores to nearby wrong tokens around
the diagonal. This suggests that the final copy decision is affected by local-context matching: when repeated or similar
substrings appear, locally similar positions can compete with the correct source position. Thus, even within the training
length range, RoPE can fail because the learned copy mechanism is not purely position-based.

Beyond the Training Length. Figure 8 further shows why this learned mechanism does not length-generalize. In Layer 0,
the two heads contain horizontal locator patterns that attend to special tokens around the boundary between the input string
and the output string, such as the delimiters in [<\n>,<I:>,<O:>]. These patterns provide a position-related signal and
can help the model infer source-target alignment within the seen length range. However, when the sequence length goes
beyond the maximum training length, the locator pattern no longer remains stable: after the copied position exceeds the
training range, the horizontal attention pattern becomes discontinuous and eventually breaks. This indicates that the model’s
position-based component is not a true length-invariant copy algorithm, but a locator-style shortcut tied to the training
lengths.

At the same time, Layer 0 also contains diagonal patterns, which resemble local-context or induction-style behavior (Olsson
et al., 2022; Singh et al., 2024; Jelassi et al., 2024). These patterns can attend to nearby or locally similar tokens, but they
cannot uniquely identify the correct source position when repeated substrings are present. Therefore, the trained RoPE
model combines two imperfect mechanisms: a locator-style positional shortcut that does not generalize in length, and
a context-based matching mechanism that becomes ambiguous on repeated structures. This explains why the last-layer
attention becomes noisy and why the model fails to implement the ideal position-based copy rule suggested by Theorem 3.2.
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F. Implementation Details of 2D-RoPE
F.1. Rotational Frequency Hyperparameter.

In RoPE, there is a hyperparameter θ that determines the rotational frequency. For 2D-RoPE, the two dimensions can
have separate rotational frequencies, θx, θy. However, for simplicity, we keep θx = θy. Moreover, we use the default
hyperparameter from the original RoPE paper, which is θ = 10, 000, and we set θx = θy = 1, 000. Our preliminary
experiments show that setting θx = θy = 100 or θx = θy = 10, 000 does not yield significantly different results.

F.2. Implementation Details and Comparison with Vision 2D-RoPE

RoPE-style 2D positional encodings have been explored in computer vision, where each image patch has a natural spatial
coordinate. For example, prior vision models apply RoPE to patch tokens using their height and width coordinates, so that
attention can encode relative spatial displacement on the image grid (Jeevan & Sethi, 2022; Heo et al., 2024; Chu et al.,
2024). In this setting, the 2D coordinates are given by the image layout itself.

Our implementation differs in both motivation and coordinate construction. In language modeling, the input is normally
treated as a 1D token sequence, and there is no fixed 2D grid analogous to image patches. We instead use line break tokens
to induce a 2D structure in text. Each token receives a row ID, determined by the number of preceding line breaks, and
a column ID, determined by its offset within the current line. Thus, the 2D coordinates are not externally given but are
constructed from the textual structure. Further, we introduce an alternative termed Auto 2D-RoPE for 2D-RoPE to learn the
2D structure in context adaptively in Appendix H.

In our implementation, 2D-RoPE follows an axial decomposition: part of the head dimension is rotated according to the
row ID, and the remaining part is rotated according to the column ID. We keep the standard causal attention mask for
language modeling. This is also different from most vision applications, which typically use bidirectional attention over
image patches.

G. LLM Experiment Details
Unless otherwise specified, the model training in the Section 5 follows the following settings.

Table 4. The hyperparameters of the three model of different sizes involved in Section 5.

Hyperparameter 350M 730M 1.4B

Vocab size 32000 32000 32000
Layers 24 24 28
Hidden size 1024 1536 2048
MLP intermediate dim 3072 4096 5120
MLP activation function SwiGLU SwiGLU SwiGLU
Attention heads 8 12 16
KV heads 8 12 16
Attention head size 128 128 128
RoPE θ 10,000 10,000 10,000
2D-RoPE θx, θy 1,000 1,000 1,000

Training Configuration

Pretraining batch size 256 256 256
Finetuning batch size 64 64 64
Max length 2K 2K 2K
Pretraining max LR 5e-4 5e-4 4e-4
Finetuning max LR 5e-5 5e-5 5e-5

G.1. LLM Model Configuration Details

The hyperparameters for the models involved in LLM experiments (Section 5) are described in Table 4. These hyperparameter
values are chosen to be similar to popular open-source LLMs such as Qwen3 and Llama3 (Grattafiori et al., 2024). Each
model uses the Llama3 tokenizer.
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G.2. LLM Pretraining Configuration Details

Here, we describe more details for the LLM pretraining (Section 5) for reproducibility.

Learning Rate Scheduler. Each model was trained using the WSD LR scheduler (Hu et al., 2024), with different LR
depending on the model size. The 350M, 730M, and 1.4B models use 5e-4, 5e-4, and 2e-4 max LR, respectively. Each of
the LRs warms up (from 0) for 100 steps, and decays for the last 10% steps to 1/10 of their max LR.

Data Batching. The batch size is always 32, and the maximum sequence length during pretraining is always 2048, so the
number of tokens per batch is 512K. Each pretraining document is concatenated with an <end of sequence> delimiter
until they exceed maximum sequence length, and then truncated down to 2048. The part that was truncated is discarded.
Each token can attend to all other tokens in other documents that was concatenated into the same sequence.

Optimizer. We use the same optimizer for both pretraining and finetuning, which is AdamW (Loshchilov & Hutter, 2019)
with beta values of (0.9, 0.95), a weight decay of 0.1, and gradient clipping at 1.0.

Hardware. All LLM experiments were conducted on machines equipped with NVIDIA A800-80GB GPUs, using PyTorch
and HuggingFace Transformer libraries. We used BF16 precision during both training and evaluation.

G.3. LLM Finetuning Configuration Details

Learning Rate Scheduler. We use the Cosine LR scheduler for finetuning, since the cost of rerunning finetuning is much
lower than pretraining. The LR warms up for 100 steps then decays down to 0.

Data Batching. For finetuning, each sequence might have different sequence length, and we use attention masking to
ensure that padding tokens are not attended to. Since the training dataset is synthesized, it does not exceed 2048 tokens and
there is no truncation. We always use batch size of 64 during finetuning.

Optimizer and Hardware. The optimizer for finetuning is the same as the one used for pretraining, and all experiments
were conducted on the same hardware, based on the same precision and implementation libraries.

G.4. LLM Evaluation Details

Common-Sense Reasoning To evaluate the common-sense reasoning abilities of LLMs, we use the average accuracy
in the following set of tasks: ARC-easy, ARC-challenge (Clark et al., 2018), HellaSwag (Zellers et al., 2019), Wino-
Grande (Sakaguchi et al., 2019), MMLU (Hendrycks et al., 2021), LAMBADA (Paperno et al., 2016), PIQA (Bisk et al.,
2019), BoolQ (Clark et al., 2019). We use LM-Evaluation-Harness (Gao et al., 2024) for evaluation.

Needle-in-a-Haystack. Our needle-in-a-haystack task is the same as the NIAH-Single tasks from RULER, but with one
change: we add newline characters before and after the needle (which is a sentence). This change enables 2D-RoPE to better
copy the needle from the context.

G.5. LR Ablation in LLM Experiments

In the LLM experiments (Section 5), we swept different max LR in finetuning and chose the best LR that balanced the
performance across different tasks. In this section, we report the results for each value of LR ({1×10−4, 5×10−5, 3×10−5}),
which is shown in Table 5. Overall, the results show that using a larger LR leads to better copying abilities, but the CSR and
NIAH performance degrades due to catastrophic forgetting. Interestingly, 2D-RoPE is generally more robust to the choice
of LR, leading to less catastrophic forgetting in the case of a fairly large LR.

G.6. Pretraining Loss

In this section, we report the training and evaluation loss during pretraining (in Section 5) for completeness and reproducibility.
We evaluate the pretraining checkpoints on FineWeb-Edu, another widely used pretraining corpus. The results are shown in
Figure 9 and Table 6. One can see that the three models have roughly the same training and evaluation loss, which indicates
that the performance of 2D-RoPE on next token prediction is comparable to RoPE.
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Table 5. LR ablation results in the LLM experiments. Each model was trained with 3 different LR values, and the main content reports
the LR that achieves best overall performance in the three kinds of tasks (CSR, NIAH, and Copy), which is selected to be 5e-5 and is
highlighted in orange .

PT NIAH Copy (Imbalanced) Copy (Recursive-Flip)
Model Size Data LR CSR 512 1K 2K 4K 1K 2K 4K 8K 1K 2K 4K 8K

Different Model Scales with Chinchilla law

RoPE 350M 7B 1e-4 40.9 74.5 74.5 60.1 0.1 100.0 16.8 0.0 0.0 26.8 11.7 1.1 1.8
RoPE 350M 7B 5e-5 41.4 93.7 92.1 87.0 1.9 97.2 14.8 0.0 0.0 19.6 8.7 0.0 0.0
RoPE 350M 7B 3e-5 41.6 93.9 94.1 89.5 4.3 93.2 9.6 0.0 0.0 21.6 8.7 0.0 0.0
H-RoPE 350M 7B 1e-4 41.2 92.0 98.1 93.8 66.3 100.0 98.2 18.8 0.2 100.0 99.0 72.3 27.3
H-RoPE 350M 7B 5e-5 41.2 93.1 98.8 94.4 57.9 99.6 57.8 0.0 0.0 99.0 91.3 39.4 1.8
H-RoPE 350M 7B 3e-5 41.3 92.7 98.1 93.7 48.8 84.8 33.4 0.0 0.0 100.0 98.1 55.3 5.5
2D-RoPE 350M 7B 1e-4 40.1 89.8 96.7 92.7 88.7 99.8 94.8 81.8 27.2 100.0 100.0 100.0 100.0
2D-RoPE 350M 7B 5e-5 40.4 91.9 97.9 93.9 92.8 97.4 69.2 33.4 2.4 97.9 92.2 75.5 43.6
2D-RoPE 350M 7B 3e-5 40.5 92.3 98.6 94.3 93.1 81.2 57.2 14.8 0.4 100.0 98.1 92.6 87.3

RoPE 730M 15B 1e-4 43.3 93.6 97.6 91.7 21.9 100.0 20.8 0.0 0.0 20.6 6.8 0.0 1.8
RoPE 730M 15B 5e-5 44.0 100.0 98.4 96.7 26.4 97.0 11.0 0.0 0.0 12.4 5.8 1.1 0.0
RoPE 730M 15B 3e-5 44.2 97.2 97.1 93.1 27.4 88.8 4.4 0.0 0.0 14.4 7.8 0.0 0.0
H-RoPE 730M 15B 1e-4 44.1 96.4 77.7 67.1 7.1 93.6 13.6 0.0 0.0 100.0 100.0 78.7 3.6
H-RoPE 730M 15B 5e-5 45.5 95.9 97.9 90.0 4.5 95.4 11.4 0.0 0.0 76.3 72.8 17.0 0.0
H-RoPE 730M 15B 3e-5 45.4 95.9 99.5 92.1 8.0 84.0 4.0 0.0 0.0 96.9 92.2 35.1 0.0
2D-RoPE 730M 15B 1e-4 44.3 91.7 95.9 87.0 80.1 100.0 100.0 89.6 24.2 100.0 98.1 88.3 90.9
2D-RoPE 730M 15B 5e-5 45.2 93.0 98.2 92.4 91.3 99.4 74.6 12.8 0.0 78.4 73.8 47.9 5.5
2D-RoPE 730M 15B 3e-5 45.1 99.8 99.3 97.3 96.2 92.8 41.4 3.6 0.0 96.9 89.3 56.4 36.4

RoPE 1.4B 28B 1e-4 36.8 0.0 0.0 0.0 0.0 100.0 31.0 0.0 0.0 20.6 8.7 0.0 1.8
RoPE 1.4B 28B 5e-5 45.9 84.5 87.2 82.3 10.0 99.6 26.8 0.0 0.0 15.5 4.9 0.0 0.0
RoPE 1.4B 28B 3e-5 46.0 92.3 96.9 96.3 11.2 99.8 23.2 0.0 0.0 15.5 7.8 1.1 0.0
H-RoPE 1.4B 28B 1e-4 46.8 8.5 6.3 5.2 2.3 100.0 92.4 38.8 5.2 17.5 5.8 1.1 0.0
H-RoPE 1.4B 28B 5e-5 47.2 93.4 98.5 94.5 62.3 100.0 73.6 3.6 0.0 12.4 1.9 0.0 0.0
H-RoPE 1.4B 28B 3e-5 47.2 90.9 97.5 93.8 61.5 99.8 65.8 2.8 0.0 14.4 5.8 0.0 0.0
2D-RoPE 1.4B 28B 1e-4 45.9 2.7 3.7 5.4 4.6 100.0 100.0 100.0 99.0 99.0 95.1 93.6 69.1
2D-RoPE 1.4B 28B 5e-5 46.8 98.3 96.4 92.6 86.0 100.0 100.0 92.0 61.8 66.0 54.4 26.6 1.8
2D-RoPE 1.4B 28B 3e-5 46.9 98.7 97.5 92.7 92.3 100.0 92.0 51.8 14.6 92.8 76.7 45.7 10.9

Overtrained Setting

RoPE 730M 100B 3e-5 46.9 81.9 94.1 86.5 0.2 99.5 23.3 0.0 0.0 15.5 7.8 1.1 1.8
RoPE 730M 100B 5e-5 46.0 76.9 80.9 70.5 0.4 99.6 29.2 0.0 0.0 24.7 8.7 1.1 1.8
RoPE 730M 100B 1e-4 34.3 0.0 0.0 0.0 0.0 100.0 22.6 0.0 0.0 63.9 15.5 0.0 1.8
H-RoPE 730M 100B 3e-5 46.4 99.9 95.2 96.9 31.1 100.0 41.4 0.0 0.0 92.8 86.4 6.4 0.0
H-RoPE 730M 100B 5e-5 46.2 83.7 89.9 89.3 38.3 99.2 52.1 0.0 0.0 100.0 98.1 28.7 1.8
H-RoPE 730M 100B 1e-4 43.3 0.1 0.0 0.0 0.0 100.0 74.6 1.7 0.0 100.0 100.0 50.0 1.8
2D-RoPE 730M 100B 3e-5 46.3 86.0 95.4 91.6 89.3 100.0 95.5 37.6 0.0 99.0 98.1 84.0 34.5
2D-RoPE 730M 100B 5e-5 46.2 87.3 93.1 88.6 86.5 100.0 96.3 72.8 15.8 100.0 99.0 94.7 74.5
2D-RoPE 730M 100B 1e-4 43.4 0.0 0.1 0.1 0.0 100.0 99.8 94.1 40.7 100.0 100.0 100.0 81.8

H. Auto 2D-RoPE Discussion
We now describe the architecture of Auto 2D-RoPE in more detail. The goal is to keep the main advantage of 2D-RoPE,
namely assigning each token a 2D position ID, while removing the hard reliance on a manually specified line-break token.
In standard 2D-RoPE, the position ID of each token is updated by a fixed rule: the column index increases within a line, and
the row index increases after a line break. In Auto 2D-RoPE, we instead let the model learn how the 2D position IDs should
evolve along the sequence.

For each token i, let its 2D position ID be
Pi =

(
p
(1)
i , p

(2)
i

)
.

Intuitively, p(1)i plays the role of a column-like coordinate, while p
(2)
i plays the role of a row-like coordinate. Unlike

rule-based 2D-RoPE, these coordinates are not computed from line breaks. Instead, at each layer, we generate two update
values from the hidden representation of the current token.
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Figure 9. The training loss and evaluation loss during pretraining of the 2D-RoPE, H-RoPE, and RoPE models with 730M parameters (see
Section 5). These models were trained on 100B tokens from DCLM, and evaluated on FineWeb-Edu.

Table 6. The training and evaluation loss during pretraining of the three overtrained models in Section 5. The training data is DCLM and
the evaluation data is FineWeb-Edu.

Model Training Loss Evaluation Loss

RoPE 2.5080 2.3808
H-RoPE 2.5000 2.3808
2D-RoPE 2.4943 2.3876

Concretely, let h(ℓ)
i be the hidden representation of token i at layer ℓ. We apply a learnable linear projection to obtain

(a
(ℓ)
i , b

(ℓ)
i ) = W (ℓ)

posh
(ℓ)
i + b(ℓ)pos.

We then pass these two scalars through a sigmoid function and a rescaling factor α:

u
(ℓ)
i = α · S(a(ℓ)i ), v

(ℓ)
i = α · S(b(ℓ)i ),

where S(·) denotes the sigmoid function. In our experiments, we set α = 2 by default. This makes the update coefficients
bounded and positive.

Given these updated values, the first coordinate is updated by an affine transformation

p
(1)
i+1 = u

(ℓ)
i p

(1)
i + v

(ℓ)
i .

Equivalently, [
p
(1)
i+1

1

]
=

[
u
(ℓ)
i v

(ℓ)
i

0 1

] [
p
(1)
i

1

]
.

The second coordinate is updated by the complementary increment

p
(2)
i+1 = p

(2)
i +

(
1− u

(ℓ)
i

)
.

Putting the two coordinates together, we can write the update asp(1)i+1

p
(2)
i+1

1

 =

u(ℓ)
i 0 v

(ℓ)
i

0 1 1− u
(ℓ)
i

0 0 1


p(1)i

p
(2)
i

1

 .
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Thus, the position ID of token i is determined by the cumulative product of these learned affine transformations along the
sequence.

This update rule can be viewed as a learnable relaxation of the line-break rule used in 2D-RoPE. For example, if u(ℓ)
i ≈ 1

and v
(ℓ)
i ≈ 1, then

p
(1)
i+1 ≈ p

(1)
i + 1, p

(2)
i+1 ≈ p

(2)
i ,

which resembles moving to the next column within the same row. On the other hand, if u(ℓ)
i ≈ 0 and v

(ℓ)
i ≈ 0, then

p
(1)
i+1 ≈ 0, p

(2)
i+1 ≈ p

(2)
i + 1,

which resembles resetting the column coordinate and moving to a new row. Therefore, Auto 2D-RoPE can in principle learn
behavior similar to rule-based 2D-RoPE, but it is not restricted to using the newline token as the only row separator.

After the 2D position IDs are computed, we apply the same 2D-RoPE rotation as in Section 4. Specifically, for each layer ℓ,
the query and key vectors are rotated according to the learned coordinates(

p
(1)
i , p

(2)
i

)
,

where one part of the head dimension encodes relative differences in the first coordinate, and the other part encodes relative
differences in the second coordinate. The attention layer is then computed in the usual causal way:

Attn(H(ℓ)) = S
(
MASK

(
Rauto(H

(ℓ)Q)
(
Rauto(H

(ℓ)K)
)⊤))

H(ℓ)V ,

where Rauto denotes the 2D-RoPE rotation using the learned Auto 2D position IDs.

Importantly, the quantities a
(ℓ)
i and b

(ℓ)
i are not independent learnable parameters tied to absolute positions. They are

generated by a shared linear map from the hidden representation of each token. Therefore, the number of parameters does
not grow with the input length, and the coordinate-generation rule can be applied to longer sequences at test time. This is
the main difference between Auto 2D-RoPE and simply learning a fixed position ID table.

Empirically, this learned coordinate update allows the model to recover useful 2D structure even when the input does not
contain explicit newline separators. As discussed in the main text, when we replace the newline token <\n> with another
character ∗, rule-based 2D-RoPE can no longer identify row boundaries and effectively loses its 2D structure. In contrast,
Auto 2D-RoPE can still learn data-dependent position IDs and shows stronger length generalization on the copy task.

I. Preliminary for Theoretical Results
In this section, we formalize our general setting for our theory.

Theoretical Definition of Copying. First we define our copying task used in theories. We always have a 0/1 string s
with length at least 1 and a copying position 1 ≤ i ≤ |s|. The input of the model is a string generated by s, i, denoted
by Str(s, i) := (s,<\n>,<O:>, s:i). Here s:i means the length (i − 1) prefix of s. For this input, the last token is si−1

(and when i = 1, the last token is <O:>). The vocabulary set is then defined as V = {<O:>,<\n>, 0, 1}. We model the
predictor as a function Pθ : V+ → [0, 1]2, parameterized by θ, which maps an input string x ∈ V+ to a distribution over the
next token in {0, 1}. Specifically, for any input x, the output Pθ(x) =

(
[Pθ(x)]1, [Pθ(x)]2

)
satisfies

[Pθ(x)]1 + [Pθ(x)]2 = 1, and 0 ≤ [Pθ(x)]i ≤ 1 for i ∈ {1, 2}.

Thus, Pθ(x) defines a valid probability distribution over the next token. For each pair of s, i, the corresponding loss is
defined as

Lθ(s, i) = − log [Pθ(Str(s, i))]si+1 .

Now given a distribution D, the total loss is defined as

L(θ) = E(s,i)∼D[Lθ(s, i)].

Definition I.1. We say a model can successfully do copying in length L if for any |s| ≤ L and 1 ≤ i ≤ |s|, we have
[Pθ(Str(s, i))]si+1 > 1

2 .
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Formalization of RoPE. Given a dimension d, RoPE attention is defined as a function Attn : RT×d → RT×d for any L
parameterized by K,Q,V ∈ Rd×d. For any input X , the RoPE attention is defined as

Attn
(
X
)
= S

(
MASK

(
R (XQ) (R (XK))

⊤
))

XV ⊤ ∈ RL×d.

Here, R : RT×d → RT×d is the RoPE function. Specifically, for an input X ∈ RT×d, the i-th row Xi for 1 ≤ i ≤ L is
mapped to XiR

⊤
i , where

Ri =


cos(iβ1) − sin(iβ1)
sin(iβ1) cos(iβ1)

cos(iβ2) − sin(iβ2)
sin(iβ2) cos(iβ2)

. . .

 ∈ Rd×d.

Here, βj is the base frequency associated with the (2j − 1, 2j) coordinate pair. In our setting, these βj’s are arbitrary
hyperparameters. Thus, Ri acts block-diagonally on Xi, rotating each two-dimensional subspace (Xi,2j−1, Xi,2j) by angle
iβj . The causal mask operator MASK(·) enforces the autoregressive constraint: for Z ∈ RT×T ,

MASK(Z)ij =

{
Zij , j ≤ i,

−∞, j > i,

so that position i cannot attend to any future position j > i. The operator S(·) applies row-wise softmax normalization: for
a matrix A ∈ RT×T ,

S(A)ij =
exp(Aij)∑L
k=1 exp(Aik)

, 1 ≤ i, j ≤ T.

J. Shift Invariant Positional Encoding Cannot Solve Copying
In this section, we prove that shift invariant positional encoding cannot do copying.

J.1. Shift Invariant PE Formalization

First, we mathematically define what is shift-invariant positional encoding.

The attention is also parameterized by Q,K,V ∈ Rd. For each X ∈ RT×d, the attention first computes the key vectors
and query vectors

ki = K⊤X⊤
i,:, qi = K⊤X⊤

i,:.

Then, it computes a matrix A ∈ RT×T such that

Ai,j =

{
−∞ i < j

f(i− j, qi,kj) i ≥ j

for some function f : R× Rd × Rd → R. Then, the output of the attention is

Attn(X) = S(A)XV ⊤.

When we treat this attention as a model for copying (as defined in Section I), we first have a token embedding wC ∈ Rd for
each C ∈ V . For any input s, i, we convert the string Str(s, i) into the input to the attention as Xj,: = w⊤

Str(s,i)j (denote

this matrix as X(s, i) ∈ R(|s|+i+1)×d, where |s|+ i+ 1 is the length of Str(s, i)). We also add another matrix parameter
WO ∈ Rd×2, and the model is defined as a map from (s, i) to a 2-dimensional vector:

Pθ(s, i) = softmax
(
(Attn(X(s, i))WO)|s|+i+1,:

)
.
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J.2. Failure of Shift Invariant PE for Copying

In this subsection, we prove Theorem 3.1.

First we give an equivalent form of this model successfully does copying. We consider the last token of Str(s, i) and denote
it by C(s, i). For each C ∈ V , notice that wCV

⊤WO is a 2-dimensional vector, we denote ∆C as the first coordinate of
it minus the second coordinate of it. Moreover, we define qC = wCQ

⊤,kC = wCK
⊤. To avoid confusion, when we

refer to qC and kC for C = 0, 1, we write like q(0) to indicate that the index is a token rather than a position. Therefore,
[Pθ(Str(s, i))]si+1 > 1

2 is equivalent to that:

(−1)si
|s|+i+1∑
j=1

exp(A|s|+i+1,j)∆Str(s,i)j > 0, (1)

where A is the attention matrix for input X(s, i).

Now, assume that the model can successfully solve copying with length at most 5. We prove it cannot be true by contradiction.
We consider the above property for the following four pairs of (s, i):

• s1 = (00010), i1 = 2

• s2 = (01000), i2 = 2

• s3 = (100), i3 = 3

• s4 = (001), i4 = 3

Consider

u := Str(s1, i1) = (0, 0, 0, 1, 0,<\n>,<O:>, 0),
v := Str(s2, i2) = (0, 1, 0, 0, 0,<\n>,<O:>, 0).

We can rewrite Equation (1) for these two strings (notice that by definition of our shift-invariant model, A|s|+i+1,j =
f(|s|+ i+ 1− j, q|s|+i+1,kj)):∑

1≤j≤8
j ̸=2,4

exp(f(8− j, q(0),kuj ))∆uj + exp(f(6, q(0),k(0)))∆(0) + exp(f(4, q(0),k(1)))∆(1) > 0

∑
1≤j≤8
j ̸=2,4

exp(f(8− j, q(0),kvj ))∆vj + exp(f(6, q(0),k(1)))∆(1) + exp(f(4, q(0),k(0)))∆(0) < 0.

By comparing the above two formula, and notice that uj = vj for j ̸= 2, 4, we have

exp(f(6, q(0),k(0)))∆(0) + exp(f(4, q(0),k(1)))∆(1)

> exp(f(6, q(0),k(1)))∆(0) + exp(f(4, q(0),k(0)))∆(1).
(2)

Now, we similarly compare Equation (1), and denote

u′ := Str(s3, i3) = (1, 0, 0,<\n>,<O:>, 1, 0),
v′ := Str(s4, i4) = (0, 0, 1,<\n>,<O:>, 0, 0).

We have ∑
1≤j≤7
j ̸=1,3

exp(f(7− j, q(0),ku′
j
))∆u′

j
+ exp(f(6, q(0),k(1)))∆(1) + exp(f(4, q(0),k(0)))∆(0) > 0

∑
1≤j≤7
j ̸=1,3

exp(f(7− j, q(0),kv′
j
))∆v′

j
+ exp(f(6, q(0),k(0)))∆(0) + exp(f(4, q(0),k(1)))∆(1) < 0.
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Therefore,

exp(f(6, q(0),k(0)))∆(0) + exp(f(4, q(0),k(1)))∆(1)

< exp(f(6, q(0),k(1)))∆(0) + exp(f(4, q(0),k(0)))∆(1),

which contradicts to Equation (2). Thus we proved Theorem 3.1.

K. 2-Layer RoPE can Represent Copy
In this section, we show the existence of a Transformer that can exactly perform the copy task for sequence lengths
significantly larger than the norm constraint.

K.1. Prompt Template

Our proof in this section needs a new prompt template. We consider the copy task defined over the vocabulary

V = {A1, A2,B1, B2, 0, 1,<\n>,<O:>}.

An input sequence has the form
(A1, A2, s, <\n>, B1, B2, <O:>, s′)

where s ∈ {0, 1}∗ is a binary string and s′ is a prefix of s. Here, A1,A2,B1,B2 are special prompt tokens. The token
<O:> marks the beginning of the prefix s′, while <\n> indicates the end of the original string s.

The objective is to predict the next token of s following a strict prefix s′ of s. Therefore, the target output is the next bit in s
after s′.

K.2. Architecture Setup

We consider the following simplified transformer architecture.

Let d > 50 be an even number. The embeddings w0,w1,wA1,wA2,wB1,wB2,w<O:>,w<\n> ∈ Rd are unit vectors and
orthogonal to each other. The input is converted to X(0) ∈ RL×d, where L is the total input length and d is the embedding
size. Then we have one RoPE attention layer

H(1) = Attn1

(
X(0)

)
= S

(
MASK

(
R
(
X(0)Q(0)

)(
R
(
X(0)K(0)

))⊤))
X(0)(V (0))⊤ ∈ RL×d.

Here, K(0),Q(0),V (0) ∈ Rd×d, and R : RL×d → RL×d is the RoPE function. Specifically, for an input X ∈ RL×d, the
i-th row Xi for 1 ≤ i ≤ L is mapped to XiR

⊤
i , where

Ri =


cos(iβ1) − sin(iβ1)
sin(iβ1) cos(iβ1)

cos(iβ2) − sin(iβ2)
sin(iβ2) cos(iβ2)

. . .

 ∈ Rd×d.

Here, βj is the base frequency associated with the (2j − 1, 2j) coordinate pair. In our setting, these βj’s are arbitrary
hyperparameters. Thus, Ri acts block-diagonally on Xi, rotating each two-dimensional subspace (Xi,2j−1, Xi,2j) by angle
iβj . The causal mask operator MASK(·) enforces the autoregressive constraint: for Z ∈ RL×L,

MASK(Z)ij =

{
Zij , j ≤ i,

−∞, j > i,

so that position i cannot attend to any future position j > i. The operator S(·) applies row-wise softmax normalization: for
a matrix A ∈ RL×L,

S(A)ij =
exp(Aij)∑L
k=1 exp(Aik)

, 1 ≤ i, j ≤ L.
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Then, the attention layer output come through a normalization layer (here we don’t consider MLP layer for simplicity), and
then added to X(0) by a residual link. Formally, we have

H̄(1) = RMSNorm(H(1))

X(1) = X(0) + H̄(1)

where

RMSNorm([h1, . . . ,hL]
⊤) =

[
λh1

∥h1∥2
, . . . ,

λhL

∥hL∥2

]⊤
.

The second attention layer doesn’t use positional encoding. Formally,

H(2) = Attn2

(
X(1)

)
= S

(
MASK

(
(X(1)(K(1))⊤)

(
(X(1)(Q(1))⊤)

)⊤))
X(1)(V (1))⊤ ∈ RL×d.

Finally, the hidden representation H(2) ∈ RL×d is projected to the vocabulary space via a linear map WO ∈ Rd×|V|:

Y = H(2)WO ∈ RL×|V|,

where Y contains the output logits.

Let V+ = V ∪V2∪V3∪ · · · denote the set of all nonempty finite sequences over V . We denote the Transformer architecture
as a function

F
(d,β)
θ : V+ → RL×|V|, F

(d,β)
θ (x) = Y ,

where x ∈ V+ is the input sequence, θ are the learnable parameters, d is the embedding dimension, and β denotes the
hyperparameters βi, 1 ≤ i ≤ d/2.

The prediction distribution is obtained by applying the row-wise softmax:

P
(d,β)
θ (x) = softmax

(
F

(d,β)
θ (x)

)
,

[
P

(d,β)
θ (x)

]
i,j

=
exp
(
F

(d,β)
θ (x)i,j

)
∑|V|

k=1 exp
(
F

(d,β)
θ (x)i,k

) ,
where x ∈ V+ is the input sequence, i indexes positions, and j indexes vocabulary symbols.

K.3. Existence of a Length-Generalizing Solution

In this section, we show the existence of a transformer architecture that can solve copy task for length larger than parameter
norm. Therefore, we show that the failure of transformer to length generalize on copy task isn’t an expressiveness issue.
Theorem K.1. There exists a constant embedding dimension d ≥ 1 such that for any norm constraint ρ > 10000, there
exists RoPE freqencies β and a set of parameters θ ∈ {∥θ∥2 ≤ ρ} such that Transformer with embedding dimension d,
RoPE freq β, parameters θ can perfectly perform copying for all lengths 1 ≤ L ≤ O(ρ2/ log ρ):

∀i ∈ [n] : argmax
j∈V

[
P

(d,β)
θ (A1, A2, s, <\n>, B1, B2, <O:>, s)

]
n+5+i,j

= si.

Proof. We fix d = 100. Let β1 = 0 and βi be riπ, where ri’s are irrational numbers for 2 ≤ i ≤ d/2. In this section, we fix
L0 = ρ2/(100 log ρ), α = ρ/10. We prove the existence of the parameters that can prefectly do copy for 1 ≤ L ≤ L0. Let
n = |s| be the length of the binary string to be copied.

As there are only 8 kinds of token, there exists K(0),Q(0) such that:

K(0)w0 = K(0)w1 = K(0)w<\n> = K(0)w<O:> = 0,K(0)wA1 = α e1,

K(0)wA2 = αe1 + e4,K
(0)wB1 = 2α e1,K

(0)wB2 = 2α e1 + e4,

Q(0)w0 = Q(0)w1 = Q(0)w<\n> = Q(0)w<O:> = e1 + e3,

Q(0)wA1 = Q(0)wA2 = Q(0)wB1 = Q(0)wB2 = 0.
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Let va,vb,vc,vd be unit vectors that are orthogonal to w0,w1,wa,wb,wc,w<\n>,w<O:>. Let

V (0)wC = vC,C = A1,A2,B1,B2;V (0)w0,1,<\n>,<O:> = 0.

Therefore, we have
∥K(0)∥22 + ∥Q(0)∥22 + ∥V (0)∥22 = 10α2 + 14

Let s′0 be <O:>. Let sn+1 be <\n>. In this construction, for 1 ≤ i ≤ n+ 1, we have

w⊤
A1

(
K(0)

)⊤
Ri+1Q

(0)wsi = α

w⊤
A2

(
K(0)

)⊤
RiQ

(0)wsi = α+ sin(iβ2)

w⊤
B1

(
K(0)

)⊤
Ri+1Q

(0)ws′i−1,<O:>
= 2α

w⊤
B2

(
K(0)

)⊤
RiQ

(0)ws′i−1
= 2α+ sin(iβ2).

We define

hi =
1√

1 + exp2 (sin(iβ2))
vA1 +

exp (sin(iβ2))√
1 + exp2 (sin(iβ2))

vA2, 1 ≤ i ≤ n+ 1

h̃i =
1√

1 + exp2 (sin(iβ2))
vB1 +

exp (sin(iβ2))√
1 + exp2 (sin(iβ2))

vB2, 1 ≤ i ≤ n+ 1.

As V (0)w0,1,<\n>,<O:> = 0, we have
H̄

(1)
i+2 = λhi, 1 ≤ i ≤ n+ 1.

Now we consider H̄5+L+i. Notice that

1

λ
H̄

(1)
5+L+i =

exp (−α)√
1 + exp2 (sin(iβ2)) + exp2(−α) + exp2(sin((i+ 3 + L)β2)− α))

vA1

+
exp (sin((i+ 3 + L)β2)− α)√

1 + exp2 (sin(iβ2)) + exp2(−α) + exp2(sin((i+ 3 + L)β2)− α))
vA2

+
1√

1 + exp2 (sin(iβ2)) + exp2(−α) + exp2(sin((i+ 3 + L)β2)− α))
vB1

+
exp (sin(iβ2))√

1 + exp2 (sin(iβ2)) + exp2(−α) + exp2(sin((i+ 3 + L)β2)− α))
vB2.

Therefore,
∥H̄(1)

5+n+i − λh̃i∥22 ≤ λ2 exp(−2α)(1 + e2 + e2(e2 + 1)2) ≤ 10000λ2 exp(−2α).

We need to prove the following lemma:

Lemma K.2. Let h0 = 1√
2
vA1 +

1√
2
vA2,h−1 = vA1. There exists β such that for any n < L0 and −1 ≤ i < j ≤ n+ 1,

we have ⟨hi,hj⟩ ≤ 1− 1
72L2

0
.

Proof. Let β2 = π
4L0

. For 0 ≤ i ≤ n+ 1, we let ai = exp(sin(iβ)). Therefore, for any 0 ≤ i < j ≤ n+ 1, as n < L0,

sin(jβ)− sin(iβ) =

∫ iβ

jβ

cos(x)dx ≥ β√
2
(j − i) ≥ 1

2L0
.

Therefore, for any 0 ≤ i < j ≤ n+ 1,

aj − ai =

∫ sin(jβ)

sin(iβ)

exp(x)dx ≥ 1

e
(sin(jβ)− sin(iβ)) ≥ 1

2eL0
≥ 1

6L0
.
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This shows

| arctan ai − arctan aj | ≥
1

6L0
.

As 1
e ≤ ai ≤ e, we have

⟨hi,hj⟩ = cos(arctan ai − arctan aj) ≤ 1− 1

72L2
0

.

Moreover, for each 0 ≤ i ≤ n+ 1,

⟨hi,h−1⟩ =
1√

1 + a2i
≤ 1− 1

72L2
0

.

Thus, the lemma follows.

Let λ = 10
√
L0 logL0. In the second layer, we let

K(1)⊤ = 10
√
L0

(
vA1v

⊤
B1 + vA2v

⊤
B2

)
,Q(1) = 10

√
L0

(
vB1v

⊤
B1 + vB2v

⊤
B2

)
,

so

K(1)⊤Q(1) = 100L0

(
vA1v

⊤
B1 + vA2v

⊤
B2

)
.

For any 1 ≤ i ≤ n+ 1,−1 ≤ j ≤ n+ 1, j ̸= i,

⟨H̄5+i+n,hi − hj⟩ ≥ λ⟨hi,hi − hj⟩ − 2 · 100λ exp(−α) ≥ λ

100L2
0

.

Therefore, for 1 ≤ i ≤ n+ 1, for any 1 ≤ j ≤ L, j ̸= i+ 2, we have

H̄jK
(1)⊤Q(1)H̄⊤

5+i+h ≤ H̄i+2K
(1)⊤Q(1)H̄⊤

5+i+h − 100 logL0.

Therefore, in the second layer, the attention of s′i to si+1 is larger than 1/2,i = 0, 1, · · · , L. We let v0,v1,v<\n> be unit
vectors that are orthogonal to the vC,wC defined before (here C denotes arbitrary characters). We let

V (1)wC = vC,C = 0, 1,<\n>.

At last, we let WO be

WO = v0e
⊤
0 + v1e

⊤
1 + v<\n>e

⊤
<\n>.

Here eC denotes the one-hot vector corresponding to token C ∈ {0, 1,<\n>}. The prediction is always true.

For our construction, we have

∥θ∥2 = ∥K(0)∥22 + ∥Q(0)∥22 + ∥V (0)∥22 + ∥K(1)∥22 + ∥Q(1)∥22 + ∥V (1)∥22 + ∥WO∥22 + λ2

≤ ρ2

10
+ 100 + 400L0 + 100L0 logL0 ≤ ρ2.

Thus the construction satisfies the norm constraint, so the theorem follows.

Remark K.3. One may argue that the above construction does not provide a solution that works for all sequence lengths.
Indeed, such a solution cannot exist under bounded parameters: if all weights are uniformly bounded, then the attention
assigned to any individual token is at most O(1/L), which vanishes as the sequence length L grows. Consequently, the copy
task cannot be perfectly solved for arbitrarily long sequences.
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L. One-Layer 2D-RoPE Provably Length Generalize on Copy
L.1. Setup

In this subsection, we define our setup in detail.

For copying task, we still consider the input format (s,<\n>,<O:>, s:−1), where s is a binary string of length at most L,
and s:−1 denotes the string obtained by deleting the last symbol of s.

Let d be a positive integer divisible by 4. The embeddings w0,w1,w<O:>,w<\n> ∈ Rd are one-hot embeddings of the four
tokens. The input is converted to X ∈ RT×d, where T is the total input length and d is the embedding size. Then we have
one 2D-RoPE attention layer

Y = Attn
(
X
)
= S

(
MASK

(
R (XQ) (R (XK))

⊤
))

XV ⊤ ∈ RT×2.

Here, K,Q ∈ Rd×d, V ∈ R2×d and R : RL×d → RL×d is the 2D-RoPE function. Specifically, for an input X ∈ RL×d

and 1 ≤ i ≤ L, let the i-th token of the input is at position (xi, yi) (which means that it is at xith column and yith row).
Then the row Xi for 1 ≤ i ≤ L is mapped to XiR

⊤
xi,yi

, where

Rxi,yi
= diag

(
R1(xi), . . . ,Rd/4(xi), Rd/4+1(yi), . . . ,Rd/2(yi)

)
∈ Rd×d,

and for each 1 ≤ j ≤ d/2, the block Rj(·) ∈ R2×2 is the RoPE rotation matrix

Rj(t) :=

[
cos(tβj) − sin(tβj)
sin(tβj) cos(tβj)

]
.

Here, βj are the base frequencies associated with the (2j − 1, 2j) coordinate pair. In our setting, these frequencies are
arbitrary hyperparameters. In other words, if we denote the attention matrix

A := MASK
(
R (XQ) (R (XK))

⊤
)
,

then

Ai,j =

{
−∞ i < j

f(i− j, qi,kj) i ≥ j

for
f(i− j, qi,kj) = q⊤

i Rxj−xi,yj−yikj .

The causal mask operator MASK(·) enforces the autoregressive constraint: for Z ∈ RT×T ,

MASK(Z)ij =

{
Zij , j ≤ i,

−∞, j > i.

Let V+ = V ∪V2∪V3∪ · · · denote the set of all nonempty finite sequences over V . We denote the Transformer architecture
as a function

F
(d,β)
θ : V+ → RL×|V|, F

(d,β)
θ (x) = Y ,

where x ∈ V+ is the input sequence, θ are the learnable parameters, d is the embedding dimension, and β denotes the
hyperparameters βi, 1 ≤ i ≤ d/2. Notice that each row of Y is a two-dimensional vector, where the first entry corresponds
to the logit for 0 and the second corresponds to the logit for 1.

The prediction distribution is obtained by applying the row-wise softmax:

P
(d,β)
θ (x) = softmax

(
F

(d,β)
θ (x)

)
,

[
P

(d,β)
θ (x)

]
i,j

=
exp
(
F

(d,β)
θ (x)i,j

)
∑|V|

k=1 exp
(
F

(d,β)
θ (x)i,k

) ,
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where x ∈ V+ is the input sequence, i indexes positions, and j indexes vocabulary symbols.

For a parameter set θ, the loss is defined as the cross entropy loss for the last |s| tokens:

L(θ) = Es∼D

− |s|∑
i=1

log
[
P

(d,β)
θ (s, <\n>, <O:>, s:i)

]
|s|+1+i,si+1

 . (3)

Here, D is the distribution of s. We make the following assumptions:

• For every s in the support of D, we have |s| ≤ L.

• For every length 1 ≤ ℓ ≤ L, every string s ∈ {0, 1}ℓ has positive probability under D. We denote the minimum such
probability by p.

L.2. Expressive Power of One-Layer 2D-RoPE

In this section, we prove the following theorem:

Theorem L.1. Assume that the 2D-RoPE dimension d ≥ 50. For any ρ > 1000, let βi ∼ Unif[0, 2π] independently. Then

with probability at least
(
1− 1

ρ

)
there exists a 1-layer transformer Pθ with 2D-RoPE such that:

1. ∥θ∥∞ ≤ ρ;

2. For any binary string with length |s| ≤ ρd/6, the transformer can correctly copy s.

Since wC are one-hot embeddings, there exists Q,K,V such that

qC =



M
M
...
M
M
M
...
M


,kC =



M
M
...
M
−M
−M

...
−M


,v(0) =

[
M
−M

]
,v(1) =

[
−M
M

]
,v<\n> = v<O:> =

[
0
0

]
.

where there are d/2M ’s and d/2 (−M)’s for kC.

We first need this technical lemma:

Lemma L.2. Let θ1, . . . , θm ∼ Unif[0, 2π] be independent. Then for any δ ∈ (0, 0.1), with probability at most δm/2, we
have

m∑
i=1

cos(θi) ≥ m− δ.

Proof. First consider one θ ∼ Unif[0, 2π]. Notice that cos θ = 1− 2 sin2 θ
2 . Therefore, if cos θ ≥ 1− δ, then sin2 θ

2 ≤
δ
2 .

Since δ < 0.1, we must have 0 ≤ θ ≤
√
2δ or 2π −

√
2δ ≤ θ ≤ 2π. Therefore, the probability of sin2 θ

2 ≤
δ
2 is at most

√
δ.

Notice that
∑m

i=1 cos(θi) ≥ m − δ indicates that cos(θi) ≥ 1 − δ for each i. Therefore, the result follows by the
independency of these θi’s.

Now we consider back our construction of q,k. For any s, i, we consider the attention matrix A. By construction, we have

A|s|+i+1,i =
d

2
·M2 − 2M2

d/2∑
j=d/4+1

cos(βj).
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For any 1 ≤ j ≤ |s|+ 1,

A|s|+i+1,j = 2M2

d/4∑
k=1

cos((j − i)βk)− 2M2

d/2∑
j=d/4+1

cos(βj).

For any |s|+ 2 ≤ j ≤ |s|+ i+ 1,

A|s|+i+1,j = 2M2

d/4∑
k=1

cos((j − |s| − 2 + i)βk)−
d

2
·M2.

Notice that for any non-zero integer m, cos(mβj) has the same distribution as cos(θ) for θ ∼ Unif[0, 2π]. Therefore, by
Lemma L.2, with probability at least 1− (L+ 1) · δd/4, we have:

• For each 1 ≤ m ≤ L,
∑d/4

k=1 cos((j − i)βk) ≤ d/4− δ;

•
∑d/2

j=d/4+1 cos(βj) ≤ d/4− δ.

In this case, we always have
A|s|+i+1,i ≥ A|s|+i+1,j + 2M2δ.

For each other position, with probability at most δd/4, the q⊤Rk ≤ M2(d/2 − δ). Therefore, we just need 2L ·
exp(−M2δ) ≤ 1 and L2 · δd/4 ≤ 1.

Therefore, we let δ = 1
M1.5 and L = Md/6. When M > 1000 the result is true.

L.3. Global Minimum under ℓ∞ Norm

First we discuss the regulariazation path we choose. The previous regularization path analysis mainly focused on ℓ2 norm
regularization (Wei et al., 2019; Ataee Tarzanagh et al., 2023). Here we consider the ℓ∞ regularization. This setup is
motivated by the implicit bias of Adam and AdamW (Xie & Li, 2024; Fan et al., 2025; Zhang et al., 2024) since the
experiments in this paper are all conducted on AdamW. In detail, Xie & Li (2024) proved that AdamW can converge to the
KKT points of ℓ∞ constrained optimization, and Zhang et al. (2024); Fan et al. (2025) showed that Adam converges to
max-margin solutions w.r.t. ℓ∞ norm for linear models on separable data. Mohamadi et al. (2024) also introduced a similar
ℓ∞ regularization condition in their grokking analysis.

Now, we define our setting. Notice that the loss L is defined on a distribution D on some strings with length at most L. We
make the following assumptions:

Assumption L.3. There exists a p > 0 such that for each string, Prx∼D[x = s] ≥ p.

Assumption L.4. The training length L and hidden dimension d satisfies L > d3 and d > log3 L. Also, L, d > 10000.

We also need the following assumption that the tokens <\n> and <O:> have zero value vectors. This is a natural assumption
because intuitively, <\n> and <O:> cannot give any guide to predicting the next binary token.

Assumption L.5. Let w<\n> and w<O:> be the embeddings of corresponding tokens. Then the corresponding value vectors
V ⊤w<\n> = V ⊤w<O:> are zero vectors.

Then we let M → ∞, and obtain the corresponding solution Q∗,K∗,V ∗ in a limit sense. Eventually, we can see there
exists a directional convergence for Q∗,K∗,V ∗, which leads to a good length generalization property in this binary copy
problem.

In this section, we consider the global minimum under the ℓ∞ constraint:

∥θ∥∞ ≤M.

Our main result is the following:
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Theorem L.6. Assume that each βi is independently sampled from Unif[0, 2π]. Under the above assumptions, with
probability at least 1− 2

d , there exists M0 > 0 such that for all M > M0, the transformer with parameter θ∗
M can correctly

copy all binary strings with length at most L
√
d/2.

For each C ∈ {0, 1,<O:>,<\n>}, let qC = Q⊤wC,kC = K⊤wC. Since wC is one-hot embedding, the requirements on Q
and K asks that:

∥qC∥∞, ∥kC∥∞ ≤M.

Notice that V is a 2× d matrix. For the column corresponding to the one-hot embedding wC, we denote it by (VC,0, , VC,1)
⊤.

Therefore, the ℓ∞ constraint requires |VC,0|, |VC,1| ≤M .

Since other rows of Q,K and other columns of V don’t affect the loss, we can always assume that they are 0. Thus,
∥θ∥∞ ≤M is equivalent to:

∥qC∥∞, ∥kC∥∞, |VC,0|, |VC,1| ≤M. (4)

Now we need to consider the different part of the loss term. For each string s and each index i ≤ |s|, we consider the
attention distribution of the last token under the input

(s,<\n>,<O:>, s:i),

where s:i means the length (i− 1) prefix of s. For this input, the last token is si−1 (and when i = 1, the last token is <O:>).
For each C ∈ V , let AC(s, i) denote the total attention weight assigned to all tokens equal to C. Then the logits for predicting
si is

Y|s|+2+i =

(∑
C∈V

AC(s, i)VC,0,
∑
C∈V

AC(s, i)VC,1

)
.

Therefore, the loss for predicting si is:

L(s, i) : = − log
[
P

(d,β)
θ (s, <\n>, <O:>, s:−1)

]
|s|+1+i,si+1

= − log
exp

(
Y|s|+1+i,si+1

)
exp

(
Y|s|+1+i,1

)
+ exp

(
Y|s|+1+i,2

)
= log

(
1 + exp

(∑
C∈V

AC(s, i) (VC,1−si − VC,si)

))
.

Without loss of generality, we can always assume that VC,0 + VC,1 = 0. Since we have assumed that V<\n>,0 = V<\n>,1 =
V<O:>,0 = V<O:>,1 = 0, we denote V0 := V0,0 and V1 := V1,1. Therefore,

L(s, i) = log (1 + exp (−2Asi(s, i)Vsi + 2A1−si(s, i)V1−si)) .

By definition,

L(θ) = Es∼D

 |s|∑
i=1

L(s, i)

 .

For such a pair (s, i) and 1 ≤ j ≤ 1 + |s|+ i, we use S(s, i, j) to denote the jth token in sequence (s,<\n>,<O:>, s:i),
and we use D(s, i, j) to denote the 2-D relative position between S(s, i, j) and si−1.

We define a function to characterize the global minimum. For each s, i, we define

g+s,i(Q,K,V ) := max
S(s,i,j)=si

{
q⊤
si−1

RD(s,i,j)ksi

}
;

g−s,i(Q,K,V ) := max
S(s,i,j)̸=si

{
q⊤
si−1

RD(s,i,j)kS(s,i,j)

}
.

Notice that it is well defined, because the existence of such j is promised by S(s, i, i) = si and S(s, i, |s|+ 1) ̸= si. Then,
we define

fL(Q,K,V ) := min
s,i,|s|≤L

{
g+s,i(Q,K,V )− g−s,i(Q,K,V )

}
.
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First we need to prove that the original problem can be approximated by optimizing the fL function. We have this technical
lemma:

Lemma L.7. Consider the function g(x) = log(1 + exp(−2M + x)). Then for any x > 0,

g(x) ≥ log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· x.

Moreover, when 0 ≤ x ≤ 0.1, we have

g(x) ≤ log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· x+

2 exp(−2M)

1 + exp(−2M)
· x2

Proof. Direct calculation shows that
dg(x)

dx
=

exp(−2M + x)

1 + exp(−2M + x)
,

which increases with x.

Therefore,

g(x) ≥ log(1 + exp(−2M)) +
dg(x)

dx

∣∣∣∣
x=0

· x = log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· x.

On the other hand, notice that when x ≤ 0.1, exp(x) ≤ 1 + x+ x2. Therefore,

g(x) ≤ log(1 + exp(−2M)) + x · exp(−2M + x)

1 + exp(−2M + x)

≤ log(1 + exp(−2M)) + x · exp(−2M)(1 + x+ x2)

1 + exp(−2M)(1 + x+ x2)

≤ log(1 + exp(−2M)) + x · exp(−2M)

1 + exp(−2M)
(1 + x+ x2)

≤ log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· x+

2 exp(−2M)

1 + exp(−2M)
· x2.

The following lemma shows that if we have a big fL, then the global minimum is small:

Lemma L.8. For each tuple (Q,K,V ), let S := fL(Q,K,V ). Assume that S > M , then when M is large enough there
exists V0 such that ∥V0∥∞ ≤M and

L ≤ log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· 6ML exp(−S) + 72 exp(−2M)

1 + exp(−2M)
·M2L2 exp(−2S)

when we replace V by V0.

Proof. We consider V0 = V1 = M .

To prove this lemma, we just need to prove the desired result for any L(s, i) such that 1 ≤ i ≤ |s| ≤ L. Without loss of
generality, we assume that si = 0 (since token 0 and 1 are symmetric). Thus

L(s, i) = log (1 + exp (−2Asi(s, i)Vsi + 2A1−si(s, i)V1−si))

= log (1 + exp (−2A0(s, i)V0 + 2A1(s, i)V1)) .

Notice that g+s,i(Q,K,V ) is the maximum attention score from si−1 to some token 0, and g−s,i(Q,K,V ) is the maximum
attention score to other tokens. Thus, since fL(Q,K,V ) = S, for each token other than 0, the corresponding attention is at
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most exp(−S). Therefore, A1(s, i) ≤ 2L exp(−S), and A0(s, i) ≥ 1− 2L exp(−S). Therefore,

L(s, i)
= log (1 + exp (−2Asi(s, i)Vsi + 2A1−si(s, i)V1−si))

≤ log(1 + exp(−2M + 4L · exp(−S) ·M))

≤ log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· 4ML exp(−S) + 32 exp(−2M)

1 + exp(−2M)
·M2L2 exp(−2S).

We need the following technical lemma:

Lemma L.9. Let θ1, . . . , θm ∼ Unif[0, 2π] be independent. Then for any δ ∈ (0, 1), with probability at least 1− δ,∣∣∣∣∣
m∑
i=1

cos(θi)

∣∣∣∣∣ ≤
√
2m log

2

δ
.

In particular, for any constant c > 0, with probability at least 1− L−c,∣∣∣∣∣
m∑
i=1

cos(θi)

∣∣∣∣∣ ≤√2m(c logL+ log 2).

Proof. Let Xi = cos(θi). Then E[Xi] = 0 and Xi ∈ [−1, 1]. By Hoeffding’s lemma,

E[exp(λXi)] ≤ exp

(
λ2

2

)
.

Therefore,

Pr

[
m∑
i=1

Xi ≥ t

]
≤ exp

(
−λt+ mλ2

2

)
.

Optimizing over λ > 0 by taking λ = t/m, we get

Pr

[
m∑
i=1

Xi ≥ t

]
≤ exp

(
− t2

2m

)
.

Applying the same argument to −Xi gives

Pr

[
m∑
i=1

Xi ≤ −t

]
≤ exp

(
− t2

2m

)
.

Hence, by a union bound,

Pr

[∣∣∣∣∣
m∑
i=1

cos(θi)

∣∣∣∣∣ ≥ t

]
≤ 2 exp

(
− t2

2m

)
.

Taking

t =

√
2m log

2

δ

proves the first claim.

Finally, setting δ = L−c gives ∣∣∣∣∣
m∑
i=1

cos(θi)

∣∣∣∣∣ ≤√2m log(2Lc) =
√

2m(c logL+ log 2)

with probability at least 1− L−c.
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Lemma L.10. Let θ1, . . . , θm ∼ Unif[0, 2π] be independent, and define

h(θ) = max{| cos θ|, | sin θ|}.

Then for any δ ∈ (0, 1), with probability at least 1− δ,

m∑
i=1

h(θi) ≤
2
√
2

π
m+

√
m

2
log

1

δ
.

Proof. Let
Xi := h(θi) = max{| cos θi|, | sin θi|}.

Then X1, . . . , Xm are independent and satisfy 0 ≤ Xi ≤ 1.

We first compute the mean of Xi. By symmetry,

E[Xi] =
4

2π

∫ π/2

0

max{cos θ, sin θ} dθ.

On [0, π/4], we have cos θ ≥ sin θ, while on [π/4, π/2], we have sin θ ≥ cos θ. Hence

E[Xi] =
2

π

(∫ π/4

0

cos θ dθ +

∫ π/2

π/4

sin θ dθ

)
.

Evaluating the integrals gives ∫ π/4

0

cos θ dθ = sin(π/4)− sin(0) =

√
2

2
,

and ∫ π/2

π/4

sin θ dθ = − cos(π/2) + cos(π/4) =

√
2

2
.

Therefore,

E[Xi] =
2

π
·
√
2 =

2
√
2

π
.

Now apply Hoeffding’s inequality to the independent random variables X1, . . . , Xm ∈ [0, 1]. For any t > 0,

Pr

(
m∑
i=1

Xi − E

[
m∑
i=1

Xi

]
≥ t

)
≤ exp

(
−2t2

m

)
.

Set

t =

√
m

2
log

1

δ
.

Then

Pr

(
m∑
i=1

Xi ≥
2
√
2

π
m+

√
m

2
log

1

δ

)
≤ δ.

Equivalently, with probability at least 1− δ,

m∑
i=1

h(θi) =

m∑
i=1

Xi ≤
2
√
2

π
m+

√
m

2
log

1

δ
.

This proves the lemma.

Lemma L.11. Let θ ∼ Unif[0, 2π], then for any δ < 0.1, with probability at least,∣∣∣∣∣
m∑

k=1

cos(kθ)

∣∣∣∣∣ ,
∣∣∣∣∣

m∑
k=1

sin(kθ)

∣∣∣∣∣ ≤ 3

δ
.
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Proof. For each m, we have ∣∣∣∣∣
m∑

k=1

cos(kθ)

∣∣∣∣∣ =
∣∣∣∣∣
∑m

k=1

(
sin
(
2k+1

2 θ
)
− sin

(
2k−1

2 θ
))

2 sin(θ/2)

∣∣∣∣∣
=

∣∣∣∣∣ sin
(
2m+1

2 θ
)
− sin

(
1
2θ
)

2 sin(θ/2)

∣∣∣∣∣
≤ 1

| sin(θ/2)|
.

Similarly, ∣∣∣∣∣
m∑

k=1

sin(kθ)

∣∣∣∣∣ =
∣∣∣∣∣
∑m

k=1

(
cos
(
2k−1

2 θ
)
− cos

(
2k+1

2 θ
))

2 sin(θ/2)

∣∣∣∣∣
=

∣∣∣∣∣cos
(
1
2θ
)
− cos

(
2m+1

2 θ
)

2 sin(θ/2)

∣∣∣∣∣
≤ 1

| sin(θ/2)|
.

As θ is uniformly sampled, with probability at least 1− δ, we have | sin(θ/2)| ≤ δ/3. Therefore,∣∣∣∣∣
m∑

k=1

cos(kθ)

∣∣∣∣∣ ,
∣∣∣∣∣

m∑
k=1

sin(kθ)

∣∣∣∣∣ ≤ 3

δ
,

and the result follows.

The following gives a lower bound of fL.

Lemma L.12. With probability at least 1− 1
L , there exists Q,K,V such that fL(Q,K,V ) ≥M2d/2− 2M2

√
d logL.

Proof. For each C, we define

kC =



M
...
M
M
...
M


, qC =



M
...
M
−M

...
−M


Notice that for any i, s, D(s, i, i) = (0, 1). Therefore, for any j ̸= 1 + L + i, there exists −L ≤ t ≤ L such that
D(s, i, j) = (t, 0)(t ̸= 0) or (t, 1). If D(s, i, j) = (t, 0),

q⊤
si−1

RD(s,i,i+1)kS(s,i,i+1) − q⊤
si−1

RD(s,i,j)kS(s,i,j)

=M2 · d
2
− 2M2

d/4∑
i=1

cos(tβi)

If D(s, i, j) = (t, 1),

q⊤
si−1

RD(s,i,i+1)kS(s,i,i+1) − q⊤
si−1

RD(s,i,j)kS(s,i,j)

=M2 · d
2
− 2M2

d/4∑
i=1

cos(tβi)− 2M2

d/2∑
i=d/4+1

cos(tβi) +M2 · d
2
.
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Therefore, with high probability at least 1− 1
L , we have

q⊤
si−1

RD(s,i,i+1)kS(s,i,i+1) − q⊤
si−1

RD(s,i,j)kS(s,i,j) ≥M2d/2− 2M2
√
d logL.

The following lemma shows that small loss requires a big fL(Q,K,V ).

Lemma L.13. For any S > M , if fL(Q,K,V ) ≤ S, then we have

L ≥ log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· M exp(−S)

2L+ 1
· p.

Proof. First, if V0 ≤M − 1, we consider the string s only containing 0, we know that the loss

L(s, i) = log(1 + exp(−2A0(s, i)V0)) ≥ log(1 + exp(−2M + 2)).

The result is similar if V1 ≤M − 1.

In the following, we only consider the case such that V0, V1 > M − 1.

By definition, there exists a pair of (s, i) such that

g+s,i(Q,K,V )− g−s,i(Q,K,V ) ≤ S.

Without loss of generality, we also assume that si = 0. The above inequality means that there exists a token C ̸= 0 in s such
that the attention score from si to it is at least the attention score to any other minus S. As there are at most 2L+ 1 tokens
in the input, the attention to token C is at least exp(−S)/(2L+ 1). Therefore,

L(s, i) = log (1 + exp (−2Asi(s, i)Vsi + 2A1−si(s, i)V1−si))

≥ log

(
1 + exp

(
−2M +M · exp(−S)

2L+ 1

))
≥ log(1 + exp(−2M)) +

exp(−2M)

1 + exp(−2M)
·M · exp(−S)

2L+ 1
.

The last inequality is by Lemma L.7. Notice that for any other (s′, i′), we also have

L(s′, i′) ≥ log(1 + exp(−2M)).

Thus the result follows.

Lemma L.14. Assume that M > L2. Assume that fL(Q,K,V ) ≥ M2d/2 − 3M2
√
d logL. Then with probability at

least 1− 2
d , for any string with s, i with |s| ≤ L

√
d/2, Asi(s, i) ≥ 1− exp(−M2).

Proof. By the definition of fL, we consider a random s, i with the length at most L
√
d/2. Without loss of generality, we

assume that si = 0. Now we consider the attention to each sj = 1. We denote this token as s∗. We want to prove that it is
small compared to the attention to si.

We consider the string with the same (si−1, si) pair, and other positions are all 1. For such string, g+s,i(Q,K,V ) are fixed.
We consider the

g+s,i(Q,K,V )− q⊤
si−1

RD(s,i,j)kS(s,i,j) (5)

for other token (1) in the same row with s∗. By Lemma L.11, with probability at least 1− 1
d , for any 1 ≤ j ≤ d/4,∣∣∣∣∣∣

L∑
j=1

cos(jθ)

∣∣∣∣∣∣ ,
∣∣∣∣∣∣

L∑
j=1

sin(jθ)

∣∣∣∣∣∣ ≤ d2.
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We consider the two contributions of the two parts in

g+s,i(Q,K,V )− g−s,i(Q,K,V )

and denote that as g+x
s,i (Q,K,V )− g−x

s,i (Q,K,V ) + g+y
s,i (Q,K,V )− g−y

s,i (Q,K,V ). Now we sum up all possible j in
Equation (5), and we know that with probability at least 1− 1

d ,

g+x
s,i (Q,K,V ) +M2

√
d logL+ g+y

s,i (Q,K,V )− g−y
s,i (Q,K,V ) ≥M2d/2− 3M2

√
d logL.

Consider s∗ back, notice that for ∥q∥∞, ∥k∥∞ ≤M . For each RoPE 2*2 block, consider the corresponding θ as the base
frequency times the relative position. We just use the maximum possible value given the θ to upper bound its absolute value.
We can always assume that the relative position is nonzero since we only consider the generalization. Therefore, when
L′ < L

√
d, by Lemma L.10, for each position, with probability at least 1− L−

√
d we have

g−x
s,i (Q,K,V ) ≤M2

(√
2

π
d+ 2d3/4

√
logL

)
≤ 0.47M2d.

Therefore, with probability at least 1− L−1, for each length at most L
√
d/2,

g+x
s,i (Q,K,V )− g−x

s,i (Q,K,V ) + g+y
s,i (Q,K,V )− g−y

s,i (Q,K,V ) ≥ 0.01M2d.

Since M > L2, the result follows.

Proof of Theorem L.6. By Lemma L.8 and Lemma L.12, there exists a parameter set such that

L ≤ log(1 + exp(−2M)) +
exp(−2M)

1 + exp(−2M)
· 6ML exp(−S) + 72 exp(−2M)

1 + exp(−2M)
·M2L2 exp(−2S)

for S = M2d/2− 2M2
√
d logL. Combining with Lemma L.13, when M is large enough, the global minimum must satisfy

fL(Q,K,V ) ≥M2d/2− 3M2
√
d logL.

Also, it must satisfies V0, V1 > M − 1 because otherwise we must have

L ≥ log(1 + exp(−2M + 2))

by considering a all 0 or all 1 string. Therefore, applying Lemma L.14 gives the desired result since M is large enough.

M. Prompt Templates of Copy Test for Frontier LLMs

Table 7. Prompt template for the Recursive-Flip binary copy task used for Gemini and Qwen. The input is a recursively generated
binary string, and the Output is the exact same sequence.

System Prompt User Prompt with Example Input Output

You are taking a copying test. Your task
is to copy the binary sequence exactly.
Output only the copied binary sequence.
Do not add any explanation, quotes,
punctuation, or formatting. Do not add
spaces or newlines inside the sequence.

Copy the following binary sequence
exactly:
0101010101010101010101...

0101010101010101010101...
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2110
2111
2112
2113
2114
2115
2116
2117
2118
2119
2120
2121
2122
2123
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2125
2126
2127
2128
2129
2130
2131
2132
2133
2134
2135
2136
2137
2138
2139
2140
2141
2142
2143
2144
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Table 8. Prompt template for the Recursive-Flip binary copy task used for GPT and DeepSeek. We use a different input template
because GPT and DeepSeek tokenizers tend to merge three consecutive digits into one token, as discussed in Appendix C.1. The target
output is still the exact same binary sequence.

System Prompt User Prompt with Example Input Output

You are taking a copying test. Your task
is to copy the binary sequence exactly.
Output only the copied binary sequence.
Do not add any explanation, quotes,
punctuation, or formatting. Do not add
spaces or newlines inside the sequence.

Copy the following binary sequence
exactly:
000111000111000111000...

000111000111000111000...

Table 9. Prompt template for the binary copy task under Imbalanced Generation. The example input is an imbalanced sequence over
two symbols, where one symbol appears much more frequently than the other. The target output is the exact same sequence.

Prompt Template Example Input Output

Copy the following sequence exactly. Output
only the copied sequence. Do not add any
explanation, quotes, punctuation, or
formatting.

a b a a a a a b a a a a a
a b a a a a . . .

a b a a a a a b a a a a a
a b a a a a . . .
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2145
2146
2147
2148
2149
2150
2151
2152
2153
2154
2155
2156
2157
2158
2159
2160
2161
2162
2163
2164
2165
2166
2167
2168
2169
2170
2171
2172
2173
2174
2175
2176
2177
2178
2179
2180
2181
2182
2183
2184
2185
2186
2187
2188
2189
2190
2191
2192
2193
2194
2195
2196
2197
2198
2199
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Table 10. Prompt templates for the Python List Conversion task. Each prompt is followed by a comma-separated sequence of sensor
values, and the target output is the same sequence formatted as a single-line Python list.

ID Prompt Template Example Input Example Output

1 Copy the following sensor sequence exactly. Output only one
single-line Python list, with no line breaks, no spaces, and no
extra text:<\n>

1.55,1.71,... [1.55,1.71,...,]

2 Rewrite the following sensor measurements as exactly one
single-line Python list. Do not add any line breaks, spaces,
explanation, or extra characters:<\n>

1.55,1.71,... [1.55,1.71,...,]

3 Return the following numbers as one single-line Python list
only. Keep the values and order exactly the same. No line
breaks, no spaces, no extra text:<\n>

1.55,1.71,... [1.55,1.71,...,]

4 Convert the following sensor readings into a Python list on a
single line. Output only the list, with no spaces, no line breaks,
and no other text:<\n>

1.55,1.71,... [1.55,1.71,...,]

5 Repeat the following sequence exactly as a one-line Python
list. Do not change any number. Do not insert line breaks,
spaces, or commentary:<\n>

1.55,1.71,... [1.55,1.71,...,]

6 Write the following measurements as exactly one Python list
in a single line. Output only the list itself, with no spaces, no
newlines, and no explanation:<\n>

1.55,1.71,... [1.55,1.71,...,]

7 Copy the following numeric sequence exactly into a
single-line Python list. Preserve every value and its order. No
line breaks, no spaces, no extra text:<\n>

1.55,1.71,... [1.55,1.71,...,]

8 Output exactly one single-line Python list containing the
following numbers in the same order. Do not add spaces,
newlines, or any surrounding text:<\n>

1.55,1.71,... [1.55,1.71,...,]

9 Turn the following sensor values into a Python list written on
one line only. Keep the sequence exactly unchanged. No
spaces, no line breaks, no extra text:<\n>

1.55,1.71,... [1.55,1.71,...,]

10 Produce exactly the following sequence as a single-line
Python list. Output only the list, with no spaces, no line
breaks, and no additional content:<\n>

1.55,1.71,... [1.55,1.71,...,]
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2200
2201
2202
2203
2204
2205
2206
2207
2208
2209
2210
2211
2212
2213
2214
2215
2216
2217
2218
2219
2220
2221
2222
2223
2224
2225
2226
2227
2228
2229
2230
2231
2232
2233
2234
2235
2236
2237
2238
2239
2240
2241
2242
2243
2244
2245
2246
2247
2248
2249
2250
2251
2252
2253
2254

Submission and Formatting Instructions for FoGen Workshop at ICML 2026

Prompt Template Example Input Gold Output

Copy the following sequence exactly. Output
only the copied sequence and nothing else. Do
not add explanations, quotation marks, or
newlines.

Sequence: a b a b a b a
b b b a . . .

a b a b a b a b b b a . . .

Table 11. Prompt template for the repeat-structure copy test. We first sample a short base sequence over symbols a and b, repeat it to
length 1000, and then corrupt tokens with a specified probability. The model is asked to output exactly the corrupted sequence.

N. Prompt Templates for Finetuning Data
Following Python list shows the prompts templates that was uniformly and randomly sampled from when generating
finetuning data. The {s} indicates the portion that is to be replaced with the binary string to be copied.

[
# With newline
"Please echo the next sequence verbatim (no extra text). Here it is:\n{s}",
"Copy the text below exactly as-is (keep every character):\n{s}",
"Task: return the string shown below. Do not add or remove anything.\n{s}",
"Print the following content exactly, unchanged. Output only the content:\n{s}",
"Write the following string exactly as it is:\n{s}",
"I want you to say the following string and nothing else:\n{s}",
"Say the following string exactly as it is:\n{s}",
"Here is a string:\n{s}\n\nPlease print the string exactly as it is.",
"I will give you a string. You need to repeat it exactly as it is. Here it is:\n{s}",
"{s}\n\nPlease print the above string exactly as it is.",
"{s}\n\nCan you write out the above string and nothing else.",
"Can you copy a string of characters? Here is the string I want you to copy:\n{s}",
"Repeat this string and say nothing else:\n{s}",

# Without newline
"Repeat the following string after me (output only the string): {s}",
"Echo this sequence exactly (no extra characters): {s}",
"Return the exact same string and nothing else -> {s}",
"Copy-paste the following payload exactly as written: {s}",
"Output EXACTLY the string below, unchanged: {s}",
"Just say \"{s}\" and nothing else.",
"Say ’{s}’ and say nothing else.",

]

Following is the chat template used for finetuning:

### user:
{input}

### assistant:
{output}
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